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Abstract
Understanding the generalization behavior of learning algorithms is a central goal of learning the-
ory. A recently emerging explanation is that learning algorithms are successful in practice because
they converge to flat minima, which have been consistently associated with improved generaliza-
tion performance. In this work, we study the link between flat minima and generalization in the
canonical setting of stochastic convex optimization with a non-negative, 𝛽-smooth objective. Our
first finding is that, even in this fundamental and well-studied setting, flat empirical minima may
incur trivial Ω(1) population risk while sharp minima generalizes optimally. Then, we show that
this poor generalization behavior extends to two natural ”sharpness-aware” algorithms originally
proposed by Foret et al. [25], designed to bias optimization toward flat solutions: Sharpness-Aware
Gradient Descent (SA-GD) and Sharpness-Aware Minimization (SAM). For SA-GD, which per-
forms gradient steps on the maximal loss in a predefined neighborhood, we prove that while it
successfully converges to a flat minimum at a fast rate, the population risk of the solution can still
be as large as Ω(1), indicating that even flat minima found algorithmically using a sharpness-aware
gradient method might generalize poorly. For SAM, a computationally efficient approximation of
SA-GD based on normalized ascent steps, we show that although it minimizes the empirical loss,
it may converge to a sharp minimum and also incur population risk Ω(1). Finally, we establish
population risk upper bounds for both SA-GD and SAM using algorithmic stability techniques.

1. Introduction

Understanding the generalization behavior of modern learning algorithms has become a central
focus of theoretical machine learning. This interest is motivated by the observation that in heavily
overparameterized deep neural networks, the training objective admits many global optima that
perfectly fit the data [73]; yet, while some of these minimizers generalize poorly, others—typically
those to which common optimization algorithms converge—generalize well [49, 50, 73]. These
observations naturally raise the fundamental question of what theoretical and algorithmic conditions
ensure that minimizers generalize well.

One prominent condition that has received significant attention is the flatness of the minimum.
Flat minima—those that remain (approximate) minimizers under small parameter perturbations—
have been consistently associated with better generalization, while sharper, non-flat minima are
linked with worse out-of-sample performance [21, 31, 33, 58]. This insight has motivated a va-
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riety of methods that encourage solutions in flat regions of the loss landscape, rather than sharp
ones [4, 19, 20, 25, 30, 35, 37, 40, 41, 43, 61, 69, 72, 74–76]. In particular, Foret et al. [25] intro-
duced the Sharpness-Aware Minimization (SAM) approach, which reformulates the standard opti-
mization problem as minimizing the Sharpness-Aware Empirical Risk (SAER), defined as 𝐹𝑟

𝑆
(𝑤) =

max∥𝑣 ∥≤𝑟 𝐹𝑆 (𝑤+𝑣) where 𝐹𝑆 is the empirical risk over a sample 𝑆 and 𝑟 is a perturbation radius pa-
rameter. This approach encourages solutions robust to parameter perturbations, thus corresponding
to flatter minima.

Despite the success of SAM, as well as of other sharpness-aware methods [7, 13, 25, 32, 38],
the theoretical link between flatness and generalization remains not fully understood. While some
works show that in certain non-convex regimes the flatness of an arbitrary minimizer does not affect
generalization [e.g., 18, 68], it is unclear whether this also holds for concrete optimization methods
that explicitly aim to find flat minima. For such methods, existing analyses either provide only
empirical evidence [5, 53, 68], establish problem parameters-dependent generalization bounds [25,
50, 52, 64, 65], or restrict attention to quadratic or strongly convex objectives [14, 62]. As a result,
it remains unclear whether and under which conditions finding a flat empirical minimum using
such algorithms does in fact lead to improved generalization, or how the generalization guarantees
of these practical methods compare to those of standard optimization algorithms such as gradient
descent (GD) and stochastic gradient descent (SGD).

In this paper, we aim to gain insight into the relationship between flatness and generalization
by studying the above questions within the framework of Stochastic Convex Optimization (SCO): a
fundamental and extensively studied theoretical model widely used to analyze stochastic optimiza-
tion algorithms. SCO is particularly well-suited for such a study, as it is well-known that SCO
problems can admit multiple empirical minimizers, not all of which are guaranteed to generalize
well [24, 56]. We focus on the regime where the loss functions are non-negative and 𝛽-smooth;1 in
this setting, gradient methods such as GD and SGD are known to generalize optimally [27, 51], as
opposed to the wider convex non-smooth setting [2, 44, 55, 63]. Within this SCO framework, we
impose the additional assumption that 𝑓 admits at least one flat minimum, i.e., a minimizer such
that the loss remains constant within a ball of radius 𝜌 around it (we call such a minimizer a 𝜌-flat
minimum). To capture this formally, we introduce a strong flatness condition (see Definition 1), and
analyze the generalization performance of several natural algorithms under this condition.

Our contributions shed light on the extent to which flatness relates to generalization in SCO.
We construct examples showing that flat empirical minima can generalize poorly, demonstrating
that minimizing the Sharpness-Aware Empirical Risk (SAER) does not in itself guarantee good
generalization. First, we present an SCO instance in which a flat empirical risk minimizer (ERM)
generalizes poorly, while within the same setting, a sharp ERM generalizes well. Then, we show that
this poor generalization behavior extends to two natural “sharpness-aware” algorithms originally
proposed by Foret et al. [25], designed to bias optimization toward flat solutions: Sharpness-Aware
Gradient Descent (SA-GD)2 and Sharpness-Aware Minimization (SAM). For SA-GD, we prove that
it indeed converges to a flat minimum, however, there are instances where it converges to solutions
that generalize strictly worse compared to those found by standard GD and SGD, which are known
to generalize optimally in the same setting. These results indicate that even flat minima found
algorithmically using a sharpness-aware gradient method might generalize poorly. For SAM we
observe a sharper contrast: although it minimizes the empirical risk, it does not necessarily minimize

1A differentiable function 𝑓 : ℝ𝑑 → ℝ is 𝛽-smooth if ∥∇ 𝑓 (𝑣) − ∇ 𝑓 (𝑢)∥2 ≤ 𝛽∥𝑣 − 𝑢∥2 for all 𝑢, 𝑣 ∈ ℝ𝑑 .
2This algorithm was introduced in [25] without being explicitly named; we refer to it as SA-GD here for conciseness.
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sharpness as it may converge to a non-flat minimum, and similarly to SA-GD, we show it might
converge to minima with poor generalization compared to (S)GD. These results provide insight into
possible limitations of sharpness-aware approaches in terms of the flatness of the solution found and
its out-of-sample performance relative to (S)GD.

Summary of contributions. In more detail, we make the following technical contributions. (The
bounds presented below describe the dependence on the number of iterations 𝑇 , the number of
training examples 𝑛, the step size 𝜂, the smoothness parameter 𝛽, the flatness radius of the loss
minimizer 𝜌, and the perturbation size 𝑟 .)

(i) We introduce a strong flatness condition assuming the existence of a perfectly flat minimum
of radius 𝜌 (Definition 1). For Sharpness-Aware ERM (SA-ERM), even under this strong
condition, we construct a smooth SCO problem where the empirical risk admits a flat mini-
mizer with population risk Ω(1), while a non-flat minimizer achieves optimal generalization
(Theorem 1).

(ii) For the SA-GD algorithm [25], we prove an empirical optimization bound𝑂 (1/𝜂𝑇 +max(𝑟 −
𝜌, 0)2), implying that with 𝜂 ≃ 1/𝛽 and 𝑟 ≃ 𝜌, SA-GD converges to a Θ(𝜌)-flat minimum at
rate 𝑂 (1/𝑇). In contrast, we establish a lower bound of Ω(𝜂2(𝑟 − 𝜌)2𝑇) on the population
loss of SA-GD for 𝑟 ≳ 𝜌, showing that SA-GD may generalize poorly even when converging
to flat minima. In particular, tuning the algorithm with 𝜂 ≃ 1/𝛽 and 𝑟 ≳ 𝜌 + 1/

√
𝑇 can lead to

a population risk of Ω(1) (Theorems 2 and 4).
(iii) For SAM [25], we obtain the same bound 𝑂 (1/(𝜂𝑇) + max(𝑟 − 𝜌, 0)2) for the empirical

risk, but also show a convex, smooth case where SAM converges to a sharp minimum, i.e.,
it fails to minimize the SAER. As for generalization, we establish a population lower bound
of Ω(𝜂2𝑟2𝑇) in the case 𝜌 = 0, which implies a trivial risk of Ω(1) when 𝜂 ≃ 1/𝛽 and
𝑟 ≳ 1/

√
𝑇 , or when 𝜂 ≃ 1/

√
𝑇 and 𝑟 = Θ(1), regimes where SAM minimizes the empirical

risk (Theorems 3, 5 and 6).
(iv) Finally, using algorithmic stability, we prove population upper bounds for SA-GD and SAM

under 𝜌-flatness. In particular, for 𝑇 = 𝑛, 𝜂 ≃ 1/𝛽, and 𝑟 ≲ 𝜌 + 1/
√
𝑇 , the bounds are of order

𝑂 (1/𝑛 + 𝑟2𝑛). For the precise statements, see Theorems 7 and 8 in Appendix C.

To our knowledge, these results are the first to formally address the connection between flatness
and generalization in the convex regime, and they bear some interesting implications. On the pos-
itive side, they provide the first indication that sharpness-aware methods converge at a dimension-
independent fast 𝑂 (1/𝑇) rate in terms of empirical risk for general convex optimization, despite
the SAER objective being non-smooth, and this convergence can further benefit from flatness of the
objective. On the negative side, our results show that even in the basic convex and smooth regime,
a sharp empirical minimum may generalize better than a flat one, and this can occur when the flat
empirical risk minimizer is selected arbitrarily, e.g., by the SA-ERM algorithm, or algorithmically,
by the SA-GD algorithm. Furthermore, our findings highlight that optimization methods explicitly
designed to locate flat minima, such as SA-GD and SAM, may converge to solutions that generalize
poorly. In contrast, standard gradient-based methods like GD and SGD are known to achieve opti-
mal generalization in this setting when using the optimization-optimal step size 𝜂 ≃ 1/𝛽 [39, 51].
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2. Problem setup

We study the generalization properties of flat minima in the framework of (smooth) Stochastic
Convex Optimization (SCO). In this setting, there exists a population distribution Dover an instance
space Z, and a loss function 𝑓 : 𝑊 × Z→ ℝ defined on a convex domain 𝑊 ⊆ ℝ𝑑 . For any fixed
instance 𝑧 ∈ Z, the function 𝑓 (·, 𝑧) is assumed to be non-negative, convex, and 𝛽-smooth (𝛽 > 0)
with respect to its first argument 𝑤. The learning goal is to minimize the population risk, defined as
the expected loss over D,

𝐹 (𝑤) := 𝔼𝑧∼D[ 𝑓 (𝑤, 𝑧)] . (1)

Since D is unknown, learning algorithms instead use a finite i.i.d. sample 𝑆 = {𝑧1, . . . , 𝑧𝑛} drawn
from D. A common approach is to minimize the empirical risk over 𝑆, given by

𝐹𝑆 (𝑤) := 1
𝑛

∑𝑛
𝑖=1 𝑓 (𝑤, 𝑧𝑖). (2)

A main focus of this paper is on objective functions that admit flat minima, formalized as follows.

Definition 1 (𝝆-flatness) We say that 𝑤★ ∈ ℝ𝑑 is a 𝜌-flat minimum (for 𝜌 ≥ 0) of a non-negative
function 𝑓 : ℝ𝑑 → ℝ if for every 𝑤 ∈ ℝ𝑑 with ∥𝑤 − 𝑤★∥ ≤ 𝜌, it holds that 𝑓 (𝑤) = 0. If such a
𝜌-flat minimum exists for 𝑓 , we also say that 𝑓 is 𝜌-flat; the maximal 𝜌 satisfying this condition is
called the flatness radius of 𝑓 .

Note that this is a rather strong notion of flatness: it in particular implies that the empirical min-
imization problem with a 𝜌-flat 𝐹𝑆 is realizable (i.e., there exists 𝑤★ such that 𝑓 (𝑤★, 𝑧𝑖) = 0 for
almost all 𝑧𝑖 ∈ 𝑆) and further that 𝐹𝑆 is perfectly flat in a neighborhood of 𝑤★. Since our goal is to
understand the relationship between flatness and generalization, we find it more informative to ana-
lyze this connection under the most stringent and unambiguous condition of flatness. In particular,
imposing such a condition makes any negative results (i.e., lower bounds) only stronger, since they
hold even under the most favorable notion of flatness.

With the above notion of flatness in mind, we focus on three natural algorithms:

• Sharpness-Aware Empirical Risk Minimization (SA-ERM). The first (meta-)algorithm is a nat-
ural, “Sharpness-Aware” variant of ERM that computes, given a parameter 𝑟 > 0:

𝑤𝑆 ∈ arg min
𝑤∈𝑊

𝐹𝑟
𝑆 (𝑤), where 𝐹𝑟

𝑆 (𝑤) = max
𝑣: ∥𝑣 ∥≤𝑟

𝐹𝑆 (𝑤 + 𝑣). (3)

Namely, it outputs a minimizer of the sharpness-aware empirical risk (SAER) with radius 𝑟 ,
which we denote by 𝐹𝑟

𝑆
. The idea here is that, if the empirical risk 𝐹𝑆 is 𝜌-flat and 𝑟 ≤ 𝜌, then

any minimizer of the SAER is also a 𝑟-flat minimum of the original empirical risk 𝐹𝑆 .
• Sharpness-Aware Gradient Descent (SA-GD). The second algorithm is a first-order instantiation

of SA-ERM, proposed in [25], obtained by running gradient descent on the SAER objective.
Starting from 𝑤1 ∈ 𝑊 and given parameters 𝜂, 𝑟 > 0, it takes steps for 𝑡 = 1, . . . , 𝑇 of the form:

𝑤𝑡+1 = 𝑤𝑡 − 𝜂∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ), where 𝑣𝑡 ∈ arg max
𝑣: ∥𝑣 ∥≤𝑟

𝐹𝑆 (𝑤𝑡 + 𝑣). (4)

• Sharpness-Aware Minimization (SAM). The third algorithm is the original SAM algorithm pro-
posed in [25] as a computationally efficient approximation of SA-GD. SAM circumvents the
explicit maximization over 𝑣 in Eq. (4) by replacing 𝑣𝑡 with the normalized gradient at 𝑤𝑡 . Thus,
starting from 𝑤1 ∈ 𝑊 and given 𝜂, 𝑟 > 0, the updates of SAM for 𝑡 = 1, . . . , 𝑇 take the form

𝑤𝑡+1 = 𝑤𝑡 − 𝜂∇𝐹𝑆
(
𝑤𝑡 + 𝑟

∇𝐹𝑆 (𝑤𝑡 )
∥∇𝐹𝑆 (𝑤𝑡 )∥

)
. (5)
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3. Overview of results and techniques

In this section, we give an overview of our generalization lower bounds for the algorithms we con-
sider (SA-ERM, SA-GD, SAM). Due to space limitations, the formal statements of the optimization
and generalization upper bounds for SA-GD and SAM are deferred to Appendices B and C.

Generalization of SA-ERM. Our first result provides a lower bound on the generalization of SA-
ERM, showing that an arbitrary minimizer of SAER may exhibit trivial Ω(1) population risk. This
result highlights not only the limitations of the SA-ERM algorithm in general smooth SCO but also
the effect of the loss landscape on generalization. Even when the loss is convex and 𝛽-smooth and
under the arguably strongest notion of flatness (Definition 1), a flat minimum of the empirical risk
may generalize poorly, while a sharp minimum of the same function generalizes optimally.

Theorem 1 For every 𝑛 ∈ ℕ and 0 ≤ 𝜌 ≤ 1
2 , let 𝑑 = 2𝑛 + 1 and define 𝑊 = {𝑥 ∈ ℝ𝑑 : ∥𝑥∥ ≤ 1}.

Then there exist an instance set Z, a distribution Dover Z, and a loss function 𝑓 : 𝑊×Z→ ℝ that
is convex, 1-Lipschitz, 1-smooth and 𝜌-flat, such that with probability at least 1

2 over the training
set 𝑆, there exist 𝑤 (1) , 𝑤 (2) ∈ arg min𝑤∈𝑊 𝐹𝑆 (𝑤) satisfying:

(i) for every 𝑟 ≥ 0, it holds that 𝑤 (1) ∈ arg min𝑤∈𝑊 𝐹𝑟
𝑆
(𝑤). In particular, if 𝑟 ≤ 𝜌 then 𝑤 (1) is

an 𝑟-flat minimum of 𝐹𝑆;
(ii) 𝑤 (2) is a sharp minimum, in the sense that 𝐹 𝛿

𝑆
(𝑤 (2) ) ≥ 𝐹𝑆 (𝑤 (2) ) + 1

2𝛿
2 for all 𝛿 > 0.3

(iii) we have 𝐹 (𝑤 (1) ) − 𝐹 (𝑤★) = Ω(1), while 𝐹 (𝑤 (2) ) − 𝐹 (𝑤★) = 0.

Our construction of the smooth SCO instance builds on previous results in SCO, which show that
arbitrary minimizers of the empirical risk may overfit [24, 56]. The main technical challenge is that
in those prior constructions the ERM exhibiting poor generalization is not a flat minimizer. Thus,
our key challenge in the proof is to transform this ERM into a flat minimizer. A simple observation
is that the function ℎ : ℝ → ℝ, ℎ(𝑥) = 1

2 max(𝑥 − 𝜌, 0)2 is 1-smooth and 𝜌-flat for 𝜌 ≤ 1
2 . Given

this observation, we construct the instance where SA-ERM generalizes poorly by composing this
function with a careful variant of the construction from Shalev-Shwartz et al. [56].

Generalization of SA-GD. Our next result is a lower bound on the population risk of SA-GD.
From Theorem 4, we know that in the 𝜌-flat regime, when 𝑟−𝜌 ≤ 1√

𝑇
, SA-GD minimizes the SAER

and converges to a flat minimum. Given Theorem 1, which shows that an arbitrary flat minimum
may fail to generalize, a natural question is whether a flat minimum attained by a practical algorithm
such as SA-GD be guaranteed to generalize well.

In the following we show that this does not necessarily hold. Even when SA-GD converges to a
flat minimum, for instance, when 𝜂 ≈ 1

𝛽
and 𝑟 ≈ 𝜌 + 1√

𝑇
, its population risk can still be Ω(1).

Theorem 2 For every 𝑛, 𝑇 ∈ ℕ, , 𝜂 > 0, 𝑟 ≥ 0, 𝜌 < 𝑟
(
1 − 3

3+𝜂
√
𝑇

)
, assume 𝜂(𝑟 − 𝜌) ≤ 1√

𝑇
, let

𝑑 = 2𝑛𝑇 and define 𝑊 = {𝑥 ∈ ℝ𝑑 : ∥𝑥∥ ≤ 1}. Then there exists an instance set Z, a distribution
D over Z, function 𝑓 : 𝑊 × Z→ ℝ that is convex 1-smooth, 1-Lipschitz and 𝜌-flat, such that for
a training set 𝑆 it holds that with probability at least 1

2 , running SA-GD for 𝑇 steps yields for every
𝜏 ∈ [𝑇] suffix average 𝑤𝜏 = 1

𝑇−𝜏+1
∑𝑇

𝑡=𝜏 𝑤𝑡 :

𝐹 (𝑤𝜏) − 𝐹 (𝑤★) = Ω(𝜂2(𝑟 − 𝜌)2𝑇).
3This condition means that in every neighborhood of the minimizer there exists a point with large 𝐹𝑆 . The inequality

is the tightest possible: due to 1-smoothness, any minimizer 𝑤★ of 𝐹𝑆 satisfies 𝐹 𝛿
𝑆
(𝑤★) ≤ 𝐹𝑆 (𝑤★) + 1

2 𝛿
2 for all 𝛿 > 0.
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In particular, if 𝜂 = Θ(1), 𝜌 ≤ 𝜂

3 and 𝑟 = 𝜌 + 1√
𝑇

this yields a lower bound of Ω(1).

The main technical challenge in the proof is that, in the non-smooth setting, prior constructions
(e.g., [2, 36, 44, 55, 63]) exploit non-smoothness to shape the algorithm’s dynamics, whereas in the
smooth setting such an approach is not possible. Instead, our key idea is to control the sequence
of maximizers {𝑣𝑡 ∈ arg max∥𝑣 ∥≤𝑟 𝐹𝑆 (𝑤𝑡 + 𝑣)}𝑇𝑡=1 to direct the dynamics toward a spurious ERM.
For this, we base our hard instance on the construction for SA-ERM given in Theorem 1. In that
construction, in the first iteration we have 𝑣1 = 𝑟𝑒𝑖 , where 𝑒𝑖 corresponds to the spurious ERM from
Theorem 1. As a result, SA-GD makes a single step of size 𝜂𝑟 toward this bad ERM. The remaining
challenge is to ensure that the algorithm takes 𝑇 such steps in this direction. To achieve this, we
construct a new loss function that applies the loss from Theorem 1 in 𝑇 orthogonal subspaces. In
this way, since 𝑣𝑡 is chosen in a different subspace at each iteration 𝑡, the algorithm makes a single
step in each subspace and eventually converges to a bad ERM.

Generalization of SAM. Finally, we turn to discuss the generalization guarantees of SAM, a well-
studied and practically relevant algorithm introduced by [25] as a computationally efficient approxi-
mation of SA-GD. In the following lower bound, we show that SAM can exhibit poor generalization
in SCO under the realizable setting (𝜌 = 0), leaving the 𝜌-flat case (𝜌 ≫ 0) for future work.

Theorem 3 Given 𝑛 ≥ 6, 𝑇 ≥ 6, 𝜂, 𝑟 > 0 such that 𝜂𝑟 ≤ 1/2
√
𝑇 , let 𝑑 = 2𝑛𝑇 and 𝑊 = {𝑤 ∈

ℝ𝑑 : ∥𝑤∥ ≤ 1}. Then there exists an instance set Z, a distribution D over Z, a convex 6-smooth
7-Lipschitz and realizable function 𝑓 : 𝑊 × Z→ ℝ such that for a training set 𝑆 with probability
at least 1

3 running SAM for 𝑇 steps with trajectory {𝑤𝑡 }𝑇𝑡=1, yields for every 𝜏 ∈ [𝑇] suffix average
𝑤𝜏 = 1

𝑇−𝜏+1
∑𝑇

𝑡=𝜏 𝑤𝑡 :
𝐹 (𝑤𝜏) − 𝐹 (𝑤★) = Ω(𝜂2𝑟2𝑇).

For the proof, as in the construction for SA-GD in Theorem 2, we need to use the perturbations
(caused by the normalized ascent steps) of the algorithm to direct it toward a spurious ERM. The
main difficulty in this context is that, in the previous construction, the algorithm is initialized at
𝑤1 = 0, which is already a minimizer of the empirical risk. As a result, if we were to apply the same
approach, SAM would remain at initialization throughout training and thus generalize well.

To overcome this challenge, our key idea is to exploit the normalization of the ascent step, which
can amplify small perturbations into significant effects. In particular, our construction begins with
a sufficiently small quadratic function in the first orthogonal subspace. Although the gradients of
this function at the initialization point are small, the normalization step amplifies them, producing a
progress of 𝜂𝑟 toward the bad ERM in this subspace. To achieve𝑇 such steps, we carefully design an
additional mechanism with sufficiently small loss in each orthogonal subspace, such that for every
pair of consecutive subspaces, the previous step induces a following step in the next orthogonal
subspace. This allows the algorithm to make progress of 𝜂𝑟 in 𝑇 different subspaces and converge
to an ERM that generalizes poorly.
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Appendix A. Additional related work

Flat minima and generalization. The conjectured connection between flat minima and general-
ization dates back to Hochreiter and Schmidhuber [28]. Since then, a large body of empirical and
theoretical work has suggested that flatter minima correlate with, or even guarantee, better general-
ization performance [10, 16, 17, 22, 25, 26, 29, 31, 33, 42, 45, 46, 48, 50, 52, 64–66, 70, 71]. How-
ever, several works caution against interpreting flatness as a universal predictor of generalization
[5, 18, 53, 68]. Notably, from a theoretical perspective, Dinh et al. [18] showed that in ReLU net-
works sharpness can be arbitrarily altered through reparameterization without affecting the learned
function or its generalization, implying that common flatness measures are not parameterization-
invariant and may therefore be misleading. More recently, Wen et al. [68] examined two-layer
ReLU networks defining flatness as the trace of the Hessian. Using this architecture and notion of
flatness they identified scenarios where flat minima fail to generalize, while sharpness-minimization
algorithms such as SAM may still succeed, although their analysis of SAM was only empirical. Our
results go beyond both works: unlike [18], we give explicit constructions where flat minimizers fail
while sharp minimizers generalize perfectly, directly challenging the conjecture itself, and unlike
[68], we establish this phenomenon already in the fundamental convex 𝛽-smooth setting and under
much stronger flatness assumptions. Furthermore we provide theoretically provable lower bounds
on the generalization of SAM, offering a more rigorous understanding of its limitations.

Convergence rates of SAM. Many works on the convergence of SAM analyze a variant of SAM
that does not use gradient normalization during the ascent step [1, 3, 9, 34]. This variant does not
match practical implementations of SAM, where normalization is typically used [57], and more
recent work showed that normalization improves SAM’s performance [15]. Our work considers
SAM with normalization and provides more practical bounds. Another line of research studies
the implicit bias of SAM and its variants under infinitesimal step sizes [3, 67], while we focus on
the practical discrete setting. In more specific cases, Bartlett et al. [8] gave convergence rates for
SAM on convex quadratics, whereas our work addresses general smooth convex objectives. Recent
works also consider smooth nonconvex objectives with decaying or sufficiently small 𝑟 [47, 60, 76],
but such assumptions differ from practice, where 𝑟 might be a constant. Our bounds instead cover
smooth convex functions and hold for any 𝑟 , including large values. Finally, Si and Yun [57] derived
convergence guarantees in deterministic and stochastic regimes, but in the smooth convex case they
only proved convergence to stationary points, leaving convergence to global minima as an open
problem. We close this gap by providing the first rates of convergence to global minima for SAM
on general smooth convex objectives, and we are the first to incorporate the true flatness of the
objective into the convergence analysis.

Generalization of SAM. Foret et al. [25], who originally introduced SAM, established PAC-Bayes
bounds to explain its generalization. These bounds are dimension dependent and may be vacuous
in many scenarios. More recently, Tan et al. [62] analyzed the smooth and strongly convex setting,
comparing the algorithmic stability of SAM and SGD. Chen et al. [14] studied generalization from
a different angle, comparing the conditions for benign overfitting under SGD and SAM in two-
layer convolutional ReLU networks. In contrast to these works, we establish the first dimension-
independent generalization bounds for the broad class of smooth convex (but not strongly convex)
objectives, together with the first lower bounds on the generalization performance of SAM in this
setting.
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Generalization in SCO. Stochastic convex optimization is a fundamental theoretical framework
for analyzing widely used optimization algorithms, where the loss function is assumed to be convex
and Lipschitz. In this setting, prior work [12, 24, 56] have shown that, although learning in this
framework is possible (e.g., via Stochastic Gradient Descent), empirical risk minimization (ERM)
may fail (even under additional assumptions such as smoothness and realizability), since uniform
convergence does not generally hold. In our work, we focus on flat ERMs, namely minimizers of the
SAER, and demonstrate that even when the minima are flat, they may still generalize poorly. Beyond
ERM, several natural algorithms such as full-batch Gradient Descent and multi-pass Stochastic
Gradient Descent have also been shown to fail in this setting [2, 44, 55, 63]. All of these works
focus on the non-smooth regime and establish lower bounds in that setting. In contrast, our work
studies the generalization of Sharpness-Aware Minimization algorithms in smooth and realizable
SCO, and we show that even under these strong assumptions, SA-GD and SAM may still generalize
poorly.

Smooth SCO with low noise. The problem of smooth stochastic convex optimization with low
noise as been extensively studied. [59] established that Stochastic Gradient Descent (SGD) attains
a risk bound of 𝑂 (1/𝑛) in this setting. This result was recently extended by [6] to the last iterate
of SGD. In our work, we demonstrate that in the deterministic setting, SA-GD and SAM also attain
these optimal rates when applied to smooth loss functions. In addition, for SA-GD we prove an
even stronger result: under an additional flatness condition, the method achieves the same fast rates
for convergence with respect to the SAER 𝐹𝑟

𝑆
, a function that is generally non-smooth. From a

generalization perspective, recent work [6, 23, 39, 51, 54] has used stability arguments to show that
gradient methods such as GD and SGD, both with and without replacement and with 𝑇 = 𝑛, achieve
an optimal risk of 𝑂 (1/𝑛) in this setting. Our work shows that, in contrast to those algorithms,
SA-GD and SAM may generalize poorly, even in smooth and realizable SCO.

Appendix B. Optimization Error of SA-GD and SAM

In this section we analyze the optimization performance of SA-GD and SAM. In particular, we
establish bounds on both the empirical risk 𝐹𝑆 and the sharpness-aware empirical risk 𝐹𝑟

𝑆
for the

models output by these algorithms.

B.1. Optimization error of SA-GD

We begin with the following theorem on the optimization error of SA-GD. This result highlights
the role of flatness in the convergence rate of the algorithm. When the radius of flatness 𝜌 is small,
the algorithm exhibits an additive term of 𝑂 (𝑟2) in the bound on the SAER. In contrast, when 𝜌
is large, even with 𝑟 ≈ 𝜌, SA-GD minimizes the SAER and converges to a flat minimum of the
empirical risk. Moreover, although SA-GD can be viewed as GD applied to a potentially non-
smooth function,4 in this latter case its convergence rate matches that of GD on smooth functions.
The result is formalized in the following theorem.

Theorem 4 For every 𝑧, assume that 𝑓 (𝑤, 𝑧) is 𝛽-smooth, convex, non-negative and 𝜌-flat. Let
{𝑤𝑡 }𝑇𝑡=1 be produced by SA-GD for 𝑇 steps (Eq. (4)) with 𝜂 ≤ 1/4𝛽 and 𝑟 > 0. For 𝑤 := 1

𝑇

∑𝑇
𝑡=1, 𝑤𝑡

4For example, if 𝐹𝑆 = 𝑥2, which is 𝛽-smooth for 𝛽 = 2, 𝐹𝑟
𝑆
= ( |𝑥 | + 𝑟)2, which is a non smooth function.
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it holds that

𝐹𝑆 (𝑤) ≤ 𝐹𝑟
𝑆 (𝑤) ≤ ∥𝑤1 − 𝑤★∥2/𝜂𝑇 + 4𝛽max{𝑟 − 𝜌, 0}2.

In particular, when 𝜂 = 1
4𝛽 , ∥𝑤1 − 𝑤★∥ = 𝑂 (1) and 𝑟 − 𝜌 = 𝑂

(
1√
𝑇

)
, it holds that

𝐹𝑆 (𝑤) ≤ 𝐹𝑟
𝑆 (𝑤) ≤ 𝑂 (𝛽/𝑇) .

For the proof, we first make use of the following key lemma, which establishes a regret bound
for general algorithms whose update rule takes the form 𝑤𝑡+1 = 𝑤𝑡 − 𝜂∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ), for ∥𝑣𝑡 ∥ ≤ 𝑟.

Lemma 1 Assume that for every 𝑧, 𝑓 (𝑤, 𝑧) is 𝛽-smooth, convex, non-negative and 𝜌-flat. Let 𝐴 be
an algorithm that given a data set 𝑆, produces a sequence {𝑤𝑡 }𝑇𝑡=1 such that 𝑤𝑡+1 = 𝑤𝑡 −𝜂∇𝐹𝑆 (𝑤𝑡 +
𝑣𝑡 ), where {𝑣𝑡 }𝑇𝑡=1 are vectors such that for every 𝑡, ∥𝑣𝑡 ∥ ≤ 𝑟 and 𝜂 ≤ 1/4𝛽. It holds that,

1
𝑇

𝑇∑︁
𝑖=1

𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − 𝐹𝑆 (𝑤★) ≤ ∥𝑤1 − 𝑤★∥2

𝜂𝑇
+ 4𝛽max{𝑟 − 𝜌, 0}2.

B.2. Optimization error of SAM

For SAM, we establish the following bound on the empirical risk. Similarly to SA-GD, the flatness
of the empirical risk plays a significant role in the convergence of SAM, achieving fast convergence
rates the function is 𝜌-flat and 𝑟 ≤ 𝜌 + 1√

𝑇
.

Theorem 5 For every 𝑧, assume that 𝑓 (𝑤, 𝑧) is 𝛽-smooth, convex, non-negative and 𝜌-flat. Let
{𝑤𝑡 }𝑇𝑡=1 be produced by SAM for 𝑇 steps (Eq. (4)) with 𝜂 ≤ 1/4𝛽 and 𝑟 > 0. For 𝑤 := 1

𝑇

∑𝑇
𝑡=1 𝑤𝑡 , it

holds that

𝐹𝑆 (𝑤) ≤
∥𝑤1 − 𝑤★∥2

𝜂𝑇
+ 4𝛽max{𝑟 − 𝜌, 0}2.

In particular, if 𝜂 = 1
4𝛽 , ∥𝑤1 − 𝑤★∥ = 𝑂 (1), 𝑟 − 𝜌 = 𝑂

(
1√
𝑇

)
, 𝐹𝑆 (𝑤) ≤ 𝑂

(
𝛽

𝑇

)
.

The proof is followed by Lemma 1 and appears in Appendix B.
We note that Theorem 5 establishes convergence rates with respect to the empirical risk. A

natural question is whether SAM achieves the same rates, namely𝑂
(
∥𝑤1−𝑤★∥2

𝜂𝑇
+ 𝛽max{𝑟 − 𝜌, 0}2

)
for the SAER. In other words, does SAM converge to a flat minimum when setting 𝑟 ≤ 𝜌?

In the following lemma, we show that this is not the case: SAM may incur an additional term of
Ω(𝑟2) in the convergence rate for the SAER, even for 𝜌-flat functions. This demonstrates that SAM
can converge to a non-flat minimum, even when a 𝜌-flat minimum exists.

Theorem 6 For every 𝜂 > 0, 𝑛 ∈ ℕ, 𝑟, 𝜌 ≤ 1
2 , 𝑊 = [−1, 1] then there exists an instance set Z, a

loss function 𝐹𝑆 : 𝑊 × Z→ ℝ that is non-negative, convex, 1-Lipschitz, 1-smooth and 𝜌-flat such
that SAM for 𝑇 steps holds, for any suffix average 𝑤𝜏 = 1

𝑇−𝜏+1
∑𝑇

𝑡=𝜏 𝑤𝑡 , the following while applied
on 𝑓 ,

∀0 ≤ 𝑟 ≤ 1
2
, 𝐹𝑟

𝑆 (𝑤𝜏) − 𝐹𝑟
𝑆 (𝑤

★) = Ω(𝑟2),

That is, SAM converges to a sharp minimum.

The proof appears in Appendix B.
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Appendix C. Stability and Generalization of SA-GD and SAM

In this section we show upper bounds for the population loss achieved by SA-GD and SAM. For
SA-GD, we prove the following theorem,

Theorem 7 For every 𝑧, assume that 𝑓 (𝑤, 𝑧) is 𝛽-smooth, convex, non-negative and 𝜌-flat. Let
{𝑤𝑡 }𝑇𝑡=1 be produced by SA-GD for 𝑇 steps (Eq. (4)) with 𝜂 ≤ 1/4𝛽 and 𝑟 > 0. For 𝑤 := 1

𝑇

∑𝑇
𝑡=1 𝑤𝑡 ,

it holds that

𝔼𝐹 (𝑤) ≤ 𝑂
(
∥𝑤1 − 𝑤★∥2

𝜂𝑇
+

(
𝛽 + 𝛽

3𝜂2𝑇2

𝑛2

)
max{𝑟 − 𝜌, 0}2 + 𝜂𝛽2𝑟2𝑇 + 𝛽

2𝜂𝑇

𝑛2

)
.

In particular for 𝑇 = 𝑛, 𝜂 = 𝑂 (1/𝛽), ∥𝑤1 − 𝑤★∥ = 𝑂 (1) and 𝑟 − 𝜌 = 𝑂

(
1√
𝑇

)
it holds that,

𝔼𝐹 (𝑤) = 𝑂
(
𝛽

𝑛
+ 𝛽𝑟2𝑛

)
.

For SAM we show the following result,

Theorem 8 For every 𝑧, assume that 𝑓 (𝑤, 𝑧) is 𝛽-smooth, convex, non-negative and 𝜌-flat. Let
{𝑤𝑡 }𝑇𝑡=1 be produced by SAM for 𝑇 steps (Eq. (5)) with 𝜂 ≤ 1/4𝛽 and 𝑟 > 0. For 𝑤 := 1

𝑇

∑𝑇
𝑡=1 𝑤𝑡 , it

holds that

𝔼𝐹 (𝑤) ≤ 𝑂
(
∥𝑤1 − 𝑤★∥2

𝜂𝑇
+

(
𝛽 + 𝛽

3𝜂2𝑇2

𝑛2

)
max{𝑟 − 𝜌, 0}2 + 𝜂𝛽2𝑟2𝑇 + 𝛽

2𝜂𝑇

𝑛2

)
.

In particular for 𝑇 = 𝑛, 𝜂 = 𝑂 (1/𝛽), ∥𝑤1 − 𝑤★∥ = 𝑂 (1) and 𝑟 − 𝜌 = 𝑂

(
1√
𝑇

)
it holds that,

𝔼𝐹 (𝑤) = 𝑂
(
𝛽

𝑛
+ 𝛽𝑟2𝑛

)
.

We note that for 𝑟 = 0, the bounds in Theorems 7 and 8 coincide with the risk bounds of [39, 51]
for GD and SGD in convex, smooth, realizable settings.

C.1. Stability of SA-GD and ASM

The proofs of Theorems 7 and 8 are based on algorithmic stability (e.g., [11, 27]). In this section,
we revisit the main arguments required for these proofs and establish an algorithmic stability upper
bound for first-order methods that minimize the SAM empirical risk. In particular, the stability
bounds in this section hold for any algorithm that produces a sequence {𝑤𝑡 }𝑇𝑡=1 satisfying 𝑤𝑡+1 =

𝑤𝑡 − 𝜂∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ), where {𝑣𝑡 }𝑇𝑡=1 is a sequence of vectors such that for every 𝑡, ∥𝑣𝑡 ∥ ≤ 𝑟 and
𝜂 ≤ 1/(2𝛽).

The notion of stability that we consider is on-average-leave-one-out (loo) model stability (e.g.,
[39, 54]). For this definition, we assume without loss of generality that there exists an example
𝑧0 ∈ Z for which 𝑓 (𝑤, 𝑧0) = 0 for all 𝑤. (Otherwise, we can artificially augment the sample space
with such an instance.) Now, given an i.i.d. sample 𝑆 = (𝑧1, . . . , 𝑧𝑛), with the corresponding 𝐹𝑆 ,
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we define the leave-one-out samples 𝑆 (𝑖) = (𝑧1, . . . , 𝑧𝑖−1, 𝑧0, 𝑧𝑖+1, . . . , 𝑧𝑛) for all 𝑖 ∈ [𝑛], with the
corresponding empirical risks:

∀ 𝑖 ∈ [𝑛], 𝐹𝑆 (𝑖) =
1
𝑛

∑︁
𝑧∈𝑆𝑖

𝑓 (𝑤, 𝑧) = 1
𝑛

∑︁
𝑗≠𝑖

𝑓 (𝑤, 𝑧 𝑗).

We can now define the on-average-loo model stability for learning algorithms.

Definition 2 (ℓ2-loo-on-average model stability) Let 𝐴 : Z𝑛 → ℝ𝑑 be a learning algorithm. We
say that 𝐴 is ℓ2-on-average model 𝜀-stable if for any samples 𝑆, 𝑆′,

1
𝑛

𝑛∑︁
𝑖=1

∥𝐴(𝑆) − 𝐴(𝑆 (𝑖) )∥2 ≤ 𝜀. (6)

We will denote by 𝜀stab the infimum over all 𝜀 for which Eq. (6) holds.

Previous work has shown that an 𝜀-leave-one-out stable algorithm achieves good generalization.
This is formalized in the following lemma from [54].

Lemma 2 (Lemma 7 from [54]) Let 𝐴 be an ℓ2-on-average-loo model 𝜀-stable learning algo-
rithm. Then, if for every 𝑧, 𝑓 (𝑤, 𝑧) is convex and 𝛽-smooth with respect to 𝑤,

𝔼𝐹 (𝐴(𝑆)) ≤ 4𝔼
[
𝐹𝑆 (𝐴(𝑆))

]
+ 3𝛽𝜀.

We can now state the stability upper bound that we establish. It is formalized in the following
lemma,

Lemma 3 Assume that for every 𝑧, 𝑓 (𝑤, 𝑧) is 𝛽-smooth, convex, non-negative and 𝜌-flat. Let 𝐴 be
an algorithm that given a data set 𝑆, produce a sequence {𝑤𝑡 }𝑇𝑡=1 such that

𝑤𝑡+1 = 𝑤𝑡 − 𝜂∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ),

where {𝑣𝑡 }𝑇𝑡=1 are vectors such that for every 𝑡, ∥𝑣𝑡 ∥ ≤ 𝑟 and 𝜂 ≤ 1/2𝛽. Assume that 𝐴 returns the
averaged iterate 𝑤 := 1

𝑇

∑𝑇
𝑡=1 𝑤𝑡 . Then, 𝐴 is ℓ2-on-average model 𝜀-stable with

𝜀stab ≤ 𝑂
(
𝜂𝛽𝑟2𝑇 + 𝛽𝜂𝑇

𝑛2 + 𝛽
2𝜂2𝑇2 max(𝑟 − 𝜌, 0)2

𝑛2

)
The proof of Lemma 3 appears in Appendix C. The proofs of Theorems 7 and 8 follow directly
from Lemmas 2 and 3 and also appear in Appendix C.

Appendix D. Proofs for Section 3

Notations. In all of the proofs in this section, we denote by ∥ · ∥ the ℓ2 norm. The symbol ⊙
represents element-wise multiplication, i.e., (𝑥 ⊙ 𝑦) (𝑖) = 𝑥(𝑖) 𝑦(𝑖). Finally, we write [𝑥]+ for the
element-wise ReLU function, defined as [𝑥]+(𝑖) = max{𝑥(𝑖), 0}.
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D.1. Proof of Theorem 1

Proof of Theorem 1 Let 𝑑 = 2𝑛 + 1, Z = {0, 1}2𝑛 and let D be the uniform distribution over Z.
Consider the following function:

𝑓 (𝑤, 𝑧) = 1
2

max

√√√ 2𝑛∑︁

𝑖=1
𝑧(𝑖)𝑤(𝑖)2 + 𝑤(𝑑)2 − 𝜌, 0


2

.

We show that 𝑓 is convex, 1-Lipschitz, 1-smooth and 𝜌-flat in Lemma 4. Since the samples are uni-
form over {0, 1}2𝑛 we have that for a random training set 𝑆 = {𝑧1, . . . , 𝑧𝑛} i.i.d.∼ D𝑛 with probability
greater than 1− 𝑒−1 > 1

2 , there exists an index 𝐼 ∈ [2𝑛] such that for every 𝑧 ∈ 𝑆, 𝑧(𝐼) = 0. For any
𝑟 ≥ 0,

𝐹𝑟
𝑆 (𝑤) ≥ 𝐹𝑆 (𝑤 + sign(𝑤(𝑑)) · 𝑟𝑒𝑑) ≥

1
2

max{𝑟 − 𝜌, 0}2.

We will now consider 𝑤 (1) = 𝑒𝐼 . First, from the choice of 𝐼, 𝐹𝑆 (𝑒𝐼 ) = 0. For every ∥𝑥∥ ≤ 𝑟,

𝐹𝑆 (𝑒𝐼 + 𝑥) =
1
2

max {∥(𝑒𝐼 + 𝑥) ⊙ 𝑧∥ − 𝜌, 0}2 ≤ 1
2

max {∥𝑥 ⊙ 𝑧∥ − 𝜌, 0}2

≤ 1
2

max {∥𝑥∥ − 𝜌, 0}2 ≤ 1
2

max {𝑟 − 𝜌, 0}2 ,

which shows 𝑤 (1) ∈ arg max𝑤∈𝑊 𝐹𝑟
𝑆

. Finally, since with probability 1
2 a new sample 𝑧′ will hold

𝑧′(𝐼) = 1:

𝐹 (𝑒𝐼 ) − 𝐹 (𝑤★) ≥ 1
4
· (1 − 𝜌)2 + 1

2
· 0 ≥ 1

16
= Ω(1),

where the last inequality holds since 𝜌 ≤ 1
2 . This concludes the results for 𝑤 (1) . For 𝑤 (2) consider

𝑤 (2) = 𝜌𝑒𝑑 . For every 𝛿 > 0:

𝐹 𝛿
𝑆 (𝜌𝑒𝑑) ≥ 𝐹𝑆 ((𝜌 + 𝛿)𝑒𝑑) =

1
2
(𝜌 + 𝛿 − 𝜌)2 =

𝛿2

2
,

which shows 𝑤 (2) is a sharp minimum. And,

𝐹 (𝜌𝑒𝐼 ) − 𝐹 (𝑤★) = 1
2

max{𝜌 − 𝜌}2 − 0 = 0.

which concludes the proof.

Lemma 4 Fix some 𝑧 ∈ ℝ𝑑−1 × {1}, and 𝜌 ≥ 0. Define the following function:

𝜙𝑧 (𝑤) = [∥ [𝑤 ⊙ 𝑧]+ ∥ − 𝜌]2
+ ,

then 𝜙𝑧 is convex, 1-Lipschitz, ∥𝑧∥2
∞-smooth in the unit ball, and 𝜌-flat.

Proof of Lemma 4 We will prove each property separately.

Convexity. Notice that 𝐾 (𝑥, 𝑧) = ∥ [𝑤 ⊙ 𝑧]+∥ is convex and the function 𝐿 (𝑥) = max{𝑥 − 𝜌, 0}2 is
convex and non-decreasing, hence the composition 𝜙 = 𝐿 ◦ 𝐾 is convex.
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Lipschitz continuity. We will start by computing the gradient.

∥∇𝜙𝑧 (𝑤)∥ =




max {∥[𝑤 ⊙ 𝑧]+∥ − 𝜌, 0}

∥[𝑤 ⊙ 𝑧]+∥
· (𝑧 ⊙ [𝑤 ⊙ 𝑧]+)






≤ ∥𝑧 ⊙ [𝑤 ⊙ 𝑧]+∥ ≤ ∥𝑧∥∞∥ [𝑤 ⊙ 𝑧]+∥ ≤ ∥𝑧∥∞∥𝑤∥ ≤ ∥𝑧∥∞.

Where the last inequality comes from the choice of𝑊 as the unit ball.

Smoothness. For 𝑥, 𝑦 ∈ ℝ𝑑 ,

∥∇𝜙𝑧 (𝑥) − ∇𝜙𝑧 (𝑦)∥ =





 𝑧 ⊙

( [
∥𝑥 ⊙ 𝑧∥ − 𝜌

]
+

∥𝑥 ⊙ 𝑧∥ 𝑥 ⊙ 𝑧 −
[
∥𝑦 ⊙ 𝑧∥ − 𝜌

]
+

∥𝑦 ⊙ 𝑧∥ 𝑦 ⊙ 𝑧
)






= ∥𝑧∥∞ ·






[
∥𝑥 ⊙ 𝑧∥ − 𝜌

]
+

∥𝑥 ⊙ 𝑧∥ 𝑥 ⊙ 𝑧 −
[
∥𝑦 ⊙ 𝑧∥ − 𝜌

]
+

∥𝑦 ⊙ 𝑧∥ 𝑦 ⊙ 𝑧





 .

Denote
𝑇 (𝑢) :=

[∥𝑢∥ − 𝜌]+
∥𝑢∥ 𝑢, (𝑇 (0) := 0),

so the last norm is ∥𝑇 (𝑥 ⊙ 𝑧) − 𝑇 (𝑦 ⊙ 𝑧)∥. Note the identity

𝑇 (𝑢) = 𝑢 − Π𝐵𝜌
(𝑢), 𝐵𝜌 := {𝑣 : ∥𝑣∥ ≤ 𝜌},

Hence, using that Euclidean projection is nonexpansive and [𝑥]+ is 1-Lipschitz,

∥𝑇 (𝑥 ⊙ 𝑧) − 𝑇 (𝑦 ⊙ 𝑧)∥ = ∥ 𝑥 ⊙ 𝑧 − Π𝐵𝜌
(𝑥 ⊙ 𝑧) − (𝑦 ⊙ 𝑧 − Π𝐵𝜌

(𝑦 ⊙ 𝑧)) ∥
≤ ∥ 𝑥 ⊙ 𝑧 − 𝑦 ⊙ 𝑧 ∥
≤ ∥(𝑥 − 𝑦) ⊙ 𝑧∥ ≤ ∥𝑧∥∞ · ∥𝑥 − 𝑦∥.

Combining the inequalities we showed

∥∇𝜙𝑧 (𝑥) − ∇𝜙𝑧 (𝑦)∥ ≤ ∥𝑧∥2
∞∥𝑥 − 𝑦∥.

This concludes the proof for smoothness.

Flatness. For 𝜌 flatness we can easily see that for any ∥𝑣∥ ≤ 𝜌 the following:

𝜙𝑧 (0 + 𝑣, 𝜌) = 𝜙𝑧 (𝑣, 𝜌) =
1
2
[| [𝑣 ⊙ 𝑧]+∥ − 𝜌]2

+ ≤ 1
2
[∥𝑣∥ − 𝜌]2

+ = 0

It is left to show that 𝜌 is the maximum flatness. Indeed, for every 𝑤 ∈ arg min 𝜙𝑧:

𝜙𝑧 (𝑤 + sign(𝑤(𝑑)) · 𝑐𝑒𝑑) ≥
1
2

max{𝑐 − 𝜌, 0}2.

This implies that for 𝑐 > 𝜌 we will have 𝜙𝑐𝑧 > 0.
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D.2. Proof of Theorem 2

Proof of Theorem 2 Let Z = {−1, 1}2𝑛 and D to be the uniform distribution over Z. For 𝑖 ∈ [𝑇]
denote 𝑤 (𝑖) = 𝑤 [𝑇 · (𝑖 − 1) + 1 : 𝑇 · 𝑖]. Consider the following function:

𝑓 (𝑤, 𝑧) = 1
2

max

√√√ 2𝑛∑︁

𝑖=1

𝑇∑︁
𝑗=1

max
{
𝑧(𝑖)𝑤 (𝑖) ( 𝑗), 0

}2 + 𝑤(𝑑)2 − 𝜌, 0


2

.

we prove that 𝑓 is convex, 1-Lipschitz, 1-smooth and 𝜌-flat in Lemma 4. From the definition of
D, for a sample 𝑧 ∼ D the coordinates 𝑧(𝑖) are i.i.d. uniform Bernoulli. For a random training set
𝑆 = {𝑧1, . . . , 𝑧𝑛} i.i.d.∼ D𝑛, 𝑆 ⊆ {0, 1}2𝑛 , we have that with probability greater than 1 − 𝑒−1 > 1

2 ,
there exists a coordinate 𝐼 such that all the examples in the sample are 1 on this coordinate, that is
𝑧(𝐼) = 1 for all 𝑧 ∈ 𝑆. Define the following SAM-gradient-oracle:

𝑂𝑆 (𝑤) =
1
𝑛

𝑛∑︁
𝑖=1

∇ 𝑓 (𝑤 + 𝑒𝐼𝑡 , 𝑧𝑖),

for 𝐼𝑡 = 𝐼 + 𝑡 − 1. We will prove correctness by induction. For 𝑤1 = 0 for every ∥𝑣∥ ≤ 𝑟 the
following holds:

1
𝑛

𝑛∑︁
𝑘=1

𝑓 (0 + 𝑣, 𝑧𝑘) =
1

2𝑛

𝑛∑︁
𝑘=1

max

√√√ 2𝑛∑︁

𝑖=1

𝑇∑︁
𝑗=1

max
{
𝑧𝑘 (𝑖) (0 + 𝑣 (𝑖) ( 𝑗)), 0

}2 − 𝜌, 0


2

≤ 1
2𝑛

𝑛∑︁
𝑘=1

max

√√√ 2𝑛∑︁

𝑖=1

𝑇∑︁
𝑗=1

max
{
𝑣 (𝑖) ( 𝑗), 0

}2 − 𝜌, 0


2

≤ 1
2𝑛

𝑛∑︁
𝑘=1

max {∥𝑣∥ − 𝜌, 0}2 ≤ 1
2
(𝑟 − 𝜌)2.

Also for 𝐼1 chosen by the oracle:

1
2𝑛

𝑛∑︁
𝑘=1

𝑓 (0 + 𝑒𝐼 , 𝑧𝑘) =
1

2𝑛

𝑛∑︁
𝑘=1

max

√√√ 2𝑛∑︁

𝑖=1

𝑇∑︁
𝑗=1

max
{
𝑧𝑘 (𝑖) (0 + 𝑣 (𝑖) ( 𝑗)), 0

}2 − 𝜌, 0


2

=
1

2𝑛

𝑛∑︁
𝑘=1

max
{√︃

max {0 + 𝑣(𝐼), 0}2 − 𝜌, 0
}2

=
1
2
(𝑟 − 𝜌)2,

this concludes the base case. For the induction step we can notice that in step 𝑡 it holds that 𝑤(𝑖) ≤ 0
for every 𝑖 and 𝑤(𝐼𝑡 ) = 0 thus the same steps as the base case complete the proof. To see no
projections take place we note that by definition:

𝑂𝑆 (𝑤𝑡 ) = 1
2𝑛

∑𝑛
𝑘=1 2

(√︁
𝑧𝑘 (𝐼𝑡 ) (𝑤𝑡 (𝐼𝑡 ) + 𝑟)2 − 𝜌

)
· 𝑧⊙([𝑤+𝑟𝑒𝐼𝑡 ]+ )√

𝑧𝑘 (𝐼𝑡 ) (𝑤𝑡 (𝐼𝑡 )+𝑟 )2
= (𝑟 − 𝜌) · 𝑟𝑒𝐼𝑡

𝑟
= (𝑟 − 𝜌)𝑒𝐼𝑡 .

This implies that at time 𝑡:

𝑤𝑡 (𝑖) =
{
−𝜂(𝑟 − 𝜌) 𝑖 ∈ {𝐼 𝑗}𝑡−1

𝑗=1
0 o.w.

.
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Since 𝜂(𝑟 − 𝜌) ≤ 1√
𝑇

, we stay inside the unit ball for the entire run of the algorithm. This dynamic

also imply that for every 𝜏 ∈ [𝑇] suffix average 𝑤𝜏 = 1
𝑇−𝜏+1

∑𝑇
𝑡=𝜏 𝑤𝑡 and 𝑠 ≤ 𝑇

2 the following
holds:

𝑤𝜏 (𝐼𝑠) =
1

𝑇 − 𝜏 + 1

𝑇∑︁
𝑡=𝜏

𝑤𝑡 (𝐼𝑠) ≤
1

𝑇 − 𝜏 + 1

𝑇∑︁
𝑡=max{𝜏,𝑇/2}

𝑤𝑡 (𝐼𝑠)

≤ 𝑇 − max{𝜏, 𝑇/2} + 1
𝑇 − 𝜏 + 1

(−𝜂(𝑟 − 𝜌)) ≤ −𝜂(𝑟 − 𝜌)
2

.

With probability 1
2 a new sample 𝑧′ will hold 𝑧(𝐼) = −1 which gives:

𝐹 (𝑤𝜏) − 𝐹 (0) ≥
1
4

max

√√√

𝑇∑︁
𝑡=1

𝑤
(𝐼 )
𝜏 (𝑡)2 − 𝜌, 0


2

≥ 1
4

max

{
𝜂(𝑟 − 𝜌)

2

√︂
𝑇

2
− 𝜌, 0

}2

≥ 1
4

max

{
𝜂(𝑟 − 𝜌)

2

√︂
𝑇

2
− 𝜂(𝑟 − 𝜌)

√
𝑇

3
, 0

}2

(𝜌 ≤ 𝑟 − 3𝑟
3+𝜂

√
𝑇

)

≥ 1
4 · 1002 𝜂(𝑟 − 𝜌)

√
𝑇 = Ω(𝜂2(𝑟 − 𝜌)2𝑇).

D.3. Proof of Theorem 3

Proof of Theorem 3 Let 𝑑 = 𝑇 · 2𝑛 + 1, Z = {0, 1}2𝑛 , D to be the uniform distribution over Z.
Denote for every 𝑖 ∈ [𝑇]; 𝑤 (𝑖) = 𝑤 [𝑇 · (𝑖 − 1) + 1 : 𝑇 · 𝑖]. Consider the following function:

𝑓 (𝑤, 𝑧) = 1
2

2𝑛∑︁
𝑖=1

𝑇∑︁
𝑗=2

𝑧(𝑖)𝑤 (𝑖) ( 𝑗)2

+ 1
2

2𝑛∑︁
𝑖=1

𝑇∑︁
𝑗=2

max
{
𝑤 (𝑖) ( 𝑗) − 𝛿 𝑗

(
𝑤 (𝑖) ( 𝑗 − 1) + 𝜆 · 1[ 𝑗 = 2]

)
, 0

}2

+ 𝛾
2

max{𝑣𝑇𝑧 𝑤 + 𝛿1, 0}2,

where

𝑣
(𝑖)
𝑧 ( 𝑗) =


0 𝑗 ≠ 1
− 1

2(𝑑−1) 𝑖 ≤ 2𝑛, 𝑗 = 1 and 𝑧(𝑖) = 0
1 𝑖 ≤ 2𝑛, 𝑗 = 1 and 𝑧(𝑖) = 1
1 𝑖 = 2𝑛 + 1 and 𝑗 = 1

,

and,

𝛿1 =
𝜂𝛾𝑟

2
√
𝑑 − 𝜂𝛾

, 𝜆 =
𝑟

4𝑑 (𝑑 − 1) , 𝛾 =
𝜆

max{1, 𝜂}(𝑟 + 𝛿1)
.

The positive parameters {0 < 𝛿 𝑗 ≤ 1}𝑇
𝑗=2 will be chosen later. We will prove 𝑓 has the desired

properties in the following lemma whose proof is deferred to Appendix D.3.1.
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Lemma 5 𝑓 defined as defined above is convex, 6-smooth, 7-Lipschitz and realizable, meaning
𝜌-flat with 𝜌 = 0.

Since the distribution D is uniform over {0, 1}2𝑛 , for a random training set 𝑆 = {𝑧1, . . . , 𝑧𝑛}
with probability at least 1

𝑒
> 1

3 , there exists exactly one index 𝐼 such that for every 𝑧 ∈ 𝑆, 𝑧(𝐼) = 0.
For the rest of the proof, assume this event holds. We will show the dynamics of the algorithm under
this assumption in the following lemma whose proofs are deferred to Appendix D.3.1:

Lemma 6 Assuming there exists a coordinate 𝐼 such that ∀𝑧 ∈ 𝑆; 𝑧(𝐼) = 0, and 𝜂𝑟 ≤ 1√
𝑇

, 𝑤1 = 0,
then there exists 𝛿2 > 0 such that after running one SAM update on 𝐹𝑆 ,

1. ∀𝑧 ∈ 𝑆; 𝑣𝑇𝑧 𝑤2 + 𝛿1 ≤ 0
2. ∀𝑖 ≠ 𝐼; −𝜆 < 𝑤 (𝑖)

2 (1) < 0

3. ∀𝑖 ≠ 𝐼, 𝑗 ≥ 2; 𝑤 (𝑖)
2 ( 𝑗) = 0

4. ∀ 𝑗 ≥ 3; 𝑤 (𝐼 )
2 ( 𝑗) = 0

5. 0 ≤ 𝑤 (𝐼 )
2 (1) ≤ 1

𝑑

6. − 1
𝑑
≤ 𝑤 (𝐼 )

2 (2) < 0.

From this lemma we can conclude that if 𝑤 (𝐼 )
𝑡 (2) remains negative throughout the remaining run of

the algorithm, none of the coordinates in 𝑤 (𝑖) where 𝑖 ≠ 𝐼 will change, and neither will 𝑤 (𝑖) (1) for
every 𝑖. This means that while 𝑤 (𝐼 )

𝑡 (2) remains negative it suffices to prove the dynamics for the
following function:

𝑔(𝑢) = 1
2

𝑇∑︁
𝑗=3

max
{
𝑢( 𝑗) − 𝛿 𝑗𝑢( 𝑗 − 1), 0

}2 + max{𝑢(2), 0}2,

when we start from 𝑢2 = −𝜎𝑒2 for 𝜎 = |𝑤 (𝐼 )
2 (2) | > 0. The dynamics we will prove for 𝑢[2 : 𝑇] will

hold for 𝑤 (𝐼 ) [2 : 𝑇] while the rest of 𝑤 stays the same as in 𝑤2. We will now continue to look at the
dynamics of {𝑢𝑡 }𝑇𝑡=2. We will have the following lemma whose proof is deferred to Appendix D.3.1:

Lemma 7 There exists a set of positive parameters {0 < 𝛿𝑡 ≤ 1}𝑇
𝑡=3 such that starting from

𝑢2 = −𝜎𝑒2 will give us the following for 𝑡 ≥ 4:
1. −𝜎 ≤ 𝑢𝑡 (2) ≤ 0

2. 𝑢𝑡 (𝑖 + 1) − 𝛿𝑖𝑢𝑡 (𝑖)

≤ 0 2 ≤ 𝑖 < 𝑡
> 0 𝑖 = 𝑡

= 0 𝑡 < 𝑖 ≤ 𝑇 − 1
3. −2𝜂𝑟 ≤ 𝑢𝑡 (𝑡) ≤ −𝜂𝑟
4. −2𝜂𝑟 ≤ 𝑢𝑡 (𝑡 − 1) ≤ −1

2𝜂𝑟 .

In the proof of the dynamic of 𝑢 we did not consider projections, that is because with this
dynamic and the assumption that 𝜂𝑟 ≤ 1

2
√
𝑇

means we stay inside the unit ball for the entire algorithm
and no projections take place. To see this notice using Lemmas 6 and 7 that for every 𝑡 ∈ [𝑇]:

∥𝑤𝑡 ∥2 ≤ ∥𝑤𝑇 ∥2 ≤ 2(𝑇 − 1) · 4𝜂2𝑟2 + 𝑑 · 1
𝑑2 ≤ 4

(𝑇 − 1)
4𝑇

+ 1
𝑇 · 2𝑛

≤ 1.
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Concluding we know that for 𝑡 = 3, . . . , 𝑇 :

∀ 𝑗 ∈ {3, . . . , 𝑡}; 𝑤 (𝐼 )
𝑡 ( 𝑗) ≤ −1

2
𝜂𝑟.

This implies that for a suffix average 𝜏 ∈ [𝑇]; 𝑤𝜏 = 1
𝑇−𝜏+1

∑𝑇
𝑡=𝜏 𝑤𝑡 we have that for 𝑠 ≥ 𝑇

2 :

𝑤
(𝐼 )
𝜏 (𝑠) = 1

𝑇 − 𝜏 + 1

𝑇∑︁
𝑡=𝜏

𝑤
(𝐼 )
𝑡 (𝑠) ≤ 1

𝑇 − 𝜏 + 1

𝑇∑︁
𝑡=max{𝜏,𝑇/2}

𝑤
(𝐼 )
𝑡 (𝑠)

≤ 𝑇 − max{𝜏, 𝑇/2} + 1
𝑇 − 𝜏 + 1

(
−1

2
𝜂𝑟

)
≤ −𝜂𝑟

4
.

With probability 1
2 a new sample 𝑧′ will have 𝑧′(𝐼) = 1. This means that for every 𝜏 ∈ [𝑇]:

𝐹 (𝑤𝜏) − 𝐹 (𝑤★) ≥ ∥𝑤𝜏 ∥2 ≥ 1
4
𝜂2𝑟2 · 𝑇

2
= Ω(𝜂2𝑟2𝑇).

Where we use the fact that 𝐹 is realizable. This concludes the proof.

D.3.1. OMITTED PROOFS

Proof of Lemma 5 We will use the following notation:

𝑓 (𝑤, 𝑧) = 1
2

2𝑛∑︁
𝑖=1

𝑇∑︁
𝑗=2

𝑧(𝑖) 𝑤 (𝑖) ( 𝑗)2

︸                       ︷︷                       ︸
=: 𝑓1 (𝑤)

+ 1
2

2𝑛∑︁
𝑖=1

𝑇∑︁
𝑗=2

[
𝑤 (𝑖) ( 𝑗) − 𝛿 𝑗

(
𝑤 (𝑖) ( 𝑗 − 1) + 𝜆 1[ 𝑗 = 2]

) ]2
+︸                                                                 ︷︷                                                                 ︸

=: 𝑓2 (𝑤)

+ 𝛾
2
[ 𝑣⊤𝑧 𝑤 + 𝛿1 ]2

+︸             ︷︷             ︸
=: 𝑓3 (𝑤)

,

Convexity. Each component is convex:
• 𝑓1: a nonnegative sum of convex quadratics.
• 𝑓2: each term is 1

2 (affine(𝑤))2
+, convex because 𝑥 ↦→ 1

2 (𝑥+)
2 is convex and nondecreasing.

• 𝑓3: same reasoning as 𝑓2.
Therefore 𝑓 is convex.

Lipschitz continuity. We will bound the norm of the gradients inside the unite ball.
• 𝑓1: ∇ 𝑓1(𝑤) = 𝑧(𝑖) 𝑤 (𝑖) ( 𝑗) on each (𝑖, 𝑗) with 𝑗 ≥ 2, hence ∥∇ 𝑓1(𝑤)∥ ≤ ∥𝑤∥ ≤ 1.
• 𝑓2: define 𝑟𝑖, 𝑗 (𝑤) =

[
𝑤 (𝑖) ( 𝑗) − 𝛿 𝑗 (𝑤 (𝑖) ( 𝑗 − 1) + 𝜆1[ 𝑗 = 2])

]
. Each term 1

2𝑟𝑖, 𝑗 (𝑤)
2 con-

tributes gradient supported on 𝑤 (𝑖) ( 𝑗), 𝑤 (𝑖) ( 𝑗 − 1) with squared norm (1 + 𝛿2
𝑗
)𝑟𝑖, 𝑗 (𝑤)2 ≤

2𝑟𝑖, 𝑗 (𝑤)2. Summing and bounding as in (𝑎−𝑏)2 ≤ 2𝑎2+2𝑏2, 𝛿 𝑗 ≤ 1, we obtain ∥∇ 𝑓2(𝑤)∥ ≤
4 + 2|𝜆 |𝛿2

√
2𝑛 ≤ 4 + 2 · 𝑟

2𝑑 (𝑑−1)
√

2𝑛 ≤ 5.
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• 𝑓3: ∇ 𝑓3(𝑤) = 𝛾 (𝑣⊤𝑧 𝑤 + 𝛿1)+ 𝑣𝑧 , hence ∥∇ 𝑓3(𝑤)∥2 ≤ 𝛾(∥𝑣𝑧 ∥ + |𝛿1 |) ∥𝑣𝑧 ∥ ≤ 1
4𝑑 (𝑑−1) · (

𝑑
𝑇
+ 1) ·

𝑑
𝑇
≤ 1.

Adding the three bounds gives 𝑓 is 7-Lipschitz.

Smoothness.
• 𝑓1: its Hessian is diagonal with entries 𝑧(𝑖) on coordinates (𝑖, 𝑗) with 𝑗 ≥ 2, hence ∥∇ 𝑓1(𝑥) −
∇ 𝑓1(𝑦)∥2 ≤ ∥𝑥 − 𝑦∥2. So 𝑓1 is 1-smooth.

• 𝑓2: For each 𝑖, stack the variables as 𝑤 (𝑖) ∈ ℝ𝑇 and define the linear map

(𝐵𝑤 (𝑖) ) 𝑗−1 = 𝑤 (𝑖) ( 𝑗) − 𝛿 𝑗 𝑤 (𝑖) ( 𝑗 − 1), 𝑗 = 2, . . . , 𝑇,

so 𝐵 ∈ ℝ(𝑇−1)×𝑇 has 1 on the superdiagonal and −𝛿 𝑗 on the subdiagonal positions that touch
it. Let 𝑏 ∈ ℝ𝑇−1 encode the constant shift 𝑏1 = −𝛿2 𝜆 and 𝑏𝑘 = 0 for 𝑘 ≥ 2. Writing 𝑥 for the
full vector that stacks all 𝑤 (𝑖) , we can express

𝑓2(𝑥) =
1
2

2𝑛∑︁
𝑖=1



 (𝐵𝑤 (𝑖) + 𝑏)+


2

2 =
1
2


 (𝐴𝑥 + 𝑐)+ 

2

2,

where 𝐴 is block-diagonal with 2𝑛 copies of 𝐵 and 𝑐 stacks the copies of 𝑏. Define 𝜙(𝑧) =
1
2 ∥𝑧+∥

2
2 =

∑
𝑘

1
2 [𝑧𝑘]

2
+. Then ∇𝜙(𝑧) = 𝑧+ and ∇𝜙 is 1-Lipschitz since ∥𝑧+ − 𝑦+∥2 ≤ ∥𝑧 − 𝑦∥2.

By the chain rule,
∇ 𝑓2(𝑥) = 𝐴⊤ (𝐴𝑥 + 𝑐)+ = 𝐴⊤∇𝜙(𝐴𝑥 + 𝑐).

Hence, for any 𝑥, 𝑦,

∥∇ 𝑓2(𝑥) − ∇ 𝑓2(𝑦)∥ =


𝐴⊤ (

∇𝜙(𝐴𝑥 + 𝑐) − ∇𝜙(𝐴𝑦 + 𝑐)
)



≤ ∥𝐴∥ ∥∇𝜙(𝐴𝑥 + 𝑐) − ∇𝜙(𝐴𝑦 + 𝑐)∥
≤ ∥𝐴∥ ∥𝐴(𝑥 − 𝑦)∥ ≤ ∥𝐴∥2 ∥𝑥 − 𝑦∥.

Therefore 𝑓2 is ∥𝐴∥2 = ∥𝐵∥2-smooth. Using 𝛿 𝑗 ≤ 1 and (𝑎 − 𝑏)2 ≤ 2𝑎2 + 2𝑏2,

∥𝐵𝑥∥2
2 =

𝑇∑︁
𝑗=2

(
𝑥 𝑗 − 𝛿 𝑗𝑥 𝑗−1

)2 ≤ 2
𝑇∑︁
𝑗=2
𝑥2
𝑗 + 2

𝑇∑︁
𝑗=2
𝛿2
𝑗𝑥

2
𝑗−1 ≤ 4

𝑇∑︁
𝑗=1
𝑥2
𝑗 ,

so ∥𝐵∥ ≤ 2 and consequently 𝑓2 is 4-smooth.
• 𝑓3: ∇ 𝑓3(𝑤) = 𝛾 [ 𝑣⊤𝑧 𝑤 + 𝛿1 ]+ 𝑣𝑧 . For any 𝑥, 𝑦,

∥∇ 𝑓3(𝑥)−∇ 𝑓3(𝑦)∥ = 𝛾
��[ 𝑣⊤𝑧 𝑥+𝛿1 ]+−[ 𝑣⊤𝑧 𝑦+𝛿1 ]+

�� ∥𝑣𝑧 ∥ ≤ 𝛾 |𝑣⊤𝑧 (𝑥−𝑦) | ∥𝑣𝑧 ∥ ≤ 𝛾∥𝑣𝑧 ∥2∥𝑥−𝑦∥,

so 𝑓3 is 𝛾∥𝑣𝑧 ∥2-smooth.
Summing gives 𝑓 is 𝛽 ≤ 5 + 𝛾∥𝑣𝑧 ∥2

2 ≤ 5 + 𝑑 · 1
4𝑑 (𝑑−1) ≤ 6 smooth.

Realizability. We can see that for

𝑤★(𝑖) =
{

0 𝑖 < 𝑑

−𝜆
2 𝑖 = 𝑑
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𝑓 (𝑤★, 𝑧) = 0 for every 𝑧 ∈ {0, 1}𝑑 .

Proof of Lemma 6 Denote 𝑣𝑆 = 1
𝑛

∑𝑛
𝑘=1 𝑣𝑧𝑘 . We will compute the gradient steps explicitly,

∇𝐹 (𝑤1) =
1
𝑛

𝑛∑︁
𝑘=1

𝛿1 · 𝛾𝑣𝑧𝑘 = 𝛿1𝛾𝑣𝑆 .

Hence,

𝑤1+1/2 = 0 + 𝑟𝛿1𝛾𝑣𝑆
𝛿1𝛾∥𝑣𝑆 ∥

=
𝑟𝑣𝑆

∥𝑣𝑆 ∥
.

Since 𝑛 ≥ 2 it holds that 1
2(𝑑−1) ≤ 1

2𝑛 . This implies 𝑣𝑧 (𝑖) = 1 =⇒ 𝑤1+1/2(𝑖) > 0. Hence, for every
𝑧 ∈ 𝑆:

𝑣𝑇𝑧 𝑤1+1/2 ≥ 𝑤 (2𝑛+1)
1 (1) − 𝑟

2(𝑑 − 1) ·
𝑑 − 1
∥𝑣𝑆 ∥

=
𝑟

2∥𝑣𝑆 ∥
> 0.

We can calculate the first SAM update explicitly,

∇𝐹𝑆 (𝑤1+1/2) =
1
𝑛

𝑛∑︁
𝑘=1

𝛾

(
𝑣𝑧𝑘 ⊙

𝑟𝑣𝑆

∥𝑣𝑆 ∥
+ 𝛿1

)
⊙ 𝑣𝑧𝑘 +

[
−𝛿2

(
𝑟𝑣𝑆 (𝐼)
∥𝑣𝑆 ∥

+ 𝜆
)]

+
(𝑒 (𝐼 )2 − 𝛿2𝑒

(𝐼 )
1 )

= 𝛾

(
𝑟𝑣𝑆

∥𝑣𝑆 ∥

[
1
𝑛

𝑛∑︁
𝑘=1

𝑣𝑧𝑘 ⊙ 𝑣𝑧𝑘

]
+ 𝛿1𝑣𝑆

)
− 𝛿2

(
𝑟𝑣𝑆 (𝐼)
∥𝑣𝑆 ∥

+ 𝜆
)
(𝑒 (𝐼 )2 − 𝛿2𝑒

(𝐼 )
1 ),

where the last step is from the fact that:

𝑣𝑆 (𝐼)
∥𝑣𝑆 ∥

+ 𝜆 = − 𝑟

2(𝑑 − 1)∥𝑣𝑆 ∥
+ 𝜆 ≤ − 1

2(𝑑 − 1)𝑑 + 𝑟

4𝑑 (𝑑 − 1) = − 𝑟

4𝑑 (𝑑 − 1) < 0.

Notice that similarly to before, this gradient step guarantees 𝑣𝑧 (𝑖) = 1 =⇒ 𝑤2(𝑖) < 0. Since
𝑣𝑆 (𝑇 · 2𝑛 + 1) = 1, for every 𝑧 ∈ 𝑆:

𝑣𝑇𝑧 𝑤2 ≤ 𝑤 (2𝑛+1)
2 (1)

(
1 − 1

2(𝑑 − 1) (𝑑 − 1)
)
=

1
2
𝑤

(2𝑛+1)
2 (1) = −𝜂𝛾

2

(
𝑟 + 𝛿1
∥𝑣𝑆 ∥

)
≤ −𝜂𝛾(𝑟 + 𝛿1)

2
√
𝑑

< 0 (∥𝑣𝑆 ∥ ≤
√
𝑑)

This implies that for every 𝑧 ∈ 𝑆:

𝑣𝑇𝑧 𝑤2 + 𝛿1 ≤ −𝜂𝛾(𝑟 + 𝛿1)
2
√
𝑑

+ 𝛿1 =
−𝜂𝛾𝑟 + 𝛿1(2

√
𝑑 − 𝜂𝛾)

2
√
𝑑

= 0.

Where the last step is due to the choice of 𝛿1 and concludes Item 1. Furthermore, for every 𝑖 ≠ 𝐼 we
have that:

𝑤
(𝑖)
2 (1) + 𝜆 ≥ −𝛾(𝑟 + 𝛿1)

∥𝑣𝑆 ∥
+ 𝜆 ≥ −𝛾(𝑟 + 𝛿1) + 𝜆 = 0,

where the last step is from the choice of 𝛾 concluding Item 2. Finally,

𝑤
(𝐼 )
2 (1) = −𝜂𝛿2

2

(
𝑟𝑣𝑆 (𝐼)
∥𝑣𝑆 ∥

)
+ 𝜂𝛾

(
𝑟

8(𝑑 − 1)3∥𝑣𝑆 ∥
+ 𝛿1

2(𝑑 − 1)

)
≤ −𝜂𝛿2

2

(
𝑟𝑣𝑆 (𝐼)
∥𝑣𝑆 ∥

)
+ 1

4𝑑 (𝑑 − 1)

(
1

8(𝑑 − 1)3 + 1
2(𝑑 − 1)

)
,
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where the last inequality is again from the choice of 𝛾. This implies that there exists 𝜏1 > 0 such
that for every 𝛿2 ≤ 𝜏1 it holds that 0 ≤ 𝑤 (𝐼 )

2 (1) ≤ 1√
𝑑

. Similarly,

𝑤
(𝐼 )
2 (2) = 𝜂𝛿2

(
𝑟𝑣𝑆 (𝐼)
∥𝑣𝑆 ∥

+ 𝜆
)
.

Since this goes to 0 when 𝛿2 goes to zero, there exists 𝜏2 such that for every 0 < 𝛿2 ≤ 𝜏2;
− 1√

𝑑
≤ 𝑤 (𝐼 )

2 (2) < 0. Choosing 0 < 𝛿2 = min{𝜏1, 𝜏2, 1} concludes Items 5 and 6. Items 3 and 4 hold
since these coordinates weren’t changed by the update and thus stayed 0.

Proof of Lemma 7 We will show the claim by induction on 𝑡.

Base case. We will start by computing 𝑢4. Using all we’ve proved we get:

∇𝑔(𝑢2) = −𝛿3𝜎(𝑒3 − 𝛿3𝑒2),

which gives:

𝑢2+1/2 = 𝑢2 +
𝑟∇𝑔(𝑢2)
∥∇𝑔(𝑢2)∥

= 𝑢2 +
𝑟𝛿3

𝛿3

√︃
1 + 𝛿2

3

𝑒3 −
𝑟𝛿2

3

𝛿3

√︃
1 + 𝛿2

3

𝑒2

= 𝑢2 +
𝑟√︃

1 + 𝛿2
3

𝑒3 −
𝑟𝛿3√︃
1 + 𝛿2

3

𝑒2.

Thus,

∇𝑔(𝑢2+1/2) = (𝑢2+1/2(3) − 𝛿3𝑢2+1/2(2))𝑒3 − 𝛿3(𝑢2+1/2(3) − 𝛿3𝑢2+1/2(2))𝑒2

=
©­­«

𝑟√︃
1 + 𝛿2

3

+
𝑟𝛿2

3√︃
1 + 𝛿2

3

− 𝛿3𝑢2(2)
ª®®¬ 𝑒3 − 𝛿3

©­­«
𝑟√︃

1 + 𝛿2
3

+
𝑟𝛿2

3√︃
1 + 𝛿2

3

− 𝛿3𝑢2(2)
ª®®¬ 𝑒2

=

(
𝑟

√︃
1 + 𝛿2

3 − 𝛿3𝑢2(2)
)
𝑒3 − 𝛿3

(
𝑟

√︃
1 + 𝛿2

3 − 𝛿3𝑢2(2)
)
𝑒2.

Finally,

𝑢3 = 𝑢2 − 𝜂
(
𝑟

√︃
1 + 𝛿2

3 − 𝛿3𝑢2(2)
)
𝑒3 + 𝜂𝛿3

(
𝑟

√︃
1 + 𝛿2

3 − 𝛿3𝑢2(2)
)
𝑒2.

This gives:

−𝜎 ≤ 𝑢3(2) = −𝜎 + 𝜂𝛿3

(
𝑟

√︃
1 + 𝛿2

3 − 𝛿3𝑢2(2)
)
.

Importantly 𝜎 does not depend on 𝛿3 so this term goes to −𝜎 < 0 as 𝛿3 goes to 0. This means that
there exists 𝜏1 such that for every 𝛿3 ≤ 𝜏1 we have that 𝑢3(2) < 0. Furthermore,

𝑢3(3) = −𝜂
(
𝑟

√︃
1 + 𝛿2

3 − 𝛿3𝑢2(2)
)
≤ −𝜂𝑟 + 𝜂𝛿3𝑢2(2) ≤ −𝜂𝑟,
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where the last inequality is from the fact that 𝑢2(2) ≤ 0. Also since 𝑢3(3) goes to −𝜂𝑟 when 𝛿3 goes
to 0, there exists 𝜏2 such that for 𝛿3 ≤ 𝜏2:

𝑢3(3) = −𝜂
(
𝑟

√︃
1 + 𝛿2

3 − 𝛿3𝑢2(2)
)
≥ −2𝜂𝑟.

Further,

𝑢3(3) − 𝛿3𝑢3(2) = −𝜂
(
𝑟

√︃
1 + 𝛿2

3 − 𝛿3𝑢2(2)
)
− 𝛿3

(
−𝜎 + 𝜂𝛿3

(
𝑟

√︃
1 + 𝛿2

3 − 𝛿3𝑢2(2)
))
.

Again, this term goes to something strictly negative as 𝛿3 goes to 0. This means that there exists
𝜏3 such that for every 𝛿3 ≤ 𝜏3 it holds that 𝑢3(3) − 𝛿3𝑢3(2) < 0. Choosing 𝛿3 = min{𝜏1, 𝜏2, 𝜏3, 1}
concludes 𝑢3. We will now calculate 𝑢4. From what we have shown:

∇𝑔(𝑢3) = −𝛿4𝑢3(3) (𝑒4 − 𝛿4𝑒3),

which gives:

𝑢3+1/2 = 𝑢3 +
𝑟∇𝑔(𝑢3)
∥∇𝑔(𝑢3)∥

= 𝑢3 +
𝑟𝛿4

𝛿4

√︃
1 + 𝛿2

4

𝑒4 −
𝑟𝛿2

4

𝛿4

√︃
1 + 𝛿2

4

𝑒3

= 𝑢3 +
𝑟√︃

1 + 𝛿2
4

𝑒4 −
𝑟𝛿4√︃
1 + 𝛿2

4

𝑒3.

Thus,

∇𝑔(𝑢3+1/2) = (𝑢3+1/2(4) − 𝛿4𝑢3+1/2(3))𝑒4 − 𝛿4(𝑢3+1/2(4) − 𝛿4𝑢3+1/2(3))𝑒3

=
©­­«

𝑟√︃
1 + 𝛿2

4

+
𝑟𝛿2

4√︃
1 + 𝛿2

4

− 𝛿4𝑢3(3)
ª®®¬ 𝑒4 − 𝛿4

©­­«
𝑟√︃

1 + 𝛿2
4

+
𝑟𝛿2

4√︃
1 + 𝛿2

4

− 𝛿4𝑢3(3)
ª®®¬ 𝑒3

=

(
𝑟

√︃
1 + 𝛿2

4 − 𝛿4𝑢3(3)
)
𝑒4 − 𝛿4

(
𝑟

√︃
1 + 𝛿2

4 − 𝛿4𝑢3(3)
)
𝑒3.

Finally,

𝑢4 = 𝑢3 − 𝜂
(
𝑟

√︃
1 + 𝛿2

4 − 𝛿4𝑢3(3)
)
𝑒4 + 𝜂𝛿4

(
𝑟

√︃
1 + 𝛿2

4 − 𝛿4𝑢3(3)
)
𝑒3.

This gives:

−2𝜂𝑟 ≤ 𝑢4(3) = 𝑢3(3) + 𝜂𝛿4

(
𝑟

√︃
1 + 𝛿2

4 − 𝛿4𝑢3(3)
)
.

Importantly 𝑢3(3) does not depend on 𝛿4 so this term goes to 𝑢3(3) < −𝜂𝑟 as 𝛿4 goes to 0. This
means that there exists 𝜃1 such that for every 𝛿4 ≤ 𝜃1 we have that 𝑢4(3) < − 1

2𝜂𝑟. Furthermore,

𝑢4(4) = −𝜂
(
𝑟

√︃
1 + 𝛿2

4 − 𝛿4𝑢3(3)
)
≤ −𝜂𝑟 + 𝜂𝛿4𝑢3(3) ≤ −𝜂𝑟,
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where the last inequality is from the fact that 𝑢3(3) ≤ 0. Also since 𝑢4(4) goes to −𝜂𝑟 when 𝛿4 goes
to 0, there exists 𝜃2 such that for 𝛿4 ≤ 𝜃2:

𝑢4(4) = −𝜂
(
𝑟

√︃
1 + 𝛿2

4 − 𝛿4𝑢3(3)
)
≥ −2𝜂𝑟.

Further,

𝑢4(4) − 𝛿4𝑢4(3) = −𝜂
(
𝑟

√︃
1 + 𝛿2

4 − 𝛿4𝑢3(3)
)
− 𝛿4

(
−𝑢3(3) + 𝜂𝛿4

(
𝑟

√︃
1 + 𝛿2

4 − 𝛿4𝑢3(3)
))
.

Again, this term goes to something strictly negative as 𝛿4 goes to 0. This means that there exists
𝜃3 such that for every 𝛿4 ≤ 𝜃3 it holds that 𝑢4(4) − 𝛿4𝑢4(3) < 0. Choosing 𝛿4 = min{𝜃1, 𝜃2, 𝜃3, 1}
concludes 𝑢4 and the base case.

Inductive step. Assume this holds for 𝑡′ ≤ 𝑡. Notice that from the claim it holds that 𝑢𝑡 ′ does
not depend on 𝛿𝑡 for 𝑡′ ≤ 𝑡. So we can choose 𝛿𝑡 now using {𝑢𝑡 ′}𝑡 ′≤𝑡 . We will calculate the SAM
update for from 𝑢𝑡−1 to 𝑢𝑡 using the inductive assumption:

∇𝑔(𝑢𝑡−1) = −𝛿𝑡𝑢𝑡 (𝑡) (𝑒𝑡 − 𝛿𝑡𝑒𝑡−1)

which gives:

𝑢𝑡−1+1/2 = 𝑢𝑡−1 +
𝑟∇𝑔(𝑢𝑡−1)
∥∇𝑔(𝑢𝑡−1)∥

= 𝑢𝑡−1 +
𝑟𝛿𝑡

𝛿𝑡

√︃
1 + 𝛿2

𝑡

𝑒𝑡 −
𝑟𝛿2

𝑡

𝛿𝑡

√︃
1 + 𝛿2

𝑡

𝑒𝑡−1

= 𝑢𝑡−1 +
𝑟√︃

1 + 𝛿2
𝑡

𝑒𝑡 −
𝑟𝛿𝑡√︃
1 + 𝛿2

𝑡

𝑒𝑡−1.

Thus,

∇𝑔(𝑢𝑡−1+1/2) = (𝑢𝑡−1+1/2(𝑡) − 𝛿𝑡𝑢𝑡−1+1/2(𝑡 − 1)) (𝑒𝑡 − 𝛿𝑡𝑒𝑡−1)

=
©­­«

𝑟√︃
1 + 𝛿2

𝑡

+
𝑟𝛿2

𝑡√︃
1 + 𝛿2

𝑡

− 𝛿𝑡𝑢𝑡−1(𝑡 − 1)
ª®®¬ (𝑒𝑡 − 𝛿𝑡𝑒𝑡−1)

=

(
𝑟

√︃
1 + 𝛿2

𝑡 − 𝛿𝑡𝑢𝑡−1(𝑡 − 1)
)
𝑒𝑡 − 𝛿𝑡

(
𝑟

√︃
1 + 𝛿2

𝑡 − 𝛿𝑡𝑢𝑡−1(𝑡 − 1)
)
𝑒𝑡−1.

Finally,

𝑢𝑡 = 𝑢𝑡−1 − 𝜂
(
𝑟

√︃
1 + 𝛿2

𝑡 − 𝛿𝑡𝑢𝑡−1(𝑡 − 1)
)
𝑒𝑡 + 𝜂𝛿𝑡

(
𝑟

√︃
1 + 𝛿2

𝑡 − 𝛿𝑡𝑢3𝑡 − 1(𝑡 − 1)
)
𝑒𝑡−1.

This gives:

−2𝜂𝑟 ≤ 𝑢𝑡 (𝑡 − 1) = 𝑢𝑡−1(𝑡 − 1) + 𝜂𝛿𝑡
(
𝑟

√︃
1 + 𝛿2

𝑡 − 𝛿𝑡𝑢𝑡−1(𝑡 − 1)
)
.
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Importantly 𝑢𝑡−1(𝑡 − 1) does not depend on 𝛿𝑡 so this term goes to 𝑢𝑡−1(𝑡 − 1) < −𝜂𝑟 as 𝛿𝑡 goes
to 0. This means that there exists 𝜃1 such that for every 𝛿𝑡 ≤ 𝜃1 we have that 𝑢𝑡 (𝑡 − 1) < −1

2𝜂𝑟 .
Furthermore,

𝑢𝑡 (𝑡) = −𝜂
(
𝑟

√︃
1 + 𝛿2

𝑡 − 𝛿𝑡𝑢𝑡−1(𝑡 − 1)
)
≤ −𝜂𝑟 + 𝜂𝛿𝑡𝑢𝑡−1(𝑡 − 1) ≤ −𝜂𝑟,

where the last inequality is from the fact that 𝑢𝑡−1(𝑡 − 1) ≤ 0. Also since 𝑢𝑡 (𝑡) goes to −𝜂𝑟 when 𝛿4
goes to 0, there exists 𝜃2 such that for 𝛿𝑡 ≤ 𝜃2:

𝑢𝑡 (𝑡) = −𝜂
(
𝑟

√︃
1 + 𝛿2

𝑡 − 𝛿𝑡𝑢𝑡−1(𝑡 − 1)
)
≥ −2𝜂𝑟.

Further,

𝑢𝑡 (𝑡) − 𝛿𝑡𝑢𝑡 (𝑡 − 1) =

− 𝜂
(
𝑟

√︃
1 + 𝛿2

𝑡 − 𝛿𝑡𝑢𝑡−1(𝑡 − 1)
)
− 𝛿𝑡

(
−𝑢𝑡−1(𝑡 − 1) + 𝜂𝛿𝑡

(
𝑟

√︃
1 + 𝛿2

𝑡 − 𝛿𝑡𝑢𝑡−1(𝑡 − 1)
))
.

Again, this term goes to something strictly negative as 𝛿𝑡 goes to 0. This means that there exists 𝜃3
such that for every 𝛿𝑡 ≤ 𝜃3 it holds that 𝑢𝑡 (𝑡) − 𝛿𝑡𝑢𝑡 (𝑡 − 1) < 0. Choosing 𝛿𝑡 = min{𝜃1, 𝜃2, 𝜃3}
concludes 𝑢𝑡 and the proof.

Appendix E. Proofs for Appendix B

In the proofs, we use the following standard lemma (e.g., [59]).

Lemma 8 For a non-negative and 𝛽-smooth 𝑓 : ℝ𝑑 → ℝ, it holds that ∥∇ 𝑓 (𝑤)∥2 ≤ 2𝛽 𝑓 (𝑤) for
all 𝑤 ∈ ℝ𝑑 .

Proof of Lemma 1 By Definition 1 we know that there exists a model 𝑤★ such that for every
∥𝑣∥ ≤ 𝜌, it holds that 𝐹𝑆 (𝑤★) = 𝐹𝑆 (𝑤★ + 𝑣) = 0. By Lemma 8 and Young’s inequality, since for
every 𝑡, we know that 𝑤𝑡+1 = 𝑤𝑡 − 𝜂∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ), it holds for every 𝛾 > 0 that,

∥𝑤𝑡+1 − 𝑤★∥2 ≤ ∥𝑤𝑡 − 𝑤★∥2 − 2⟨𝜂∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ), 𝑤𝑡 − 𝑤★⟩ + 𝜂2∥∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 )∥2

≤ ∥𝑤𝑡 − 𝑤★∥2 − 2
〈
𝜂∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ), 𝑤𝑡 + 𝑣𝑡 − 𝑤★ − min{𝜌, ∥𝑣𝑡 ∥}

𝑣𝑡

∥𝑣𝑡 ∥

〉
+ 2

〈
𝜂∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ), 𝑣𝑡 − min{𝜌, ∥𝑣𝑡 ∥}

𝑣𝑡

∥𝑣𝑡 ∥

〉
+ 2𝜂2𝛽𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − 2𝜂2𝛽𝐹𝑆 (𝑤★)

≤ ∥𝑤𝑡 − 𝑤★∥2 − 2𝜂𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) + 2𝜂𝐹𝑆 (𝑤★) + 1
𝛾
𝜂2∥∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 )∥2 + 𝛾max{𝑟 − 𝜌, 0}2

+ 2𝜂2𝛽𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − 2𝜂2𝛽𝐹𝑆 (𝑤★).
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For 𝛾 = 4𝜂𝛽 and 𝜂 ≤ 1
4𝛽 , we get that,

∥𝑤𝑡+1 − 𝑤★∥2 ≤ ∥𝑤𝑡 − 𝑤★∥2 − 2𝜂𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) + 2𝜂𝐹𝑆 (𝑤★) + 𝜂

4𝛽
∥∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 )∥2

+ 4𝜂𝛽max{𝑟 − 𝜌, 0}2 + 2𝜂2𝛽𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − 2𝜂2𝛽𝐹𝑆 (𝑤★)

≤ ∥𝑤𝑡 − 𝑤★∥2 − 2𝜂𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) + 2𝜂𝐹𝑆 (𝑤★) + 𝜂
2
𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) −

𝜂

2
𝐹𝑆 (𝑤★)+

4𝜂𝛽max{𝑟 − 𝜌, 0}2 + 2𝜂2𝛽𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − 2𝜂2𝛽𝐹𝑆 (𝑤★) (Lemma 8)

≤ ∥𝑤𝑡 − 𝑤★∥2 + 4𝜂𝛽max{𝑟 − 𝜌, 0}2 − 𝜂𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) + 𝜂𝐹𝑆 (𝑤★)

Averaging from 1 to 𝑇 and rearragining, we get the lemma.

Proof of Theorem 4 Let 𝑣̄ = arg max∥𝑣 ∥≤𝑟 𝐹𝑆 (𝑣 + 1
𝑇

∑𝑇
𝑡=1 𝑤𝑡 ), thus, by Lemma 1, using Jensen

inequality, we get

𝐹𝑟
𝑆

(
1
𝑇

𝑇∑︁
𝑡=1

𝑤𝑡

)
= 𝐹𝑟

𝑆

(
1
𝑇

𝑇∑︁
𝑡=1

𝑤𝑡

)
− 𝐹𝑆 (𝑤★)

= 𝐹𝑆

(
1
𝑇

𝑇∑︁
𝑡=1

𝑤𝑡 + 𝑣̄
)
− 𝐹𝑆 (𝑤★)

≤ 1
𝑇

𝑇∑︁
𝑖=1

𝐹𝑆 (𝑤𝑡 + 𝑣̄) − 𝐹𝑆 (𝑤★)

≤ 1
𝑇

𝑇∑︁
𝑖=1

𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − 𝐹𝑆 (𝑤★)

≤ ∥𝑤1 − 𝑤★∥2

𝜂𝑇
+ 4𝛽max{𝑟 − 𝜌, 0}2.

Proof of Theorem 5 By the convexity of 𝐹𝑆 we know that, for every 𝑡,

𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) ≥ 𝐹𝑆 (𝑤𝑡 ) + ⟨∇𝐹𝑆 (𝑤𝑡 ), 𝑣𝑡⟩

= 𝐹𝑆 (𝑤𝑡 ) + ⟨∇𝐹𝑆 (𝑤𝑡 ), 𝑟
∇𝐹𝑆 (𝑤𝑡 )
∥∇𝐹𝑆 (𝑤𝑡 )∥

⟩

= 𝐹𝑆 (𝑤𝑡 ) + 𝑟 ∥∇𝐹𝑆 (𝑤𝑡 )∥
≥ 𝐹𝑆 (𝑤𝑡 ).

Then, by Lemma 1, using Jensen inequality, we get,

𝐹𝑆

(
1
𝑇

𝑇∑︁
𝑡=1

𝑤𝑡

)
≤ 1
𝑇

𝑇∑︁
𝑖=1

𝐹𝑆 (𝑤𝑡 ) − 𝐹𝑆 (𝑤★)

≤ 1
𝑇

𝑇∑︁
𝑖=1

𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − 𝐹𝑆 (𝑤★)

≤ ∥𝑤1 − 𝑤★∥2

𝜂𝑇
+ 4𝛽max{𝑟 − 𝜌, 0}2.
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Proof of Theorem 6 Let 𝑓 (𝑤) = 1
2 max(0, 𝑥)2. Its (one-dimensional) derivatives are, for 𝑤 ≠ 0,

𝑓 ′(𝑤) = 𝑤, 𝑓 ′′(𝑤) = 1,

and for 𝑤 < 0,
𝑓 ′(𝑤) = 𝑓 ′′(𝑤) = 0,

𝑓 is a non-negative function. The convexity is implied by the positivity of 𝑓 ′′. The Lipschitzness
is implied by the fact that | 𝑓 ′(𝑤) | ≤ 1 for every 𝑤 ∈ 𝑊 . The smoothness is followed by the fact
that 𝑔(𝑤) = max(0, 𝑤) is a Lipschitz function as a max function over two Lipschitz functions. In
addition, 𝑓 is 𝜌-flat since 𝑤★ = − 1

2 , holds 𝑓 (𝑤★ + 𝑣) = 0 for every ∥𝑣∥ ≤ 1
2 . Now, let 𝑤1 = 0. Since

𝑓 ′(0) = 0, 𝑤2 = 𝑤1 = 0 and by induction it follows that SAM satisfies 𝑤𝑡 = 0 for every 𝑡. As a
result, for any 𝜏, 𝑤𝜏 = 0, and, for every 0 ≤ 𝑟 ≤ 1

2 , it holds that,

𝐹𝑟
𝑆 (𝑤𝜏) − 𝐹𝑟

𝑆 (𝑤
★) = max

𝑣≤𝑟
1
2

max(0, 𝑣)2 − 0 =
1
2
𝑟2.

Appendix F. Proofs for Appendix C

Proof of Lemma 3 Denote by {𝑤 (𝑖)
𝑡 }𝑡∈[𝑇 ] the iterates of 𝑆 (𝑖) and by {𝑣 (𝑖)𝑡 }𝑡∈[𝑇 ] the corresponding

sequence of perturbations vectors. It holds that,

∥𝑤𝑡+1 − 𝑤 (𝑖)
𝑡+1∥

2 = ∥𝑤𝑡 − 𝑤 (𝑖)
𝑡 − 𝜂

(
∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)

𝑡 + 𝑣 (𝑖)𝑡 )
)
∥2

≤ 𝛿2
𝑡 + 𝜂2∥∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)

𝑡 + 𝑣 (𝑖)𝑡 )∥2︸                                                 ︷︷                                                 ︸
(𝐼 )

− 2𝜂⟨∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)
𝑡 + 𝑣 (𝑖)𝑡 ), 𝑤𝑡 − 𝑤 (𝑖)

𝑡 ⟩︸                                                              ︷︷                                                              ︸
(𝐼 𝐼 )

Treating the two terms (I),(II) separately, for (I) it holds by Lemma 8 that,

𝜂2∥∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)
𝑡 + 𝑣 (𝑖)𝑡 )∥2

≤ 2𝜂2∥∇𝐹𝑆 (𝑖) (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)
𝑡 + 𝑣 (𝑖)𝑡 )∥2 + 2𝜂2

𝑛2 ∥∇ 𝑓 (𝑤𝑡 + 𝑣𝑡 , 𝑧𝑖)∥2

≤ 2𝜂2∥∇𝐹𝑆 (𝑖) (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)
𝑡 + 𝑣 (𝑖)𝑡 )∥2 + 4𝜂2

𝑛2 ∥∇ 𝑓 (𝑤𝑡 + 𝑣𝑡 , 𝑧𝑖 ∥2

≤ 2𝜂2∥∇𝐹𝑆 (𝑖) (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)
𝑡 + 𝑣 (𝑖)𝑡 )∥2 + 8𝛽𝜂2

𝑛2 𝑓 (𝑤𝑡 + 𝑣𝑡 , 𝑧𝑖).

For (II), it holds by two uses of Young’s inequality that,

− 2𝜂⟨∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)
𝑡 + 𝑣 (𝑖)𝑡 ), 𝑤𝑡 − 𝑤 (𝑖)

𝑡 ⟩
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= − 2𝜂⟨∇𝐹𝑆 (𝑖) (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)
𝑡 + 𝑣 (𝑖)𝑡 ), 𝑤𝑡 − 𝑤 (𝑖)

𝑡 ⟩ − 2𝜂
𝑛
⟨∇ 𝑓 (𝑤𝑡 + 𝑣𝑡 , 𝑧𝑖), 𝑤𝑡 − 𝑤 (𝑖)

𝑡 ⟩

= − 2𝜂⟨∇𝐹𝑆 (𝑖) (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)
𝑡 + 𝑣 (𝑖)𝑡 ), 𝑤𝑡 + 𝑣𝑡 − 𝑤 (𝑖)

𝑡 − 𝑣 (𝑖)𝑡 ⟩

− 2𝜂
𝑛
⟨∇ 𝑓 (𝑤𝑡 + 𝑣𝑡 , 𝑧𝑖), 𝑤𝑡 − 𝑤 (𝑖)

𝑡 ⟩ + 2𝜂⟨∇𝐹𝑆 (𝑖) (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)
𝑡 + 𝑣 (𝑖)𝑡 ), 𝑣𝑡 − 𝑣 (𝑖)𝑡 ⟩

≤ − 2𝜂
𝛽
∥∇𝐹𝑆 (𝑖) (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)

𝑡 + 𝑣 (𝑖)𝑡 )∥2

+ 𝜂

𝛼𝑛
∥𝑤𝑡 − 𝑤 (𝑖)

𝑡 ∥2 + 𝜂𝛼
𝑛
∥∇ 𝑓 (𝑤𝑡 + 𝑣𝑡 , 𝑧𝑖)∥2

+ 𝜂
𝛾
∥∇𝐹𝑆 (𝑖) (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)

𝑡 + 𝑣 (𝑖)𝑡 )∥ + 𝜂𝛾∥𝑣𝑡 − 𝑣 (𝑖)𝑡 ∥2

By setting 𝛼 = 𝜂𝑇/𝑛 and using co-coercivity of-gradients of smooth functions, we get,

− 2𝜂⟨∇𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)
𝑡 + 𝑣 (𝑖)𝑡 ), 𝑤𝑡 − 𝑤 (𝑖)

𝑡 ⟩

≤ ( 𝜂
𝛾
− 2𝜂
𝛽
)∥∇𝐹𝑆 (𝑖) (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)

𝑡 + 𝑣 (𝑖)𝑡 )∥2 + 𝜂

𝛼𝑛
∥𝑤𝑡 − 𝑤 (𝑖)

𝑡 ∥2

+ 2𝛽𝛼𝜂
𝑛

𝑓 (𝑤𝑡 + 𝑣𝑡 , 𝑧𝑖) + 4𝜂𝛾𝑟2

≤ ( 𝜂
𝛾
− 2𝜂
𝛽
)∥∇𝐹𝑆 (𝑖) (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)

𝑡 + 𝑣 (𝑖)𝑡 )∥2 + 1
𝑇
∥𝑤𝑡 − 𝑤 (𝑖)

𝑡 ∥2

+ 2𝛽𝜂2𝑇

𝑛2 𝑓 (𝑤𝑡 + 𝑣𝑡 , 𝑧𝑖) + 4𝜂𝛾𝑟2.

Averaging over 𝑖 ∈ [𝑛], plugging both in, and setting 𝛾 = 𝛽,𝜂 ≤ 1
2𝛽

1
𝑛

𝑛∑︁
𝑖=1

∥𝑤𝑡+1 − 𝑤 (𝑖)
𝑡+1∥

2

≤
(
1 + 1

𝑇

)
1
𝑛

𝑛∑︁
𝑖=1

∥𝑤𝑡 − 𝑤 (𝑖)
𝑡 ∥2 + 8𝛽𝜂2(𝑇 + 1)

𝑛2 𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 )

+ 4𝜂𝛾𝑟2 + (2𝜂2 − 2𝜂
𝛽

+ 𝜂
𝛾
)∥∇𝐹𝑆 (𝑖) (𝑤𝑡 + 𝑣𝑡 ) − ∇𝐹𝑆 (𝑖) (𝑤 (𝑖)

𝑡 + 𝑣 (𝑖)𝑡 )∥2

≤
(
1 + 1

𝑇

)
1
𝑛

𝑛∑︁
𝑖=1

∥𝑤𝑡 − 𝑤 (𝑖)
𝑡 ∥2 + 8𝛽𝜂2(𝑇 + 1)

𝑛2 𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) + 4𝜂𝛽𝑟2

≤ 𝑒
1
𝑇

𝑛

𝑛∑︁
𝑖=1

∥𝑤𝑡 − 𝑤 (𝑖)
𝑡 ∥2 + 8𝛽𝜂2(𝑇 + 1)

𝑛2 𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) + 4𝜂𝛽𝑟2.

Now, unrolling the recursion, we get,

1
𝑛

𝑛∑︁
𝑖=1

∥𝑤𝑡+1 − 𝑤 (𝑖)
𝑡+1∥

2 ≤
𝑇∑︁
𝑡=1

𝑒
𝑇−𝑡
𝑇

(
8𝛽𝜂2(𝑇 + 1)

𝑛2 𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) + 4𝜂𝛽𝑟2
)

≤ 24𝛽𝜂2(𝑇 + 1)
𝑛2

𝑇∑︁
𝑡=1

𝐹𝑆 (𝑤𝑡 + 𝑣𝑡 ) + 12𝜂𝛽𝑟2𝑇.
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Using Lemma 1, we get for every 𝑡 that,

1
𝑛

𝑛∑︁
𝑖=1

∥𝑤𝑡+1 − 𝑤 (𝑖)
𝑡+1∥

2 ≤ 96𝛽𝜂2𝑇

𝑛2

(
1
𝜂
+ 4𝛽𝑇 max(𝑟 − 𝜌, 0)2

)
+ 12𝜂𝛽𝑟2𝑇

= 12𝜂𝛽𝑟2𝑇 + 96𝛽𝜂𝑇
𝑛2 + 384𝛽2𝜂2𝑇2 max(𝑟 − 𝜌, 0)2

𝑛2 .

By Jensen’s inequality and the convexity of squared ℓ2 norm, we get that,

1
𝑛

𝑛∑︁
𝑖=1

∥ 1
𝑇

𝑇∑︁
𝑖=1

𝑤𝑡 −
1
𝑇

𝑇∑︁
𝑖=1

𝑤
(𝑖)
𝑡 ∥2 ≤ 24𝜂𝛽𝑟2𝑇 + 96𝛽𝜂𝑇

𝑛2 + 768𝛽2𝜂2𝑇2 max(𝑟 − 𝜌, 0)2

𝑛2 .

Proof of Theorem 7 By Theorem 4, we know that

𝐹𝑆

(
1
𝑇

𝑇∑︁
𝑡=1

𝑤𝑡

)
≤ 𝐹𝑟

𝑆

(
1
𝑇

𝑇∑︁
𝑡=1

𝑤𝑡

)
≤ ∥𝑤1 − 𝑤★∥2

𝜂𝑇
+ 4𝛽max{𝑟 − 𝜌, 0}2.

By Lemma 3, we know that, the algorithm is ℓ2-on-average model 𝜀-stable with

𝜀 ≤ 24𝜂𝛽𝑟2𝑇 + 96𝛽𝜂𝑇
𝑛2 + 768𝛽2𝜂2𝑇2 max(𝑟 − 𝜌, 0)2

𝑛2 .

By combining both equations with Lemma 2 we get the theorem.

Proof of Theorem 8 The proof is identical to the proof of Theorem 7 except for using Theorem 5
instead of Theorem 4.
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