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Abstract

This paper studies an online variant of the as-
sistance games framework, where an informed
agent and an uninformed agent repeatedly inter-
act over T timesteps to optimize a common re-
ward function. While the informed agent (the
human) observes a latent state of the world, the
uninformed agent (the assistant) observes only the
human’s actions. We provide the first provably ef-
ficient learning algorithms for repeated assistance
games. We introduce the notion of assistance re-
gret: the gap between the cumulative utility of in-
teractions and that of the optimal joint policies in
hindsight, which map latent states to action pairs.
We present decentralized algorithms for both the
human and the assistant that achieve a (1− 1/e)-
approximate assistance regret rate of O

(
T 3/4

)
,

with runtime polynomial in the size of the action
and state spaces. We further prove that achieving
a regret approximation factor better than (1−1/e)
is computationally intractable, and demonstrate
how these generic no-regret algorithms can be tai-
lored to a pseudo-decentralized setting—using a
shared random string—to achieve the optimal rate
of O

(
T 1/2

)
.

1. Introduction
Consider a repeated interaction between two cooperative
agents who share a common objective but have asymmetric
access to information. One agent observes a changing latent
state—such as a preference, type, or objective—while the
other must act based only on indirect signals produced by
the first agent. Such settings arise naturally in abstractions
of human–assistant interaction, cooperative multi-agent sys-
tems, training of assistive AI, and emergent communication,
where the former agent represents a human principal with
private preferences and the latter represents an AI assistant

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.

Preliminary work. Under review by the International Conference
on Machine Learning (ICML). Do not distribute.

seeking to act on the human’s behalf.

Despite the absence of strategic misalignment in utilities,
coordination in these environments poses a fundamental
challenge. On the one hand, the lack of a shared frame of
reference or common language means that the agents must
learn how to communicate by observing each other’s actions
over time. On the other hand, actions simultaneously gener-
ate utility, causing them to serve a dual role as instruments
for achieving reward and signals for conveying the latent
state. This tension between informativeness and utility lies
at the core of the problem.

One theoretical perspective for capturing these challenges
is the assistance games framework, also known as Coop-
erative Inverse Reinforcement Learning (Hadfield-Menell
et al., 2016). This framework models interactions between
a human and an assistive AI system as a cooperative game
with partial observability. Prior work has studied equilibria
and structural properties of optimal assistive policies—for
example, tradeoffs between the informativeness and utility
of actions—but the algorithmic problem of computing and
learning such policies has been unexplored.

In this paper, we introduce an online variant of assistance
games and give computationally efficient, decentralized
algorithms for learning near-optimal policies for both
the human and the assistant.

Our model captures repeated interaction between an in-
formed agent (the human) and an uninformed agent (the
assistant). In each round t, a latent state θ(t) ∈ Θ—possibly
drawn from a nonstationary process—is realized and ob-
served only by the human. This state represents private
information about the human’s preferences or objectives.
The human selects an action a

(t)
H from a finite action space

AH of size MH . The assistant observes a(t)H , but not θ(t),
and responds with an action a

(t)
A from a finite action space

AA of size MA. Both agents then receive a common reward
r
(
a
(t)
H , a

(t)
A ; θ(t)

)
, which depends on the joint actions and

the human’s private state.

To measure performance, we consider the space of joint
human–assistant policies: pairs (πH , πA) where a human
policy πH : Θ → AH maps latent states to human ac-
tions and an assistant policy πA : AH → AA maps hu-
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Provably Optimal Learning Algorithms for Assistance Games

man actions to assistant actions. We measure success via
α-approximate assistance regret (Definition 3.1): the gap
between the agents’ cumulative reward and an α factor of
the cumulative reward of the best joint policy in hindsight.

Our main result gives a pair of decentralized learning algo-
rithms for the human and the assistant that achieve (1−1/e)-
approximate assistance regret at a rate of O

(
T 3/4

)
in

time poly(N,MH ,MA) (Theorem 4.1); with light initial
coordination—a shared encoding from human action se-
quences to assistant policies—this rate improves to the op-
timal O

(√
T
)

(Theorem 4.2). Two technical ingredients
drive the result. First is a reduction casting joint policy
optimization in assistance games as online submodular max-
imization with matroid constraints (Lemma D.1 and Proposi-
tion 5.4). This reduction enables computational tractability
despite exponential size of the joint policy space, by im-
porting tools from online submodular optimization (Salem
et al., 2024). Second is a regret-decomposition lemma
(Lemma 4.4) that bounds assistance regret by the centralized
algorithm’s external regret, its number of policy switches,
and the assistant’s tracking regret against a moving target.
This decomposition guides our design toward two structural
properties: stability (few policy switches) for the human
and adaptivity (low tracking regret) for the assistant. The
approximation factor of 1− 1/e is tight: no efficient algo-
rithm achieves sublinear α-approximate assistance regret
for α > 1− 1/e unless RP = NP (Theorem 4.3).

2. Related Work
The idea of modeling the problem of AI assistance math-
ematically had been first proposed almost ten years ago
in work including Fern et al. (2014) and Hadfield-Menell
et al. (2016). Shah et al. (2020) show that such an assistant
would be able to better satisfy human preferences than tra-
ditional reward learning algorithms, and Hadfield-Menell
et al. (2016; 2017) show that an optimal assistant would
avoid issues of misalignment to human values. Malik et al.
(2018) and Laidlaw et al. (2025) propose algorithms for
solving assistance games that are empirically performant,
but the problem of designing learning algorithms that prov-
ably play such games optimally remains open. Similar to
us, previous work has also taken the approach of reducing
the assistance games problem to other classes of problems
— particularly to classes of Partially Observable Markov De-
cision Processes (POMDPs). We introduce a new reduction
with a mathematical structure that allows us to demonstrate
provable optimality guarantees. A particular subclass of
assistance games are communication games. We describe
related works on this literature in more detail in Section F.

Our work is related to literature on equilibrium computa-
tion. We can frame our goals is decentralized learning of

optimal equilibria in assistance games. Computing the op-
timal equilibrium is computationally intractable (Gilboa &
Zemel, 1989) in general, including in games of common in-
terest (Chu & Halpern, 2001; Conitzer & Sandholm, 2006).
In common interest games, the optimal equilibrium is also
each player’s Stackelberg equilibrium. The computational
tractability of computing the Stackelberg equilibrium is
shown to depend on the geometry of the game and can be
intractable in general (Letchford et al., 2009; Peng et al.,
2019). For games where the Stackelberg equilibrium can be
computed efficiently, convergence to the Stackelberg equilib-
rium can be achieved through dynamics where one player’s
learning dynamic is more stable than the other (Brown et al.,
2024; Zrnic et al., 2021). The learning dynamics we propose
for communication games also satisfy this property.

Other areas studying cooperative interactions between
agents include work on team decision theory (e.g. (Rad-
ner, 1962; Ho et al., 1972; Nayyar et al., 2013; Mahajan &
Mannan, 2016; Malikopoulos, 2022)) which takes a control
theoretic approach to studying optimal cooperation, and
work on human-AI collaboration studying when human-AI
systems achieve complementarity i.e., better performance
than the sum of individual components (e.g., (Green & Chen,
2019; Bansal et al., 2021; Wilder et al., 2020; Steyvers et al.,
2022; Donahue et al., 2022; Athey et al., 2020; Alur et al.,
2024; Greenwood et al., 2025; Collina et al., 2026))

3. Model and Preliminaries
The online assistance game is defined by a preference space
Θ of size N , two sets of actions AH and AA of sizes MH

and MA respectively, and a bounded reward function r :
AH × AA × Θ → [0, 1], for some max reward U . Two
agents, an assistant and a human, repeatedly play the game
over T rounds. Every round t ∈ [T ] of the assistance game
involves the following steps:

1. The human observes θ(t) and plays an action a
(t)
H ∈ AH .

2. The assistant sees only the action a
(t)
H the human takes

but not the preference θ(t). The assistant then takes the
action a

(t)
A ∈ AA in response.

3. Both the assistant and the human receive the reward
r
(
a
(t)
H , a

(t)
A ; θ(t)

)
.

The parameter θ(t) captures the human’s preference at round
t. We allow the preference θ(t) to change over time, allow-
ing robustness to human preferences changing over time.
However, we impose the restriction that the sequence of
preferences is fixed before the game begins. That is, the
preference at each round cannot be selected adaptively based
on previous rounds of interaction. We call this the oblivious
setting. The stronger model of an adversary who can select
the preference θ(t) adversarially based on previous rounds
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Provably Optimal Learning Algorithms for Assistance Games

of interaction is called the adaptive setting. We prove in
Section B that there are fundamental limitations to learning
optimal assistance in the adaptive setting.

In the normal form representation of the assistance game,
the human’s policy space is the set ΠH of mappings
from the human’s private preference to human’s actions,
πH : Θ → AH , and the assistant’s policy space is the
set ΠA of mappings from an observed human action to an
assistant action, πA : AH → AA. For notational con-
venience, we write r(πH , πA; θ) to mean the reward the
human and assistant receive when they play policy πH and
πA when the human’s preferences are θ, mathematically
r(πH(θ), πA(πH(θ)); θ).

We introduce a notion of (approximate)regret to measure
the joint success of the human and assistant in the online
assistance game. We call this the assistance regret and
simply refer to this as regret in the remainder of the paper.
Assistance regret is defined in the following definition.

Definition 3.1 (α-Assistance regret). For a fixed α ∈
[0, 1], the α-assistance regret of a sequence χ =(
θ(t), π

(t)
H , π

(t)
A

)T
t=1

, written Rα
T (χ), is:

α

 max
π∗
H∈ΠH

π∗
A∈ΠA

T∑
t=1

r
(
π∗
H , π∗

A; θ
(t)
)

−
T∑

t=1

r
(
π
(t)
H , π

(t)
A ; θ(t)

)
.

We suppress θ(t) in the regret notion when it is clear from
context and denote rt(πH , πA) = r(πH , πA; θ

(t)). We also
refer to RT (Alg) as the min-max α-assistance regret of
algorithm Alg.

3.1. Submodular Maximization With Matroid
Constraints

Our results will rely on tools from submodular maximization
and matroid theory. We will describe the necessary tools
in this section. Given an arbitrary set of elements U , a set
function over U is a mapping from subsets in U to real
numbers, f : 2U → R.

A set function is said to be monotone when adding any
element can only increase the value of the function. That is
f is monotone when for all S ⊆ U and all x /∈ S, it holds
that f(S ∪ {x}) ≥ f(S).

A set function is said to be submodular when the marginal
improvement of adding an element can only decrease as the
size of the set increases.

Definition 3.2 (Submodularity). Let f be a set function on a
set U . f is said to be submodular when, for all S′ ⊆ S ⊆ U ,

and all x /∈ U , the increase in value after adding x to S
is smaller than the increase in value after adding x to S′.
That is, f(S ∪ {x})− f(S) ≤ f(S′ ∪ {x})− f(S′).

We will consider the constrained maximization of submodu-
lar functions under matroid constraints.
Definition 3.3 (Matroids). A pairM = (U , I) is a matroid
when U is a finite set, and I ⊆ 2U is a collection of subsets
of U such that 1) For all I ∈ I, if J ⊆ I , then J ∈ I and
2) For all I, J ∈ I, if |J | < |I|, then there exists some
e ∈ I \ J such that J ∪ {e} ⊆ I.

Any set in I ∈ I is said to be an independent set. The
maximum size of an independent set in I is said to be the
rank of the matroidM.

Our results actually rely on a special subclass of submod-
ular functions i.e., weighted threshold potentials (a sum of
capped linear functions; Definition A.2) and on a special
subclass of matroids i.e., partition matroids (Definition A.3).
We provide more details on these subclasses in Section A.

3.2. Background on Online Learning

Regret notions and algorithms originating from the online
learning literature will play a central role in our paper.

In a setting with action set [K] and T rounds, for sequences
of actions and reward functions (at, rt) where at ∈ [K] and
rt : [K] → [0, 1], we can define the following notions of
regret that we will make extensive use of in framing our
results.
Definition 3.4 (External regret and number of switches).
The α-approximate external regret of a sequence χ =
(at, rt)

T
t=1 is Rα,ext

T (χ) = αmaxa∈[K]

∑T
t=1 rt(a) −∑T

t=1 rt(at).

The number of switches in the sequence is
∑T

t=2 1{at ̸=
at−1}.
Definition 3.5 (Tracking regret with p segments). Tracking
regret (Herbster & Warmuth, 1998) measures a learner’s
ability to compete with a sequence of a p-times changing
benchmark of actions rather than a single best fixed ac-
tion. For a sequence χ = (at, rt)

T
t=1, the tracking regret is

defined as :

Rtrack
T (χ; p) = max

s1<···<sp+1∈[T ]
s1=1,sp+1=T
b1,...,bp∈[K]

p∑
i=1

si+1∑
t=si

rt(bi)−
T∑

t=1

rt(at).

This regret formulation is useful in changing environments
where the optimal action varies over time.

Feedback models. Online learning algorithms select action
at in a round t based on the available history consisting of ac-
tions and feedback of previous rounds. In a full-information

3
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Provably Optimal Learning Algorithms for Assistance Games

setting the entire reward function rt is revealed as feedback
at the end of round t. In a bandit setting, only the reward of
the selected action rt(at) is revealed as feedback.

4. Main Results and Techniques
Our main results provide pairs of decentralized learning
algorithms for the human and the assistant that are com-
putationally efficient and result in sublinear (1 − 1/e)-
approximate assistance regret. We first state our main the-
orems, discuss the optimality of the guarantees stated in
these theorems, and finally describe the main ideas behind
constructing these algorithms.

Our first theorem constructs decentralized algorithms that
use quite general regret minimization algorithms and
achieve a O

(
T 3/4

)
rate of (1 − 1/e) -approximate assis-

tance regret.

Theorem 4.1. There are poly(MH ,MA, N, T ) time
learning algorithms for the human and assistant that
achieve no-(1 − 1/e)-approximate regret at a rate of

O
(
M

5/4
H M

3/4
A T 3/4 log(MAT )

)
.

Moreover, any assistant algorithm with minmax optimal
tracking regret rates can be used to obtain this bound.

Our second theorem constructs decentralized algorithms
that are more tailored to the assistance game and achieve a
tighter O

(√
T
)

rate of (1− 1/e)-approximate assistance
regret. These algorithms require some initial synchroniza-
tion between the human and assistant in the form of holding
a shared mapping from sequences of human actions to the
policy space.

Theorem 4.2. There are poly(MH ,MA, N, T ) time learn-
ing algorithms for the human and assistant that make use
of a shared map ϕ : A∗

H → ΠH from sequences of hu-
man actions to assistant policies and achieve no-(1− 1/e)-

approximate regret at a rate of O
(
MHM

1/4
A

√
T logMA

)
.

We will describe the main ideas behind constructing these
algorithms in this section, deferring the full proofs to Sec-
tions D.8 and D.9. But first, let us discuss the optimality of
the regret guarantees. Note that guarantees we achieve in
both settings of with and without initial synchronization is
for assistance regret with a level of (1−1/e)-approximation.
It turns out that it is not tractable to achieve sublinear as-
sistance regret with a better approximation factor which is
stated as Theorem 4.3.

Theorem 4.3. Unless RP = NP, for any α > 1− 1/e, any
algorithm that runs in time poly(N,MH ,MA) per iteration
has α-approximate assistance regret such that either Rα

T ∈
ω(T 1−ϵ) for all ϵ > 0 or Rα

T /∈ poly(N,MH ,MA).

We prove this in Section C. Given this approximation factor,

the regret bound in Theorem 4.2 has aO
(√

T
)

dependence
on the number of rounds T , which is optimal due to standard
minmax lower bounds for regret minimization. This is
formalized for assistance games in Proposition E.6.

4.1. Central Challenges and Techniques

There are two central challenges that the human-assistant
system needs to overcome to have low assistance regret.
The first is computational. Namely, the space of human-
assistant policy pairs is exponential is size. The second is a
coordination challenge which is that the human and assistant
need to learn jointly optimal strategies despite decentralized
learning. We address these challenges in more detail in
Section 5 and Section 6 respectively.

Challenge 1: Computational tractability of joint op-
timization (Section 5). The space of all joint human-
assistant policy pairs consists of all pairs of mappings from
Θ to AH and AH to AA. This space has size MN

H ·M
MH

A ,
which is exponential in the game dimensions N and MH .
To isolate this computational challenge from the coordina-
tion challenge, we first consider an idealized centralized
setting (Definition A.1) where a meta-player jointly chooses
both the human’s and the assistant’s policies. We provide
a centralized algorithm with poly(MH ,MA, N, T ) runtime
and prove that it has has sublinear (1 − 1/e)-assistance
regret Section 5). The key insight is a reduction of joint pol-
icy optimization in assistance games to maximization of a
special subclass of submodular functions—weighted thresh-
old potentials (Definition A.2)—over a partition matroid
(Definition A.3). This lets us apply algorithms from pre-
vious work on online convex optimization for submodular
maximization (Salem et al., 2024).1 Even in this idealized
centralized setting, the approximation factor of (1− 1/e) is
tight without compromising on the computational efficiency.

Challenge 2: Coordination through decentralized learn-
ing (Section 6). In the actual online assistance game, the
human and assistant learn in a decentralized manner. That is,
their strategies must recover the joint optimal without being
jointly optimized. We call this the coordination challenge.
We show that given any online algorithm for the centralized
setting (AlgC), and any online algorithm for the assistant’s
problem (AlgA), we can construct an online algorithm in
the decentralized setting for the human that overcomes the
coordination challenge. In particular, we decompose the
assistance regret of the decentralized pair of policies into the

1While any algorithm for online submodular optimization
would be effective here, our choice to build upon (Salem et al.,
2024) is guided by additional properties we will need for the de-
centralized setting. In particular, because this algorithm is based
on online convex optimization we can make it such that the total
number of steps where the selected policies switch is sublinear.
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Provably Optimal Learning Algorithms for Assistance Games

Algorithm 1. Generic algorithms in the centralized setting (AlgC) and decentralized setting (AlgH and AlgA).
AlgC (centralized)

1: Play (π
(t)
H , π

(t)
A )

2: Observe θ(t)

3: Receive reward rt(π
(t)
H , π

(t)
A )

AlgA (decentralized assistant)

1: Observe π
(t)
H (θ(t))

2: Play π
(t)
A

3: Receive and see rt(π
(t)
H , π

(t)
A )

AlgH (decentralized human)

1: Observe θ(t)

2: (π
(t)
H , π

(t)
A )← AlgC(θ

(1), . . . , θ(t−1))

3: Play π
(t)
H (θ(t))

sum of the centralized algorithm’s external regret and a co-
ordination cost that depends on tracking regret of AlgA and
the number of switches AlgC makes in its choices. This is
formalized in the following lemma.

Lemma 4.4. Given any online algorithm AlgC in the cen-
tralized setting, and any online algorithm AlgA for the the
assistant, there is a (decentralized) human algorithm AlgH ,
that for every δ > 0, achieve assistance regret of at most

Rα
T ≤ Rα,ext

T (AlgC) +Rtrack
T (AlgA;ST (AlgC ; δ)) + δT,

where ST (AlgC ; δ) is an upper bound on the number of
times AlgC switches strategies that holds with probability
at least 1 − δ and Rα,ext

T , Rtrack
T denote α-approximate-

external and (exact)-tracking regrets, respectively. Further-
more, AlgH , described in Algorithm 1, is a simple wrapper
around the centralized algorithm AlgC .

The decomposition (proved in Section D.5) guides our algo-
rithm design: we want a centralized algorithm AlgC with
low external regret and few switches (so ST (AlgC ; δ) is
small), and an assistant algorithm AlgA with low track-
ing regret. Both stability (few switches) and adaptivity
(low tracking regret) are well-studied notions in the online
learning literature. We exploit the fact that our central-
ized algorithm of Proposition 5.1 is based on online convex
optimization to make it stable using standard techniques
(Section 6.1, Proposition 6.1), and we construct an efficient
adaptive assistant algorithm via standard tracking-regret
machinery (Section 6.2).

5. Computationally Efficient Algorithms for
Centralized Learning in Assistance Games

This section addresses the computational challenge iden-
tified in Section 4. We isolate it from the coordination
challenge by studying an idealized centralized setting in
which a meta-player jointly chooses both the human and
assistant policies. We develop a centralized algorithm that
achieves (1− 1/e)-approximate assistance regret at a rate
of O

(√
T
)

in poly(MH ,MA, N, T ) time, despite the ex-
ponentially large joint policy space. This algorithm will
serve as the building block for the decentralized algorithm
in Section 6.

In the centralized online assistance game (Definition A.1), a

meta-player chooses a joint policy pair (π(t)
H , π

(t)
A ) ∈ ΠH ×

ΠA at each round before the realized preference θ(t) is
revealed, and receives reward r(π

(t)
H , π

(t)
A ; θ(t)). The meta-

player’s external regret in this game—against the best fixed
pair (π∗

H , π∗
A) in hindsight—is exactly the assistance regret

(Definition 3.1), so any low-external-regret algorithm in the
centralized game yields low assistance regret.

Our main result for the centralized setting is a tractable
algorithm with sublinear (1− 1/e)-approximate assistance
regret.

Proposition 5.1. There is a poly(MH ,MA, N, T ) time al-
gorithm for the meta-player in the centralized assistance
game (Definition A.1), such that the meta-player’s expected
(1− 1/e)-assistance regret is at most O

(
MH

√
T logMA

)
.

The main proof idea is a reduction of the assistance game to
submodular maximization under matroid constraints, which
lets us apply algorithms from prior work. We next develop
this reduction in Section 5.1.

5.1. Reduction to online submodular maximization

To derive the reduction, we first represent the policy space
as a partition matroid. Next, we show that the optimization
objective over this representation satisfies structural prop-
erties that enable tractable online submodular optimization
via the algorithms of Salem et al. (2024).

Policy space representation. We first note that joint op-
timization over human-asssistant policy pairs(πH , πA) re-
duces to optimization over assistant policies alone. Given
any πA, the meta-player can pair it with the best-response
human policy π∗

H(θ) := argmaxaH
r(aH , πA(aH); θ). We

represent each assistant policy πA : AH → AA as the set of
human-assistant action pairs {(aH , πA(aH)) : aH ∈ AH}
it induces, and the resulting policy space as a partition ma-
troid.

Definition 5.2 (Assistance Matroid). Given an assistance
game G with human action space AH and assistant action
space AA, define the assistance matroidMG = (UG, IG)
where:

• UG = AH ×AA.
• IG consists of all S ⊆ UG such that for any(

a
(1)
H , a

(1)
A

)
,
(
a
(2)
H , a

(2)
A

)
∈ S, we have a

(1)
H ̸= a

(2)
H .

5
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The assistance matroid is a partition matroid (Definition A.3)
of rank MH , with parts UaH

= {aH} × AA and capacities
daH

= 1 (Lemma D.1, proved in Section D.1).

Optimization objective and its structural properties.
For each preference θ, the value of assistance function Vθ

maps an independent set I (equivalently, an assistant policy)
to the reward achieved by pairing it with the best-response
human policy under θ. This is the objective function we max-
imize over the matroid representation of the policy space.

Definition 5.3 (Value of Assistance Function). Given an
assistance game G, the value of assistance function for a
human preference θ ∈ Θ is the function Vθ : IG → R
defined over independent sets IG of the assistance matroid
MG = (UG, IG), such that Vθ(∅) = 0 and for all non-
empty S ∈ IG,

Vθ(S) = max
(aH ,aA)∈S

r(aH , aA; θ).

The following proposition formalizes the reduction: the
centralized online assistance game reduces to online maxi-
mization of value of assistance functions over the assistance
matroid. The proof is deferred to Section D.2.

Proposition 5.4. The centralized online assistance game G
reduces to an online optimization over the family of value of
assistance functions Vθ defined over independent sets of the
assistance matroidMG. That is, the following conditions
are met

1. For every independent set I ∈ IG and preference θ ∈ Θ,
there exists a human-assistant policy pair πH , πA ∈
ΠH ,ΠA achieving reward at least Vθ(I).

2. For every assistant policy πA ∈ ΠA, there exists an
independent set I ∈ IG such that for all preferences
θ ∈ Θ and all human policies πH ∈ ΠH , the reward
the policy pair πH , πA ∈ ΠH ,ΠA achieves is at most
Vθ(I).

The value of assistance function further satisfies structural
properties that enable tractable online optimization via the
algorithms of Salem et al. (2024).

Lemma 5.5 (Structural properties of Vθ, informal). For
every preference θ ∈ Θ, the value of assistance function Vθ

is a weighted threshold potential (Definition A.2), and its
concave relaxation (Definition A.4) is 1-Lipschitz.

The formal statements (Lemmas D.2 and D.3) and proofs
are deferred to Section D.3.

Centralized Algorithm. The reduction lets us apply the
Randomized-Augmented OCO (RAOCO) algorithm of
Salem et al. (2024) directly. RAOCO reduces online sub-
modular maximization of weighted threshold potentials to

online convex optimization. It runs a standard OCO algo-
rithm (e.g., Follow the Perturbed Leader or Online Mirror
Descent) on concave relaxations of the objectives over the
convex hull of the strategy space, then rounds each iterate
back to an integral point. The weighted threshold and Lips-
chitz properties of Vθ ensure that the rounding error is small,
yielding the bound in Proposition 5.1.

The full proof, which combines Proposition 5.4 and the
structural properties with the regret guarantees of RAOCO
(restated in Proposition E.2), is deferred to Section D.4.

6. Decentralized Learning in Assistance
Games: Stable and Adaptive Algorithms

In this section, we move beyond the idealized centralized
setting and consider the decentralized setting. Lemma 4.4
forms the backbone for building on top of the algorithm
design in the centralized setting. It shows how to construct
an algorithm for the human AlgH based on a centralized
algorithm AlgA via the construction in Algorithm 1. Addi-
tionally, it identifies stability of the centralized algorithm, in
the form of having low switches, and adaptivity of the assis-
tant’s algorithm AlgA, in the form of having low tracking
regret, as sufficient properties for yielding low assistance
regret. Directed by this, we will construct a stable central-
ized algorithm that has low external regret while making
few switches in Section 6.1 and an adaptive algorithm for
the assistant having low tracking regret in Section 6.2. In
Section 6.3, we put together these components to prove the
regret guarantees provided by our main theorems.

6.1. Stable centralized algorithm

In this section, we design a stable centralized algorithm
that makes a small number of switches. We build on the
centralized algorithm designed in Section 5.

Proposition 6.1. There is a poly(MH ,MA, N, T ) time
algorithm for the centralized assistance game that
achieves expected (1 − 1/e)-approximate assistance re-
gret O

(√
MAMHT

)
and makes at most ST ∈

O(
√
MAMHT log(1/δ)) switches with probability at least

1− δ.

Proof sketch of Proposition 6.1. Recall that the centralized
algorithm of Section 5 takes an online convex optimization
algorithm and rounds the output of the OCO algorithm to
the strategy space of the assistance game. To make this
algorithm stable, we account for two sources of switches:
switches in the OCO algorithm’s iterates and switches in
the rounding step.

Stable OCO. Online convex optimization with few
switches has been studied by previous work (Agarwal et al.,
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2024; Anava et al., 2015; Sherman & Koren, 2021). We
use the Private Continuous Online Multiplicative Weights
(P-COMW) algorithm of Agarwal et al. (2024) as the inner
OCO optimizer, P-COMW requires only that the losses be
convex and Lipschitz, conditions that hold for the value-of-
assistance concave relaxation Ṽθ (Lemma D.3).

Coupled rounding. Even if the OCO algorithm’s iter-
ates are stable, the rounded outputs may not be, since the
rounding algorithm used (like swap rounding or randomized
pipage rounding (Chekuri et al., 2010)) is randomized. So
even though the OCO algorithm returns the same solution in
different rounds, the randomness in the rounding can lead to
different rounded outputs. To overcome this, we couple the
randomness of the rounding step across rounds. That is, the
same source of randomness is used for rounding across all
rounds. Doing this does not change the marginal distribu-
tion of the rounded output. In particular, it does not change
the expected reward of the rounded output. So the property
on the expected reward of the rounded output that is used
in the regret analysis (the property in Proposition E.1) is
preserved. This algorithm is described in Algorithm 3.

The full proof, which combines the regret guarantee of
the underlying stable OCO algorithm with the switch-
preserving property of coupled rounding, is given in Sec-
tion D.6.

6.2. Adaptive assistant algorithm

We now design a computationally efficient assistant algo-
rithm with low tracking regret relative to the policies chosen
by the stable centralized algorithm. Tracking regret is a well-
studied notion in online learning, with standard algorithms
achieving O

(√
Tp
)

regret against any sequence of reward
functions over p segments. We lift these into an assistant
algorithm with low tracking regret over the assistant policy
space ΠA.

Proposition 6.2. There is a poly(MH ,MA, N, T )
time assistant algorithm AlgA whose tracking re-
gret over p segments satisfies Rtrack

T (AlgA; p) ∈
O
(
MH

√
MATp log(MAT )

)
.

Proof sketch of Proposition 6.2. We construct AlgA from
an off-the-shelf tracking-regret minimizer Algtrack (e.g.
Fixed-Share (Herbster & Warmuth, 1998; Cesa-Bianchi
et al., 2012)) used as a black box. The assistant maintains
MH independent copies of Algtrack, one per human action
aH ∈ AH , each optimizing over the assistant’s action space
AA. In round t, after observing a

(t)
H , the assistant plays the

action selected by the copy associated with a
(t)
H and updates

only that copy with the observed reward. The assistant’s
tracking regret then decomposes as the sum of the track-
ing regrets of the MH copies of Algtrack, which yields the

claimed bound after substituting the standard Fixed-Share
tracking-regret guarantee (restated as Theorem E.5 in Sec-
tion E.3). The full proof appears in Section D.7.

6.3. Putting it together

We now combine the stable centralized algorithm of Sec-
tion 6.1 and the adaptive assistant algorithm of Section 6.2
via the stable–adaptive decomposition of Lemma 4.4 to
prove our main theorems. Full proofs are in Sections D.8
and D.9.

Proof idea for Theorem 4.1. The decentralized algo-
rithms here are built entirely from general-purpose no-
regret components: the human algorithm AlgH is de-
rived (via Algorithm 1) from the stable centralized algo-
rithm AlgC of Proposition 6.1, and the assistant runs the
tracking-regret algorithm AlgA of Proposition 6.2. Substi-
tuting AlgC ’s external regret and high-probability switching
bound together with AlgA’s tracking regret into the stable–
adaptive decomposition (Lemma 4.4) yields the claimed
O
(
M

5/4
H M

3/4
A log(MAT )

3/4T 3/4
)

bound; the full calcu-
lation appears in Section D.8. Note that this construction,
and the assistant’s algorithm in particular, requires minimal
knowledge of the assistance game structure. The assistant
merely needs to know its action space and its observed
reward.

Proof idea for Theorem 4.2. We use algorithms more tai-
lored to the assistance game for the optimal O

(√
T
)

rate.
We allow the human and assistant some initial synchroniza-
tion in the form of a shared mapping ϕ : A∗

H → ΠA from
human action sequences to assistant policies, agreed on be-
fore the game begins. The mapping ϕ lets the human signal
a policy switch and encode the new assistant policy via a
string of actions. The assistant decodes this string using ϕ
and then plays the new policy directly, bypassing further
exploration and decreasing its tracking regret. Plugging
this into the stable–adaptive decomposition (Lemma 4.4)
yields the claimed O

(√
T
)

bound. The full proof, includ-
ing details of how the shared mapping is used, appears in
Section D.9.

7. Discussion
Our framework identifies two broad components useful for
learning to cooperate under information asymmetry. The
first is submodularity as a source of tractable approximation.
This points to the usefulness of methods that exploit submod-
ular structure—such as greedy algorithms that measure the
marginal improvement of adding actions to communicate

7
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or steer. The second component is stability and adaptivity
as properties of the dynamics of interaction. Our decompo-
sition (Lemma 4.4) shows that algorithms satisfying these
standard online-learning notions plug in directly as building
blocks for learning algorithms in these settings.

Limitations and Extensions. Our regret bounds are tight
in T but the dependence on the action-space sizes MH and
MA may be loose; determining the optimal scaling is an
open question. The optimal O

(√
T
)

rate also relies on
an initial shared encoding ϕ : A∗

H → ΠA, and it is open
whether the same rate is achievable without such pre-game
synchronization. Finally, it would be interesting to extend
the framework to richer interaction settings such as long
horizon interactions under a fixed preference state, or two-
sided information asymmetry in which the assistant also
holds private information.
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A. Extended Model and Preliminaries
This appendix presents the two special subclasses of submodular functions and matroids that arise in our reduction of
assistance games, together with the concave relaxation we use to optimize over them. We also state the formal definition of
the centralized online assistance game referenced in Section 5.

Centralized online assistance game.
Definition A.1 (Centralized online assistance game). The centralized online assistance game is a repeated game between
nature and a meta-player who controls both the assistant and human. At every round t, both players take actions
simultaneously.2 That is, at the start of the interaction, nature chooses a sequence of preferences θ(1), · · · , θ(T ) ∈ Θ. At
every iteration, the meta-player chooses a pair of policies

(
π
(t)
H , π

(t)
A

)
, then the realized preference θ(t) is revealed to the

meta-player, and the meta-player receives a reward r
(
π
(t)
H , π

(t)
A ; θ(t)

)
.

Weighted threshold potentials. A useful subclass of submodular functions consists of those that can be written as a sum
of capped linear functions.

Definition A.2 (Weighted Threshold Potential). Fix a set of elements U . A set function g over U is modular when each
element i ∈ U is associated with a weight wi such that g(S) =

∑
j∈S wj . A set function f over U is a threshold potential

function, also known as a budget-additive set function, when

f(S) = min{b, g(S)}

for some b ∈ R and some monotone modular function g. A set function f over U is a weighted threshold potential when it is
a non-negative linear combination of threshold potential functions.

All weighted threshold potentials are submodular (Salem et al., 2024).

Partition matroids. A useful subclass of matroids in our setting is the partition matroid: the set of policies in an assistance
game forms a matroid of this form.

Definition A.3 (Partition Matroids). A matroid (U , I) is a partition matroid when there exists some k ∈ N, a partition of U
into subsets U1, . . . ,Uk, and integers d1, . . . , dk such that a set I is independent if and only if

|I ∩ Ui| ≤ di.

Concave relaxation. To optimize over the space of weighted threshold potential functions, we follow Salem et al. (2024),
which runs an online convex optimization algorithm on a concave relaxation of these functions.

Definition A.4 (Concave relaxation of weighted threshold potentials). Given a weighted threshold potential f(S) =∑L
ℓ=1 cℓ min{bℓ,

∑
j∈S wℓ,j} defined over I ⊆ 2U , its concave relaxation f̃ : [0, 1]|U| → R is

f̃(y) =

L∑
ℓ=1

cℓ min

bℓ,
∑
j∈U

wℓ,j yj

 .

This function is concave, since each min{bℓ, ·} applied to an affine function is concave, and a positive linear combination of
concave functions is concave. Moreover, f̃ agrees with f on integral points: f̃(1S) = f(S) for all S ⊆ U .

B. An Adaptive Nature Player Is Too Powerful
A key assumption in this work is that nature cannot adaptively pick preferences based on the choices of the human and
assistant. Nature becomes too powerful otherwise, removing any hope the learners have of achieving sub-linear regret. This

2This means the meta-player chooses a pair of actions for the human and assistant without having access to the realized state. We do
this to make the idealized setting serve as a building block for the decentralized setting where the assistant must choose a policy without
having access to the realized state.
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is analogous to results in the prediction from experts with switching costs literature, where the learner must suffer linear
regret with an adaptive adversary (Altschuler & Talwar, 2018).

Nature’s strategy will be to exploit the fact that the human and assistant play moves that are uncorrelated given the history of
the game, which nature also has access to. By being adaptive, nature can exploit uncoordinated agents by taking advantage
of the fact that it is impossible to randomize over best-response pairs in a way that beats an adaptive nature player when
actions are independently chosen.

We will prove an adaptive nature player is too powerful, even for a very simple and restricted class of assistance games.
Consider the class of games where the assistant’s action set equals the set of preferences, and the agents only get a reward
when the assistant can reproduce the human’s preference. The human’s action has no effect on the reward, and serves only
to signal the preference to the assistant. Even on such simple games, when nature can adversarially choose rewards, the
agents must suffer linear regret.

First, we prove a lower bound when the human has one less action than the number of preferences, so there does not exist a
perfect signaling scheme the human can use to exactly reveal their preferences.

Lemma B.1. When nature is adaptive, there exist assistance games where N ≥ 3 and MH = N − 1, such that any learning
algorithm must achieve a regret of at least N−2

2N · T .

Proof. Consider the following assistance game. The set of preferences is an arbitrary set Θ of size N , the set of human
actions is an arbitrary set AH of size N − 1, and the set of assistant actions is the set of preferences AA = Θ. The reward
function is defined as r(aH , θ′; θ) = 1(θ = θ′).

First we will lower bound the utility of the optimal human and assistant strategy in hindsight. Notice that regardless of the
preferences chosen by nature, there must always exist a human-assistant policy pair that achieves N−1

N T utility in hindsight.
Indeed, let θ(1), . . . , θ(T ) be the sequence of preferences played by the adversary. There must exist a preference θ that
appears at most T

N times. The rest of the states must appear at least N−1
N · T times. Let πH be the human policy that assigns

to each of these preferences a unique one of the N − 1 messages, and πA be the robot policy that reverses this. This correctly
recovers the state when θ does not appear, so achieves a utility of at least N−1

N · T .

Now we will lower bound the utility the agents can achieve during the learning process. On step t over the T steps, let
Ht =

(
θ(1), π

(1)
H , π

(1)
A , . . . , θ(t−1), π

(t−1)
H , π

(t−1)
A

)
be the history of preferences, human policies, and assistant policies

played. The key property that we will exploit is that the policies the human and assistant play are independent given the
history, so that π(t)

H ⊥ π
(t)
A | Ht.

Given a π
(t−1)
H and π

(t−1)
R , what preference should the adversary play? The expected utility that the human and assistant

achieve, when the adversary plays state θ ∈ Θ is the probability that the agents correctly recover θ:

P
π
(t)
H ,π

(t)
A

(
θ = π

(t)
A

(
π
(t)
H (θ)

)
| Ht

)
=

∑
aH∈AH

P
π
(t)
H ,π

(t)
A

(
θ = π

(t)
A (aH) and aH = π

(t)
H (θ) | Ht

)
=

∑
aH∈AH

P
π
(t)
A

(
θ = π

(t)
A (aH) | Ht

)
P
π
(t)
H

(
aH = π

(t)
H (θ) | Ht

)
= E

aH∼π
(t)
H (θ)|Ht

[
P
π
(t)
A

(
θ = π

(t)
A (aH) | Ht

)]
.

We will show that there must always exist a preference θ ∈ Θ such that

E
aH∼π

(t)
H (θ)|Ht

[
P
π
(t)
A

(
θ = π

(t)
A (aH) | Ht

)]
≤ 1

2
.

Order the preferences θ1, . . . , θN . If this is true for any of the first N − 1 preferences, we are done. Otherwise, it is the case
that for all i from 1 to N − 1,

E
aH∼π

(t)
H (θ)|Ht

[
P
π
(t)
A

(
θi = π

(t)
A (aH) | Ht

)]
>

1

2
.

12
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Provably Optimal Learning Algorithms for Assistance Games

Therefore, for each i from 1 to N − 1, there must exist some aH,i ∈ AH such that

P
π
(t)
A

(
θi = π

(t)
A (aH,i) | Ht

)
>

1

2
. (1)

For any i from 1 to n, for any preference θ ∈ Θ with θ ̸= θi:

P
π
(t)
A

(
θ = π

(t)
A (aH,i) | Ht

)
= 1− P

π
(t)
A

(
θ ̸= π

(t)
A (aH,i) | Ht

)
≤ 1− P

π
(t)
A

(
θi = π

(t)
A (aH,i) | Ht

)
< 1− 1

2
=

1

2
.

So, for any preference θ that is not θi,

P
π
(t)
A

(
θ = π

(t)
A (aH,i) | Ht

)
<

1

2
. (2)

By Equations (1) and (2), no two aH,i can be equal. Since this is true for N − 1 = MH preferences, and every preference is
assigned a unique human action by the above, every human action appears in the set of aH,i, . . . , aH,N−1. That is, there is a
perfect matching between the set of all human actions and the first N − 1 preferences. When an action aH,i is played, it
must correspond to some preference θi with high probability. Therefore, for the final preference θN , every action is unlikely
to correspond to it, i.e. for every action aH ∈ AH ,

P
π
(t)
A

(
θN = π

(t)
A (aH) | Ht

)
≤ 1

2
,

and so

E
aH∼π

(t)
H (θ)|Ht

[
P
π
(t)
A

(
θN = π

(t)
A (aH) | Ht

)]
≤ 1

2
.

So, the adversary can always play a preference θ that forces the expected utility the agents achieve to be at most 1
2 . Whereas

in hindsight, the agents could have achieved an average of N−1
N per step, resulting in an expected regret of at least:

E

[
max
πH ,πA

T∑
t=1

1(θ(t) = πA(πH(θ(t)))−
T∑

t=1

1

(
θ(t) = π

(t)
A

(
π
(t)
H (θ(t))

))]
≥ N − 1

N
· T − 1

2
· T =

N − 2

2N
· T.

To extend this result to the case where the number of messages is arbitrary, the adversary can commit beforehand to only
using a subset of the states. It is interesting that even if the learners know which subset of the states the adversary has
committed to using, they still cannot achieve sublinear regret.
Theorem B.2. When nature is adaptive, there exist assistance games with N ≥ 3 and 1 < MH < N , such that any learning
algorithm must suffer a regret of at least MH−1

2MH+2T .

Proof. When MH may be arbitrary, the adversary may just commit upfront to only sending MH + 1 ≤ N states, fixed at
the start arbitrarily. Since MH ≥ 2, this means that there are MH + 1 ≥ 3 states, so the lower bound in Lemma B.1 applies
directly.

For the learning algorithms we derive for assistance games to be nontrivial, we then must assume that the adversary is
oblivious to the actions of the human and assistant.

C. A Lower Bound on Assistance Regret
In this section we prove Theorem 4.3, that efficiently achieving an approximation ratio better than 1− 1/e is impossible
unless P = NP.

First, it will be helpful to consider the offline case, where preferences are drawn from a distribution D over preferences, and
a human and assistant policy pair πH , πA must be outputted to maximize the expected reward when preferences are drawn
from D:

E
θ∼D

[r(πH(θ), πA(πH(θ)); θ)].

13
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Provably Optimal Learning Algorithms for Assistance Games

We start by showing that achieving an approximation better than 1− 1/e in the offline problem is NP-hard.

Lemma C.1 (Assistance is NP-hard). Computing any (potentially stochastic) human-assistant policy pair that is an
α-approximation of the optimal strategy, where α > 1− 1/e, in an offline assistance game, even with rewards restricted to
be 0 or 1, is NP-hard.

Proof. We will in fact show this offline hardness result for games where the human’s action has no effect on utility.

Recall that the problem of finding α-approximations to the max k-coverage problem with α > 1− 1/e is NP-hard (Feige,
1998). Then, we will reduce this to finding an α-approximation of optimal play in an assistance game. The rewards in this
game will be 0 or 1 only.

We start by recapping the k-maximum coverage problem. Given a value k and a collection of sets S = {S1, . . . , Sm} each
with elements in a universe U , find a collection of k sets Si1 , . . . , Sik such that

∣∣∣⋃k
ℓ=1 Siℓ

∣∣∣ is maximized. Feige (1998)
proved that it is NP-hard to get (1− 1/e)-approximations of the maximum k coverage of S.

We now describe a reduction from a maximum coverage problem to solving offline assistance games. Consider an arbitrary
k-maximum coverage problem over a collection of sets S = {S1, . . . , Sm} with elements in U . Create an assistance game
where the human’s action set is an arbitrary set of size MH = k, and the space of preferences is U . Make the assistant’s
action space S, so that each Si is an assistant action, Set the reward function to

r(aH , Si; e) =

{
1 if e ∈ Si,
0 otherwise.

The human’s action has no effect on utility and serves only to signal the preference.

Let the underlying distribution D assign an equal probability to each state, 1/ |U|.

We will prove two useful facts about this game.

1. Every solution to the max-M -coverage problem induces a solution to this assistance game with the same value. More
precisely, every collection of sets Si1 , . . . , SiM , with union S =

⋃M
j=1 Sij , induces an human-assistant policy pair

πH , πA that achieves utility that is at least the value of the sets in the maximum-M -coverage problem: |S| / |U|. Indeed,
let the human sends message mj when observing a state in Sij \

⋃j−1
ℓ=1 Siℓ . The assistant plays set Sij upon receiving

message mj . Let S =
⋃M

j=1 Si. Whenever a preference in S appears, the agents get a reward of 1, and so the expected
reward of this human-assistant policy pair is |S| / |U|, precisely the value of the sets in the maximum-M -coverage
problem.

2. Every solution with a deterministic assistant policy to this assistance game induces a solution to the max-M -coverage
problem with at least the same value. More precisely, given a deterministic assistant policy πA, we will construct
a collection of sets Si1 , . . . , SiM , with union S =

⋃M
j=1 Sij , so that for any human policy πH , the utility πH , πA

achieves utility is at most the value of the sets in the maximum-M -coverage problem: |S| / |U|.
πA maps each message to an action Si. There are MH possible messages, so simply take the MH actions, Si1 , . . . , SiM ,
that the assistant chooses to play as the solution to the maximum coverage problem. Let S =

⋃M
j=1 Sij . The value πA

achieves with any human policy πH is at most the probability that elements in S appear: |S| / |U|.

These reductions back and forth imply that the optimal values of both problems are equal.

In general assistance games, given a human policy πH that is not necessarily deterministic, there exists a deterministic
best-response assistant policy π∗

A that can be found by an efficient algorithm. Indeed, given a human action aH ∈ AH the
value of playing action aA ∈ AA for the assistant is

E
θ∼D

[r(aH , aA, θ) | πH(θ) = aH ] =
∑
θ∈Θ

P(θ | πH(θ) = aH)r(aH , aA, θ)

=
∑
θ∈Θ

P(θ)P(πH(θ) = aH)∑
θ′∈Θ P(θ′)P(πH(θ′) = m)

r(aH , aA, θ),

14
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Provably Optimal Learning Algorithms for Assistance Games

which can be computed in polynomial time in the number of actions and states. The reward any response achieves is linear,
and the optimal deterministically plays the action with largest expected reward given the human action observed.

Using these two facts, we can reduce the problem of finding an α-approximation of the k-maximum coverage problem to
finding an α-approximation of the optimal human-assistant policy pair in this assistance game. Suppose (πH , πA) are a
human-assistant policy pair that achieve an α-approximation of optimal play in this assistance game. (πH , πR) may not
necessarily be deterministic. But, by the above, we can construct in polynomial time a deterministic assistant policy π′

A that
achieves at least the same reward when paired with πH .

Applying fact 2 on π′
A this means that we have found a collection of sets Si1 , . . . , Sik that achieve at least α times the max

reward of the assistance game. So we have shown that the optimal reward in this game is equal to the optimal reward in the
maximum-k-coverage problem, and we are done!

With this tool in hand, we can show that, unless RP = NP, efficient learning algorithms for assistance games that achieve
approximate utility better than 1− 1/e cannot exist.

Theorem 4.3. Unless RP = NP, for any α > 1− 1/e, any algorithm that runs in time poly(N,MH ,MA) per iteration has
α-approximate assistance regret such that either Rα

T ∈ ω(T 1−ϵ) for all ϵ > 0 or Rα
T /∈ poly(N,MH ,MA).

Proof of Theorem 4.3. Suppose for the sake of contradiction that RT ∈ O
(
T 1−ϵ

)
for some ϵ > 0.

We can write for some constants c1, c2, a, b, c ∈ R, that RT (N,M) ≤ c1N
aM b

HM c
AT

1−ϵ+c2. This means that the average
regret per time step is at most

c1N
aM b

HM c
A

T ϵ
+

c2
T
.

The rest of the proof will follow the lead of Kapralov et al. (2013). Given a value k ∈ N and a collection of sets
S = {S1, . . . , Sm} each with elements in a universe U , Feige (1998) proved that, for any δ > 0, it is NP-hard to distinguish
between the following two cases:

1. Yes case: Some choice of k sets covers U .

2. No case: No choice of k sets covers a 1− 1/e + δ proportion of the elements in U .

Therefore, if there is a polynomial-time algorithm that outputs yes with constant probability when in the yes case, and
outputs no always when in the no case, it must be that RP = NP.

Suppose there exists an efficient no-α-approximate regret assistance game learning algorithm. We will show that the problem
above for δ = α−(1−1/e)

2 can be solved with a constant probability of success in the yes case, and always in the no case.
This would prove RP = NP.

Given an instance of the set-cover problem, run the algorithm on the corresponding assistance game derived in Lemma C.1.
As we show in Lemma C.1, the optimal value in this game is equal to that of the set-cover problem.

Run the no-α-approximate regret learning algorithm for

T = max

(
c2,

((
α− (1 + 1/e)

4

)
c1N

aM b
HM c

A

)1/ϵ
)
∈ poly(N,M)

steps, and the average regret per iteration becomes at most α−(1−1/e)
4 .

First, notice that we may as well pretend that the human and assistant output their full policy at every step π
(t)
H and π

(t)
A at

every step, not just π(t)
H (θ(t)) and π

(t)
A (π

(t)
H (θ(t))). This is because at every step of the learning algorithm, we can create

MH and MA copies and ask for the distribution over actions on every counterfactual input.

The reduction will be as follows. Run the algorithm on T i.i.d draws θ(1), . . . , θ(T ) ∼ DT , induce a sequence of human-
assistant policy pairs (π

(1)
H , π

(1)
A ), . . . , (π

(T )
H , π

(T )
A ), compute the expected reward of each human-assistant policy pair
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averaged over D (which we can do in at most O (N) time each), and output yes if some pair π(t)
H , π

(t)
A exists with expected

reward at least α− 3(α−(1−1/e))
8 , and no otherwise.

When we are in the no case, no solution will have expected reward in the assistance game that is at least α− 3(α−(1−1/e))
8 ,

so we will always output no.

Suppose we are in the yes case, so that the optimal utility is 1. Because we run for long enough that average regret is
α−(1−1/e)

4 , we can say

E
θ1:T∼DT

[
1

T

T∑
t=1

r
(
π
(t)
H (θ(t)), π

(t)
A (π

(t)
H (θ(t))); θ(t)

)]
≥ α− α− (1− 1/e)

4
. (3)

To move forward, we will need to remove the dependence on θ(t) in the expected reward. Notice that θ(t)⊥(π(t)
H , π

(t)
A ),

as θ(t) is sampled from D, and π
(t)
H , π

(t)
A depends only on θ(1), . . . , θ(t−1), which themselves are independent of θ(t).

Therefore, for any t, it must be that

E
θ1:T∼DT

[
r
(
π
(t)
H (θ(t)), π

(t)
A (π

(t)
H (θ(t))); θ(t)

)]
= E

θ1:(t−1)∼D(t−1)
E

θ(t)∼D

[
r
(
π
(t)
H (θ(t)), π

(t)
A (π

(t)
H (θ(t))); θ(t)

)
| θ(1), . . . , θ(t−1)

]
= E

θ1:(t−1)∼D(t−1)
E

θ∼D

[
r
(
π
(t)
H (θ), π

(t)
A (π

(t)
H (θ)); θ

)]
. (4)

And so by the linearity of expectation,

E
θ1:T∼DT

[
1

T

T∑
t=1

r
(
π
(t)
H (θ(t)), π

(t)
A (π

(t)
H (θ(t))); θ(t)

)]

=
1

T

T∑
t=1

E
θ1:T∼DT

[
r
(
π
(t)
H (θ(t)), π

(t)
A (π

(t)
H (θ(t))); θ(t)

)]
=

1

T

T∑
t=1

E
θ1:(t−1)∼D(t−1)

E
θ∼D

[
r
(
π
(t)
H (θ), π

(t)
A (π

(t)
H (θ)); θ

)]
(By Equation (4))

=
1

T

T∑
t=1

E
θ1:T∼DT

E
θ∼D

[
r
(
π
(t)
H (θ), π

(t)
A (π

(t)
H (θ)); θ

)]
= E

θ1:T∼DT

[
1

T

T∑
t=1

E
θ∼D

[
r
(
π
(t)
H (θ), π

(t)
A (π

(t)
H (θ)); θ

)]]
Plugging this into (3),

E
θ1:T∼DT

[
1

T

T∑
t=1

E
θ∼D

[
r
(
π
(t)
H (θ), π

(t)
A (π

(t)
H (θ)); θ

)]]
≥ α− α− (1− 1/e)

4
.

Let X̄ = 1
T

∑T
t=1 Eθ∼D

[
r
(
π
(t)
H (θ), π

(t)
A (π

(t)
H (θ)); θ

)]
. Since rewards lie in [0, 1], the random variable 1 − X̄ is non-

negative, and the displayed inequality above bounds E[1− X̄] ≤ 1− α+ α−(1−1/e)
4 . By Markov’s inequality applied to

1− X̄ ,

Pr

[
X̄ < α− 3(α− (1− 1/e))

8

]
= Pr

[
1− X̄ > 1− α+

3(α− (1− 1/e))

8

]
≤

1− α+ α−(1−1/e)
4

1− α+ 3(α−(1−1/e))
8

,

and the right-hand side is a constant strictly less than 1 for any fixed α > 1− 1/e. Therefore, with constant probability,

1

T

T∑
t=1

E
θ∼D

[
r
(
π
(t)
H (θ), π

(t)
A (π

(t)
H (θ)); θ

)]
≥ α− 3(α− (1− 1/e))

8
.
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Because it is an average, we can say in this case that there must exist some t such that

E
θ∼D

[
r
(
π
(t)
H (θ), π

(t)
A (π

(t)
H (θ)); θ

)]
≥ α− 3(α− (1− 1/e))

8
,

and our reduction will find it.

Thus, we can efficiently determine whether we are in the yes case with constant probability, and we are done!

D. Missing proofs
D.1. Proof of Lemma D.1

Lemma D.1 (Assistance Matroid is a Partition Matroid, restated). For any assistance game G, the corresponding assistance
matroidMG = (UG, IG) defined in Definition 5.2 is a partition matroid with rank MH (Definition A.3).

Proof. The maximum size of S ∈ IG is MH because there can be at most one action pair for each human action. So
the rank ofMG is MH . To see why this is a partition matroid, consider partitioning the ground set UG into disjoint sets
UaH

= {aH} × AA with capacities daH
= 1 for aH ∈ AH . Since no two human actions are in the same independent set,

we have |IG ∩ UaH
| = daH

= 1. This completes the proof.

D.2. Proof of Proposition 5.4

For every independent set I ∈ IG, let AI
H = {aH ∈ AH | ∃aA ∈ AA : (aH , aA) ∈ I} be the set of human actions paired

with an assistant action in I . If I = ∅, then Vθ(I) = 0, and any policy pair achieves reward at least 0 by definition.

Otherwise, we can define the associated assistant policy as playing, in response to any human action aH ∈ AI
H the assistant

action paired with aH in I , and in response to any human action aH /∈ AI
H an arbitrary assistant action aA ∈ AA:

πI
A(aH) =

{
aA if aH ∈ AI

H and (aH , aA) ∈ I,

aA if aH /∈ AI
H .

This is well-defined: because the set I is independent, every human action is paired with at most one assistant action.

Defining the associated human policy πI
H : Θ→ AH as being the one that plays the optimal response to πI

A with actions in
AI

H ,
πI
H(θ) = argmax

aH∈AI
H

r(aH , aA; θ),

the reward the policies πI
H and πI

A achieve when paired together on preference θ is exactly the value Vθ(I):

r(πI
H(θ), πI

A(π
I
H(θ)); θ) = max

aH∈AI
H

r(aH , πI
A(aH); θ) = max

(aH ,aA)∈I
r(aH , aA; θ) = Vθ(I).

This proves the first condition. For the second, given any assistant policy πA ∈ ΠA define the set

IπA
= {(aH , πA(aH)) ∈ UG : aH ∈ AH}.

Because every aH appears in one pair in IπA
, IπA

is an independent set inMG. For every preference θ ∈ Θ and every
human policy πH : Θ→ AH , it follows that

r(πH(θ), πA(πH(θ)); θ) ≤ max
aH∈AH

r(aH , πA(aH); θ) = max
aH ,aA∈IπA

r(aH , aA; θ) = Vθ(IπA
).

D.3. Structural properties of the value of assistance function

Lemma D.2 (restated). The value of assistance function Vθ is a weighted threshold potential (Definition A.2).
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Proof. Fix a θ ∈ Θ. We will show that Vθ is a weighted threshold potential. Sort the values r(aH , aA; θ) from largest
to smallest, α1, . . . , αMHMA

, where αi is the ith largest reward a human-assistant action pair can achieve, and let(
a
(1)
H , a

(1)
A

)
, . . . ,

(
a
(MHMA)
H , a

(MHMA)
A

)
be the corresponding ordering of human-assistant action pairs from highest

to lowest. Set αMHMA+1 = 0.

The key trick is to rewrite the difference between the max over any non-empty S and the overall minimum over AH ×AA

as a telescoping sum:

max
(aH ,aA)∈S

r(aH , aA; θ) =

MHMA∑
k=1

(αk − αk+1) · 1
(
∃i ≤ k :

(
a
(i)
H , a

(i)
A

)
∈ S

)
.

The indicator function 1
(
∃i ≤ k :

(
a
(i)
H , a

(i)
A

)
∈ S

)
is a budget-additive function

1
(
∃i ≤ k :

(
a
(i)
H , a

(i)
A

)
∈ S

)
= min

{
1,
∑
i∈S

wk
i

}
,

where wk
i = 1(i ≤ k). So, defining the modular function gk(S) =

∑
i∈S wk

i , we can write

max
(aH ,aA)∈S

r(aH , aA; θ) =

MHMA∑
k=1

(αk − αk+1) ·min {1, gk(S)} .

Because the list of αi is ordered, it follows that αk ≥ αk+1, and so all the coefficients are non-negative. By definition,
max(aH ,aA)∈S r(aH , aA; θ) = Vθ(S). So, all in all, when S is non-empty, we can write the value of assistance function as
a non-negative linear combination of weighted threshold potentials

Vθ(S) =

MHMA∑
k=1

(αk − αk+1) ·min {1, gk(S)} . (5)

When S = ∅, both sides are 0, so the equality always holds.

For the value of assistance function Vθ written in weighted threshold potential form (Equation (5)), the concave relaxation
over the matroid polytope Y = conv{1S : S ∈ IG} is

Ṽθ(y) =

MHMA∑
k=1

(αk − αk+1) ·min

{
1,

k∑
i=1

y
(a

(i)
H ,a

(i)
A )

}
,

where y ∈ Y ⊆ [0, 1]MHMA .

Lemma D.3 (restated). For any preference θ ∈ Θ, the concave relaxation Ṽθ of the value of assistance function is 1-Lipschitz
with respect to the ℓ1 norm over Y = [0, 1]MHMA .

Proof. Consider θ and the corresponding concave relaxation Ṽθ defined in Definition A.4. We can write Ṽθ(y) =∑MHMA

k=1 |ck|min{1,w⊤
k y} where |ck| = |αk − αk+1| and wk ∈ {0, 1}MHMA are coefficients and weight vectors derived

in the proof of Lemma D.2 where we express the value of assistance functions in the form of weighted threshold potentials.
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For any y,y′ ∈ Y:

|Ṽθ(y)− Ṽθ(y
′)| ≤

MHMA∑
k=1

|ck|
∣∣min{1,w⊤

k y} −min{1,w⊤
k y

′}
∣∣

≤
MHMA∑
k=1

|ck|
∣∣w⊤

k (y − y′)
∣∣

≤
MHMA∑
k=1

|ck| · ∥wk∥∞ · ∥y − y′∥1

≤

(
MHMA∑
k=1

|ck|

)
∥y − y′∥1.

This shows that the function Ṽθ is Lipschitz with Lipschitz constant:

MHMA∑
k=1

|ck| =
MHMA∑
k=1

(αk − αk+1) = α1 − αMHMA+1 = α1 ≤ 1.

Where the last inequality holds because rewards are bounded in [0, 1].

D.4. Proof of Proposition 5.1

By Proposition 5.4, the centralized assistance game reduces to online maximization of value of assistance functions over
the assistance matroidMG. The assistance matroid has ground set size |UG| = MHMA and rank MH (Lemma D.1). By
Lemma D.2 and Lemma D.3, the value of assistance functions are weighted threshold potentials and their concave relaxations
are 1-Lipschitz. Applying the RAOCO algorithm of Salem et al. (2024) with these parameters yields a poly(MH ,MA, N, T )
time algorithm with expected (1− 1/e)-approximate regretO

(
MH

√
T logMA

)
. This is a direct result of the regret analysis

done in (Salem et al., 2024) which is restated as Proposition E.2 in the appendix.

D.5. Proof of Lemma 4.4

Let
(
π
(t)
H , π

(t)
A

)
be the policy pair output by AlgC at round t. By our construction of AlgH , the human policy played in

round t is π(t)
H . Let π(t)

A denote the assistant policy played by AlgA in round t. The assistance regret of the decentralized
pair is

Rα
T = α max

πH ,πA

T∑
t=1

rt(πH , πA)−
T∑

t=1

rt

(
π
(t)
H , π

(t)
A

)
.

We decompose this into two terms by adding and subtracting the centralized algorithm’s reward:

RT = α max
πH ,πA

T∑
t=1

rt(πH , πA)−
T∑

t=1

rt

(
π
(t)
H , π

(t)
A

)
︸ ︷︷ ︸

Rcentral

+

T∑
t=1

rt

(
π
(t)
H , π

(t)
A

)
−

T∑
t=1

rt

(
π
(t)
H , π

(t)
A

)
︸ ︷︷ ︸

Rcoord

.

The first term Rcentral is the external regret of the centralized algorithm AlgC , i.e., Rα,ext
T (AlgC).

For the second term, let p denote the number of times the sequence
(
π
(t)
H , π

(t)
A

)T
t=1

switches, and let s1, . . . , sp be the time

indices at which switches occur (with s1 = 1 and sp+1 = T + 1). Within each segment [si, si+1), the centralized algorithm
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plays the same policy pair. We can bound:

Rcoord =

T∑
t=1

rt

(
π
(t)
H , π

(t)
A

)
−

T∑
t=1

rt

(
π
(t)
H , π

(t)
A

)

=

p∑
i=1

si+1−1∑
t=si

rt

(
π
(si)
H , π

(si)
A

)
−

p∑
i=1

si+1−1∑
t=si

rt

(
π
(si)
H , π

(t)
A

)

≤ max
s1,...,sp

π
(1)
A ,...,π

(p)
A

p∑
i=1

si+1−1∑
t=si

(
rt

(
π
(si)
H , π

(i)
A

)
− rt

(
π
(si)
H , π

(t)
A

))
≤ Rtrack

T (AlgA; p).

Since p ≤ ST (AlgC ; δ) with probability at least 1− δ, we have

Rα
T ≤ Rα,ext

T (AlgC) +Rtrack
T (AlgA; ST (AlgC ; δ)) + δT,

where the δT term accounts for the event that the number of switches exceeds the high-probability bound.

D.6. Proof of Proposition 6.1

From Proposition E.2, the (1− 1/e)-approximate regret of the CR-RAOCO algorithm is bounded by (1− 1/e) times the
regret of the underlying OCO algorithm. By Proposition E.3, the number of switches of CR-RAOCO is at most the number
of switches of the underlying OCO algorithm, since the coupled randomness makes the rounding step a deterministic
function of the OCO iterate.

We instantiate the inner OCO algorithm with the P-COMW algorithm of Agarwal et al. (2024) (Algorithm 4). The convex
domain is Y = [0, 1]MAMH , with diameter D =

√
MAMH and dimension d = MAMH . By Lemma D.3, the concave

relaxation Ṽθ is 1-Lipschitz with respect to ∥ · ∥1, hence G-Lipschitz with respect to ∥ · ∥2 for G ≤
√
MAMH . Setting the

switching budget S =
√
MAMHT in Theorem E.4 gives

RT ≤ GD
√
2T + 16GD log(T ) ·

√
dT

S
+ 13GD ∈ O

(
MAMH

√
T log T

)
,

where the last bound substitutes G = D =
√
MAMH , d = MAMH , and S =

√
MAMHT . Multiplying by the (1− 1/e)

factor from Proposition E.2 preserves the rate, giving the expected (1− 1/e)-approximate assistance regret bound stated in
Proposition 6.1.

For the switching bound, Theorem E.4 gives Pr[ST ≥ 3S] ≤ e−S . Choosing S = max
(√

MAMHT , log(1/δ)
)

yields,
with probability at least 1− δ, ST ≤ 3S ∈ O

(√
MAMHT + log(1/δ)

)
⊆ O

(√
MAMHT log(1/δ)

)
, matching the bound

stated in Proposition 6.1. By Proposition E.3 this same bound applies to the number of switches made by CR-RAOCO.

Crucially, Theorem E.4 requires only convexity and Lipschitz-ness of the losses—both satisfied by Ṽθ—and does not
require the smoothness assumption needed by FTPRLL (Sherman & Koren, 2021), which fails for the piecewise-linear
value-of-assistance relaxation.

D.7. Proof of Proposition 6.2

We construct AlgA using an algorithm Algtrack as a subroutine in a blackbox manner. We will choose Algtrack to be an
algorithm designed to minimize tracking regret in general online learning problems (such as algorithms from (Herbster &
Warmuth, 1998; Cesa-Bianchi et al., 2012)).

We will first describe how AlgA is constructed using Algtrack. Then we will express the tracking regret as of AlgA in terms
of tracking regret of Algtrack. Finally we will apply bounds on tracking regret from previous work to obtain the bound of
the proposition.

The assistant’s algorithm AlgA maintains MH copies of Algtrack, one for each human action aH ∈ AH . Let us denote the
copy associated with action aH by AlgaH

track. Each copy of Algtrack optimizes over the space of assistant actions AA. The
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assistant’s policy at round t: π(t)
A chooses the action selected by the copy Alg

a
(t)
H

track, where a
(t)
H = π

(t)
H (θ(t)). At the end

of round t, the assistant updates this copy of Algtrack using the bandit feedback it receives of reward rt(π
(t)
H , π

(t)
A ) upon

selecting action a
(t)
A .

We will show that we can bound the assistant’s tracking regret over the space ΠA by the sum of the tracking regrets of each
of the MH copies of Algtrack. We can decompose the reward rt as rt(π

(t)
H , πA) =

∑
aH∈AH

raH
t (πA(aH)), where each

raH
t : AA → [0, 1] is defined by raH

t (aA) = r(aH , aA; θ
(t)) · 1

(
π
(t)
H (θ(t)) = aH

)
. raH

t is the reward function with which
the copy AlgaH

track is updated. We can decompose the tracking regret of the assistant as

Rtrack
T (AlgA; p) = max

s1,...,sp+1

π
(1)
A ,...,π

(p)
A ∈ΠA

p∑
i=1

si+1−1∑
t=si

rt(π
(t)
H , π

(i)
A )−

T∑
t=1

rt(π
(t)
H , π

(t)
A )

= max
s1,...,sp+1

π
(1)
A ,...,π

(p)
A

∑
aH∈AH

[
p∑

i=1

si+1−1∑
t=si

raH
t (π

(i)
A (aH))−

T∑
t=1

raH
t (π

(t)
A (aH))

]

≤
∑

aH∈AH

max
s1,...,sp+1

π
(1)
A ,...,π

(p)
A

[
p∑

i=1

si+1−1∑
t=si

raH
t (π

(i)
A (aH))−

T∑
t=1

raH
t (π

(t)
A (aH))

]

≤
∑

aH∈AH

Rtrack
T (AlgaH

track; p) = MHRtrack
T (AlgaH

track; p).

Using regret bounds for a tracking regret minimizing algorithm from previous work like Fixed-Share algorithm (Herbster
& Warmuth, 1998; Cesa-Bianchi et al., 2012) that we restate in Section E.3, we get the tracking regret bound in the
proposition.

D.8. Proof of Theorem 4.1

First we describe the decentralized human and assistant yielding this assistance regret rate. The human algorithm is derived
from the centralized algorithm AlgC with the external regret and switching bound provided in Proposition 6.1. In particular,
AlgC has expected (1 − 1/e)-external regret at most O

(√
MAMHT

)
and, with probability 1 − 1/T , switches at most

O (MAMHT log(T )) times. AlgH is derived from AlgC in the standard way described in Algorithm 1. The assistant
algorithm AlgA is the one shown to achieve low tracking regret in Proposition 6.2 and the human algorithm AlgH derived
from the centralized algorithm.

We can immediately apply Lemma 4.4 to achieve the regret guarantee stated in the theorem, for α = 1− 1/e,

Rα
T ≤ Rα,ext

T (AlgC) +Rtrack
T (AlgA;ST (AlgC ; δ)) + δT (By Lemma 4.4)

= Rα,ext
T (AlgC) +MH

√
MAT log(MAT ) · ST (AlgC ; 1/T) + 1 (By Proposition 6.2)

=
√
MHMAT +MH

√
MAT log(MAT ) ·

√
MAMHT log(T ) + 1 (By Proposition 6.1)

∈ O
(
M

5/4
H M

3/4
A log(MAT )

3/4T 3/4
)
.

D.9. Proof of Theorem 4.2

We first describe the human and assistant algorithms AlgH and AlgA, and then bound their assistance regret.

Construction of AlgH and AlgA. As in the proofs of Lemma 4.4 and Proposition 6.2, the human algorithm AlgH runs
the stable centralized algorithm AlgC from Proposition 6.1. On most rounds it plays the human component of AlgC’s
output. However, whenever AlgC switches to a new policy pair, AlgH temporarily deviates in order to communicate the new
assistant policy to the assistant. This removes the need for the assistant to relearn the policy through exploration, enabling us
to get a better regret rate than the O(T 3/4) rate in Proposition 6.2.
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An assistant policy is a mapping πA : AH → AA. There are MMH

A such policies, so any policy can be encoded using
logMH

(MMH

A ) = MH logMH
(MA) human actions. We assume the agents share a common mapping sequences of human

actions to assistant policies.

Signaling a switch. To begin communication, both agents must detect that a switch has occurred. The human knows this
(since it runs AlgC ), but the assistant does not. We design the following signaling-string protocol in which the human uses a
special sequence of actions to indicate that a switch has occurred.

Before the first round of the game, but after nature chooses a sequence of preferences (θ(1), . . . , θ(T )), the human and
assistant sample a shared random string σ ∈ Aℓ

H , for ℓ =
⌈
2 logMH

T
⌉
, where each element of σ that is drawn uniformly at

random from AH . The human chooses actions according to string σ to indicate to the assistant the start of a communication
phase.

Let us call the rounds outide of the communication and signaling string σ rounds of normal play. These are rounds where
the human’s action is derived from the centralized algorithm. That is, a(t)H = π

(t)
H (θ(t)).

Whenever AlgC switches to a new policy pair, the human instead plays 1) the signaling string σ for ℓ rounds, and 2) the
encoded assistant policy for MH logMH

(MA) rounds. The assistant monitors a sliding window of the last ℓ human actions
and, upon detecting σ, interprets the subsequent MH logMH

(MA) actions as an encoding of the new assistant policy.

No false positives in assistant’s detection of communication phase. We now show it is unlikely that the assistant
incorrectly perceives the start of a communication phase. That is σ is unlikely to appear accidentally during normal play.

Because the adversary is oblivious, the sequence (θ(1), . . . , θ(T )) is fixed before σ is sampled. Moreover, AlgC is full-
information: its updates depend only on past preferences and its own randomness, and not on the realized actions. Fix
any realization ρ of AlgC’s internal randomness. Given (θ(1), . . . , θ(T )) and ρ, the sequence of policies output by AlgC is
deterministic. Hence the sequence of human actions during normal play aH

norm(ρ) is deterministic and does not depend on
σ.

Since σ is drawn uniformly fromAℓ
H and independently of anorm(ρ), the probability that any fixed window of ℓ consecutive

normal-play actions equals σ is M−ℓ
H . Taking a union bound over at most T such windows,

Pr [σ appears during normal play] ≤ T ·M−ℓ
H ≤ T · T−2 =

1

T
.

This bound holds for every ρ, and hence unconditionally. Therefore, with probability at least 1− 1/T , the assistant detects
every communication phase correctly and incurs no false positives.

After receiving a communicated policy, the assistant plays it exactly until the next switch, achieving perfect synchronization.

Assistance regret analysis. To get the final bound on assistance regret, we will use an approach similar to the decomposi-
tion from Lemma 4.4. Conditioning on the event that σ does not appear during normal play (which holds with probability at
least 1− 1/T ), the policies played by the decentralized algrorithms match the policies selected by AlgC in all rounds but
1) the rounds where signaling string σ is played to indicate switch, and 2) the rounds used to communicate the switched
assistant policy. For a single switch, these rounds occur ℓ = logMH

T times and MH logMH
MA times respectively. Since

rewards lie in [0, 1], each such round incurs at most unit regret. If AlgC makes ST switches, then these rounds result in a
cost of coordination of

Rcoord ≤ (ℓ+MH logMH
(MA))ST = O

(
MH logMH

(MA) + logMH
T
)
ST .

On the 1/T -probability event of a false positive, we bound regret by T , contributing at most 1 in expectation.

By Proposition 6.1, the centralized algorithm satisfies

Rext
T (AlgC) ∈ O(

√
MAMHT ), ST ∈ O

(√
MAMHT log(1/δ)

)
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with probability at least 1− δ. Setting δ = 1/T and combining terms,

RT ≤ Rext
T (AlgC) +Rcoord + δT

≤ O(
√
MAMHT ) +O

(
MH logMH

(MA) + logMH
T
)
·O
(√

MAMHT log T
)
+O(1)

= O
(
MH logMH

(MA) ·
√

MAMHT
)
.

E. Results from Previous Work
In this section, we will state the results from previous work that we use for our results. We will also prove any extensions to
these results that we need for our results.

E.1. Online Submodular Maximization

A key tool that we use is the reduction of online submodular maximization to online convex optimization constructed
in Salem et al. (2024). This reduction relies on the existence of concave relaxations and rounding schemes that satisfy
a “sandwich property.” The following proposition establishes that this property holds for Lipschitz weighted threshold
potentials (Definition A.2), which is the class of functions arising in assistance games.

Proposition E.1 (Sandwich Property for Lipschitz Weighted Threshold Potentials). Let X ⊆ {0, 1}n and let Y = conv(X )
be its convex hull. Let F be a class of weighted threshold potential functions (Definition A.2) over X that are L-Lipschitz.
Then, there exists a randomized rounding Ξ : Y × U → X , where U is a random variable, such that for every f ∈ F , there
exists an L-Lipschitz concave function f̃ : Y → R satisfying:

1. f̃(x) ≥ f(x) for all x ∈ X , and

2. EΞ[f(Ξ(y))] ≥ (1− 1/e) · f̃(y) for all y ∈ Y .

This proposition is stated as Lemma 1 in Salem et al. (2024) and its proof is provided in Appendix E of Salem et al. (2024).
The proof involves showing that negatively correlated randomized roundings lead to the property stated in the proposition
for weighted threshold potential functions with concave relaxations that are Lipschitz. It then uses results from Chekuri et al.
(2010) to show that swap rounding and randomized pipage rounding are negatively correlated for partition matroidsM. We
describe the swap rounding algorithm and express it as a function over X and a random variable U ∼ Uniform([0, 1])n+1.

Algorithm 2 Swap Rounding (Chekuri et al., 2010; Salem et al., 2024)

Require: y ∈ Y = conv(X ), random vector U = (U1, . . . , Un+1) ∼ Unif([0, 1])n+1

Ensure: x ∈ X
1: Decompose y =

∑K
k=1 γkzk where γk ∈ [0, 1],

∑K
k=1 γk = 1, and zk ∈ X are bases of the matroid ▷ K ≤ n+ 1 by

Carathéodory
2: β1 ← γ1
3: x← z1
4: for k = 1, . . . ,K − 1 do
5: βk+1 ← βk + γk+1

6: if Uk ≤ βk/βk+1 then
7: x← x ▷ Probability βk/βk+1: keep current
8: else
9: x← zk+1 ▷ Probability γk+1/βk+1: switch

10: end if
11: end for
12: return x

The algorithm provided by (Salem et al., 2024) using this reduction is called Randomness Augmented Online Convex
Optimization (RAOCO). We use a slightly modified version called the Coupled-Randomness RAOCO (CR-RAOCO)
algorithm. CR-RAOCO implements the RAOCO algorithm in Salem et al. (2024) but by coupling the randomness in the
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rounding step across the different rounds. This is done by drawing a single random variable U ∼ Uniform([0, 1])n+1 and
using it to round all the points across all the rounds. We introduce the coupling to enhance the stability of the RAOCO
algorithm. We provide a description of the CR-RAOCO algorithm in the following algorithm Algorithm 3.

Algorithm 3 Coupled-Randomness RAOCO (CR-RAOCO)

Require: OCO policy PY , randomized rounding Ξ : Y × U → X , randomness distribution Drandom

1: U ∼ Drandom ▷ Sample randomness once
2: for t = 1, 2, . . . , T do
3: yt ← PY,t((ys)s<t, (f̃s)s<t)
4: xt ← Ξ(yt,U) ▷ Round using shared randomness U
5: Play xt and receive reward ft(xt)
6: Reward function ft is revealed
7: Construct concave extension f̃t from ft as in Proposition E.1
8: end for

The following proposition shows that the regret of the CR-RAOCO policy transfers from the OCO regret guarantee. The
analysis is basically the same as the regret analysis of RAOCO done by (Salem et al., 2024). The only difference is
establishing that the sandwich property shown in Proposition E.1 holds with the coupled rounding procedure as well. The
sandwich property is only a condition on the expectation of a function applied to the rounded random variable. Since the
marginal distribution of the rounded random variable is unchanged after the coupling, the expectation remains the same and
the property continues to hold. We state the regret analysis including this additional argument below.

Proposition E.2 (Regret Bound for RAOCO (Salem et al., 2024)). Under the Sandwich Property (Proposition E.1), given
an OCO policy PY operating over Y = conv(X ), the RAOCO policy PX described by Algorithm 3 satisfies

α-regretT (PX ) ≤ α · regretT (PY).

Proof. Consider the sequence of reward functions {f1, f2, . . . , fT } ∈ FT and the associated sequence of concave relax-
ations {f̃1, f̃2, . . . , f̃T } ∈ F̃T . Then,

max
x∈X

T∑
t=1

ft(x) ≤ max
x∈X

T∑
t=1

f̃t(x) ≤ max
y∈Y

T∑
t=1

f̃t(y). (6)

The first inequality follows from the upper bound property f̃(x) ≥ f(x) for all x ∈ X (property 1 in Proposition E.1), and
the second inequality holds because maximizing over a superset Y = conv(X ) ⊇ X can only increase the objective value
attained.

The total expected reward obtained by the RAOCO policy is given by

EΞ

[
T∑

t=1

ft(xt)

]
=

T∑
t=1

EΞ[ft(xt)] =

T∑
t=1

EΞ[ft(Ξ(yt))] ≥ α

T∑
t=1

f̃t(yt), (7)

where the inequality follows from the rounding property EΞ[f(Ξ(y))] ≥ α · f̃(y) for all y ∈ Y (property 2 in Proposi-
tion E.1).

Combining Equations (6) and (7), we obtain

αmax
x∈X

T∑
t=1

ft(x)− EΞ

[
T∑

t=1

ft(xt)

]
≤ αmax

y∈Y

T∑
t=1

f̃t(y)− α

T∑
t=1

f̃t(yt).

Taking the supremum over all sequences of reward functions in FT on both sides yields the desired result:

α-regretT (PX ) ≤ α · regretT (PY).
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Provably Optimal Learning Algorithms for Assistance Games

The following proposition establishes that the number of switches made by CR-RAOCO is exactly the number of switches
made by the underlying OCO policy. This is a key property that allows us to control the switching cost of the algorithm.
Proposition E.3 (Switching Bound for CR-RAOCO). Let PY be an OCO policy and let PX be the CR-RAOCO policy
described by Algorithm 3. Let (y1, . . . ,yT ) be the sequence of fractional points produced by PY and let (x1, . . . ,xT ) be
the sequence of integral points produced by PX . Then, the number of switches satisfies

T∑
t=2

1[xt ̸= xt−1] ≤
T∑

t=2

1[yt ̸= yt−1].

Proof. In CR-RAOCO, the randomness U is sampled once at the beginning and shared across all rounds. Given this fixed
U, the rounding function Ξ(·,U) : Y → X is a deterministic function. Therefore, xt = Ξ(yt,U) for all t.

Since Ξ(·,U) is deterministic, if yt = yt−1, then xt = Ξ(yt,U) = Ξ(yt−1,U) = xt−1. Equivalently, xt ̸= xt−1 implies
yt ̸= yt−1. Thus,

1[xt ̸= xt−1] ≤ 1[yt ̸= yt−1]

for all t ≥ 2, and summing over t yields the result.

E.2. Online Convex Optimization with Few Switches

The CR-RAOCO algorithm uses an OCO algorithm as a black box. To ensure CR-RAOCO has both low regret and few
switches, we use the Private Continuous Online Multiplicative Weights (P-COMW) algorithm of Agarwal et al. (2024),
a Shrinking-Dartboard-style algorithm based on sampling from a strongly log-concave density. Unlike the lazy OCO
algorithm of Sherman & Koren (2021), which requires the loss functions to be β-smooth, P-COMW requires only that the
losses be convex and Lipschitz—properties that hold for the value-of-assistance concave relaxation Ṽθ used in our setting
(Lemma D.3). Compared to the earlier Shrinking-Dartboard variant of Anava et al. (2015), P-COMW additionally provides
a flexible switching budget, an improved dimensional dependence in its regret bound, and a high-probability bound on the
number of switches that is included directly in the analysis of Agarwal et al. (2024).

Algorithm 4 Private Continuous Online Multiplicative Weights (P-COMW) (Agarwal et al., 2024)

Require: Convex domain W ⊆ Rd, temperature β > 0, regularization λ > 0, scale Φ > 0
1: Sample x1 ∼ µ1 where µ1(x) ∝ exp

(
−λ

2 ∥x∥
2
)

2: for t = 1, . . . , T do
3: Play xt and observe loss gt : W → [0, 1]

4: Define the strongly log-concave density µt+1(x) ∝ exp
(
−β
∑t

τ=1 gτ (x)−
λ
2 ∥x∥

2
)

5: With probability min
{
1, µt+1(xt)/(Φ · µt(xt))

}
, set xt+1 ← xt ▷ Stay

6: Otherwise, sample xt+1 ∼ µt+1 independently ▷ Switch
7: end for

P-COMW samples each iterate from a strongly log-concave density—continuous online multiplicative weights with an
added ℓ2 regularization—and uses a rejection-sampling-style stay-step that ensures few switches while preserving the
marginal regret of the underlying continuous multiplicative weights distribution. The strong-convexity term governed by λ
is the key innovation that buys the improved dimensional dependence relative to prior non-smooth analyses. The following
theorem from Agarwal et al. (2024) bounds both the regret and the number of switches as a function of an arbitrary switching
budget S, with no smoothness assumption on the losses.
Theorem E.4 (Lazy OCO Guarantees (Agarwal et al., 2024)). Let W ⊆ Rd be convex with diameter D = supx,y∈W ∥x−y∥,
and let g1, . . . , gT : W → [0, 1] be convex and G-Lipschitz. For any switching budget S ∈ [1, T ], with parameters β, λ,Φ
chosen as in Theorem 4.5 of Agarwal et al. (2024), Algorithm 4 satisfies

RT ≤ GD
√
2T + 16GD log(T ) ·

√
dT

S
+ 13GD,

and the number of switches satisfies E[ST ] ≤ S together with the high-probability bound

Pr
[
ST ≥ 3S

]
≤ e−S .
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Polynomial-time implementation. Algorithm 4 requires sampling from the strongly log-concave density µt+1(x) ∝
exp
(
−β
∑

τ≤t gτ (x)−
λ
2 ∥x∥

2
)

over W . When W admits a polynomial-time membership oracle—as is the case for the
matroid polytope used in CR-RAOCO—this sampling problem can be solved approximately in time poly(d, T, 1/ε) via
standard log-concave samplers such as hit-and-run (Lovász & Vempala, 2007). The polynomial degree is higher than that of
FTPRLL but remains poly(MH ,MA, N, T ), matching the runtime claim of our centralized algorithm.

E.3. Tracking regret

The tracking regret framework has been studied to achieve good rewards relative to the baseline action changing p times
during the T rounds and is related to adaptive regret (Hazan & Seshadhri, 2007).

Herbster & Warmuth (1998) provide an algorithm Fixed-Share that achieves m-segment tracking regret
O
(√

Tm(logN + log T )N
)

in the full information setting. Cesa-Bianchi et al. (2012) show that the fixed share al-
gorithm is equivalent to online mirror descent with a particular projection. Theorem 4.1 of Shalev-Shwartz et al. (2012)
shows how online mirror descent with bandit information can be implemented without degradation of regret. This is stated
in the following Theorem by Daniely et al. (2015).

Theorem E.5 (Restatement of theorem by Daniely et al. (2015)). Fixed-Share algorithm in the bandit feedback setting
achieves expected m-segment tracking regret at most O

(√
Tm(logN + log T )N

)
.

E.4. Minmax lower bound

The tools used to show a minmax lower bound of Ω(
√
T ) regret in the standard online learning regret minimization setting

can be used to derive a similar minmax lower bound of Ω(
√
T ) for assistance regret.

That is, we can show that for any pair of human and assistant algorithms, there is an instance of the assistance game that
results in assistance regret at least Ω(

√
T ). The lower bound is constructed through showing limitations on distinguishing

between two Bernoulli distributions with means 1/2 + ε and 1/2− ε.

At a high level, we can view the general online learning problem as a special case of the assistance game with just a single
action that the human can take. The assistant’s problem in this case resembles the standard external regret minimization
problem.

Proposition E.6 (Assistance regret lower bound). For every human-assistant learning algorithms, there is an instance of
the online assistance game for which assistant regret is Ω(

√
T ).

Proof. We will show a reduction from the problem of distinguishing between two Bernoulli distributions to an assistance
game.

The ε-Bernoulli distinction problem is the problem of given a distribution that is one of Bern(1/2− ε) or Bern(1/2 + ε),
determining which distribution it is.

Standard lower bounds for this problem state that the probability of success of any algorithm with T samples in the
ε-Bernoulli distinction problem, is at most 1− exp(−ε2T/2).

Now we will show that these lower bounds imply a lower bound for assistance regret by establishing an algorithmic reduction

Algorithm for distinction from algorithm for the assistance game. Consider any human-assistant algorithms for the assistance
game. We can construct an algorithm for the ε-Bernoulli distinction problem in the following way.

We can set up a assistance game with a single action for the human, where the preference space is Θ = {0, 1}. The
assistant’s action set is A = {0, 1}, and the agents receive a reward of 1 if the assistant correctly predicts the human’s
preference, and a reward of 0 otherwise. Preferences are drawn at the start of the game by nature according to the fixed
distribution D which can be either Bern(1/2− ε) or Bern(1/2 + ε).

If the assistant predicts the preference to be 1 more than 1/2 of the time, we conclude that the distribution is Bern(1/2 + ε)
and otherwise, we conclude the distribution is Bern(1/2− ε).

Let us analyze the probability of success of this approach and relate it to the assistance regret.

Let the assistant games induced by state generating distributions Bern(1/2− ε), Bern(1/2+ ε) be Gε, G′
ε respectively. For
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a human-assistant learning algorithm, let C1(T ) be a random variable denoting the number of times the assistant predicts
the state to be 1 in T rounds. For any assistant learning algorithm π, we can write the assistance regret under the games
Gε, G

′
ε as RT (π,Gε) and RT (π,G

′
ε) respectively.

We can bound both regrets in terms of the number of times the assistant predicts the preference 1 in the following way.
In game Gε (state distribution Bern(1/2− ε)), the optimal fixed assistant policy is to always predict 0, giving expected
reward T (1/2+ ε), while the algorithm’s expected reward is T (1/2+ ε)−2εE[C1(T )] (since a(t)A ⊥ θ(t) given the history).
Markov’s inequality on the non-negative variable C1(T ) then gives

RT (π,Gε) ≥ 2εE[C1(T )] ≥ Tε · PDε
(C1(T ) > T/2),

and symmetrically (with optimal policy “predict 1 always” and Markov on T − C1(T )),

RT (π,G
′
ε) ≥ Tε · PD′

ε
(C1(T ) ≤ T/2).

The events {C1(T ) > T/2} under Dε and {C1(T ) ≤ T/2} under D′
ε are exactly the events that our test guesses incorrectly,

so their sum is the total failure probability of the distinction test. Adding the two regret bounds,

RT (π,Gε) +RT (π,G
′
ε) ≥ Tε ·

[
PDε

(C1(T ) > T/2) + PD′
ε
(C1(T ) ≤ T/2)

]
≥ Tε · Probability of failure in distinction problem

≥ Tε · exp(−ε2T/2),

where the last inequality uses the standard distinction lower bound stated above (success ≤ 1− exp(−ε2T/2), hence failure
≥ exp(−ε2T/2)).

Choosing ε = min(1/2,
√
1/(4T )) = 1/(2

√
T ) for T ≥ 1 gives exp(−ε2T/2) = exp(−1/8), so the sum of regrets is

Ω(
√
T ), and at least one of RT (π,Gε), RT (π,G

′
ε) is Ω(

√
T ), which is the lower bound of the proposition.

F. Additional Related Work
A particular subclass of assistance games are communication games, which are studied in the line of work on Emergent
Communication (EC) (Foerster et al., 2016; Lazaridou et al., 2016; Lazaridou & Baroni, 2020). This literature studies how
agents learn to communicate in Lewis signaling games when trained using standard training dynamics. Empirical work has
investigated how the choice of training parameters impacts the efficiency of communication (e.g.,(Havrylov & Titov, 2017;
Kim & Oh, 2021; Ren et al., 2019; Chaabouni et al., 2022; Rita et al., 2020; Li & Bowling, 2019)) Convergence of training
dynamics have received a more theoretical treatment in works in game theory and evolutionary biology showing (Franke,
2009b;a; Jäger, 2007; 2012; Trapa & Nowak, 2000; Kirby, 2002; Kirby et al., 2014; Jacob et al., 2023), but the rates of
convergence are usually not analyzed.

Training dynamics have received a more theoretical treatment in works in game theory and evolutionary biology (Franke,
2009b;a; Jäger, 2007; 2012; Trapa & Nowak, 2000; Kirby, 2002; Kirby et al., 2014; Jacob et al., 2023). However, these
works mostly view language formation as equilibrium computation. There are many possible equilibria and there is no
guarantee of convergence to the optimal equilibrium, which is the goal of our work.

27


