
Curvature-Aware Active Statistical Inference :
Reducing Labeling via Data Coherence

Pinaki Mohanty1, Rajiv Khanna1

1Department of Computer Science, College of Science & College of Engineering,
Purdue University, West Lafayette, IN, USA
{pmohanty, rajivak}@purdue.edu

Abstract

Inspired by Active Learning, Active Statistical Inference (ASI) is an inference
framework that leverages machine learning predictions to guide data-label ac-
quisition, efficiently utilizing the labeling budget. However, relying solely on
model-output uncertainty can lead to labeling redundant instances with diminish-
ing informational returns. To address this, we propose Curvature-Aware Active
Statistical Inference (CA-ASI), which prioritizes points of high model-output un-
certainty while penalizing redundant points based on their structural similarity to
the inference target. The structural similarity itself is evaluated by incorporating
second-order information into the sampling rule, ensuring diverse and informative
points are selected to be labeled. Further, we show that CA-ASI constructs provably
valid confidence intervals and hypothesis tests for any black-box model. Under
the same budget, CA-ASI enables smaller confidence intervals and more powerful
statistical tests than ASI. We demonstrate CA-ASI’s effectiveness on real-world
datasets across standard baselines.

1 Introduction

In modern data-driven science, high-quality labeled data is often the key bottleneck, especially in
settings with limited labeling budgets. Annotating each instance requires substantial human effort,
expert knowledge, or time. To mitigate this, machine learning (ML) model-generated predictions on
unlabeled data are used in various domains, such as remote sensing [31, 74, 60], proteomics [32],
and electoral systems [76]. These applications reflect a growing dependence on predictive models as
substitutes for manual annotation. However, simulated predictions can only assist with scalability
and cannot replace the statistical guarantees of labeled data.

To reconcile ML efficiency with statistical inference rigor, Zrnić and Candès [80] propose Active
Statistical Inference (ASI). ASI strategically guides data labeling based on model-output uncertainty,
enabling statistically valid confidence intervals and hypothesis tests for any black-box model and
data distribution, even under tight labeling budgets. Extensions incorporate weak supervision from
LLMs, using model-generated annotations to reduce human burden while maintaining inference
guarantees [25].

While ASI offers substantial gains over uniform labeling, its acquisition rule is inherently uncertainty-
only: labels are spent where the predictive model is most uncertain, irrespective of whether those
points contribute new information for the inferential target. This becomes a bottleneck in modern,
high-dimensional datasets that can exhibit strong local structure by correlations, data-generation
artifacts, and representation learning effects [8, 35, 70]. In such regimes, predictive uncertainty often
concentrates on dense, near-duplicate regions of the pool, so uncertainty sampling repeatedly queries
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points that are different in input space yet effectively redundant for inference: they induce similar
gradients/curvatures and hence yield diminishing returns per label.

This redundancy is not merely an efficiency nuisance; it directly limits statistical precision. For
M-estimation, the asymptotic covariance of the parameter estimator is governed by second-order
information - through the (generalized) Fisher/Hessian geometry of the loss [71]. Intuitively, repeat-
edly labeling points whose local curvature aligns with what is already well-covered by previously
labeled data does not expand the estimator’s effective information in new directions, and can therefore
waste budget without shrinking confidence intervals commensurately. Moreover, repeatedly querying
“more of the same" can degrade human-in-the-loop engagement and annotation quality [64].

A natural response in the active learning literature is to enforce diversity—e.g., via Bayesian batch
acquisition [35], core-set style representativeness [62], or gradient-space diversity heuristics [6].
However, these mechanisms are designed to improve predictive performance, not to minimize
inferential variance, and they do not come with the central guarantee that makes ASI compelling: valid
confidence intervals and hypothesis tests under adaptive data collection. This raises a fundamental
question:

Can we endow active statistical inference with a notion of geometric non-redundancy—aligned with
Fisher/Hessian information—while preserving ASI’s distribution-free inferential validity?

In this paper we answer in the affirmative by introducing Curvature-Aware Active Statistical Inference
(CA-ASI), a strict generalization of ASI that couples uncertainty with a curvature-based redundancy
penalty. The key idea is to treat the statistical problem’s local curvature as the right proxy for
“information contribution,” and to explicitly downweigh points whose curvature is highly overlapping
with the rest of the pool. Concretely, CA-ASI augments uncertainty with an instance-level redundancy
score (derived from curvature overlap), and samples according to a geometry-pruned utility

ũβ(x) = ũ(x)− β ρ̃(x),

where ũ(x) is the normalized ASI uncertainty and ρ̃(x) quantifies curvature redundancy. This
simple modification has two decisive consequences: (i) it preserves the inferential backbone of
ASI—yielding valid confidence intervals and tests under the same black-box flexibility—and (ii) it
enables a principled efficiency theory: we provide an interpretable sufficient condition under which
turning on the curvature penalty provably reduces the asymptotic covariance (in trace) relative to ASI,
formalizing when and why redundancy-pruning improves statistical precision.

We summarize our contributions as follows:
• Curvature-aware acquisition for active inference. We introduce Curvature-Aware Active Statisti-

cal Inference (CA-ASI), a strict generalization of ASI that augments uncertainty-based acquisition
with an instance-level curvature-redundancy penalty based on Hessian overlap. This yields a
simple, actionable sampling rule that explicitly avoids spending labels on geometrically redundant
points, in both batch and sequential settings.

• Distribution-free inferential validity under geometry-aware sampling. We show that CA-ASI
preserves the inferential backbone of ASI: under standard smoothness conditions for M-estimation
[71], our curvature-aware active estimator is asymptotically normal and yields valid confidence
intervals and hypothesis tests despite adaptive, non-uniform label acquisition.

• A provable efficiency theorem for redundancy-pruned active inference. Beyond validity, we
provide a principled efficiency theory: we derive an interpretable variance-spotlight condition under
which turning on the curvature penalty (i.e. β > 0) provably reduces the asymptotic covariance
trace relative to uncertainty-only ASI. This formalizes when and why geometric non-redundancy
translates into strictly tighter inference, rather than serving as a heuristic diversity add-on.

• Empirical gains in precision, power, and label utilization. On real datasets in both batch
and sequential regimes, CA-ASI consistently delivers narrower confidence intervals at matched
coverage, higher label diversity (lower redundancy), and often fewer labels used than the allocated
budget—demonstrating that curvature-aware redundancy pruning yields practical, measurable
gains in statistical precision under realistic labeling constraints. CA-ASI reduces label usage by
up to 45% while simultaneously shrinking confidence interval widths upto by 25.4%, all while
maintaining valid coverage-against baselines on real-world datasets.
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2 Related Works

ML-enabled Data Annotation and Inference. A growing literature exists on inference from
adaptively collected data, including [33, 77, 16], and adaptive experimental design, such as [27, 13].
The work most closely related to our pursuits is ASI as it positions itself uniquely by adaptively
leveraging the uncertainties in modern, black-box ML for data collection, all while adhering to
budget constraints for statistical inference. ASI shares similarities with prediction-powered inference
(PPI) and other recent works on inference with ML predictions [4, 5]. More recently, Puheng et al.
[56] introduce robust sampling to ensure active inference performance never drops below uniform
sampling when model uncertainty is misspecified. While their work focuses on safety (mitigating
bad uncertainty estimates), our method (CA-ASI) focuses on informative data-collection (mitigating
data redundancy), making these approaches complementary.

Data Coherence. Data coherence, examined through loss landscape geometry, reveals how indi-
vidual data points shape learning and model behavior. Dexter et al. [17], Chang and Khanna [14]
introduce a novel coherence measure to characterize point-wise loss Hessian alignment and under-
stand Stochastic Gradient Descent stability. Further, Agiollo et al. [2] explores how loss function
curvature around samples indicates memorization, enabling data coherence for tasks like dataset
pruning and summarization.

3 Preliminaries

Data Coherence for Active Learning. Importance of diversity in labeled data to maximize informa-
tional gain and avoid costly repetition is given key consideration [35]. To gauge data quality, for a
labeled dataset Xlabel ⊂ Rd, we define label density, ν(.), with radius r > 0 as

ν(r) =
1

|Xlabel|

|Xlabel|∑
i=1

∣∣∣{xj ∈ Xlabel \ {xi} : ∥xj − xi∥ ≤ r
}∣∣∣ (1)

ν(r) captures on average for each labeled point xi, how many other labeled points xj fall within a
radius r. A higher value means more redundancy (less diversity in labeled data), whereas a lower value
means labels are more spread out, which is desirable from an experimental design and expenditure
perspective [23, 41]. Uncertainty sampling can over-query near-duplicate points from dense regions
of the pool, yielding diminishing returns [63]. While active learning has long incorporated diversity
via feature- or gradient-space criteria [62, 6], these objectives are primarily designed to improve
predictive accuracy.

In contrast, our goal is inference efficiency: for M-estimation, statistical precision is governed by
the Fisher/Hessian geometry of the loss [71], motivating a redundancy notion defined directly in
curvature space. Inspired by Dexter et al. [17], we construct a coherence matrix S ∈ Rn×n where
each entry Sij = ∥Ĥ1/2

i Ĥ
1/2
j ∥F measures the curvature overlap between data points i and j, where

Ĥi = ∇2
θℓθ(xi, yi). While they used S to derive a single, global diagnostic for a dataset, a key

challenge lies in transforming this concept into an actionable, instance-level score. For this, we define
for each row i, the sum of Sij over all j ̸= i (across the n− 1 other points). We then divide each row
sum by the total sum across all rows, resulting in scores in [0, 1]. This yields the coherence score:

ρ̃i =

∑
j ̸=i Sij∑n

k=1

∑
j ̸=k Skj

, (2)

A large ρ̃i indicates that the curvature information of point xi is highly redundant with many
other points in the pool, while a small score indicates it provides more complementary geometric
information.

Importantly, the curvature-redundancy score ρ̃(x) is often label-free (or nearly so) for common
statistical models: for squared-loss linear regression, the curvature overlap reduces to Sij =

∥Ĥ1/2
i Ĥ

1/2
j ∥F = |x⊤i xj | (Appendix D.3). More broadly, for many GLM negative log-likelihoods

(e.g., logistic regression), the Hessian depends on (x, θ) through the predicted mean/variance and not
on the realized label, so ρ̃ can be computed from unlabeled covariates once a provisional θ is fixed.
When the Hessian does depend on y, we adopt the standard pseudo-labeling strategy [38, 69], using
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ŷi = f(xi) to form a proxy curvature Ĥi = ∇2
θℓθ(xi, ŷi). Like ASI [80], the effectiveness of this

approach depends on the assumption that f(x) provides well-calibrated and generalizable predictions
for y.

Problem Setup. We observe unlabeled samples X1, . . . , Xn ∼ PX , with corresponding labels Yi
initially unobserved, and aim to estimate a population parameter θ∗ defined as the minimizer of an
expected loss:

θ∗ = argmin
θ

E(X,Y )∼P[ℓθ(X,Y )],

for a convex loss function ℓθ. Here, (X,Y ) ∼ P = PX × PY |X denotes a generic feature-label pair
drawn from the underlying data distribution. This formulation captures a broad class of M -estimation
problems, including mean estimation, quantiles, and regression coefficients.

Similar to ASI, our challenge is to perform inference under a strict labeling budget (nb ≪ n). To
overcome this, we use an off-the-shelf model as a strategic guide to select the most informative points
to label. We denote the number of empirically collected labels as nlab. We consider this problem in
both batch and sequential settings.

Curvature-Aware Active Estimator. We assume a predictive model f(X) for labels Y ∈ R given
covariates X ∈ X . The idea behind our curvature-aware active inference strategy is to increase
the effective sample size by focusing the labeling budget on structurally informative points where
the model is uncertain . To implement this idea, we employ a sampling rule, denoted generally as
π : X → [0, 1], and collect label Yi with probability ξi ∼ Bernoulli(π(Xi)). The intuition is to
model π(.) to have a high value for instances where f is uncertain and provides novel curvature
information, crucial for shaping the loss landscape. Similarly, π(.) will be low for redundant instances
where the model f should be very certain. Concretely, we propose a specific family of sampling
rules, denoted as πβ , derived from a measure of model-output uncertainty u(x) and data coherence
ρ(x). We first standardize uncertainty via ũ(x) = u(x)∑

x u(x)
∈ [0, 1]. We choose π(x) ∝ ũβ(x),

where ũβ(x) = ũ(x) − β · ρ̃(x) for some β > 0 (see Eq. (2) for definition of ρ̃). In other
words, β acts as a regularizer that counterbalances uncertainty with redundancy, with the goal of
reducing expected label usage E[nlab]. Let ξi ∼ Bernoulli(πβ(Xi)) indicate whether point i is
labeled, so that nlab =

∑n
i=1 ξi. To stay under a budget nb, we define our specific policy πβ as:

πβ(x) =
ũβ(x)

E[ũβ(X)] ·
nb

n , which yields E[nlab] = E[πβ(X)] · n ≤ nb. Thus, our curvature-aware

active estimator is defined as θ̂πβ = argminθ L
πβ (θ), where our curvature-aware active empirical

risk is as follows,

Lπβ (θ) :=
1

n

n∑
i=1

[
ℓfθ,i +

(
ℓθ,i − ℓfθ,i

) ξi
πβ(Xi)

]
(3)

where L(θ) = E[ℓθ(X,Y )], ℓθ,i = ℓθ(Xi, Yi), and ℓfθ,i = ℓθ(Xi, f(Xi)). If the risk in Eq. 3, did
not leverage f , our method would reduce to the classical baseline; we simply label any arbitrarily
chosen nb points such that, θ̂noML := argminθ

1
nb

∑nb

i=1 ℓθ,i.

Distinction vs ASI/PPI. It is evident that our estimator, akin to the active estimator (Equation 1 from
Zrnić and Candès [80]), exemplifies augmented inverse propensity weighting (AIPW) estimation
[59]. The key distinction lies in using πβ versus π, when β = 0 our estimator recovers the ASI. In
other words, the use of πβ invokes curvature awareness in our estimator. Further, when the sampling
rule is uniform, i.e., πβ(x) = nb

n for all x, the estimator imitates the prediction-powered estimator [4].
Replacing π by πβ introduces new algorithmic and analytical challenges absent in ASI. First, ρ̃(x) is
defined through pool-level curvature interactions (Hessian overlap), so the sampling rule is no longer
a pointwise function of uncertainty alone; it depends on global geometric structure in the unlabeled
pool. Second, in many losses the Hessian may depend on the unknown label, requiring a proxy
curvature (via pseudo-labels) and careful normalization to keep πβ feasible under a strict budget.
Third, the practical policy involves clipping [ũ(x) − βρ̃(x)]+ and a data-dependent normalizer,
making πβ non-smooth and strongly data-adaptive. Establishing that the resulting risk is unbiased
(E[Lπβ (θ)] = L(θ)) and AIPW estimator remains consistent and asymptotically normal requires
showing that these empirical policy parameters stabilize, and that the influence-function/martingale
arguments underlying ASI continue to hold under geometry-aware, pool-dependent sampling.

Variance mechanism and what β buys beyond ASI. As in ASI, the policy-dependent contribution
to variance is 1

n E
[
δ(f,θ)(X)

(
πβ(X)−1 − 1

)]
which can be expressed via the model-induced loss
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error δ(f,θ)(X) := E
[(
ℓθ(X,Y )− ℓθ(X, f(X))

)2 | X] ≥ 0. Uncertainty-based sampling already
reduces this term relative to uniform baselines by assigning larger π where the model is unreliable
(large δ). CA-ASI adds a second control knob: it further downweighs redundant points whose
curvature contribution is highly overlapping (large ρ̃), reallocating label probability from correlated,
diminishing-return regions toward geometrically complementary ones. Our analysis formalizes when
this reallocation yields a strict statistical gain: under an interpretable variance-spotlight condition,
there exists β > 0 for which the asymptotic covariance trace is provably smaller than that of
uncertainty-only ASI (see Theorems 5.4, 5.6).

4 Main Algorithm

Our algorithm constructions closely resemble those presented in Sections 5 and 6 in [80]. However,
our primary challenge lies in incorporating curvature-awareness into the sampling procedure.

Batch Setting. We consider the batch setting with i.i.d. unlabeled covariates X1:n, observed at
once. Recall the redundancy–pruned uncertainty score ũβ(x) = ũ(x)− β ρ̃(x) ∈ [−β, 1], where ũ
and ρ̃ are the normalized uncertainty and coherence scores, and β > 0 controls pruning. To avoid
negative scores, we clip to [0, 1]. ūβ(x) := [ũβ(x)][0,1] = min{max{ũβ(x), 0}, 1}. In practice,

we compute E[ũβ(X)] as µ̂β := max
{

1
n

∑n
j=1 ūβ(Xj), ε

}
for some ϵ > 0.

We consider a budget–scaled family of sampling rules πγ(x) = η ūβ(x), η ∈ H ⊆ R+, γ = (η, β);
η is data-adaptive scaling parameter chosen to match the label budget and β is the fixed pruning
hyperparameter. We set η̂ = max

{
η ∈ H : η

∑n
i=1 ūβ(Xi) ≤ nb

}
, and deploy πγ̂ , where

γ̂ = (η̂, β) is the empirically determined parameter vector to ensure the expected number of collected
labels does not exceed the budget. We emphasize θ̂η ≡ θ̂πγ .

Optionally, to guarantee stability and some level of acceptance, i.e. to lower bound our acceptance
probabilities, we rely on τ -mixing, i.e. essentially interpolation of our sampling rule and uniform
sampling. Thus, π(τ)

β (x) := nb

n

[
(1− τ) ūβ(x)

µ̂β
+ τ
]
, where τ ∈ [0, 1].

Sequential Setting. In the sequential setting, we observe a stream (Xt, Yt)
n
t=1 and decide online

whether to acquire Yt at each step. At round t, we choose to acquire the label with probability
πt(Xt), where πt is built from the model-output’s uncertainty at time t − 1. Formally, let Ft =
σ((X1, Y1ξ1, ξ1), . . . , (Xt, Ytξt, ξt)) and require predictability: ft, πt ∈ Ft−1. The predictor ft
may be updated using all information observed up to time t. Let nlab,t denote the number of labels
collected up to time t.

The batch empirical risk in Eq. (3) specializes to a sequential setting at time t to,

L
−→πβ

t (θ) =
1

t

t∑
i=1

[
ℓfiθ (Xi) +

(
ℓθ(Xi, Yi)− ℓfiθ (Xi)

) ξi
π(β,i)(Xi)

]
(4)

with ξi ∼ Bernoulli(π(β,i)(Xi)). We note that unlike Zrnić and Candès [80], our sequential
estimator is not time agnostic. Thus, our sequential estimator at t is θ̂

−→π β

t = argminθ L
−→πβ

t (θ). We
define the per-timestep term: ∆i(θ) := ℓfiθ (Xi)+

(
ℓθ(Xi, Yi)− ℓfiθ (Xi)

)
· ξi
π(β,i)(Xi)

. Then {∆i(θ)−
L(θ),Fi}i≥1 is a martingale difference sequence: E[∆i(θ) | Fi−1] = L(θ) and ∆i(θ) ∈ Fi(We
assume a positivity floor for π(β,i)(Xi)). Under this setting, let Lt = {(Xj , Yj) : ξj = 1, j < t}
denote the labeled set before round t, with size nlab,t = |Lt|. For incoming candidate Xt, we
compute an uncertainty score ũt := u(Xt)( using ft). However, the main challenge in the sequential
setting is pointwise incorporation of redundancy without access to the full pool. Redundancy is
inactive at initialization and turns on only once at least two data points are labeled i.e. nlab,t ≥ 2.
The idea is to gauge, “What is this candidate’s proportional informativeness within the small world
of data I labeled so far?” [39, 12]. Based on this idea, we systematically compute data coherence for
candidate datapoint using n(lab,t) + 1 data points, using label proxies from ft. Finally, we compute
the modified local score with clipping, exactly as in batch: ūβ,t =

[
ũt − β ρ̃t

]
[0,1]

for some
β > 0. So, early rounds behave like pure uncertainty (i.e. ASI like), while later rounds down-weight
candidates that are redundant with the growing labeled set.
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We also use the concept of spreading out an imaginary budget as a function of time. Let imaginary
budget for the expected number of collected labels by step t, equal to n(b,t) = tnb

n . Let n(∆,t) =
n(b,t) − nlab,t denote the remaining budget at step t. Thus, the final sampling probability becomes,
πβ,t(x) = min {ηt ūβ,t, n∆,t}[0,1]. In practice, we set the scaling factor ηt = nb

nE[ūβ,t]
. This

construction ensures we are on track to spend the entire budget. Both our algorithms are presented
as 1, 2 in the Appendix. We provide runtime analysis and highlight tuning strategies for β in the
Appendix D.5 and D.1.2 respectively.

5 Theoretical Analysis

Our analysis first focuses on the batch setting (Section 5), where all unlabeled data is available
at once and model f is pre-trained and fixed during the label collection phase, but the principles
extend naturally to the sequential setting (Section 5), where the model f is updated as new labels are
collected. We begin by proving that our estimator, with its geometry-aware sampling policy, produces
valid confidence intervals and is asymptotically normal. We then prove our main result: under a mild
and interpretable condition, our CA-ASI estimator is guaranteed to be more statistically efficient than
the standard ASI estimator, resulting in a smaller asymptotic covariance. Like ASI, our setup also
requires standard, mild Smoothness and Lindeberg condition assumptions on the loss ℓθ, articulated
as follows,
Assumption 5.1 (Smoothness). Loss ℓ is smooth if:
1. ℓθ(x, y) is differentiable at θ∗ for all (x, y);
2. ℓθ is locally Lipschitz around θ∗: there is a neighborhood of θ∗ such that ℓθ(x, y) is C(x, y)-

Lipschitz and ℓθ(x, f(x)) is C(x)-Lipschitz in θ, where E[C(X,Y )2] <∞,E[C(X)2] <∞;
3. L(θ) = E[ℓθ(X,Y )] and Lf (θ) = E[ℓθ(X, f(X))] have Hessians, and Hθ∗ = ∇2L(θ∗) ≻ 0

Assumption 5.2 (Lindeberg Condition). Increments satisfy the Lindeberg condition if, for all

v ∈ Sd−1 for all ϵ > 0, 1
n

∑n
t=1 E

[
(v⊤∇Lθ∗,t)21

{
|v⊤∇Lθ∗,t| > ϵ

√
n
} ∣∣∣∣Ft−1

]
p−→ 0. Here,

Sd−1 is the set of all vectors v ∈ Rd with unit Euclidean norm (∥v∥2 = 1).

Batch Setting. Our key insight is that replacing the uncertainty-based sampling policy of ASI with
our geometry-aware policy, πβ(x) ∝ u(x)− βρ(x), does not alter the fundamental structure of the
M-estimation problem.
Theorem 5.3. Assume the loss is smooth(Ass. 5.1) and define the Hessian Hθ∗ = ∇2E[ℓθ∗(X,Y )].
Suppose that there exists a deterministic limiting parameter γ∗ = (η∗, β) such that P(γ̂ ̸= γ∗)→ 0.
Then, if θ̂γ

∗ p−→ θ∗, we have:
√
n(θ̂γ̂ − θ∗) d−→ N(0,Σγ∗), where

Σγ∗ = H−1
θ∗ Var

(
∇ℓfθ∗ + (∇ℓθ∗ −∇ℓfθ∗)

ξγ
∗

πγ∗ (X)

)
H−1
θ∗ and ξγ

∗ ∼ Bernoulli(πγ∗(X)). Conse-

quently, for any consistent plug-in estimate Σ̂
p−→ Σγ∗ , the confidence interval Cα = (θ̂γ̂j ±

z1−α/2

√
Σ̂jj

n ) is a valid (1− α)-asymptotic confidence interval for θ∗j :

lim
n→∞

P(θ∗j ∈ Cα) = 1− α.

The consistency condition on γ̂ is easily satisfied if nb/n converges to a limit( see formal proof
in Appendix C.1), and Σ̂ allows for a straightforward plug-in estimate by replacing all quantities
with their empirical counterparts. The consistency condition on θ̂γ

∗
is a standard requirement for

analyzing M-estimators [see 71, Ch. 5].

θ̂πβ ’s statistical efficiency is captured by its asymptotic covariance matrix. A sampling policy
based on model-output uncertainty u(x) reduces this covariance by focusing the labeling budget on
informative points. However, a policy based on model-output uncertainty alone can be inefficient
if it repeatedly samples from dense clusters of similar, uncertain points. Such points often yield
highly correlated gradients, leading to an ill-conditioned covariance matrix Vβ and consequently,
high parameter variance.
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Our curvature-aware modification provides its benefit by identifying points whose informational
contribution is already well-represented by other points in the dataset. Through the judicious selection
of β, CA-ASI strategically prunes these redundant points, forcing the algorithm to collect uncertain
points with de-tangled gradients. This leads to a better-conditioned and “smaller” covariance matrix
Vβ , ensuring the collected information is not repetitive and controlling the parameter variance from
inflating. To formalize this, we define scalar variance pressure as wH(x) := Tr(H−1W (x)H−1),
where H = ∇2E[ℓθ∗(X,Y )]and W (x) := EY |X [(∇ℓθ∗(X,Y ) − ∇ℓfθ∗(X))(.)T ] is the oracle
gradient residual covariance matrix. We use this to define the variance-spotlight measure,

ω(x) :=
wH(x)

π2
0(x)

(5)

, where π0 is the sampling rule under ASI. This measure helps quantify the weight given to points
that contribute most to the ASI estimator’s variance. We demonstrate that CA-ASI is guaranteed
to be more efficient than ASI if on average across the batch the points that contribute most to the
variance (Eq. 5) are less redundant than they are uncertain.
Theorem 5.4. Assume the conditions for asymptotic normality of the active M-estimator hold(
Theorem 5.3). Let Σ0 and Σβ be the asymptotic covariance matrices for the ASI and CA-ASI
estimators, respectively.1 If the following condition holds true,

Eω[ρ̃(X)] ≤ Eω[ũ(X)]

then there exists a β0 > 0 such that for all 0 < β < β0 : Tr(Σβ) ≤ Tr(Σ0)

Sequential Setting. The analysis of the sequential setting directly extends the principles established
in the batch case. The fundamental structure of our estimator remains unchanged. The primary
distinction arises from the adaptive nature of the model ft, which introduces dependencies across
observations in a non-i.i.d setting. Let Vθ,t(β) = Vθ(ft, π(β,t)) = Var

(
∇Lt(θ) | ft, π(β,t)

)
.

In ASI, validity of the Martingale CLT hinges on convergence of the conditional variance process
i.e. when the predictive model ft stabilizes, stabilizing sampling rule πt. In our curvature-aware
setting, the policy π(β,t) depends on both ft and the streaming coherence score ρ̃t. Thus, we make
the same stability assumption regarding the data geometry. As the history of labeled points grows, the
coherence matrix St provides an increasingly accurate approximation of the true population manifold,
and the empirical redundancy scores ρ̃t(x) settle to their deterministic population values. This
convergence, combined with the stabilization of ft, ensures that the sampling policy πβ,t converges
to a fixed oracle rule, stabilizing the resulting variance process.
Theorem 5.5. Assume the loss is smooth(Ass. 5.1) and define the Hessian Hθ∗ = ∇2E[ℓθ∗(X,Y )].
Let θ̂

−→πβ
n be the final CA-ASI estimator after n steps, obtained using the rule π(β,t). Suppose also that

1
n

∑n
t=1 Vθ∗,t(β)

p−→ V ∗
β = Vθ∗(f∗, πβ∗) entry-wise for some fixed model-rule pair (f∗, πβ∗) and

that increments ∆i(θ) satisfy the Lindeberg condition(Ass. 5.2). Then, if the estimator is consistent,
θ̂
−→πβ
n

p−→ θ∗, we have: √
n(θ̂

−→πβ
n − θ∗)

d−→ N(0,Σβ)

where Σβ = H−1
θ∗ V

∗
βH

−1
θ∗ . Consequently, for any consistent plug-in estimate Σ̂β

p−→ Σβ , the

confidence interval Cα = (θ̂
−→πβ
nj ± z1−α/2

√
Σ̂β,jj

n ) is a valid (1− α)-asymptotic confidence interval
for θ∗j :

lim
n→∞

P(θ∗j ∈ Cα) = 1− α.

At each step t, we define the conditional scalar variance pressure wH,t(x) := Tr(H−1
t Wt(x)H

−1
t ),

whereWt(x) = EY |X [(∇ℓθ∗t −∇ℓ
f
θ∗t
)(·)T |Xt = x,Ft−1] andHt = ∇2E[ℓθ∗(X,Y )|Xt = x,Ft−1]

is the true Hessian conditional on the past. Naturally, Eq.5 can be extended to sequential setting, to
define conditional sequential variance-spotlight measure,

ωt :=
wH,t(x)

π2
(0,t)

1For full rigor, the covariance depends on the full limiting parameter γ∗ = (η∗, β). Since β is the parameter of interest
that distinguishes the methods, we denote the covariance Σβ for clarity.
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Theorem 5.6. Assume the conditions for the Martingale Central Limit Theorem hold (Theorem 5.5).
Let Σ0 and Σβ be the asymptotic covariance matrices for the sequential ASI and CA-ASI estimators,
respectively. Then, if the following condition holds in expectation over time,

Et[Eωt
[ρ̃t(X)|Ft−1]] ≤ Et[Eωt

[ũt(X)|Ft−1]]

then there exists a β0 > 0 such that for all 0 < β < β0 : Tr(Σβ) ≤ Tr(Σ0)

It is worth noting, our theoretical guarantees established in Theorems 5.3 and 5.5 can be construed
as a general and unified framework for analyzing active inference methods. This strict generaliza-
tion becomes clear when the redundancy penalty is set to zero( β = 0). In this special case, our
geometry-aware policies πβ (batch) and πβ,t (sequential) reduce to their unpenalized, uncertainty-
only counterparts used in ASI ( Theorems 5.2 and 6.2 from Zrnić and Candès [80]). As a direct
consequence, the asymptotic covariance matrices Σβ derived in our theorems simplify to the corre-
sponding covariance matrices for the standard ASI estimators. Thus, our analysis not only validates
our new method but also formally subsumes the original ASI results, providing a single, coherent
framework for exploring the entire spectrum of strategies from pure uncertainty-based sampling to
fully geometry-aware inference.

Furthermore, while the ASI framework is empirically successful, it does not provide a formal
theorem establishing the conditions under which its sampling strategy is guaranteed to reduce
parameter variance. Our analysis addresses this critical gap directly. Theorems 5.4 and 5.6 establish
a clear, interpretable condition under which our geometry-aware policy is provably more efficient,
guaranteeing a smaller asymptotic covariance. We also show finite sample gains of CA-ASI under
the sequential setting in the Appendix C.

6 Experiments

Motivational Synthetic Example . To gauge the impact of redundancy awareness on the sam-
pling rule, we construct a controlled 1D logistic setting. We draw x ∼ U[−6,6] and generate
labels from a ground-truth model y | x ∼ Bernoulli(σ(θ1 · x+ θ0)) , where (θ1, θ0) = (1, 0).

Test Cluster 1
Test Cluster 2

3 2 1 0 1 2 3
x

0.0

0.2

0.4

0.6

0.8

1.0

Pr
ob

ab
ilit

y

Learned f(x)
True f(x) = (x)
Data Decision Boundary
Max Uncertainty

Learned Logistic Model with Marginal KDEs (Top)

Figure 1: 2 Gaussian Clusters
equidistant from f(.)

Figure 2: Targeted sampling due
to curvature awareness

A logistic regression model is fit on 5000 such samples, yielding
an acquisition model f̂(x) = σ(θ̂1 · x + θ̂0). For the test pool,
we generate two Gaussian clusters, each of size 250 points, sym-
metrically placed around the decision boundary x = 0, namely
C1 : x ∼ N (1, 0.12) and C2 : x ∼ N (−1, 0.052). Both clus-
ters lie at comparable margin from the boundary (hence similar
uncertainty under f̂ ) (See Figure 1). For this setting, we minimize
over logistic loss.

With a budget of 50 points, we visualize the labeling behavior
of CA-ASI under curvature awareness. As shown in Figure 2,
when β = 0, CA-ASI (acting similarly to ASI) is insensitive to
redundancy and solely relies on uncertainty as its signal, resulting
in roughly equal sampling from both clusters. However, as β
increases, CA-ASI exhibits a preference for sampling from C1,
which contains unique and non-redundant points. The propor-
tion of samples from C1 gradually increases from approximately
45% to 67%. We provide additional experimental insights in the
Appendix D.

Real-world Datasets. The training details are provided in the Appendix D.2.1.

HTRU2: We use the HTRU2 dataset (17898 instances) from the UCI repository [42] for a binary
classification task (pulsar(+1) vs. non-pulsar(-1)). In our setup, we optimize over exponential loss
with the aim to determine the nature of the signal based on the characteristics of its profile and
DM-SNR curve.

From Figure 3, Classical method produces narrow confidence intervals, however it suffers from
catastrophic undercoverage, with empirical coverage below 40% at low budgets. This makes the
CIs statistically invalid and misleadingly overconfident due to the severe class imbalance ( 10:1
non-pulsars to pulsars). In both settings ( Figures 3 and 4), Uniform has the widest CIs, explaining its
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Figure 3: Batch Setting in HTRU2 Dataset

Figure 4: Sequential Setting in HTRU2 Dataset

overly optimistic coverage and making it unreliable. Both ASI and CA-ASI successfully maintain
fidelity with respect to coverage across all budget fractions across both settings; CA-ASI consistently
produces narrower confidence intervals, against other ML-assisted methods. Roughly, the average
width decrease in batch settings is 10% (up to 21.7%) and in sequential settings is 9% (up to 15.1%).
Most impressively, this superior precision is achieved while using significantly fewer and diverse
labels. As shown in Figures 3 and 4, CA-ASI on average approximately uses 25% (up to 34.3%)
and 32.4% (up to 44.4%) less labels in batch and sequential settings, respectively, compared to the
Uniform baseline.

California Housing: For this setup, we use the California Housing dataset (20640 instances) [50]
with the goal to predict the median house value for California districts(expressed in hundreds of
thousands of dollars), using demography, location, and general information, while minimizing over
squared loss.

From Figures 5, 6 we notice CA-ASI uses the least amount of labels, across all the methods,
while maintaining the impressive coverage. It uses about 15.6% (up to 25.5%) less labels in batch
settings and 24.1% (up to 45%) less labels in sequential settings compared to the Uniform baseline.
Additionally, CA-ASI attains better label density and smaller CI Width compared to ASI; the average
width decrease in batch setting is about 15.1% (up to 18.8%), while in sequential setting, it is about
16.6% (up to 25.4%). In the batch and sequential setting, while the Uniform method achieves similar
or smaller CIs respectively, it suffers from undercoverage while utilizing entire budget, making them
biased, unreliable and expensive.

In summary, when evaluated from a comprehensive standpoint, considering CI widths, label density,
coverage, and label utilization, CA-ASI demonstrates superior performance compared to all other
methods. Additional real-world data experiment in Appendix D.4.

7 Conclusion

Limitations. CA-ASI inherits the calibration and i.i.d. assumptions that define seminal ML-
powered inference frameworks (ASI, PPI); validity is preserved regardless of calibration quality,
while efficiency gains depend on it. On datasets with little to no hessian overlap, CA-ASI may
not be able prevent wasteful labeling. Computational overhead from the coherence computation is
characterized in Appendix D.5 and discussed as a label-versus-compute trade-off favorable in the
regimes active inference targets.

Discussion. We propose Curvature-Aware Active Statistical Inference (CA-ASI), a novel inference
framework that directs labeling effort toward points with the greatest impact on the statistical estimate.
By leveraging both model uncertainty and the local curvature of the loss function, CA-ASI achieves
more powerful inferences with significantly fewer labels. We provide theoretical guarantees for its
asymptotic validity and demonstrate its practical effectiveness across datasets. We believe this work
establishes a new principle for efficient data collection, showing that the geometry of the statistical
problem is as crucial as the uncertainty of the predictive model.
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Figure 5: Batch Setting in Housing Dataset

Figure 6: Sequential Setting in Housing Dataset

Acknowledgments

We thank the Central Indiana Corporate Partnership AnalytiXIN Initiative for their support.

References
[1] Y. Abbasi-yadkori, D. Pál, and C. Szepesvári. Improved algorithms for linear stochastic

bandits. In J. Shawe-Taylor, R. Zemel, P. Bartlett, F. Pereira, and K. Weinberger, edi-
tors, Advances in Neural Information Processing Systems, volume 24. Curran Associates,
Inc., 2011. URL https://proceedings.neurips.cc/paper_files/paper/2011/file/
e1d5be1c7f2f456670de3d53c7b54f4a-Paper.pdf.

[2] A. Agiollo, Y. I. Kim, and R. Khanna. Approximating memorization using loss surface geometry
for dataset pruning and summarization. In Proceedings of the 30th ACM SIGKDD Conference
on Knowledge Discovery and Data Mining, KDD ’24, page 17–28, New York, NY, USA, 2024.
Association for Computing Machinery. ISBN 9798400704901. doi: 10.1145/3637528.3671985.
URL https://doi.org/10.1145/3637528.3671985.

[3] A. Agresti. Categorical Data Analysis. Wiley Series in Probability and Statistics. Wiley, 2003.
ISBN 9780471458760. URL https://books.google.com/books?id=hpEzw4T0sPUC.

[4] A. N. Angelopoulos, S. Bates, C. Fannjiang, M. I. Jordan, and T. Zrnic. Prediction-powered
inference, 2023. URL https://arxiv.org/abs/2301.09633.

[5] A. N. Angelopoulos, J. C. Duchi, and T. Zrnic. Ppi++: Efficient prediction-powered inference,
2024. URL https://arxiv.org/abs/2311.01453.

[6] J. T. Ash, C. Zhang, A. Krishnamurthy, J. Langford, and A. Agarwal. Deep batch active learning
by diverse, uncertain gradient lower bounds. arXiv preprint arXiv:1906.03671, 2019. URL
https://arxiv.org/abs/1906.03671.

[7] R. Bardenet, A. Doucet, and C. Holmes. On markov chain monte carlo methods for tall data.
Journal of Machine Learning Research, 18(47):1–43, 2017. URL http://jmlr.org/papers/
v18/15-205.html.

[8] Y. Bengio, A. Courville, and P. Vincent. Representation learning: A review and new perspectives,
2014. URL https://arxiv.org/abs/1206.5538.

[9] M. Bernhardt, D. C. Castro, R. Tanno, A. Schwaighofer, K. C. Tezcan, M. Monteiro, S. Bannur,
M. P. Lungren, A. Nori, B. Glocker, J. Alvarez-Valle, and O. Oktay. Active label cleaning for
improved dataset quality under resource constraints. Nature Communications, 13(1):1161, 2022.
ISSN 2041-1723. doi: 10.1038/s41467-022-28818-3. URL https://doi.org/10.1038/
s41467-022-28818-3.

[10] S. C. Bourassa, E. Cantoni, and M. Hoesli. Spatial dependence, housing submarkets, and house
price prediction. Journal of Real Estate Finance and Economics, 35(2):143–160, 2007. URL
https://doi.org/10.1007/s11146-007-9036-8.

10

https://proceedings.neurips.cc/paper_files/paper/2011/file/e1d5be1c7f2f456670de3d53c7b54f4a-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2011/file/e1d5be1c7f2f456670de3d53c7b54f4a-Paper.pdf
https://doi.org/10.1145/3637528.3671985
https://books.google.com/books?id=hpEzw4T0sPUC
https://arxiv.org/abs/2301.09633
https://arxiv.org/abs/2311.01453
https://arxiv.org/abs/1906.03671
http://jmlr.org/papers/v18/15-205.html
http://jmlr.org/papers/v18/15-205.html
https://arxiv.org/abs/1206.5538
https://doi.org/10.1038/s41467-022-28818-3
https://doi.org/10.1038/s41467-022-28818-3
https://doi.org/10.1007/s11146-007-9036-8


[11] P. Calem, J. Kenney, L. Lambie-Hanson, and L. Nakamura. Appraising home pur-
chase appraisals. Real Estate Economics, 49(S1):134–168, 2021. doi: https://doi.org/10.
1111/1540-6229.12326. URL https://onlinelibrary.wiley.com/doi/abs/10.1111/
1540-6229.12326.

[12] N. Cesa-Bianchi, C. Gentile, and L. Zaniboni. Worst-case analysis of selective sampling for
linear classification. Journal of Machine Learning Research, 7(44):1205–1230, 2006. URL
http://jmlr.org/papers/v7/cesa-bianchi06b.html.

[13] Y. Chandak, S. Shankar, V. Syrgkanis, and E. Brunskill. Adaptive instrument design for indirect
experiments, 2023. URL https://arxiv.org/abs/2312.02438.

[14] W.-K. Chang and R. Khanna. A unified stability analysis of sam vs sgd: Role of data coherence
and emergence of simplicity bias, 2025. URL https://arxiv.org/abs/2511.17378.

[15] T. Chen and C. Guestrin. Xgboost: A scalable tree boosting system. In Proceedings of the
22nd ACM SIGKDD International Conference on Knowledge Discovery and Data Mining, page
785–794. ACM, Aug. 2016. doi: 10.1145/2939672.2939785. URL http://dx.doi.org/10.
1145/2939672.2939785.

[16] L. N. Cook, A. Mishler, A. Ramdas, and T. Zrnić. Semiparametric efficient inference from adap-
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A Impact Statement

This work aims to further rigorous statistical inference by significantly reducing the cost of data
labeling. By integrating curvature-aware sampling with Active Statistical Inference (ASI), our method
enables smaller research teams, non-profits, and organizations with limited budgets to perform high-
quality scientific inquiry in domains where data annotation is expensive and time intensive or requires
expert knowledge. Positively, CA-ASI can improve the human-in-the-loop experience by reducing
annotator fatigue and redirect human expertise toward higher-value tasks. By pruning geometrically
redundant instances, our method ensures annotators focus on statistically critical, diverse cases
requiring expert judgment—effectively upskilling the annotation pipeline from mechanical repetition
to quality assurance and edge-case curation. Beyond this, we do not foresee direct negative societal
consequences, though we acknowledge standard machine learning risks regarding the reliance on the
quality of the underlying predictive models.

B Algorithm

Algorithm 1 Batch curvature-aware active inference

Input: unlabeled data X1, . . . , Xn, sampling budget nb, pruning parameter β, predictive model
f , error level α ∈ (0, 1)
1. Choose uncertainty measure ũ(x) based on f
2. Compute data coherence ρ̃(x) based on f ( Eq. (2))
3. Compute ũβ(x) = ũ(x)− β ρ̃(x)
4. Let πβ(x) = η̂ ūβ(x), where ūβ(x) := [ũβ(x)][0,1] = min{max{ũβ(x), 0}, 1}.,
η̂ = nb

nÊ[ũβ(X)]
; let πunif = nb

n

5. Optionally: Select τ ∈ (0, 1) and choose sampling rule π(τ)
β (x) = (1− τ) · πβ(x) + τ · πunif

6. Sample labeling decisions ξi ∼ Bern(π
(τ)
β (Xi)), i ∈ [n]

7. Collect labels {Yi : ξi = 1}
8. Compute batch active estimator (θ̂π

(τ)
β ) (minimizer of Eq. (3))

C Proofs

Claim C.1 (Consistency of γ̂ for CA-ASI). Suppose that the budget fraction converges, i.e.,
nb/n → p ∈ (0, 1). Let the curvature-aware utility be denoted by ūβ(X), defined as: ūβ(X) :=
min (max (ũ(X)− βρ̃(X), 0) , 1), where ũ(X) and ρ̃(X) are the normalized uncertainty and re-
dundancy scores, respectively. Assuming the set of possible budget parametersH is discrete. If there
is no η ∈ H such that ηE[ūβ(X)] = p exactly, then there exists a unique deterministic η∗ ∈ H such
that: P(η̂ ̸= η∗)→ 0

Proof. Proof of Claim C.1. By the definition of our sampling rule (Algorithm 1), the empirical
parameter η̂ is chosen as the maximum value inH that satisfies the budget constraint on the batch:
η̂ · 1n

∑n
i=1 ūβ(Xi) ≤ nb

n . Rearranging this inequality for η̂, we have: η̂ ≤ nb/n
1
n

∑n
i=1 ūβ(Xi)

We now analyze the convergence of the terms on the right-hand side:

In the numerator, by assumption, nb/n→ p.

In the denominator, the term 1
n

∑n
i=1 ūβ(Xi) is the empirical average of the curvature-aware utilities.

In standard ASI, the analogous denominator is the empirical mean of a pointwise uncertainty
score, which converges directly by the Law of Large Numbers (LLN). Here the situation is more
subtle: ūβ(Xi) = [ũ(Xi)− βρ̃(Xi)][0,1] involves the difference of two pool-normalized quantities.
Specifically, ũ(Xi) is a ratio involving a degree-1 U-statistic in the denominator, and ρ̃(Xi) is a ratio
of two degree-2 U-statistics with bounded symmetric kernel Sij . By the U-statistic LLN [29] and the
Continuous Mapping Theorem (CMT) applied to each, both ũ(Xi) and ρ̃(Xi) converge in probability
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Algorithm 2 Sequential curvature-aware active inference

Input: unlabeled data X1, . . . , Xn, sampling budget nb, initial predictive model f1, pruning
parameter β, error level α ∈ (0, 1), fine-tuning batch size B
Initialize: Dtune ← ∅, S1 ← 0, nlab,1=0

for t = 1, . . . , n do
1. Choose uncertainty measure ũt(x) for ft
2.
if nlab,t ≥ 2 then

2.1 Compute ρ̃t(x) using ft and St.
else

2.2 Set ρ̃t(x) = 0
end if
3. Set πβ,t(x)( as discussed in Section 4) with ηt = nb

nÊ[uβ,t(X)]
; let πunif = nb

n

4. Optionally: Select τ ∈ (0, 1) and choose sampling rule π(τ)
β,t (x) = (1−τ)·πβ,t(x)+τ ·πunif

5. Sample labeling decision ξt ∼ Bern(π
(τ)
β,t (Xt))

6.
if ξt = 1 then

6.1.1 Collect label Yt
6.1.2 nlab,t+1 ← nlab,t + 1
6.1.3 Grow Coherence Matrix St+1 by incorporating {(Xt, Yt)}.
6.1.4 Dtune ← Dtune ∪ {(Xt, Yt)}
6.1.5
if |Dtune| = B then

6.1.5.1.1 Fine-tune model on Dtune: ft+1 = finetune(ft,Dtune)
6.1.5.1.2 Set Dtune ← ∅

else
6.1.5.2 ft+1 ← ft

end if
else

6.2 ft+1 ← ft
end if

end for
7. Compute sequential active estimator θ̂

−→π τ
β (minimzer of Eq. (4))

to their respective population limits, and hence so does their difference. Thus, the empirical average
converges in probability to the population expectation2: 1

n

∑n
i=1 ūβ(Xi)

p−→ E[ūβ(X)]

Applying CMT, the entire ratio converges in probability,

Rn :=
nb/n

1
n

∑n
i=1 ūβ(Xi)

p−→ p

E[ūβ(X)]
:= R∗

Per definition, population optimal parameter η∗ = max{η ∈ H : η ≤ R∗}. SinceH is discrete and
no η exactly equals R∗ (by assumption), there exists a positive gap ϵ > 0 between R∗ and the nearest
incorrect parameter value. Specifically, let ϵ = minη∈H |η − R∗|. On the event that the empirical
ratio Rn is within ϵ of the population limit R∗ (i.e., |Rn −R∗| < ϵ), the discrete maximization will
select exactly the same value η∗.

Therefore,
P(η̂ ̸= η∗) ≤ P(|Rn −R∗| ≥ ϵ)

.

Since Rn
p−→ R∗, the probability on the right-hand side goes to 0 as n→∞. Thus, P(η̂ ̸= η∗)→ 0.

Further, since the pruning parameter β is a fixed hyperparameter independent of n, the convergence
2The clipping operation [·][0,1] makes the limiting value of the empirical average non-trivial to characterize directly. We

therefore rely on the ε regularization in µ̂β := max
{

1
n

∑
j ūβ(Xj), ε

}
, which ensures the denominator is bounded away

from zero by construction.
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of the scalar η̂
p−→ η∗ implies the convergence of the parameter vector γ̂ = (η̂, β) to the deterministic

limit γ∗ = (η∗, β). Thus, the condition P(γ̂ ̸= γ∗)→ 0 holds. □

Proof for Theorem 5.3. The proof follows the argument for Theorem 5.2 in Zrnić and Candès [80].
Their proof relies on the consistency of the data-adaptive parameter η̂ that defines the sampling policy.
Our argument is a direct generalization. We introduce a composite parameter γ = (η, β) to define the
CA-ASI sampling policy πγ . The key assumption for our theorem is the consistency of its empirical
estimate, γ̂ = (η̂, β), to a deterministic limit, γ∗ = (η∗, β)( from Claim C.1). This assumption is the
direct analogue of their condition on η and ensures that the empirical sampling rule converges to the
limiting rule. Since the core condition of a consistent, data-adaptive sampling policy is preserved,
the original proof’s machinery i.e. use of Slutsky’s theorem to establish equivalence with an oracle
estimator and then application a Central Limit Theorem hold without modification. The only change
is the resulting asymptotic covariance matrix, which is now Σγ∗ instead of Σ∗. The validity of the
confidence intervals follows directly.

Lemma C.2. Let w(x) ≥ 0 be an arbitrary non-negative weight function. Let J(β) =
E[w(X)/πβ(X)], where πβ is the CA-ASI sampling policy. Let π0 be the standard ASI policy.
The derivative of J(β) evaluated at β = 0 is given by:

dJ

dβ

∣∣∣∣
β=0

∝ E
[
w(X)

π0(X)2

(
ρ̃(X)− ũ(X)

E[ũ(X)]
E[ρ̃(X)]

)]
where ũ(x) and ρ̃(x) are the normalized [0,1] uncertainty and redundancy scores.

Proof for C.2. We aim to show that for a sufficiently small β > 0, the variance is a decreasing
function of the penalty, formally proving that "turning on" the geometry-aware pruning is beneficial.

Recall, ũ(x), ρ̃(x) ∈ [0, 1] denote the normalized uncertainty and redundancy scores, respectively.
For β > 0, define the β-suppressed utility

ũβ(x) := ũ(x)− β ρ̃(x), ūβ(x) := [ ũβ(x) ][0,1] := min{max{ũβ(x), 0}, 1}.
Let

µβ = E[ūβ(X)] = E [max{min{ũ(X)− βρ̃(X), 1}, 0}] , µ̂β := max

 1

n

n∑
j=1

ūβ(xj), ε


The above is estimated in practice using,

µ̂β := max

 1

n

n∑
j=1

ūβ(xj), ε


for some ε > 0 and define the τ–mixed sampling probability

π
(τ)
β (x) :=

nb
n

[
(1− τ) ūβ(x)

µβ
+ τ

]
, τ ∈ [0, 1].

We define clipped set as

Zβ := {x ∈ D : ūβ(x) = 0 } =
{
x ∈ D

∣∣∣∣ β > ũ(x)

ρ̃(x)

}
(assuming ρ̃(x) > 0).

Similarly , we define active set as, Zc
β := D \ Zβ

Let, sβ(x) :=
ūβ(x)
µβ

, gβ(x) := τ + (1− τ)sβ(x), π
(τ)
β (x) = nb

n gβ(x)

The proof follows by direct computation. The policy-dependent component of the objective is
J(β) ∝ E[w(X)/gβ(X)]. Differentiating with respect to β and applying Leibniz’s rule to move the
derivative inside the expectation gives:

dJ

dβ
∝ −E

[
w(X)g′β(X)

gβ(X)2

]

18



From the definition of gβ(x), its derivative is g′β(x) = (1− τ)s′β(x). We must therefore compute the
derivative of the normalized score, sβ(x) = ūβ(x)/µβ . Using the quotient rule,

s′β(x) =
(∂β ūβ(x))µβ − ūβ(x)(∂βµβ)

µ2
β

We need the derivatives of the clipped utility, ūβ(x), and the mean utility, µβ . Due to the clipping
operation ūβ(x) = [ũ(x)− βρ̃(x)][0,1], the derivative with respect to β is non-zero only on the active
set Zcβ :

∂β ūβ(x) = −ρ̃(x)1Zc
β
(x)

Consequently, the derivative of the mean utility is:

∂βµβ = ∂βE[ūβ(X)] = E[∂β ūβ(X)] = −E[ρ̃(X)1Zc
β
(X)] =: −ρ̃Zc(β)

At β = 0, several simplifications occur. The clipped set Z0 is empty, and the active set Zc0 is the
entire domain D. The utility becomes ū0(x) = u(x). The score becomes s0(x) = u(x)/µ0. The
derivatives simplify to ∂β ūβ(x)|β=0 = −ρ̃(x) and ∂βµβ |β=0 = −E[ρ̃(X)]. This makes,

s′0(x) =
(−ρ̃(x))µ0 − u(x)(−E[ρ̃(X)])

µ2
0

=
1

µ0

(
−ρ̃(x) + u(x)

µ0
E[ρ̃(X)]

)
=

1

µ0
(−ρ̃(x) + s0(x)E[ρ̃(X)])

We now finally substitute this result back into the expression for the derivative of J(β) at β = 0:

dJ

dβ

∣∣∣∣
β=0

∝ −E
[
w(X)(1− τ)s′0(X)

g0(X)2

]
Plugging in s′0(x), g0(x) we get,

dJ

dβ

∣∣∣∣
β=0

∝ − (1− τ)
E[ũ(X)]

E
[
w(X)

(nb

n π0)
2

(
−ρ̃(X) +

ũ(X)

E[ũ(X)]
E[ρ̃(X)]

)]
Absorbing the positive constants into the proportionality sign and distributing the negative sign gives

the final result: dJ
dβ

∣∣∣∣
β=0

∝ E
[
w(X)
π0(X)2

(
ρ̃(X)− ũ(X)

E[ũ(X)]E[ρ̃(X)]
)]

This completes the proof of the

lemma.

Proof for 5.4. We begin with the asymptotic covariance of the curvature aware active M-
estimator(Theorem 5.3), which is given by the formula:

Σβ = H−1VβH
−1

Here, H is the Hessian of the true expected loss, which is independent of the sampling policy. Our
analysis can therefore focus exclusively on the policy-dependent part, Vβ , which is the covariance of
the AIPW influence function. The influence function for a single data point i at the true parameter θ∗
is:

gi(θ
∗) := ∇ℓfθ∗(Xi) +

ξi
πβ(Xi)

(
∇ℓθ∗(Xi, Yi)−∇ℓfθ∗(Xi)

)
The covariance matrix is defined as Vβ = E[gi(θ∗)gi(θ∗)T ]. For simplicity, we define the gradient
difference vector as ∆̃i := ∇ℓθ∗(Xi, Yi)−∇ℓfθ∗(Xi). Our influence function is now gi = ∇ℓfθ∗ +
ξi
πβ

∆̃i.

We will use the Law of Total Expectation: E[Z] = EX [EY |X [Eξ|X,Y [Z|ξ,X, Y ]]]. We take the
expectation in three stages: first, over the randomness of sampling ξ, and second, over the randomness
of the data (X,Y ). We expand the outer product inside the expectation:

gig
T
i = (∇ℓfθ∗)(∇ℓ

f
θ∗)

T +
ξi
πβ

(∇ℓfθ∗∆̃
T
i + ∆̃i(∇ℓfθ∗)

T ) +
ξ2i
π2
β

(∆̃i∆̃
T
i )
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Now we take the first inner expectation over ξ. We know that for Bernoulli variable ξ: E[ξi|Xi, Yi] =
πβ(Xi) and E[ξ2i |Xi, Yi] = πβ(Xi). Applying this:

E[gigTi |Xi, Yi] = (∇ℓfθ∗)(∇ℓ
f
θ∗)

T + (∇ℓfθ∗∆̃
T
i + ∆̃i(∇ℓfθ∗)

T ) +
∆̃i∆̃

T
i

πβ(Xi)

The first two terms do not depend on our policy π. The only part that does is the last term. This gives
us the policy-dependent part of Vβ :

V dep
β = EX,Y

[
∆̃i∆̃

T
i

πβ(Xi)

]
Next, we focus on taking expectation along Y |X and then X

V dep
β = EX

[
EY |X

[
∆̃i∆̃

T
i

πβ(Xi)

]]
= EX

[
EY |X [∆̃i∆̃

T
i ]

πβ(Xi)

]
Now, we connect this back to the trace of the full parameter covariance matrix. By the linearity of the
trace, the policy-dependent part of Tr(Σβ) is:

Tr(Σβ)dep = Tr(H−1V dep
β H−1) = Tr

(
H−1E

[
W (X)

πβ(X)

]
H−1

)
As expectation and trace are linear operators, they can be exchanged. Since πβ(X) is a scalar, it can
be factored out of the trace operation. Finally, by the cyclic property of the trace, we arrive at:

Tr(Σβ)dep = E
[

1

πβ(X)
Tr
(
H−1W (X)H−1

)]
This successfully reduces the complex matrix problem to a scalar one. The policy-dependent part
of our objective is J(β) = E[wH(X)/πβ(X)], where wH(x) := Tr(H−1W (x)H−1) is the scalar
variance pressure.

With the reduction established, we can now analyze the derivative of J(β) with respect to β. We
apply Lemma C.2 with the scalar weight function w(x) = wH(x). The lemma states that the sign of
dJ/dβ evaluated at β = 0 is determined by the sign of the following expectation:

E
[
wH(X)

π0(X)2

(
ρ̃(X)− ũ(X)

E[ρ̃(X)]

E[ũ(X)]

)]
To make this expression interpretable, we use the variance-spotlight measure ω(x) :

E[wH(X)/π0(X)2] · Eω
[
ρ̃(X)− ũ(X)

E[ρ̃(X)]

E[ũ(X)]

]
The pre-factor, E[wH(X)/π0(X)2], is an expectation of a non-negative quantity and is therefore
positive. Thus, the derivative dJ/dβ is non-positive if and only if:

Eω
[
ρ̃(X)− ũ(X)

E[ρ̃(X)]

E[ũ(X)]

]
≤ 0

By linearity of expectation, this is equivalent to the condition stated in the theorem:

Eω[ρ̃(X)]

Eω[ũ(X)]
≤ E[ρ̃(X)]

E[ũ(X)]
(6)

But, by construction of CA-ASI(Section 3), the scores ũ(X) and ρ̃(X) are normalized such that
n∑
i=1

ũ(Xi) =

n∑
i=1

ρ̃(Xi) = 1.

Therefore, taking the expectation with respect to the empirical measure Pn (uniform over the pool),
we have

EPn
[ũ(X)] =

1

n

n∑
i=1

ũ(Xi) =
1

n
, EPn

[ρ̃(X)] =
1

n

n∑
i=1

ρ̃(Xi) =
1

n
.
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Consequently, E[ρ̃(X)]
E[ũ(X)] becomes unity. This makes Equation (6),

Eω[ρ̃(X)] ≤ Eω[ũ(X)] (7)

If this condition holds, then d(Tr(Σβ))/dβ ≤ 0 at β = 0. By the definition of the derivative, this
implies that there exists some β0 > 0 for which Tr(Σβ) ≤ Tr(Σ0) for all 0 < β < β0. This
completes the proof.

Proposition C.3 (Upper Bound on Label Usage in CA-ASI). Let ũ(xi), ρ̃(xi) ∈ [0, 1] be normalized
uncertainty and redundancy scores for each xi ∈ D. Define the geometry-corrected utility and ϵ
clipped score:

ũβ(xi) := ũ(xi)− β · ρ̃(xi)

ūβ(xi) := [ũβ(xi)][0,1] := min {max {ũβ(xi), 0} , 1}

Let µ̂β := min
{
max

{
1
n

∑n
j=1 ūβ(xj), ϵ

}
, 1
}

for some ϵ > 0, µβ = E[ūβ(X)] =

E [max{min{ũ(X)− βρ̃(X), 1}, 0}], and define the τ -mixed sampling probability:

π
(τ)
β (xi) := (1− τ) ·

[
ūβ(xi)

µβ
· nb
n

]
+ τ · nb

n

Then:

1. Let the clipped region be defined as

Zβ := {xi ∈ D | ūβ(xi) = 0} =
{
xi ∈ D | β >

ũ(xi)

ρ̃(xi)

}
(when ρ̃(xi) > 0)

Then the expected number of labeled points is upper bounded as:

E[nlab] ≤
τnb
n
· |Zβ |+

nb
n
(
1− τ
ϵ

+ τ) · (n− |Zβ |)

2. Let ψ(xi) :=
ũ(xi)
ρ̃(xi)

for all xi with ρ̃(xi) > 0, and define the empirical CDF:

F̂ψ(β) :=
1

n

n∑
i=1

I {ψ(xi) ≤ β}

Then the clipped region size satisfies: |Zβ |
n = F̂ψ(β), and the bound becomes:

E[nlab] ≤ nb ·
(
(
1− τ
ϵ

) · (1− F̂ψ(β)) + τ

)
Proof. We begin by writing the expected label count:

E[nlab] =
n∑
i=1

π
(τ)
β (xi) =

∑
i∈Zβ

π
(τ)
β (xi) +

∑
i/∈Zβ

π
(τ)
β (xi)

From the sampling rule, if xi ∈ Zβ , then ūβ(xi) = 0, so:

π
(τ)
β (xi) = τ · nb

n
, ∀i ∈ Zβ

Else, for xi /∈ Zβ , the clipping and normalization ensure:

π
(τ)
β (xi) ≤ (1− τ) · 1

ϵ
· nb
n

+ τ · nb
n

=
nb
n
(
1− τ
ϵ

+ τ)
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Hence:

E[nlab] ≤
τnb
n
· |Zβ |+

nb
n
(
1− τ
ϵ

+ τ) · (n− |Zβ |)

Finally, we note that the expression

Zβ = {xi | β > ψ(xi)} implies
|Zβ |
n

= F̂ψ(β)

by definition of the empirical CDF.

Geometry-Aware Suppression via β:

Let Cβ :=
(

1−τ
ϵ · (1− F̂ψ(β)) + τ

)
denote the label usage multiplier in the upper bound

E[nlab] ≤ nb · Cβ .

Then:

1. Monotonic Suppression: Since F̂ψ(β) is the empirical CDF of ψ(xi) := ũ(xi)/ρ̃(xi), it is
monotonically increasing in β. As β increases, more points have ũβ(xi) = ũ(xi)−βρ̃(xi) <
0 and are clipped to zero. Hence, F̂ψ(β)→ 1, and

lim
β→∞

Cβ = τ.

The bound tightens to nb · τ in the limit, as most points are suppressed deterministically,
and only a uniform τ -fraction are queried.

2. Threshold for Strict Suppression: To ensure strict suppression, i.e. Cβ < 1, it suffices that

F̂ψ(β) > 1− ϵ.

Higher Coherence Reduces Label Usage: Let σD := mini ρ̃(xi) denote the dataset-level coherence.
Define the score function:

ψ(xi) :=
ũ(xi)

ρ̃(xi)

Then for all xi ∈ D, we have

ψ(xi) ≤
1

σD

Letting β = 1
σD

, we get

F̂ψ(β) =
1

n

n∑
i=1

I {ψ(xi) ≤ β} = 1

and hence the expected number of labeled points under CA-ASI satisfies:

E[nlab] ≤ nb ·
(
1− τ
ϵ
· (1− F̂ψ(β)) + τ

)
= nb · τ

Thus, higher coherence σD implies a smaller threshold for a larger clipping set Zβ , and hence fewer
labels used in expectation. Consider dataset D having n identical points. A short calculation shows
us ρ̃(xi) = 1

n∀i ∈ [n]. This implies, σD = 1
n . Further, from our discussion above, on setting β = n,

we notice as dataset size increases i.e. as n→∞, pruning becomes increasingly aggressive, leading
to fewer points being labelled in expectation.

Proof for 5.5. The proof directly parallels that of Theorem 6.2 in Zrnić and Candès [80]. The incre-
ments of our estimator’s objective function form a martingale difference sequence. The introduction
of our geometry-aware policy πβ,t only changes the definition of the conditional covariance Vθ∗,t(β)
at each step. The core conditions required for the Martingale Central Limit Theorem to hold are the
convergence of the average conditional covariance and the Lindeberg condition. By assuming these
conditions are met, the result follows directly from the application of the MCLT.
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Proof for 5.6. The proof extends the logic of the batch setting (Theorem 5.4) to the sequential case
by analyzing the effect of the penalty parameter β on the conditional variance at each time step.
The total asymptotic variance is determined by the limit of the time-average of these conditional
variances.

Recall, from Theorem 5.5, the asymptotic covariance of the sequential estimator is Σβ =
H−1V ∗

βH
−1, where V ∗

β is the limit of the time-average of the conditional covariance matrices:

V ∗
β = lim

n→∞

1

n

n∑
t=1

Vt(β), where Vt(β) := Var(∇∆t(θ
∗)|Ft−1)

We are interested in the trace of this matrix. By the linearity of the trace, limit, and summation
operators, we have:

Tr(Σβ) = lim
n→∞

1

n

n∑
t=1

Tr(H−1
t Vt(β)H

−1
t )

where we allow for a time-varying Hessian Ht that is predictable with respect to the filtration
Ft−1. This reduces our problem to analyzing the expected value of the per-step objective function,
Jt(β) := Tr(H−1

t Vt(β)H
−1
t ).

At any given time step t, all quantities related to the model (ft) and policy (πβ,t) are fixed, as they
are measurable with respect to the history Ft−1. The structure of the conditional variance Vt(β)
is therefore identical to that of the batch variance, with all expectations replaced by conditional
expectations given Ft−1. Following the same derivation as in the proof of Theorem 5.4, we can
express the policy-dependent part of our per-step objective as:

Jt(β) ∝ E
[
wH,t(X)

πβ,t(X)

∣∣∣∣ Ft−1

]
where wH,t(x) is the conditional scalar variance pressure defined in the theorem statement.

Lemma C.2 holds equally well when all expectations are made conditional on a filtration. Applying a
conditional version of Lemma C.2 to the objective Jt(β), we find that the derivative with respect to
β, evaluated at β = 0, is proportional to:

dJt
dβ

∣∣∣∣
β=0

∝ E
[
wH,t(X)

π0,t(X)2

(
ρ̃t(X)− ũt(X)

E[ũt(X)|Ft−1]
E[ρ̃t(X)|Ft−1]

) ∣∣∣∣ Ft−1

]
(8)

The derivative is non-positive if the conditional expectation is non-positive. Following the same
rearrangement as in the proof of Theorem 5.4, this occurs if the condition stated in the theorem holds
for the specific step t.

Asymptotically, the running normalized statistics stabilize and converge to their population counter-
parts, implying,

E[ρ̃t(X) | Ft−1]

E[ũt(X) | Ft−1]

p−→ 1

1
= 1

.

This is similar to the observation in batch setting( Equation 7 in Theorem 5.4).

The theorem assumes that the condition for variance reduction holds in expectation over time. This
implies that, on average, the derivative of the per-step objective from Eq. 8 is non-positive:

Et

[
dJt
dβ

∣∣∣∣
β=0

]
≤ 0

Since Tr(Σβ) is the limit of the average of Jt(β), a non-positive average derivative at β = 0 implies
that there must exist some β0 > 0 such that for all 0 < β < β0, the total objective is reduced. Thus,
Tr(Σβ) ≤ Tr(Σ0). This completes the proof.
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Finite-Sample Time-Uniform Confidence Ellipsoids for CA-ASI

While asymptotic results establish long-term validity and efficiency( Theorem 5.5), a key advantage
of sequential methods is the ability to provide guarantees that hold at any finite time t. In this section,
we develop a non-asymptotic, time-uniform confidence ellipsoid for the parameter θ∗.
Theorem C.4 (Finite-Sample Time-Uniform Confidence Ellipsoids). Let ℓθ(x, y) be a convex, twice-
differentiable loss function. Define the true parameter θ∗ = argminθ E[ℓθ(X,Y )]. Assume:

1. The stochastic gradient process gs := ∇θℓθ∗(Xs, Ys) forms a martingale difference se-
quence with respect to the filtration Fs := σ((Xi, Yi, ξi)

s
i=1), and ∥gs∥2 ≤ c almost surely.

2. Let At be the notation for the unregularized sum of gradient covariance matrix: At =∑t
s=1 ξsgsg

⊤
s . Consequently we define the regularized gradient covariance matrix Vt :=

λI +At for some λ > 0.

3. Information Matrix Equivalence: In a neighborhood N around θ∗, the empirical Hessian is
lower-bounded by the gradient outer products such that

∑t
s=1 ξs∇2ℓθ̃(Xs, Ys) ⪰ µVt for

some constant µ > 0 and all θ̃ ∈ N .

Then, for any α ∈ (0, 1), with probability at least 1 − α, the CA-ASI estimator θ̂t satisfies the
following uniformly for all t ≥ 1:

(θ̂t − θ∗)⊤Vt(θ̂t − θ∗) ≤
1

µ2

(
√
λ∥θ∗∥2 + c

√
2 log

(
det(Vt)1/2 det(λI)−1/2

α

))2

.

Proof. By the first-order optimality condition of the empirical risk,
∑t
s=1 ξs∇θℓθ̂t(Xs, Ys) = 0.

Using a first-order Taylor expansion of the gradient around θ∗, we have:
t∑

s=1

ξs

(
gs +Hs(θ̂t − θ∗)

)
= 0,

where Hs = ∇2ℓθ̃s(Xs, Ys) for some θ̃s on the line segment between θ̂t and θ∗. Rearranging this
yields: (

t∑
s=1

ξsHs

)
(θ̂t − θ∗) = −

t∑
s=1

ξsgs.

By Assumption 3,
∑
ξsHs ⪰ µVt. Multiplying both sides by V −1/2

t and taking the ℓ2 norm, we
obtain:

µ∥V 1/2
t (θ̂t − θ∗)∥2 ≤

∥∥∥∥∥
t∑

s=1

ξsgs

∥∥∥∥∥
V −1
t

.

Assuming the gradient process is σ-sub-Gaussian with σ = c, with probability at least 1− α, we can
bound this self-normalized sum uniformly [1] over all t ≥ 1 by:∥∥∥∥∥

t∑
s=1

ξsgs

∥∥∥∥∥
V −1
t

≤
√
λ∥θ∗∥2 + c

√
2 log

(
det(Vt)1/2 det(λI)−1/2

α

)
=: Rt(α).

Squaring both sides and substituting ∥V 1/2
t (θ̂t − θ∗)∥22 = (θ̂t − θ∗)⊤Vt(θ̂t − θ∗) yields:

(θ̂t − θ∗)⊤Vt(θ̂t − θ∗) ≤
Rt(α)

2

µ2
.

This defines a valid time-uniform confidence ellipsoid where the geometry is strictly governed by the
accumulated gradient covariance At.

Corollary C.5 (Time-Uniform ℓ1 Confidence Bound and Coordinate Intervals). Under the assump-
tions of Theorem C, with probability at least 1− α, the following hold for all t ≥ 1:∥∥∥θ̂t − θ∗∥∥∥

1
≤
√
Rt(α)

µ
·
∥∥diag(V −1

t )
∥∥1/2
1

,
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and for each coordinate j ∈ [d],

θ∗j ∈

[
θ̂t,j ±

√
Rt(α)

µ
·
√

(V −1
t )jj

]
.

Claim C.6. Spectral Truncation via Coherence Penalty Lemma under Same Label Usage. (Spectral
Truncation via Coherence Penalty). Let Vt−1 be the accumulated gradient covariance matrix at time
t − 1, with eigendecomposition Vt−1 =

∑d
i=1 λiviv

⊤
i , where λ1 ≥ λ2 ≥ · · · ≥ λd. Assume the

coherence penalty ρ̃(xt) strictly penalizes alignment with the dominant eigenspace of Vt−1. Under
the CA-ASI policy, a candidate point is queried if the penalized utility ũβ(xt) = ũ(xt)− βρ̃(xt) > 0.
If a candidate gradient gt is highly collinear with the top eigenvector v1, its coherence penalty is
maximized. For any fixed utility ũ(xt), there exists a threshold β0 such that for all β > β0:

βρ̃(xt) ≥ ũ(xt)

Consequently, the point is deterministically suppressed (ξt = 0), preventing any rank-1 update in
the direction of v1. For a fixed sampling budget B, this truncation strictly upper-bounds the growth
of λ1(Vt), forcing the reallocation of the remaining trace budget to strictly increase the smaller
eigenvalues λd(Vt)

Proof. When both policies used the same number of labeled samples, B, both generated covariance
matrices exhibit same expected trace: E[Tr(Vt)] = dλ + cB. The proof follows directly from
the definition of the CA-ASI suppression threshold; deterministically CA-ASI suppresses highly
coherent updates. Because the rank-1 update to Vt is entirely dictated by the binary inclusion variable
ξt ∈ {0, 1}, by Weyl’s Inequality bounding ξt = 0 in the direction of v1 ensures λ1(Vt) = λ1(Vt−1).
Consequently, to reach the same label budget B, CA-ASI must select labels from a more diverse set
of directions, strictly bounding the growth of λ1 and forcing the inflation of the smaller eigenvalues
λ2, . . . , λd.

Proposition C.7 (Volume Reduction via Curvature Penalty Under Same Label Usage). Let Et(β)
denote the confidence ellipsoid from Theorem C.4 generated by the CA-ASI sampling policy πβ,t with
a fixed sampling budget E[

∑t
s=1 ξs] = B.

Et(β) = {θ ∈ Rd : (θ̂t − θ)⊤Vt(θ̂t − θ) ≤ Rt(α)2/µ2}

Setting the curvature penalty β > 0 strictly reduces the expected volume of Et(β) compared to
standard active sampling (β = 0).

Proof. The volume of the d-dimensional ellipsoid Et is given by:

Vol(Et) =
πd/2

Γ(d/2 + 1)
det(Vt)

−1/2

(
Rt(α)

µ

)d
.

Note that Rt(α) = O(
√

log det(Vt)), implying the radius term Rt(α)
d grows only polylogarithmi-

cally with respect to det(Vt), while the term det(Vt)
−1/2 shrinks polynomially. Consequently, for

all t such that the confidence bound is non-vacuous, the volume Vol(Et) is monotonically decreasing
with respect to det(Vt). Thus, minimizing the volume is equivalent to maximizing det(Vt).

By the inequality of arithmetic and geometric means (AM-GM), for a fixed trace, the product of the
eigenvalues (the determinant) is maximized when the eigenvalues are equal:

det(Vt) =

d∏
i=1

λi ≤

(
1

d

d∑
i=1

λi

)d
=

(
Tr(Vt)
d

)d
.

Under standard uncertainty sampling (β = 0), the policy repeatedly samples points near the decision
boundary. These points exhibit high gradient coherence (redundancy), causing Vt to become ill-
conditioned (for eg., one strictly dominant eigenvalue and d− 1 small eigenvalues).

From Claim C.6, setting β > 0 deterministically suppresses updates along the dominant eigenvectors
when coherence is high, strictly capping λ1(V

(β>0)
t ) < λ1(V

(β=0)
t ) . Under the trace conservation
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Figure 7: Distinguishable Sampling using Curvature Information.

property, this truncation forces the reallocation of the sampling budget to the orthogonal directions,
strictly increasing the smaller eigenvalues λi(V

(β>0)
t ) > λi(V

(β=0)
t ) for i ∈ [2, · · · , d].

Because the eigenvalue spectrum under CA-ASI is strictly more uniform (closer to the AM-
GM maximization condition) than the spectrum under standard sampling, it strictly follows that
E[det(V (β>0)

t )] > E[det(V (β=0)
t )]. Consequently, the expected volume of the confidence ellipsoid

strictly decreases.

D Additional Experimental Results

D.1 Synthetic Example

D.1.1 Impact of β on Labelling Probabilities

Under the sample experimental settings as in 6 under Section 6, we examine every candidate’s
sampling probabilities. From Figure 7, when redundancy awareness is absent, both clusters exhibit a
remarkably similar sampling probability distribution, indicating no favoritism. However, when redun-
dancy awareness becomes effective, selection becomes targeted. Under ASI, the sampling–probability
gap between C1 and C2 is small (max: 0.010, mean: 0.001). With CA-ASI, these gaps increase
substantially (max: 0.240, mean: 0.085)—a 24× rise in the peak separation and an 85× rise in
the average separation. This widened separation shows that CA-ASI leverages data coherence to
concentrate labels on the more informative cluster under the black-box model f .

D.1.2 Parameter Tuning of β

The pruning parameter β is arguably the most important parameter for CA-ASI. We suggest two
approaches for tuning β.

Automatic Schedule: Mathematically model β to be equal to some monotonic function of the
budget fraction i.e c = nb

n . 3 For practical purposes, one could use a power-odds schedule[3]. For
some a > 0, β = ca

1−ca , which is strictly increasing in c, with limc→0+ β = 0 and limc→1− β =
∞. a essentially works as a knob controlling the decay; for a fixed c, values close to 0 make β
large(lima→0+ β =∞), whereas on increasing a, β becomes smaller, making pruning less aggressive.

Data-driven Approach: Recall,

ψ(x) =
ũ(x)

ρ̃(x)
.

Let F̂ψ be the empirical CDF of ψ(x) over the pool. Since a point survives iff ψ(x) > β, the
resulting keep rate is

keep(β) ≈ 1− F̂ψ(β).
3In many systems, having a larger budget (in terms of data, computational power, or financial resources) grants the luxury

of imposing higher standards. When we have more redundancy, we can be less tolerant of marginal or noisy components,
choosing to prune them aggressively to maintain overall quality or efficiency. We can downvote more readily because we
trust that sufficient high-quality alternatives remain within the larger budget. Applications of this intuition are seen in quality
control and resource allocation [24, 54].
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Figure 8: Data-driven tuning of β

Figure 9: Grid Tuning of β in Batch Setting

We can therefore target a desired survivor fraction s ∈ (0, 1] by choosing

β = F̂−1
ψ (1− s). (9)

We notice from Figure 8, the mass of ψ(x) concentrates near 1. Hence β = median(ψ) prunes
≈ 50% of the pool; moving β toward the right tail (e.g., Q0.75 or Q0.9) prunes ≈ 75% or 90%,
respectively. Conversely, setting β below the first quartile produces light pruning. The CDF panel
gives an immediate, data-driven way to pick β for any desired keep rate at the current pool, without
use of any labeled data. For all our experiments in Section 6, we use grid-search combined with
data-driven approach over validation data to judiciously set the value of β.

Sensitivity Analysis and the Sweet Spot for β: Figures 9 and 10 present a comprehensive grid search
on the Housing Dataset over the curvature penalty parameter β in both batch and sequential settings.
In the batch setting, we observe that for moderate pruning levels (β ≲ 7), CA-ASI maintains coverage
and confidence interval widths comparable to the ASI baseline (β = 0) while achieving progressive
label reduction. However, beyond this threshold, the variance reduction guarantee breaks down: as
β drives sampling probabilities πβ(x) = [ũ(x)− βρ̃(x)][0,1] toward zero for an increasing fraction
of the pool, the inverse propensity weights 1/πβ(x) in our estimator (Eq. (3)) explode, inflating
the asymptotic covariance Σβ and widening confidence intervals. A similar pattern emerges in the
sequential setting, where aggressive pruning beyond the optimal range degrades statistical efficiency
despite reducing annotation volume. These empirical results precisely confirm the existence of the
theoretical boundary β0 predicted in Theorems 5.4 and 5.6—there exists a finite range 0 < β < β0
where curvature-aware pruning strictly improves upon uncertainty-only sampling, but beyond which
the algorithm becomes overly aggressive, over-pruning informative points and destabilizing the
propensity-weighted estimator.

D.2 Experimental Design

D.2.1 Training Details

For both our real-world dataset setups, we train XGBoost [15] as our black box model on 50% of the
dataset and perform inference on the remaining half [80]. We keep our label budget values between
1% to 10%. To ensure the density( Eq. (1)) reflects structural redundancy rather than feature scaling
artifacts, we compute it on the standardized features (zero mean, unit variance) of the labeled set.
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Figure 10: Grid Tuning of β in Sequential Setting

We set r to 0.2 and 1 for HTRU2 and Housing datasets respectively. We optimize over chosen loss
using linear predictors that include main effects and an intercept(d = 9). For simplicity sake, we
report confidence-intervals( CIs ) and coverage for the first parameter with α = 0.1. We repeat our
analysis for 500 and 80 trials for batch and sequential settings respectively. We use L-BFGS-B [78]
to calculate θ̂ where closed form solution does not exist. All experiments were run on a single RTX
A6000.

D.2.2 Robustness of Experimental Setup

Evaluation: Seminal ML-powered inference works like PPI and ASI [4, 81] evaluate estimator
quality with standard metrics like coverage and width. For the latter, since the focus is much more
on adaptive data collection for experimental design, assessing spatial quality of the acquired labels
is imperative. In fact, no prior work diagnoses the geometric structure of the acquired dataset itself.
In our setup, we categorically diagnose the labeled set directly through the density (Eq. (1)) of
selected points in standardized feature space. Density is not a formal inference objective, but it
is a revealing proxy for data-collection health: in our standardized features, even modest density
reductions reflect large non-redundant geometric expansions in the input manifold. We report it as a
diagnostic companion to our statistical results. We also demonstrate the effectiveness of curvature-
aware redundancy pruning beyond previous simple setups like linear regression, simple logistic
regression; our experimental setup also validates across a broader and more challenging set of GLMs
and loss surfaces.

Dataset Choices: The datasets we consider reflect settings where obtaining high-quality labels is
non-trivial. First, median house prices for atypical properties (coastal cliffs, fire-prone hillsides,
historic designations) require licensed appraisers conducting physical inspections, with fees that scale
with property complexity [10]. Moreover, valuations/predictions in this domain inform high-stakes
decisions such as mortgage lending, taxation, investment, and urban planning [11, 49, 22]. Automated
valuation models (AVMs) are well-documented to perform reliably on standard properties but degrade
precisely in the high-leverage tails of the distribution, where expert appraisal is both most needed
and most expensive [61, 52]. This motivates selective label acquisition that concentrates budget on
geometrically isolated, high-uncertainty census tracts.

Second, pulsars are valuable to cosmic laboratories for detecting gravitational waves and galaxy
mapping [55]. Real pulsars are rare and labeling them is bottlenecked by telescope follow-up time
and time for manual classification of ambiguous signals [43, 20].

Third, for rare large diamonds (high carat, unusual cuts, exceptional clarity grades), precise valuation
requires time consuming and costly GIA-certified gemologist appraisal or auction-house assess-
ment [51]. Economically, the cost of label acquisition thus scales directly with diamond rarity, which
coincides precisely with the geometric structure of the dataset [58]: rare large diamonds occupy
sparse, high-leverage regions of the carat–dimension manifold making them exactly the instances
CA-ASI preferentially targets via its uncertainty score while avoiding redundant sampling of the
densely clustered common-stone region via its coherence penalty.

Dimensionality: Our experimental evaluation represents a deliberate escalation over the established
literature, where d ≤ 3. Our challenge of evaluating on d = 9 evaluation does not lie in its raw data
size, but in the M-estimation stability and geometric conditioning under extreme budget constraints.

As d increases, the number of support points required to make an estimator stable grows linearly,
but the volume of the search space grows exponentially(Rd). Further, the risk of inverting rank-
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deficient or ill-conditioned global Hessian, composed of highly redundant data, becomes pronounced
as dimensionality increases. To verify this, we measure the Condition Number of the empirical
variance covariance matrix Σ̂, (κ) for d = 9 vs d = 2 for the California Housing Dataset at 1%
budget. κd=9(121× 1010) is 6× 109 times larger than κd=2(202.726). A large condition number in
d = 9 indicates that the M-estimator is under much higher ‘geometric stress’. The matrix is nearing
rank-deficiency, making the resulting confidence intervals far more sensitive to noise and sparse
sampling. By evaluating on d = 9, we are specifically testing the robustness of statistical inference in
a regime where matrix conditioning and redundancy are primary bottlenecks—challenges that simply
do not emerge in d = 2 settings.

To further test our setup, we compute the Range and Coefficient of Variance(CV)% for ρ̃ with d =
2(0.0003, 49.39%) vs d = 9(0.0019, 78.93%) for Housing Dataset. For d = 9 range is 5.3× larger
and CV% is 60% higher. This indicates at d = 9 redundancy scores capture heterogeneous, complex,
and heavy-tailed behavior, eventually benefiting selective pruning. This is true because in datasets
like California Housing, many of the features are pairwise highly correlated (e.g., total_rooms,
total_bedrooms, population, households) [75]. This makes it ideal for our cause: CA-ASI is
required here to enforce Hessian penalty to avoid sampling data in redundant manifold and find the
rare points that provide information about the other dimensions of θ. HTRU2(0.007, 139%) also has
multiple highly correlated features [67].

D.3 Data Coherence

In the section, we assess Coherence Matrix S for settings discussed in Section 6.

1. Linear Regression (Squared Loss): The loss is ℓ(θ) = 1
2 (y−x

T θ)2. The Hessian becomes
∇2ℓ(θ) = xxT (Constant, independent of θ and y). Since xxT is rank-1, its square root is
just x (up to scale). Therefore, Ĥ1/2

i = xi
Coherence Matrix Entry:

Sij = ∥Ĥ1/2
i Ĥ

1/2
j ∥F = |xTi xj |

Interpretation: For Linear Regression, Curvature Coherence is simply the magnitude of
the dot product (cosine similarity if normalized). Highly correlated features imply High
Redundancy.

2. Binary Classification (Exponential Loss): The loss is ℓ(θ) = e−yx
T θ (where y ∈

{−1, 1}). The Hessian becomes ∇2ℓ(θ) = e−yx
T θxxT (because y2 = 1). Hence,

Square Root of Hessian is, Ĥ1/2
i =

√
e−ŷi·x

T
i θ̂ · xi = e−

1
2 ŷi·xi

T θ̂xi, where θ̂ :=
argminθ

1
n

∑n
i=1 ℓθ(Xi, f(Xi)).

Coherence Matrix Entry:

Sij = ∥Ĥ1/2
i Ĥ

1/2
j ∥F = e−

1
2 ŷi(xi

T θ̂)e−
1
2 ŷj(xj

T θ̂)|xTi xj |

= exp

(
−1

2
(ŷixi

T θ̂ + ŷjxj
T θ̂)

)
· |xTi xj |

Interpretation: Redundancy is the dot product |xTi xj | weighted by the Margin. If points
are far from the decision boundary (high margin yf(x)), the exponential term is tiny→
Sij ≈ 0. If points are near the boundary or misclassified (low margin), the weight is large.

D.3.1 Design Choice: Why Hessian-style penalty?

Generic diversity regularizers (e.g., Euclidean distance) are designed to improve predictive accuracy
by uniformly covering the input space. However, our goal is performing statistical inference using
a combination of human labels and pseudolabels. Because parameter variance in M-estimation is
governed by the generalized Fisher Information (the Hessian, H), any generic feature-space metric is
geometrically blind to the loss surface and misalignned with the the goal of pruning information-wise
redundant points while constructing valid CIs. In fact, our core theoretical results (Theorems 5.4 and
5.6) which prove the exact conditions for variance reduction are mathematically dependent on the
trace of the inverse Hessian.
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If two points are far apart in standard Euclidean space (high generic diversity) but are both deeply
entrenched in a highly confident region, their Hessian overlap is near zero because they offer no new
gradient information. A generic distance metric would waste the labeling budget sampling these
points simply to “cover the space," whereas CA-ASI correctly ignores them.

To experimentally verify this, we construct S st. Sij only looks at the features x, completely ignoring
the model’s loss gradients or predictions. We define:

Sdivij = exp

(
−∥xi − xj∥

2
2

2σ2

)

Consequently,

ρ̃divi =

∑
j ̸=i S

div
ij∑n

k=1

∑
j ̸=k S

div
kj

Our sampling rule now becomes,

ũdivβ (x) = ũ(x)− βρ̃div(x)

We test this new sampling policy under HTRU2 Dataset.

Figure 11: Inferior performance of diversity-based pruning on HTRU2 Dataset( Batch)

From Figures 11, 12 diversity-based penalization falls short in terms of coverage, employs substan-
tially more labels, and has a wider CI width compared to redundancy-based penalization. However,
it’s worth noting that diversity-based penalization improves density, which aligns with its intended
design.

30



Figure 12: Inferior performance of diversity-based pruning on HTRU2 Dataset(Sequential)

D.3.2 Why does CA-ASI work ?

Figure 13: Mean Quadrant-wise Splitting of Inference Data

Figure 13 provides a joint scatterplot of normalized uncertainty ũ(x) versus normalized redundancy
ρ̃(x), computed on the inference split of the HTRU2 dataset (see Section 6). The horizontal and
vertical axes represent predictive uncertainty and redundancy respectively—both derived from the
black-box model.

To enhance interpretability, we overlay kernel density estimates (KDEs) of the marginal distributions
and segment the plane into four shaded quadrants using the empirical means of ũ(x) and ρ̃(x). These
quadrants serve to characterize the data landscape and illustrate the key differences between ASI and
CA-ASI sampling behavior:
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1. Quadrant I(Pink) – Top-Left (High Uncertainty, Low Redundancy)
• Description: Points that are informative (high uncertainty) yet non-redundant (low similarity

with others). Close to 3% of the data.
• Interpretation: Most valuable points for learning. These are prioritized by both ASI and

CA-ASI, CA-ASI. This region is the core of active learning, representing optimal points for
labeling.

2. Quadrant II(Purple) – Top-Right (High Uncertainty, High Redundancy)
• Description: Points are uncertain, but also highly redundant (many similar neighbors). Close

to 11% of the data.
• Interpretation: ASI may still assign probability mass here, but CA-ASI heavily penalizes

such points due to redundancy. Main target of pruning as redundancy increases—CA-ASI
aims to save budget by avoiding repeated labeling of redundant information.

3. Quadrant III(Green) – Bottom-Left (Low Uncertainty, Low Redundancy)
• Description: These points(∼ 63.67%) are both confidently predicted and non-redundant.
• Interpretation: Typically not sampled under any method, as uncertainty is too low to begin

with.
4. Quadrant IV(Yellow) – Bottom-Right (Low Uncertainty, High Redundancy)

• Description: Confident predictions, but also highly redundant. They make up for 22.42% of
the data.

• Interpretation: CA-ASI double-downvotes this region: (i) Low uncertainty, (ii) High
redundancy. CA-ASI significantly prunes this region even when ASI might still assign some
(non-zero) probability. These points offer minimal marginal gain.

From this, we can infer, if there is more redundancy to exploit in the data , CA-ASI will exploit
sampling in regions Quandrant II and Quandrant IV, especially the later which makes up a good
22.42% of the data .

We can say, ASI applies a unidimensional filter( along X axis), whereas CA-ASI enforces a multi-
dimensional pruning criterion( joint axes), leading to better selection of informative and diverse
examples.

D.3.3 Data Coherence and Fischer Kernel

Fisher Kernel is the canonical way to measure the distance between data points in the parameter
space of a statistical model. The Fisher Kernel [30] is defined as:

K(xi, xj) = ∇θ log p(xi|θ)⊤I(θ)−1∇θ log p(xj |θ)

Where ∇θ log p(xi|θ) is known as the Fisher Score (or simply the score function) and I(θ) is the
Fisher Information Matrix (FIM).

Our Coherence matrix entry Sij is defined as:

Sij = ∥Ĥ1/2
i Ĥ

1/2
j ∥F

If we use the Generalized Fisher Approximation [37], we can see that:

Ĥ
1/2
i ≈ ∇θℓθ(xi, yi)

Substituting this into the definition:

Sij ≈ ∥∇θℓi · ∇θℓ⊤j ∥F ≈ ∇θℓ⊤i ∇θℓj

Thus, if we assume the FIM is approximately Identity or a known pre-conditioner M , coherence is
effectively:

Sij ≈ KFisher(xi, xj) under the metric M

So, while the standard Fisher Kernel K(xi, xj) = ∇θℓ⊤i I(θ)−1∇θℓj measures global similarity in
parameter space, our measure Sij = ∥Ĥ1/2

i Ĥ
1/2
j ∥F provides an instance-specific, loss-surface-aware

kernel. By utilizing the individual Hessian factors Ĥ1/2, we measure overlap in the gradients at the
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current estimate, making it directly responsive to the model’s local loss geometry, rather than the
global average information.

Data Coherence from an Information-Gain perspective. Every time we label a point (x, y), we
add a rank-1 contribution to the FIM I(θ). The Fisher information of a new sample is:

Inew = Iold +∇θℓθ(x, y)∇θℓθ(x, y)⊤︸ ︷︷ ︸
Information Gain ∆I

ASI uses uncertainty u(x) alone to select samples. As a consequence, if we query xi, we add ∆Ii to
the FIM. But ASI doesn’t care in which direction this information is added. If the current FIM Iold is
already highly “stretched" (ill-conditioned) in a certain direction, adding more samples that provide
information in that same direction does not improve the precision of the estimator.

Our coherence score ρ̃i is an empirical proxy for the overlap of the new information ∆Ii with the
existing Fisher Information Iold. From standard A-optimality criterion in Experimental Design the
‘Information Contribution’ of a point xi as:

Gain(xi) = Tr(I−1
old∆Ii)

Because Sij ≈ ∇θℓ⊤i ∇θℓj , the sum
∑
j Sij is essentially the projection of point i’s gradient onto

the gradients of the points already in the pool:

ρ̃i ≈ ∇ℓ⊤i

 ∑
j∈Labeled

∇ℓj


︸ ︷︷ ︸

Existing Geometry

Thus we are not calculating I−1
old (the inverse FIM) for every point because that is O(d3) and

expensive. Our approach avoids this inversion by utilizing the Nyström-like property of the Fisher
Kernel: Sij ≈ ∇ℓ⊤i ∇ℓj . By summing these pairwise similarities, ρ̃i =

∑
j Sij provides an explicit,

non-aggregated proxy for how much the gradient ∇ℓi aligns with the span of the existing labeled
set. Thus, while standard leverage methods attempt to approximate the inverse I−1

t via inversion,
CA-ASI approximates the information saturation directly in the original gradient space using explicit
pairwise kernels. This preserves the individual identity of each labeled point, allowing us to detect
and prune near-duplicate information that matrix inversion ‘smears’ out.

D.3.4 Validity of Curvature Proxy

While our redundancy measure ρ̃(x) is inspired by recent advances in data coherence [2, 17, 14],
to analyze loss curvature on true data, we are the first to repurpose its use: extending it from a
dataset-level, global loss curvature diagnostic to principally capturing redundancy in the active setting
where only pseudo-labels ŷ = f(x) are available.

We emphasize that the objective of CA-ASI is not the explicit estimation of oracle curvature quantities,
but the construction of a computable sampling signal that captures sufficient second-order geometric
information to drive sampling probability of uncertain and redundant points to zero. In particular,
both ũ(x) and ρ̃(x) are model-derived signals, not oracle quantities. ũ(x) simply represents the
model’s internal state of predictive ambiguity. Similarly, ρ̃(x) represents the model’s internal
geometric assessment of redundancy based on its own loss surface Hessian Ĥi = ∇2

θℓθ(xi, f(xi)).
In accordance with ASI, the sampling policy πβ(.) still remains a deterministic function of f() and
X . This combination ũβ(x) = ũ(x)− βρ̃(x) creates a composite model-derived score.

Yet, to characterize the representational validity of our model-derived signal, we analyze the gap
between the practical proxy Hessian and the oracle Hessian H∗

i (computed at θ∗ with true labels Y ),
under some additional assumptions. The gap decomposes as ,

∥∇2
θℓθ̂(x, ŷ)−∇

2
θℓθ∗(x, y)∥ ≤ ∥∇2

θℓθ̂(x, ŷ)−∇
2
θℓθ∗(x, ŷ)∥︸ ︷︷ ︸

Parameter error

+ ∥∇2
θℓθ∗(x, ŷ)−∇2

θℓθ∗(x, y)∥︸ ︷︷ ︸
Label error

• Parameter error: Recall that θ̂ := argminθ
1
n

∑n
i=1 ℓθ(Xi, f(Xi)) minimizes the empirical proxy

risk using pseudo-labels. Let θ∗f := argminθ E[ℓθ(X, f(X))] denote the population minimizer of
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this proxy risk. The empirical minimizer converges to the population proxy minimizer: ∥θ̂−θ∗f∥
p−→

0 (Estimation error vanishes)
However, the proxy minimizer θ∗f differs from the true oracle θ∗ due to the calibration error of f .
Since our loss is strictly convex:

∥θ∗f − θ∗∥ ≤
1

µ
∥∇L(θ∗f )∥

Since θ∗f minimizes the proxy risk, ∇Lf (θ∗f ) = 0, so:

∇L(θ∗f ) = ∇L(θ∗f )−∇Lf (θ∗f ) = E[∇θℓθ∗f (X,Y )−∇θℓθ∗f (X, f(X))]

Assuming Lipschitz continuity of the gradient:

∥∇L(θ∗f )∥ ≤ Lgrad · E[|Y − f(X)|] = Lgrad · ϵ

Therefore:

∥θ∗f − θ∗∥ ≤
Lgrad
µ
· ϵ = O(ϵ)

By the continuity of the Hessian (implied by its existence in Assumption 5.1, applying the mean
value theorem to the mapping θ 7→ ∇2

θℓθ), we obtain the parameter error bound:

∥∇2
θℓθ̂(x, ŷ)−∇

2
θℓθ∗(x, ŷ)∥ ≤ Lθ∥θ̂−θ∗∥ ≤ Lθ(∥θ̂−θ∗f∥+∥θ∗f−θ∗∥) = op(1)︸ ︷︷ ︸

Estimation Error

+ O(ϵ)︸︷︷︸
Calibration bias

• Label error: Here we need Lipschitz continuity of the Hessian with respect to its label argument,
which is true for GLMS and Exponential Loss . If ϵ = |f(x)− E[Y |X]| as the model calibration
error, then, ∥∇2

θℓθ∗(xi, f(xi))−∇2
θℓθ∗(xi,E[Y |xi])∥F ≤ Ly · |f(xi)− E[Y |xi]| = Ly · ϵ

Finally combining both we get,

∥Ĥi −Hi∥F = O(ϵ) + op(1)

The redundancy score ρ̃(xi) is a normalized row-sum of the coherence matrix S (or equivalently,
depends linearly on the entries of Ĥ). Specifically:

ρ̃(xi) ∝
∑
j ̸=i

∥Ĥ1/2
i Ĥ

1/2
j ∥F

By the triangle inequality and submultiplicativity of the Frobenius norm:

|ρ̃(xi; Ĥ)− ρ̃(xi;H)| ≤ C ·max
j
∥Ĥj −Hj∥F = O(ϵ)

where C depends on the boundedness of S. This result implies that as the black-box surrogate f
becomes better calibrated (ϵ→ 0), the practical proxy converges to the oracle curvature.

Crucially, an active sampling strategy does not require the proxy to match the oracle in absolute value;
it only requires the preservation of the relative ranking of points. In other words, for selection, if
∥ĤA−HA∥ < ϵ and ∥ĤB −HB∥ < ϵ, the error propagates to the scalar scores via a local Lipschitz
constant K. If the true redundancy gap satisfies |ρ∗A − ρ∗B | > 2Kϵ, then the proxy preserves the
ranking:

sign(ρ̃A − ρ̃B) = sign(ρ∗A − ρ∗B) (10)

Thus, the O(ϵ) bound on individual Hessians ensures that the redundancy scores (and their relative
ordering) are preserved up to the same order of error. Practically, in high-dimensional manifolds (like
our d = 9 setups), the redundancy scores exhibit high variance (as shown by our CV=79%, 139%
diagnostic), meaning the vast majority of pairs have large gaps that are robust to O(ϵ) noise.
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D.4 Additional Real World Example

We evaluate CA-ASI on the Diamonds dataset [72], a well-known benchmark comprising 53,940
round-cut diamonds with recorded sale prices and physical measurements. Following standard
preprocessing [73], we remove entries with zero or physically implausible dimensions (i.e., length
x = 0, width y = 0, depth z = 0, or y > 20mm, z > 20mm), retaining n = 53,917 observations.
The response variable is price (USD), which is strictly positive (min = $326) and right-skewed
(skewness ≈ 1.62), making it well-suited for Gamma generalised linear model (GLM) with a log
link( [47], Figure 14)

Figure 14: Heavy Right Skew in Diamond Prices

We use d = 7 features: six purely continuous predictors — carat (weight), depth percentage,
table width, and physical dimensions x, y, z (in mm) — together with an intercept term.
Notably, carat is approximately proportional to the product x · y · z(the volume scaled by diamond
density), inducing a low-dimensional manifold structure with dense pockets for common small
diamonds and sparse regions for rare large ones. This geometry is precisely the regime in which
CA-ASI’s coherence penalty is beneficial, as it discourages redundant sampling from over-represented
pockets on the manifold.

The per-observation loss is ℓi(θ) = yie
−x⊤

i θ + x⊤i θ (where yi > 0). The per-point Hessian is

∇2ℓi(θ) = yi e
−x⊤

i θ xix
⊤
i = ci xix

⊤
i , (11)

where ci = ŷi e
−x⊤

i θ̂ and θ̂ := argminθ
1
n

∑n
i=1 ℓθ(xi, f(xi)). Unlike exponential loss (where

y2 = 1 cancels the label), the response ŷi remains in the curvature weight, encoding the scale of the
predicted outcome. The square root factor is therefore

Ĥ
1/2
i =

√
ci · xi =

√
ŷi · e−

1
2x

⊤
i θ̂ · xi. (12)

Coherence Matrix Entry:

Sij = ∥Ĥ1/2
i Ĥ

1/2
j ∥F =

√
ci · cj · |x⊤i xj |

=
√
ŷiŷj · exp

(
− 1

2

(
x⊤i θ̂ + x⊤j θ̂

))
· |x⊤i xj |. (13)

Interpretation: Redundancy is the dot product |x⊤i xj | weighted by √cicj , where ci = ŷi/e
ηi is the

ratio of the black-box prediction ŷi to the GLM’s predicted mean eηi . This weight is large when the
black-box over-predicts relative to the GLM(i.e. the two models disagree strongly), and approaches
unity when they agree (ŷi ≈ eηi ⇒ ci ≈ 1).

Training and budget allocations are identical to those discussed in Appendix D.2.1, except we employ
a 3-layered MLP as our black-box model in this case.
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Figure 15: Diamonds Dataset in Batch Setting

Figure 16: Diamonds Dataset in Sequential Setting

From Figures 15, 16, CA-ASI uses the least amount of human labels, more diverse labels, and
competitive width compared to ASI, while maintaining ≈ 90% coverage. Methods like Uniform and
ASI, while may provide tighter CIs, their coverage is extremely poor (close to 70%), while exhausting
the entire budget on similar datapoints.

D.5 Runtime Analysis

D.5.1 Batch

A key challenge in our method lies in evaluating the redundancy score ρ̃(x)( see (2)) which captures
the curvature overlap of each point with the rest of the dataset. This setting requires computing a full
data coherence matrix S ∈ Rn×n. We strictly adhere to this approach for our results in Section 6.
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Anchor-based approximation. To reduce this overhead, we implement an anchor-based approxima-
tion that significantly lowers the computational burden while retaining geometric and curvature-aware
inductive bias. Specifically, we sample a small subset of B ≪ n anchor points from the pool and
compute coherence only with respect to these anchors. The approximation proceeds as follows:

1. Anchor Selection: Uniformly sample B representative points from the dataset.
2. Partial Coherence Evaluation: For each point xi, compute curvature-based coherence

scores Sij with each anchor x(anchor)
j .

3. Geometric Weighting: Define a geometric affinity matrix W ∈ Rn×B using any
lightweight distance metric of your choice( here we use RBF kernel for some σ > 0),
such that:

Wij =
exp

(
−∥xi − x(anchor)

j ∥/σ
)

∑B
k=1 exp

(
−∥xi − x(anchor)

k ∥/σ
) .

4. Redundancy Aggregation: Form the final score ρ̃i as a weighted average:

ρ̃i =

B∑
j=1

Wij · Sij .

Instead of evaluating an n×nmatrix, we reduce it to n×B matrix, reducing runtime complexity from
O(n2d) toO(nBd), enabling efficient scalability to larger pools. Since coherence is treated as a local
property, this anchor-based approach respects the geometric structure of the dataset and is especially
effective when coherence depends solely on covariates (e.g., in least-squares settings). Empirically,
we test our anchor-approximation mechanism on the HTRU2 dataset with B=200: Approximation is
roughly 20.1x faster (0.6765 ± 0.0812 s vs 0.0337 ± 0.0002s), indicating impressive scalability.

It is also worth mentioning that the coherence matrix S is symmetric in nature i.e Sij = Sji ∀i, j.
In practice, to compute ρ̃i, we only need N(N−1)

2 entries( we skip the diagonal entries). All in all, our
approach( Eq. (2)) presents a straightforward, full-pairwise coherence computation. However, several
well-established approximations exist that can drastically reduce computational overhead. When the
loss function is smooth and twice-differentiable, diagonal or low-rank Hessian approximations can
be used [68, 45]. These approximations have been extensively studied in second-order optimization
methods [44, 46] and are known to yield substantial speedups while effectively preserving local
curvature information [45]. On a different note, instead of exhaustive comparisons, stochastic
estimation methods like subsampling [7], bootstrapping, or random projections [53] can be employed
to estimate coherence values over a representative subset of data [18].

Labeling vs. Computation: Economics of Active Learning

In many real-world deployments, the cost of acquiring a single high-quality label can dramatically
exceed the cost of additional computation [9]. This disparity arises from the demand for skilled
annotators, the time-intensive nature of manual review, and the sheer volume of data in modern
applications. An equally critical but often overlooked constraint is safety. In many physical sciences
and engineering domains, the physical act of querying an ‘oracle’ for a label corresponds to conducting
real-world experiments that can be inherently hazardous, life-risking, or destructive. For example,
synthesizing highly reactive or toxic chemicals [21], exploring extreme parameter spaces in high-
power automated physical systems [66], automating quantum experiments [48], or collecting edge-
case data in autonomous driving [26] all involve substantial physical risk. In such regimes, even
marginal reductions in labeling requirements, as enabled by effective active learning strategies,
translate into not only significant economic and resource savings, but also ensure safety(to some
degree).

Our method introduces computational overhead due to the incorporation of redundancy-aware
selection. Recognizing the dominant role of labeling expenses in active learning, any slight increase
in runtime is often negligible compared to the potential savings in human labeling effort [57, 79, 28].
This motivates a critical re-framing of the core question in designing active learning systems: Do
we prioritize a few CPU cycles, or the cost of setting up an expensive real-life experiment, to label
an instance? In most practical and cost-sensitive scenarios, the latter unequivocally dominates. The
former can be realistically mitigated to some extent, using parallelization, GPU acceleration [19],
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and various approximation methods discussed previously, but the annotation charges are generally
out of the practitioners control [65, 36].

To quantify this crucial trade-off empirically, we define the metric:

∆ =
nASI − nCA-ASI

TCA-ASI − TASI

where nASI and nCA-ASI denote the total number of labeled points required by ASI and CA-ASI,
respectively, and TASI and TCA-ASI denote their corresponding runtimes. By defintion for β > 0, ∆ is
always non-negative in practice. This ∆ score can be interpreted as the labeling efficiency gain per
unit of additional runtime. A higher ∆ indicates that CA-ASI achieves substantial label savings with
minimal computational overhead, precisely the regime where redundancy-aware selection methods
are most impactful for real-world applications.

Figure 17: CA-ASI’s impressive Label Gain per unit Time

Consequently, we compute ∆ for the HTRU2 dataset under the same settings as those employed in
Section 6. We then plot the ∆ against the increasing budget. From Figure 17, we observe that the
∆ improves as the budget increases. This suggests that CA-ASI is beneficial in the overall context,
where label reduction has a more significant impact than runtime increase.

D.5.2 Sequential

Runtime Trade-offs in the Sequential Setting

While our ∆-metric (Eq. (D.5.1)) quantifies label-efficiency versus runtime in the batch setting, its
intuition extends naturally to the sequential regime. However, β executes a nuanced dual role here,
from the point of view of performance and runtime.

At the beginning of round t, St ∈ Rn(lab,t)×n(lab,t) . At round t, we emphasize, we do not rebuild
St from scratch. Instead, we compute only the new last row/column, shaped like an inverted-outer
L(O(n(lab,t)) operation). We then apply our sampling rule. If candidate is accepted, we append the
row/column without touching the existing inner n2(lab,t) entries.

When data is introduced as a stream, β is introduced as a regularization parameter that trades
off between model uncertainty and redundancy—favoring the selection of informative yet diverse
examples. However, β also carries a compelling computational interpretation. At each time step t,
our method maintains a coherence matrix St whose size depends on the number of labeled points
seen thus far. A higher β encourages stricter pruning, leading to fewer accepted points, and therefore
a smaller and more sparsely updated matrix St across rounds. This reduces both memory and
computational overhead associated with updating and querying St. Moreover, since fewer points
are labeled under higher β, the frequency of model retraining decreases. This contrasts sharply with
uniform and uncertainty-based strategies, where new labels are accepted more frequently and thus
demand more frequent model updates. In scenarios where model fine-tuning is expensive (e.g., large
language models or deep neural networks [34, 40]), CA-ASI may offer a compelling advantage by
naturally amortizing the retraining cost over a sparser set of informative examples.
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To highlight this, under the same setting as Section 6 for the HTRU2 Dataset, we plot the finetuning
frequency of different sampling methods. We also plot the execution time of CA-ASI as a function of
β for a budget of 2%. Figure 18 confirms our conjecture. Taken together, these observations motivate

Figure 18: β’s impact on finetuning frequency and execution speed on HTRU2 Dataset

viewing β not merely as a performance-control hyperparameter, but also as a runtime overhead
controller in the sequential setting.
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