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Abstract

In the past decade, stochastic gradient descent (SGD) has emerged as one of the most dominant
algorithms in neural network training, with enormous success in different application scenarios.
However, the implicit bias of SGD with different training techniques is still under-explored. Some
of the common heuristics in practice include 1) using large initial learning rates and decaying it
as the training progresses, and 2) using mini-batch SGD instead of full-batch gradient descent. In
this work, we show that under certain data distributions, these two techniques are both necessary
to obtain good generalization on neural networks. We consider mini-batch SGD with label noise,
and at the heart of our analysis lies the concept of feature learning order, which has previously been
characterized theoretically by Li et al. [19] and Abbe et al. [1]. Notably, we use this to give the first
concrete separations in generalization guarantees, between training neural networks with both label
noise SGD and learning rate annealing and training with one of these elements removed.

1. Introduction

Despite the extreme over-parameterization used in real-world settings, neural networks trained via
stochastic gradient descent (SGD) still exhibit remarkable generalization capabilities in practice.
However, the exact characterization of the generalization power is still unclear, given that over-
parameterized neural networks have a large amount of parameters that can perfectly interpolate
the training set, even when it consists of random labels in the training data [31]. Recent work has
demonstrated that the implicit bias due to the optimization algorithm is the key to understanding the
regularization of such overparameterized models towards well-generalizing parameters [4, 9, 18]. In
this paper, we focus on mini-batch SGD, one of the most universal optimization algorithms to train
deep neural networks. Specifically, we investigate the impact of batch size and learning rate schedule
on the generalization error.

Regarding the role of batch size, Wu et al. [28] Keskar et al. [14], and Smith et al. [24] demonstrate
the importance of SGD’s mini-batch noise as a source of regularization. Recently, several works have
attempted to understand this implicit regularization from the lens of noise structure, especially label
noise SGD training [6, 7, 20], i.e. when training labels are independently perturbed at each iteration
(e.g. additive or multiplicative noise in regression, random label flipping in classification). Label
noise SGD is an intriguing setting because it injects a parameter-dependent noise at each iteration of
training that is empirically similar to the mini-batch noise [11], and therefore enables label noise
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to be a good approximation of the true mini-batch noise. Specifically, Damian et al. [7] show that
label noise SGD will converge to a stationary point of a regularized loss function that penalizes sharp
minima in the landscape as measured roughly by the trace of the Hessian. Li et al. [20] introduces
a characterization of label noise training by describing the behavior of the algorithm around local
minimizers. HaoChen et al. [11] and Vivien et al. [26] analyze the role of label noise SGD when
training quadratically parameterized linear models, and show an implicit bias towards sparse features.
However, these settings do not immediately have implications regarding neural network training
dynamics and generalization ability. Moreover, in these works, explicit separations in generalization
guarantees are not shown when label noise is removed from the training procedure. We therefore
provide an analysis in the neural network setting that gives such separations for label noise training.

In terms of the regularization effect of learning rate in SGD training, conventional wisdom is to
use large initial learning rates followed by annealing once the training loss stagnates [12, 15, 30].
Although the implicit bias of SGD with small learning rate is well understood [10, 25, 27], the
large learning rate regime is still mostly unclear. In particular, small learning rate SGD leads to
max-margin solutions for classification problems [25], and minimum norm solutions for regression
problems [27]. Nevertheless, recent empirical studies [13, 16, 22] have demonstrated that models
trained directly with small learning rate have poor generalization. Theoretically, several avenues
of exposition have been proposed to interpret this phenomenon [5, 19, 21, 29]. In the convex least-
squares linear regression setting, Nakkiran [22] and Wu et al. [29] show that large learning rate SGD
biases towards certain convergence directions in the loss landscape, which lead to specific separations
in generalization error. For nonconvex problems, Mohtashami et al. [21] analyze the large learning
rate regime in the context of the optimization landscape, but they require certain assumptions on
the frequency of sharp local minima. Li et al. [19] demonstrate that over certain data distributions,
training neural networks with large initial learning provably helps, due to a bias towards a certain
learning order of features, and they also provide a separation result between the two learning rate
regimes. However, these two works only analyze the case of training with full-batch gradient descent
(GD) rather than SGD.

In this work, we investigate the implicit bias of optimization using label noise SGD with learning
rate annealing. Under a certain data distribution assumption introduced by [19], we demonstrate that
the algorithm regularizes towards a certain feature learning order, and this bias provably leads to good
generalization. On the contrary, removing either learning rate annealing or label noise will provably
hurt generalization. To the best of our knowledge, this is the first result theoretically characterizing
the specific benefits of employing both label noise structure and an annealed learning rate schedule
for generalization in neural network training (a non-convex setting), as previous works have only
considered the impact of label noise [6, 7, 11, 20] and learning rate annealing [5, 19, 22, 29] in
isolation. Notably, our results allows us to obtain concrete separations in generalization error over
our data distribution.
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2. Preliminaries

Data Distribution Following the idea of Li et al. [19], we work with the data distribution defined
as follows:

y ~U{£1})
with probability pg 21 ~ Py and 2 = 0
with probability gg 21 = 0 and 22 ~ Q,
with probability 1 —pg —qo 21 ~ Py and 22 ~ Q,

Each observation consists of two d-dimensional features, one that has a low-complexity separating
hyperplane (e.g. linear) yet requires high sample complexity to learn, and one that has a high-
complexity separating hyperplane (e.g. nonlinear) yet requires low sample complexity to learn.

Here, the P component is the noisy yet linearly separable component. Essentially, it is composed
of two half-Gaussians with a margin of 79 = ﬁ, and w* € RY with ||w*||]2 = 1:

x1 ~P1 &= 21 =yw" + Bl(w*,B) >0
1 ~ P = x1 = —ypw" + pl(w*,5) <0
where 8 ~ N (0, 1;/d)

On the other hand, the Q component is the noiseless, non-linearly separable component. Specifically,
we define the @ component as:

To ~ Q1 < T9 = Qx
To ~ Q_1 = T9 = a(z + bC)
where a ~ U([0,1]),b ~ U({£1})

Here, 2, € R, ||z||2 = 1, with ||¢|l2 = 7 < 1, 27'¢ = 0. We refer the reader to Appendix A for an
illustration of the data distribution.

Our setting consists of a dataset of size IV, denoted {(a:(i), y(i)) Z-]\Ll, where all the data points
(l’(i), y(i)) ~ D are i.i.d. samples. Throughout the paper, we will be interested in several subsets of
the NV data points. We define the following sets:

My ={ie[N]:al?£0}, My={ie[N]:al) #£0}

The natural complements M; and My will be defined with respect to [N]. We also define the

empirical proportions of the data points using p, ¢ so that p = % and g = %

Parameterization We use two layer neural networks to predict the label y with the observation x;
formally, the neural network is defined as f(u, U;z) = uTo(Ux). Here u € R™, U € R™*24, 5 is
the ReLU activation (i.e. o(x) = max{x,0}).

Loss Function The empirical risk of the binary classification problem is defined as f/(u, U) =
& Sie) L, U )5 (00, y9)), where £(f; (w, ) £ €y () = log(1 + ¢~/ 19) denotes the
logistic loss. For ease of presentation, we also denote Lg(u, U) = ﬁ Sies Lf(u, Us); (2D, y@)),

where S is a subset of our dataset. Finally, we define the expected risk (test loss) to be L(u,U) =
E (o)~ [(f(w, U;); (2, 9))]-
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Additional Notations We use O(-) and Q(-) to denote the asymptotic order up to logarithmic
terms. We also define for a matrix for a d-column matrix P the value [P]; € R'*? to be the ith row
of P.

3. Main Results

In this section, we state our main results on training a two layer neural network using label noise
SGD with annealing learning rate and illustrate the necessity of both of these techniques.

3.1. Training Algorithms

To show the necessity of both training techniques, we consider the analysis of the following three
algorithms. For each of our algorithms, we initialize the weight matrix U at Uy so that every entry
is i.i.d. with the variance 73. We also initialize the last layer u to have entries that are i.i.d. from
U ({j:\/l—m ). We fix u and only update U throughout the training. The algorithms are as follows; o
denotes the learning rate at iteration ¢ of the training process.

Label noise SGD + learning rate annealing (LNSGD-LS): We train using label noise SGD
with flipping probability J, using large initial learning rate of 7, until the training loss I:(U ) reaches
qlog 2 + €;. Then, we anneal to small learning rate 7y, and continue to train with label noise SGD

until the training loss f/(U ) reaches €3 = %. Formally, we have an update rule of:

Upr1 = U — sVl (owy ) fo (200))
1 with probability 1 — §
—1 with probability &

it ~ U([N])

where o; = {

Label noise SGD + no annealing (LNSGD-S): We train using label noise SGD with flipping
probability 6, using small learning rate 7o throughout the training process, until the training loss
L(U) reaches €, = O(ez). Formally, we have an update rule of:

Ut+1 = Ut — OétVUE(O'ty(it)ft(x(it)))

1 with probability 1 — ¢
—1 with probability &

ir ~ U([N])

where 0; = {

Full batch GD + annealing (FBGD-LS): We train using full batch gradient descent (without
label noise) using an initial learning rate of 7, until the training loss L(U) reaches glog2 + €;.
Then, we anneal the learning rate to 72, and continue to train until the training loss L(U) reaches

€2 =,/ %. Formally, we have an update rule of:

Ut+1 = Ut - atVUﬁ(u, U)

Algorithm LNSGD-LS applies both the label noise SGD and learning rate annealing, while
Algorithm LNSGD-S and Algorithm FBGD-LS apply only one of label noise SGD and learning
rate annealing, respectively. In particular, the latter two algorithms allow us to analyze in isolation
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the respective individual influences of label noise SGD and learning rate annealing, while the
former precisely enables us to analyze the synergy between the two elements in the context of both
optimization and generalization.

3.2. Assumptions

We now formally introduce the assumptions used in our analysis.
Assumption 1 (Overparameterization) We assume the scale of initialization 19 = m, label
flipping probability 6 = I#@)’ and hidden-layer width m > poly(d).

As with real-world models, we assume sufficient overparameterization exists in our model; this is
also the standard assumption in the literature [2, 8].

Assumption 2 (Data Generation) We define k> = %, and assume that k < 1. In particular, we

will take d, N to tend towards infinity. In addition, we set the length of Q’s orthogonal component
- 2

r=d-3/ 4 and the data distribution’s component-wise probabilities pg = % and gy = O(1).

We remark that by taking N sufficiently large, we will have that p ~ pg and ¢ ~ qqg; as such, we
will proceed in our analysis using p and q.

Assumption 3 (Hyperparameters) We assume e; € (d~/8, k2p*q®). In addition, we assume 1, =

O(e€1). Moreover, to isolate the influence of annealing, we will consider 1y = o(m).

The upper bound assumption on the large initial learning rate 7; is not unique to our setting; if
the learning rate is too large, the value of the loss function will diverge, consistent with classical
optimization literature.

3.3. Main Theorems

We now give our main results, corresponding to the three algorithms we use. Proof outlines and
intuitions for the theorems are provided in Appendix D, and full proofs are given in the subsequent
sections.

Theorem 4 (LNSGD-LS) With high probability over the randomness of initialization and the

minibatch sampling in SGD, the classification and test errors at the end of training are both O(p?’/ 5,
in other words, L(u,U) = O(p3/?).

Theorem 5 (LNSGD-S) With high probability over the randomness of initialization and the

minibatch sgmpling in SGD, the classification and test errors are both Q)(p); in other words,
L(u,U) = Q(p).

Theorem 6 (FBGD-LS) With high probability over the randomness of initialization, the classifica-
tion and test errors are both Q)(p); in other words, L(u,U) = Q(p).

Note that these theorems imply a separation, because of the fact that p < 1. As we will see in our
training dynamics, each of these algorithms regularize towards a specific learning order of features.
Our analysis will reveal that this has a direct influence on each of the above generalization errors.
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4. Discussion and Future Work

In this paper, we give the first concrete separation results for neural network generalization in the
presence of an annealed learning rate schedule and/or the presence of label noise in the training
process. For an overparameterized one-hidden-layer neural network model, we reveal an interesting
picture on the synergy between these two elements, through their respective implicit biases towards a
certain learning order. Some exciting directions for future work include giving general distributions
and algorithms to analyze the regularization of feature learning order, and recovering broader classes
of generalization guarantees related to large initial learning rate and/or label noise SGD.
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Appendix A. Data Distribution

W.p- Po %

W.p. qo

w.p. 1 —po —qo 2 % \V

P
7
B

Figure 1: Here, the green points represent positive labels, and the blue points represent negative
labels.

In the above Figure 1, we include an illustration of the data distribution from Section 2. To
reiterate, we follow the idea of Li et al. [19], using the following definition of the data distribution:

y ~U{£1})
with probability pg 21 ~ Py and 2 =0
with probability gy 21 = 0 and 22 ~ Q,
with probability 1 —pg —qo 21 ~ Py and 22 ~ Q,

In the figure, the left column represents is P component, and the right column represents the Q
component. The P component is defined as:

T~ P = x1=yw" + Bl{w,3) >0
1~ Py = x1 = —yw" + Bl{(w*,8) <0
where 5 ~ N (0, I;/d)

where 79 = %, and w* € R with ||w*||2 = 1. The Q component is defined as:
To~ Q] < 29 =z
To ~ Qfl = X9 = Oé(Z-{-bC)
where oo ~ U([0,1]),b ~ U({£1})

where, z,¢ € RY, ||z]|2 = 1, with [[¢]|ls =7 < 1, 2T¢ = 0.
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Figure 2: We empirically demonstrate the effect both label noise and learning rate annealing on
neural networks training on CIFAR100. The horizontal axis represents the iteration number, and the
vertical axis represents the classification accuracy in percentage out of 100. a) Label noise SGD with
learning rate annealing (LNSGD-LS) achieves a final validation accuracy of 61.96%. b) Label noise
SGD without learning rate annealing (LNSGD-S) achieves a final validation accuracy of 59.40%.
c) Large batch GD with learning rate annealing (FBGD-LS) achieves a final validation accuracy of
57.33%.

Appendix B. Experiments

We empirically verify the separations derived from our theoretical analysis of the three algorithms.
In particular, we train a VGG19 network architecture [23] on the CIFAR100 dataset using our three
algorithms, LNSGD-LS, LNSGD-S, and FBGD-LS. We adapt the experimental setup of HaoChen
et al. [11], where label noise means changing the label of an individual image to another random
label that is not the true label.

Our label noise SGD algorithms use a fixed flipping probability of 0.1 (even after annealing, if
applicable), and a small batch size of 32. Our large batch GD algorithm uses a large batch size of
256. In addition, if the algorithm uses annealing, then our learning rate schedule is 0.01 followed by
a single decay to 0.001 at anneal time; otherwise, the learning rate is a constant 0.001 throughout
training. Furthermore, we set the annealing time (if applicable) to be at iteration 40000 of training;
for all three algorithms, we train for 400000 iterations. Here, we define an iteration as a minibatch;
see Figure 2. In the end, label noise SGD achieves the highest validation accuracy, therefore backing
up our theoretical analysis. Furthermore, we can see that LNSGD-S and FBGD-LS seem to have
quicker convergence in training error, as predicted by our theoretical analysis as well.

Appendix C. Additional Notations

We follow the notation from Li et al. [19], and denote 1 (w) for some vector w to be the element-wise

indicator function vector defined as (1(w)); = 1(w; > 0). Then, we can define N4 (u,U;x) =
u?(1(Az) ® Uz), where ® represents the element-wise product between two vectors (or matrices).!

We decompose the weight of the first layer as U = W) . Here, W only operates on the first d

v
coordinates of an observation z (i.e. the £; component of the data point), and V' only operates on
the last d coordinates of an observation x (i.e. the x5 component of the data point). For simplicity,

1. In particular, we have Ny (u, U; z) = f(u, U; z).

10
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we denote W to be both a matrix in R”*?? with the last d columns 0, or a matrix in R"*¢, The
notations for V' are treated similarly. As such, we can note that:

f(u,U;x) = Ny(u,U; ) = Ny (w, W; ) + Ny (v, Vi) = Nw(w, W; 1) + Ny (v, Vo)

Wi
Vi
during training at time ¢, with similar abuse of notation as above for W; and V;. For convenience, we
will now define the decomposition of the network prediction into two parts, each corresponding to a
component of the data it operates on:

Furthermore, in any training algorithm, we will denote U; = < ) to be the weight matrix

ri(x1) £ Nw, (w, We; ) = Ny, (w, Wy; 1)
gt(22) £ Ny, (v, Vis ) = Ny, (v, Vi; 22)

re(z)

9¢()

We will also denote f(u, Us; (z(9)) as f;(z?).

Appendix D. Outline of Algorithm Analyses

In this section, we provide the high-level details of the algorithms’ analyses. We first start out with a
core tool that we use throughout the proofs. Subsequently, we will outline the characterizations for
each of the three algorithms. Proof sketches and full proofs are available in the appendix.

D.1. Tools for Label Noise Analysis

Note that the gradient update rule in FBGD-LS is the standard definition of full-batch gradient
descent, and hence there are no stochasticity in the training process, except due to initialization. On
the other hand, towards reasoning about the label noise update rule in LNSGD-LS and LNSGD-S,
we detail an iterate decoupling procedure.

First, we define the expected smoothed loss to be £(z) = 56(—z) + (1 — §)£(z). As such, the
update rule of label noise SGD will be:

U1 = Uy — o Vyl(oyt™ fi(a0)))
= Uy — a Vil (y fr(2)) — awery ™V fi(a))

label noise
Here, i; ~ U([N]), and ¢, is the random variable defined as:
or p.1-96 A ' | |
" { —-(1-9)T \valg ) where I' £ ¢/ (y() f,(20))) + 0/ (—y ) £, ()

Now, consider the following decoupling of the U; = U; + U, at time ¢ of training.
U= =3~ aea W ({2 fus (a5
s=1

t
Ut = UO — Z O‘sfllfsfly(isfl) . va871(x(i571))

s=1

11
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In essence, U; and Uy represent the accumulated signal and accumulated noise at time ¢. Such
signal-noise decoupling is useful, because the weights of the hidden layer at each iteration is a random
variable that depends on the historical trajectory. In particular, this means that the accumulated label
noise U; is a martingale, and we can tools from martingale concentration to understand the dynamics
of this term at each phase of the training. Likewise, the accumulated signal U; allows us to analyze
how much the algorithm actually "learns" on each component (in terms of signal); the scale of this
quantity will influence the margins of the separating hyperplanes in our analysis, which we use to
show the generalization guarantees all of our algorithms.

D.2. Analysis of Theorem 4 (LNSGD-LS)

We break the analysis of LNSGD-LS into two phases: before annealing and after annealing. For
the first phase, pre-annealing, we show that the large learning rate induces a large accumulated
noise term in V, and therefore, the activation patterns are too noisy to learn the Q component. At
such, when the loss reaches g log 2 + €1, essentially all (1 — ¢)V data points from M have been
learned well. Following the learning rate annealing, the remaining ¢/N data points in M1 will be
memorized, and once a loss of €3 is reached, the model will have low training error on both the
‘P and Q components. Low training error on the @ component will then immediately imply good
generalization, and low training error on the P component means that Rademacher complexity

bounds can control the generalization error to O (p\ / ﬁ,) = O(pr) = O(p®/?), since a p fraction

of data points contain only noisy d-dimensional features from P.

D.2.1. PHASE 1: LEARNING RATE 7,

We first give the following lemma, which bounds with high probability the time it takes to reach the
target loss and start annealing.

d
el

Lemma 7 With high probability, we will anneal at some time t; < O ( ) Furthermore, the

training loss at the time will satisfy IAJ(Ufl) < qlog?2 + €.

Afterwards, we show that at anneal time, the margin on the Q component is still poor. Specifically,
we have the following lemma to show that Q is not learned well; by our hyperparameter choices, it

holds thaté( d ) <0 (ﬂg) .
mni€1 1

Lemma 8 With high probability, for all time steps t < O (%) , it will hold that

9:(z +¢) + gtz — ¢) — 20:(2)] < 0(7”2d9/8v log d)

D.2.2. PHASE 2: LEARNING RATE 72

After annealing at time 7; as defined in Lemma 7, we show that with high probability, the loss is
small when we stop training (i.e. at time #; + £2).

Lemma 9 Using the t1 from Lemma 7, it holds with high probability that for some ty < O ( ﬁ)
2
the training loss at time t1 + to will satisfy i/(U£1+£2) <0 (1 /%1) :

12
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We can further decompose the loss when we stop the training into M; and M, to get the
following.

Lemma 10 Using ¢, and ty defined in the Lemma 7 and Lemma 9 respectively, it holds with high

probability that le(Tfl+£2) <0 (1 /%1) and ﬁMl(gfl+£2) <0 (1 /%).

By decomposing the final loss into the M7 and M components, we can see that low loss on the
9, +, component of the network implies good generalization directly, since the Q component of the
distribution has no noise. Furthermore, low loss on the by r; ,; network component implies low
test error by Rademacher complexity generalization bounds in Allen-Zhu et al. [2], hence proving
Theorem 4.

D.3. Analysis of Theorem 5 (LNSGD-S)

Towards proving Theorem 5, we will show that the algorithm converges to small training error very
fast, due to the memorization of the Q component under small learning rate. We will then show that
as Q is in the process of being memorized, the P component does not receive a lot of signal from
data in M; N Ma, since the Q feature is being used to learn the labels in this set. Consequently, the
weights in T¥ must fit to the pN points in Ms. Since pN < g there is insufficient sample complexity
to learn the component. This leads to the lower bound in classification error of 2(p), as a constant
fraction of data points in M cannot be predicted correctly.

D.3.1. PHASE 1: MEMORIZING Q

We bound the time it takes for the algorithm to converge. In particular, we first show that the Q
component is memorized very quickly.

Lemma 11 With high probability, there will be a time t; < O <m) such that the loss of M
2
at time 11 satisfies L (Uz,) < €.

This above lemma bounds the time it takes to converge to a solution that already achieves low
loss on the M portion of the dataset, i.e. all the data points with the Q component as a feature is
mostly classified correctly.

D.3.2. PHASE 2: AFTER MEMORIZING Q

We then proceed to bound the additional time it takes to reach the stopping criterion loss of €.

Lemma 12 Using t, defined in Lemma 11, we have that with high probability, there will be a time

fg < 0) ( 717'; ]Z, ) so that the total loss at that time satisfies IA/(UE < 6’2.
2

1+f2)

We show that when we stop the training process, the accumulated gradient on W is still small, when
restricted to the subset of data points M.

Lemma 13 Define Wt(g) = > Vi (E(yls=1) o1 (2=1))) - 1(is_1 € My). Then, with
high probability, for t < O ( d ) it holds that that HV_Vt(Z) |lp <O (dil,/264>.
2

n2ey )’

13
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Since the gradient signal is small for the 7P component on the data points from Mo, this intuitively
implies that the weights W must be mostly learned from the examples in Ms. On the other hand,
since | M| = pN < % by Assumption 2, there is not enough sample complexity to learn P, since it
is a d-dimensional distribution. This leads to the following lemma, which states that the margin on P
remains small.

Lemma 14 Using t, and to defined in the Lemma 11 and Lemma 12 respectively, we have that at
time t1 + Lo, there will exist an o € span({xgl)}ie/\;tz) satisfying ||all2 > Q(v/pN), such that with
high probability over x1 ~ P,

~ 1
rf1+f2 (33‘1) - T£1+52(_ZB1) - 2aT.Z‘1 +0 <d1/64(€/2)2>

In other words, the margin is on the weights W is still very poor, which means the Gaussian
noise from the P component will be very significant. This therefore leads to the the lower bound in
generalization error in Theorem 5.

D.4. Analysis of Theorem 6 (FBGD-LS)

In this case where noise is completely removed from the training process, even with the same
annealing schedule as LNSGD-LS, the model will attempt to quickly memorize the examples for
the Q component first, because the activation patterns are not influenced by noise as in the case of
LNSGD-LS, and therefore progress is being made in learning Q. As a result, the training loss will
quickly fall below the annealing criterion g log 2 + €. Even though neither the P component nor
the O component is yet fully learned, after annealing, the Q@ component will be quickly memorized.
This once again leads to the underfitting effect of P as in LNSGD-S, and hence the classification
error lower bound of 2(p). Here, we unravel the impact of learning rate annealing in the absence of
label noise: a transition of the training process from a feature exploration stage of all features, to a
feature memorization stage of one specific feature.

D.4.1. PHASE 1: EXPLORING BOTH FEATURES BEFORE ANNEALING

For the first phase of training, we will argue that the anneal time is reached very quickly.

Lemma 15 With high probability, there will be a time t; < o) (%ﬂ) such that ﬁMQ(UL:I) <
qlog 2 + 2¢;.

This previous lemma bounds the time it takes to converge to a partial signal for the Q component.
The training is now close to the annealing condition; from this, we can further give an upper bound
on the annealing time via a construction of a partial P signal, formalized via the following lemma.

Lemma 16 Using t1 in Lemma 15, with high probability, there exists a ty < O (’%) such that

L(U£1+52) < qlog2 + ¢;.

14
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D.4.2. PHASE 2: MEMORIZING ONLY Q AFTER ANNEALING

After annealing, we show that with small learning rate and no label noise, the @ component will be
quickly memorized. We then show that the accumulated signal on W is small on M3, which allows
us to show that overall, the P component does not receive a lot of signal from the My portion of the
dataset.

For convenience, let us denote ¢ = 1 + ¢4, where ¢; and ¢ are from Lemma 15 and Lemma 16,
respectively. Then, the following lemma holds.

Lemma 17 With high probability, there exists a time t5 < O ( ) such that LM2 (Ugyg,) < €.

2
The above lemma bounds the time it takes for Q to be fully memorized. This is similar to the
setting of LNSGD-S; even though there is label noise in LNSGD-S, the result that we end up with
will be similar, because the analysis of LNSGD-S reveals that the label noise does not influence the
activation patterns much.
Finally, we can bound the time until FBGD-LS achieves its stopping criterion.

Lemma 18 Using t3 from Lemma 17, we have that with high probability, there exists a time
t4 < O ( > such that L(Uf+£3+£4) < es.

We once again argue that in this phase after annealing, the total accumulated signal is small as
well. This is shown by the following bound.

Lemma 19 Define Wt —12 Zt+t3+t L iEMo VWE(y(Z fs (@), Using t3 from Lemma 17,
with high probability, for t < O ( ) it holds that that ||Wt lr<O <d31é64>.

€

D.4.3. GENERALIZATION

By Lemma 19, we get that the total signal on the P component provided by the data points in My
is small. Hence, the P component must once again be mostly learned via the signal from the p/N
points in M, leading the insufficient sample complexity. In particular, this can be formalized by the
following lemma.

Lemma 20 Using t3 and t, defined in the Lemma 17 and Lemma 18 respectively, we have that at
time t + 13 + t4, there will exist an o € span({x(f)}ie/\;t2) satisfying ||a||2 > Q(v/pN), such that
with high probability over x1 ~ Py,

~ 1
T
Tigdaris(81) ~ Topgyad, (-21) = 20021 £ 0 <d1/64e%>

This last lemma implies that the margin on the predictions W is still very poor when training
stops, and therefore even when training ends, the P component remains underfitted. This directly
leads to the generalization error lower bound in Theorem 6.

15
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Appendix E. Toolbox of Lemmas and Concentrations
E.1. Decoupling

Recall the following signal-noise decoupling U; = U; + U, at time ¢ of training from Appendix D.1;
we give more detailed decomposition as follows.

t—1
U == as1 Vo (=) fua (ali=))
s=1

t—1
= — Z Os—1 - E/(y(%fl)fsil(aj(is—l))) . y(is’l)Bs,l
s=1

t—1
Ut =Uy — Z a5716371y(i571) - Bs_1

s=1
where we define

Bs1= VUfsfl(x(i571)>
—Ulﬂ([Usflhl‘) : :L'(is_l)—

— U 1([Us—1]m) - plis—1) _

E.2. Lemmas and Concentrations
Proposition 21 Recall the random variable €, in the label noise term. Then it holds that Ele;] = 0,
and Vie] = 5(1 — 6)T? = O(9).

Lemma 22 Let [VyL(U)]; = denote the i-th row of VyL(U). Then, with high probability
VU L(U)ille < ﬁ Furthermore, with high probabiilty, it also holds that ||[Vl(U)]i|l2 < \/%

Proof For the first part of the lemma, note that this holds because

. . 1
Vo LU)]ill2 = E[€(f (u, Us (2, 9)) - uil([U]iz)2] < N
This follows from the fact that ¢ € (—1,0), and ||z||2 = O(1) with high probability. For the second

part of the lemma, note similarly that

IV l@)ill2 = 1€ (f (w, U3 (2,9)) - wil ([Uliz)zll2 < \/1%
n

Lemma 23 For any time step t prior to annealing, we have that ||[Uy];|l2 < :7/—1% The same holds

for [0l < 2.

16



ON THE SYNERGY BETWEEN LABEL NOISE AND LEARNING RATE ANNEALING IN NEURAL NETWORK TRAINING

Proof This follows from writing out the summation, followed by an application of triangle inequality
and Lemma 22. |

Proposition 24 With high probability, the matrix B, satisfies
[Bell2 < 1

Proof We have that with high probability, the spectral norm of || By || satisfies

1 . .
IBellz = /1B B} |2 = \/m||1([Ut]1‘(“))lllHﬂf(“)lb S

Lemma 25 (Freedman’s inequality for matrix martingales) Consider a matrix martingale {Y}, :
k=0,1,...}, where the Y}, € R4 %% with difference sequence {X}, : k = 1,2,...}; furthermore,

suppose that \/ | Xz XF|l2 < R almost surely for k > 1. Define the column and row quadratic

variation, respectively, as follows, for k > 1:

k
Wcol,k £ ZE[X]X;T]
j=1

k
Wows 2> E[X] X}
j=1

Then, for all t > 0 and 0® > 0, with probability at least 1 — (dy + d3) - exp (%QRQZ/B

of the following holds for all k > 0

), at least one

1Yl <t
Weokll > o°
||me,k|| > 02

1

Lemma 26 For all real numbers |z| = O(polylog d), it holds that |{(z) — {(z)| < O(p()ly(d) ).

Proof Note that

[6(2) — £(2)] = 8]¢(=) — £(—2)]
<0 <polylogd>
poly(d)
1
< ()
poly(d)
where the first inequality follows from our Assumption 1. |

17
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This lemma will be very useful throughout our analysis because by our data distribution, it
implies that with high probability, | L(U) — L(U)| < O <

Ze

ze [N]

poly(d) , where we define

Therefore, we will simply analyze L throughout our proofs, as the results for the original L will hold
as well, due to the closeness. We also define

Z Uy (!

ZE[N

Appendix F. Proof of Theorem 4 (LNSGD-LS)
F.1. Proof of Lemma 7

For the following section, we denote ¢ = O( e ). The proof structure roughly entails a construction
of a target signal, and demonstrating convergence to this target. We first give some concentration
results derived from Freedman’s inequality.

Lemma 27 With high probability, it holds that for all time steps s < t1 (in particular, this includes
the time before annealing) that

S

Zej—lBj—l S TO\/IOgd . i

= m

Proof This is an application of Freedman’s inequality on the martingale defined by {Zizl €s—1Bs_1}t>0.
In particular, we have that with high probability,

VIKeXT N2 = /2 BeBE Il < 6

by Proposition 24. Thus, we can now choose 0> = O(t;0) and t = ™ anog for Freedman’s
inequality, to give the high probability bound. In particular, this means that with high probability,

Freedman’s inequality tells us that because for times s < 1, we have

HWcol,s, ~

(58) S O(t10) = o?

it must hold with high probability that
Vil < ¢ = TV 0B

By definition of Y; here, we have the desired result. |

Lemma 28 With high probability, we have that
1Tz |2 = O(rov/m)

18
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Proof We know that

t1
1T ll2 < [1Toll2 +mll Y es—1Bsall2

s=1
viogd
gTO\/m"i‘ 7717'077 0og
1
S ovm

Here, the second inequality follows from the Freedman’s inequality guarantee we get in Lemma 27.
|

We first make use of a forward perturbation lemma from Allen-Zhu et al. [3], which tells us the
following:

Lemma 29 With high probability, it holds that for every U satisfying ||U|| < w that
11U 2) = 1Oy ) |1 S mw??
As a result, this gives us the bound of
INu,, (u, U3 ) = Ny, (u, U3 2)] S (rov/m)**mty

Proof The first part of the lemma is given by Allen-Zhu et al. [3]. Consequently, the second part
follows from the fact that

_ _ 1 - _
[Nu, (w, Uy ) = Ny, (w, Uy 2)] < N Y 1L([Un]iz) = 1([UxJiw)] - 1[0 iz
i€[m]
1 t
< w23
~Um T m
< (rov'm)* Pty
where the last inequality follows from the choice of w = O(79/m) from Lemma 28. [

We also have the following lemmas, which, as we see, will be useful later.
Lemma 30 With high probability, it holds that
|Nu,, (u, Uy, ) — NUtl (u, Uy )| < (rov/m)? Pty
Proof Similar to the analysis of the previous lemma, we have that
- - 1 - -
|Nu, (u, Uty ) = N, (u, U o)| < N > 1 )iz) — 1[0 )ix)| - [T i
i€[m]
1 . t

< . 2/3  Mti
~ \/m m(TO\/TTL) \/m
< (rov/m)? Bty
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Lemma 31 With high probability, it holds that ’Nﬁtl (u, Uy, ;)| < 10v/Tog d.
Proof We have that with high probability

INg,, (u,Uns)| = Y wio([Uy i)

N

MUzl

- 10v/my/log d
04/ log d

The second inequality follows from the fact that with high probability, ||U, ||lo < 70+/m, which we
showed in Lemma 28, and the +/log d factor comes from standard concentration inequality. |

N

s-%-2

A

We can now combine the previous two lemmas to obtain a bound on | Ny, (u, Uy, )|, using
triangle inequality.

Lemma 32 With high probability, it holds that

’NUzl (u, ﬁtl ;7)| S (7—0\/77”)2/3771751 + 70/ logd

We are now able to give a high probability guarantee of what the loss will be at our fixed annealing
time ¢;1. This is captured by the following.

Lemma 33 With high probability, we have that at some time t; < ty,

N
1 o
~ Zf(y(”ftl(w(”ﬁ))) <qlog2+ €

First, let us define

These gadgets will faciliate the analysis by isolating the effects of the accumulated signal and noise.
Proof Note that we have [|1(Uz) — 1(U,2))[1 < m(10+/m)?/3 by Lemma 29. Furthermore,
we also have that [Ny, (u, U, ;)| S 10v/logd from the previous lemma. From our choice of
parameters that 70+/log d < &, we obtain that | Ny, (u, Uy, 2)| < 55
W*

V‘k
the analysis of Li et al. [19]. Consider this target signal at time ¢;, combined with our noise Utl.
Then, we will have that

We now consider a target signal U* = < > of V* = 0 and W* = 20w;+/d log é following

hi,(U*) = Nu,, (u,U* + Uyy; )
= Ny, (u, U*;x) + Ny, (u, Uy, )

20
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We first consider the first term Ny, (u, U*; z). In particular, from the definition of our constructed
signal, we know that

1
Ny, (u,U*5 ) = 20w 2y - \/gloge— Z w1 ([Wy,Jiz1)

1.
1€[m]
1 1 (W4
0T, ilog L. MOVl
€1 m
1

= 20w* T2y - Vdlog —
€1

) ’MW;;M)”l +0 (\/mogd- (Tom)z/:;)

where the last equality follows with high probability from Lemma 29 and our choice of ¢;. Now,
from the symmetry of the distribution of the martingale W;,, we know that with high probability,

RWaadlh _ 1, ( logd>

m 2 m
1
== 5 + O(E]_)

where the last equality follows from our choice of parameters. Therefore, substituting this quantity
back into the expression for Ny, (u, U*;z), we obtain that

1 €1
|Nu,, (u, U*; 1) — 10w* 2 log S5
which furthermore implies, by triangle inequality, that

1

[Ny, (u, U* + Upy i) — 10w*T 2 log -

<o
10
Therefore, we have that with high probability,

1 — ; 1 €1
N E K(y(l) . 10w*T:U§Z) log a) < qlog2 + 0
1E€[N]

where the ¢ log 2 comes from the Q component that have z; = 0, and the €¢/10 comes from standard
concentration over the randomness in P. Therefore, since ¢ is 1-Lipschitz, we obtain that

L(U* +01y) = Ki(U*) < qlog2 +
|
In particular, over the course of training, the function K is essentially a convex but changing
function of the matrix B. This property will be useful in the following result, showing that the target

in the previous theorem can be reached. We adapt a version of Li et al. [19]’s for stochastic gradient
descent and gradient descent, and without dependence on weight decay.
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Lemma 34 (Optimization via GD/SGD) Consider a fixed differentiable convex function K, and a
training process with gradient descent starting from zy with update rule

zir1 = 2t — NV K (2)

Then, assuming that all the K’s is L-Lipschitz, and there exists a common point z* such that for all
t, K¢(2*) < c* for some fixed ¢* and z* satisfying ||z* — zo||2, ||2*||2 < R, we get that for all > 0
and % < n < 155 with high probability, there exists a t* € [T satisfying

Kpe(2:) < "+ 1
Furthermore, for all the t < t*, it holds that ||z, — z*||2 < R.

As a corollary to the optimization lemma, we are able to apply the lemma with R = O(d log? é),
with z* being the target signal constructed; this gives the exact convergence time in Lemma 7.

F.2. Proof of Lemma 8

In this section, we reload the notation on ¢; so thatt; = O (%ﬁs) . Our overall proof strategy will

be to show that activations don’t change much in this first phase on this Q@ component. In particular,
we first show the result using V; as network activations, and then show that it is "close" to the true
network (which uses V' directly as activations by definition).

Definition 35 For a time step t and vector w, define £ to be {i € [m] : [Vi]sw > 0}. In other
words, it’s the set of activated neurons in the V' portion of the accumulated label noise. Define £ to
be the nonactivated neurons.

Definition 36 For a set £ C [m)], denote 1(E) to be the indicator vector.
Definition 37 Define gi(x) = Ny (v, Vi; x).

Lemma C.2 from Li et al. [19] still holds in our setting. Specifically, we have that:
Lemma 38 (Partition into terms) Let Q; = diag(v)V;. Then it holds that

ge(z = ) + gu(z + ¢) — 2Gu(2)
= (L&) + LETS) = 21(E7) Quz + (1ET) = 1(ET) Qi
Proof This is by definition of 1 and (). |

In bounding the two terms from the above lemma, we first give the following notation. For the
following section, let

—u 1([V_q]y ) - als—1) —
By 1= VVNVS,l(U, Vi_1; x(is—l)) —
o (Vo) - 2ls1)

From the above, we obtain the following result, which bounds the number of neurons that have
different activations between z + ¢ and z — (.
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Proposition 39 For i € & “< o & +¢ (6 means symmetric difference of sets), we have that
Vi, Ji¢| < 1orv/Tog d. In addition, we also have that |<5'tzl_C ® €Z+C\ < rmy/log d.

Proof Consider ani € & “ o & <. note that this is equivalent to |[V;];z| < |[Vi]i¢|. We then note
that at initialization, it holds that Vp has iid AV(0, 7¢) entries. This implies that with high probability,
[[Voli¢| < Torv/log d. Furthermore, since

Pr [|[Volizl < |[Volicl] < Pr [|[Voi2l < mor+/logd| S ry/logd )

we have by Bernstein’s that with high probability, at most rm+/log d + log d < rm+/log d rows
i € [m] of Vj have its index in & @ &,

Now, if we assume that %\/m\/g < 719+v/log d, then it holds with high probability that

t1
<m Z les—1[Bs—1]iC|
s=1

t1
Z Meés—1[Bs—1]iC
s=1

mr
< ﬁ Z |65—1‘

Therefore, we have that with high probability,

t1

Z MNi€s—1 [Bs—l]ic

s=1

Vi JiCl < |[Vali¢| +

< 1ory/logd

and thus the proposition follows. |

To finish off the bound of the second term in Lemma 38, we have the following result.
Proposition 40 We have that at time t1, with high probability,
I(L(ET) = LETN " Qucll S mr*tiy/logd
Proof
I(L(ETT) = 1(ETNT QI < ILET) = 1ET N Q¢
<& @ &7 - max||[Qdilllic]

1
< rmy/logd - —— 7
~ vJmooa/m
S/ 7]1T2t1\/10gd
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Thus, we have bounded the second term in Lemma 38. We will now proceed to bound the first
term.

Proposition 41 Let AQ; = diag(v)VyL(y\") fi (), i.e. the change in Q; gained in time step t.

Then, we have that
(L&) + 1(ET) —21(E7)) " Quzl < nz I(ET™) + L&) = 21(E7) " AQs-1 2
Proof We simply write out the terms. More specifically, we know that

I(L(E) + L(ETT) = 21(EPNTQull = (L(E7C) + (&) — 21(&7)) T diag(v vave

= (L&) +1(&7°) - ZHAQSH

Thus, by triangle inequality, it holds that

I(LET™) + (&) — 21(€) " Qull < 772 (L&) + L(ETT) - 21(67)) " AQs|
s=1

The result then follows from ||z|| = 1. [

We now attempt to bound ||(1(£7°) + 1(£7°) — 21(£7))T AQ;||. We give the following set
definitions and proposition from Li et al. [19].

Definition 42 Define the following sets

= {i € [m] : |[Vi]iz| < ror/logd}
A=\ &
B=&\&¢

Proposition 43 By definitions of the above sets, we have that

I ( E77) + L(ET) - 21(E7)) " AQs 12

< = (HAUFﬂ IBUFF||+[[AUF, | — [BUF,||+|AUFE +|BUF)

~

Using the above tools, we are able to show the bound lemma, and therefore obtain our desired
bound.
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Lemma 44 With high probability, we have that
I(LES) + L(ET) = 20(E) T AQul2 € mrta/logd

Proof By the Li et al. [19] decomposition from the previous proposition, we see that it suffices to
bound the absolute value of

1 1 _
—(ANF - BNF )= — Y €& ™ i¢& ic F) - 1Ge& i¢ & “ic F])
1€[m]
=Prfic & i¢ & ic FH—Prlic &, i¢ & ie FH
as well as

1
—|ANF|=Pili € EFTC i ¢ EF i e FY
We first note the following expression, by definition of V.

t
Viliz = [Valiz = > mej1[Bj1liz
j=s

We know that the second term on the right hand side is a martingale (and each term in the
summation forms the martingale difference sequence), and therefore we can get the variance of
ZEZS mej—1[Bj_1]iz tobe 02, = O(n3 (t — s)6) (follows from the fact that ||z|| = 1).

In bounding the difference of carslinalities fronl above, we first, f9r the sake of convenience,
define the random variables Y7 = [V;];z, Yo = [Vi]iz, and Y3 = [V{];(. We also define Y, =
S i—smej-1[Bj_1]iz = Y — Y1. Then, the following holds:

Prli e &1, i¢ & i€ FH =Pr[Ya+Ys > 0,2 < 0,Y; > O(rory/log d)]
and
Prli € &7,i¢ & ie Ff]=Pr[Ya > 0,Ys — Y3 < 0,Y; > O(ror/log d)]
=Pr[Y; <0,-Y; — Y3 <0,-Y; > O(rory/log d)]

where the second inequality in the latter relation follows from symmetric distribution, since we are
dealing with martingales. From this, we obtain the following:

Prlic & i¢ & ie FH—Prfic &,i¢ & ¢ i e Fi

—Ey, [1(Y; 0) - Pr[Y3 > ~Y; and [¥i] < O(ror/log d)| V3]

= Ey, [1(Y2 < 0)-Pr[Ys > Y and |V; — Vs < O(Tg’l“\/logd”YQ]}

_ O(ror/Tog d
< By, |1(Ys <0) - Pr[Ys > —V3|V3] - (TO:/;)?)]
: O(1or+/log d
S Ey, |1(Y2 £0) -eXp(—YQQ/Q(rZTg)) . (Ogm]
- s,t
< T()T\/IO@
i/ (t—s)é
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which immediately implies that

1 V1o
—(ANFf |- 1BnF )| s Xt g
m m/(t —

By a similar argument, one can see that

1 _ _ TorV/1og d
—(ANFI = BONFDIS —F—=

m (t—s)o
Now, to bound 1| A N F¢| (and similarly =B N F¢|), we note the following:

Prli € &7 i ¢ & i e FS) = Pr]Ya+ Y3 > 0,Ys < 0,|Y;| < O(ror/log d)]
= Ey, [1(1@ <0)-Pr[Ys > —Ysand |Ys — Ya| < O(ror/log d)\Yz]]

Tory/1og d
~m/(t—s)6

where the last inequality follows since we already bounded an identical expression above. Therefore,
it holds that

Lian e < orviosd
m y NT]l (t—S)(S

We now see that

(JAUFS| = [BUFS||+|[AUF;| — [BUF, ||+ |[AUFE + |BUFE)

E
< TorV/1og d
Tmy/(t—s)o

In particular, this means that when we sum over all time steps s < ¢, we obtain

Viogd
L&) + 1(E74) — 21(&7)TAQ, Tor
mZH &) (&) QH2N771Z T

Smr tm/logd

where we used the assumption that 79 < 11+/t16 in the last step. The lemma then follows.

Lemma 45 (g, is close to g;) With high probability, it holds that

1
poly(d)

l9¢(z) — ge()] <
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Proof We note that
lge(z) — Ge(z)| < [Ny, (v, Vis 2) — Ng (v, Vi )| + [Ny, (v, Vi )|
< (To\/ﬁ)Q/gmtl + (7‘0\/7n)2/3771t1 + 194/ log d
T04/logd

1
poly(d)

AN 2

N

As a corollary to this, we obtain the desired bound for Lemma 8, because we can just consider
the dynamics of g;, . This is shown via the following.
Proof [Proof of Lemma 8] We know that

1902 (2 = )+ g1 (5 4+ €) = 200, (2)] < 18 (2 — ) + i (2 + €) — 200, ()] + pl.iw)
— (L(E) + 1(EH) — 20(E7)TQiz + (LET) — 1(E7))TQuC]
N 7717“2151\/@
< r2d”8\/logd

as desired. |

F.3. Proof of Lemma 9

Let #; denote the annealing time from Lemma 7. Let us also denote throughout this section to =
O(—L;-). At a high level, the idea of the proof is that the additional variance added by the label noise

n2€5T
from annealing time ¢; to any time ¢; + ¢ is small, because of the small learning rate. Intuitively, this
means that most of the noise from before annealing is preserved.

We first begin with the following lemma.

Lemma 46 With high probability, it holds for t > 0 that

Ny

i+t

(, Up, 4 52)| S 10v/log d + (rov/m)*Pmiy + ny /3

Proof The proof of this is the same analysis as Lemma 32, followed by an application of triangle
inequality. |

Lemma 47 For any x and any t = O(tod/®), it holds with high probability that
IL([U;, 1 )2) = LU Jo) [l S €d

Proof Without loss of generality, let us assume ||z||2 = 1. First, let us give the following decomposi-
tion.

= 11U, 442) = 1(0;, )l + 110, 442) = LU, 2) |1 + 103, 2) = LU 2)la
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We know from Lemma 29 that
11T, 2) = LU 2) |1 S m- (rov/m)*?
By similar analysis, we obtain that
- 2/3
12T, 1) = LUy )11 S - (ron/m)’® 4 m - 42/

We’d now like to bound the middle term. Note that

£1+t
U5, iz = [U3 iz — > maea1[Bs1liz

s=t

In order to compute Pr[1( [Ufl i) # 1( [Ugl]ix)], we consider the additional ZZZZ N2€s—1[Bs—1]ix

term and the initial [Uil]iaz term. Note that both of these random variables are zero-mean; in partic-

f1 s vm
Therefore, we obtain that

~ 7z 2
ular, we know that [U; ];z has variance (7¢), and Zh:ti n2€s—1]Bs—1]ix has variance O (772—“5)

t1+t
Pr[1([0, iz) # L([Uy)iw)] = Pr[L([U )iz + Z m2es—1[Bs-1iw) # 1(Uy Jix)]
158 //m
~ Tg

<™\ /55 VA
This gives us that with high probability,
11T, ) = 1O 2) | § ¥ BVES + \/mlog d
0
Finally, the lemma follows, by summing all three terms together. |
The result of Lemma 47 allows us to conclude the following:

Lemma 48 With high probability, it holds for any x that at time t < O(t2d"/®)

Ny

7 2
£+t (u7 UtAl+t; l') - NU{I (u? U2?1+t; ':U)’ rg €1-
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Proof This follows by triangle inequality, using previous lemmas. In particular, we have that

[Nu;, . (0 U 5 ) = N, (u, Ut 45 0)]
= ’NUt +t( U£1+t;x) - NU£1+t(u Utl_;’_t; )’ + |NUt1+t< U£1+t;x) — ]\]‘[J{1 (u7 U£1+t;w)|

- 1
< [Ny t1+t(u’ Up o)+ —= Jm LUz, 4z) — LUz, ) |1 - max||[ t1+t/] |2
S ’NU51+t( 7ﬁ£1+t;$)|
t t
(o 45 RS g (my+mi)
T0 \/m
log d + (ov/m)* ity +ny/*t/3
1 A
+ = (m (rov/m) +m - 2323 43/ %\/5+ \/ng) - (mits + mat)
0

Vo R
logd + (Tox/m) mt + 775/3t5/3 + (m _1/477727 + m_l/Q\/log d)(mt1 + nat)
0

< 194/ logd + (To\/ﬁ)2/3771f1 + n;/3t5/3

N 2
e

where the last line follows from our choice of parameters that 7ov/Togd < €2, (1oy/m)?/3mt; <
€2, ng/thdl/S <€ [ |

We now proceed to complete the proof of Lemma 9, via the following series of lemmas. We
can then show that there exists a target signal that the weights approaches after the learning rate is
annealed. In particular, this target signal analysis will be similar to the spirit of the target signal
analysis before the annealing. The difference is that here, we will construct a target V* for the
nonlinear component of the data.

First, let us recall the following notation. We use L to denote the average loss on £, and we use
L to denote the average loss on /. By Lemma 26 we know that in general, L and L will be close,
because of our choice of scaling for 9.

Let us now give the following Lemma C.9 from Li et al. [19], as adapted for our expected
smoothed loss /.

Lemma 49 Consider a time t, where it holds that |g:(z + () + g:(z — ) — 2g+(2)| < k for some
small k. Then, it holds that

_ logd
Ly >log2 — —
sy (u,Up) > 1og2 — O(k) — O <m>

In addition, ifI:/\;h <log2+ O(K') for k' Z K, then

, , logd
196(z + Ol L9tz = Q)L lau(2)] < 0( K+ m)

We can then continue to show the following, allowing us to bound the key term €.
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Lemma 50 With high probability, it holds that

196, (2 + Ol g5, (2 = Ol gz, (2)], 0 < O < 61)

where we define

11>

1 5 (i i
02 5 S Uy, (o)

iEMy
to be a notion of pseudo-loss that is computed via just the W weights.

Proof To show this, we first recall that with high probability, I_’t} < qlog2 + €1, which implies
that L, (u, Up,) < log2 + <. In the setting of the previous lemma, let & = K = 0(e1) =

O(r2d°/3\/Tog d). Then this implies that |g;, (= + O)|, |9z, (= — O)|, g, (2)] < O (ﬁ) .

Thus, we obtain that

1 7.1 i
0= 2 V@)

ie./\/ll
< = Z Ttl $1 )+gt1 + T Z ‘gtl
ze/\/h 16./\/11

< (f’h - qg/\;ll (u, Ut,)) + O ( j\lf/q>

< (qlog2+e1 —qlog2 + qge1) + O ( ;/q)
ol
q

We are now able to construct a target signal for V* that we can show convergence to in the
second phase of training. This will be formalized via the following lemma.

Lemma 51 At some time ty < to time steps after annealing, we have that there exists a target signal
U™ such that

K£1+t(U£1 + U*) <€y + €.

Proof We follow the construction of Li et al. [19] for the additional target signal. In particular, first
define the sets

S={ieml:[Vyli(z-¢) >0
E={iem]:[V;]i(z—¢) >0,[V;]iz <0,[V li(z + () <0}
E={ie[m]:[Vy]i(z — () <0,[V; iz <0, [V ]i(z + () > 0}

Vi liz 2 0,V Ji(z + ) < 0}
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Then, define the target additional signal matrix after annealing as U* with W* = 0 and V* to be

%ﬁkl)viz ifi € &
. _%11/61)% ifi e &
P = 20clog(1/€1)v; if 1 € €

— Ry 1E€C3

0 otherwise

Now, let us consider th]w in particular, i will be in the & sets with probability O(r)?, the angle
between z — ¢ and z, because at time t; the network still has a bad margin on Q, and hence hasn’t
learned much.

Next, we note that for zo = a(z — (), with high probability it holds that, by definition of V*,

(,5 ‘ZOClog(ll/el) B ’52|40610g(1/61)> < a—2clog(1/61)

req €1

Ny, (v, V5 a(z =) =

1

Similarly, we get high probability bounds of the cases of 2o = (2 + () and zo = «az as follows.

20clog(1/e€1) < a—QC log(1/e;)

1
]\[\/{1 (v, V™ a(z + C)) = —CKE|53‘

T€L €1
and

20clog(1/€1) - a2010g(1/61)

Ny. (v, V55 az) =a— |€ |

3} Teq €1
In particular, by definitions of the labels, we obtain that for all i € [N],

2clog(1/e€1)
€1

yONy (v, V*, 28)) > B

t1

Now, recall that we want to bound K; . (U; +U*) = K; ,, (W}, V; +V?*)). For the signal
W, it suffices to note that

|NW£1+t2 (w Wfl’xl) NW£1+t2 (w th, )|
< N 0 Wi 22) = Mo 00+ o, (0 Wi

N\FHH( Wi, 41, 71) = LWy n) [ max [|[Wg,Jill2 + [N, (w, W, s 21)|

1 N
< Eel -mty + 10/ 1logd
<

qe1

Now, we will bound the loss accounted for by the V + V* term. In particular, we note that
by triangle inequality, yNv; - (v, Vi, + V*529) > yNVt o (v, V*;22) — |yNy, h (v, Vi, 5 22)],
where the first term on the rlght hand side is always posmve as shown before (Wthh allows us to

remove the absolute value). We will proceed to bound the terms on the right hand side.

2. For ||¢]|2 < ||z||2, the small-angle approximation holds.
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First, note that for all i,

1
Vitawa| S

~ /merr

by definition of our V*. As such we can give the following bound:

> wi(VEms) - (L(V;, oy, )iwa) — L[V, i)

i€[m]
1
S = Vi }o2) — 1V e
<4
meLr
< 0(1)

From this, we obtain that

YNV L (0 V) =y | D oilVitee) - (Vi g, Jia)
1€[m]
> y( Y viViwn) - (U[Vi, g, iwn) = L[V, Jiwa])) +y (Y wi(Virwa) - (L([V;, Jia]))
i€[m) i€[m]

> lzallz g0 e
€1

We now upper bound the [yNvy. (v, V; ;x2)| term. To do so, first note that

t1+to

> 1 X9) — ]\fvf1 (v, Vi ;)| + |NV£1 (v, Vlgl;wQ)’

17

Ny, (0, Vi 52)] < |V,
|

In particular, this gives us

lyNv, ., (0, Vi s 22) = > il [V Jiw2) L[V, i, liwa)
i€[m]
< Z Uz([‘_/tl]sz)]l([‘él]szZ) + Z Uz([_tl}z$2)(ﬂ([‘/zgl+t2]i$2) — 1([‘/;1]@2))
i€[m] i€[m)]

= [yNv, (v, V522)| + > vil [V Jiwa) (L([Vi, oy, liwa) — 1([V, Jiz2))

1€[m]
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As noted earlier, since yNVt s (v,V +V* x9) > yNVt oy (U,V*;$2)—|yNV£1+t2 (v,f/fl;xg),
we can prove the following:

yNy. . (v,V;, +V*22) > yNy,

t1+to t1+to

2 alog(l/el) -0(1)
2 log (;)

Kt1+t’(Ut1 + U*> = Kt1+t’(<Wt17 ‘7;51 + V*))

(v, V*;22) — |[yNy,

t1+1t9 (v

Vi3 22)|

From this point, we obtain that

M M| - _

<Ml )+ 0e) + UL (N (0, T+ V):0)
N N
<e€+ €

Here, convergence using the Lemma 34 will give the desired upper bound for number of time steps.
|

F.4. Proof of Lemma 10

We can then show that our label noise SGD algorithm converges to a low training loss on both the
‘P and Q component, which is good. In particular, for the P component, the low loss is on the
entire M, which implies generalization via standard Rademacher complexity bounds. This will be
formalized by the following analysis.

Proof Consider the difference between losses at time ¢; and time #; + fg on the P component,
restricted to the set M. Then, we have that

[ Lty (1,) = Lty (3,44,
1

) W S (@ (@) = Wy iy (@ O)
€My
rw 3 I (e =)
1€
’Mﬂ \/> Z 7“t SE( 7"{14_{2(1‘(0))2

1EMy

where the third line follows from /£ being 1-Lipschitz, and the fourth line follows from Cauchy-
Schwartz. In particular, by our choice of 72, we will bound the term inside the square root as

follows.
I, @) = 75, 1, (2|

< |NWt +ig

(w, Wi i, 2 )) — NWfl (w, Wt1+t2’ :L‘l )| + |NW (w, WflJriQ;a:gz)) — NWil (w, Wi xgl))|

+ [Nw, (w, Wy 52l

S |NW£ (w, Wy 4,52 ()) - Nw,, (w, Wt]am(l)” +6
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Therefore, we have that

VN Y7 (g (2D) =g g, (29))2

1EMy

<VN [ ) | Nw, ( t1+t2,$§))—ngl(W,ng;ﬂfgz))|2
€My

S VN IWi i, — Wi I3 1X13
- - N

Fd
N
Vd ey
< Ne;

where the last line follows from

< dr? <dr

Hmu;‘ =

Now, we note that simply ¢y = (1 — q) Ly, (77, ). Therefore, substituting everything back in, we
obtain that

- €0 €1
‘LMl <T£1+£2) - ]__q‘ S E
Hence, |L 4, (1,40, SO (1 /ﬁ) follows directly from our previous upper bound of ¢y < , /<.

Furthermore, since L M, < Lfl iy S O (4 /%), we have that

_ €1
Lty (9, 44,) S P

as desired.

F.5. Proof of Theorem 4

We now make use of the lemmas we have proved, to finally prove the theorem statement of algorithm
LNSGD-LS. Essentially, the fine grained loss from Lemma 10 allows us to conclude the theorem,
because P has enough sample complexity, and Q naturally generalizes well.

Proof First, we give a lemma due to Li et al. [19], which essentially lower bounds the magnitude of
the output at stopping time of training. We adapt it as follows.

Lemma 52 With high probability for t1, ts from earlier, for every k \/T it holds that LM1 (gt1+t2) <

§ implies yg;, 17, (v2) 2 @
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This lemma is useful in our analysis as it allows us to reason that the low-norm x5 observations
of the @ component will still have large output in g.

First, note that by our choice of hyperparameters, e; > ——

VN
. To look at the /P component, we note that with high probability,

. Therefore, it holds that yg; 7 (72) 2

llz[l2

vVe/ad
|7”£1+£2’ = |N£1+1€2 (’LL, Ufl—l-fg;xl)’ S 1

This implies the quantity ||z2|| will determine the magnitude of y(r; .z, + 9z, ,4,)- In particular,

if ||x2]| 2 1/;—5 log é, then

1
Y(riy i, T 9iy48,) 2 log p

Otherwise, if ||z2]]2 S o5 then

Y(ri iy, + 91, 44,) S 1

Recall from the construction of the target signal of W that [|W; ; [|% < d log? é Then, it
holds that

Ewa (i, vty + 95, 44,)]

< Prlzy = OJE[(ry, 4,)] + Prlzs # O[E[l(rs, 47, + 95, 14,)]

1
<prlog —+ ¢
€1
1
< O(prlog —)
€1

where the second to last inequality comes from our choice of €;, and the last equality follows from
our previously conditional expectations.
|

Appendix G. Proof of Theorem 5 (LNSGD-S)
G.1. Proof of Lemma 11

Proof Essentially, we construct a target signal for the Q, and show convergence to this target. The

proof follows the same target signal construction as Lemma 51. In particular, here the upper bound

on the time steps needed is O(W), and the SGD optimization Lemma 34 can be used to show
2

the target signal is reached. |
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G.2. Proof of Lemma 12

For this second phase of training after Q is memorized, we follow Li et al. [19]’s construction of the
target signal, which roughly states that the target signal has a dependency on the linearly separating
hyperplane fit via only the pN observations in M.

Proof The target matrix U* is constructed by considering the vector § = X (X7 X)~1yT € R*1,
where X € R¥PN and y € RPN Then, construct W = 10w; log éﬁ, and V* as in Lemma 51.

It suffices here to note that || 3|2 < +/pIN; by following the SGD optimization Lemma 34, we obtain
the time to be O ( iy

n2eh ) °

G.3. Proof of Lemma 13 and Lemma 14

Essentially, this lemma tells us that the accumulated gradient signal W on the Mo component is
small when we stop the training.

In proving this lemma, we first denote t3 = O (ni, ) . Furthermore, we define the following.

2

o= 3 PG )]

1€EMo

Intuitively, this quantity represents the average absolute value of the logistic loss’s derivative over all
the observations in M. We basically argue that p; will decrease very quickly.

Lemma 53 Fort < t3, it holds that if py = ) (%) then with high probability,
HVI_/tH%‘ 2 TP?

We use the following ReLU geometry lemma due to Li and Liang [17], which we use to show
that with high probability, the gradient as calculated by the noise activations is large.

Lemma 54 For any vi,vs,v3 € R, it holds that

Eu[lloiL(w” (z = ) (2 = ¢) + v2L(w” (2 +¢))(2 + ) + v3L(w" 2)z]3]

R (vl + g+ 03)
where w ~ N (0, 721).

Proof [Proof of Lemma 53] Fix a time ¢. We first note that, for a fixed j € [m],

T 1 /! ] i 7 %
ViyLe= 5 2 L0 fa) v 1(Vi)jay))ey)
1EMa

Following Li et al. [19]’s definitions of the following sets, we denote
SY = {ie[N]: 2y = aw for some o > ap}

where w 1s a vector.
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Then, note that

vajv[v}jl_/t

= D al GV REINLUVLGE-O)E -0+ Y al (W ) L(Vili(z + ) (= +¢)
eS¢ ies; e

+ 3wl (4 fua ) L([Vilj2)
1€S§

We can then define the matrix L so that
L= > al @V flNU[Vili(z =)z =+ D el (YD iz (Vi (2 + )z + ¢
ieM;¢ ieMte

+ Y @il (y@ fu(@))1([Vi]2)

iEME
Thus, we obtain that with high probability,

2 2

2
BB Z 7 | | Do el WOhED)| +| X el 6 fi(=") {Z%e’(y%(x@))]

iEMGC iemite MG

2
2l 2 aiﬁ’(y(")ft(w(i))))

1EMa

Since this holds for all neurons, we get that

2
ILIE 2 mr ( > Oziﬁ’(y(i)ft(x(i)))) _ O(m/2NY

1EMo

by concentration inequalities. -
(Ut)||% are close. In particular, we can note that

LI~ IVEODIE]| 5 ZZE’ PRIl - 1T

5 n§/3t2/3

Now, to bound the (3¢, il (y @ fe(zD)) ])2 term, we note that

2 2
(Zaif’(y(“ﬁ(w(“))) zpt( > f’(y@ft(x@)))

2
Z pe(Npt)
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Therefore, this tells us that

_ 1 -
IVLODIE 2 5 ITIE =y 2)
2
1 _ ) .
2 sl | D0 all @D s |~ omANY) 3)
1EMo
> rp} 4)
as desired. [ |

At this point, we can bound the number of time steps where p; is large (and hence where the
gradient norm is large). This is formalized by the following lemma.

Lemma 55 With high probability, the number of time steps t where p; 2 % is smaller than
2
d'/8(ch)8
n2r

Proof To bound this, we will analyze the gradient dynamics on the loss function itself. Consider a

pseudo-network activated on the initialization weights; we define such to be F(x) = Ny, (u, Us; ).
Then, we obtain that

L(For1) < L(Fs) = m(Vul(y™ fo(2))), Vo L(Fs)) + O(°)
This implies that

L(Fo) + O(m3t) > 2 Y _(Vul(y"™ fo(x)), Vy L(Fy))

s=1

2 motl| Vo L(Fs) |7

Therefore, we see that for a given scalar 3, if p > 3, then ||V L(F;)||% > r/3* by the previous
lemma. In particular, the last inequality implies that there are < 772: 7 time steps where p; is big;

here, we have 3 = O <d71/32> .

(5)?
|
Now, we can finally go about proving Lemma 13.
Proof [Proof of Lemma 13] Recall Wt(Q) = —19 2221 -E’(y(is—l)fs_l(x(is—l))) cyls—B, .
1(is—1 € My). Then, we have that
2 2
SVl s =3 D P fa@)wr(Wilat)at!
ieEMs g JEM]||ieM2 9
< O AXE | D 17@W £
j€[m] 1€EMa
N2
< .
~d Pt
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We can now bound HW H r. In particular, this gives us

W2lr<me > |1 € M2) Vil (4 fo(21)))||p

s<t:ps small

+tm Y s € Mo) Vil (3" fy(21)) |

s<t:ps large

Sy 1l € M)V L)) e

s<t:ps large

< mV/Bt | m(rsh)
~ oV Vd

4-1/32

Again, substituting in 8 = O (ﬁ
€2

) and recalling that t < t3 = O (—nil ), we get the desired
2
bound in Lemma 13.

We now give a lemma, which states that the signal 1W; must mostly lie in the span of the
data points in My. We’ve already shown that the remainder is small in some sense from proving
Lemma 13, so we formalize this argument below.

Lemma 56 Fort < ts, there exists scalars o for every i € Msy such that with high probability, for
all j € [m],

Wiy =w; Y e 1(Weal?) + [P
ie/\;l2
d31/64

it holds that | P;||p <

Proof Note that for j € [m],

t
W = = DO faa (@) -y [Be] - 1(is-1 € Mo)

t
= Y Oyl foog (aCe)) -yl 1 (Wog)jal™ )l 10,y € M)

This implies that
t
Wiy = W] Z (o) oy () D 1 (W] )al* ) - 11y € My)
= [V_Vt(Q)]]
t

— 1 ZE’<y<isfl>fs,1<m<iﬂ>>> w1 (Wl st )t 1(is € M)
_ nQZgl (is—1) (zs 1))) (zsfl)wj(]l([WSil]j‘Tgirl)) o ]l([Wo] (15 1)))$§i571) L(ig_q € Mz)
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We note that for large ¢, because of our choice of small 72, we get this this is roughly

t t
_ _ _ 1 _ 4
W =m Y VL, < (W] —nw; N > Vwl(y® fi(z™))

s=1 s=1 iEMay
t
< Y =y 3 (3 PO 1) - 1(Wolsal)a?
s=1 iEMo
+ 3 OO (@) - (LWl — 1(Weljat)al)
iEMQ

We note that for large ¢, because of our choice of small 72, we can bound the last term as follows:

t
STy fooy (2 0)) oD (LWl ) — 1([Woljal* )2l (i1 € M)
s=1

2
S pUIL(Wie] ™) = L(Woljal =) - 2~
S pte%

Combining everything together, we obtain

q31/64

(2
[Pl < W2 e+ 6 S =g
2

Finally, we can simply apply Lemma 5.3 from Li et al. [19], which exactly recovers Lemma 14.
For clarity of exposition, we include the lemma statement here, adapted as follows.

Lemma 57 Fort < t3, there exists some ||a||2 = Q(v/pN) in the span of the Mo datapoints. Then,
it holds that with high probability,

. _ [ g-1/64
re(z1) —ri(—z1) =20 1 £ O a7
2

G.4. Proof of Theorem 5

Using the lemmas we have showed, we can now prove the theorem for LNSGD-S. In particular,
this last lemma tells us that the predictions at the time training stops are still not good on the P
component, because the margin is heavily influenced by noise.

Proof Refer to Theorem 3.5 in Li et al. [19] for the classification lower bound. |
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Appendix H. Proof of Theorem 6 (FBGD-LS)
H.1. Proof of Lemma 15

Proof Here, we construct a partial target solution of Q. In particular, we use the notation from
Lemma 51 to construct V*. Here, we take W* = 0 and

- :{ _4Oclog(1/e1)viz ific&

(2

p
0 otherwise

Here, for x5 = z — (, we have that
1 40clog(1
Nialo. Vi) = o (B gy ) < —avctog(1/e)
m T

for some constant c. Essentially, only the z — ( vectors in Q are currently classified correctly. For
the remainder of this lemma, a similar analysis can be performed as Lemma 51 to obtain the desired
1

mr>’ by considering Lemma 34 for full batch gradient descent.

upper bound on time steps of O <

H.2. Proof of Lemma 16

We now proceed to show convergence to a partial solution on the P component as well.

Proof Here, we construct our target signal W* to be the similar to Lemma 12; the difference is that
here, it is a partial solution. In particular, we define (3 similarly to Lemma 12, but here W* = w;3;
V* = 0 here. It can be verified that by following Lemma 34, we get the upper bound on iterations to

beO(%). ]

As a result, we observe that at annealing time, both P and Q have a partial signal. Contrasting
this case with LNSGD-LS, we see that we enter phase 2 of the algorithm with indeed a much bigger
signal in @Q (as constructed by V*), due to the lack of noise in the gradients.

H.3. Proof of Phase 2 of FBGD-LS

We refer readers to the proofs of Lemma 11, Lemma 12, Lemma 13, and Lemma 14 for algorithm
LNSGD-S; the results and target signals for the post-annealing phase of FBGD-LS are identical to
those lemmas, including the proof of the classification lower bound.
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