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Abstract

The Kirchhoff index (K¢), defined as the sum
of effective resistances over all pairs of nodes
in a connected undirected graph G, is a fun-
damental metric for real-world networks. It
corresponds to average power consumption in
electrical circuits, average commute time of
random walks, and more relevantly to opti-
mization, is equal to Tr(L), where £ is the
graph Laplacian. In this paper, we study
the problem of augmenting a given graph by
adding k£ edges to minimize the Kirchhoff in-
dex. The problem was introduced in a work
of Ghosh, Boyd, and Saberi (2008), and is
known to be NP-hard; the state-of-the-art
algorithms mostly employ greedy heuristics
and have very weak guarantees. We design
novel algorithms and show bi-criteria approx-
imation guarantees, i.e., the algorithm adds
¢ - k edges and obtains an « factor approxi-
mation to the optimum objective value with
k edges. Specifically, an algorithm based on
k-median clustering with penalties achieves
¢ =2 and a = O(k). By using known sub-
modularity ideas, we extend this to achieve
¢ = O(logk) and o« = (4 + €). The prob-
lem corresponds to an augmentation version
of the classic A-optimal experimental design
problem in statistics. We also prove strong
integrality gaps for the natural convex re-
laxation and demonstrate the performance of
our algorithm on real and synthetic graphs.

1 INTRODUCTION

In several graph theoretic applications, ensuring good
connectivity is a crucial and desirable property. Con-
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nectivity can be defined in several ways; notable com-
binatorial notions include the diameter and conduc-
tance. Likewise, spectral notions such as mixing times
and Laplacian eigenvalue lower bounds have been used
in several applications. One useful way to measure
connectivity between two vertices u, v is via the effec-
tive resistance between them. While the notion orig-
inated in electrical circuits, the effective resistance is
closely related to random walks (specifically the com-
mute time), and also turns out to be a robust notion
of distance between vertices [Doyle and Snell, 1984].
Further, the effective resistance is closely re-
lated to random spanning trees [Madry et al., 2014],
and more interestingly, to the notion of statis-
tical leverage scores [Spielman and Srivastava, 2008,
Jambulapati et al., 2025].

The Kirchhoff Index of a graph is the sum of all pair-
wise effective resistances. It has found several applica-
tions as a measure of the “average connectivity” of a
graph. Our goal in the paper is to study the Kirchhoff
Index through a network-design perspective. Specifi-
cally, we consider the following optimal augmentation
problem: given a graph G (undirected, unweighted,
connected) and a budget k, which k edges do we add
to G so as to minimize the Kirchhoff Index?

This problem was first studied by [Ghosh et al., 2008],
who gave a convex relaxation and developed heuristic
algorithms.  [Predari et al., 2023, Zhou et al., 2025,
Achterberg and Kooij, 2025,  Summers et al., 2015,
Yang et al., 2019] studied the natural greedy approach
of adding edges iteratively to optimize the objective.
These works use the fact that the Kirchoff Index
is exactly n - Tr(ﬁg), where Lg is the Laplacian of
G. However, we are not aware of any algorithms
that come with good theoretical guarantees on the
solution they produce. (The latter works above have
approximation bounds, but in general, they lose
factors of n either in the approximation ratio or in
the number of edges added.) On the hardness side,
the best known result is an NP-hardness for (exactly)
solving the problem [Kooij and Achterberg, 2023].
Our goal is to design new algorithms and show
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effective approximation guarantees.

Related work and applications. As we will see, the
Kirchhoff Index is equal to (up to a constant), Tr(ETC,).
Thus, the question of adding k£ edges to improve this
quantity turns out to be an “augmentation version”
of the classic A-optimal experiment design problem
in statistics (e.g., [Pukelsheim, 2006, Fedorov, 2013,
Allen-Zhu et al., 2017]). Indeed, the original formu-
lation of Ghosh, Boyd, and Saberi [Ghosh et al., 2008]
exploit this connection in formulating their convex
program. In the case kK > n, the convex pro-
gramming approach has been shown to yield efficient
multiplicative approximations [Madan et al., 2019,
Lau and Zhou, 2022, Nikolov et al., 2022]. However,
the case k < n is more challenging (but also more rel-
evant in a graph augmentation setting). Recent works
such as [De la Calle-Arroyo et al., 2023] studied this
setting, but do not obtain guarantees for our setting.

Improving graph connectivity by adding edges
is a classic problem in network design. For
combinatorial notions such as diameter reduc-
tion, works of [Demaine and Zadimoghaddam, 2010,
Bilo et al., 2012] obtained nearly optimal algorithms
using k-center clustering methods. For the aver-
age shortest path [Meyerson and Tagiku, 2009] came
up with algorithms using k-median with penalty
clustering methods, and for centrality-based mea-
sures [Crescenzi et al., 2015, Shan et al., 2018] proved
that greedy algorithms give very good approximations.
Similarly, for the edge augmentations in probabilis-
tic graphs [Bhaskara et al., 2025], proposed algorithms
for improving the probabilistic diameter using cluster-
ing methods.

For augmenting a graph to improve spectral metrics
like A\2(L(G)), [Kolla et al., 2010] studied algorithms
based on the notion of wltra-sparsifiers. Our tech-
niques are inspired by several of these results, as well
as tools from the analysis of electrical networks such
as Thompson’s principle[Doyle and Snell, 1984].

1.1 Our Results and Techniques

We will develop efficient algorithms with approxima-
tion guarantees for the edge augmentation problem de-
fined above. First, we ask: by adding k (or O(k))
edges, what is the best possible approximation that
one can obtain for the Kirchhoff index objective? We
will then ask if one can obtain an O(1) (constant fac-
tor) approximation to the objective by adding only
c- k edges, for some small parameter c. We state these
results below.

Theorem 1. Let G = (V,E) be a connected, un-
weighted, undirected graph, and let Kg~ be the min-
imum Kirchhoff Index of a graph of the form G U F,

where F is a set of k new edges and G U F s the
graph formed by augmenting the edges in F to graph G.
There is an efficient algorithm that constructs a set F’
of at most 2k new edges, such that Kaup < O(k)-Kg-.

The algorithm is based on finding an approximate solu-
tion to a variant of the k-median problem (known as k-
median with penalties), on the effective resistance met-
ric defined on the vertices. Given an algorithm for this
variant of k-median that obtains an O(1) approxima-
tion to the objective in Tiyedian () running time, our al-
gorithm has expected running time O (n? + Thnedian) -

An outline of the analysis is as follows: we first note
that for a random vertex s in the optimal augmenta-
tion (call it F'*), the sum of effective resistances from s
to the remaining vertices is O(Kg«)/n. Then we show,
using a property of the effective resistance known as
the Thompson’s principle, that if T is a set of cen-
ters that approximately optimize a variant of the 2k-
median objective, then every vertex u € V is “close
enough” either to one of the vertices in T, or to s it-
self. This yields the desired approximation guarantee.

Next, we show how to use Theorem 1 in con-
junction with a known submodularity argument
from [Shan et al., 2018] to obtain the following result:

Theorem 2. Let G = (V,E) be a connected un-
weighted graph, and let g« be as defined above. There
is an efficient algorithm that constructs a set F' of
O(klog(k/0)) edges, such that Kgup < (4+9) - Kg=,
for any 6 > 0.

It is an interesting open problem whether we
can achieve an approximation ratio (1 + ).
We contrast our result with the observation

by [Achterberg and Kooij, 2025] who showed that the
objective h(F) := Kgur viewed as a set function in
F' is not submodular. Indeed, they showed that the
submodularity ratio, defined as

o h(SU{e}) = h(S)
screv h(RU{e}) — h(R)’

can be as small as 1/n. (Note that the ratio would be
> 1 if h were submodular.) This implies that one can-
not analyze the greedy edge addition heuristic using
techniques for maximizing approximately submodular
function (such as [Sviridenko et al., 2017]), unless we
add an n factor more edges. Our result bypasses this
limitation by instead focusing on edges out of a sin-
gle “source” s. Surprisingly, in this case, the “local”
objective turns out to be submodular, as was shown
in [Shan et al., 2018]. One technical caveat in our re-
sult is that we allow the algorithm to add parallel edges
(multiple edges between the same pair u,v).!

'In practice, as long as there is a vertex w that is not
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Finally, we consider the natural convex relaxation for
the problem, as proposed in [Ghosh et al., 2008].
The relaxation is based on the fact that

Tr(X~!) is convex over the positive definite cone
(e.g., [Boyd and Vandenberghe, 2004]).

;
min n-Tr | Lo + Z wij(e; —ej)(e; — ej)T
{i.j}¢E
subject to Z wi; <K,
{i.3}
0<wy; <1 (1)

We exhibit an integrality gap for this convex program,
where the optimal integral solution has an objective
value that is Q (1. /%) times the optimal objective
value of (1), even if the integral soluion is allowed to
contain ck edges. This suggests that one cannot match
our algorithmic results using the direct relaxation. We
refer to Section 5 for details.

In Section 6, we also perform experiments on both real
and synthetic datasets to empirically compare the per-
formance of our algorithms with greedy edge addition.
We also propose a new heuristic based on our k-median
algorithm and show its empirical behavior.

2 PRELIMINARIES

Throughout the paper, G = (V, E) will denote an un-
weighted undirected graph. We will also write n = |V
For any pair of vertices u,v € V, the effective resis-
tance Rg(u,v) is defined as the potential difference
induced between u and v when one unit of current is
injected at u and extracted at v, assuming each edge
acts as a unit resistor. It is well-known that

Ra(u,v) = (ey — €,) Lh(ey — €,), (2)
where L is the Laplacian matrix of G and ETG its
Moore-Penrose pseudoinverse and e; denotes the j-
th standard basis in R™. The effective resistance
forms a metric on the vertex set V and is mono-
tonically decreasing with respect to adding edges
[Klein and Randic, 1993, Doyle and Snell, 1984]. The
Kirchhoff index K¢ of graph G is defined as the sum
of all pairwise effective resistances. In terms of the
Laplacian spectrum, we have

ICG:ZRg(u,v)zn~Tr<£g) :n<2":)1>’

u<v

in I'(u) UT'(v), we can mimic a parallel edge uv by adding
the two edges uw and wwv. This increases the edge budget
by a factor of 2 and looses approximation by a factor of 2.

where ); is the i-th smallest eigenvalue of Lg. Also,

for a fixed s € V, we write Rg(s) =, oy Ra(s,v).

Thompson’s Principle. In our analysis, we use the
classic variational formulation of the effective resis-
tance, which is as a flow that minimizes the total en-
ergy over the edges. Formally,

Lemma 3 ([Doyle and Snell, 1984]). Let G = (V, E)
be a connected graph and let i,j be two distinct ver-
tices. Let F;; denote the set of all unit flows from 1
to j in G. The effective resistance Rg(i,j) between
vertices © and j is given by:

where the energy E(f) of a flow f € RIF| is defined
as E(f) ==Y .cp [?, where fo denotes the amount of
flow passing through edge e in the flow f (i.e the et
coordinate of vector f).

Metric k-Median with Penalties. Our algorithms
use a variant of the classic k-median problem, in which
the algorithm can “deny service” to any client at a
specified penalty cost. Formally,

Definition 4. (k-median with penalties; KMP) Let C
be a set of clients and F be a set of potential facility
locations, both in a metric space with distance function
d Additionally, for each j € C, we are given a penalty
p; for not being served. The goal is to open at most k
facilities, i.e., select S C F with |S| < k, and for each
client j, either assign j to its nearest open facility in
S (incurring cost d(4,S5)), or refuse service and pay
penalty p;. The goal is to minimize the total cost,

> min(p;, d(j, 5))-

jec

The work of [Meyerson and Tagiku, 2009] gave a con-
stant factor approximation based on local search:

Theorem 5 (Approximation for k-Median with
Penalties). There exists a polynomial-time algorithm
that achieves a factor 5-approximation for the metric
k-median with penalties problem.

3 APPROXIMATION USING
CLUSTERING

First, we present our algorithm that adds at most 2k
edges and gives an O(k) approximation to the Kirchoff
index objective. This establishes Theorem 1.

Algorithm Outline. Our algorithm has a simple
structure: first we choose a random s € V' as the “cen-
ter”. We then set up an instance of 2k-median with

penalties (KMP) with a carefully chosen metric, and



Clustering-Based Edge Augmentation for Minimizing the Kirchhoff Index

solve it using the algorithm from Theorem 5. Let P
be the set of facilities (vertices) that are output. Our
algorithm then outputs the edges {s,p} for all p € P
(not already present).

To make the outline above formal (and for the guar-
antee to hold with high probability), we need to take
O(log n) random samples s — see Algorithm 1.

Algorithm 1 Edge Augmentation
1: Input: Graph G = (V, E), parameters k, §
2: § + random sample of O( Og") vertices
3: for each vertex s € S do

4: P = Approx solution to KMP(G, s, 2k)

5:  Let Fs be the edges {{s,p} : p € P}

6.

7

8

9

Compute Kirchhoff index Kour,
: end for
: Let s* = argminges Kgur,
: Output: edges Fi~

In what follows, we will write F,; to denote the op-
timal k-edge augmentation. For convenience, we also
write G’ = GU Fopt. The first lemma is the following:

Lemma 6 (Existence of Good Centers). Let G =
(V.E), and let G', Fop be defined as before. Let S

be a set of O(IOE") vertices chosen at random from V.
Then with probability at least 1 — +,

2+96
iy Ro(5) < 200

K

The proof is a simple argument based on Markov’s
inequality, and is deferred to Appendix A.1. The next
lemma, which is crucial to our analysis, relates the
effective resistance in the optimally augmented graph
to that of the original graph, and helps us reduce the
problem to an instance of 2k-median with penalties,
as we will see.

Lemma 7. Let G = (V,E), G', F,, be as defined
above, and let s be any fized verter. Then there exists
a set C CV of size at most 2k, such that for allv € V,
one of the following holds:

1. Rg(C,v) <
2. Rg(s,v) <

(k+1) - Rg(s,v) —1
(k+1)- Rg(s,v)

Where Ra(C,v) = minyeccRa(u,v)

Proof. We will show that the Lemma holds for C being
the set of endpoints of the k edges in Fypy. (Thus we
clearly have |C| < 2k.)

Fix any vertex v, and consider a unit flow f*
RIFl (where E' = E U F,,;) from s to v achieving
Rei(s,v) = > .(fX)?, as guaranteed by Lemma 3.

e

Since any flow can be decomposed in paths, there ex-
ist a collection of simple s — v paths {Py, Ps, ..., Py},
each carrying flow fp, > 0, such that

> fr.Pi
=1

Where P; € RIF| is a binary vector with each entry
representing whether that edge is present in the path
or not.

S fr =1 and ff=

=1

Each of these paths uses a (possibly empty) subset of
the edges from Fyp¢. We can thus partition the paths
into (k+ 1) equivalence classes {Q;}* i *1, based on the
last edge from F, used in the path. These yield k
classes; the (k + 1)th class consists of paths that do
not use any edges in Fype. Additionally, note that for
any edge {u, v}, all the paths P; that use the edge use
the same “orientation” (either they all send flow from
u to v or vice versa).

Now, let F; = ZPier fp, denote the total flow in class
Q;. For each j with F; > 0, define the normalized flow

D I
F; PeQ);
which is a unit flow from s to v using paths in Q.

For each edge e, let f* denote the flow passing through
edge e in unit flow f* and f(j) be the flow pass-
ing through edge e by using paths in class Q; (so

f= ZkH (). Now consider the energy (sum of
squared flows) of each unit flow f):

5(f(])) — Z ng(é)

By using the inequality Va;, b; > 0, minz(‘;—) < %LZ. '

We are interested in bounding min; £(f;)

O (Ee f:(j)2>
j j F?

min £(f))
oA XSG
TS
<X S L)
Zk+1 F2

> 0 implies that ZkH ()2 <

Since  £(j) <
2

(Zkﬂf (7 )) < f? and also foll F;, =

that from Cauchy—Schwarz inequality ZkH F2 >

1

k+1

1 implies

e

k+1

min &(f¥) <

J

< (k+1)- R (s,0).  (3)
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Let j be the index at which the minimum is attained
above. The remainder of the proof goes by showing
that if j < k, then for one of the edge endpoints x,
Re(x,v) is small (and since z € C, Rg(C,v) is small),
and if j = (k + 1), then Rg(s,v) is already small
enough. (These correspond to the two cases in the
Lemma statement.) The details of this argument are
deferred to Appendix A.2. O

Next, we show how to construct the instance of 2k-
median with penalties for finding a C” that (roughly)
satisfies the conditions in Lemma 7 (step 4 of Algo-
rithm 1). We start by defining an appropriate metric
space. Given G = (V, E), we define

d(u,v) = {1+Rc(u,v) if u v,

0 if u=w,

where Rg(u,v) is the effective resistance between ver-
tices u, v in G.

Observation 8. d: V x V —= R defined above is a
metric.

The proof is straightforward and is deferred to Ap-
pendix A.3. Next, we show how to construct an in-
stance of clustering with penalties.

Definition 9 (KMP(G, s,¢)). Given G, a vertez s €
V., and an integer £, KMP(G, s,{) is an instance of the
k-median with penalties problem (Definition 4), with
F =V, C =V\{s}, metric d as in Observation 8,
and penalty p; := Ra(s,j).

Thus the goal is to return a subset T C 'V of size </
minimizing the objective

> min(p;, d(5,T)).

JEV\s

The following lemma shows a bound on KMP(G, s, 2k)
in terms of K.

Lemma 10. Let F,p be the optimal augmentation to
G as before, and let s be any vertex. Then the optimal
objective value Appyp for the problem KMP(G, s, 2k)
satisfies

Apmp < (k+1) - Rar(s).

The proof is fairly straightforward using the definition
of d, and is deferred to Appendix A.4. The next lemma
is crucial to the analysis, and relates an approximate
solution to KMP with the Kirchoff index objective,
restricted to s.

Lemma 11. Suppose C' be a set of centers returned by
a~y factor approximation algorithm for KMP(G, s, 2k),
and let Agmyp be the optimum objective value. Let F

be the set of all edges of the form {s,c}, where c € C
that are not already present in G. Then we have

Raur(s) < v Agmp + 2k.

The proof requires a careful use of the properties of
effective resistances, as well as the setup of the KMP
problem. It is deferred to Appendix A.5. One seem-
ing issue with the bound above is the additive factor
of 2k. Tt turns out that since Rg(s) cannot be too
small < 1 (even for a complete graph!), this factor can
be absorbed into the approximation ratio. Then, we
need to argue that one can bound Kgur in terms of
Raur(s) for some s. This follows from the triangle
inequality for effective resistances. Putting all these
together, we obtain our main result (a formal version
of Theorem 1).

Theorem 12. Let G = (V,E) be a connected, un-
weighted, undirected graph and let Fopy be an optimal
set of k edges whose addition minimizes the Kirchhoff
index of G' = (V,EUFyp). Then Algorithm 1 runs in
polynomial-time, adds at most 2k edges, and yields a
graph with Kirchhoff index at most (14k + 10+ €) K¢ .

Running time of Algorithm 1. For each
s € §, it takes Tiedian time to solve the 2k-median
problem approximately and O(n?) time for finding
the Laplacian inverse using the recent techniques of
[Jambulapati and Sidford, 2025]. This in turn gives us
the effective resistances between all pairs of vertices in
O(n?) time. Together, this yields a running time of

O(n2 + Tmedian)~2

Proof of Theorem 12. From Lemma 6, we know that
with probability > 1 — %, for some s € S, Rg/(s) <
% -Kgr. Let P be the set of vertices that are output
by the approximation algorithm from Theorem 5 on
the instance KMP(G, s, 2k) we constructed for this s.
As in the Algorithm, let F be the edges of the form
{s,p}, for p € P. For convenience, write G5 := (V, EU
F). Then from Lemma 11,

Ra, (8) < 5Akmp + 2k,

since we have v = 5 from Theorem 5. Now from
Lemma 10, we have Ay < (k4 1) - Rer(s), and thus

Re.(s) <5(k+1)Rg(s) + 2k.

Next, we observe that for G’ (and in fact any sim-
ple graph), Rg/(s) > 1. This is because the value

2 A simple implementation of the Local Search algorithm
of [Meyerson and Tagiku, 2009] takes time O(nk) time per
iteration. If we ensure that the objective improves by a
1+ %) factor each iteration, the number of iterations is
only ~ klogn, so this term is lower order for small k.
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> vev R(s,v) > 1for the complete graph, and effective
resistance values are monotone. Thus, we can write

R, (s) <5(k+1)Rg(s) + (2k)Ra (s) (4)

Next, we note that by triangle inequality Rq, (u,v) <
Rg.(s,u) + Rg,(s,v). Thus, since R(u,u) =0,

Ko, =Y R(u,v) = % > > R(u,v)

u<<v

< % Z ZR(S, u) + R(s,v)
- R(s), (5)

where R() refers to Rg, () for convenience. Hence ap-
plying the inequality in (4), we get

Ke. <n-(5(k+ 1) + 2k)Re(s)

Since s is a “good center” from Lemma 6, Rg/(s) <
%ICG/. Using this we can say that

Ka, < (2+406) - (Th +5)Ker

With small enough § € (0,1) that gives small enough
e € (0,1), we can write

Ka, < (14k 4+ 10+ €)Kqr

4 CONSTANT FACTOR
APPROXIMATION

We will now use techniques from Section 3, together
with known submodularity results on the principal mi-
nors of a graph Laplacian to obtain a factor (4 + ¢)
approximation to the Kirchhoff Index objective by
adding O(klogk) edges. This establishes Theorem 2.
As mentioned earlier, in this section, we allow the al-
gorithm to add parallel edges; thus for a set of edges F/,
we will denote the (multi-)graph obtained by adding a
set F of edges as G+ F :=G(V,E+ F), where E+ F
adds edges by multiplicity.

As before, we will let Fi,p¢ denote the optimal k-subset
of edges to add to G to minimize the K¢ objective,
and define G’ = G + Fypt.

Algorithm Outline. As before, we first sample a
random subset of center vertices S, and try to add
edges out of s € §. In this case, we simply add edges
greedily to optimize the objective Rg(s) (i.e., the sum
of the effective resistances between s and the other
vertices in the graph). Using known submodularity
results, we can argue that as long as the graph we begin
with has Kirchhoff Index at most A times g/, the

algorithm achieves the desired approximation ratio in
klog A iterations. To obtain the initial guarantee, we
simply use Algorithm 1; this ensures A = O(k), which
then yields the desired guarantees. (See Algorithm 2.)

Algorithm 2 Cluster-then-Greedy Augmentation
1: Input: Graph G = (V, E), parameters k, ¢

2: § + random sample of O(IOE”) vertices
3: for each vertex s € S do
4: P = Approx solution of KMP(G, s, 2k)

5:  Let Fs be the edges {{s,p} : p € P} and let

Gs =G+ F;
6: fort=1,2,...,2cklogk do
T Let {s,v} be the edge that minimizes the ob-
jective RGS-‘r{S,U} (S) = Tr(EGS—Q—{s,v}[s}il)
8: Fs «+ Fs + {s,v}

9: Gy (—GS+{S7U}

10:  end for

11:  Compute Kirchhoff index Kgq,
12: end for

13: Let s* = argmingey Kg,

14: Output: Edge (multi-)set Fi-

As in Section 3, we first show that one can restrict to
adding edges from a small set of centers.

Lemma 13. Let s be any vertez in G and let F,p; and
G’ be defined as above. There exists a (multi-)set of 2k
edges F\,, all incident to s such that Keir,, < 2Kgr.
Further, we also have Rgir;, (s) < 2Rcr(s).

We appeal to the simple fact that for any u, v

(ey —€y)(en —ey) | =< 2[(eu — €s)(eu — es)’
+ (ev - es)(ev - es)T]

which implies that Lo =X 2Lg4+Fp, where F' is the
(multi-)set of edges obtained by connecting s to each
of the end-points of the edges of Fyp¢. This then turns
out to imply the lemma (see Appendix A.6).

Next, we use Lemma 6 to conclude that with proba-
bility > 1— %, there exists an s € S (in the algorithm)
such that Rg(s) < 2%5ICG/. In what follows, we fix
such an s and argue that g, found by the algorithm
satisfies the desired guarantee.

For a multi-set of edges F' all incident to s, we define
(,ZS(F) = Rg+F(S) =Tr (£G+F[5]71)

where Lg[s] refers to the principal minor of the Lapla-
cian obtained by removing the s-th row and column
[Izmailian et al., 2013]. For a connected graph G,
L¢[s] turns out to be invertible, and moreover:

Theorem 14. [Shan et al., 2018] The function ¢(F)
defined above is monotone decreasing and supermodu-
lar. Le., for D C F and any edge {s,x},
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1. (D) > ¢(F), and
2. (D) — ¢(D + {s,x}) = ¢(F) —

(As a technical aside, [Shan et al., 2018] only show the
Theorem for sets of edges and not multi-sets, but the
argument extends easily. For the sake of completeness,
we include a proof in Appendix A.7.)

O(F + {s,2}).

The rest of the proof can be summarized as follows.
First, we show that by adding the set of edges P
in Step 4 of the algorithm (by solving 2k-median
with penalties), we end up with Fy that satisfies
#(Fs) < O(k) - Rg/(s), by our argument from Sec-
tion 3. Now, Lemma 13 implies that there exists
some F' (specifically, Fy ) with Rgyr(s) < 2Rg(s)
and |F| < 2k. The supermodularity property now
implies that if we add 2k edges using a greedy pro-
cedure, the gap between ¢(Fy) and ¢( Opt) drops
by a constant factor (specifically a (1 — 1) factor,
e.g., [Nemhauser et al., 1978]). Since the gap is O(k )
to start with (i.e., after adding P from Step 4 of
the algorithm), we can conclude that after 2cklogk
greedy edge additions (for an appropriately chosen
constant ¢), we end up with F that satisfies ¢(F) <
(24 €)Re(s).

Finally, using the fact that Rg/(s) < 2+5 K¢ and the
triangle inequality of effective resistances (see Eq. (5)),
we obtain that

Kair, < 2+ €)(2+0)Ker

This completes the proof of Theorem 2. A detailed
proof is deferred to Appendix A.8.

5 LIMITS OF THE CONVEX
RELAXATION

In this section, we show that there is an integrality gap
of Q(L /%) between the solution of discrete problem
of adding ck (multi-)edges to improve the effective re-
sistance of graph, and its natural convex relation (1),
that adds weighted edges such that the sum of weights
is k. The integrality gap highlights the challenge in
deriving approximation guarantees from convex relax-
ations, even if we allow bi-criteria edge additions.

For this section, given a graph G and parameter k,
define Kqiscrete (G, k) to be the minimum Kirchoff index
of a graph obtained by adding k (multi-)edges to G.
Next, define Keony (G, k) to be the optimum objective
value of the relaxation (1) with parameter k on graph
G. Our result is the following:

Theorem 15. For any even n, parameters k < n and
c > 1, there is a connected undirected G such that

1
K:discrete(Ga Ck) Z Q (C : \/Z) K:conv(Ga k)

Proof. The graph we consider is simply C},, the undi-
rected cycle on n vertices. Since n is even, the eigen-
values of (), are well-known to be z, = 4sin2(%) for
p € [0, 5]. Moreover, for p > 1, each of the eigenval-
ues has multiplicity 2. Thus, for i = 2,4,...,n (even
integers), the ith smallest eigenvalue ); is 4sin®(Z%).

Using this fact, we can lower bound Kajscrete (G, ck) as
follows: any discrete solution adds at most ck edges.
From the perspective of the Laplacian, each edge corre-
sponds to a rank 1 matrix, and thus by using the inter-
lacing property of eigenvalues, if u; is the ith smallest
Laplacian eigenvalue of the graph obtained by adding
ck edges to C),, we have, for i < n — ck,

fi < Aeki < 4sin? ( o

Now using the fact that sinz < z, we have that

n 1 n—('kl —
;EZ;; Z ck—i—z

Note that for any m, we have Zl>1 (m41-1)2 > (mi_l) 3

Setting m = ck + 1 and using Kaiscrete = 70 Y 1.
we obtain

12m

n3

K:discrete > m

Upper bound for Keonv. A fractional solution to
the convex program (1) could add the edges of a Ra-
manujan expander graph of degree d (that consists of
2 edges in total) [Cohen, 2016, Marcus et al., 2018],

Wlth weight = 2k 7 spread on each edge. This ensures that
the total Welght of the edges added is exactly k. Since
the eigenvalues of the Laplacian ofa Ramanujan graph
lie in range (d — 2v/d — 1,d + 2v/d — 1), by choosing
d =5, the eigenvalues of the Lapla(:lan of newly added

2k 18k)

weighted edges will lie in the interval (£, &).

Let u; be the i-th smallest eigenvalue of Laplacian ob-
tained by adding the fractional weighted edges above
to the cycle C,,. By Weyl’s inequality, for any i > 2,

z2ul

MZ

Now let us split the terms in summation based on an
index t to be chosen later.

n 1 t
Lyt
=2 =2 5

7

3This follows by observing that 5>
followed by telescoping.
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Now for i € [1,t], we use the inequality \; + 2% > 2k

and fori e [t+1,n—1], \; + 275 >\, Hence7
1 _bnt <~ 1
SLle,s L
i=t+1

Now using the fact that sinz > 22 for z € [0, 7/2],

, 2, \2 9

e 2 m 43

N\ =4sin?(—) >4 (= —) > —=.

S (2n) - (ﬁ) (271) ~ n?

Plugging this into the bound above,

1 5nt + " p?
- 2k _ 442
i=t+1
Snt n? 1 1
- 2k 4 i—1 1
=t+1
Snt n?
- 2k 4t

Setting ¢ = v kn, the above term can be bounded by
(ko 5) Usmg ICCOHV =n- ZZ 9 #— in turn implies

that b5
n
]CCOHV S O (ko 5 >

thus completing the proof of the integrality gap. [

6 EXPERIMENTS

In this section, we compare the performance of
our clustering methods, specifically Algorithm 1 and
an additional heuristic based on the k-median al-
gorithm, to the natural greedy algorithm on small
graphs to assess their empirical effectiveness. Note
that prior works have shown that greedy addition
performs quite well in practice [Predari et al., 2023,
Zhou et al., 2025], although we do not know of a good
analysis. We will use sampled versions of datasets from
the SNAP repository (with roughly 1.5k nodes and 20k
edges) [Leskovec and Sosi¢, 2016], as well as on a syn-
thetic dataset constructed as follows: we first gener-
ate small, well-connected clusters of vertices and then
connect them via long paths. This construction yields
large effective resistance values across clusters in the
original graph.

Here are the five algorithms on which our experiments
are performed:

e (: This corresponds to outputting a solution
that adds k edges using clustering based method
in Algorithm 1.

e (y,: This corresponds to outputting a solution
that adds 2k edges using Algorithm 1. This is the
regime most naturally aligned with our theoretical
guarantees that outputs a solution corresponding
to 2k edges added.

e (o, + Gg: This corresponds to an algorithm that
is a hybrid of a clustering-based method and a
greedy method. Here we output a solution by
first running a simple 2k-median clustering algo-
rithm based on local search to obtain 2k candidate
centers and then greedily adding k£ edges between
these centers by restricting attention to the (22k)
possible edges among them.

e Gj: This corresponds to outputting a solution
that adds k edges using a greedy algorithm that
adds the edge with the greatest improvement in
each step.

e Gy This corresponds to outputting a solution
that adds 2k edges using a greedy algorithm that
adds the edge with the greatest improvement in
each step.

Now, we compare the performance of the clustering-
based algorithms to that of greedy algorithms. We
report the average pairwise effective resistance of the
graph after k edge additions (which is proportional to
Ka, since Ry - (g) = K¢). The results indicate that
Algorithm 1 with 2k edges (Cax) performed slightly
better than the greedy algorithm that adds k edges
(Gg) in most of the cases, indicating the effective-
ness of the bi-criteria approximation that has been
proved for Algorithm 1. Additionally, the heuristic
(Car + Gi) performs nearly as well as the greedy al-
gorithm (G},) while offering significant computational
advantages. Specifically, the greedy algorithm requires
recomputing the Laplacian pseudoinverse for each po-
tential edge addition across k rounds, resulting in
O(kn?) recomputations. In contrast, our heuristic al-
gorithm (Cax + Gy,) computes the Laplacian pseudoin-
verse once at the start, and the greedy process takes
only O(k?) recomputations instead of O(kn?). Com-
putationally, Algorithm 1 (in Cy, Coy) does even better
by calculating the Laplacian pseudoinverse only once,
but it needs to add 2k edges to compete with the per-
formance of Gy.

Unfortunately, even with small graphs, the convex re-
laxation turns out to be infeasible to run, so we do
not have a baseline for performance. The compari-
son with greedy shows that (i) the greedy algorithm
consistently performs as well as clustering-based algo-
rithms on real-world graphs, making it an interesting
open direction to study its performance; (ii) if Greedy
is close to optimal, it implies that our approximation
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factors are much better than the O(k) factor suggested
by the theory. Exploring larger graphs and making our
techniques scalable is an interesting future direction.

k Cr Cop | Co+Gi | Gy Gok
0 | 1.495 | 1.495 1.495 1.495 | 1.495
5 1.467 | 1.437 1.447 1.442 | 1.407
10 | 1.437 | 1.393 1.414 1.407 | 1.353
15| 1.419 | 1.359 1.387 1.378 | 1.308
20 | 1.393 | 1.335 1.364 1.353 | 1.269
25 | 1.378 | 1.305 1.342 1.330 | 1.235

Table 1: ca-GrQc: Arxiv collaboration network

k Ck Cop | Cor+Gi | Gy Gk
0 | 0.581 | 0.581 0.581 0.581 | 0.581
5 1 0.577 | 0.573 0.576 0.576 | 0.571
10 | 0.573 | 0.565 0.571 0.571 | 0.560
15 | 0.569 | 0.558 0.565 0.566 | 0.551
20 | 0.565 | 0.550 0.561 0.560 | 0.458
25 | 0.561 | 0.543 0.556 0.556 | 0.531

Table 2: wiki-Vote: Wikipedia adminship votes

k Cr Cop | Cop +Gi | Gy Gog,
0 | 0.312 | 0.312 0.312 0.312 | 0.312
5 1 0.306 | 0.301 0.304 0.303 | 0.296
10 | 0.301 | 0.290 0.297 0.296 | 0.284
15 | 0.297 | 0.280 0.291 0.290 | 0.272
20 | 0.290 | 0.274 0.285 0.284 | 0.260
25 | 0.288 | 0.265 0.279 0.279 | 0.251

Table 3: email-Enron: Email network from Enron

k Cr Cop, | Co+Gi | Gy Gk

0 | 1.298 | 1.298 1.298 1.298 | 1.298
5 1.279 | 1.270 1.274 1.273 | 1.257
10 | 1.270 | 1.258 1.262 1.258 | 1.230
15 | 1.263 | 1.242 1.248 1.243 | 1.205
20 | 1.258 | 1.230 1.237 1.230 | 1.182
25 | 1.250 | 1.215 1.226 1.217 | 1.160

Table 4: P2P-Gnutella: Gnutella p2p network

k Cr Cor, | Co+Gi | Gy G,
0 | 27.76 | 27.76 27.76 27.76 | 27.76
5 | 4.338 | 1.589 3.791 3.790 | 1.416
10 | 1.589 | 1.279 1.414 1.416 | 0.737
15| 1.394 | 1.113 0.913 0.911 | 0.560
20 | 1.279 | 0.984 0.746 0.737 | 0.458
25 | 1.206 | 0.901 0.647 0.636 | 0.390

Table 5: Synthetic I: Clusters connected by paths

7 CONCLUSION

We studied the problem of how to augment a graph (by
adding a few edges) in order to minimize the Kirch-
hoff Index, a popular metric for connectivity in graphs.
Prior works both in optimization and in the network
design communities studied heuristics. We gave the
first algorithms with approximation guarantees, lever-
aging a connection to a variant of k-median clustering.
Our experiments lead to the open problem of develop-
ing guarantees for the natural greedy heuristic.
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Appendix

A Missing Proofs

A.1 Proof of Lemma 6

Proof. By definition of the Kirchhoff index and the symmetry of effective resistance, we have:

1
Ke = Z R/ (u,v) = 3 Z Rei (u).
u<v ueV
Thus,

> Rer(u) = 2Ke.
ueV
This in turn implies:

2
Esov[Re ()] = =2

By averaging (formally, Markov’s inequality) with 6 < 2, we have:

2+0)Ke, 2 5
/ < <1l-—-.
BylRe(s)> ==l s g5 =173

By the independence of samples being picked in the set S, we have

S|
Pr[min R¢-(s) > M] < (1 - 6)

sES n 4
o ) . 4e-]
Using inequality 1 — x < e™® with |S| = %
2+ 6)Ke L1
Pr[minRG'(S) > w] S e_% S —
sES n n

Thus the probability that minges Rg/(s) < (219) j s is at least 1 — L (with § < 2), completes the proof.

n

A.2 Proof of Lemma 7

Proof. We will show that the Lemma holds for C' being the set of endpoints of the k edges in Fypy. (Thus we
clearly have |C| < 2k.)

Fix any vertex v, and consider a unit flow f* from s to v achieving Rer(s,v) = > _(f7)?, as guaranteed
by Lemma 3. Since any flow can be decomposed in paths, there exist a collection of simple s — v paths
{P1, Pa,...,P,}, each carrying flow fp, > 0, such that

Y fe,=1 and f*=) frP.
=1 i=1

Each of these paths uses a (possibly empty) subset of the edges from F,,. We can thus partition the paths into
(k+1) equivalence classes {Q; }fill, based on the last edge from Fyp used in the path. These yield k classes; the
(k + 1)th class consists of paths that do not use any edges in Fy,p;. Additionally, note that for any edge {u, v},
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all the paths P; that use the edge use the same “orientation” (either they all send flow from u to v or vice versa).
Now, let F; =) p. cq, fp. denote the total flow in class Q;. For each j with F; > 0, define the normalized flow

I
F; PieQ;
which is a unit flow from s to v using paths in Q).

For each edge e, let f¥ denote the flow passing through edge e in unit flow f*, and f¥(j) be the flow passing
through edge e by using paths in class Q; (so f = ZkH f2(j)). Now consider the energy (sum of squared flows)

of each unit flow f():
* (2
() — Z fe()
¢ f ) e FJ2

By using the inequality Va;, b; > 0, mini(‘;—:) < % b’ We are interested in bounding min; £(f;)

* ()2
min€(f0)) = min (W)
XA L6

k+1
Z] 1 F2

k
e G
zf*i F;
2
Since fX(j) > 0 implies that ZkH ()2 < (ZkH G )) < f? and also Zfill F; = 1 implies that from

1
k+ F2 1

Cauchy—Schwarz inequality Z J

mlng(f(J)) f < (k+1)-Rg(s,v). (7)

Let j be the index at which the minimum is attained above, and let @); be the corresponding equivalence class.
If j = (k+ 1), the paths in @Q; have no edges from Fyp, so by using the definition of effective resistance from
Lemma 3 that R (s, v) is the minimum energy possible in a (s,v) unit flow in graph G. Since f) is a candidate
s — v unit flow in G, we have

RG(Sav) < g(f(j)) < (k + 1) : RG’(va)'

If j <k, the paths in @), corresponds to paths whose last new edge is some e = (vp, vq) € F,p¢ with flow flowing
in direction v, — v, in f*. Then we will prove that

Ra(vg,v) < (k4 1) R (s,v) — 1

Let p1,p2, ps...pr be the paths that are part of equivalence group @; and let f,,, fp,, ... fp, be the corresponding
amounts of flow that pass through each of these paths in flow-f) following > fp» = 1. Now using the sub-paths
P1[vg, V], P2[vg, V], ...pr[vg, v] that start at v, and end at v (since every p; go through last new edge v, — v, and
then to v), we create a new unit flow fU") from v to v with same flow amounts f,,, fpy, .- fp,.-

Since the flow fU") is a sub flow of ), which implies: £(fU)) < £(f@)) and in addition to this, we also know
that last new edge e = (vp,vq) is present in every path p; of f () and not part of any path p; [vg,v] in flow f @),
hence this implies a much stronger inequality that

E(fU)) < E(fD) = (1),

Now using the fact that féj) — 1 (since edge e is present in every path p; of flow ) and £(f9)) < (k+1) -
Rg/(s,v) from inequality (7), we have

E(fY)Y < (k+1) Ra(s,v) —1
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Now observe that fU ") is a candidate unit flow from vy to v in graph G (since p;[vy, v] does not contain any new
edges from F,,;). By using this with Lemma 3, we have

Re(vg,v) < E(f9)) < (k+1) - R (s,v) — 1
Hence we proved that for every vertex v in graph G either Rg(s,v) < (k+ 1) - Rg/(s,v) is true or there exist
vertex vy, € C that follows Rg(vg,v) < (k+1) - Re/(s,v) — 1. Since |C| < 2k this proves the lemma.
O

A.3 Proof of Observation 8

Proof. Non-negativity, identity, and symmetry follow trivially from the definition of metric space. For the triangle
inequality, observe that
d(z,y) +d(y, ) =2+ Ra(2,y) + Ra(y, ).

Using the fact that R is a metric with the above equation, we have
d(.’t, y) + d(yv Z) >2+ RG(SE’, Z)a
which in turn implies

d(z,y) +d(y,z) > 1+ (1 + Ra(w, 2))
>1+d(z,2)
> d(z, 2).

Hence, d satisfying the triangle inequality completes the proof that d is a metric. O

A.4 Proof of Lemma 10

Proof. Firstly, we observe from our choice of d and p; = Rg(s,j) and ¢ = 2k the objective KMP(G, s, 2k) in
Definition 9 is to return a subset T" C V of size < 2k minimizing the objective.

> min(p;,d(5,T)).
JEV\s

Now using the fact that V5 € T, d(4,7) = 0 and Vj € V \ (T U {s}), d(4,T) = 1 + Rg(4,T) and with
V' =V \ (T'U{s}) the objective can be simplified as

Z min(RG(S7j)71+RG(j’T)) (8)
jev’

Where R (j,T) = minger Rg(4,j) (smallest pairwise effective resistance between j and any vertex in T'). Now
consider a set C' of size at most 2k that contains the endpoints of edges in Fypi. From proof of Lemma 7, we
observe that for every client j € V,

min(RG(saj)vRG(jv C) + 1) < (k +1)- RG’(svj)'

Now summing over j € V' (where V' =V \ (C U {s})), we have

> min(Rea(s, ), 1+ Ra(5,C)) < (k+1)- Y Rar(s, j) ()

jev’ jev’

Since C is a candidate set of size < 2k, the optimal objective value Ay, of (8) is always less than or equal to
the objective value with T'= C.

Agmp < Y, min(Rg(s, 5), 1+ Ra(j, C))
jev’
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Combining this with inequality (9), we have
Akmp k + ]. Z RGW S j
jevV’
Since V' C V' \ s, we have
Agmp < (k+1)- > Rer(s,§) < (k+1)- Y Rer(s,5) < (k+1)- Ra(s)
JeEV! JEV\s

which completes the proof. O

A.5 Proof of Lemma 11

Proof. By ~y-approximation algorithm of objective function (8), we can say that with V' =V \ (C U {s})
Z mln(RG(Sa])a1+RG(j7C)) S’Y'kap (10)
jev’

Now, we upper bound the value of Rgur(s,j) for each j € V' by case-based analysis.

Case 1. For j that follows Rg(s,j) <1+ Ra(j,C).

Since adding edges will only reduce effective resistance in graph by the monotonicity property of effective resis-
tance,

RGUF(Svj) < RG(S’])
This implies that Rgur(s,j) < min(Rg(s,7),1+ Ra(j, C)) for all j that satisfies Case-1.

Case 2. For j that follows Rg(s,j) > 1+ Ra(j,C)).

Let ¢ € C be the vertex that has the smallest effective resistance distance from C to j in graph G, then
R (3,C) = Rg(4,1). By using the triangle inequality from effective resistance being a metric,

Reur(s,7) < Raur(s,i) + Raur(4,7)

Now using the fact that ‘s’ is connected to ‘i’ via direct edge in G U F' (since s and C form a star in GU F), we
get Raur(s,i) < 1, which in turn implies

Raur(s,j) <14 Reur(i,7)

By using the monotonicity property of effective resistance (Rgur(i,j) < Rg(i,7)) and also using the fact that
Re(j,1) = Ra(j, C) as above mentioned, we have

Reur(s,j) <1+ Ra(i,j) <1+ Ra(4,0)
This implies that Rgur(s,j) < min(Rg(s,j),1 + Ra(j, C)) for all j that satisfies Case-2.
From proving both cases, we have for any j € V',
Reur(s,j) <min(Rg(s,j),1+ Ra(4,C))
By summation over all j € V’
> Raur(s,j) < > min(Ra(s, 5), 1+ Ra(j, C))
jev’ jev’
By combining with inequality (10), we have
> Raur(s,5) <7 Rimp
JEV
Now using the fact that Rgur(s,j) <1 for all vertices j € C (since s and C form a star in GU F) and |C| < 2k,

we have
Z RGUF(Saj) < Z RGUF(Saj) + ZRG’UF(Saj)
FEV\s jevr jec

RG* (S) < v kap + 2k
Which completes the proof. O
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A.6 Proof of Lemma 13

Proof. Let Fop = {u;,v;}¥_; be k-optimal edges and each edge {u;,v;} is represented as a vector f; = e,, —e,, €
R", where e; denotes the j-th standard basis vector.

From Equation (2), the effective resistance between vertices z and y in the augmented graph G’ = G + F,,; can
be expressed as:

Rer(z,y) = (€2 — €)" (Ler)' (ex — €)

Using the fact that Lo = Lo + Zle fifT, we can write

k i
Rei(z,y) = (ex — ey)T (L:G + Zfzf?) (ex —ey)
i=1

Now, observe that each f; can be decomposed as:

fi=(eu, — es) + (es — €v,) = gu, + 9o,
Where g, and g,, represent the edges (s, u;) and (s, v;) respectively and let I, be the multiset of all such edges
from s, containing at most 2k edges (with possible repetitions).

By using the inequality that (gu, — gv,)(gu, — gv;)T = 0 (since any matrix of form AA7T is positive semi definite),
we have

fzsz = (gui +gvi)(gui +gvi)T = 2(9%931‘ + gvigi)

Which in turn implies

K k
Lo+ Y fifl 2La+2D (9ugn, + 9u.00)

i=1 i=1
Since Lg = 0, we extend that to
k k
EG + Z fszT j 2 (EG + Z(gmgqj; + gvig£)>
i=1 i=1
Thus, we have

Lo 22Lgyry,

Now using the fact that Moore-Penrose pseudoinverse reverses the Loewner order (when restricted to their
common invertible subspace), we obtain:

ﬁT

i
G+Fl, S 2Ly

Using this with equation (2), we have

§
Rowr, (0.0) < 2Rar(e) Vo€ ()

Now summing over all pairs z € V' \ s and y = s yields
RGJrFépt (s) <2Rg(s)

Where as summing over (z,y) € (‘2/) yields
Kéir;,, <2Ka

Which completes the proof. O
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A.7 Proof of Theorem 14

Proof. This proof follows directly from supermodularity argument in [Shan et al., 2018] for weighted graphs that
in turn works for the multi graphs as in our case.

Monotonicity: Firstly we know that the effective resistance R is a monotonically decreasing function from
Rayleigh’s Monotonicity law [Doyle and Snell, 1984], Hence Rg(s), which is the sum of effective resistances of
all the vertices from s is also a monotonically decreasing function. This implies for any two multi-set’s D C F

Ra+p(s) > Ratr(s)

This in turn implies the monotonicity of ¢

¢(D) = ¢(F)

Supermodularity: In order to prove that ¢ is supermodular, we need to show that for any two multi-sets of edges
D C F all incident to s and any edge {s,z},

(D) — ¢(D + {s,x}) > ¢(F) — ¢(F + {s,z}) (11)

To prove this, firstly we observe the fact that a multi-graph on an electrical network can be viewed as a weighted
graph with the weight between two vertices being the number of parallel edges between them (Since unit weight
in an undirected graph corresponds to the unit conductance resistor in an electrical network with conductance =
1/resistance and the relative conductance between two nodes is the sum of the conductance’s of the resistors when
the resistors are connected in parallel). Hence, we can view the Laplacian of the multi-graph as the Laplacian
of a weighted graph, with the weight indicating the conductance due to parallel edges.

Now, we carefully create a function g(t) = ¢(D +¢- (F — D)) —¢(D +t-(F — D)+ {s,z}), where F — D is a
multi-set of edges that are present in F' and not present in D. Here, adding ¢- (F — D) indicates that we are adding
the edges with weight ¢ on each of them(Corresponds to adding a new resistor with conductance value ‘¢’ with
respect to each edge in set F' — D). From the definition of the function g, we observe that proving ¢g(0) > g(1)
is the same as proving equation 11. Hence, proving g(0) > ¢g(1) is sufficient to prove the supermodularity of ¢.

Now, we use the fact that for any set T', ¢(T) = Rg4+7(s) = Tr[Lg47[s]7!] from [Izmailian et al., 2013], where
L[s] refers to the principal minor of the Laplacian obtained by removing the s-th row and s-th column (for a
connected graph G, Lg[s] turns out to be invertible). Using this, we have

9(t) = Tr[Latr.r—p) 8] = Tr[Lise-(p— D)+ {s,2}[8] ']

By using the fact that Tr[Lay fs.u3[s] 7] = Tr[(La[s] + ewel) 7] (where e, is the u-th basis vector in R" ™) and
a multi-set Z = {v,¥(s,v) € F'— D}, we have

g(t) =Tr[(Lgls] + ¢ Z eje?)_l] — Tr[(Lg[s] + esel +t Z ejef)_l]

i€z i€z
Now solve the derivative of function g(¢) using £Tr(A(t)~!) = —Tr[A(t) "1 L (A(t))A(t)~'].

By deﬁnmg P = Layr-p)ls] = Lals| +1- ez ejel and Q = Layi.(r-py+{sails] = Lals] + exel +1t -
EjeZ eje J , We get

g (t) = —Tr[P Zej €; N+ 1r[Q 71(Zeje]-T)Q !
:—ZTr “lejel e; P —|—ZT1" Q tejel e; Q7'
ST Y e

Where [A]; ; indicates the element in i-th row and j-th column of matrix A, which can further be simplified as

'(t) = Z Z([Q_l]i,j)Q — ([P i) = Z Z([Q_l]i,j + [P )(Q iy — [P i) (12)
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Now using the fact that P,@Q are principal minors of the Laplacian matrices of graphs G + ¢ - (F — D) and
G+t (F — D)+ {s,z}, [Plemmons, 1977] implies that P, are M-matrices. By using the property that all
elements in the inverse of an M-matrix are non-negative from [Plemmons, 1977], we have

¥(i,5) [Py = 0,[Q i 20

Now, we look at the matrix Q= — P! = (P + ezel )~ — P~! using Sherman-Morrison formula [Meyer, 1973]

as below L e
P teze, P~
-1 -1 T\—1 -1 =€
P l=(P+e, _p il (_TEler
Q ( +eem) (1+6£P_1€x>

Since we know from above that [P~!]; ; > 0 and e, is non-negative basis vector, this implies that all entries in

. P—l v TP—I
the matrix ( ey

m) are non-negative, this in turn implies that

V(i,j) Q@ iy —[P iy <0

Using this in Equation 12 implies that
) <

g'(t
) > g(1 ), which in turn completes the proof that ¢ is super-

Hence, g(t) being a decreasing function implies g(0
modular.

O

A.8 Proof of Theorem 2

Proof. Algorithm 2 constructs a set F’ of O(klog(k/0)) edges that follows Kgypr < (4 + §)Kg«. Proof goes as
follows:

Firstly, we observe that Algorithm 2 as part of Step-1 to Step-5 adds at most 2k edges by using the same
steps as Algorithm 1, creating a graph H = G + F that follows as below from inequality (4) in the analysis of
Algorithm 1.

Ry (s) < (Tk + 5)Rex (s) (13)

Let F,p: be the optimal set of k-edges added to G forming G* = G+ F,,,+. From Lemma 13, there exist a set P of
2k edges from any vertex s such that Rgyp(s) < 2Rg-(s) and by monotonicity property of effective resistance,
it also implies that

Ruip(s) < Reip(s) < 2Rg+(s)

Let P, be the optimal multi-set of 2k-edge additions to H that gives the best single source objective Ry p,, (s).
Then, we have

Ruip,, < Ruyp(s) <2Rg-(s) (14)

Now using the fact that the function ¢(F) = Ryyp(s) is monotone and supermodular from Theorem 14 and
P+ being the optimal set of 2k edges that improves the objective function. The greedy algorithm in Step-6
to Step-10 of Algorithm 2 that adds set P; of ¢ edges to improve Ry (s) follows as below from standard greedy
analysis of monotone, supermodular functions in [Nemhauser et al., 1978].

Ria(s) — Rigyp,(s) > (1 -(1- %) ) (Ru(s) — Rigvr,,)

Which in turn implies
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With A = () (A > 1) and using inequality 1 —z < e™*, we have

RH 4 Popy (5)
Ryyp,(s) < Ruyp,, (s) (1 +A- e—%k)
Now inequalities (13), (14) together imply that A < 3.5k + 2.5 and separately using inequality 14, we have
Rirsp,(s) < 2Rge(s) (1+ (35K + 2.5) ¢~ )

Now running greedy algorithm for ¢ = 2¢k - log(%) steps for an appropriate constant ¢, we can ensure that

]

RH+pt (S) < 2R~ (S)(l + m)

Now using the triangle inequality that Ry p, (u,v) < Rpip,(s,u)+ Ru4p,(s,v) with Rpy p, (u, u) = 0, we have

Kugyp, = Z Rpip,(u,v) = % Z Z Rep,(u,v)

u<v

1
<3 > > Ruip(s,u) + Rayp,(s,v)

u

<n- ZRHJrPt(SvU)

<n- RH+Pt (8)

This in turn implies
0
K < 2n- Rg~ 1+ —
4P, <20 Ra(s)( +8—|—§)
From lemma 6 (replacing § with 6/4), we know that with probability > 1 — &, for some s € S in Step-2 of
Algorithm 2

2+ 4
RG*(S) S 4. K:G*
n
Hence this implies
Karor, <201+ 220k
P " 8+ n o

Simplifying, we obtain
Kuip, < (4+90)Ke-

Hence the graph G' = G+ F' = H+ P, = G + Fs + F; that is formed by adding a total of |Fs| + |Fi| =
2k + 2ck - log(%) = O(k - log(£)) edges using Algorithm 2 follows

Ko < (44 0)Kg-

Which completes the proof.



