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BENIGN OVERFITTING IN OUT-OF-DISTRIBUTION
GENERALIZATION OF LINEAR MODELS

Shange Tang*f Jiayun Wu* Jianqing Fan' Chi Jin®

ABSTRACT

Benign overfitting refers to the phenomenon where an over-parameterized model
fits the training data perfectly, including noise in the data, but still generalizes well
to the unseen test data. While prior work provides some theoretical understanding
of this phenomenon under the in-distribution setup, modern machine learning of-
ten operates in a more challenging Out-of-Distribution (OOD) regime, where the
target (test) distribution can be rather different from the source (training) distribu-
tion. In this work, we take an initial step towards understanding benign overfitting
in the OOD regime by focusing on the basic setup of over-parameterized linear
models under covariate shift. We provide non-asymptotic guarantees proving that
benign overfitting occurs in standard ridge regression, even under the OOD regime
when the target covariance satisfies certain structural conditions. We identify sev-
eral vital quantities relating to source and target covariance, which govern the
performance of OOD generalization. Our result is sharp, which provably recov-
ers prior in-distribution benign overfitting guarantee (Tsigler & Bartlett, 2023), as
well as under-parameterized OOD guarantee (Ge et al., 2024) when specializing
to each setup. Moreover, we also present theoretical results for a more general
family of target covariance matrix, where standard ridge regression only achieves
a slow statistical rate of O(1//n) for the excess risk, while Principal Component
Regression (PCR) is guaranteed to achieve the fast rate O(1/n), where n is the
number of samples.

1 INTRODUCTION

In modern machine learning, distribution shift has become a ubiquitous challenge where models
trained on a source data distribution are tested on a different target distribution (Zou et al., 2018;
Hendrycks & Dietterich, 2019; Guan & Liu, 2021; Koh et al., 2021). Generalization under distribu-
tion shift, known as Out-of-Distribution (OOD) generalization, remains a fundamental issue in the
practical application of machine learning (Recht et al., 2019; Hendrycks et al., 2021; Miller et al.,
2021; Wenzel et al., 2022). While there has been extensive work on the theoretical understanding
of OOD generalization, most of it has focused on under-parameterized models (Shimodaira, 2000;
Lei et al., 2021; Ge et al., 2024; Zhang et al., 2022). However, over-parameterized models, such as
deep neural networks and large language models (LLMs) in the fine-tuning stage, which have more
parameters than training samples, are widely used in modern machine learning. Surprisingly, despite
the classic bias-variance tradeoff for under-parameterized models, over-parameterized models tend
to overfit the data while still achieving strong in-distribution generalization, a phenomenon known
as benign overfitting (Hastie et al., 2022; Shamir, 2023) or harmless interpolation (Muthukumar
et al., 2020). Therefore, it is crucial to theoretically understand how benign overfitting shapes OOD
generalization in over-parameterized models.

It is established in over-parameterized models that “benign overfitting” occurs when the data essen-
tially resides on a low-dimensional manifold. The manifold assumption (Belkin & Niyogi, 2003) is
widely applicable across image, speech, and language data, where although features are embedded
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in a high-dimensional ambient space, their generation is governed by a few degrees of freedom im-
posed by physical constraints (Niyogi, 2013). Specifically, the covariance matrix of the data should
be characterized by several major directions corresponding to large eigenvalues, while the remaining
directions are high-dimensional but associated with small eigenvalues. In this setting, even though
the estimator may overfit the noise in the low-variance directions, it can still capture the signal along
the major directions while the noise is dampened in the minor directions. Recent non-asymptotic
analyses have provided upper bounds on the excess risk for the minimum-norm interpolant and over-
parameterized ridge estimator under this framework (Bartlett et al., 2020; Hastie et al., 2022; Tsigler
& Bartlett, 2023).

However, a theoretical understanding of OOD generalization in over-parameterized models remains
elusive. In this paper, we take an initial step towards characterizing OOD generalization in over-
parameterized models under general covariate shift, a standard assumption in the OOD regime (Ben-
David et al., 2006), where the conditional distribution of the outcome given the covariates remains
invariant. We derive the first vanishing, non-asymptotic excess risk bound for ridge regression and
minimum-norm interpolation, assuming that the source covariance is dominated by a few major
eigenvalues, which satisfies the in-distribution benign overfitting condition. Notably, we allow the
target covariance to be arbitrary. This result stands in contrast to recent work that either addresses
only a restrictive type of target covariance matrices (Hao et al., 2024; Mallinar et al., 2024) or
provides excess risk bounds that are non-vanishing (Tripuraneni et al., 2021a; Hao et al., 2024).

In summary, our excess risk bound identifies several key quantities that relate to the source and
target covariance. We show that “benign overfitting” occurs in case 1 where the target distribution
data lies on the low-dimensional manifold of the source distribution, so that these key quantities are
well controlled. In the opposite case 2, where the target distribution data falls outside of the low-
dimensional manifold of the source, ridge regression may incur large excess risk, lower bounded by
the slow statistical rate of O(1/y/n). In contrast, we show that Principal Component Regression
(PCR) achieves the fast rate of O(1/n) in case 2. The non-asymptotic rates of both ridge regression
and PCR are validated through simulation experiments on multivariate Gaussian data in Appendix A.

Our contributions.

1. We provide a sharp, instance-dependent excess risk bound for over-parameterized ridge regres-
sion under covariate shift (Theorem 2). Our result applies to any target distribution, requiring
only that the source covariance be dominated by a few major eigenvectors and that the minor
components are high-dimensional. Our results shows that when certain key quantities relating to
the source and target distributions are bounded (case 1), ridge regression exhibits “benign over-
fitting”, achieving excess risk comparable to the in-distribution case. Importantly, this condition
requires that the overall magnitude of the target covariance along the minor directions scales
similarly to, or smaller than, that of the source, but it does not depend on the spectral structure of
the target covariance on the minor directions. Our results recover the in-distribution bound from
Tsigler & Bartlett (2023) when the source and target match and also recover the sharp bound
from Ge et al. (2024) for under-parameterized linear regression under covariate shift when the
minor components vanish.

2. For case 2 where the “benign-overfitting” of ridge regression is not guaranteed (when target
distribution exhibits significant variance in the minor directions), we further show that ridge
regression incurs a higher error rate compared to the in-distribution case, lower bounded by the
slow statistical rate of O(1/y/n) in certain instances (Theorem 4). However, we demonstrate
that Principal Component Regression ensures a fast rate of O(1/n) in these cases, provided that
the true signal primarily lies in the major directions of the source (Theorem 5). Additionally,
PCR does not rely on the minor directions of the source distribution being high-dimensional,
highlighting its advantage over ridge regression in such settings.

1.1 RELATED WORK

Over-parameterization. The success of over-parameterized models in machine learning has
sparked significant research on their theoretical foundations. Harmless interpolation (Muthukumar
et al., 2020) or benign overfitting (Shamir, 2023) describes cases where linear models interpolate
noise yet still generalize well. Double descent in prediction error is also observed as the ambient
dimension surpasses the number of training samples (Nakkiran, 2019; Xu & Hsu, 2019).
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Research in this field can be divided into two categories based on assumptions about the spectral
structure of the sample covariance. The first category assumes an almost isotropic sample covari-
ance matrix with a bounded condition number or an isotropic prior distribution of parameters (Belkin
et al., 2020), allowing for asymptotic risk bounds (Dobriban & Wager, 2018; Richards et al., 2021).
However, ridgeless regression is sub-optimal in this setting unless the signal-to-noise ratio is in-
finite (Wu & Xu, 2020), and non-asymptotic error bounds are lacking. Our work falls into the
second category, focusing on the covariance model where a small number of eigenvalues dominate
the sample covariance, and the signal is concentrated in the subspace spanned by the leading eigen-
vectors (Bibas et al., 2019; Chinot & Lerasle, 2022; Hastie et al., 2022; Silin & Fan, 2022). Linear
regression can be optimal without regularization under this covariance structure (Kobak et al., 2020),
which is of practical interest because ridgeless regression is equivalent as gradient descent from zero
initialization (Zhou et al., 2020). Sharp non-asymptotic bounds for variance and bias in ridge and
ridgeless regression have been derived (Bartlett et al., 2020; Tsigler & Bartlett, 2023).

Extending the analysis of ridgeless estimators (i.e., minimum norm interpolants), uniform conver-
gence bounds for generalization error have been studied for all interpolants with arbitrary norms.
However, uniformly bounding the difference between population and empirical errors generally
fails to ensure a consistent predictor (Zhou et al., 2020), necessitating strong assumptions on dis-
tributions (Koehler et al., 2021) or hypothesis classes (Negrea et al., 2020). Over-parameterization
theory for linear models has also been applied to two-layer neural networks approximated via kernel
ridge regression (Liang et al., 2020; Ghorbani et al., 2020; 2021; Bartlett et al., 2021; Mei & Monta-
nari, 2022; Mei et al., 2022; Montanari & Zhong, 2022; Simon et al., 2023), though this lies beyond
the scope of the present work.

Out-of-Distribution generalization. Out-of-distribution generalization is well studied for under-
parameterized models, especially under the setup of covariate shift. Shimodaira (2000) pointed
out that vanilla MLE (Empirical Risk Minimization, ERM) is asymptotically optimal among all the
weighted likelihood estimators when the model is well-specified. For non-asymptotic results, Cortes
et al. (2010); Agapiou et al. (2017), provide risk bounds for importance weighting. Another line of
work provides non-asymptotic analyses for covariate shift, focusing on linear regression or a few
specific models such as one-hidden layer neural network (Mousavi Kalan et al., 2020; Lei et al.,
2021; Zhang et al., 2022). Most recently Ge et al. (2024) provides tight non-asymptotic analysis
for general well-specified parametric models, showing that even without target data, vanilla MLE
(Empirical Risk Minimization, ERM) is minimax optimal with a sharp 1/n excess risk bound based
on Fisher information.

Research on over-parameterized models under distribution shift has largely focused on covariate
shifts in linear regression. Importance weighting for over-parameterized models (Chen et al., 2024)
and general sample reweighting offer no advantage over ERM since both converge to the same esti-
mator via gradient descent (Zhai et al., 2022). Consequently, much literature focuses on minimum-
norm interpolation as the natural ERM solution. For isotropic covariance structure, Tripuraneni et al.
(2021a) derive an asymptotic generalization bound decreasing with d/n where d represents the data
dimension. Most related to our work, a line of work also consider the covariance model dominated
by several major eigenvectors, however, they only address a restrictive form of covariate shift or
obtaining a non-vanishing bound: Kausik et al. (2024) study a linear model with additive noise on
covariates when data strictly lies in a low-dimensional subspace, showing a non-vanishing bound.
Hao et al. (2024) give a non-vanishing bound for the case where features are translated by a con-
stant and the covariance matrix is preserved. Mallinar et al. (2024) investigate the special case with
independent covariates and simultaneously diagonal source and target covariance matrices, under
which the in-distribution analysis of Bartlett et al. (2020); Tsigler & Bartlett (2023) can be directly
extended. Still, their estimation bias bound is looser than ours, as it exhibits a gap compared to
Tsigler & Bartlett (2023)’s sharp bound even when the source and target distributions are aligned.
In contrast, our work achieves the first vanishing non-asymptotic error bound for general covariate
shift, assuming only finite second moments for the target covariance matrix.

Another line of research considers non-parametric models under covariate shift (Kpotufe & Mar-
tinet, 2018; Hanneke & Kpotufe, 2019; Pathak et al., 2022; Ma et al., 2023), presenting minimax
results governed by a transfer-exponent that measures the similarity between source and target dis-
tributions. However, this falls outside the scope of our work.
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Principal Component Regression. Principal Component Regression (PCR) has been designed to
treat multicollinearity in high-dimensional linear regression, where the covariates possess a latent,
low-dimensional representation (Massy, 1965; Jeffers, 1967; Jolliffe, 1982; Jeffers, 1981). PCR has
been widely used in statistics (Liu et al., 2003; Fan et al., 2021; Fan & Gu, 2023), econometrics
(Stock & Watson, 2002; Bai & Ng, 2002; Fan et al., 2020), chemometrics (Na&s & Martens, 1988;
Sun, 1995; Vigneau et al., 1997; Depczynski et al., 2000; Keithley et al., 2009), construction man-
agement (Chan & Park, 2005), environmental science (Kumar & Goyal, 2011; Hidalgo et al., 2000),
signal processing (Huang & Yang, 2012) and etc.

Regarding the theory of PCR, Hadi & Ling (1998) identify conditions under which PCR will fail.
Bair et al. (2006) suggest selecting principal components based on their association with the outcome
and provide corresponding asymptotic consistency results. Xu & Hsu (2019) establish asymptotic
risk bounds for PCR with varying numbers of selected components k. They show that the “double
descent” behavior also happens in PCR as k/d increases. Most relevant to our work, Agarwal
et al. (2019) derive non-asymptotic error bounds for PCR, and show that the error decays at a rate
of O(1/+/n) (n is the sample size), assuming all singular values of the data matrix are of similar
magnitude. Agarwal et al. (2020) further improves this rate to O(1/n). However, both results
consider a fixed design with strict low-rank assumptions, making them inapplicable to our setting of
OOD generalization.

2 COVARIATE SHIFT SETUP UNDER OVER-PARAMETERIZATION

2.1 DATA WITH COVARIATE SHIFT

We address the out-of-distribution (OOD) generalization of over-parameterized models under co-
variate shift, where the covariates, denoted by a random vector x € R4, follow different distribu-
tions during training and evaluation. Specifically, we assume that the training data is sampled from
a source distribution Pg, and the learned model is subsequently applied to data from an unknown
target distribution Pr. Let the covariates be zero-mean on the source distribution, and define the
covariance matrix as Xg := E .pg [a:xT] Since we can always choose an orthonormal basis such

that g becomes diagonal, we express Xg = diag(A, -+, Ag) without loss of generality, where
the eigenvalues are arranged in non-increasing order: A; > --- > Ay > 0. Moreover, we assume
/2

sub-gaussianity of the source covariates, i.e., Z;l x is o-sub-gaussian where the precise definition
of the sub-Gaussian norm is given in section B. We consider a general covariate distribution for the
target, assuming only that it has a finite second moment, denoted by X7 := E,.p, [mxT} , which is
not necessarily diagonal.

We consider a linear response model that remains consistent across the source and target distribu-

tions. The outcome follows y = xTﬁ* + €, where 8* € R represents the true parameter, and € is

an independent noise with zero-mean and variance v2.

2.2 LEARNING PROCEDURE AND EVALUATION

The learning procedure involves training a linear model with n i.i.d. samples {(x;,y;)}; drawn
from the source distribution. Define X := (x1,...,2,)7 € R4 Y = (y1,...,yn)T and € :=
(€1, .-, €n)T. We focus on models 3(Y") that are linear in Y, allowing us to write 3(Y) = B(X3*)+

E (e). We consider ridge regression and Principal Component Regression to be two examples of such
algorithms. With a regularization coefficient A > 0, the ridge estimator is defined as

BY)=XT(XXT + AL, Y.

The estimator is assessed on the target distribution by its excess risk relative to the true model,
expressed as the following equation:

R(BOY)) 1= Eayynr [(y — 2TBOY))" = (y— 278%)] = | BOY) = 875,

where we define ||z|| 4 := VT Az for any positive semi-definite matrix A. The metric of interest is
the expected excess risk with respect to the noise, given by Ec[R(3(Y))]. Following from the lin-
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earity of the model, the expected excess risk can be decomposed into bias and variance components:

~

E[R(B(Y))] =Ec||B(e)5, + |BX8") - 5|5,

where we define the variance as V := E, ||§(e) ||22T and the bias as B := ||B(Xﬂ*) - B*H;T. Here,

we assume the shifts only in the distribution of covariates; the regression coefficients remain the
same.

2.3 THE STRUCTURE OF COVARIANCE IN BENIGN OVERFITTING

Throughout this paper, we follow the convention of Tsigler & Bartlett (2023) and consider the
source covariance matrix Xg as characterized by a few numbers of high-variance directions and a
large number of low-variance directions of similar magnitude. We refer to the high-variance direc-
tions as “major directions” and the low-variance directions as “minor directions”. We denote the
number of major directions as k. For the remaining d — k£ minor directions, we use the following
notions of effective rank to approximate the number of directions with a similar scale. For the ridge
regularization coefficient A > 0, we define:

_ A+Ej>kAj

_ (/\ + Zj>k ’\j)2
Ak+1 '

) Rk =
Zj>lc A?

We have 1 < r, < Ri. When A = 0, it further holds that R, < d — k. We denote the first k
columns of X as X}, and the remaining d — k columns as X _. Correspondingly, we partion 5* into
B% and % .. The covariance matrix blocks along the diagonals are denoted by Xs ., X5 —k, X7,k
and X7 _j. We define the following quantities to facilitate our presentation, which are crucial in our
analysis.

TE -

1 _1
T=%Yg;Yrk28g, U=Xs kX1, V= Z%y,k. (1)

3  OVER-PARAMETERIZED RIDGE REGRESSION

In the context of in-distribution generalization, where ¥ = X, for over-parameterized linear
models, Bartlett et al. (2020) and Tsigler & Bartlett (2023) demonstrate that the ridge estimator
(with the minimum-norm interpolant as a special case) can effectively learn the signal from the
subspace of data spanned by the major eigenvectors, while benignly overfitting the noise in the
minor directions under certain scenarios. They argue that benign overfitting occurs when the true
signal predominantly lies in the major directions, and the minor directions have a small scale but
highly effective rank. This section explores whether this mechanism still holds under covariate
shift. We derive upper bounds (Theorem 2) for the excess risk of the over-parameterized ridge
estimator in the context of OOD generalization, demonstrating that “benign overfitting” also happens
under covariate shift, given that the target distribution’s covariance remains dominated by the first
k dimensions. Specifically, we show that T characterizes the shift in the major directions, while
the overall magnitude of Xr _j, which captures the shift in the minor directions, is crucial for
benign overfitting. When the overall magnitude of X7 _j scales similarly to or smaller than those
of the source, ridge regression achieves the same non-asymptotic error rate under covariate shift as
in the in-distribution setting. Surprisingly, although a high effective rank in the minor directions
of the source is essential for benign overfitting, only the overall magnitude matters for the target
distribution.

3.1 WARM-UP: IN-DISTRIBUTION BENIGN OVERFITTING

As a warm-up, we introduce Tsigler & Bartlett (2023)’s in-distribution result on benign overfitting
in ridge regression. When the data dimension d exceeds the sample size n, the ridgeless estimator

interpolates the training data, fitting the noise. In this case, the estimator 3 lies within the subspace
spanned by the covariates of the n samples. If d is much larger than n, a new test point is highly
likely to be orthogonal to this subspace, ameliorating noise from affecting the prediction. Therefore,
the minor components of the covariance matrix actually provide implicit regularization. Tsigler
& Bartlett (2023) assume that the data lies in a space with k£ major directions and d — k& weak
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but essentially high-dimensional minor directions, allowing for benign overfitting. This intuition is
formalized through an assumption that controls the condition number of the Gram matrix for the
remaining d — k dimensions.

Assumption 1 (CondNum(k, d, L) (Tsigler & Bartlett, 2023)). Define a matrix Ap = A, +
X_xXT,. With probability at least 1 — 4, Ay, is positive definite and has a condition number no
greater than L, i.e.,

p1(Ak)
l"n(Ak) S L’

where the i-th largest eigenvalue of a matrix is denoted by p; ().

Remark 1. This assumption essentially posits that the minor directions of the source covariance
have an effective rank significantly greater than n. As evidence, Tsigler & Bartlett (2023) prove that
if CondNum holds, the effective rank 7, is lower bounded by n/L, up to a constant. Conversely, a
lower bound on the effective rank 7 also implies an upper bound of the condition number of Aj.
For more details, refer to Tsigler & Bartlett (2023, Lemma 3).

Assuming CondNum, Tsigler & Bartlett (2023) obtain sharp upper bounds for both the variance and
bias of the ridge estimator, with matching lower bounds (see their Theorem 2). To facilitate the
presentation, we define Xi= A+ > .o Aj to represent the combined regularization term from both
ridge and implicit regularization.

Theorem 1 (Tsigler & Bartlett (2023)). There exists a constant c that only depends on o, L, such
that for any n > ck, if the assumption condNum(k, §, L) (Assumption 1) is satisfied, then it holds
that n < cry, and with probability at least 1 — § — ce~ /¢,

“\ 2
Yok, E<pp=)6da (2) + sk,

where v denotes the standard deviation of the noise €.

i>k

The first variance term arises from estimating the k£ major signal dimensions, corresponding to the
classic variance in k-dimensional ordinary least squares. The second variance term, n/ Ry, vanishes
when the minor directions are sufficiently high-dimensional, i.e., when Rj > n. However, the

signal in the minor directions, | B4 ‘ ] Se 08 nearly lost when projected from the high-dimensional

ambient space onto the low-dimensional sample space, contributing to the second bias term. Finally,
the first bias term relates to the signal estimation in the first k£ dimensions and is introduced by the
overall regularization from both ridge and implicit regularization imposed by the minor components.

3.2 OUT-OF-DISTRIBUTION BENIGN OVERFITTING

We now investigate the out-of-distribution performance of the ridge estimator. Intuitively, when the
minor components vanish for both the source and target distributions, over-parameterized ridge re-
gression essentially reduces to under-parameterized ridge regression in the major directions, achiev-

ing a rate of O(tr[T]/n), as demonstrated by Ge et al. (2024). When the minor components do
not vanish, a high effective rank of the minor components in the source distribution is essential for
“benign overfitting”, as shown by Tsigler & Bartlett (2023). However, we argue that for the target
distribution, only the overall magnitude of the minor components is critical for benign overfitting.
This is because when the source’s minor directions have an effective rank much larger than n, the
n-dimensional subspace spanned by the training samples is already almost orthogonal to any test
point with high probability. As a result, the spectral structure of the target becomes irrelevant—only
a small overall magnitude of the target’s minor components is required.

We formalize those intuitive claims by deriving upper bounds for both the variance and bias of ridge
regression under covariate shift, assuming a source distribution similar to the in-distribution case.
Our upper bound is sharp and can be applied to any target distributions, reducing to Tsigler & Bartlett
(2023)’s bound (Theorem 1) when the target and source distributions are aligned. Additionally, we
recover Ge et al. (2024)’s sharp bound for under-parameterized linear regression under a covariate
shift when the high-dimensional minor components vanish.

Theorem 2. There exists a constant ¢ > 2 depending only on o, L, such that for any cN < n < ry,
if the assumption condNum(k, 6, L) (Assumption 1) is satisfied, then with probability at least 1 — 30,

1% < kow[T] | n ]

cw?~n  k Ry tr[V]
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B n |37, ||
< Bip - (|IT] + ==Lkl
- (I71+ - 5y

c
where 7,U,V are defined in Equation (1), N = Poly(k + In(1/5), A\ A, ', 1+ X)\gl), and Poly(+)
denotes a polynomial function.

Recall that Bp is the bias upper bound from Theorem 1. Theorem 2 establishes an upper bound
for the excess risk of ridge regression under general covariate shift, expressed in a multiplicative
form based on Theorem 1. This formulation enables a straightforward comparison of the impact
of covariate shifts on the bias and variance of ridge estimators relative to the in-distribution case.
The first conclusion is that Theorem 2 well reduces to the corresponding result in Theorem 1 when
no distribution shift occurs—i.e., ¥ g = Y. This connection follows directly from the condition
n <nrg.

The second conclusion is that covariate shift in the first k£ dimensions and last d — k dimensions

introduce multiplicative factors of — tr , |7 and g[g%, ot HET ”‘H, respectively, on the excess
risk. Therefore, as long as these factors are bounded by constants, over-parameterized ridge regres-
sion achieves the same non-asymptotic rate of excess risk under covariate shift as the in-distribution
setting. This scenario, well addressed by ridge regression, occurs when the target distribution’s co-
variance structure remains dominated by the first £ dimensions. In the following, we analyze the

impact of the factors introduced by covariate shifts on both the major and minor directions.

1. T characterizes the shift in the major directions. Under covariate shift within the first & di-
mensions, we obtain the same non-asymptotic error rate as in Theorem 1, only if || 7| is bounded
by a constant, as tr[7]/k < ||T||. The matrix 7 plays a central role in Theorem 2 to quan-
tify covariate shift within the first £ dimensions, matching our intuition. This echoes with Ge
et al. (2024)’s finding that tr[7] captures the difficulty of covariate shift for under-parameterized
ridgeless regression (MLE). They establish a sharp upper bound on excess risk using Fisher in-

formation (see their Theorem 3.1), which simplifies to a rate of O(tr[T]/n) for linear models.
Theorem 2 recovers this result when applied to a k-dimensional under-parameterized setting
where all high-dimensional minor components vanish, specifically when X5 _, = X7 _; = 0.
Under the same condition as Theorem 2, for a constant ¢ depending only on o, L, with high
probability, the variance and bias terms are bounded by:

V _t[T] B s (A2
— < — < -1 | = .
S 2 <IBlsg (5) Tl

The variance bound aligns with Ge et al. (2024)’s result while the bias vanishes as A — 0.

2. The overall magnitude of X1 _; is crucial for benign overfitting. Under covariate shift within

the last d — & dimensions, when both tfm and nr; ~1 HET ”“” are bounded by constants, we

achieve the same non-asymptotic error rate as in Theorem 1. Note that Km < H

other words, matching our intuition, if the overall magnitude of the minor components of tar-
get covariance scales similarly to or smaller than those of the source, in terms of the covariance
norms, “benign overfitting” also happens under covariate shift. Importantly, this condition does
not impose constraints on the internal spectral structure of the minor components of the target
covariance. For example, we do not force each eigenvalue of X1 _, to scale with its correspond-
ing eigenvalue of X g _;, in decreasing order, as assumed in prior work (Mallinar et al., 2024).
Surprisingly, for benign overfitting to happen, the source distribution must have a high effective
rank in the minor directions. However, for the target distribution, only the overall magnitude of
the minor components is relevant.

In

Another observation is that the bias scales with nr, 1 H;T "H, meaning that we only re-

quire H = O(rg/n), which is a less restrictive condition for larger r. Thus, over-

parameterization improves the robustness of the estimation bias against covariate shift in the
minor direction.

Remark 2 (Sample complexity). We have assumed n > c¢N in Theorem 2. The explicit formula for
N is deferred to Theorem 25 and Remark 8. Here we summarize the sample complexity required
for the bound to hold. The dependence on k varies between Q(k) and Q(k?), depending on the
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degree of covariate shift. The optimal case, aligning with the sample complexity of classic linear
regression, occurs when Xg ;. =~ X1 . The worst case arises when there is a significant covariate
shift in the first k£ dimensions, such as when the test data lies predominantly in the subspace of
the first dimension. This variation in sample complexity under covariate shift parallels the analysis
of Ge et al. (2024) (see their Theorem 4.2) for the under-parameterized setting. Additionally, we
require n 3> A+ > >k Aj, ensuring that the regularization is not too strong to introduce a bias
exceeding a constant (as reflected in the first term of Brp). On the other hand, we assume n < rj in
the theorem, consistent with the over-parameterized regime and Assumption 1, where the last d — k
components are considered to be essentially high-dimensional.

Remark 3 (Dependence on L). Theorem 2 does not explicitly show how the excess risk depends
on the condition number L of Ay. However, we demonstrate in Theorem 25 that the upper bounds
scale at most as L?. Notably, we maintain the same order of dependence on L in each term of the
upper bounds as in the analysis by Tsigler & Bartlett (2023) (see their Theorem 5).

Finally, Theorem 2 suggests an (O(1/n) vanishing error under several conditions that naturally fol-
low from the previous discussions, which we now state rigorously. First, the covariate space decom-
poses into subspaces spanned by low-dimensional major directions and high-dimensional minor

directions, with K = O(1) and Ry, = Q(n?). Second, the low-rank covariance structure is preserved
after covariate shift, such that |77, gm ) nﬁrk’lﬂg%::” = (O(1). Third, the signal lies predomi-

nantly in the major directions, with ||5;||-: = O(1) and ||5ik||25 . O(1/y/n). Lastly, the
S,k ,—k

regularization is not excessively strong to introduce a significant bias, with A=A+ > kA =

O(/n).
4 L ARGE SHIFT IN MINOR DIRECTIONS

In the previous section, we established an upper bound for over-parameterized ridge regression under
covariate shift. We showed that when the shift in the minor directions is controlled—specifically,
when the overall magnitude of X7 _j is small—"“benign overfitting” also occurs under covariate
shift. However, when the shift in minor directions is significant, meaning the target covariance ma-
trix has many large eigenvalues with corresponding eigenvectors outside the major directions, the
excess risk for ridge regression deteriorates. In this section, we further illustrate the limitations of
ridge regression in such cases by providing a lower bound for its performance for large distribu-
tion shifts in the minor directions. We show that, in certain instances, ridge regression can only
achieve the slow statistical rate of O(1/4/n) for the excess risk. On the other hand, it is natural
to consider alternative algorithms to ridge regression. We demonstrate that even with a large shift
in the minor directions, Principal Component Regression (PCR) is guaranteed to achieve the fast
statistical rate O(1/n) in the same instances, provided that the signal 8* lies primarily within the
subspace spanned by the major directions. Moreover, PCR does not require the minor directions to
have a high effective rank in the source distribution, highlighting its advantage over ridge regres-
sion in such cases. Throughout this section, we maintain the setup and source covariance structure
described in Section 2. However, Assumption 1 is no longer required.

4.1 SLOW RATE FOR RIDGE REGRESSION

In this subsection, we demonstrate the limitations of ridge regression when the overall magnitude of
Y, _k is large. Consider an instance where X g has its first & components as ©(1), while the minor
directions have eigenvalues of o(1). If we set X7 = I, in contrast to the “benign overfitting” regime
described in Theorem 2, ridge regression will have a large excess risk for this instance. Although
the signal from the major directions is effectively captured, the signal in the minor directions is
nearly lost. Unlike the case in Section 3, here, the estimation error in the minor directions is crucial
because the target distribution has significant components in these directions. We formalize this
intuitive example through the following theorems:

Corollary 3. For some absolute constants C', Cs, consider the following instance of Xg:

Cq
M= == M == A e = ) R —

b2 T
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Assume X7 _;, = 0,X7 ) = Ii, and 5, = 0. By choosing A = v/n, under the same conditions of
Theorem 2, we can bound the excess rlsk of the ridge estimator with probability at least 1 — 36:

B [R(3()] < oI,

Remark 4. Corollary 3 is a direct application of Theorem 2.

Theorem 4. Consider the same instance of ¥g as in Corollary 3. Assume X7 = Iz and A\ = /n.
There exists an absolute constant C' > 0, such that for some 0 < § < 1, No > 0 and for any
n > Ny, with probability at least 1 — J, we have V' > Cv2.

For any A > 0, with probability at least 1 — §, the excess risk of the ridge estimator satisfies:
~ ﬂ* 2/\,02
Ec[R(B(Y))] = I

From Theorem 4, we observe that when ¥ = I, the performance of ridge regression deteriorates
compared to the case where X7 _;, = 0. If we set A = /n as in Corollary 3, ridge regression incurs
a constant excess risk under covariate shift while achieving an in-distribution error rate of O(1/n).
Furthermore, Theorem 4 shows no matter how we choose the regularization parameter )\, the excess
risk is always lower bounded by the slow statistical rate O(1/+/n), which is worse than the fast
rate of O(1/n). However, as we will prove in the next subsection, Principal Component Regression
(PCR) can achieve an excess risk of O(1/n) under this instance, even with ¥ = ;.

4.2 FAST RATE FOR PRINCIPAL COMPONENT REGRESSION

Ridge regression faces significant limitations when there is a large shift in the minor directions. In
Section 3.1, it was shown that the signal in the minor directions, 3*,, is nearly lost when projected
from the high-dimensional ambient space onto the low-dimensional sample space. In other words,
learning the true signal from the minor directions is essentially impossible. Therefore, in this sub-
section, we continue to focus on the scenario where the true signal 5* primarily resides in the major
directions. In this case, Principal Component Regression (PCR) emerges as a natural algorithm that
estimates the space spanned by the major directions and performs regression on that subspace.

Principal Component Regression (PCR).

* Step 1: Obtain an estimator U of the top-% subspace of Y s. For simplicity, we assume a sample
size of 2n and use the first half of the data to compute U by prmmpal component analysis (PCA)
on the sample covariance matrix ES L =X TX. Specifically, U= (ty,- -, ug) where u; is the
1-th eigenvector of 5 S-

» Step 2: Use the data projected on U to conduct linear regression. With a little abuse of
notation, we use X € R"*4 to denote the data matrix (2,41, - ,72,)",and Y € R" to denote

(Ynst1s - yon)T. I welet Z := XU € R™** be the projected data matrix, the estimator 3 we
obtained is given by

B=UZT2)"12Ty =U(UTXTXU)"'UTXTY.

Consider the scenario where the last d — k components of the true signal 5* is exactly zero, i.e.,
B*,, = 0. In this case, if the subspace represented by U perfectly matches the subspace represented

by U = (I(;“) € R¥** corresponding to the first & components, then PCR performs linear regres-

sion using only the first k components of the covariates. As a result, the excess risk would just be the
usual variance of linear regression in the major directions. In this scenario, regardless of the norm
[|IX7,—k||, the PCR estimator assigns coefficients of zero to the last d — k components, thus avoiding
any large excess risk. Furthermore, if the distance between Uand U is nonzero, an additional term
in the excess risk will arise due to the estimation error of . We formalize this intuition with the
following upper bound for the excess risk of PCR. To facilitate the presentation, we introduce a
measure of the estimation accuracy of U. We define A = dist(U,U) := |[UUT — UUT||, which
represents the distance between the subspaces spanned by the columns of U and U. Then we present
the following theorem.
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Theorem 5. Assume 5*, = 0. If A < O, forany 0 < § < 1 and any n > NN, we can bound the
excess risk of PCR estimator B with probability 1 — §:

~ tr(T el A1) 2
B [R(B)) <0 (1 42 (3L) 2 a?).
where ©~1 = Poly(M AL, |27 |2, ktr(T) 1) and

Ny = Poly(o, MiA 57 A, R In(1/6), k te(T) ™).

Remark 5. Theorem 5 is a special case of Lemma 31. For explicit formulas of © and N7, as well
as an upper bound for cases where 5*, # 0, refer to Lemma 31 for details.

The excess risk upper bound provided by Theorem 5 consists of two terms. The variance term
tr(7)/n is incurred by the nature of linear regression on the major directions and remains unavoid-
able even when the subspace estimation is exact (i.e., A = 0). This term also appears as the first vari-
ance term in Theorem 2, and exactly matches the sharp rate tr[EglET] /n for under-parameterized

linear regression under covariate shift (Ge et al., 2024). The second term [|3*[|?(3%)2(| 37 (| A2
represents the bias induced by the subspace estimation error in Step 1, which exhibits a quadratic
dependence on A. By combining Theorem 5 with a bound on A, we can derive an end-to-end excess

risk upper bound of PCR. We present the following lemma to control A.
Lemma 6. With probability at least 1 — 9, if n > r + In(1/4), we have

4 A r+In +
=" H),

Ak —Akt1 n

where r = )\1_1 Zle A; is the effective rank of the entire covariance matrix Yg.

Remark 6. Lemma 6 shows that A depends on several quantities: the eigenvalue gap between the
major and minor directions, i.e., Ay — A\;41, and the effective rank r. We observe that A will be
small if the major and minor directions are well separated, meaning Ay, — A;+1 is large, and the
minor directions are relatively small compared to \;.

Combining Theorem 5 with Lemma 6, an end-to-end error bound for PCR directly follows (see The-
orem 29 for a detailed statement), suggesting that PCR will achieve a small excess risk as long as the
major and minor directions are well separated, and the effective rank of the entire source covariance
matrix is small. In contrast to ridge regression, PCR does not rely on the minor components having a
high effective rank. This highlights the superiority of PCR over ridge regression in certain scenarios.

As an example, consider the instance in Theorem 4, where k, || X1 ||, A1, A are all ©(1). In this
case, the variance term scales as 1/n, and the bias term scales as O(A?). Since r = ©O(1) in this
instance, we have A < O(1/4/n). Consequently, PCR achieves a O(1/n) rate in this instance, even
when Y = I;. Compared with the excess risk for ridge regression, which is at least 1/4/n, PCR
shows its superiority against ridge regression when there is a large shift in the minor directions.

5 CONCLUSION AND DISCUSSION

In conclusion, we provide an instance-dependent upper bound on the excess risk for ridge regression
under general covariate shift. Our findings demonstrate that “benign overfitting” also occurs in OOD
generalization when the shift in the minor directions is well controlled. We also investigate the
regime with a large shift in the minor directions, where ridge regression may incur a large excess
risk, whereas Principal Component Regression (PCR) exhibits superior performance.

Our work opens several directions for future research. First, while we have established a lower bound
for ridge regression in certain instances, a key challenge remains in deriving a general lower bound
that matches our upper bounds, offering a more precise characterization of the excess risk under
covariate shift. Second, our analysis has focused on linear models as an initial step in understand-
ing over-parameterized OOD problems. Extending this investigation to more complex, non-linear
models would be a intriguing direction for future exploration.
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Figure 1: Simulation results for excess risks across varying training sample sizes. The shaded
regions represent standard errors of 10 runs, using different samples of training and test sets. The
slope of the fitted OLS model is marked along each curve. (a)(b) Minimum norm interpolation under
distinct target covariance matrices with small shifts in minor directions. The source covariance
matrix remains constant. (a) Various magnitudes of shifts in minor directions, with || 7] = 1. (b)
Various magnitudes of shifts in major directions, with tr[l/] / tr[V] = 1. (c) Ridge and PCR under
large shifts in minor directions, following the setting of Theorem 4.

A.1 BENIGN-OVERFITTING: SMALL SHIFT IN MINOR DIRECTIONS

We simulate the covariate shift discussed in section 3, where the overall magnitude of the target
covariance matrix’s minor directions is comparable to that of the source. Theorem 2 establishes an
O(1/n) excess risk rate for ridge regression under certain benign-overfitting conditions. Specifi-
cally, for the training data, we assume k = O(1), Ry = Q(n?), ”ﬂ’:HEEZ =0(), | Bik“zs =

O(1/y/n), and A = O(+/n). For the test data, we assume || 7], Ei%,m‘;l% = O(1). In the
experiment, data is generated according to these conditions. '

y=aT5"+¢

where 3* € R¥"° with Br = (ﬁ, e ﬁ)T, B*, = 0and k = 10. The noise € follows a centered

gaussian distribution with variance 0.1, and x is drawn from a multivariate normal distribution with
zero mean and a source covariance matrix Yg = diag(I,n'°I,2). The target covariance matrix
is Xy = diag(Zrk, X, —k) where X, and X _j, are randomly generated and scaled to achieve
specific values for || 7| and E%, respectively. At the same time, we do not explicitly control

nr ! H, because it equals %H in this setting and is typically bounded for a randomly

generated Y7 _;. We run minimum norm interpolation (ridgeless regression) with A = 0.

The source covariance matrix X g is fixed for all experiments while we vary the target covariance

matrices. To study covariate shifts in major directions, we vary ||7|| among 5, 25, 100 and keep
E:m = 1. To study covariate shifts in minor directions, we vary ah] = 1 among 5, 25, 100 and

keep || 7| = 1. For each pair of ||T|| and EM, we generate training samples of various sizes n and
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1000 test samples. For each n, a target covariance matrix > is randomly generated to satisfy the

specified || 7| and z;m We run 10 experiments for each set of (Xg, X1, n), using independently

sampled training sets and test sets, and the mean and standard error of the excess risks are reported.

The results are shown in Figure la, 1b. The fast rate O(1) of minimum norm interpolation is
confirmed, as the log-log plot of excess risk versus n has a slope near -1 across all combinations

of || 7 and Eim The excess risk increases with larger g% indicating a greater shift in minor

directions. Similarly, the excess risk increases with larger || 7
directions.

, indicating a greater shift in major

A.2 RIDGE V.S. PCR: LARGE SHIFT IN MINOR DIRECTIONS

Theorem 4 identifies a setting where large covariate shifts occur in minor directions of the covariance
matrix, leading to a lower bound of O(1/+/n) on the excess risk for ridge regression, while Principal
Component Regression (PCR) achieves the fast rate of O(1). We design a simulation experiment
under the same instance of the source and target covariance matrices. Specifically, data is generated
as:

y=a"f" +e
where 8* € RFtIVR | with By = (ﬁ e ﬁ)T, B*, = 0,and & = 10. The noise € is drawn

from a centered gaussian distribution with variance 0.1, and x follows a multivariate normal distri-
bution with zero mean. The source covariance matrix is ¥g = diag(l,n %°T |/m))» and the target
covariance matrix is X = Ikﬂ\/ﬁj-

We evaluate ridge regression with various regularization strengths: A = 1078, n%5 n%7 n_ Here,

we use A = 10~® to approximate ridgeless regression, which has a singular solution under this setup.
We compare PCR to ridge regression for different training sample sizes n. The test set contains 1000
samples. For each n, 10 experiments are conducted with independently sampled training and test
sets. We report the mean and standard error of the excess risks.

Figure lc present the results. As expected, PCR nearly achieves the fast rate of O(1/n), with the
log-log slope of excess risk versus n being -0.99. In contrast, the optimal rate of ridge regression
is O(n=948), achieved with A = n%". This aligns with the lower bound of O(1/+/n) from The-
orem 4, and its proof also suggests A = n-7° as the optimal regularization strength. Additionally,
ridge regression exhibits excess risks above a constant for certain choices of \.

B RIDGE REGRESSION

Let X = (21,...,2,)T € R?*VY = (y1,...,9,)T € R" and € = (ey, ..., ¢,)T € R™. We denote
the first £ columns of X as X, and the remaining d — k columns as X_j. Similarly, 3 and 8*

represent the corresponding components of 8*. Xg , g _j are the corresponding blocks on the

diagonal of Y.g. The i-th eigenvalue of a matrix is denoted by w;(+). Define Z = X 251/ 2, where

the rows of Z are i.i.d. centered isotropic random vectors. Additionally, we assume the rows of Z
are o-sub-gaussian, where the sub-gaussian norm is defined as follows.

For a random variable s, the sub-gaussian norm ||s||,, is given by:
. 52
]|y, = inf {t >0:E [exp ﬁ] < 2} .

For a random vector .S, the sub-gaussian norm .S, is given by:

145, 9) |y
15|y, = sup D212
2k ol

For A > 0, consider the ridge estimator:

BY)=XT"(XXT + L) 'Y
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= XT(XXT 4+ AL) X+ XT(XXT +A1,) 71

= B(XB") + Ble),
where we define (X %) = XT(XXT+)I,,) "' X3* and B(€) = X7 (X XT+)I,,)~'e. Addition-
ally, we define ES =Yg+ /\Id The effective rank of ES i 1s defined as rj, = )\k+1()\ + Epk i)
Assumption 2 (CondNum(k, §, L)). Define a matrix A, = A,, + X_;X7T,. With probability at

least 1 — §, Ay, is positive definite and has a condition number no greater than L, i.e.,
i (Ax)
Mn(Ak)

< L.

B.1 CONCENTRATION INEQUALITIES
Denote the element of a matrix X in the ¢-th row and the j-th column as X4, j], and the ¢-th row of

the matrix X as X[i, .

Lemma 7 (Lemma 20 of Tsigler & Bartlett (2023)). Let z be a sub-gaussian vector in RP with
[2[ly, < o, and consider & = diag(A1,. .., A,) where the sequence {);}}_, is positive and non-
increasing. Then there exists some absolute constant ¢, for any ¢ > 0, with probability at least
1—2e7te;

p
ISV22)2 < co? | thr + )\

Lemma 8 (Lemma 23 of Tsigler & Bartlett (2023)). Let /olk represent the matrix X _; X Tk, with its
diagonal elements set to zero:

Arli ] = (1= 6;,) (X X T} [0, 4]

Then there exists some absolute constant ¢, for any ¢ > 0, with probability at least 1 — 4e~*/¢:

Akl < co? | (t+n) [ A2, (t+n)+ ) A2
>k

Lemma 9 (Lemma 21 of Tsigler & Bartlett (2023)). Suppose {z;}? ; is a sequence of independent
isotropic sub-gaussian random vectors, where ||z;||y, < 0. Let = diag(A1, ..., \p) represent a
diagonal matrix with a positive, non-increasing sequence {\; }?_;. Then there exists some absolute
constant ¢, for any ¢ € (0,n), with probability at least 1 — 2e~:

(n — v/nto?) Z i I2Y22)1? < (n+ Vnto? i)\J
J=1 i—1 j=1

Lemma 10. There exists a constant ¢, depending only on o, such that for any n satisfying nAg11 <
A+ ik A;), under the assumption CondNum(k, &, L) (Assumption 2), with probability at least

1— 6 — cpe™™/ce:

1
Jj>k i>k

Ml(X—kXZk) <y [ nAR4+1 + Z /\j
>k

Proof. This result follows from the proof of Lemma 3 in Tsigler & Bartlett (2023), which estab-
lishes both upper and lower bounds of 11 (A ). By combining the lower bound with the assumption
CondNum, we derive a lower bound of 1, (Ay). For completeness, we restate the entire proof here.

According to lemma 7 and lemma 8, there exists an absolute constant ¢, such that for any ¢ > 0:
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1. forall 1 < i < n, with probability at least 1 — 2e~*/¢:
[ X_k[i, 41> < co® | tApga + Z)\j
i>k

2. with probability at least 1 — 4e~*/¢:

Akl < co? | (t+n) [ A2, (t+n)+ D A2
i>k

Since 1 (Ag) < A+ || Ag|| + max; | X_x[i, +]||2, by setting ¢ = n, we have with probability at least
1— (2n + 4)e /e

p1(Ag) < X+ co’ | ndpyr + Z Aj+ \/(2n)\k+1)2 + ZnZ)\?

J>k i>k

<A tco? | ndepr + DA+ 20+ 20D A2
i>k i>k

<At co? [ nderr + DA+ 20X+ 200041 YA
Jj>k J>k

1
<At co® | mAep1 + DA + 20 kg + nAeg + 3 SN
J>k i>k

<A+4eo? [ g + 3N
>k

< max {1,4002} A+ Z)\j + nAgr1
j>k

§2max{1,4002} )\+Z)\j . (2
i>k

The last inequality follows from nA,+1 < (A + Y isk A;). Similarly,

(X X)) < deo® [ nden +) A ] 3)
j>k
On the other hand, by applying Lemma 9 with ¢ = ;7 there exists an absolute constant ¢’, such

that with probability at least 1 — 2 exp {— ﬁn}:

S I klis eI = 5n >0 N
i=1

i>k
On this event,

1
,ul(Ak.) > A+ E tr(X_szk)

1 & ,
=A+ - Z | X _[d, «]|?
=1
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1
>/\+§ij
>k
1
>3 /\+Z/\J
>k

1 1
pn(Ar) > (A > o (AN |- 4)

Combining Equation 2, 3 and 4, there exists a constant ¢, depending only on o, such that with
probability at least 1 — § — ¢ e~/

A+Z)\ <t (Ag) < 1 (Ay) < ¢ A+Z>\

J>k j>k

i (X_k XT) < e | Rt + Z Aj

i>k
O

Lemma 11. There exists a constant ¢, depending only on o, such that with probability at least 1 —,

if n > k +In(1/4),
/ Ind
Scx)\l k+ n5~

n

Proof. This follows directly from Theorem 5.39 and Remark 5.40 of Vershynin (2010), which shows
there exists a constant ¢/, depending only on o, such that for any ¢ > 0, with probability at least

1 —2exp{—t?/c.}:
2
e ) k+t C,\/Eth
< L L
= N "y \Vn T U

Taking t = /¢, In(2/9) completes the proof. O

Corollary 12. Under the same conditions as in Lemma 11, and on the same event, the following

holds:
1 1
|(xixi)? - vz, H<cm\/k+1n5)\)\ 5

Proof. According to Proposition 3.2 of van Hemmen & Ando (1980), for any positive semi-definite
matrix A, B € R*, we have

|4~ Bl = (1 (4%) + e (BY)) 4% - B2

1
HX,ZXk — sk
n

1
HX,CTX,C — sk
n

Therefore,
1 1 1
"(X,Zxk) 2 _ \/ﬁzg’kH < | XT X — %
i (\/ﬁzék)
1|1 7
=vnA\, ? || =X, Xk — Zsk
n

By applying Lemma 11, the proof is complete. O
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Lemma 13. There exists a constant ¢, depending only on o, such that for any n > c;k, with
probability at least 1 — 2e~"/¢=:

L (3 xTxonTtY < (5o xTxonoh) <
c n < Uk ZS,kaXkES,k < ZskakaZS’k < cgn.
xr

Proof. According to Theorem 5.39 of Vershynin (2010), there exists a constant ¢/, depending only
on o, such that for any ¢ > 0, with probability at least 1 — 2 exp{—t2/c. }:

—1 _1 2
i (S5 XTX25]) = (Vi - vk —t)
1 1 2
im (SadXEXivg)) < (Va+dvh+t) .

Let t = £+/n. For n > 16(c,)?k, with probability at least 1 — 2 exp {—n/(4c},)}:

Lory ot 1 1 \* 1
" (ES,kaszsyk)z Vi— V- gvn) = en

i op ool 1 1\ 49
m (SsaXixizg)) < Vit Vi ovn) = en
By taking ¢, = max {16(c},)?,4c}, 16}, the proof is complete. 0O

Remark 7. On the same event, the following inequalities also hold:
_1 _1
(X5 X) < (s st,incTXkEs,iH < cxhan.
T —% T —% 1
e (XTX0) = e (Ss,0me (SEXTXE5]) > —Aem.
Lemma 14. There exists a constant ¢, depending only on o, with probability at least 1 — 2e~"/¢=:

1 1
tr (X 37,k X7,) < contr (zgﬁkzn_kz;ﬁk) .

Proof. According to Hanson-Wright Inequality (Vershynin, 2018), there exists an absolute constant
¢, such that forany 1 <4 <n,

1 1 )
(AT S S AN

1 1
2 2 2
<o HZS7_,€2T,_,€ZS7_,€H
P1 F

1 1
<co?tr (S, Zrazh ).

By Bernstein Inequality (Proposition 5.16 of Vershynin (2010)), there exists an absolute constant ¢/,
for any ¢t > 0,
> t}

P{l
n |4

S 2kl 4158 S kS Zli AT — o (S5 Sk )]
=1

<2e ¢'nmin L
Xp 4 — —, =
- P K2 K ’

1

Z_ili, *]Zg,_kET,—kzé,—kZ—k[i’ *}T‘

where K = max;

P
1 1 ’
Lett = co? tr (z RIS/ » H) Then, with probability at least 1 — 267

n
1 1
tr (X xSr xXT3) =Y Zk[i,¥]82 S xBE 2 li, )"
1=1

< (1 +co®)ntr (Eé,_kZT,szé_k) .

By taking ¢, = max {1+ co?, 2}, the proof is complete. 0O
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Lemma 15. There exists a constant ¢, depending only on o, with probablity at least 1 — 2e~"/¢=:

(BT XT, X185 < can(BE ) s kB -

Proof. The result follows from the proof of Lemma 3 in Tsigler & Bartlett (2023), which we restate

here for completeness. Consider the isotropic vector [(8*,)7Ss 3%, ] e X_ppr,. For the
i-th component,

(82072582, ~F X il 62|

1
Z—k'[i7 *]Eg’,fkﬁik

By applying Lemma 9 for the sequence { [(B%,)TSs,—kB%,] 1/ X _4[i, *]ﬁik} - there exists

(8% )T Ss,_n%]

P2 ‘wz

S (ﬂik)TES,kaik]

1 1
2 2 *
g HES7_k57k

an absolute constant ¢, for any ¢ € (0, n), with probability at least 1 — 2e~¢¢:

(B~ )TXT, X 8%,
(B )T, 1B

Let t = n/4, with probability at least 1 — 2e~°"/4:

< n+vnto?.

(B X7 X 4B < (1+ 507 (8,)7 S5 4B

By taking ¢, = max {1 + %02, %} the proof is complete. O
B.2 BLOCK DECOMPOSITION OF X ;X1

Let X, = UM3V, where U € R"™" and V € R are orthogonal matrices representing the left
and right singular vectors, respectively. The matrix M 2 is defined as:

M3 = | ervk,
my
O(n—k)xk
Therefore, we have X3, X! = UMUT, where M = diag(my, ..., ms,0, ...,0) € R™*", Similarly,
XFXy, = VI MV, where Mj, = diag(my, ...,my,) € RF*F,

Let A = UTX_;, X7, U, and write A in block matrix form as:
A Ao
A =
(A{Q Agg )’
where All S Rka, A12 S ka(n*k), and AQQ c ]R(n*k)x(”*k).

We will repeatedly use the first k rows of (M + AI,, + A)~L, which we compute here. Because
M + M1, + A and A1, + Aos are invertible when Ay, is positive definite, by block matrix inverse,

(M + M, + A) 7Lk, #]
= (My 4+ My + Arp — Apa(M— g + A22)71A1T2)_1 (I, = A2 (AL—i + Ag) ).

Corollary 16 (Corollary of Lemma 10). There exists a constant depending only on o, such that
for any n < A,;ll A+ >k A;), if the assumption condNum(k, &, L) is satisfied, the following

inequalities hold with probability at least 1 — § — c,e "™/, on the same event as in Lemma 10.

®)

AL A <A< e [ A+D] A
ji>k
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-1
I Lk + Do) T S AT S o [ A+ DN

>k
HA12()\In7k + Azz)_2AP{2H < CiL2.

||A12)\In g+ Ago) TTAT, |<CL )\Jrz)\
>k

A1 — Aro(A Ly + A22)71A,{2|| <ecp | A+ Z)\j
>k

Proof. 1. The first inequality.

ALl Az < JAL = Xk XD < JARl < o | A+ N

i>k

2. The second inequality.

IOk + Do) T S Ly + A) 7 = A S el | A4+ N |
i>k
where the first inequality holds because AI,, + A is positive definite.

3. The third inequality.
[ At Mok + Aa2) 2AL || < [[Av2|*|(Mn—k + Qo) 7 H|? < ;L2

4. The fourth inequality.

[A12(A\ Lk + Do) AL || < A2l P(Aei + Do2) M S GL [ A+ DA
J>k
5. The last inequality.
HAll =AM + Az 71A{2H
= ’|A11+)\Ik7A12()\In k+A22 1A || —

< ||A11 + Ak —
= [|Aq]]

Ser [ A+ N

i>k

The first inequality holds because Ajy + My — A1a(AL,_x + Agp)~1AT, is the Schur
complement of the block Aj; + Al of the matrix A + AI,, which is positive definite.
Therefore, we have

Apy + My = Ay + Mg — App (Mg + Agg) AT

O

Lemma 17. There exists a constant ¢, > 2 depending only on o, such that for any N; < n <
Na, if the assumption condNum(k, d, L) is satisfied, the following holds with probability at least
1—-26 — cme*"/ ¢z on both events from Lemma 10 and Lemma 11,

_ ~ —1
(X7 X5+ Mi + VT (Agy — Aa(My_ g, + Dgg) AT V] nZS}k)

|
/N
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T 1 r5,0)

<
= A+ nAp)?
where
Ny = max { 4¢ (k+1n(1/5)))\;,24L>\ HEEDIPY
i>k
No=—— [A+3A
2= j
A1 >k
Proof.

~ —1
’I’LZS?k)

|
/N

H [XE X+ M+ VT (A1 — Aa(Mp g + Dga) TAT) V]

< H [Xi§ Xk 4+ M+ VT (A = App(AL g + Agg) 7' AT,) V] _1H

. H [XkTXk + AN+ VT (A1 — Arpo(M Ly + A22)_1A1T2) V] - (”i&k) H

~ -1
o
B 1
- A+ n)\k
NXEXe = nSsp + VT (A — Aa(AL—p 4+ Aa2) 'AT) V|
According to Lemma 11, Corollary 16, there exists a constant ¢, > 2 depending only on o, such
that for any k + ln(l/é) < Ny <n < Ny = )‘k+1 (A + disk A;), with probability at least
1—-26 — cme*"/cw, on both events in Lemma 10 and Lemma 11,

H [XTXp+ M+ VT (Ary — App(A, + Agg) AT V] H

k:—|-ln%

n

S Cz)\l

1
HX,{Xk — Ysk
n

A1 (Mg + Dgo) TATL S SL [ A+ )
>k

L[ XE X = nSen + VT (A = Aia (Mg + Ago) 71 AL) V.
[ X5 Xk = nBsp + VT (A = Aiz(Myop + A22) THAL) V||
< ||XE Xk — sk + [[(Arn — Are(M—i + Ag2) TTATL) ||

1
< ¢y n(k—i—lng))\l-i-cz;L )\+Z>\j

>k

2 | (X7 X+ AL+ VT (A — Ao + 80) 1AT) V)7

1 -
N I Xk =0+ VT (Bnr = Arz(M + 822) T AL) V]|
<! (k+mM+EL A+ N

=X (V" g/ 7

>k

Since n > 4ci(k + 1n(1/5))%

\/7 \/MT
1
)\+n)\k F+lng)i s nAg
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cm/(k—&—ln%))\l

VA

< 1
2¢,

Since n > 2c LA (A + 30555 As)»

AL (A + e Aj)
nA\g

1
X+ A

‘ZL A+ Z )\j <
i>k
2¢,
Therefore, we have

1 _ 1
e XX 1S VT (A1 - Byt A AT V] <

Now we derive the upper bound for our target.

‘ [XT X+ Ak + VT (Ary — Ay (Mg + Agp) AL V] H

-1

[nis,k + XT X = nSsx + VT (Ary — App(M_ g, + Agy) " AT) V]
-1 -1
(7’},257k) l:l — ’ (HES,k)
=1
' H (X X0+ M+ VT (A1 — Aa(Mpeg + Agp) TA]) V] 1m

1 1\
< 1—-—
T A+ nAg Cy

Cx
A+ndg

IN

<

The first inequality follows from the result [|(A + T') 71| < [[A7Y] (1 — HA‘1||||TH)_1,
provided that both A and A + T are invertible and ||A~!||||T|| < 1 (see Lemma 3.1 in
Wedin (1973)).

Combining the above two inequalities,

_ ~ —1
H (X Xh+ M+ VT (A1 — Aa(Mpeg, + Agp) T AT V] to (nzs,k)

1 c 1
< z \/ In~ 3L ;
S PR e cor/n(k + n(g)/\l—l—cgj /\+Z/\-7

i>k

R 150
(A +nXg)? .

B.3 BIAS VARIANCE DECOMPOSITION

=R ( (XB*) + B(e)) with respect to the

N
=)

We consider the expection of the excess risk R (3 (Y)
distribution of the noise €.

Ec[R (B))| = E {(Bm —57) = (B) - B*)]
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~ ~ o~ T ~
= E. [Be)"srfe)] + (Bxs) - ) o (B(xB) - 8).
We decompose the expected excess risk into variance and bias terms.
V=K, [Be) Sri(e)]
< 2B, [BOF SraBle)i] + 2B [Ble) i, xBle) 4]
~ T —~
B = (B(xpn) - 67) =r (Bxs) - 5)
~ T —~
<2 (BB - 5t) Trw (BXB) - B7)
-~ T .
+2(B(X8Y)-i = B4) Do (BB -k — 874 -
The inequalities follow from the result for a positive definite block quadratic form:

A B
(z],23) (BT D) <x1> = 27 Axy + 22T Bay 4 2T Day,

T2

where the positive definiteness implies xlTAxl + xlTDxl > 2x1TBz2.

Lemma 18. There exists a constant ¢, > 2 depending only on o, such that for any N; < n <
Na, if the assumption condNum(k, §, L) (Assumption 2) is satisfied, then with probability at least
1 — 26 — c,e~ "/ the following inequalities hold simultaneously:

kS
=
z
A
o
8
+
Q>/

>k
(X kXT) < [+ 3N
i>k
1 E+Ini
“XngEsk <M i 25

tr (X_ X1 XT,) < contr (zéy_kzn_kzéj_k) .
(B )" XT X185 < con(B1) S5,k

AL A2 AN < ex [ 243N
>k
-1
M i+ Do) LA™Y < el [ A+ 3N
i>k
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HAQ()\L},]C + Agg)_2A’{2 | < CiL2.

[A12(M + Do) AL < SL [ A+ 0N
>k

A1 — Aro(A Ly + A22)71A,{2|| <cp | A+ Z/\j
i>k

And,
_ - -1
H [XTXp 4+ M+ VT (A — MM + Ago) AL V] T = (nzs,k)

_é (Vrtk+mHr+ AL (2 + T ) |

- ()\ + n/\k)2
N7 and N» are defined as follows:

AT

Ny = max { 4¢k(k + In(1/8)) 33 25 LN A+ D N
k

>k

Ny

AN

Akt 1 >k

Proof. The lemma is a direct corollary from Lemma 10, Lemma 11, Corollary 12, Lemma 13,
Lemma 14, Lemma 15, Corollary 16, Lemma 17. O

B.3.1 VARIANCE IN THE FIRST kK DIMENSIONS

Lemma 19. Under the same conditions as in Lemma 18, and on the same event, for any N; < n <

Ny,
~ ~ 1 _1 _1
Ec [BOTSraBlen] < 16021+ L)~ tr [S530r54 ]
where
4 1 4y—4
N1 = max < 4c; k—&—lng ATAL T,
ISPV PSPV
>k
4 L\ y6,-8 2,2 -3 -3\ 72
4ch (k+In 5 ) XA Szl (tr {zs’kzmzsyk}) ,
-1
2D [ A+ S0 | ISmallk (0[S orasst]) }
i>k
No=—— [A+3A
2 = i |-
Akt >k
Proof.

Ec |B(e)T ZraBle]
=Ectr [ee” (XX + L) ' X Sr o X (XX + AL,) 7!
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Ztr [(XXT + ML) T XS X (XXT + AL,) 7
2ty [(UMUT +UAUT + ML) 'UM?VSr,,

—~ T
vr (M%) vtwmut +vavut + AIn)‘l}
i . o
=02tr UM + A+ A\L,) " M3VE, V7T (M%) (M+A+ Mn)‘lUT}

[/ —\T —~1
=2 tr (Mf) (M+A+>\In)1(M+A+)\In)1M2VET7;€VT}

o -
=02 tr | M7 (My + M + A11 — Aa(M—g 4+ Agp) TTAT) ' (Tn, =AM g + Do) ™)

(Tgy —Ar2( My + Azz)fl)T (M, 4+ Mg 4+ Ar — Aqa(M— g + Azz)flA?g)_l M

VT
= v21tr [M,f (Mk + A+ A1 — Ag(A Lk + A22)71A1T2)_1

_ _ 11
(I 4 Ara(Mp 4 Do) 2AT) (M + My + Arp — Aa(M—p + Aog) 'AT) T M2

VEr V7]

v* tr [(Ik + Aio(M g + Do) T2ATY) (M + M + Ary — Aa(M ey + A22)_1A1T2)71

1 1 _ —1
MEVESrVIME (Mi + My + Ay — App (Mg + Do) TTATY) }

1

I /\

02 || T + Ao (M—p + Daz) 2AT|| tr [(Mk+)\fk+A11 — Aa(Mpog + Aop) TATY)

~MEVET7;€VTM,3 (Mk + M+ A — Aa(A—g + A22)_1AF{2)7 ]

IN

1)2(1 + CiLZ) tr {(Mk + AN + A — A12(>\In_k + Agg)ilA?g)_l

1 1 _
MEVSr e VIME (Mg + My, + Agy — Ags(M_j + Agp) ' AT) 1}

-1

v?(1+ i L?) tr {(VT (M, + M + Ar1 — Apa(M— + Do2) 'AT,) V)

1 1 —1
VIMEV - Spp - VIMEV - (VT (Mg, + M 4+ A1y — Ao(AL—p + Daz) T'AT,) V) }

-1

V(1 + L) tr [(X,{X,c F AL+ VT (An = Ara(M g + Aga) 1AL V)
A(XEXR) 2 S (X XE)®
. (Xng —+ /\Ik =+ VT (All — Alg()\ln_k =+ Agg)_lA,{z) V)_l] .

The sixth equation follows from Equation 5. The first inequality follows from the result tr[AB] <
|A|| tr[B] where the matrix B is positive semi-definite.

We define two quantities that represent concentration error terms:

~ o\ -1
Ey = H (XX, + M+ VT (A — A Mg + Ag2) AL V] - nZs,k)

/N

Nl
ol

By = (X Xy)? — (nEZsp)? .

—2
Since n > ek (k+In ) OGSk 282 (b [ izngyi]) :

1 —17\ !
andn > 2¢ L (A + 3,00 ) XAl (e [25 i t])

1 -1

I o | 212 =t |

(50)

(s
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_é (/nk+mbr+ L (A+3,000)) SV
= (A + nAg )2 Y+ a2 Tk
< cg( n(k+In 1)\ + 2L ()\+Zj>k Aj)) X sl
>~ 4 T,k
n? )\i
B c2 (k—l—ln%)ﬁnz I+ AL ()\+Zj>k )\j) )ﬁ”E ”
N ny/n PV Tk n? AL Tk
L T Y I BN (e S
< ﬂtr {ES,I@ZT7/€ES,I€} + Mtr [ES,IQETJCES,I@}
=Ly [E*%EMZ*%} .
k S kET k&g |
Since n > de (k+In ) XA and n > 260 (A 30,0005 ) WA
Il s
A\ nlk+nHN + AL ( A+ N
< ( 5 /M ( ZJ>/€ J)) ()\+n/\1)
- ()\+n)\k)2
_ & (nl+mba+EL (A + 50,0 »
n A2 (6)
C @ lrmd) e AL(A+T00)
== /= x' " 2
SL1
2 2
~1.

_2
Since > 2 (k+1In 1) ML 07282 (b [S5iSrassi])
1

~ -3 ~ -1 1 1
(nSs) “[[ | (nSs) | || @50 12 el |z

1 -1 _1 n)\1
<cgrlk+In=X A, 2 (nA 2 ||¥
<y /k+ nsAL, (nAx) (/\+n/\k)2” 7k
cm\/k‘FIH% 2

)\1
V. My
i )\i” Tkl

1 _1 _1
< [ZsiTrasi]-

~ —1
(nZS,k>

||E2||\

IN

Since n > 2 (k+1n §) AIA; 2,

Il | (nEs)

1 _1 _1
<cprfk+In=A A % (nAg) 2
V ot )
Cm\/k‘—i-ln% A

Vvn Ak

<1.

Combing the above four inequalities, we have

tr [(X,?Xk F AL+ VT (A — App(M g + Agy) AT V) !
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. (X,CTX,@)% STk (X,CTXk)%
(XX A M+ VT (A = Ap( Mg + Ago) TAT) V)_l}

= tr {(nis,k)_l (nXg, k)% X (nzs,k)% (nis,k)_l}

1 1/ & -t
+2tr [El (nXsk)? Tk (nEs k) (nzs,k) }

+2tr [(”isk) ExSrk (nSsy)* (nis’k)l}

N

1
—+ tr |:E1 (’I’LES,;.C)2 ET,k (’I’LES’;C) E1:|

~ -1 ~ -1
+tr {(nZng) EXr By (nES,k) ]

i _ -1
+ 2tr | Ey (’I’LES,;.C)2 Y o (’I’LZS,;C> :|

~ —1
+ 2tr ElEQZT’k (nZs,k)% (TLES k) :|

+ 2t B By Sy (nSs ) El}

r - —1
+2tr | B Eo Xy i By (nzs,k) }

+ tr [ElEQZTVkEéEl] .

In particular,

Nl

~ -1 N
tr |:<’I7,257k> (nES,kV ET,k (77,257]6)

~ —1
(TLES,k) :|
1, (e 1ot .
=, {ZS}cEé,kZTvkEé,kZS}c}
1 —1y3 3 g1
< ntr Zs,kzs,kZT,kES,kzs,k
1

The inequality follows from the fact that tr[BAB] = tr[A2 BA2] < tr[A2CAz%] = tr[CAC],
Where A B, C are positive semi-definite matrices, and C' > B, which implies that AzCAz =
AzBA:z.

tr [ElEQETJCEQEﬂ
~ ~ N1 a1, 1
=tr |:E1’n,257k (TLZSJC) FEs (’I’LZS);C) ’ (’I’LZS)].C) ’
1 ~ -1
2 pEo (nZS k) ( ) EanSJC (HZSJC) }

)

nZSk)%

1
2

<k (1] S (IEﬂI

n¥g k)

. |E2||‘ nZSk nsz

~ -1
(nZS)k)

1=zl | (nEs)®

1 _1 _1
< tr {zs 25 kN ;} .
n , ,
The other terms can be similarly bounded. Therefore,

tr [(X,?Xk F A+ VT (Agy = App(M g + Agg) AT V) !
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. (X,CTX;C)% STk (X,{Xk)%
(XX 4 A + VT (Any = Apa(AL g + Aga) "1 AL) V)_l}
16 1 _1
<t [aiSaTsl] .

The proof is complete by combing all the inequalities above. O

B.3.2 VARIANCE IN THE LAST d — kK DIMENSIONS

Lemma 20. Under the same conditions as in Lemma 18, and on the same event, for any N; < n <
No,

—2
B/NT 2 2 372 , 3 3
E |8(€)_ X7 —k0(€)—k| <vicLn )\—l—Z)\j 103 DI VNS ) N
>k

where N1, N5 are defined as in Lemma 18.

Proof.

Ee [B(e)T S, 45(e) 4]
=Ectr [ee’ (XXT + ML) ' X_p S o XD (XXT + M) 7
=02 tr [(XXT + ML) 7' X B o X (X XT + AL,) 7Y
<O (XXT 4+ M) 72| tr [X ok Br - X T

< v? H(X—kXTk + )\17,,)72H tr [X—kzﬂ—kXTk]

—2
<ot [ (AN tr[S3 S a2 ]
SV oL oy J CoM UL | 2ug 2T, —k24g

—2
1 1
=2 L A+ 30N | (S5 amE )
j>k
The first inequality follows from the result tr[ABA] = tr[A? B] < || A?|| tr[B] where the matrix B
is positive semi-definite. The second inequality follows from X X7 + A\I,, = X_, X1, + \I,. O

B.3.3 BIAS IN THE FIRST k DIMENSIONS
The bias in the first k£ dimensions can be decomposed into two terms.
(Bx8")i - 8) Sra (B8 - 5)
= (XT(XXT 4 ML) XB" = B5) T S (XT(XXT + ML) X B — B7)
<2 (XT(XXT 4+ ML) XiBE - B7) " S (XT(XXT + ML) ™' X — B7)
+2 (X (XX + Mn)—lx,kﬁik)T S (X (XXT + ML) X 0B y) -

The inequality follows from the result z¥ Az; + 21 Az, > 22T Azy where A is positive semi-
definite.

Lemma 21. Under the same conditions as in Lemma 18, and on the same event, for any N; < n <
NQ,

— * * T — * *
(XE(XXT + L) X8y — BE)” S (XL (XXT + L)' X085 — B)
2
16¢2 _
<3 A+ Z M| (B 545

J>k

1 1
2 2
ZS,kETJfZS,k H :
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where
N; = max {262(/\ + Z M)ALALZ,
>k

4ch(k +1n(1/8)AIN, 2,

23 LA [ A+ DN }
>k
1

Akt1

Ny =

AN

i>k
Proof.

(X (XXT + ML) T X8 = 8) " S (XT(XXT + ML) ™ X85 — B7)
= (BT (XT(XXT 4+ ML) ' Xi — 1) So (XE(XXT + L)' Xy — 1) Bt
= (B0)7Ssf (S5 XT(XXT + ML) 71X, 55, — zsyk)T Yol
STt (BEXT (XXT 4 2L) 7 X5, - Es,k)T X6
< B)TS5k80 - [Ssisransd|
[BaXT (XXT 4+ M) Xk, - 257,€H2 .
Subsequently,
|28, XT (XX + ML) X055, — S

3 ~u\T —~1 1
= =5,V (ME) UTUM + AL, + A)'UTUMZVEE , — Ss

WVTME (My+ A+ Ay — Aip(Moo g+ Ago) 'AL) T MZVS —ESkH

|
(/)m\»a

1
2
S,k
= . 1
— =z, (VTMk (Mg + i+ Aqy — Aia(Mg + Dgo) ALY M, ) n:,
|
1 _1 1 -1
— =2, (Ik FVIM, % (M + Ayy — Ap(M g + Agp) AT M, ? V) 5
— skl

1 _1 _1 -1
= ||, ((Ik +VIM, 2 (A + Arn — App(AL—p + Ag2) T 'AT) My, QV) - Ik>

[ TSI

k

2
'ESkH

— EgkaTMk_f (Mk + A1 — Aa(Mp— + Ag) AT M, 2V

~1 _1 -1 1
. (Ik; + VT]W]C 2 ()\Ik + A1 — Au()\fnfk; + Azz)_lAlTQ) Mk 2V) Eé

IN

1 1
[SEVTM (AT 4+ Ay = A (Mg + D) AT M, 1 kH

+||BEVTME (M + Ay - Ara(Mi + AQQ)*IA{Q) MV

(nw\»—a
Ea

_1 _1 1
: [(Ik FVIM, 2 (Al + Agy — Aga(M g + Agy) PAT) M, 2 V) - Ik} 2
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The second equation follows from Equation 5.

We will derive upper bounds for both terms in the last equation above.
1. The first term.
1 _1 _1 1
[Z8.VTME (T An = Ap(Mui + A2) ' AT) M VS
—1AT 3 Tar—ly 53
< (A + A = Ars( + An2) AL |52,V M VER, |

1 _ 11
ALy + A1y — Ara(A -k + Do) TAT| H (2;@ (XiEXy) ! Es)i)

< [ A+ A+§ Aj Co
>k n

2¢2

<z .

< /\+§ A

>k
The inequality follows from ¢, > 2.
2. The second term.

Since n > 2¢3(\ + Zj>k Aj)A;Zla

HM/;% (Mk + Aqy — Apa(A—p + Aga) T'ATY) M];%

< HM,;1H ||)\Ik + A — Au()\fnfk + A22)71A{2H

Cx

SnAk'QCm )\+Z>\J
>k
1
< —.
Cy

Therefore,

_1 _1 -1
H (Ik FVIM,? (M + Agy — MM g + Agp) AT M, 2V) — I

_1 1 A\t
= H (Ik FVIM? (M + Avy = Dia(ALog + Doo) "' AT) M, 2V) H

' HVTMI;% (M + A1 — Aa(Mp + Ag) TTAT,) MI;%VH

-1
1 _1 1
< (1 — C) HVTMk 2 (A 4 Ary — DAL, + Do) ' ATy M, 2%VH

Cx

i>k
_ 202 A+ Zj>k Aj
- n )\k ’
The second inequality follows from |[(A + T) 7| < ||A7Y| (1 - ||A*1||HT||)71, where
both A and A + T are invertible and || A~!||||T|| < 1. Note that ¢,, > 2.

Since n > 23 (A + 3,0 A AAL S

HzgvaM,;f (M + Ary — Ap(Mg + Agy) AT M2V
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—1
: {(Ih FVTM? (M + Ary — Apa(A_ + Agg) " AT) M;%V) - Ik] S,
< (1Sl [[M | | Mi + A — Aa( ALk + Agg) T AT

_1 1 —1
: H (Ik + VIM, 2 (A + A1 — App(A—p + Ago) AT My, zv) — I

c 2@3)\+Z- k>‘j
<A — 2 | A DV e R el S
= n\g ¢ +Z J n Ak
>k
2

1 4 _

=2 g )\+Z)\j
>k

2c2

il ISV s

< +D A

i>k
Combining both terms above, we have

1 1 4 2
HE;},CX,{(XXT + ML) TGRS, — Z&kH < % AN
>k

Therefore,
(XT(XXT + ML) Xi Bt — B7)" Srp (XT(XXT + ML) ' Xi Bt — B7)
< (BT854 - ||=shsrassi |
B XT (XXT 4 ML) XS, — ES,kHQ

2

L P SN REALSETA Bt |
i>k
O
I&emma 22. Under the same conditions as in Lemma 18, and on the same event, for any N; < n <
2,
(XT(XXT + ML) X 18%,) " S (XT(XXT 4 ML) X487,
< 166, (1 + AL?) ‘ S5 2 5 Sg 2 | (8507 Ss kB
where

1
N; = max {4ci (k +In 6) )\‘11)\];47

2NN A+ N |
Ji>k
-2

)

1 _ _1 _1
tct (k3 ) ISl [

_1 i1

2641 | A+ 300 | A ISl |Es i Srassd | }
>k

_ 1

Akt1

N,

A+

i>k
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Proof.
(XT(XXT + ML) X 85) " Srp (XT(XXT 4+ ML) " X187,
< (XXT 4+ ML) T XS XE(XXT + ML) 7| - (B2 T X T X 1B
From Lemma 18,
(BT XTI X Bk < can(BE ) S5k B
In the following, we derive an upper bound for the other term.
[(XXT + ML) XS X (XXT + L) 7|

. —\T
= |(M + AL, + A) ' MEVE, VT (Mf) (M + AL, + A)~!

L~ 1 1
= ||z2,v (M2) (M + M, + A)2M3VEZ

-1

= |22, VT M (M + A+ Ait = Aia(My + Ags) 1 AT)
(I + A (Mg + Do) 2A%) (M + My + Ay — Apg( Mg + Agp) 1AL ™
MIVEL|

[Tk + Ara( ALk + Ag2) 2AT |

: H (Mg + My + Agy — Apy(Mo_g + Ago) AT T M2 VEL,

IA

1 _ 1
VIME (Mg + A+ Ay — Mg (AL + Agg)~'AT) H
_ -1 1
<(1+cAL?) H (My + Ay + Ay — Ay g + Ago) AT T MEVS,,

1 _ —1
VTMZ (Mg + My + Ary — Agp (Mg + Agy) "' AT) H

= (U A2 [ (V7 (Mic+ AT+ Ay = Aoy + Aga) AT V)

VIMEVEr VI MZV
(VT (Mg + Mg + Apy — App(M_g + Agp) ' AT) V) H

=(1+c2L?) H (XX + AL+ VI (A — Ap(M g + Am)*lAsz)v)‘1

(X Xk)® S (X5 X)®
(XE X+ M+ VT (A = A+ A22) 8T 1) 7.

The third equation follows from Equation 5.

We define two quantities that represent concentration error terms:

~ —1
’I’Lzs)k)

/N

B -1
Ey = H (X Xe + AL+ VT (A1 — ANk + Ax) AL V] =
1 1
By = (X Xy)? — (nEsy)?
—2
Since n > 4ct (k+1n 1) ASA %S |2 HEE%ET kz;%H )

—1
andn>2c4L<)\+2J>k ))\2 4||2Tk||HszszszH ,

(nis’k) ' H(TLESJ@)% (nis’k)_l

¢ (Ynl+mba+ L (A + 2,00 ) s ) A
1

WHET,H\

I S

1
ISl | (n2s )2

<
- ()\+n)\k)2
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2 (, In(k +In 1) + 2L ()\ + 3o Aj)) %

< Sva 2|
n? AL

@+ ))\3”2 . AL (A+ 0N X sl

N ny/n AL Tk n? AL Tk

A

L =3 —3 L I3 -3
o HZS,kETJfZS,k H T o, HES,szakZS,k H
Lg% —3
= o [Pl
Similar to Equation 6, since n > 4c2 (k+1In 1) AfA;* and n > 2¢2L (/\ + Dok A ) MALZ,
I1E: | HniSkH <1

1 _172
Since n > 2 (k+In 4) MAC® [ Sral S5 i 2ra s |

~ ~ 1
(nzs,k) ‘ (nzs,k) 1327kl H(”ES,k)2 H ‘

1 n)\1
k+In—-AA, z ) 2 —m— |2
co\l K+ n(s 1 (nAk)~ (/\+n/\k)2” 7k
cor/k+1nt y2
< \/ 5]

N 1
Usois, 5ot
- HES,kETakZS,kH .

,% 1 ~ —1
1521 (nSs.)* (nSs)

|27 k|

I A

Similar to Equation 7, since n > ¢2 (k +In 3) A2\, 2,

1

2

||E2||\ <1

()

Combining the four inequalities above,

H (X,CTXk + M4+ V(AL — Ag( Mg + A22)71A1T2)V)_1
(XX S (X X)
AXTXp 4+ M+ VT (Agy — Aip(M_ + Agp) ' AT V) H

-1

< ‘ (nis,k)_l (nES,k)% Erk (nEs,k)% (nis,k)

-1
+2 HE1 (nzs,k)% 2Tk (nES,k)% (nES,k)

-1

-1 s
+2 (n257k> EZET,k (n257k)2 <n25,k>

1
+HE1 nESk) Yrk(nXsy)? B H

+ ‘ (nEs,k)_ EyXp B (nES,k>

,_.

+ 2 || F4 (77,257]@) ETkEQ (77,25 ) ‘

()
{
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~ —1
+2 HElE2ET,kE2 (nZSJC)

+ [|[E1ExXp y Es B ||

~ 1 1 ~
_ = —1532 2 -1
= HZS,kES,kET,kES,kZS,kH

In particular,
-1

o -1 N 1/ ~
(nzs,k) (nXsk)? Lk (nXs k)2 (nzs,k)

—

1 1
—1ly3 2 y—l1
st,kzs,kzﬂkzs,kzs,k H

II—=3I—3

1 1
— 2 2
- st,kzﬂkxs,kH :

The inequality follows from the fact that | BAB|| = ||[A2 BAz || < |[AzCAz|| = |CAC||, where
A, B, C are positive semi-definite matrices, and C' = B, which implies that ACAz = A2 BA:.

|E1EoXr i EoEx ||
O U TN
- HElnEs’k (nzs,k) E, (nzs,k) <nzs,k>

- i - - -1
’ (nzs,k) * BinSg (nZsyk)

S Eo (nis,k)
< (1l [ )” (1221

(n550) |

1 1 1
= st RET ks ) H :
n , .
The other terms can be similarly bounded. Therefore,

(n3s0) )

(nis’k) -

(’nis’k) -

1
DA CHMNE

‘HEﬂw

oz

_ -1
| (XT X0+ AL+ VT (A = Arz(Mk + A22) T AT)V)
1 1
(X XR)? S (X5 X)
-1
(XE X4 AT+ VT (D11 = Do+ D) AT V) 7|

16 o=y s
<o [skmremsi]

B.3.4 BIAS IN THE LAST d — k DIMENSIONS

The upper bound for the bias in the last d— & dimensions is extended from Tsigler & Bartlett (2023)’s
Lemma 28. The bias can be decomposed into three terms.

~ T ~
(BxB7) k= 64) T (BXB7) -1 - 57)
< 3(84) " Sr kB
+ 308 )T X (X XT + ML) X oS b X T (X XT 4 0AL) 7 X 185,
+ 3BT XF(XXT + ML) ' X 38 p XL (X XT 4 ML) 7 X065

Lemma 23. Under the same conditions as in Lemma 18, and on the same event, for any N1 < n <
Na,

B )T XL (XXT + AL) X 3 S o XT (XXT 4+ ML) X 82,
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-1
SELIAI N | nlSr k(B ) s -k
J
where N1, N, are defined as in Lemma 18.
Proof.
B )T XTI (XXT 4+ ML) IX 1S h X T (X XT + 0 L) X 187,

< S rll(B2) " XD (XX + ML) T X X T (XX 4 ML) T X 8Y,

< Bk l(B ) T X T (X XT + ML) HXXT + ML) (XXT + ML) X 8%,

< B kH[(XXT 4+ ML) M| (B) T X T X 87,

<8kl [|(X ok XTy + ML) | (B2) T XD X a7,

-1

1
< |[|Z7,—kll oI AN can(BX1) Ss kB,
T N
J

-1

=aL(A+) A | lSrokll(B2) Ss 1By

The fourth inequality follows from X X7 + \I,, = X_, X Tk + Al,. L]

Lemma 24. Under the same conditions as in Lemma 18, and on the same event, for any N; < n <
No,

BOTXL(XXT + ML) X 2 h X (XXT + L) X065

”L >\+Z/\ 157, |I( 5k)TESkBk
>k

where N1, N, are defined as in Lemma 18.

Proof. 1t can be verified by Woodbury matrix identity that:
(XXT 4 ML) Xp = (X X7y + AL) " X (T + XT(X o X7 + ML) X)) T
Therefore,
BT X (XXT + ML) 7 X S o XD (XX + ML)~ X By
- HET XL (XX T 4 ML) X (T + XT (X XT, 4 ML) X) 5,:‘
<8 i | (X ok X Ty + AL) T X o X T (X X T 4+ ML) 7|

_ Ik
Xy (I + XF(Xp X + ML) 7HXG) - B

S| || (X oo X T+ ML) T X XD (X Xy + ML) |
_1 _1 _1_ 7 T 1 AN N 2
Xipdg ], (ZS’,k + B X (Xop X + A)” szs,i) Eg 1Bk

A

Sl | (XX T+ AL | [ Se i xE sk

_1 1N -2
(Egjc + ES,iXkT(X—kXTk + )\In)*leE&i) H (ﬁz)TEE,}cﬂI:
In particular,

1 —% T T 1 A
H (z;k + i X (X X T+ ML) szs’;)
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-3 T T 1 -\t
< | (Z5AXT (X Xy + ML) X035 )

< ||X7kXTk + )\[nH H <2;’ngXk2;7]%)l“
<cr [ A+ N =
J>k "
c
= A+ ZAJ'
>k

The second inequality follows from fimin(ABAT) > pimin(B) pimin(AAT) where the matrix B is
positive definite.

Therefore,
BOTXE(XXT + ML) ' X S b X1 (XXT + ML) X Bs
< ISl (X T+ A 7 ||Esi X X5 |
_1 _1\ 2 -
: H (255 + el XF (X4 XD, + ML) ' X357 ) H (B)TE548t
—1 2

A N | B)TEgB

i>k i>k

1

157kl - oL )\+Z)\j CCpM -

IA
Dol

6
Cx —
ZL A+ YA | 120kl (8D 25558

>k

B.4 MAIN RESULTS

_1 _1 1 1

Theorem 25. Let 7 = Xg ;Y7 ,Xg; andU = X5 Yr ;X5 . There exists a constant ¢ > 2
depending only on o, such that for any cN < n < 7y, if the assumption condNum(k, 8, L) (As-
sumption 2) is satisfied, then with probability at least 1 — 25 — ce "™/,

Vo pulT] e nul)

7 = 2
cv n A+ 2k N)
B , A4 Dok A2 n|| X7, k|
— <181 | ——L==—= Li’]
o= ||5kHES}k ( n ) [”T” * Atk A
L2 ) n|| ST, k||
L L~ )
By, |22 1T+ A+zj>m}

N 1is defined as follows:

1 _
N = max { (k+1n S)A?A,gguzmn%z (tr [T]) 72,

EAIN (O D ) B (4 (7)™ }
i>k
Remark 8 (Sample complexity). We have assumed n > cN in the theorem. The first condition

on N indicates n > k. From the inequality A2 < [ S ]|2k2 (tr [T]) ™ < k2X2, it follows that
n = Q(k) in the best case, consistent with the sample complexity of classic linear regression.
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This optimal case occurs when X5 j, = X7 . In the worst case, n = Q(k3) where covariate shift is
significant in the first k£ dimensions—e.g., when the test data lies predominantly in the subspace of the
first dimension. This shift in sample complexity under varying degrees of covariate shift parallels the
analysis of Ge et al. (2024) (see theire Theorem 4.2) for the under-parameterized setting. The second
condition implies n > A + > ik Aj, such that the regularization is not too strong to introduce a
bias greater than a constant (as shown in the first bias term). On the other hand, we assume n < ry,
in the theorem, which is consistent with the over-parameterized regime and Assumption 1, where
the last d — k components are considered to be essentially high-dimensional.

Proof. The theorem follows from Lemma 18, Lemma 19, Lemma 20, Lemma 21, Lemma 22,
Lemma 23 and Lemma 24. For a constant ¢/, > 2 depending only on o, these lemmas hold for
values of n that satisfy the following inequalities:

n > 4k +1n(1/8))AIA 2,

n> 2 I AN
i>k
1
n > 4clt (k +1In 5) PE
n> 2 LA [ A ) N |
>k
1 _1 1 -2
n > dc (k +1In 5) AN D |22 (tr {257,";&,;@25;]) ,
-1
n > 2 DN [ A+ N | IS0k (tr [z;ﬁzT,kz;ﬂ) ,
i>k
n > 22\ + Z M)A,
i>k

1 1 _1—2
n > 4c! <k +1n 5) XAIEral? |[Ssisrassi|

-1

_1 -1
n> 2t (A4 S0 | A Sl [Bsimrass|
>k

n< A [A+D0N
>k

A sufficient condition for all the inequalities above is given by 4¢/2 Ny < n < 7. This follows from
the following facts:

ML >,
c > 2,
L>1,

1—1

_1 _17y\ ! 1 _1
k(o [sisrassi]) 2 [Ssimeassi

_1 _1
Bzl (o [S5iorssi])

1
> Mg
Then, with probability at least 1 — 26 — ¢, e~"/ G

1 _1 _1
V/2 <160%(1 + ML)~ tr [ES ;zmzs,ﬂ
n : :
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-2
1 1
+o?dBn A+ Y N ] [2; _kET,,kzgy_k}
i>k
< 39024 2 1 -3 -3
< 3202 L2~ tr [ 253y |
-2
1 1
+ 2Pl | A+ Z/\j tr {257,kET,—kE§,k} )
>k
2
16c4 -
(AN | BDTESE
i>k
/ 1472 -3 -3 * \T *
+32Cw(1+ca:L ) ZS,kZT,kZS,k (ﬂ*k) st*kﬁ*k
-1

F3ZL A+ N | Skl (B2) " Ss, kB,

J

1 1
-2 -2
ZS,kET,kzs,k H

B/2 <

S —1 5k
+3?L /\+Z>\j 1= -kl (B8) S5 1.5
>k
+3(BX ) S kB
2
<164 [ A SoiSraYyl
< Cwﬁ +§ j S,k =T k=g |
J

(BT S5,08x

4 /5L2 27%2 7% * T *
+ 64c; siiTkEg k|| (BLk)” Ls,—kBly
-1

37 Ln [ A+ N | ISe—kll(820) T Sk B
j

1 — *
+ 30{3Lg AN | ISkl (B7) 25585
>k
+3(851) S kB
2

1 1 1 B
St16cs (Ao | [Bsdmeansi] (507 2sket
i >k
+64¢°L? vy vz (gr )Ty "
Ca saiTkEg || (BLk)” Xs,—kBly
-1

+3ZLn [ A+ N | ISkl (82) Ss, -8
>k

1 — *
F3RL A D00 | ISl ()T S5
i>k

+3CI5L2HZ*%E E*% (B* )TZ 5*
x S,k =T k=3 | —k S,—kP—k-

The last inequality follows from:
1 _1 _1 1
(ﬁik)TET,—kﬁik = (/Bik)ng‘,—kES,ikZTv—kZS,ikzé,fkﬁik
< B himrams i (520 Ss 0B
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By taking ¢ = 134¢/5, the proof is complete. O

_1 _1
Corollary 26 (Restatement of Theorem 2). Let 7 = X S,EETJC Yei.U=%s X7 _pand V =
2%7_ - There exists a constant ¢ > 2 depending only on o, L, such that for any cN < n < ry, if the
assumption condNum(k, §, L) (Assumption 2) is satisfied, then with probability at least 1 — 34,

14 < Etr[T] n trld]

cw? ~n k Ry tr[V]’
B 2 A5k AN\ 2 2 n || S —kl
= < (0Bl (222 s lanl, ) 171+ 2 ==t

¢ 75 skl

IN

N is a polynomial function of k + In(1/8), Ay Ay ', 1+ (A + D isk )AL

Proof. The first variance term follows directly from Theorem 25.

For the second variance term, by plugging in the definition of Ry,

12 ntr [U] _ intr [257—.’@2T,—k]
A+ ) B A
o n tri]
- Ry tr[V]

For the first bias term, by plugging in the definition of ry,
()‘+Zj>k Aj n|| Xkl }
n A + Zj>k )\j
n ||ET,,,€||}
D VIS

) [+

* 2
HBk“E;}k

(2 Y 41

— |1 R*|2
= Hﬂk ||2 gylk
Similarly, the second bias term can be transformed into:

n || Skl

* 12 2 —
185z, [E2 1T+ L v

M}_ .2 [2
e el Bl Lt N L L R

Since the statement of Theorem 25 holds with probability at least 1 — 25 — ce =™/, we only require
ce~™/¢ < §, which is equivalent as n > clnc + ¢In(1/§). Combining the lower bounds of 7 in
Theorem 25, we should have:

1
n > max clnchclng,

1 -
ek +In <) AN Sk P82 (60 [77) 77

LA AN+ D) IS rkllk (e [T]) 7 }

>k

For the first term in the maximum argument,

1 1
clnc—«—clng < c2+cln5

1
< |k+n=).
—C(“a)

1 _
c(k +In 5)A§A;8||ET,k||2k2 (tr[T]) 2

The second term:

1 _ -~ —2
< ek +1n 5) AN Sl 22 (Mk@s}@) tr[zm)
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1 _ _
< ek +In5) M52l 22 Sl =

1
= ¢(k+In 5)3)\%)\;8.
The first inequality follows from tr[MN] > pmin (M) tr[N] for postive semi-definite matrices
M, N.
Similar, for the third term:
cLANA N+ DA 1Skl (e [7]) 7
>k
< XA (A YA ISz kllkA [ S
i>k
1
<cL(k+In )M+ N).
0 j>k

The proof is complete by taking c as ¢?L? and N = (k+In %)3()\1/\,;1)8 {1—&— A+ ok /\j))\,zl}.

O

C LARGE SHIFT IN MINOR DIRECTIONS

In this section, we consider the scenario where the signal 5* mainly concentrate on the first k
components (here we choose the basis to be the eigenvectors of X ), but the target covariance X
may not be small on the last d — k components.

C.1 LOWER BOUND FOR RIDGE REGRESSION

In this subsection, we will show that the original ridge regression algorithm will not work under this
scenario.

Recall our model:

y=p0"z+e ®)
We can write our data as

Y =XpB"+e, ©)
where Y = (y1,- -+ ,yn)T € R™L X = (21, ,2,)T € R € = (e, ,e,)T € RP¥L We

~

denote by X5 := - X7 X the sample covariance matrix.

Assume the same assumptions as in our previous section still holds. We let $g = E[z;z]] be the
following: its eigenvalues A, --- , Ag satisfies \y = --- = Ay =1, A1 = -+ - = Ak+L\/ﬁ/C42J =
C4/+/n for sufficiently large constants C, Cs, and the remaining eigenvalues are all set to zero. We

let ¥ = I;. Then the excess risk is EE[(B— ﬁ*)TZT(E— 8] = IEE||B— B*||?. We will show that
under this scenario, ridge regression can not obtain an error rate of (’)(%) To see this, we explicitly
write out the ridge solution:

B=(XTX + ;) 'XTYy
~ A 1
=g+ 1) H=XTYy
( s+ d) (n )
~ A 1
=(Zs+ Eld)‘l(ﬁXT(X,B* +€))
« A -1 1 T * 1 T
=Es+—1a) (=X X"+ -X"¢)
n n n

~ A - 1
= (Zg+ Eld)‘l(ilsﬁ* + nge)
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& A e e A 1
:(ES+EI(1) 1¥s8 +(25+ﬁ1d) 15XT6. (10)

Therefore

~ BN A 1S e N BN A1
BB = s+ 1) 'S = 7+ (Ss+ Tla) T - XTe
= A 1S e BN A e A N BN A1
= (ES + ,[d) 125ﬁ — (ES + ,]d) 1(25 + *Id)ﬁ + (ES + ,Id) 12XTe
n n n n n
A

- A o A 1
=2+ L) B+ (Bs+ S1) P —XTe
n n n n

Taking expectation with respect to €,

~ A2~ A 1 -~ A
* (12 __ —1 %2 T —2vT
E|l5 = 8% —EH(ES'FﬁId) B +$tr(€ X(ES"';Id) X'e)
A2« A 1 - A -
= |[(Zs+ ZL) 7P+ 0P = tr((Bg + S1,) %%
n2”( S+nd) B —H}nf(( S+nd) 3)
=B+V (11)

where B = 2—2”(25 + 21,)71B*||? is the bias, V = %2 tr((Ss + %Id)”is) is the variance. We
state the formal version of Theorem 4 in the following:

Theorem 27. Under the instance we consider, namely Aj,--- , \g satisfies \; = --- = Ay = 1,
)\k+1 == )\kJrL\/ﬁ/CZJ = Cl/\/’ﬁ, )‘k:+|_\/ﬁ/02j+1 = = Ad = 0. WLOG assume o = 1,
Cy > C’l((%)2 — k —log })~! for some absolute constant C, and n > (%)4. With probability
1—4, when A = ¢\/n, we have U% > (', where C' > 0 is some absolute constant. When \ < n3/4,

v /1 3/4 [
we have ZCﬁ.WhenAzn , B> o

v2

Proof. We will use the following concentration lemma modified from (Vershynin, 2018, Exercise
9.2.5):

Lemma 28. Let {z;} ; be i.i.d. d—dimensional random vectors, satisfying: x; is mean zero,
E[z2zT] = ¥ and is 02X-sub-gaussian, in the sense that

||021/2v||2)

E[exp(vT z;)] < exp ( 5

X = (21, - ,2,)T € R" <, Then with probability 1 — §,

~ log L log 1
IS -5 <cot (88 L T %85 )y
n n

where 7 := tr(X)/[|X]| is the stable rank of ¥, C'is an absolute constant.

Applying Lemma 28, we have

~ r+logt r4logi
IS5 - Bl < € || =28 4 T2

where r = Z?Zl Ni=k+ L\/E/CQJ% <k+C1/Cs. Whenn > C1/Cq + k + log %, we have

1
||§S x| < 20\/01/Cz+k+10g5.
n

We denote by Xl > e 2 Xd the eigenvalues of f]g. Then by Weyl’s inequality (Chen et al.,
2021, Lemma 2.2), ||\; — X\;|| < [|Xs — Xg||. Combining with previous inequalities, we have 1 —
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o0/ CuLCathtlons < X <y 4 o0/ DLCathtlors gy g <<, C L —20Cy/ GfCathtloss o

N < G20 QLOTINSS for 1 < i <kt [V/Cy. Ifwetakng>C’1(( )2 —

log S)*l then 2C' \/@ < 2?} Therefore we have f

f
k+ [v/n/C2]. When A = ¢y/n, we have
Vv 1 S A a
— = —tr(Zs+ =172
5 = o tr((Es + —1a) " Es)
d
1 ~ A
232
n “ n
i=1
1 k—s—Lx/Zﬁ/CzJ N
> = (A + =)
e} "
1 kt+lvn/Ca] c N
=- Ai+—=)"N
w2 )
i=k+1
1k+L§/02J(301 R C1
n Ml 2vn - /n’ 2yn
1 Cy,3C -
= *L\/ﬁ/ch%(Tl"' )2V
Cy ,3C 9
> —(— . 12
- 402( 2 +C) (12
Similarly, if A < n3/4,
k+[vn/C2]
VvV _1 ~ A 9%
- 2= Ai+ =)
#o A
1 k+lvn/C2] N
> Z (Ai + M 72N
i=k+1
k+|vn/Cs]
> LN (2 2 O
no e 2y/n 2y/n
1 3C
:EL\F/CQJ 5 21 + a2 n
Cl —1
> /2 13
> oo (13)
when n > (%)4.
As for the bias term, assume A > n/%. Using the same concentration argument, we have 2 > Xl- >

1/2, for 1 < i < k. When A < n, )\max(fls + %Id) < 24 A/n < 3, therefore )\min((is +
214)7') > 4. This implies

A2 A
B = 2||(Es+ﬁfd) el

3/2
> ”—n(zs £ 1)
A
> 5 1 112
_\f M (B + =1)™H18]]
18|
> N
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When A > 1, Amax(Ss + 214) < 2+ M\/n < 22, which means Apin (S5 + 21;)71) > 2 This
implies

LI N
B=S5lSs + 517 67
A?

I \/

o A,
QA?nm((Eergfd) His |
A2 n N
18112

5

v

v

C.2 UPPER BOUND FOR PCR

In this subsection, we will give the following upper bound for Principal Component Regression.
AL RS2

Theorem 29. When n > o%(r +log ) (24— ) 5
k

Ak —Ak41 ((Bs,k) 71 27,)?%°
S A A r + log N
Bl - 712, < 00 (2 POl (RSt + Lo en((Be) 1 E0)
Ak — Ak+1” Ak
Sl 1E s~k N N
RSy e

d
4N,
where r = 2;711

Proof. For simplicity, we assume we have a sample size of 2n, and in the first step we obtain an

estimator U € R of the top-k subspace U = <‘8“> € R?**, by using principal component anal-

ysis on the sample covariance matrix Sg = LXTX = L 22T, namely U= (Ur, -, ug)
where u; is the i-th eigenvector of ¥ 5. We denote the distance between the estimated subspace and

the original one by A := dist(U, U) = |[UUT — UUT . For controlling A, we have the following
lemma (Lemma 6):

Lemma 30. With probability at least 1 — 4,

A < Co r—i—log%_'_r—&—log% A
- n n A — Ak+1

In the second step, we do linear regression on the projected (second half) data. With a little abuse of
notation, we still use X € R™"*4 to denote the data matrix indexed from n + 1 to 2n. TheA data here
is independent from the data in step 1, and therefore independent of A. If we let Z := XU € R™*¥

be the projected data matrix, the estimator B we obtained is given by

Y
where r = 72711 t.

B=U(Z"2)"'2"y
U

(UTXTX0)'UTXTy. (14)
We aim to bound the excess risk on target, which is given by ||B - B3, = HZ%(E —
B*)||I>. We introduce the following notations: suppose 8* = (87, --,85)T. We let 8 =

(Bf,- -+ B0, , 007, BY = (0,---,0,B5,4,--,B5)" = B* — Bf;. Here we present an in-
termediate result for bounding the excess risk:

46



Published as a conference paper at ICLR 2025

A2 r o \2 k2 1o 5 . .
Lemma 31. Assume A < 2k° i(iskﬁ;THZT ) When n > v tr‘(l(ZZTSHk) lng(l/)z) , then with probabil-
ity 1 — 4,

E[|B - B*[1%, < O(IBg | A2( ) IIETIIJrlv tr((Sse) ™ Sror)

Yo _
Jr| *ll? || s —k||
Ak

+ BfJI;ET,,kﬁik)

If further n > 0*A=2klog(1/6),

Ec||B - B*[1%, < O(IBy ] (A4( ) IS7l + A% Sr, -]l + A%[[S2)

122 118% £ 121125, 4]
Ak

1
+Ev2tr((25,k)_12T,k)+ + BN kB )

En

From Lemma 30, whenn > r +log = %kl + log &, we have

A<2C A1 04\/r+10g%
)\k _)\k+1 n

(A2 AZK?|| S|
Ae=Akr1/ Abtr((Zs,k) " 187,%)2°
Lemma 31 will be both satisfied. We can thus apply Lemma 31 to get

Therefore when n 2 (r + log %)a the assumption for A and n in

~ A A 7"—i—10gl 1 _
Ee _ AR*|12 <0 8 20711 N2 D) 4 * (|12 - 2t ) 12
1B 51, < 00H (2 PGPSl R 2 + 2% (850 S
¥ P2 s —
Pl r
k

d
DD
where r = le -,

C.3 PROOFS FOR LEMMA 31

In the following we will prove Lemma 31.
Proof for Lemma 31. The proof idea is similar to (Ge et al., 2023, Theorem 4.4) and (Tripuraneni
et al., 2021b, Theorem 4).

We can decompose B\ — ﬂ* as
(7( UTXTXU)'UTXT(XB* +¢€) — B*
=U(U"X"X0) ' U"X" (XB + XBT +€) — (B +51)
= A+ Ay + A3 - B71,
where A == U(UTXTXU)\UTXTX B} — B, Ay = UUTXTXU) I OTXTX BT, Ag 1=
UUTXTXU)"'UT XTe. Therefore
18 = 8115, <ALl + [ A2ll5:,. + 1 43]1%, + 1181115, (15)

We give three lemmas for bounding the related terms. The first lemma considers the bias term A :

Lemma 32. If A < 4“ and n > max{o*(3* ) klog(1/8),0%k1og(1/5)}, then with probability at
least 1 — 9,
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A
|48, < OUIBEIPA%(5 ) 1=l

If we further have n > 0*A~2klog(1/6), then with probability at least 1 — 6,

A «
14115, < OBy | (A4( ) IS7ll + A%[Sr -kl + A% 22 ]1)) < Ol 1* A% )

The second lemma considers the variance term As:

2 —1 2 27,3
Lemma 33. If A < 2k “Effl Sk’ﬁ;THET”“) and n > ‘74‘/@3”( (gil)‘ _’i;;i()lg/ %) then with probability at
least 1 — 6,

E[l43]%,] < O( v} tr((Ssk) " Srk))-

For bounding A5, we actually have a similar result to bounding As:

Lemma 34. If n 2> o ( ) klog(1/6) and A < min{ gﬁg; ||‘|, 4/\1} then with probability at least
1-46

127k 182 P15, -
Ak

14215, < O( ) (16)

By Lemma 32, 33, 34, together with the decomposition (15), we have with probability 1 — J, when
n 2 Ny,

1
E||B - B*[1%, < O(IBy ] A2( ) =]+ —v* (S k)~ Srp) a7
) *elPlEs -
L T,kIIB_)\kkII || skl BT ) (18)

If further n > 0*A=2klog(1/6),

I \ A
EellB = 5%, < OUBG IANS ISl + A%Sr-i] + A2l (19)

1Sk 11811211 s,

3 + BT ErkBy)  (20)
k

1
+ 5’02 tr((Z&k)*lZT’;ﬁ) +
O]

C.4 TECHNICAL PROOFS

In the sequel, we give the proofs of Lemma 32, 33, 34 and 30. We first prove some additional
technical lemmas. The following lemma, which is a simple corollary of (Tripuraneni et al., 2021b,
Lemma 20), shows the concentration property of empirical covariance matrix.

Lemma 35. Let {z;} ; be ii.d. d—dimensional random vectors, satisfying: x; is mean zero,

E[zzT] = ¥ such that amax( ) < Cmax and is 02X-sub-gaussian, in the sense that
/2,12
E[exp(vT z;)] < exp (HUZ2U”> .
X = (x1,- ,2,)T € R"*4 Then for any A, B € R¥**, we have with probability at least 1 — §

T
147X )5 arep), < oAl E + £ B0 | 1810, g,
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Proof. We write the SVD of A and B: A = UMV, B = UyAoVyl, where Uy, Uy € R¥E,
A1, Ao, Vi, Vo € R¥*E Then

XTX XTX
IAT(==)B = ATSB]|> = [ViAa U/ (

VU ARV — ViA UL S UL AV ||
XTX

< Vi ||| U ( VUs — U{ SUs ||| A2 V5 ||

XTX

< [IAINBINU ( YUz — U{ S0 (22)

Now since Uy, Us € R¥** are projection matrices, we can apply Tripuraneni et al. (2021b) Lemma
20, therefore

A e o [(Y Ry LT LD “CIL e

which gives what we want. O

The following lemma is a basic matrix perturbation result (see Tripuraneni et al. (2021b) Lemma
25).

Lemma 36. Let A be a positive definite matrix and F another matrix which satisfies || EA~!| < i,
then F:= (A+ E)~! — A ! satisfies ||[F|| < 5[|A7 [|||[EA7Y.

With these two technical lemmas, we are able to prove Lemma 32, 33.

Proof of Lemma 32. Notice that by the definition of U and 3§, we have UUT 3%, = j3f;. We denote
o* == UT' B}, then we also have 8f; = Ua*. Therefore

=UUTXTXU)'UTXTX B — B
UOTXTXU)"'UTXTXUo* — Ua*

= (UOTXTXU)"'UTXTXU - U)o
We consider U € R%** and ﬁ T ¢ R¥*(4=F) be orthonormal projection matrices spanning orthogo-

nal subspaces which are rank k and rank d — k respectively, so that range(U ) & range(U, ) = R,
Then A = dist(U,U*) = ||UIU*||2 Notice that I; = UUT + ULUL, we have

UUTXTXU)'UTXTXU* — U*
=00TXTXO) "' UTXTXx@0UT + U, UTU* - U*
=U0TXTXU)"'UTXTXUUTU* + U(UTXTXU)'UTX" XU, UTU* — U~
=U(0TXTXU) ' UTXTXU, UTU* + UUTU* — U*
=U0TXTXU)"'UTX"XxU, UTU* - U, UTU* (24)

Thus
A%, = AT S0 A
= T(UUTXTXO)UTXTXU - U)Tsp(UUTXTXU)'UTXTXU - U)o
= T(UOUTXTX0)'UTXTXU, UTU* — U, UTU sy
(UOTXTXO)'OTXTXU, UTU* — U, UTU) o
<N P|OOTXTXU)WOTXTXU, UTU* — U, UTU |2,
< e PUUOTXTX0) O XTXU, UTU |2, + U OTU|2,). (25)

Here we use the notation | M |5, := /||MT X M]|| for matrix M.
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For the second term,
NTLTT U3, < |UTS2U L NTTU*|? < A2 U120 T . (26)
For the first term,
||ﬁ(ﬁTXTXﬁ)*1ﬁTXTXﬁLUfU*H%T

o XTX xT
= | UUT—= - 0)~-toT

ULUIU*”z
= U@ ss0) " + F)(UTZSUJ-UJ_U* + B3,

= (UTssU UTU* + ENT(UTssU) '+ F)TU TS U((UTSsU) " + FYUTSsU UTU*

< |UTssU L UTU* + Ef|2|(UT8s0) ™ + FIP 0TS U ||

< (JUTSsULTTU* || + [ EAD* (IO TSs0) | + [ FIN* 0T ST | 27)
where B, = UTXX(, 0TU* - UTSsU, UTU*, F = (UTXX0)~ — (UTSs0)!. We
aim to show that HElH < HUTESULUIU*H and |[F|| < [(UTSsU)7Y| = Ck for suffi-

ciently large n, therefore the term in (27) can be bounded well. First we need a careful analysis
of [UTSsU, UTU*||. It is obvious that

0TS0 LU < [T ST IITT0|| < A|TTSsT . (28)

As for [UT g0, |, notice that if without the “hat”, we have UTXgU, = 0 by the definition of U
and Yg is diagonal. By definition of distance between two subspaces, there exist R € O*** and

Q € 0=k x(d=k) gych that |[UR — U|| = A = ||U, Q — U.||. Then we have
IUTSs0L ]| = |RTUTSsULQ)
= |UTSsU, + RTUTSsU,.Q —UTssU, ||
= |RTUTssU,.Q - UTSsU. ||
= |RTUTSsU,Q - UTSsU,Q+UTSsU,Q —UTSsU, ||
<|IRTUTSsULQ — UTSsUL Q|| + |UTSsU.LQ — UTSsU. |
<|RTUT - U"|ISsULQ| + [UTSs|1TLQ — UL |

< 2A|Xs]- (29)
Combine (28) and (29), we have
107850 TTU" || < O(A%|55ll) (30)
In order to bound || F||, let E = ﬁTXTTXﬁ — UTx5U, then by Lemma 35, with probability at least
1-9,
kE k log(1/6)  log(1/é
121 < 02 msl X + £ fleldD) | Losll/d)), a1
non n n
Therefore,

IEUTEsU) ™) < HEIIII(UTESU)*H
< |1l Cr

min

Ol Clzslty X + £ (el a0/,

where Coin = Anin(078s0). Notice that n 2 0[S 2k log(1/5) implies /% + & +

N min

\/ log(i/&) + log%/é) < 072C || Zs|| 7t Thus, we show that when n is large enough, we have
|E(UTSsU)~1|| < 1. Therefore we can apply Lemma 36, which gives

4 mpe s g sn s
HFllﬁgHE(UTESU) IO 2sU) 7
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IN

~s

2k log(1/6) we get

E 9 ~ A~ k log] 5) log] 5
2|y kK log (1/6) log (1/6)

when n > o*klog(1/5) we have

1E1 ] < O(A[IZs])
, if further we have n > 0*A~2klog(1/6), then
1Bl < O(A%|[2s]).

Combining (27), (30), (33) and (36), we have

OO XTX0) 10T X" XU, UTU*|3,
< (|UTSsULUTU* || + | D2 (OT2sT) Y + PN U7 |

< O(AYzs*C

min |

< O(AYBs[PCrili=ri)

Combining (25),(26) and (37), we get

Jogh>ead)

14113, < l*PUWT @ XTXO) O X" XULUTU 3, + 100U ,)

< O(le* P (A%]Bs]*C,

min |

|2l + A% TTSrUL))

with probability at least 1 — §. Also, similar to (29), we have
107520 = 1QTTUT U, Q|
<NUTSPUL| + 1QTUTErULQ — UTSrU L ||
< | ULEZrUL| + 24|27

Similarly, we can further know that Cy, is close to Ag:
Conin = Me(UT550)
= M\ (RTUTSSUR)

> \(UTSsU) — |[RTUTSsUR — UTSsU|

> Ak

> A — 2MA

1
= 7)\197

where the last inequality holds when A < 5

14115, < O(le*| (A4(

OB I (AY (5

)\1

(

= \(UTSgU + RTUTSgUR — UTs4U)
(
U

TSsU)24 |2

Fmally, combining (38), (39), (40), we have

) IS7ll + A*[UTS7UL| + A%(|S )

(|Sr|| + A2 UTSrUL || + A% Z7]))
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when A < 2 and n 2 max{o* (A—1)2klog(1/§) o*A~2klog(1/8)}. If in the previous proofs we
replace (36) by (35), we have

4115, < OUByI1? (Az( ) |S7]| + A2|UTSrUL|| + A%(|27])) (42)
)\
o8yl A2( ) 1%7]) (43)
when A < 2= and n 2 max{o* (%) klog(l/é) o*klog(1/8)}. Notice that by definition of U,
Ut 127U, = ZT7_ 1, therefore the result is exactly what we want. O

Proof of Lemma 33. Recall Az := ﬁ(ﬁTXTXﬁ)’lﬁTXTe. Therefore

|43]12, = " XUUTXTXU) 0TS UUTXTXU) 0T X e
= tr(e" XUWUTXTXU) WU UUTXTXU) ' UT X e)
= tr(ee’ XU(UTXTXU) ' UTSrUOTXTXU) ' UTXT)

Taking expectation with respect to ¢, using E[ee’| = v%I,,, we have

E.[)|A3]%,] = E[tr(ee’ XU(UTXTXU) T UTS-UOTXTXU) T UT XT))
i XUUTXTXU) ' UTs,U(UTXTXU) 0T XT)
= te((UTXTX0) WU s UUTXTXU) ' UTXTX0)
24e((UTXTXU) U2 U)

1 ~ ~ ~ ~
= E”Q tr((UT2sU) "t + FYUTS,U) (44)

Here we actually need a bound stronger than (33) for || F||: recall (32), we have with probability

1-6
IEOTS0) 1) < O Cmsl 5 + v (8L Torl/D))) g,

Applying Lemma 36, which gives

R S P U
IF] < SIECT2sU) 0T 2s0) 7

/log(1/4) 10 (1 6
Qleﬁllzs‘l \/> g / g /

r(UT2sU)~ 1UTETU (46)

<
O(knzTu

when n > o*C 2185|2127 |2 tr(UTEsU) " UTS1U) ~2k3 log(1/8). Therefore we have

min

1 ~ ~ ~ ~
502 tr((UTSsU) ™ + FYUTSrU)

= %&(tr((UTzsﬁ)—lﬁTzTﬁ) +tr(FUTSU))

< %UQ(tr((ﬁTEsﬁ)_lﬁTETf]\)) + %UQHFH (050 0)

< A (l(T7550) 0751 0)) + ok Fl[Z ]

< %UQ(tr((ﬁTZsﬁ)_lijZTﬁ)) + %vz(’)(tr((UTESU)‘lUTETU)) “7)
The remaining thing is to show that indeed tr((UTSsU)'UTSrU) s

cose to tr(UTSgU)'UTSU). In fact, tr(UTSsU)"'UTS0) =
tr(RTUTSgUR)*RTUT Y1 RU). Notice that
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IRT"UT 7 UR — UTSrU| < 2| A7,

we have
tr(RTUTSsUR) 'RTUTS+UR) (48)
<tr(RTUTSsUR)"WTSrU) + |RTUTSrUR — UT S U| tr(UTS5U) )
< tr(RTUTSsUR)~ IUTETU)+2HA||||ZJTHtr((UTESﬁ)_l)
< tr(R"UTSsUR) ' UTS7U) + 2| Al[|S7 ]| kCpih
< tr((RTUTSsUR)'UTS,U) + tr(UTSsU)'UTS,U) (49)

T 1 T
when A < 2t ALEI@SH%)TH U 2rU) - Also, we have

I(RTTTSsUR)™ — (UTSsU) Y| < [(RTTTSsUR)I(UTSsU) | [RTUTSsUR - UTSsU||
< 4N 2MA,
therefore
tr(RTUTSsUR)'WUTSU) < tr(UTSsU) ' UTSrU) + |(RTUTSsUR) ™ — (UTSsU) Y| te(UTS1U)
< tr(UTSsU)UTSrU) + 402N A tr(UTS7U)
<2tr(UTSsU)UTELU), (50)

r T 177T ..
ifA < At <§g1 frfUU;Z ({])ETU) Combining (47), (48) and (50) we have

E[||Asl3,] <<9( VP tr((UTSsU) U SrU)),

A2 e (UTZsU) " UT B U) A2 er(UTEsU)WUTSrU) A tr((UTEsU) " UT S U)
whenever A < RS < min{ 41 tr(UTZ70) ' 4k[[ || }

and n > o*C22Ss|?|27 |2 tr(UT8sU) T UTS4U) 2k log(1/6), with probability at least

N min

1 — 4. Notice that UTXgU = Ysrand U TS U = Y7 1, therefore the result is exactly what we
want. O]

Proof of Lemma 34. Recall Ay := (A]((A]TXTXﬁ)’lﬁTXTXﬂj_. Also we have
I0Tsr0) = |[RTUTSrUR|
< UTSrU| + |RTUTS:UR - UTSU|
< UTS7U| + 24127 (51
Therefore
4|3, = 18T XTXUUTXTXU) 0T SrUUTXTX0) 0T XT X 81|
<IXU@TX"XxU)" MU X" XU) U X"||| U S U X BT )12
< AU Z2 U + 2422 X 87112
<2 AUTSoU[IX BT | (52)

TXTX —20TXx"T —
(U U)~ & If we define B = 7% €

VD of B be B = PMOY, where P € R"*k,

when A < % where we let A = %
R"%", then A = LB(BTB)~2BT. Let the

M, 0O € RF¥F then

B

XU
2y
S

1 T —2nRT
[4ll2 = ~[1B(B"B)™"B" |2

1

= —||PMOT(OM?*OT)2OMPT ||,
n

1 _
= ~|PM 2P,
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1,
~[[M7
n

1
= —lI(B"B) |2 (53)

IN

Let F = (ﬁT XTX U)t ((AJTE(AJ)*I Recall (33), which states that with probability atleast 1—94,
we have ||F|| < 1C’mm < 2)\ when n > 0*C, 2| gk log(1/5) and A < 2. Therefore

XTX
1Al Ur——

IN

= o)
@7 s0)

IN

1 g~
ﬁII(UTEsU) "+ IE

1. _
<SO(-A). (54)

Thus [|A]| < O(A;'). As for || X% ||, notice that the first-k entries of 3% are zero, therefore
XB1 = X_kﬁjk. by Lemma 35,

XTI log(1/9) | log(1/9),
18Kt 5 g gl < ORI el 4 Loy 8L Toe0/)

(55)
Therefore we have
XT X 4 .
IXBL|* = nph(—E—)82,
XT

< (B85 kB + 1B (T B — B8RS s B4 )

< OBl 1Zs, D) (56)
Combining (52)(54) and (56), we have

UTSrU18% k1?18 s,—k

when n 2 04Co2 [ Ss|2klog(1/6) and A < min{ 1 20l ey 0

Finally we prove Lemma 30 in the following.

Proof of Lemma 30. In the first step, we obtain U € RiIxk by selecting the top—Fk eigenvectors of
the sample covariance matrix Xg := 1 X X7 = L5 2,27 using PCA. Then by Davis-Kahan
theorem (Chen et al., 2021, Corollary 2.8),

2S5 — N
A< . (58)
Ak — Akt
Therefore it remains to bound Hi s — Xgl|- Applying Lemma 28, we immediately have
N r+logi r+logi
IS5 — Nl < Cot [ | 288 L D085 )
n n
where r = 2%711)‘ Together with (58), we have with probability at least 1 — 6,
1 1
A < Cot r—ﬁ—logg_'_r—i—logg by .
n n )\k — >\k+1
O
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