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Abstract

The concept class of low-degree polynomial
threshold functions (PTFs) plays a fundamen-
tal role in machine learning. In this paper, we
study PAC learning of K -sparse degree-d PTFs
on R”, where any such concept depends only
on K out of n attributes of the input. Our main
contribution is a new algorithm that runs in time
(nd/€)®@ and under the Gaussian marginal dis-
tribution, PAC learns the class up to error rate
€ with O(Ij;d -log®® n) samples even when an
n < O(e?) fraction of them are corrupted by
the nasty noise of Bshouty et al. (2002), possi-
bly the strongest corruption model. Prior to this
work, attribute-efficient robust algorithms are es-
tablished only for the special case of sparse ho-
mogeneous halfspaces. Our key ingredients are:
1) a structural result that translates the attribute
sparsity to a sparsity pattern of the Chow vec-
tor under the basis of Hermite polynomials, and
2) a novel attribute-efficient robust Chow vector
estimation algorithm which uses exclusively a re-
stricted Frobenius norm to either certify a good
approximation or to validate a sparsity-induced
degree-2d polynomial as a filter to detect cor-
rupted samples.

1. Introduction

A polynomial threshold function (PTF) f : R™ — {—1,1}
is of the form f(x) = sign(p(x)) for some n-variate poly-
nomial p. The class of low-degree PTFs plays a fundamental
role in learning theory owing to its remarkable power for
rich representations (Mansour, [1994; |/Anthony & Bartlett,
1999; Hellerstein & Servedio, 200750’ Donnell, 2014). In
this paper, we study attribute-efficient learning of degree-
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d PTFs: if the underlying PTF f* is promised to depend
only on at most K unknown attributes of the input, whether
and how can one learn f* by collecting O(poly(K<,logn))
samples under the classic probably approximately correct
(PAC) learning model (Valiant, |1984).

A very special case of the problem, the class of sparse halfs-
paces (i.e. degree-1 PTFs), has been extensively investigated
in machine learning and statistics (Littlestone, {1987} [Blum,
1990; |Gentilel 2003; [Plan & Vershynin, [2013a)), and a fruit-
ful set of results have been established even under strong
noise models (Plan & Vershynin| |2013b; |Awasthi et al.|
2016}, [Zhang, 2018}, Zhang et al., |2020; |Shen & Zhang]
2021). It, however, turns out that the theoretical and algo-
rithmic understanding of learning sparse degree-d PTFs fall
far behind the linear counterpart.

In the absence of noise, the problem can be cast as solving a
linear program by thinking of degree-d PTFs as halfspaces
on the space expanded by all monomials of degree at most
d (Maass & Turan, [1994). However, the problem becomes
subtle when samples might be contaminated adversarially.
In this work, we consider the nasty noise of Bshouty et al.
(2002), perhaps the strongest noise model in classification.

Definition 1 (PAC learning with nasty noise). Denote by
Ha, i the class of K-sparse degree-d PTFs on R". Let D
be a distribution on R™ and f* € #Hg4 x be the underly-
ing PTF. A nasty adversary EX(7) takes as input a sample
size N requested by the learner, draws N instances inde-
pendently according to D and annotates them by f*, to
form a clean sample set S = {(x;, f*(x;))}Y,. The ad-
versary may then inspect the learning algorithm and uses
its unbounded computational power to replace at most an 7
fraction with carefully constructed samples for some 7 < %,
and returns the corrupted set S’ to the learner. The goal of
the learner is to output a concept f : R” — {—1,1}, such
that with probability 1 — & (over the randomness of the sam-
ples and all internal random bits of the learning algorithm),
Pro.p(f(z) # f*(2)) < € for any prescribed error rate
e € (0,1) and failure probability § € (0,1). We say an
algorithm PAC learns the class H 4 x if the guarantee holds
uniformly for any member f* € Hg k.

Bshouty et al.|(2002) presented a computationally inefficient
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algorithm for learning any concept class with near-optimal
sample complexity and noise tolerance as far as the con-
cept class has finite VC-dimension (see Theorem 7 therein).
Since the VC-dimension of Hg c is O(K%logn), we have:
Fact 2. There exists an inefficient algorithm that PAC learns
Ha,x with near-optimal sample complexity O(K?logn)
and noise tolerance Q(¢).

Designing efficient algorithms that match such statistical
guarantees thus becomes a core research line.

On the one hand, for the special case of homogeneous sparse
halfspaces, Shen & Zhang| (2021)) gave a state-of-the-art
algorithm with sample complexity O(K?log® n) and noise
tolerance €2(e) when the instance distribution D is isotropic
log-concave. On the other hand, for learning general sparse
low-degree PTFs, very little is known, since the structure
of PTFs is tremendously complex. To our knowledge, it
appears that the only known approach is to reducing the
problem to a generic approach proposed in the early work
of |Kearns & Li|(1988)). In particular, Theorem 12 therein
implies that any concept class H can be PAC learned with
nasty noise in polynomial time provided that there exists a
polynomial-time algorithm that PAC learns it in the absence
of noise and that n < O(VCd;ﬂ(H) log VCdi:n(H) ), where
VCdim(H) denotes the VC-dimension of . We therefore
have the following (see Appendix [B]for the proof):

Fact 3. There exists an efficient algorithm that draws Cj -
3d 3

% log % samples from the nasty adversary and PAC

learns 4, i provided that n < O (25 log 1), where Cj >

0 is an absolute constant.

The result above is appealing since it makes no distribu-
tional assumption and it runs in polynomial time. However,
the main issue is on the noise tolerance: the robustness of
the algorithm degrades significantly when K is large. For
example, in the interesting regime K = O(log n), the noise
tolerance is dimension-dependent, meaning that the algo-
rithmic guarantees are brittle in high-dimensional problems.
See Kalai et al.|(2005)); Klivans et al.[(2009); Long & Serve{
dio| (2011); [Awasthi et al.| (2017); |Shen| (2021b)); |Shen &
Zhang| (2021) and a comprehensive survey by Diakoniko
las & Kane| (2019) for the importance and challenges of
obtaining dimension-independent noise tolerance.

1.1. Main results

Throughout the paper, we always assume:
Assumption 1. D is the Gaussian distribution N'(0, I, 1, ).

Our main result is an attribute-efficient algorithm that runs
in time (nd/€)°@ and PAC learns H4 x with dimension-
independent noise tolerance.

Theorem 4 (Theorem[19} informal). Assume that D is the
standard Gaussian distribution N'(0, I, xr,). There is an

algorithm that runs in time (nd/e)°@ and PAC learns

4d . 5d
Ha, i by drawing C - K(g# samples from the nasty
adversary for some absolute constant C' > 0, provided that

n S O(6d+1/d2d).

Remark 5 (Sample complexity). It is known that for ef-
ficient and outlier-robust algorithms, 2(K?) samples are
necessary to obtain an error bound of O(e) even for linear
models (Diakonikolas et al., 2017). Thus, the multiplicative
factor K*¢ in our sample complexity bound is very close
to the best possible scaling of > and the best known re-
sult in Fact The exponent d in the factor E%i% comes
from our two-step approach: we will first robustly estimate
the Chow vector (Chow, [1961)) of f* up to error €y using
Q(1/€2) samples, and then apply an algorithmic result of
Trevisan et al.| (2009); |De et al.| (2014); |Diakonikolas et al.
(2018a) to construct a PTF with misclassification error rate
of O(d - e(l)/ d+1). This in turn suggests that we have to set
€0 = (¢/d)™*! in order to get the target error rate €. As
noted in|Diakonikolas et al.| (2018a)), such overhead on the
scaling of € is inherent when using only Chow vector to
establish PAC guarantees for degree-d PTFs.

Remark 6 (Noise tolerance). Our noise tolerance matches
the best known one given by Diakonikolas et al.| (2018al),
which studied non-sparse low-degree PTFs. When the de-
gree d is a constant, the noise tolerance reads as €21, qual-
itatively matching the information-theoretic limit of Q(e).
Yet, the existence of efficient low-degree PTF learners with
optimal noise tolerance is widely open.

Remark 7 (Comparison to prior works). Most in line with
this work are|Shen & Zhang|(2021) and |Diakonikolas et al.
(2018a). |Shen & Zhang| (2021)) gave a state-of-the-art algo-
rithm for learning K -sparse halfspaces, but their algorithm
cannot be generalized to learn sparse low-degree PTFs. Di-
akonikolas et al.[(2018a)) developed an efficient algorithm
for learning non-sparse PTFs. Their sample complexity
bound reads as —ir5 - (nd)©?, which is not attribute-
efficient and thus is inapplicable for real-world problems
where the number of samples is orders of magnitude less
than that of attributes. At a high level, our result can be
thought of as a significant generalization of both.

Remark 8 (Running time). The computational cost of our
algorithm is (nd/€)°(4 which we believe may not be sig-
nificantly improved in the presence of the nasty noise. This
is because the adversary has the power to inspect the algo-
rithm and to corrupt any samples, which forces any robust
algorithm to carefully verify the covariance matrix whose
size is 9D x nO(d); see Sectionand Section Under
quite different problem settings, prior works leveraged the
underlying sparsity for improved computational complexity;
see Section[T.3]
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1.2. Overview of main techniques

Our starting point to learn sparse low-degree PTFs is an
elegant algorithmic result from |Diakonikolas et al.| (2018a)),
which shows that as far as one is able to approximate the
Chow vector of f* (Chow, |1961), it is possible to recon-
struct a PTF f with PAC guarantee in time (nd/€)°@). To
apply such scheme, we will need to 1) properly define the
Chow vector since it depends on the choice of the basis of
polynomials; and 2) estimate the Chow vector of f* in time
(nd/€)®@ . Our technical novelty lies in new structural and
algorithmic ingredients to achieve attribute efficiency.

1) Structural result: attribute sparsity induces sparse
Chow vectors under the basis of Hermite polynomials.
Prior works such as the closely related work of |Diakoniko-
las et al. (2018a) tend to use the basis of monomials to
define Chow vectors. However, there is no guarantee that
such definition would exhibit the desired sparsity structure.
For example, consider that D is the standard Gaussian dis-
tribution. For K -sparse degree-d PTFs on R™, the number
of monomials with non-zero coefficients can be as large as
(%)L%J forany K <n/2,d > 2 (see Lemma. Our first
technical insight is that, the condition that a degree-d PTF
is K -sparse implies a k-sparse Chow vector with respect
to the basis of Hermite polynomials of degree at most d (k
is roughly 2K9, see Lemma . This endows a sparsity
structure of the Chow vector of f*, which in turn is lever-
aged into our algorithmic design since we can now focus
on a much narrower space of Chow vectors and thus lower
sample complexity.

It is worth mentioning that while we present our results
under Gaussian distribution and thus use the Hermite poly-
nomials as the basis to ease analysis, the choice of basis can
go well beyond that; see Appendix [B.4|for more discussions.

2) Algorithmic result: attribute-efficient robust Chow
vector estimation. Denote by m(x) the vector of all n-
variate Hermite polynomials of degree at most d. The Chow
vector (also known as Fourier coefficients) of a Boolean-
valued function f : R™ — {—1,1} is defined as xy :=
E.~p[f(z) - m(z)]. As we discussed, x ¢~ is k-sparse on
an unknown support set. To estimate it within error ¢y in
£5-norm, it suffices to find some k-sparse vector u, such that
for all 2k-sparse unit vector v, we have ’(v, u—xs)| < e€o
(see Lemma[43). We will choose u as an empirical Chow
vector, i.e. u =}, . 50 Y - m(x), where S" needs to be

a carefully selected subset of S’. Now recent developments
in noise-tolerant classification (Awasthi et al.,[2017; Shen &
/hangl [2021; |Shen, | 2023)) suggest that such estimation error
is governed by the maximum eigenvalue on all possible 2k-
sparse directions of the empirical covariance matri Y=

"We will slightly abuse the terminology of covariance matrix
to refer to the one without subtracting the mean.

|§—1”| > segr m(z)m(z)". This structural result can be cast

into algorithmic design: find a large enough subset S” such
that the maximum sparse eigenvalue of (X — I) is close to
zero (note that E,p[m(z)m(x) ] = I). Unfortunately,
there are two technical challenges: first, computing the
maximum sparse eigenvalue is NP-hard; second, searching
for such a subset is also computationally intractable.

2a) Small Frobenius norm certifies a good approxima-
tion. We tackle the first challenge by considering a suffi-
cient condition: if the Frobenius norm of (X — T) restricted
on its (2k)? largest entries (in magnitude) is small, then so
is the maximum sparse eigenvalue — this would imply the
empirical Chow vector be a good approximation to x s« ; see
Theorem 17}

2b) Large Frobenius norm validates a filter. It remains
to show that when the restricted Frobenius norm is large, say
larger than some carefully chosen parameter «, how to find
a proper subset 5" that is clean enough, in the sense that its
distributional properties act almost as it be an uncorrupted
sample set. Our key idea is to construct a polynomial po
such that (i) its empirical mean on the current sample set
S’ equals the restricted Frobenius norm (which is large);
and (ii) it has small value on clean samples. These two
properties ensure that there must be a noticeable fraction
of samples in S’ that caused a large function value of po,
and they are very likely the corrupted ones; these will then
be filtered to produce the new sample set S” (Theorem .
In addition, the polynomial p5 is constructed in such a way
that it is sparse under the basis {m;(x) - m;(x)}, for the
sake of attribute efficiency.

We check the Frobenius norm condition every time a new
sample set S” is produced, and show that after a finite
number of phases, we must be able to obtain a clean enough
sample set S” that allows us to output a good estimate of
the Chow vector x s~ (Theorem T8)).

We note that the idea of using Frobenius norm as a surrogate
of the maximum sparse eigenvalue value has been explored
inDiakonikolas et al.|(2019); Zeng & Shen|(2022) for robust
sparse mean estimation. In those works, the Frobenius-
norm condition was combined with a localized eigenvalue
condition to establish their main results, while we discover
that the Frobenius norm itself suffices for our purpose. This
appears an interesting and practical finding as it reduces the
computational cost and simplifies algorithmic design.

1.3. Related works

The problem of learning from few samples dates back to
the 1980s, when practitioners were confronting a pressing
challenge: the number of samples available is orders of
magnitude less than that of attributes, making classical al-
gorithms fail to provide guarantees. The challenge persists
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even in the big data era, since in many domains such as
healthcare, there is a limited availability of samples (i.e.
patients) (Candes & Wakin, 2008). This has motivated a
flurry of research on attribute-efficient learning of sparse
concepts. A partial list of interesting works includes (Lit1
tlestone, |1987; | Bluml, [1990; |Chen et al., [1998; [Tibshirani,
1996; [Tropp, [2004; (Candes & Taol 20055 |[Foucart, 2011}
Plan & Vershynin, 2013b; Shen & Lil [2018)) that studied
linear models in the absence of noise (or with benign noise).
Later, |Candes et al.| (2013); |[Netrapalli et al.[(2013)); Candes
et al.[(2015) studied the problem of phase retrieval which
can be seen as learning sparse quadratic polynomials. The
setup was generalized in|Chen & Meka| (2020) which stud-
ied efficient learning of sparse low-degree polynomials.

In the presence of the nasty noise, the problem becomes sub-
tle. Without distributional assumptions on D), it is known
that even for the special case of learning halfspaces under the
adversarial label noise, it is computationally hard when the
noise rate is € (Guruswami & Raghavendral, [2006; [Feldman
et al., 2006; |Daniely, |2016)). Thus, distribution-independent
algorithms are either unable to tolerate the nasty noise at
arate greater than e (Kearns & Li,|1988)), or runs in super-
polynomial time (Bshouty et al., 2002). This motivates
the study of efficient algorithms under distributional as-
sumptions (Kalai et al., 2005; Klivans et al., 2009} |Awasthi
et al., 2017} |Shen & Zhang, 2021} [Shen, [2023)), which is
the research line we follow. In unsupervised learning such
as mean and covariance estimation, similar noise models
are investigated broadly in recent years since the seminal
works of [Diakonikolas et al.| (2016)); |Lai et al.| (2016); see
Diakonikolas & Kane|(2019) for a comprehensive survey.

The interplay between sparsity and robustness is more in-
volved than it appears to. Under the statistical-query frame-
work, Diakonikolas et al.| (2017 showed that any efficient
and robust algorithms must draw Q(K?) samples in the pres-
ence of the nasty noise, complementing sample complexity
upper bounds obtained in recent years (Balakrishnan et al.,
2017; |Diakonikolas et al., 2019; [Shen & Zhang, |2021; D14
akonikolas et al., |2022)). This is in stark contrast to learning
with label noise, where O(K) sample complexity can be
established (Zhang| 2018};|Zhang et al., 2020; [Shen, 2021a).

Lastly, we note that orthogonal to exploring sparsity for
improved sample complexity, there are elegant works that
explore sparsity for improved computational complexity for
learning Boolean-valued functions (Hellerstein & Servediol
2007; |Andoni et al., 2014)), or using low-degree PTFs as
primitives to approximate other concepts such as halfspaces
(Kalai et al.,[2005) and decision lists (Servedio et al.,[2012).

1.4. Roadmap

We collect notations and definitions in Section2l The main
algorithms are described in Section|3| with a few lemmas to

illustrate the idea, and the primary performance guarantees
are stated in Sectiond] We conclude this work in Section[3
All omitted proofs can be found in the appendix.

2. Preliminaries

Vectors and matrices. For a vector v € R", we use v;
to denote its i-th element. For two vectors v and v, we
write u - v as the inner product in the Euclidean space. We
denote by ||v|,, |[v[5, ||v],, the ¢1-norm, f3-norm, and
{s-norm of v respectively. The support set of a vector v
is the index set of its non-zero elements, and ||v||, denotes
the cardinality of the support set. We will use the hard
thresholding operator Hy(v) to produce a k-sparse vector:
the k largest (in magnitude) elements of v are retained and
the rest are set to zero. Let A C [n] where [n] := {1,...,n}.
The restriction of v on A, vy, is obtained by keeping the
elements in A while setting the rest to zero.

Let A and B be two matrices in R™"**"2, We write tr(A)
as the trace of A when it is square, and write (4, B) :=
tr(A" B). We denote by || A|| - the Frobenius norm, which
equals /(A, A). We will also use || A||, to count the num-
ber of non-zero entries in A. Let U C [n;] X [ng]. The
restriction of A on U, Ay, is obtained by keeping the ele-
ments in U but setting the rest to zero.

Probability, L2-space. Let D be a distribution on R"
and p be a function with the same support of D. We de-
note by Ex..p[p(X)] the expectation of p on D. Let S
be a finite set of instances. We write Ex.s[p(X)] :=
|T19\ > wcs P(z) as the empirical mean of p on S. To
ease notation, we will often use E[p(D)] in place of
Ex~p[p(X)], and likewise for E[p(S)]. Similarly, we
will write Pr(p(D) > t) := Prx.p(p(X) > t), and
Pr(p(S) > t) := Prx~s(p(X) > t) where X ~ S signi-
fies uniform distribution on S.

The L?(R", D) space is equipped with the inner product
(p,q)p = Eyzplp(x) - ¢(x)] for any functions p and ¢
on R”. The induced L?-norm of a function p is given by
1Pl 20y = v/(b-P)> = VE[P(D)]. which we will sim-
ply write as ||p|| ;- when D is clear from the context.

Polynomials. Denote by P, 4 the class of polynomials on
R™ with degree at most d. A degree-d polynomial threshold
function (PTF) is of the form f(x) = sign(p(x)) for some

P € Pu.a- Denote by Hey(z) = ﬁ(—l)d e T (ﬁ%e‘é
the normalized univariate degree—'d Hermite polynomial
on R. The normalized n-variate Hermite polynomial is
given by He, (z) = [])_, Heq, (z;) for some multi-index
a € N"; for brevity we refer to them as Hermite polynomi-
als. It is known that He<q := {Heq : @ € N, |la|; <
d} form a complete orthonormal basis for polynomials

of degree at most d in L?(R"™, D); see Prop. 11.33 of
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O’Donnell| (2014). It is easy to see that He<y contains
M =1+ Zle (H";_l) members; we collect them as
a vector m(z) = (mq(z),...,ma(z)), with the first ele-
ment m (z) = 1. In our analysis, it suffices to keep in mind
that M < (n+ 1)<

Given the vector m(z) and the distribution D, the Chow vec-
tor (Chow, |1961} |Diakonikolas et al., 2018a) of a Boolean-
valued function f : R™ — {—1,1} is defined as follows:

Xf = Eonplf(z) - m(z)], 2.1
where we multiplied each element of m(z) by f(z).

Definition 9 (Sparse polynomials and PTFs). We say a
polynomial p € P, 4 is K-sparse if there exists an index set
A C [n] with |A] < K, such that p(z) = g(x,) for some
q € Ppnq. Wesay a PTF f(z) = sign(p(z)) is K-sparse
if p is K-sparse. The class of K-sparse PTFs on R" with
degree at most d is denoted by Hq .

One important observation is that our definition of sparse
polynomials implies a sparsity pattern in the Chow vector;
see Appendix [B]for the proof.

Lemma 10. Let f be a K-sparse degree-d PTF. Then x ¢ is
a k-sparse vector under the basis of Hermite polynomials,
wherek =d+1if K =1land k < 2K otherwise.

As we discussed in Section[I.2] there will be two concept
classes involved in our algorithm and analysis. The first
is the class of polynomials that have a sparse Chow vector
under the basis of m(x):

P}L,d,Qk ={p1:2— (v,m(x)),v € RM+D*

vl =1,llvllp < 2k}, (22)

which will be useful in characterizing the approximation
error to the Chow vector of interest. Another class consists
of quadratic terms in m/(x),

P2 o= {p2 i x e (A, m()m(z)” —1),U" =T,
U]y < 5,4 €8 |4y, =1} 2.3)

where ST i— {4 1 A4 € ROFDX(ADT AT — 4},
Note that the polynomials in 732’ 4,5 have degree at most
2d, and can be represented as a linear combination of at
most s elements of the form m;(x)m;(x). They will be
used to construct certain distributional statistics based on
the empirical samples for filtering.

We will often use subscript to stress the membership of a
polynomial in either class: we will write p; € P! ,,, and

P2 € Pn d,s> Father than using the subscript for counting.

Reserved symbols. Throughout the paper, K always refers
to the number of non-zero attributes that a sparse PTF de-
pends on, and k is the sparsity of the Chow vector under

Algorithm 1 Main Algorithm: Attribute-Efficient Robust
Chow Vector Estimator
Require: A nasty adversary EX(n) with n € (0,3 — (]
for some absolute constant ¢ € (0, %], hypothesis class
M4 i that contains f*, target error rate € € (0, 1), fail-
ure probability § € (0,1).
Ensure: A sparse vector u € R(+D",
1: 5 « draw C- 2K log™ (24) samples from EX(n).
k:<—d+11fK—lork<—2Kd1fK> L.
ke B ps- (colog% + cod)? - m + €.
Imax 228 1,
S« 5N {(x y) : ||m(x
for phase | = 1t0 Iy do
PO ]Ewwsl/[m(x)m(x)—r], {(i¢, je) Y1k 1 <+ index
set of the largest (in magnitude) 2k diagonal entries
and 2k? — k entries above the main diagonal of ¥ — I.
U < {(it,J¢) o1 U{(Jes i) Fes1-
8 if [[(X—1I)y||, < & then return u
Hy,(Ep )~ v - m(z)]).
9:  Sj,; < SPARSEFILTER(S}, U, ¥, k, 7, p2).
10: end for

)| <Ak

AN A R

Algorithm 2 SPARSEFILTER(S’, U, %, kv, p2)
1: A+ Y —-1y.
TeneT, & =D

2: pa(@) (A, m(z)m(z) " —1I).
3: Find t € (0,4k~?) such that
3e

Pr (|p2(S’ ‘ > t) >6exp(—(t/p2)l/d/co)+l?y2.

4: return 5" < {x € S : |pa(w)| < t}.

the Hermite polynomials m(z) (see Lemma [10). We re-
serve €, d,n as in Deﬁmtlonl 1] We wrote S as the corrupted
sample set, and S’ as the one without labels.

The capital and lowercase letters C' and ¢, and their subscript
variants, are always used to denote some absolute constants,
though we do not track closely their values. We reserve

nd . d/2
)

7= (Cd- log—5 L pa=Cy-di-(cod)?.  (2.4)

As will be clear in our analysis, 7y upper bounds
maxzes Hm(x)”oo for S drawn from D. Thus, we will
only keep samples in S’ with = € X, where

Xy ={zreR": Hm(x)”oo <~}

The quantity p, upper bound ||p2||; 2; see Lemma

(2.5)

3. Main Algorithms

Our main algorithm, Algorithm [I] aims to approximate
the Chow vector of the underlying polynomial threshold
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function f* € Hq k by drawing a small number of samples
from the nasty adversary. Observe that the setting of k at
Step 2 follows from Lemma [I0] i.e. k is the sparsity of
X s+ under the basis of Hermite polynomials. With this in
mind, we design three sparsity-induced components in the
algorithm: pruning samples that must be outliers (Step 5),
certifying that the sample set is clean enough and returning
the empirical Chow vector (Step 8), or filtering samples
with a carefully designed condition (Step 9). We elaborate
on each component in the following.

3.1. Pruning

Since the outliers created by the nasty adversary may be
arbitrary, it is useful to design some simple screening rule to
remove samples that must have been corrupted. In this step,
we leverage the distributional assumption that D, the distri-
bution of instances, is the standard Gaussian N (0, I, x,)-
Since the concept class consists of polynomials with degree
at most d, it is known that any Hermite polynomial m;(x)
must concentrate around its mean with a known tail bound
(Janson, [1997). As the mean of m;(x) equals zero for all
1 # 1 (recall that m4 (x) = 1), it is possible to specify a cer-
tain radius -y for pruning. Similar to|Zeng & Shen| (2022), we
apply the ¢.-norm metric for attribute efficiency, that is, we
remove all samples (,y) in S’ satisfying Hm(:ﬁ)HOO > 7.
The following lemma shows that with high probability, no
clean sample will be pruned under a proper choice of .

Lemma 11. Let S be a set of samples drawn indepen-
dently from D. With probability at least 1 — §.,, we have
maxgecgs Hm(:c)”oo < v where v := (co log %fl)d)dm.
Recall that the concrete value of - is given in 2.4); it is
obtained by setting |S| as the same size as in Step 1 of

Algorithm |I|and setting 0., = 6642—52 (note that 5, < O(9)).
2
The appearance of ¢ in d., is not surprising. For the multi-

62
64p2°
the total variation distance between the distribution D con-
ditioned on the event = € X, and D is O(e), thus one can
in principle consider uniform concentration on the former
to ease analysis (since it is defined on a bounded domain);

see Proposition [[3]

plicative factor technically speaking, it ensures that

3.2. Filtering

At Step 7 of Algorithm [I] we compute the empirical co-
variance matrix ¥ and the index set U of the (2k)? largest
entries (in magnitude) of ¥ — I. As we highlighted in Sec-
tion this is a computationally efficient way to obtain
an upper bound on the maximum eigenvalue of > — I on
all 2k-sparse directions. The structural constraint on U
comes from the observation that for 2k-sparse v, we have
v (X —1Dv= (S ~1T,vv")and vv' has 2k non-zero di-
agonal entries and 4k% — 2k off-diagonal symmetric entries.

If the restricted Frobenius norm, ||(X — I)y/| o 1S greater
than some threshold «, Algorithm [I]will invoke a filtering
subroutine, Algorithm[2] to remove samples that were poten-
tially corrupted. The high-level idea of Algorithm 2] follows
from prior works on robust mean estimation (Diakonikolas
et al.|[2016; 2019} [Zeng & Shen, [2022): under the condition
that a certain measure of the empirical covariance matrix
is large, there must be some samples that behave in quite a
different way from those drawing from D. Our technical
novelty is a new algorithm and analysis showing that the
Frobenius norm itself suffices to validate a certain type of
test that can identify those potentially corrupted samples —
this is a new feature as existing robust sparse mean estima-
tion algorithms (Diakonikolas et al., 2019; [Zeng & Shenl
2022)) rely on a combination of the Frobenius norm and a lo-
calized eigenvalue condition. An immediate implication of
our finding is that one can expect lower computational cost
of our algorithm due to the lack of eigenvalue computation.

Now we discuss how to design a test to filter potentially
corrupted samples. The idea is to create a sample-dependent
polynomial p, with the following two properties: 1) its em-
pirical mean on S’ equals ||(3 — I)UHF; and 2) py is small
(in expectation) on uncorrupted samples. In this way, since
we have the condition that H -y ‘ ] - is large, there must
be a noticeable fraction of samples in S’ that correspond to
large function values of p,. This combined with the second
property suffice to identify abnormal samples.

T], we can show that

Indeed, since ¥ = E, g [m(z)m(x)

(& =Dl
1
= m«z — D, Egs [m(z)m(z) '] = 1)
1
—E,s [m«z ~ Dy, m(@)m(z)T - 1)}.

This gives the design of p, in Algorithm [2] which has the
desired feature: its expectation on D equals zero since m(x)
is an orthonormal basis in L?(R", D). Yet, we remark
that the degree of ps is as large as 2d, which leads to a
heavy-tailed distribution even for uncorrupted data; and
thus the nasty adversary may inject comparably heavy-tailed
data. In Lemma we show that the L?-norm of ps on
D is upper bounded by ps = O(d?); thus the threshold ~
is proportional to p2. The additional multiplicative factor
in &, (co log% + cod)? - m, is the maximum amount that
those 7-fraction of heavy-tailed outliers can deteriorate the
restricted Frobenius norm without appearing quite different
from uncorrupted samples. In other words, with this scaling
of k, if the outliers were to deviate our estimate significantly,
they would trigger the filtering condition.

Now we give intuition on Step 3 of Algorithm[2] We can
use standard results on Gaussian tail bound of polynomials
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(Janson, [1997) to show that
Pr (|p2(D)| > t) < exp(—(t/p2)"/?/co), ¥t > 0.

By uniform convergence (Vapnik & Chervonenkis, [1971)),
the above implies a low frequency of the event ‘ pg(x)| >t
on a set of uncorrupted samples (provided that the sample
size is large enough; see Part [5] of Definition[I2]). On the
other hand, the empirical average of p» on the input instance
set S’ (which equals H(E -y HF) is large. Thus, there
must be some threshold ¢ such that |ps(x)| > t occurs
with a nontrivial frequency, and this is an indicator of being
outliers. In Step 3 of Algorithm 2] the nontrivial frequency
is set as a constant factor of the one of uncorrupted samples —
it is known that this suffices to produce a cleaner instance
set; see e.g. |Diakonikolas et al.|(2016). To further guarantee
a bounded running time, we show that it suffices to find a ¢
in (0, 4k~?), thanks to the pruning step (see Lemma (30).

It is worth mentioning that our primary treatment on at-
tribute efficiency lies in applying uniform convergence to
derive the low frequency event. In fact, since the size of U is
at most 4k2, it is possible to show that the VC-dimension of
the class ’Pfhd’s that py resides is O(slog n?), with s = 4k2.

3.3. Termination

Lastly, we describe the case that Algorithm [I|terminates and
output u at Step 8. Due to the selection of U, it is possible
to show that H(E — I)UHF < k implies v v < K + 1 for
all 2k-sparse unit vector v, i.e. the maximum eigenvalue of
> on all 2k-sparse directions is as small as x + 1. This in
turn implies that the variance caused by corrupted samples
is well-controlled. Therefore, we output the empirical Chow
vector. We note that Algorithm [I] outputs « which is the em-
pirical one followed by a hard thresholding operation. This
ensures that u is k-sparse, the same sparsity level as xz-.
More importantly, since we are only guaranteed with a small
maximum eigenvalue on 2k-sparse directions, it is likely
that on the full direction, the maximum eigenvalue could be
very large, which would fail to certify a good approximation
to x y=. In other words, had we not applied the hard thresh-
olding operation, the empirical estimate E,, )5/ [y - m(z)]
could be far away from the target Chow vector.

The maximum number of iterations, I, comes from our
analysis on the progress of the filtering step: we will show
in Section ] that each time Algorithm 2]is invoked, a notice-
able fraction of outliers will be removed while most clean
samples are retained, thus after at most [, iterations, the
restricted Frobenius norm must be less than x.

4. Performance Guarantees

Our analysis of filtering relies on the existence of a good
set S C R™ and shows that Algorithm [2] strictly reduces

the distance between the corrupted set and S every time
it is invoked by Algorithm [T} until the termination condi-
tion is met (Theorem [I4). We then show that the output
of Algorithm [I] must be close to the Chow vector of the
underlying PTF (Theorem , and this occurs within [,
phases (Theorem [I8). Then, a black-box application of
the algorithmic result from [Trevisan et al.|(2009)); De et al.
(2014)); Diakonikolas et al.|(2018a)) leads to PAC guarantees
of a PTF that is reconstructed from our estimated Chow
vector (Theorem [T9).

We will phrase our results in terms of some deterministic
conditions on S. Let S|x := SN X, and D|x_ be the
distribution D conditioned on the event x € X,.

Definition 12 (Good set). Given € € (0,1), 6 € (0,1),
and concept class Hq4 i, we say an instance set S C R"
is a good set if all the following properties hold simultane-
ously and uniformly over all p; € 79711’ a2k (k is given in
Lemmal|10), all p; € P ; | with s = 4k*, and all ¢ > 0:

n

1. S‘X7 = S;

[\

- [Pr(p1(S) > t) = Pr(pi(D) > t)| < au;
3. [Pr(pi(Six,) > 6) = Pr(m(Dix,) > 1)| < s

4. |Egns [f(@) - pr(2)] = Eonp [f() 'Pl(fﬂ)]‘ < af;

5. |Pr(p2(S) >t) — Pr(p2(D) > t)| < ag;

6. [Pr (p2(Six,) > £) = Pr (p2(Dix,) > 1)| < ax;

~

- |Elp2(5)] — E[p2(D)]| < o,

—€_

/
ez, 0] = €/6, ag =

_€ _

where oy = pye

ah =e.

We show that for a set of instances independently drawn
from D, it is indeed a good set. Note that this gives the
sample size at Step [I]of Algorithm [I]

Proposition 13. Let S be a set of C - d5d§ * logh? (24) in-

stances drawn independently from D. Then with probability
1—26, Sisagood set.

4.1. Analysis of SPARSEFILTER

Recall in Definition [1| that the nasty adversary first draws
S according to D and annotates it with f* to obtain S C
R™ x {—1, 1}. Then it replaces an 7 fraction with malicious
samples to generate the sample set S’ that is returned to
the learner. Denote by A(.S, S”) the symmetric difference
between S and S’ normalized by |S|, i.e.

_ [S\'[+]51\s|

A(S, S : 5]

4.1



Attribute-Efficient PAC Learning of Low-Degree Polynomial Threshold Functions with Nasty Noise

By definition, it follows that A(S, S”) < 2n. The following
theorem is the primary characterization of the performance
of our filtering approach (Algorithm [2).

Theorem 14. Consider Algorithm Assume that
|z - I)UHF > K and there exists a good set S such
that A(S,S") < 2n. Then there exists a threshold t
that satisfies Step 3. In addition, the output S" satisfies

A(S,8") < A(S,8") - 5=

We show this theorem by contradiction: had we been unable
to find such ¢, the tail bound at Step 3 would have implied
small expectation of p, on S’. As discussed in Section 3.2}
the polynomial p is chosen such that ||(X — I)y]| P =
E[p2(S)]; this in turn suggests that we would contradict the

condition H x- I)UHF > k when « is properly chosen.

Formally, let 3'(7,d, p) :=2-p- (co log —&-co-d/2)d/2 T
and 75 := 4k%y2. We have:

Lemma 15. Consider Algorithm Assume that
H (- I)UHF > k and there exists a good set S such that
A(S,S") < 2n. Let E := S'\S. If there does not exist a
threshold t > O that satisfies Step 3, then

E|

|S/| p2€7)721,d,5

Lemma 16. Consider Algorithm[2] Assume that there exists
a good set S with A(S,S") < 2n. Let L := S\S’. We have
L]

1
o sup  E[|pa(L)|] < 2(14-)[8'(n,2d, p2)+azr2].
|S| poEP? c

n,d,s

Now observe that | '] - || (£ — I)UHF = |9'|-E[p2(5")] =
S|-E[pa(S)] + | E|-Elpa( E)) ~|L|- E[ps(L). For the right-
hand side, we can roughly think of E[p2(S)] = E[p2(D)]
which can be bounded as D is Gaussian. This combined
with Lemma[I3] and Lemma[I6 can establish the existence
of t. We then use a general result that is implicit in prior
filter-based algorithms (Diakonikolas et al.,[2016): given
the existence of ¢, there must be a nontrivial fraction of the
instances in S’ that can be filtered; see also Lemmawhere
we provide a generic proof. This establishes Theorem [T4}
see Appendix |D|for the full proof.

4.2. Analysis of termination

Let 5, = 2(00 log% + cod)d - 7 for some parameter 7 €
(0,1). The following theorem shows that whenever the
termination condition is met, i.e. H (E-Dull » < k. the
output must be close to the target Chow vector.

Theorem 17. Consider Algorithm[l} If at some phase | we
have || (% — I)UHF < kand A(S, S]) < 2n for some good
set S, then the following holds for the output u:

192
2 <~z /1By + Be) + %

| = xs-

sup  Ellpa(B)|] < 712 (81,24, po)+aza].

We note that the upper bound seems not depending on x —
this is because k < O(S,). To show the theorem, we will
first prove that the deviation of the expectation of y - p1 ()
between S’ and S is small, and then apply Part [4] of Def-
inition |12 to establish the closeness to the expectation on
D. To obtain the first deviation bound, we observe that it is
almost governed by the expectation on S\ S’ and on S’\S.
The former is easy to control since it is a subset of the good
set S. We show that the latter is also bounded since the
termination condition implies a small variance on all sparse
directions of the covariance matrix X that is computed on
S’; this suggests that the contribution from the corrupted
instances cannot be large. See Appendix [E] for the proof.

4.3. Main results

Theorem 18 (Chow vector estimation). The following holds
for Algorithm([l} Given any target error rate € € (0, 1) and
failure probability 6 € (0, 1), Algorithm runs in at most

— 4nk

lmax -

. (Cld - log :‘—g)d + 1 phases, and outputs a
k-sparse vector u such that with probability at least 1 — 9,

192 €
2 S CT 7](67] +ﬂe) =+ 5

In addition, Algorithm runs in O(poly((nd)?,1/¢)) time.

[ = x-

Proof sketch. In view of Proposition[I3]and Step [T]of Algo-
rithm |1} there is a good set S such that A(S,S") < 2.
We will inductively show the invariant A(S,S] ;) <
A(S,S]) — 15z before Algorithm |1 terminates. In fact,
by Part [T] of Definition [I2] it follows that no instances in S
will be pruned at Step[1} Thus, A(S,57) < A(S,5") < 2n.
If |(£ = I)ul| » > &, then Theoremimplies that we can
obtain S5 such that A(S, S3) < A(S, S1) — g5z- By in-
duction, we can show that such progress holds for any phase
[ before the termination condition is met. Since the symmet-
ric difference is non-negative, the algorithm must terminate
within the claimed [,,,x phases, upon when the output is
guaranteed to be close to ) s« in view of Theorem See

Appendix [E]for the full proof. O

Lastly, the algorithmic results from Trevisan et al.| (2009);
De et al.| (2014); [Diakonikolas et al.| (2018a) state that as
long as w is e-close to s~ under the £5-norm, it is possible to
construct a PTF £ in time (2)©(?) that has misclassification
error of O(d - €*/(4+1))_ This gives our main result on PAC
guarantees (see Appendix [F]for the proof).

Theorem 19 (PAC guarantees). There exists an algorithm
A such that the following holds. Given any ¢y € (0,1),
failure probability § € (0, 1), and the concept class Hq, i,

itdraws C - % -log™ (;—%) samples from EX(n) and
-0
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outputs a PTF f such that with probability at least 1 — 9,

Pron(f(@) # 1) < er-d- (15, 1 ) +e0) ™

In particular, for any target error rate € € (0,1), by setting
d+1 ~

€0 = oo we have Pro p(f(2) # f*(x)) < € provided
n < Leo. Moreover, the algorithm runs in (nd/e)°@ time.

5. Conclusion

We studied the important problem of attribute-efficient PAC
learning of low-degree PTFs. We showed that for the class
of sparse PTFs where the concept depends only on a subset
of its input attributes, it is possible to design an efficient
algorithm that PAC learns the class with sample complexity
poly-logarithmic in the dimension, even in the presence
of the nasty noise. In addition, the noise tolerance of our
algorithm is dimension-independent, and matches the best
known result established for learning of non-sparse PTFs.
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We summarize a few useful results and list reserved hyper-parameters in Appendix [A} they will be frequently used in our
analysis. We provide proofs for results in Section [I]and Section [2]in Appendix [B] Appendix [C|collects statistical results on
the concept classes of interest, which are used in Appendix [D]and Appendix [E]to establish guarantees on Algorithm [2]and
Algorithm |1} respectively. We assemble all pieces and prove the main result, Theorem in Appendix [{

A. Summary of Useful Facts and Reserved Hyper-Parameters
We will often need the condition that A(S,S") < 27, which implies
(1—2n) 18 < |$'| <15

In particular, when 7 € [0, 1 — ¢] for some absolute constant ¢ € (0, 1], we have

/ 1 4 1 1
S <181 < g, 81 < (o) |57]-
The above two inequalities also imply

|5°\S| < 2n18] < =L |s'1<”ys'| and [ $\S'] < 298] < -

It is known that for any vector w,

llully < /Ml - ully -

The above will often be applied together with Holder’s inequality:

- v < lully - [[olloe < g/ llullo - 1l - vl

Fact 20. Let Z be a positive random variable. Then E[Z] = fooo Pr(Z > t)dt.

(A.1)

(A2)

TR 1is]. (A3)

(A4)

(A.5)

Fact 21 (Tail bound of Gaussian polynomials (Janson}, [1997)). Let D be the standard Gaussian distribution A/ (0, Innscn)-
There exists an absolute constant ¢y > 1 such that the following tail bound holds for all degree-d polynomials p : R” — R:

Pro.p (|p(x) — E[p(D)]| > t\/Var[p(D)]) < exp(—t*/?/co), Yt > 0.

In particular, if p is such that E[p(D)] = 0, we have

Prop (|p(@)| > tpll 2 ) < exp(—t2/co).

A.1. Reserved Hyper-Parameters

Recall that ¢ € (0,1) is the noise rate, § € (0,1) is the failure probability, d is the degree of the PTFs. Denote by
Xy ={reR": ||m(x)||oo < v} the instances of interest. Given an instance set S C R", let S|x, = SN X,,. Fora
distribution D supported on R", let D|x_ be the distribution D conditioned on the event that z € X.,.

e B(r,d, p) = p*(colog %—kcod)d-T, which upper bounds [, t-min{7, Q,,a(t)} dt for Qa,,(t) = exp(—(t/p)**/co);

see Lemma[24}

v = (co log LS (n+1)‘1)d/2

S drawn from D; see Lemma[23]and Deﬁmtlon @];

12

(Cid - log 24) 2 which upper bounds max,cs [[m(z)

=Cy-di - (cod)d, which upper bounds ||pz|| > for p € P2 : see Lemma

v1 = v/ 2k~y, which upper bounds ‘pl ] )| for p; € P} n.d,2k and z € X5 see Lemma

2 = 24/s7v%, which upper bounds ‘pg(x)] for py € P2 4, and z € X, see Lemma

B'(r,dyp) =2-p- (colog L +co- d/2)d/2 -7, which upper bounds [, min{7, Q, 4(t)} dt; see Lemma

., With probability 1 — 4, for
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B. Omitted Proofs from Section Il and Section
B.1. Proof of Fact[3

Proof. It is known from Maass & Turan| (1994) that in the absence of noise, H 4 x can be PAC learned efficiently by using
linear programming to find a concept that fits all the samples since in this case, empirical risk minimization with 0/1-loss is
equivalent to solving a linear program. The number of samples is at least Ny := (Y - (K dlogn + log 6) due to uniform
convergence theory (Blumer et al.l|[1989) and the VC-dimension of H4 x. Then Theorem 12 of |[Kearns & Li| (1988)) shows
that when ) < ﬁp log Ny /2, it is possible to learn the same concept class by using 2NZ log § - N5 = 2N§ log 5 samples.
Substituting N5 gives the result. O

B.2. Proof of Lemma

Proof. By definition, we know that there exists ¢ € P, 4 and Q C [n] with [A| < K, such that f(z) = sign(g(za)). Let
A := [n]\A. Since we choose Hermite polynomials as the basis, we have that m;(x) = m;(z ) - m;(zy) where we define
m;(zyx) = 1 if m;(x) does not depend on x.

We calculate the i-th element of the Chow vector of f as follows:

[
= E,~plsign(g(za)) - mi(2)]
Es~p(sign(g(za)) - mi(za) - m;(25)] (B.1)
= Ey~plsign(g(za)) - mi(za)] - Eonp[mi(zg)] (B.2)
= E,~plsign(g(za)) - mi(zp)]-0=0 (B.3)

as long as m,; depends on some elements in A. Equivalently, the above is non-zero for all m; that depends only on A. Note
that there are at most

d+1, if K =1,
K’ B.4
Z {Kj(“ L<oK? if K >2 ®BH
such m;’s. This gives the desired sparsity bound. O

B.3. The basis of monomials

As a complementary discussion to Lemma[I0] we also give derivation for the sparsity of the Chow parameters under the
basis of monomial polynomials.

Lemma 22. Let f be a K-sparse degree-d PTF. Then x s is a k-sparse vector under the basis of monomial polynomials,
where k > ( ) 2 !

Proof. Consider the same setting as that in Lemma[I0} except that the basis is now under monomial polynomials. Since
multivariate monomials are constructed by the production of univariate monomials, the i-th element of the Chow vector of f
can be written as

Eznp(f(z) - mi(z)] = Eenplsign(q(za)) - mi(za)] - Eexp[mi(zg)]-
However, now the term E, p[m;(z5)] equals zero only when m;(z7) includes at least one univariate monomial x§ for
some j € A where ¢ € Z is an odd integer. For K < %, d > 2, the total number of non-zero elements in ) 7 is at least

14]

(e (e )

Jj=1

which depends polynomially in the dimension n, making it undesirable in the attribute-efficient learning. O

B.4. Other choices of polynomial basis

As mentioned in Section|[I.2] the choice of appropriate basis that demonstrates sparsity structure of the Chow parameters
can go well beyond that of Hermite polynomials. More generally, under the assumption that D is a product distribution

13
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(Eq.(B-2)), we require the basis to be a product basis (so Eq.(B.I) holds) with zero mean under the distribution D (so
Eq.(B-3) holds). To this end, there exist other choices of basis under different distributional assumptions. For example,
under the uniform distribution over [—1, 1]™, the multivariate Legendre polynomials also form an appropriate basis. Another
necessary property of D in our analysis is the finiteness of moments up to order 4d, so that we can obtain tail bound for any
degree-4d polynomial; this is needed to establish Lemma

C. General Statistical Results

Recall that we assume D is the standard Gaussian N (0, I,,x,,) in this paper.

C.1. Tail bound on |m(z)||
The tail bound of Fact implies the following upper bound on the magnitude of m(x).

Lemma 23 (Restatement of Lemma|[TT). The following holds for all t > 1:

Pr,.~p ( ||m(56)||OO > t) <(n+ l)dexp(—tQ/d/co),
Prsp (max|[m(@)|| , > t) <[S]- (n+1)*- exp(=t*/"/co).

d
In particular, with probability at least 1 — 6., we have max,cg ||m(a:) Hoo < vy where 7y := (co log %)dm. When

2 5d -4d d/2
oy = % and|S| = C - & 612( log™? (%(Si)’ we have v = (C1d - log Z—?) /2

Proof. Denote M = (n+ 1)? the dimension of the vector m(x). Let m; () be the i-th element of m(z), where 1 < i < M.
We note that my(z) = 1. Now for any i # 1, since m(z) is orthonormal in L?(R", D), we have E[m;(D)] = 0 and
||lm;||, > = 1. By Fact[21| we have

Pr,p(|mi(z)| > t) < exp(—t*?/co).
Taking the union bound over all ¢ € {2, ..., M} gives
Pry~p (22?](\4 |ms(z)] > t) < (M — 1) exp(—t2/4/co) < Mexp(—t*/?/cq).
Note that for all ¢ > 1, we have
Prop ( ||m(x)Hoo >t) < M exp(—t2/4/cy). (C.1)
Now for S being a set of independent draws from D, we have by union bound that
Prs.p (magi ||m(x)|| >t) <|S]- M- exp(—t%/4/cy). (C.2)
T€ o0

The proof is complete. O

C.2. B(r,d, p), B/ (7,d, p)
Lemma 24. Let Qq,,(t) = exp(—(t/p)?/?/co) where p is independent of t. Then [ t - min{r,Qq,,(t)} dt < B(7.d, p)
where (1, d, p) == p* - (colog L + cod)d ST

14
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Proof. Denote py = co - p*/?%. Let tg = (po log £)%/2, which satisfies T = Qq,,(to). It follows that

o to 0o )
/ t.min{T,Qd,p(t)}dt:/ tTdt+/ t'eit /d/pO dt

0 0 to

1 d-pd >
o —t21 + Po e v uddu

2 2 tQ/d/p

1 d- pg
2 St + =L 0,65 po)
Gl d-pg -
< St + =5 e~ po) - (15 po - )
Ca 1 1 d d- pg 1 d—1
= §~T~(p010g;) +—7- (log;—i-d)

1
< (polog; +,00d)d'7'~

In the above, ¢; follows from the change of variables u := t/¢ /p, 2 follows from the definition of upper incomplete gamma
function, (3 follows from Lemma [28] ¢4 follows from the setting of ¢1, and the last step follows from simple algebraic
relaxation. The result follows by replacing pg with ¢ - p2/ d, [

Corollary 25. The following holds:

sup /oot -min{r, Pr(|p1(D)| > t)} < B(r,d, V?2).
0

1
P1EP, 42k

Proof. We will use the tail bound from Lemma Let ty = V2(colog 2)%/2. Since ¢y > 1, we have ty > /2. By
Lemma we also have Pr(‘ pl(D)| > tg) < 7. Therefore, we can write

el to oo 2/d
/ t - min{7, Pr(p;(D) > t)}dt = / t-rdt+ / Lo~ /v e gy
0 0

to

Using the same proof as Lemma [24] gives the desired result. O

Corollary 26. The following holds:

sup / t-min{r, Pr(|p2(D)| > t)} < B(7,2d, p2).
p2E€P2 0

n,d,s

Proof. This follows immediately from the tail bound on Pr(| pz(D)‘ > t)in Lemmaand Lemma O

The following lemma provides another type of bound.

Lemma 27. Let Qq,,(t) = exp(—(t/p)?/?/co) where p is independent of t. Then [;° min{r, Qq,,(t)}dt < B'(7,d, p)
where BI<7'7 d7 P) = 2p . (C() 10g % +co- g)d/Q T

15
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Proof. Denote py = co - p*/?%. Let tg = (po log £)%/2, which satisfies T = Qq,,(to). It follows that

[e'e] to [e'e] 9
/ ¢ - min{r, Qd,p(t)}dtz/ Tdt—|—/ et /ro gy
0 0

to

oo
& toT + p§/2 /2 ; e~ w2 1 dy
to/ /po

2 o7+ 0y T(d/2,1" )

¢
< tor+ i cexp(—t2Jpo) - (42 po + df2)/2 !

1 1 dydg/2-1
C:4T~(polog*)d/%rpgm'T'(log*+§) !
T T
1 d
§2pg/2-(log;+§)d/2~7

In the above, ¢; follows from the change of variables u := t2/¢/p, ¢, follows from the definition of upper incomplete gamma
function, (3 follows from Lemma (4 follows from the setting of ¢y, and the last step follows from simple algebraic
relaxation. The result follows by noting py = ¢ - p*/%. O

Lemma 28 (Claim 3.11 of (Diakonikolas et al.l [2018b)). Consider the upper incomplete gamma function T'(s,x) =
[t et dt. We have T'(s,x) < e - (z+s)*~! forall s > 1 and x > 0.

C.3. Concept class: basic properties

Recall that m(z) is the vector of all Hermite polynomials on R” with degree at most d. Note that m(z) has (n + 1)?

elements. We defined two classes of polynomials:

Pl = {p: R" = R:p(z) = (v,m(z)),0 € ROV o], =1, |[v]ly < &}, (C3)
and
d
P'?L,d,s = {p :R" — R ‘P = <AUa7nTnT - I>’A € S(n+1) 7UT =U, ”UHO <s, ”AUHF = 1}’ (C4
where
SHDT = [4: A € RFDIX(ADT 4T = 4, (C.5)

Note that the polynomials in P2 , . have degree at most 2d, and can be represented as a linear combination of at most s
elements of the form m; (x)m;(x).

We collect a few basic properties of the sparse polynomial classes.

Lemma 29. Forall p; € 73,117 d,2k> the following holds:

e Deterministic property: |p1(x)‘ <V2k- ||m(a:)”oo in particular, |p; (a:)| <y forall x € X, where v1 1= /2k~y;
e Distributional property: for all t > /2,

Pr ( ‘p1(D)‘ > t) < e_(t/‘/i)wd/c".
Proof. By Holder’s inequality, we have
p1(@)] = |v-m(@)| < \fllvllg - ol - [[m(@)]] , < V2k-1- [[m(@)]|

where the first inequality follows from (A.5) and the second inequality follows from the fact that p; € 77711’ 4,2k

To show the tail bound, we will decompose v = (v, ¥) and m(z) = (1,m(z)) so that E[m(D)] = 0. In this way, we have
pi(x) =vi +0-m(x) = v +||0]], - ¢(z), where ¢(z) := v - m(z) and 0 := 0/ ||D]|,.

16
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Observe that E[g(D)] = 0 and Var[g(D)] = 1. By Fact[21] for all t > 0,
Pr(|g(D)| = #) < e="/e0. (C.6)

By simple calculation, we can show that

|p1(z)| = \/(m + 5l - a(@)? < V2 40} + |[3]5 - ¢?(2) < V2q(2)|

for g(x) > 1. Thus, for all ¢ > /2, we have

Pr(|pi(D)| > ) < Pr(v2]q(D)| > t) = Pr(|g(D)| > t/v/2) < e~ ¢/VD*"/eo, (k)

where the last step follows from (C.6). O
Lemma 30. Forall ps € 73” d.¢ the following holds:

e Deterministic property: |p2(x ’ < 24/s- ||m H : in particular, {pg | <y forallx € X, where vy := 2V/5-92;

e Distributional properties: Epy(D)] = 0, ||ps|| ;2 < pa where py := Cy - d¥ - (cod)*, and
Pr ([p2(D)| > t) < exp(—(t/p2)"?/co), ¥t > 0.
Proof. By the Cauchy-Schwartz inequality,
[p2@)] < 1Aullp - | (m@ym@) ™ = 1), <101l fm@)2 + Mele < Va([m@)[, + 1),

where in the second inequality we use the fact that each entry of the matrix m(z)m(z) " takes the form m;(z)m;(x) whose

magnitude is always upper bounded by ||m(z) H:O, and there are at most ||U ||, such entries. Since m; (z) = 1, we always
2 2

have 1 < Hm(az)”oo Thus |p2(z)| < 2y/s - ||m(a:)||oo

Now we show the distributional properties. Since m(z) is a complete orthonormal basis in L?(IR™, D), it follows that

Elp(D)] = (Ay, 1 — 1) =0. (C8)

Now we bound ||ps ||, which equals \/E[p3(D)]. Recall that Ay is symmetric with || Ay || = 1, and thus can be written
as
Ay =VTAV, (C9)

for some orthonormal matrix V' and diagonal matrix A with ||A||, = 1. Let ¢(z) = V - m(z). Observe that E[¢(D)] =0
and E[g(D)q(D) "] = I. Then

E[p3(D)] = Var [ (D)TAq(D } Var {ZA“ql } ZA2 Var[q; (D)], (C.10)

where A;; denotes the i-th diagonal element of A and ¢;(x) denotes the i-th component of the vector-valued function ¢(z),
and the last step follows from the fact that E[g;(D) - ¢;(D)] = 0 for i # j and E[g;(D)] = 0 for all 4. It thus remains to
upper bound Var|[¢?(D)].
By the definition of variance, we have
3 2d
Varlg? (D)] = E[g/(D)] — (Elg{ (D)])* = E[gj(D)] — 1 < 3 - d* - (cod)

)

where we applied Lemma[31]in the last step. Plugging it into (C.10), we get

E[p2(D)] < C2-d3 - )2 12/\ = C2-d? - (cod) ™, (C.11)

where the equality follows from the construction that [|Al|, = 1 and >, A = ||A||§J The proof is complete by noting that
Ip2ll > = VE[P3(D)]- O

17
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Lemma 31. Let v be a unit vector and m(x) be a collection of orthonormal polynomials of degree at most d in L*(R"™, D).
Then E[(v - m(D))*] < C% - d2 - (cod) *® for some sufficiently large constant Cy > 0.

Proof. Let p(x) = v-m(z) and p = ¢ - 21/¢. We bound the desired expectation by using Fact [20| with the tail bound in
Lemma

E[p*(D)] = /OOO Pr(p*(D) > t)dt

\/ﬁ oo
:/ Pr(p*(D) > t) dt+/ Pr(p(D) > t)dt
0 V2

S\/§+4/ 2 Pr(|p(D)| > t) dt
0
S\/§+4/ 3. et e gt
0
d 2d—1 OO2d—1 —t
=24 - pHl [ 2ttt
2 0
1 d _
4:\@+§-p2d1~(2d—1)!
C2

V2t g 22w (2d — 1)(2d; 1)2‘H  eTIED

where (; follows from the known fact on the value of the Gamma function, and (, follows from the Stirling’s approximation.
The result follows by noting that p = ¢ - 2'/% and choosing a large enough constant Cs. O

C.4. Concept class: uniform convergence and sample complexity

Lemma 32. The VC-dimension of the class M, 4 5. := {h : @+ sign(p1(x)),p1 € Py 491} is O(d - klogn), and that of
the class H, ;. = {h:x — sign(pa(x)),p2 € P34} is O(d - slogn).

Proof. For the class ’Hn d4.x» We can consider the class of polynomials in Pl a2, With a fixed support set. It is easy to see
that the VC-dimension of such class is k + 1. Now note that the number of the choices of such support set is

g((ntl)d) . (e(nznd)k'

The concept class union argument states that for any H = UM, H,, the VC dimension of H is upper bounded by
O(max{V,log M + V log IO%/M 1), where V is an upper bound on the VC dimension of all #;. Thus, the VC-dimension of
H,, g.0r 18 O(d - klogn) by algebraic calculations.

Likewise, for 12 , ., we can first fix the support U C [(n + 1)%] x [(n + 1)%] in the representation of ps. Let P(U) be
the class of polynomials in P? s With the fixed U. It is easy that the VC-dimension of P(U) is s + 1. Now note that the
number of choices of U is

ZS: ((n + 1)2d> < (e(n + 1)2d)s

= ] - s
Using the same argument gives that the VC-dimension of Hi’ ds 18 O(d - slogn). O

5dK4d

Proposition 33 (Restatement of Prop.|13). Let S be a set of C - logs‘i (Z—g) instances drawn independently from D,
where C > 0 is a sufficiently large constant. Then with probability 1 0, S is a good set in the sense of Definition

Proof. By Lemmal|l 1} our setting of . and |S|, it follows that with probability at least 1 — ., we must have S|x. = S.
This proves Part[T] From now on, we condition on this event happening.

18
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We note that by the classical VC theory (Anthony & Bartlett, 1999) and our VC-dimension upper bound in Lemma 32}
Parts |§| in Definition [12|all hold with probability 1 — §/4 as far as

VCdim 4 - VCdim
I5|=C- ( o

log o5 ) , (C.12)

_€ _

where VCdim := max{d - klogn,d - slogn} = d - k*logn, and o := min{ay, s} < TR

We now show Part For x € X,,, we have ]ml(x)] < ~ with certainty. Therefore, by Hoeffding’s inequality for bounded
random variables, we have that

Pr ([Es ., [f(#)ma(@)] ~ Ep,y [F(@)mi@)]| > 1) < 2exp (- liz ).

Therefore, taking the union bound over ¢ we obtain that if

32k~? 16(n +1)¢
S| > -1 C.13
| | = (a/l)Q og 5 ) ( )
then with probability at least 1 — §/8, we have
max [Es, [F()mi(@)] - By, [f()mi(@)]] < 3 - L
lgif(n}j—l)d S| x, i Dix, i =35 2k
Now we observe that for any p; € Prll,dgk’ we have p; (z) = (v, m(z)) with ||v||, < V/k. Thus
Evmsix, [/(@)01(@)] = Eanppx, [£(@) - p1()]
= |v+ (Bansin, [f(2)-m(@)] = Eannyy, [f(@) - m(@)])]
<VE [Eonsix, [£@) - m(@)] = Eonpy [f@)-mi@)]||
1
< k. (C.14)
On the other hand, recall that for any p; € P} ; o, [p1ll > = 1 in view of Lemma Thus Lemmatells that
s [Eannlf() ()]~ Eampy, [f@) (@] < 4y/Procp(e ¢ X,) < 4,
f:‘f|S17p1€'P71L’d)2k
: (ay)?
where the last step follows from Lemma 23| Since we set d., such that 6, < o> we have
1
S [Eannlf (@) p(@)] ~ Eanpyy [F(@) - p(@)]| < S0 (C.15)

FAfISLp1i€P) 4o

Part [ follows from applying triangle inequality on (C.14) and (C.I5), and the conditioning S x. = S.

Lastly, we show Part We note that for any fixed index (i, j) € [(n + 1)4] x [(n + 1)4], SUPgex, |ms(z)m(z)| < 42
holds with certainty. Therefore, Hoeffding’s inequality for bounded random variable tells that

5] ¢
o)

Pr ([Esys [ms(@)m;(@)] — Epy [ms(@)m; (@)]] > £) < 2exp (-
Thus, by taking the union bound over all choices of (i, j), we obtain that with probability 1 — §/8,

(C.16)

N | =
I8

el iy [ MM ()] =y, fmi(w)m; ()]
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as far as
1654 16(n + 1)%¢
S| > -1 . C.17
Now, for any py € P, ; , we have pa(z) = (Ay, m(z)m(x) ") — (Ay, I). Thus,
[Esx, [p2(@)] — Epy [p2(a)]
= | > Ai(Bsy [mi(z)m;(z)] — Ep, . [mi(z)m;(x)])
(i,5)eU
< Ul - max E m;(z)m;(x)] — E m;(x)m;(z
< W0l o B ooy (2)] — B o)y o)
1 of
< Js.-.22
<Vse g 7
1
= 505 (C.18)
On the other hand, by Lemma 30| we have [|pz|| > < pq forall p, € P2 , .. Thus, Lemmatells that
Sup  [Eunplp2(@)] — Eanyx, p2(@)]] < 421/ Pronn (e ¢ X5) < 4p21/5.
p2€P.
Since we set ., such that 6., < (&/2[3; , we have
1
sup Esnp[p2(2)] = Esnp) [pg(x)]‘ <dpoy/Pryop(z ¢ Xy) < §a’2. (C.19)
p2€P,

n,d,s

Part[7)follows from applying triangle inequality on (C.I8) and (C.19), and the conditioning S x, = S.

Observe that by the union bound, all these parts hold simultaneously with probability at least 1 —6, —6/4—¢6/8—9/8 > 1—46
since we set 6, < §/2. In addition, to satisfy all the requirements on the sample size involved in all parts, i.e. (C:12), (C13),

and (CI7), we need

~4 k% logn vkntd
log

!
1512 C" €2 € ):

(C.20)

for some large enough constant C’ > 0. Our setting on |S| follows by plugging the setting of 7 in Deﬁnitioninto the
above equation and noting that k¥ < max{d + 1,2K™}. The proof is complete. O

Lemma 34 (Total variation distance). Assume that Pr,.p(z € X,) >
Sollowing holds uniformly for all functions f and p satisfying f : R™ — [—

and let p > 0 be a finite real number. The
1} and |Ip| > < p:

Eoplf(2) - p(@)] = Eonpy, [F(2) - p(@)]| < 4py/Pronpi(a ¢ X).

Proof. Denote z(z) = f(z) - p(x). Let 1 x. (2) be the indicator function which outputs 1 if z ¢ X, and 0 otherwise. By
simple calculation, we have

1
2
)

Eenpl2(2)] = Prawp(z € Xy) - Ep . [2(2)] + Epl2(2) - 1x¢(2)],

namely,
_ _Ep[e(z)] Eplz(z) - 1xe ()]
~ Prp(zeX,) Prp(z € X))

Ep, ., [2(z)] (C.21)
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Therefore,

Epy, [2(z)] ~ Eple()]| =

Prp(z ¢ X,) - Ep[z(x)] lED[z(z)-lx;(x)]’

PI‘D(.’L' S X"/) PrD(x S X’Y)

- Prp(z ¢ X)) Eole()] + ’ED[Z($) . 1X;(x)]’

~ Prp(zr e X,) bl Prp(z € X))

<Lop X)) |E ’]ED[Z(I) Ly (z)]’ c22

=12 rp(x ¢ X,) - [Eplz(z)]| + 12 . (C.22)
where we applied the condition Prp(z € X,) > 1/2 in the last step.
Observe that

[Ep[2(2))] < VEp[z2(2)] < VEp[p?(z)] = [Ipll = < p- (C.23)

On the other hand,

‘IED[ xe(a ‘<\/]ED71/ [Lx: ()] < p-/Prp(z ¢ X,). (C.24)

Combining (C.22)), (C.23), (C.24), and noting that any probability is always no greater than its root completes the proof. [

D. Analysis of Algorithm [2: Proof of Theorem [14]

Proof of Theorem[I4] Note that in view of our construction of p; in the algorithm, we have E[p2(S5")] = ||(Z — I)v || P
Denote E = S’\S and L = S\S’. Then,

ST = Dol = 9] - Elp2(8)] = 5] Elp2(S)) + 1B - Elp2(E)] — L] - Elpa(L))- (D.1)
Observe that Lemma 30| tells that E[ps(D)] = 0, which combined with Part[7]of Definition [12) gives E[p2(5)] < 4. In
addition, Lemma 36 shows | L| - [E[p2(L)]| < 2(1 + 1) |S|- (8 77, 2d pg) + a2’72) Assume for contradiction that no such
threshold ¢ exists. Then Lemmagives |E| - |E[ps E)H < T(142) |9 (B'(n,2d, p2) + az7y2). Plugging these into

(D-T)), we obtain that
S| [[(E =Dl <IS]- e +7( 1+ )[S'] - (B'(n,2d, p2) + azy2) +2(1 + )|5| (8'(n,2d, p2) + 272).

Diving both sides by |S’| and noting that @) shows S| < (14 2-) |9'|, we obtain

1 1 14
[(Z = Dol <701+ 2+ Q*C)(ﬂ/(ﬁ» 2d, p2) + oy + azye) < 67(5/(77» 2d, p2) + oy + az2),

where the last step follows since ¢ € (0, %] Recall that we set oy = € and ay = €/2 in Definition Thus, the above
inequality reads as

14
[(E =Dy, < 0—2(5’(77,261, p2) + 2€) = K,
which contradicts the condition of the proposition that H (X-Dy || P> K

Note that the existence of such threshold ¢ combined with Lemma [38]implies the desired progress in the symmetric difference.
In particular, by combining Part[5|of Definition[I2]and Lemma[30] we have

Pr(pa(S) > t) < exp(—(t/p2)"/*/co) + ag, V1 > 0. (D.2)
We also just showed that there exists ¢ > 0 such that
Pr(ps(S') > t) > 6exp(—(t/p2)*?/co) + 6avs. (D.3)
In addition, (A22)) tells ‘S’ ] > % |S|. Thus, Lemmaasserts that

A(S,8") < A(S,8") — exp(—(t/p2)?/co) — s < A(S,S") — as. (D.4)
This completes the proof by noting that we set ag = % = ﬁ. O
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D.1. Auxiliary results

Lemma 35 (Restatement of Lemma . Consider Algorithm@ Suppose that A(S,S") < 2n and H -y ||F > K. Let
E = S'\S. If there does not exist a threshold t > 0 that satisfies Step 3, then

(BI/[S) sup Ellpa(B)] <700+ 1) - [§1,2d, p2) +a27a].

pzepn‘d,s

Proof. We use Lemmato establish the result. We note that A(S, S") < 2n implies [E| < 2|5’| by (A3). Since we
assumed that no threshold ¢ satisfies the filtering condition, we have

Pr(|p2(5’)’ > 1) < 6exp(—(t/p2)/4/co) + 6ag, Yt > 0.

By Lemma 27, we have [~ min{n,exp(—(t/p2)"/?/co)} < B'(n,2d,p2). Lastly, by Lemma [30| we have
max,egr |p2 (z)| < v2. Thus, using Lemmagives the result. O

Lemma 36 (Restatement of Lemmal[16). Consider Algorithm[2} Suppose that S is a good set and A(S, S') < 2n. We have

(/18D sup Ellma(E)) < 20+ {)[8'(0.2.po) + coa].

n,d,s

Proof. We use Lemma [37] to establish the result. Similar to Lemma [35} we can show that [L| < %|S| by (A3). By
combining Lemma [30]and Part[5] of Definition[T2] we have

Pr(|p2(S)| > t) < exp(—(t/p2)"/?/co) + az, ¥Vt > 0.

By Lemma 27, we have I min{n, exp(—(t/p2)*/?/co)} < B'(n,2d,p2). Lastly, by Lemma [30, we have
maxX,cg | D2 (x)| < v2. Thus, using Lemma gives the result. O

The following lemma borrows from Lemma 2.10 of |Diakonikolas et al.|(2018a); the proof is included for completeness.

Lemma 37. Let ¢y > 0 be an absolute constant. Let Sy be a set of instances in R™ and S1 C S, with |S1| < w17 |So| for
some w1, T > 0. Let p be such that Pr(|p(So)| > t) < ws - Qa(t) + v for all t > to, where wa, Qa(t), ag > 0. Assume
maXges, |p(x)| < Yo. Further assume that [~ min{r,Qa(t)} dt < Bo. Then

(1511 / 1Sol) - E[|p(S1)]] < wito - 7+ (w1 + 1) (w2 + 1)Bo + ao7o.

Proof. Since S C Sy, we have | S| -Pr(}p(51)| >t) < |So] ~Pr(|p(5’o)| > t). Thus,

Pr(’p(sl)’ > t) < min {1, :g?: ~Pr(‘p(50)‘ > t)} (D.5)
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By Fact[20] we have

(1511 /1So]) - El|p(S1)]] < /Om(IS1I/ISo)Pr(|p(S1)| > t)dt

e

/07°<|sl|/so|>Pr<|p<sl>y > f)dt

ING

/070 min{ 1S1] /150!, Pr(|p(So)| > t)} dt

¢s [0
< / min {wlT, Pr(|p(So)| > t)} dt
0
¢y [lo 0
< min{w;, 1} dt + min{wi T, ws - Qu(t) + ap} dt
0 to
(s Yo Yo
< wyTty + min{w; 7, ws - Qq(t)} dt + / oo dt
to to

¢ Yo
< wito - T+ (w1 + 1) (w2 + 1)/ min{7, Qa(t)} dt + ao(y0 — to)
to

¢r
Swito -7+ (w1 + 1)(w2 + 1)Bo + aoo-

In the above, ¢; follows from the condition that p(z:) < v, forall z € Sy, {3 follows from (D-3), 3 uses the condition |.S;| <
w1T |Sol, ¢4 uses the condition of the tail bound of p(Sy) when ¢t > ¢, (5 applies elementary facts that min{wy 7,1} < wy7

and min{a, b+ ¢} < min{a, b} + ¢ for any ¢ > 0, (s uses the fact that both ot and 5y are less than 1

for positive w; and ws, and (7 applies the condition on the integral and uses the fact that both 7 and @Q4(t) are positive. [J

The following lemma is implicit in prior works but we give a slightly more general statement; see e.g. Claim 5.13 of
Diakonikolas et al.| (2016).

Lemma 38. Let S and S’ be two instance sets with |S'| > a|S| for some o € (0,1]. Suppose that there exists to > 0 such
that Pr(g(S) > to) < hy(to), Pr(g(S") > to) > ha(to), and ha(to) > 2 - hi(to). Let S” = S' N {z : g(x) > to}. Then
A(S7 SN) - A(Sa S/) < _hl(t())'

Proof. Write E := S’\S and L := S\S’. Then S’ = S U F\L. Likewise, write £’ := S”"\S and L’ := S\S”. Then
S"=8SUEN\L'. Since S” C S’, we have E/ C E and L’ O L. It is not hard to see that

_ Bl e 1
5] EE

A(S,S8") — A(S, S (|L\L| - |E\E'|). (D.6)

Let V := {x : g(x) > to}. By our assumption, it follows that
ISOV] < hi(to) -S|, |S"NV|> ha(to) - |5'].

By basic set operations, we have E\E' = (S'\S) NV = (' NV)\S = (S’ NV)\(SNV). Thus,

|[E\E'| > |S'NV| = [SNV| > ha(ty) - || = ha(to) |S| = (- ha(to) — ha(te)) |S] . (D.7)
On the other hand, L'\ L = (S’ N.S) N V. Thus,

|L'\L| < [SNV| < hy(to) - |S]. (D.8)
Combining and (D-8), and the condition of hy(ty) > % - h1(to), we have
|E\E'| > 2hi(to) - |S| > |L'\L| + h1(to) - S|

This combined with (D.6) completes the proof. O
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E. Performance Guarantees on the Output of Algorithm T]
E.1. Proof of Theorem[17]
Proof of Theorem|[I7] We first show the following holds:

sup ’E(w7y)~,§l’ [y-p1(x)] — Epp[f*(x) pl(x)]‘ < = 6 n(By + Be) + =- (E.1)

p1 Epn d,2k

To ease notation, write S” := S, L = S\S’, E = '\ S. Let p1 be an arbitrary polynomial in P, ; 5, As S = SUE\L, it
is easy to see that

‘SI’ : ‘E(x,y)Ng’ [y * D1 (.’17)] - ]E(x,y)wg[y P (LL')]‘
— [(5'] = 1D Esly - @] + |L|- Egly -1 @)] - |E| - Esly - p1 (@)

< |IS'] = 181| - [Esly - pa(@)]] + L1 IELy @)+ 1Bl [Egly - (@)

Note that the Cauchy—Schwarz inequality states that E[y - p1(z)] < \/E[y?] - VE[p?(x)] = v/E[p?(z)] where the last step
follows since y € {—1, 1}. Therefore, continuing the above mequahty, we have

|5'] - ‘E(m,y)wg/ [y-p1(z)] = E sy p1 (fﬂ)]‘

< |18 = 181| - EBRS) + 121 ER(L)] + 1Bl - (JERR(B)

6
<[|8'| = 181] - 1+ 285, + e+ VLI 18] - (126, + dn +¢) + \/C |E|- S| (5 + By + Bs, +1+¢€)  (E2)
where in the last step we applied Lemma @I, Lemma Lemma and denoted 35, = [(204,d, v/2) and By =
B(n,d, v2).
On the other hand, (A-2) implies
5] -181] < 15, 15" < 21s']

forn € [0, 2 — ¢]. We also have the following estimates: max{|E| LI <n)S| <
into (E:2)), we have

T 2n |S7| < 4L |S7|. Plugging these

1
‘E(I,y)Ns‘/ [y -p1(@)] —Eqposly-p1 (33)]‘ <= [77\/1 + Bs, + e+ 4\/77(ff + Bs, + By +n+ e)} . (E.3)
On the other hand, we note that in view of Part[d] of Definition[12] we have
B sl 21 (@)~ Bann @1 (0)] = [Eavs [ @pa(a)] ~ Bennlf @i @] < 0}, )

where the first step follows from the condition that f*(-) is the underlying PTF and S is an uncorrupted sample set (which
implies y = f*(x) for any (z,y) € S). By applying triangle inequality on (E3) and (E-4)), we have

[Eiepsly 1))~ Eannlf*(@) - pa(@)]| < 2 [/ 15 Ba, et \fnln b B, + 6y + 040 +ab €S

Now recall that oy = €/6, d is such that Bs, < Besn < By, and £ < %(ﬁn + ¢€). Thus, by rearrangement, we have
Eepes 1)) = Bl (@) - pr(2)]

< S VT BT e+ \/nlBy + 5. +e)} +3

€132
<=

\/n (1 +nBe +ne+ By + Be +€) +

@Q

4

I/\“

1By +Be) + &
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where in (; we used the elementary inequality \/a + Vb < 2v/a + b, and in C2 we used the fact that < 3, ne < e < ..
This proves (E-T) since the above holds for any p1 € P, ; 5.

Now we note that for any p; € P, ; ;.. it can be represented as p; (x) = (v, m(z)) with ||v||, = 1 and [jv]|, < 2k. In this
way, we get

E(s sy 21(@)] = Eannlf* (@) - 1 (@)
= B yns v (0,m())] = Bannlf*(@) - (v, m(a))]

= |0 Ee sy - m(@)]) = (0, Eanplf* (@) - m(@)])|

= <U7 E(x,y)ws" [y ’ m(m)} - Xf*>

Using Lemma 43| completes the proof. O

E.2. Proof of Theorem

Proof of Theorem|[I8] Let S be the uncorrupted sample set with the same size as S’. Observe that by Proposition Sis
a good set and A(S, S’) < 27. We show by induction the progress of filtering, which will imply that within l,,,,x phases,
Algorithm[T]must terminate.

Suppose that the algorithm returns at some phase I > 1, i.e. ||(S — I)y ||, > s forall 1 <1 < I. We show by induction

that the two invariants hold: A(S, S7) < 2nand A(S,57,,) < A(S,5)) — 552

Base case: | = 1. Note that since S is a good set, S|x, = S. Thus, no samples in S are pruned in Step (1| of Algorithmm
h

Therefore, we have A(S,S]) < A(S,S’) < 27. In addition, we have H(Z — I)UHF > k. Thus, Theorem |14]tells us that

€

! !
A(S, 83) < A(S, S1) — 2 (E.6)
In particular, the above implies that A(.S, S%) < 2n.
Induction. Now suppose that A(S, 5]) < 2n. Then applying Theorem [14] gives us
/! U €
A(S, S141) < A(S,S)) - 2t (E.7)
and in particular, A(S, Sl/+1) < 2.
Therefore, by telescoping, we obtain that
I—1)-¢ (I—1)-€
ASSi<ASS’—(7<2 - E.8
( ) l)— ( ) 1) 2]{72 = 47 2k72 ( )
On the other hand, the symmetric difference A(S, Sli) is always non-negative. This implies that
— 4nky? 4dnk d
[< 20 41 =21 (Cyd - log =) 41, (E.9)
€ € €d
where we realized the setting of ~ in the second step.
Now we characterize the output of the algorithm. In fact, by Theorem[I7] we have
192 €
HHk(]E<w,y>~s;[y -m(@)]) = xs ||, < /By + B) + 5
The proof is complete by noting that Hy E(zy)~ 51 [y - m(x)]) is the output of the algorithm. O
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E.3. Auxiliary results

Lemma 39. If||(Z — I)UHF < K, then

sup  E[p}(S)] <k + 1.
PLEP, 42k

Proof. For any p; € P;d,%, we can write it as pi (z) = v - m(z) where v is 2k-sparse and ||v||, = 1. Denote by J the
support set of v. Then,

E[pi(S")] = E[vTm(S")m" (S")]
= UTEij’l) = vT(E —Dyxgv+ vl < HUUTHF . ||(2 _ I)JXJHF +1.
Since ||v||, < 2k, we know that J x J has 2k diagonal entries and 4k? — 2k off-diagonal symmetric entries. This implies

(2= 1) sxs||p < (2 = Dol < k. Now using [[vvT ||, = [[v]|3 = 1 completes the proof. O

Lemma 40. Assume that S is a good set. We have

sup  [E[p3(S)] — 1| <2 B(26,,d,v2) + anat.

1
P1EP, 42k

In particular, as we set oy < '762 we have
1

sup  [Blp3(S)) — 1| <2+ 6(26,,d.v2) +e.

1
P1EP, 4ok

Proof. By Fact[20]

[0 - By, )] = | [ 2P (D)] > 1) = Pr(ln Dy, )| > ]
< /00 2t min{267,Pr(‘p1(D)‘ >t)dt
0

S 2ﬂ(25’y7 d7 \/5)7

where the second step follows from Lemma[d4]and the last step follows from Lemma [24]

On the other hand, by Part[3]of Definition[I2} we have

Bl (Six, )] — Bl (Dpx, ]| = ] | 2 [Prl(S1) > ) = Pl (D) > 0]

Y1
S / 2tOé1 dt
0

2
= 01771,

where the inequality follows since | pl(x)| < 7 forall z € X, (Lemma . By triangle inequality, the fact that
E[p?(D)] = 1 (Lemma , and Sx_ = S (S is a good set), we complete the proof. O

Lemma 41. Assume that S is a good set and A(S,S") < 2n. Let L = S\S’. We have

sup  (IL[/|S]) - E[p(L)] <12 B(n,d, V2) + 4 + a1ri.

p1 epn,dzk

In particular, as we set a; < % we have
1

sup (L] /|S]) - Elp3(L)] < 12- B(n,d,V2) + 41+ e.

1
plepn,d,2k
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Proof. We will use Lemmato show the result. Since S is a good set, we have Sx_ = S. We have |L| < 27|S| = ’S| X, ‘
since A(S, S’) < 2n. By Lemma[29)and Part[2]

in that lemma, we set Sy = S, S;1 = L, w1 = 2, ¢ = 7. By Lemma we set Qq(t) = e_(t/\/ﬁ)wd/c‘), and to = V2.
Lemma [29|tells that we can set wa = 1. In this way, by Corollary we set By = B(n,d,/2). By Lemma we can set
Yo = 1. Therefore, we obtain the desired bound. O

Lemma 42. Assume that S is a good set, A(S,S") < 2, and H(E - I)UHF < k. We have

sup |E|-E[p?(E)] < ’S'| . 6(/14-5(777617 V2) + B(28,,,d,V2) +n+e).

1 C
P1EP, 4ok

Proof. Recall S’ = S U E\ L. By algebraic calculation, we have
|B|-E[pi(E)] = [S'| - E[p}(S")] + |L| - E[pI(L)] — |S] - E[pi(S)]
<|8'|- (s +1)+|S| - (128(n,d, V2) + 49 +¢€) — [S|- (1 — 2 B(26,,d,V2) —¢)
< || -k + 1218 (B(n,d, V2) + B(265,d,V2) + 1+ €)

where we applied Lemma Lemma and Lemmain the first inequality and the fact |S ! | < |S| in the last step. Since

A(S,S8") < 27, in view of (A2), we have |S| < ﬁ '| < & |S’|- Rearranging gives the desired result. O

The following lemma is similar to Lemma[37] but we upper bound the expectation of the square of a polynomial.

Lemma 43. Let ¢y > 0 be an absolute constant. Let Sy be a set of instances in R"™ and S1 C So, with |S1| < w17 |So|
forwi, T > 0. Let p be such that Pr(|p(Sp)| > t) < ws - Qa(t) + ag for all t > to, where wy, Qa(t),cg > 0. Assume
maxges, |p(x)| < Yo. Further assume that [~ t min{r, Qq(t)} dt < B,. Then

(1511 /1S0]) - E[p*(S1)] < witf - 7+ 2(wi + 1) (w2 + 1) 8o + a0
Proof. Since S; C So, we have |S1| - Pr(|p(S1)| > t) < [So| - Pr(|p(So)| > t). Thus,

Pr(|p(S1)| > t) < min {1, :g‘i: - Pr(|p(So)| > t)}. (E.10)

By Fact[20] we have

(1511 /[So]) - Elp*(S1)] < /OOO 2t(1S11/ |So]) Pr(|p(S1)| > t) dt

ot

- [ 15l /150D Pa(lo(s)| > 1)

ING

/070 thin{ [S1] / |So] ,Pr(|p(50)| > t)} dt

o~
w

Yo
§/ 2t min {wlT, Pr(|p(So)| > t)}dt
0

INE

to Yo
/ 2t min{w; 7,1} dt + / 2t min{w T, ws - Qq(t) + ap tdt
0

to

ING

to Yo Yo
/ 2wy Tt dt + / 2t min{w; 7, ws - Qq(t)} dt + / 2ty dt
0 to to

Ce Yo
L w21+ 2w + 1)(wa + 1)/ tmin{r, Qa(t)} dt + ap(rZ — £2)

to

C7
< witd -7 4 2(wy 4+ 1) (we + 1)Bo + ai.
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In the above, (; follows from the condition that p(x) < 7o forall z € Si, (s follows from (EI0), (3 uses the condition |S;| <
w1T |Sol, Ca uses the condition of the tail bound of p(Sy) when ¢ > g, (5 applies elementary facts that min{w; 7,1} < wy7
and min{a, b + ¢} < min{a, b} + ¢ for any ¢ > 0, (s uses the fact that both Gt ad is Ty are less than 1
for positive wy and ws, and (7 applies the condition on the integral and uses the fact that both 7 and @Q4(¢) are positive. [J

Lemma 44. Suppose 6., < 1/2. The following holds for any function p:

Pr(lp(Dix, )| = t) = Pr(|p(D)| = )| < min {20, Pr(|p(D)| = 1)}.

Proof. Lemmatells that Pr,.p(z ¢ X,) < d,. Observe that

Pr(lp(Dx,)l > 1) < Pr(fp(D)| >1) _ 1

S Pnp@exy) S 100, D) 2 1) < 2Pr(p(D)] > 1),

implying
[Pr(Ip(Dyx,)| = 1) = Pr(|p(D)| = )] < Pr(|p(D)] = ¢). E11)
On the other hand, for any event A,

Prp(A)=Prp(A|z e X,) -Prp(zr € X,)+Prp(A |z ¢ X,) -Prp(z ¢ X,,).

This implies
|Prp(A) — Prp(A |z € X,)|
= |Prp(A|z € X,) - (Prp(we X,)—1)+Prp(A|z ¢ X,)-Prp(z ¢ X,)|
= |-Prp(A|z € X,) -Prp(x ¢ X,)+Prp(A|z ¢ X,) Prp(z ¢ X,)|
<2Prp(z ¢ X,)
< 26,.
This completes the proof. O

Lemma 45. For any vector w and any k-sparse vector u, if Sup,,. |, |, —1,|v||, <2k |(v,w—u)| < ¢ then ||Hy(w) — u||2 <
3e.

Proof. Let A be the support set of Hy, (w), A1 = supp(u)\Ag, A2 = supp(u) N Ag, Az = Ag\ supp(u). Therefore, we
can decompose

[ H (w) = ul5 = [lua, |2+ || (w — w)a, || + wa, |12 (E.12)

Note that by choosing v = (w — u)a,uns/ || (W — ) a,un, Hz’ we get

2
[(w —w)n, |5 + lwa,lls < €% (E.13)

On the other side, observe that
[, lly < [|(w = w)a, ||, + [lwa, Il (E.14)

by triangle inequality. Since A3 is a subset of Ay, the index set of the k largest elements of w, while A; N Ay = ), we know
that elements of w in A, are less than those in A3. This combined with the fact that |A;| = |A3| implies that

lwa,llz < lwaglly < e (E.15)
where the second step follows from (EI3). In order to upper bound H(u —w) A1’ ,» we can pick v = (u —
w)a, / H(u —w)a, H2 and get

|(w—w)a, |, <e (E.16)
Plugging (E-15) and (E.16) into (E.14) gives
l[ua, lly < 26
This in conjunction with (ET3) and (E-T2) gives ||H(w) — u|, < v/5e < 3e. O
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F. Proof of Theorem [19

Proof. The sample complexity and the first equation are an immediate result from Theorem [I§]and Lemma[6] The second
equation follows from algebraic calculation. O

Lemma 46 (Diakonikolas et al.| (20184)). Suppose D is N'(0, I,,»n,). There is an algorithm that takes as input a vector
u € ROV ywith Hu = X+ ||, <€ runs in time O(n?/€?) and outputs a degree-d PTF f such that

Prowp (f(2) # £*(2)) < 1 -d- e,

for some absolute constant c; > 0.

Proof. The result is a combination of Theorem 10 of |De et al.|(2014)), Lemma 3.4 and Lemma 3.5 of |Diakonikolas et al.
(2018a)). The only difference is that when applying Theorem 10 of |[De et al.| (2014)) to our setup, we can compute Chow
vectors of a given function exactly since D is known to be Gaussian; thus no additional samples are needed and the running
time is slightly better than their original analysis. See Lemma 47| for clarification. O

We reproduce the proof of Theorem 10 of De et al.|(2014) but tailored to our case that D is Gaussian, and thus there is no
need to acquire additional samples.

Lemma 47. Let f be a degree-d PTF on R"™. There is an algorithm that takes as input a vector v with Hv - Xf H2 <€ and
outputs a polynomial bounded function g : R™ — [—1, 1] such that ng - X H2 < 4e. In addition, the algorithm runs in
O(n?/€?) time.

Proof. We will iteratively construct a sequence of functions {g;} C Py, 4. Let gj = 0 and go = Pi(gy), where P;(a) =
sign(a) if |a] > 1 and P;(a) = a otherwise. Given g;, we compute x,,. Let

p = H’U—thHQ. F.1)
Case 1. p < 3e. Then

1xge = xrlly < Ixge =0l + o = xslly = lIxge = oll, + [0 = xs[, < 4e.

Thus we output g;.
Case 2. p > 3e. Define
!/ !/ / 1 ! /
hi(z) = (v —xg,) - m(z), G41 =g¢ + ihh gi+1 = Pi(gy41)- (F2)
Consider the following potential function:

E@t) =E[(f — 9:)(f — 29, + g1)]- (E.3)

The proof of Theorem 10 of | De et al.|(2014)) implies the following two claims:
Claim 48. E[(f — g,)h}] > p(p — ¢).

Claim 49.1 Given any g; and hj, let g, = Pi(9}), 9i41 = g; + %hi, gi+1 = P1(gi41)- Then E[(gi11 — 9¢) (29541 — 9¢ —
gt+1)] < §E[(h%)2]'

Observe that by our definition of h}, we have
2
E[(h})?) = [|[v = xq.||5 = #*. (F4)
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Therefore, the progress of F(t) can be bounded as follows:

E(t+1) = E(t) = —E[(f = g)hy] + E[(g+1 — 96) (29141 — g — ge+1))]
1
<—plp—e)+ 50
< —€2,
In addition, we have E(t) > 0 and E(0) = 1. These together imply that the algorithm terminates in at most = iterations. It

is easy to see that the computational cost in each iteration is dominated by the construction of A/ (-), which is O(n<). Thus,
the overall running time is O(n?/¢€2). O
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