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Abstract

We study the high-dimensional dynamics of multi-pass stochastic gradient descent (SGD) with small
batch sizes. Existing asymptotic descriptions of SGD primarily cover online learning, large-batch
regimes, or linear models. We address this gap by analyzing a continuous-time stochastic differential
equation, called stochastic gradient flow (SGF), which approximates small-batch multi-pass SGD.
In the proportional limit n,d — oo with n/d — §, we derive a closed dynamical mean-field theory
(DMFT) system and prove that it characterizes the asymptotic empirical distribution of the SGF
parameters. The framework applies to nonlinear models including generalized linear models and
two-layer neural networks, and recovers several existing high-dimensional descriptions, including
noiseless gradient flow, online SGD, and high-dimensional linear regression.

1. Introduction

Stochastic gradient descent (SGD) [47] is the standard training algorithm for modern machine
learning models. Its stochasticity can qualitatively change the training dynamics relative to noiseless
gradient descent or gradient flow, affecting both optimization and the learned solution [33, 34].
Understanding these effects in high-dimensional regimes is therefore a central problem in the theory
of learning dynamics.

A common approach is to derive low-dimensional equations that characterize the macroscopic
behavior of high-dimensional training dynamics. For noiseless gradient descent and gradient flow,
random matrix theory and dynamical mean-field theory (DMFT) have led to precise asymptotic
descriptions [1, 10, 11, 14, 21, 39]. For SGD, however, existing frameworks remain restricted. Online
or one-pass SGD has been extensively studied [7, 28, 49], but does not capture repeated reuse of
a finite dataset. DMFT approaches for multi-pass SGD typically require batch sizes proportional
to the dataset size [26, 39], while analyses of multi-pass small-batch SGD are largely limited to
least-squares linear models through homogenized SGD and random matrix methods [42, 43]. Thus,
a high-dimensional theory for multi-pass small-batch SGD in nonlinear models is still missing. A
detailed review of related work is deferred to Appendix A.2.

In this work, we address this gap by studying a stochastic differential equation called stochastic
gradient flow (SGF), which approximates multi-pass SGD with small batch sizes. We derive a DMFT
system that characterizes the high-dimensional limit of SGF and clarifies its relationship to several
existing descriptions of SGD dynamics. Table 1 compares our framework with prior approaches.

Our contributions are as follows.

DMEFT for stochastic gradient flow. We derive a closed system of low-dimensional stochastic
processes that characterizes the empirical distribution of SGF parameters in the proportional
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asymptotic regime n, d — oo with n/d — 0. We prove existence and uniqueness of the DMFT
solution and show convergence of the empirical parameter and prediction distributions to this
solution. The framework applies to a broad class of nonlinear models, including generalized
linear models and two-layer neural networks.

Unification of existing analyses. We show that the DMFT equation for the SGF reduces to known
descriptions in several limits: noiseless gradient flow when 7 = 0, online SGD dynamics in the
infinite data limit ) — oo, and the Volterra equations for high-dimensional linear regression
(42, 43].

Concurrent with our work, Fan and Wang [22] derived a related DMFT characterization for
high-dimensional SGD and SGF. Our work was developed independently and gives a complementary

formulation; see the discussion in Appendix A.2.

Table 1: Comparison of frameworks for high-dimensional analysis of SGD.

‘ Online SGD [7] Previous DMFT [39] HSGD [43] Ours

Multi-pass ‘ X v v v
Small batch sizes | v/ X v v
Nonlinear models | v/ v X v/

2. Setup

Notations are summarized in Appendix A.1.

We study the high-dimensional dynamics of a stochastic gradient flow (SGF), a continuous-
time approximation of small-batch multi-pass SGD. Let X € R™*? be the data matrix, z € R”
an independent noise vector, and 8¢ € R%*™ the parameter. For functions h; : R™ — R™ and
£ : R™ x R — R™ applied row-wise, define

det = — (ht(at) + %XT&(H; z)> dt + \/Einﬁt(rf; ) TdB, rt=X6', (1)
=1

where B' = (B});c[,] is a Brownian motion in R", § > 0 is the sample-to-dimension ratio ¢ := n/d,
and 7 > 0 is the temperature parameter controlling the noise magnitude. The SGF (1) can be seen as
a continuous-time approximation of mini-batch SGD with learning rate n and batch size B in the
regime n,d — oo, B = o(n), where 7 = n/B. The time variable ¢ corresponds to the number of
SGD steps k via t = nk/d, so that ¢ = O(1) time corresponds to k = O(d/n) steps. The noiseless
case 7 = 0 reduces to the gradient flow dynamics studied in Celentano et al. [14].

The SGF (1) is obtained by matching the leading drift and covariance of one step of mini-batch
SGD. The precise SGD recursion and moment calculation are deferred to Appendix A.3.

We analyze SGF as a tractable continuous model of small-batch SGD; the use of SDE approxi-
mations for SGD is standard in the literature and discussed in Appendix A.2.

We note that the case of planted models where the data label is generated by a planted signal 6*
can be handled by augmenting the parameter 8 with 8*; see Appendix E.1.
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Assumptions. We assume independent centered sub-Gaussian covariates X with variance 1/d,
proportional asymptotics n/d — § € (0, 00), and empirical convergence of the initialization and
noise. We further assume Lipschitz regularity of h;, ; and their relevant derivatives, with polynomial
growth of ¢;. The precise assumptions are stated in Appendix A.4 as Assumptions A.1 and A.2.

3. Main Result

We now state the DMFT characterization of the SGF (1). The DMFT equation describes the
high-dimensional dynamics through low-dimensional effective processes 6%, 7' € R™ together with
correlation and response kernels Cy, Cy, Ry, Ry : ]R2>0 — R™*™ andI" : R>o — R"™*™. Informally,
the system is B

Dyt (o) + ())(ﬁRwswd& u ~ GP(0,C1/3).

dt

- / :2)(ds + V76dB®), w ~ GP(0,Cy),
Co(t,t) =E[0'0"T], Ry(t,t) E[gett,] , @)
Colt, ') = B[l (r; 2) (1 + V7o By (r'; 2)T (1 + V76 BY)]

rite ) = £| 255~ E(9,0t ),

with Ry(t,t') = Ry(t,t') = 0 for t < t. The Brownian motion B* € R is one-dimensional and
captures the stochasticity inherited from SGF. The equation is self-consistent: the law of (8¢, 7?)
determines the kernels, which in turn determine the law of (6%, r?). The display above is informal
because it uses functional derivatives and the white noise process B'; the rigorous formulation,
replacing C, by a well-defined covariance object ¥y, is given in Appendix B.

When 7 = 0, the Brownian term vanishes and (2) reduces to the DMFT equation for noiseless
gradient flow in Celentano et al. [14]. Thus, the present equation extends gradient-flow DMFT to
stochastic dynamics.

Theorem 3.1 (Existence and uniqueness of the DMFT equation) Suppose Assumptions A.1 and A.2
hold. Then there exists T, > 0 such that, for every T € [0, T.], the DMFT system admits a unique
bounded fixed point (Cy, Xy, Rg, Ry, T') on [0, T]. Moreover, the effective processes 0' and r* have
continuous sample paths.

If either T = 0 or V24,(r; 2) = 0 for all t, r, z, then the result holds globally for all T > 0.

The global cases include noiseless gradient flow and SGF under quadratic losses, the latter
covering least-squares linear regression. For general nonlinear ¢; with 7 > 0, the theorem gives local
well-posedness; a quantitative lower bound on 7% and the proof are deferred to Appendix C.

Theorem 3.2 (DMFT characterization of SGF) Suppose Assumptions A.1 and A.2 hold, and let
T, be as in Theorem 3.1. Forany T € [0,T.], Le N, and 0 <t < --- <ty <T,

p-lim W2<I5(0t1, ..., 0 P, .. ,etL)) =0, 3)

n,d—o00
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p-lim W2<ﬁ>(rt1, Lt ) P ,TtL,z)> —0. &)

n,d—oo

Theorem 3.2 states that the empirical distribution of SGF parameters and predictions converges
to the law of the effective DMFT process at any finite collection of times. Equivalently, empirical
averages of test functions of the coordinates of 8% and ! converge to expectations under the DMFT
law. This extends the gradient-flow result of Celentano et al. [14] to stochastic gradient flow.

The proof follows the AMP-based strategy of Celentano et al. [14]: discretize the SGF, map
the resulting iteration to an AMP recursion, identify its state evolution with the discretized DMFT
system, and pass to the continuous-time limit. The stochastic setting requires an additional truncation
argument for Brownian increments and Stein’s lemma to derive the stochastic correction terms.
Details are given in Appendix D.

4. Applications and Special Cases

We highlight two consequences of the DMFT characterization: its online SGD limit and its reduction
to known Volterra equations in linear regression.

Infinite-data limit and online SGD. In the infinite-data limit § — oo, the response terms vanish
and the DMFT equation simplifies to a low-dimensional SDE given in Equation (316) in Ap-
pendix E.2. This limit corresponds to online SGD: when n is much larger than the number of updates
proportional to d, a constant-size mini-batch effectively consists of fresh samples. In Appendix E.2,
we show that (316) recovers the online SGD characterization for linear regression derived in Wang
et al. [54].

Linear regression. As a tractable special case, consider high-dimensional linear regression
1 *
LO) =5 [X60-yl3 y=X6"+z 5)

with zero initialization. This corresponds to the planted model with m = 1, hy = 0, and ¢;(r, r*; 2) =
r —r* — z. Since /; is linear in r, Theorem 3.1 gives global well-posedness of the DMFT equation.
Let the training and test errors of the parameter 8 be given by
1 n
Z20)=—-> (@]0-y)*, Z(0)=Ew,l(x'0-y). (6)

n -
=1

Solving the DMFT equation yields a closed Volterra system for the limiting train and test errors:
t t
Z(t) =2t + T/ Hy(t —s)Z(s)ds, Z(t)=%(t)+ T/ Hi(t—s)Z(s)ds, ()
0 0

where H;(t) = [ wle=?* duyp (), and pyp is the Marchenko—Pastur law with aspect ratio 6.
Here %) and % are the noiseless limiting train and test errors; their explicit forms are given in
Appendix E.3.

More precisely, for any finite collection of times 1, . . ., tr, we have the following convergence
in probability as n, d — oo:

p-lim maxL\Z(Otl) - Z(t)| =0, p-lim maXL|%(9t’) —Z(t)| =0, (8)

n,d—o0 I=1,..., n,d—o0 I=1,..,
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Train error
Test error

Figure 1: Train (left) and test (right) error dynamics for logistic regression at different temperatures
T = n/B. Solid curves show the average over 10 SGD trials with d = 1024 and n = 2048; shaded
regions show one standard deviation. Dotted curves show the DMFT predictions.

The scalar equation for .Z can be solved independently, after which Z is obtained from the second
equation in (7). These equations coincide, up to time rescaling, with the homogenized SGD Volterra
equations of Paquette et al. [42, 43]. Thus, our DMFT framework recovers the known exact linear
regression theory while extending naturally to nonlinear models.

5. Numerical Simulations and Discussion

We illustrate the DMFT prediction on a numerical simulation with a nonlinear model: logistic
regression trained by multi-pass small-batch SGD. The data are sampled as x; ~ N(0, I;/d) with
d = 1024, n = 2048 (0 = 2), and labels y; = sign(0*Tx; + z;), 8* ~ N(0, 1), z; ~ N(0,0.01).
We train with the regularized logistic objective

1 ¢ T A 2
L(0) = - ;log(l + exp(—y;x; 0)) + 2d||6?||2, A =0.01. 9)
SGD is run with batch size B = 10 and varying learning rates, corresponding to different temperatures
T = n/B. We compare the average train and test zero-one errors over 10 independent trials with the
numerical solution of the DMFT equation. Details of the time discretization used to solve the DMFT
equation are deferred to Appendix F.

Figure 1 shows that the DMFT prediction closely tracks the SGD train and test error dynamics
across temperatures. Although the logistic model used here is not formally covered by our assump-
tions because of the non-differentiability induced by y = sign(r* + z), the agreement suggests that
the DMFT equations remain predictive beyond the strictly covered setting.

Discussion. In summary, we derived a DMFT equation characterizing the high-dimensional limit
of SGF, a continuous-time approximation of multi-pass small-batch SGD. The resulting theory
covers nonlinear models, recovers known limits such as noiseless gradient flow and linear-regression
Volterra equations, and gives accurate predictions in the logistic-regression experiment above. Future
directions include proving sharper SGF-SGD approximation results, analyzing the long-time behavior
of the DMFT equations, and applying the framework to more detailed nonlinear models.
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Appendix A. Preliminaries
A.1. Notation

I; € R%*9 denotes the d x d identity matrix. 1, € R? denotes the all-ones vector 15 = (1,..., l)T.
GP(0, Q) denotes a centered Gaussian process with covariance kernel Q. I(-) denotes the indicator
function that returns 1 if the argument is true and 0 otherwise. ||-||2 denotes the 2 norm for vectors
and the 2-operator norm for matrices. ||-||r denotes the Frobenius norm for matrices. 1, denotes
the p-Wasserstein distance between probability measures. p-lim denotes convergence in probability.
P(X) denotes the law of a random variable X. P(X,Y") denotes the joint law of random variables
X and Y. For a matrix € R?*™, we denote by Is(a:) the empirical distribution of its rows, i.e.,
Px) = 1 E?Zl 6z, Similarly, P(z, y) denotes the empirical joint distribution of the rows of 2 and
y.ie., P(x,y) = 1 Zgzl Oz;,y;- ||*|lw, denotes the sub-Gaussian norm (1)2-Orlicz norm).

A.2. Related Works

One-pass SGD. The study of online SGD using low-dimensional ODEs was pioneered in the
statistical physics literature on learning in perceptrons and two-layer neural networks [9, 46, 48, 49].
They derived a closed system of low-dimensional ODEs for macroscopic parameters such as the
correlation between the student and teacher weights and analyzed their dynamics, which closely
approximates the original online SGD dynamics in high dimensions. The ODEs typically involve
correction terms that account for the stochasticity of the dynamics, and analyzing these ODEs
provides insights into how the noise affects the training dynamics.

Recently, these works have been put on a rigorous footing by Goldt et al. [28] using techniques
developed in Wang et al. [54, 55]. Ben Arous et al. [7] extended these techniques to more general
models and general scaling of learning rates. Analysis of online SGD in high dimensions using
similar techniques has been applied to a wide range of models due to its versatility and simplicity
[4,5,17,27,31, 32, 45, 53].

Multi-pass SGD. DMFT has recently gained attention as a powerful framework for analyzing
high-dimensional random dynamics, including multi-pass GD and SGD, by reducing them to low-
dimensional effective processes. DMFT was originally developed in spin glass theory [18, 19, 51, 52]
and has been applied to analyzing various high-dimensional optimization dynamics [2, 20, 50].

In the context of SGD dynamics, Mignacco et al. [39] derived DMFT equations for multi-pass
gradient flow and SGD in shallow neural networks, heuristically using statistical physics techniques.

12
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To avoid the problem of vanishing stochasticity in the continuous-time limit 7 — 0, they considered
a variant of SGD called persistent SGD to retain nontrivial noise in the continuous-time limit. Their
analysis depends on the batch size growing proportionally to the number of samples. In contrast, we
work with a stochastic gradient flow which approximates mini-batch SGD with small (sublinear)
batch sizes compared to the number of samples, which is a common setting in practice.

There are several rigorous works that derived DMFT equations for GD/SGD. Celentano et al.
[14] rigorously derived DMFT equations for gradient flow dynamics in shallow neural networks
by using time discretization and mapping to approximate message passing [6, 25]. We build upon
their proof technique to analyze SGD dynamics in this work. Gerbelot et al. [26] derived DMFT
equations for discrete-time GD and SGD for shallow neural networks with batch sizes proportional to
the number of samples and a constant number of updates. More recently, Fan et al. [23, 24] derived
DMEFT equations for Langevin dynamics of Bayesian linear regression. A closely related line of
work is the study of general first order methods (GFOMs), which provides a framework for analyzing
a broad class of iterative algorithms, including GD, using a low-dimensional recursion similar to
DMFT [13, 29, 30].

DMFT equations have been used for analyzing long-time behavior of optimization dynamics
and provided insights into deep learning phenomena such as scaling laws and timescale separation
[11, 12,21, 40, 41].

For linear models, there is a framework that analyzes multi-pass SGD with small batch sizes
and proportionally many updates using continuous-time equations. Paquette et al. [42] derived a
low-dimensional and continuous-time Volterra equation characterizing the training loss dynamics
of SGD in high-dimensional linear regression models. Paquette et al. [43] extended this work and
introduced an SDE called homogenized SGD (HSGD) as a high-dimensional equivalent of SGD
dynamics in linear regression. The HSGD framework allows deriving equations for macroscopic
quantities of SGD dynamics, such as training and test errors. Our work provides a similar framework
for broader settings, including generalized linear models and shallow neural networks.

SDE approximations of SGD. The SDE approximation of SGD has been used extensively in
the literature as a continuous model of discrete-time SGD [3, 15, 33, 38, 44]. Tools from the Itd
stochastic calculus can be used to analyze the dynamics of the SDE in detail, and this approach has
led to fruitful insights into the behavior of SGD.

Although we do not prove that the high-dimensional behaviors of the SGD (10) and the SGF
(1) match (and indeed they do not match exactly, as shown in the concurrent work [22]), we take
the SGF (1) as an approximate continuous model of the SGD (10) and analyze its high-dimensional
limiting behavior. It is shown that in the fixed-dimensional setting, when the learning rate is small
(n — 0), the dynamics of SGD is well approximated by that of the SGF (1) [16, 36, 37]. Hence,
we expect that the SGF (1) approximates the SGD (10) well when 7 is sufficiently small, which we
empirically confirm by numerical experiments in Section 5.

Comparison with the concurrent work [22]. A concurrent work by Fan and Wang [22] also
derives a DMFT equation characterizing the high-dimensional dynamics of SGD and SGF (which
they call SME). Their DMFT equation for SGF is equivalent to ours, although defined differently;
they define the response function R, as a linear operator, while we define it as a continuous function
given by the expectation of a stochastic process. Another important difference is that they consider
bounded /;, while we allow for unbounded, Lipschitz continuous ¢;. This allows us to rigorously
apply our theory to linear regression settings which involve unbounded loss gradients.

13
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A.3. Derivation of the SGF as an Approximation of SGD

Stochastic gradient descent. Fix m € N, a learning rate > 0, a batch size B € N, a data
matrix X € R™*<, a noise vector z € R", the initial parameter 8° € R?*™  and functions
h: R™ x R>g — R™;(6,t) — ht(f) and £: R™ x R x R>¢g — R™ (rz t) — L(r; z) We

consider the following stochastic process for 6% ¢ R¥™™ for k = 0,1,. .., initialized with 8° = @°:
oF =0 — 9. ghtk (%) + Z wily, (7f;2)" |, P =X0" R, (10)
ZGBk

where t;, == nk/d and x; € R? and ff € R™ are the i-th row of X and #¥, respectively. Here, h; is
applied row-wise to 6% . In each update k, the mini-batch B¥ is sampled uniformly at random from
all subsets of [n] := {1,2,...,n} with size B.

This stochastic process includes the mini-batch stochastic gradient descent on the following
training objective with the learning rate 7 and the batch size B:

I R R ¢ :
_R;L(B a:,,z@)—i-dZH(Hz), an

where 6; € R™ is the i-th row of @ € R¥™_ [: R™ x R — R is a loss function, and H: R™ — R
is a regularization function. In this case, we have h(0) = VgH (0) and ¢;(r; z) = V, L(r; z). This
setting includes generalized linear models (m = 1) and two-layer neural networks with width m. In
the following, we refer to the general process (10) as an ‘SGD’ for simplicity, although it may not
correspond to the gradient descent on any objective function.

Derivation of SGF. To see that the SGF (1) apprO)Eimates the SGD (10), consider the one-step
increment of the SGD (10) given by AGF = @+ — 9k and compute its first and second moments
conditioned on 6*:

A N A 1
E[AG" | %] = —Z<htk(0k) + 5XTEtk(ﬁk;z)> , (12)
Cov(AGF | ghy = T =B ¢ ¢
ov( | 6%) = mz% 0 (P 20) T @ @il (75 2:)
2
n°(n — B) T Ak . T Ak .
B X n(X0%2) @ X T, (X0":2) (13)

Here, the outer product A ® B for matrices A, B € R?*™ is interpreted as vec(A) vec(B)" ¢
Rmxdm \where vec is the vectorization operator. In the proportional high-dimensional limit where
n,d — oo withn/d — § € (0,00) and B = o(n), the leading term of the covariance simplifies to

Cov(AG* | %) = Q 5 Zw O (PF; 2) T @ @by, (7F; 2;) + (sub-leading terms) . (14)

Thus, the first and second moments of the increment AOF match those of the increment of the SGF
(1) up to the leading order in d over the time interval of length At = n/d.

14
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A.4. Formal Statement of the Assumptions

Assumption A.1 (Data distribution)
* The entries X = (Zij)ic[n),je[q) are independent, satisfying Ex;; = 0, IE:U% = 1/d, and
%45l < C/V/d for some constant C' > 0.
* Proportional high-dimensional asymptotics: n,d — oo, n/d — ¢ € (0, 00).
o z € R"and 8° € R>™ are independent of X, and for all p > 1, their empirical distributions
P(0°) and P(z) converge in p-Wasserstein distance to P(6°) and P(z) respectively, almost
surely as d — oo.

The distribution of the data X is not restricted to the Gaussian distribution, and hence our analysis
is universal with respect to the data distribution. The last condition on 2z and 6° is satisfied, for
example, when their entries are i.i.d. samples from distributions with bounded moments of all orders.

The following assumption is used to guarantee that the SGF solution does not grow too fast and
that the DMFT equation to be introduced is well-defined.

Assumption A.2 (Function regularity) There exists a constant M > 0 such that the following
holds.
* h¢(0) and its Jacobian Dh = (Vgh, O:h) are Lipschitz continuous in t and 6, i.e., for ti,t2 > 0
and 01,05 € R™,

1Aty (61) — hey (02)[]2 + [[Dhyy (61) — Dhyy(02) ]2 < M([|01 — Oaf]2 + [t1 —t2) . (15)

o {y(r; 2), its Jacobian DI = (Y.L, O), and its Hessian D*{ are Lipschitz continuous in t and
rforany z € R, ie., forti,to > 0and r1,r9 € R™,

16, (r15 2) — by (123 2)|)2 4 1D, (115 2) — Dlyy (123 2) |2 + D4y, (r1; 2) — D24y (123 2) |2
< M([lr1r —7r2ll2 + [t — t2]) . (16)

o ly(r; z) has polynomial growth for any t > 0, i.e., there exists some p > 1 such that
16 (r; 2)ll2 < M(1+ [|r{|l2 + |2])P.

Appendix B. Definition of the DMFT Equation

In this section, we provide a rigorous definition of the DMFT system & introduced informally
in Equation (2). The key idea is to define all objects through well-defined auxiliary stochastic
processes, avoiding functional derivatives and the formal derivative of the Brownian motion. We also
introduce a discretized DMFT equation for which the connection between the informal definition
and the rigorous definition is more transparent. The discretized DMFT equation is also used as an
intermediate step in the proof of Theorem 3.2 and as a numerical method for solving the DMFT
equation (see Appendix F).

B.1. Rigorous Definition of the DMFT System

We rigorously define the DMFT system & for functions Cy, Yy, Ry, Ry: Rzzo — R™*™ and
I': R>g — R™>*™ self-consistently as follows. First, given ¥, R, I', define stochastic processes

15
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{6 € R™};>0 and {pg’t’ € R™*™},5 >0 by the following equations.

t s
9t=90+Ut—/ <h8(05)+F(s)98+/ Ry(s,s)6" ds’) ds, U~ GP(0,%,/5), (17)
0 0

t S
o5 = I - / (<vehs<es> +T(s)" + / Ry(s, s')py " ds’) ds. (18)
t/ t
Then, set Cy, Ry as
Cy(t,t') = E[0'6"T], (19)
Ro(t,t) =E[pf"] (t>1), (20)

and Ry(t,t') = 0 for t < t'. Here, the expectation is with respect to the randomness of #° ~ P(§°)
and the Gaussian process U.
Next, given Cy, Ry, define stochastic processes {r* € R™};>( and {pZ’t ,Dz’t e R™ ™ }s >0

by the following equations.
1 t
rt=w! — 5 / Ry(t,s)ls(r®; z)(ds + VTodB®), w ~ GP(0,Cy), 21)
0

pi’ = Vita(rt 2ok 22

T

’ 1 t / ’ ’
D = Vtlr's2) (5 [ Rt )i (s + VABAB) ) 4 VRGO YL @
t/

. . . . 1s t.t
where B! is a Brownian motion in R, and we defined the auxiliary processes p;" € R™*™ and
bt
Dy € R™ as

/ ]. t / ]_ /
pht = —5 | Ro(t, s)ps" (ds + V76 AB%) — gRg(t,t’)Vrﬁt/(rt :2), (24)
t/

t

/ ]_ / /
DL = -5 Ro(t, 8)V - ls(r®; 2) D3 (ds + V76 dB*) — \/ERg(t, ey (" 2), (25)
t/

and the notation V2/,(r?; 2)[v] for v € R™ in Equation (23) denotes the product

i 0r, Vol (1t 2)v; € R™™ (26)
=1
Then, set >y, Ry, T" as
Se(t, ¢) = B[LILYT), LY = /0 t s(r%; 2)(ds + V76 dB?) 27
Ro(t,t) = E[ph" ] + V7S E[DE] (1> 1), (28)
I'(t) = E[V.4(r; 2)], (29)

and Ry(t,t") = 0 for t < t'. Here, the expectation is with respect to the randomness of z ~ P(z),
the Gaussian process w, and the Brownian motion B.
Then, the solution of the DMFT system & is defined as a fixed point of the above two mappings.
Note that the above definition is written purely in terms of standard Itd integrals and is thus
amenable to rigorous analysis.
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B.2. Discretized DMFT System

We present a discretized version of the DMFT system defined above, in which the time variable ¢ is
discretized with step size v > 0.

Lett; =14y fori=0,1,2,.... We define the discretized DMFT system &7 by the following
equations.

j—1
0l =0° + UL — 72 <htj )+ T7(t)65 + ’yZRZ(QJQH?@) , (30a)
k=0
i—1 k—1 .
ti,t tr,t; ,t
pos =TIm—7 Y | (Vohe (02) + T (te)) g +7 D Rtk t)py | (30b)
k=j+1 I=j+1
i—1
. 1 . . .
= wlf = 23T Ryt t), (15 2) (y + VrS(BY — BY)), (30¢)
§=0
=Vl (r 2)pry (30d)
1—1
| 1 ,
pry’ = =5 D Byt te)pl (v + VTo(BM = BY)) — <Ry (8, 1;)V,ly, (1] 2) - (30e)
k=j+1
1 i—1
Dy = Vil (4:2) | =5 Y. Byt ) DS (v + Vro(B'+ — BY))
k=j+1
2 ti ti,t; ti,t;
+ vrgti (r'y ) Z)[DT:’Y ] “Pryt s (30f)
1—1
vy 1 )
DI = =5 30 Ryt ) Vebay (5 2) DI ( + V7o(B+ - BY))
k=j+1
"R 0. (r; 30
- g g(tutj) tj(r'y az)a ( g)
where (UL, wk);>q satisfies
tirrti T 104 tio tiT Y
E[U,YZUW ] = ZZ (ti,tj)/é, E[w;wv ] = 06' (ti,tj) . 31

Then, set C), R, %), R),I'7 as

Cy (tirt)) = E[G“H”T] LRt ty) =Elog],

0.y
=) (ti,t;) = E[LELYT] “_thk vl 2)(y + VT(B 1 — B)), (32)
R} (ti,t;) = Elp;, ]+fE[ t“tL () = B[V, (5 2)]

where we set R (t;,t;) = RZ(ti,tj) =0fori < j.
We will show that the solution of the discretized DMFT equation &7 converges to the unique
solution of the continuous-time DMFT equation & as v — 0 in Lemma D.3.
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B.3. Correspondence to the Informal Definition

Once discretized, it is easy to see the correspondence between the rigorous definition of the DMFT
system given above and the informal definition given in Equation (2). We distinguish the variables in
the two definitions by writing bars over the variables in the informal definition, e.g., gt, 7, etc.
We first discretize the informal definition in Equation (2) with step size v > 0 in the same manner
as in the previous section. We obtain
—t; i—1

ti+1 . L B L o . o
979 =@ — (he,(0") +T(t)0") =7 > Rilti, t;)87, @~ GP(0,Cy/0),

z—w—ny@%t& 552)(y+Vro(B7 = BY)), W~ GP(0,C),

1_[o8"
Colti,t;) =E[6°9""], Ro(ti,t;) = Eat] (i > ),
o Bt _ B Bl _ gl
Colti,tj) = [et (7t )(1 + ny)et]_(rt )7 (1 + \ﬁ7> :

aty, (7i; 2)

owti ] . T(t) =E[V, (75 2)] (> ).

Ry(ti,t;) = E [
(2 J ’_y
(33)
Then, we transform the above equations to show their correspondence to the discretized DMFT
system &7. The equations for 7%, Cy, and T directly correspond to definitions of 7‘ C’g ,and I'7 in

&7, Next, we show correspondence for 9" and C ¢. Summing the equation for 9" in (33) over ¢ and
multiplying by -y, we obtain

7j—1
0" -9 —’yZuJ—’yZ<ht D07+ Re(ty, 1)0 ) W~ GP(0,Cy/0).
k=0
(34)
LetU" = = Z =0 7. U" is a Gaussian process with covariance given by
1 ti==t; T U 72 i ti=t; T
3 TR T A2 atT] rai Ftigt;
st ty) =E[UTU” ] =1 > > Emtut =5 Co(tk, i) = 5E[L L7,
k=0 =0 k=0 1=0
(35)
where we set
Zét 2)(y+ Vro(BT —BY)). (36)

Thus, " and ig(tl, t)) =2 it 200 Colty, 1) correspond to 0% and ¥} in &7. Furthermore,
differentiating 0" with respect to U7 (j < i), we obtain

t; i—1 k—1 -t

00 —t = 90" a0
oy = Vm — > | (Vohe, (0) + Pte)) 5y +v > R ety |- GD
k=j+1 I=j+1
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This shows correspondence for 7_185“/ ou'i and pti’tj and thus Ry and R). Finally, we show

correspondence for Ry. Differentiating ¢, (7!/; z) with respect to W' (j < i), we obtain

oy, (T"; 2) orti

St = Vel (™ 2) g (38)
a?ti 1 agtk ( ) ) / tk+1 7tk
St = 3 Z RG tisti) T owh (v + o(B - B"))
k=j+1
1
— S5 Ro(ti, 1)Vl (799;2)(y + VT8 (BY+ — BY)). (39)
Let ﬁg 7 and p pT % be the solution of the following equation:
B = by, (7Y ) (40)
i—1
] 1 — 1— _
et = - Ro(ti, te)p," (v + VTo(Bl+ — Be)) — sRo(ti t) Vb, (F;2).  (41)

k=j+1

These equations correspond to definitions of Pery bl and ,or it . By the linearity of the above equations,
we see that

Oﬁti (Fti; Z)

e = (0 H VOBl — BY)). “2)

Let G/ = (B B - Etj)/\ﬁ. Then, we have G’ ~ N(0,1) i.i.d. for j = 0,1,2,.... Taking the
expectation of the above equation, we obtain

_ ot it 5 oty
Ry(ti,tj) = VE['})()] = E[p,"] + ﬁE[pz Ereap (43)

By Stein’s lemma (Gaussian integration by parts), we obtain

aftl )

Bl VO] = E| =

(44)

Differentiating p, bl with respect to G’ and using independence of 7* and & for k < j, we obtain

optiti ffj’tj 7ot .

P g (7 ) PP 2, (7t [T |t (45)
oG’ ’ el o G
Bﬁi“t 1 -1 ptk,t]

— = —— Rg(ti,tk — ’Y+\/7'5 G (46)
lex 0 i e

orti 1 =L _ ortk ks [Ty — .
— = —5 Z Rg(ti,tk)vrftk (rtk; z)ﬁ(’y + \/T(;’)/G ) — %Rg(ti,tj)ftj (rtj;z).

oG’ k=j+1
(47
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This shows that 4~/ 287%’% / 8G’ and 1297t i/ oG’ correspond to Dt“t and Dt“t’ Thus, we

have correspondence for R, and Rf .
Summarizing, the informal definition corresponds to the formal definition by the following
correspondence (informal definition on the left, rigorous definition on the right):

=t ) 100" tit; — =
0 <:>9£/17 ;8@7% <:>p0,'yj ) C@(tz,t]) <:>Cvg(tlat])7 R@(tlvt]) <:>Rg(tlvtj)a
—ti,t;
N T R R R B S/ it Oy, (T 2) S EIDN
7l o GON EAVEN pé;y] , ﬁ 86’%‘ =4 D(,'yj , E|:a’w [ ]+ E[ ]
i—1 j—1

VYD Colte,tr) & S (tisty), Re(tisty) < Ry (i ty), T(t:) < T(t).
k=0 1=0
(48)

Although these two definitions are equivalent in discrete time, the informal definition does not have a
well-defined continuous-time limit as v — 0, while the rigorous definition does. Thus, for theoretical
purposes, we work with the rigorous definition. In numerics, however, we work with the informal
definition after time discretization, as it leads to simpler numerical schemes (see Appendix F for
details).

Appendix C. Proof of Theorem 3.1

We prove Theorem 3.1 using a contraction mapping argument similar to that of Celentano et al. [14,
Theorem 1] and Fan et al. [23, Theorem 2.4]. It proceeds as follows.

1. For T > 0, we define admissible spaces Sy(T') and Sy(T") for the DMFT objects (Cy, Rp) and
(X¢, Ry, '), respectively. We define mappings Tg_,¢: So(T) — S¢(T') and Ty—g: S¢(T) —
Sp(T') such that the fixed point of their composition 7 = T;_,9 o Ty solves the DMFT
system. We show that for sufficiently small 7" > 0, these mappings are well-defined.

2. Next, we construct a metric on the function spaces Syp(7") and S;(T") such that 7 is a contrac-
tion.

3. Finally, we apply Banach’s fixed point theorem to show the uniqueness and existence of the
fixed point of 7.

C.1. Admissible Spaces Sy(7") and S;(T")

Since the following quantities are bounded by assumptions, we take M > 0 sufficiently large so that
we have

maX{EHH[]H%, sup ht(0), sup IEH&(O;z)ng} <M, (49)
t€(0,7] te(0,1]

forp=1,2.
For T > 0, we define admissible spaces Sy(T") and Sy(T') as follows.
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Definition C.1 (Admissible space Sy(T')) Let D C (0,T) be a finite set. Let Sy(T) be a set of
function pairs (Cy, Rg) defined on [0, T)2. We say that Sy(T) is admissible if there exist constants
Oy, My > 0 such that every (Cy, Ry) € Sy(T) satisfies the following.

» Cy is a covariance kernel (in particular, it satisfies Cy(t,t') = Co(t',t)7) and satisfies
Cy(t,t)||2 < @g for all t € [0,T] and Cy(0,0) = E[0°6°T). Furthermore, Cy(t,t') is
uniformly continuous over t,t' € I for each maximal interval I of [0,T] \ D and satisfies

[Co(t,t) —2Cp(t, ") + Co(t',t)||l2 < Mplt — '], (50)
forany t,t' € I.

* Ry satisfies Rp(t,t') = 0for 0 <t < t' < T and |Rp(t,t')]|a < Pgfor0 <t <t <T.
Furthermore, Ry(t,t') is uniformly continuous over t € I andt' € I for any two maximal
intervals I,1' of [0, T] \ D.

We define S;°™ (T') as the subset of Sg(T') with D = () in the above definition.

Definition C.2 (Admissible space S;(T")) Let D C (0,T) be a finite set. Let Sy(T) be a set of
function triples (3¢, Ry, T) defined on [0,T])? and [0, T). We say that Sy(T) is admissible if there
exist constants ®y, My > 0 such that every (3, Ry, I') € S¢(T) satisfies the following.

» Y(t,s) is a covariance kernel (in particular, it satisfies Yy(t,s) = Y(s,t)7) and sat-
isfies ||Z¢(t,t)|l2 < ®¢ for t € [0,T] and 24(0,0) = E[lo(r; 2)lo(r%; 2)T] for 0 ~
N(0, E[0°0"T]). Furthermore, ¥y(t,t') is uniformly continuous overt,t' € I for each maximal
interval I of [0,T]\ D and satisfies

[2(t, 1) — 254(¢, ') + Ze(t', ) [|2 < M|t — '], (51)
foranyt,t' € I.

o Ry(t,t') satisfies Ry(t,t') = 0for0 <t <t <Tand||Re(t,t')||a < Ppfor0 <t <t <T.
Furthermore, Ry(t,t') is uniformly continuous overt € I and t' € I’ for any two maximal
intervals I,1' of [0, T] \ D.

o T(t) satisfies |T'(t)||2 < M fort € [0,T] andT(0) = E[V,£o(r°; 2)] for r® ~ N(0, E[#°6°T]).
Furthermore, I'(t) is uniformly continuous over t € I for each maximal interval I of [0,T]\ D.

We define S{°™ (T') as the subset of Sg(T') with D = () in the above definition.

In the above definitions, we allow for discontinuities at a finite set of time points D to handle the
discretized DMFT system later in the proof of Theorem 3.2 in Appendix D.

We now show that the stochastic processes are uniquely defined given functions in admissible
spaces.

Lemma C.3 Given an admissible space Sp(T) and any element (Cy, Ry) € Sp(T'), there exists
a unique tuple of stochastic processes {rt, p?t/, D?t/}ogt’gtST satisfying Equations (21) to (23).
Furthermore, for any (Cy, Ry) € S§°™(T'), the processes {r", pZ’t/, Dz’t/}ogt/gth have continuous
sample paths.
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Similarly, given an admissible space Sy(T) and any element (X4, Ry, I") € S¢(T), there exists
a unique pair of stochastic processes {0, ,ot(,’t Yo<v<t<r satisfying Equations (17) and (18). Fur-
thermore, for any (3¢, Ry, T') € S§°™(T'), the processes {6", pg’t/}ogtlgtST have continuous sample
paths.

Proof First, we show that ! is uniquely defined. Let {wt}tE[OVT] be a centered Gaussian process
with covariance kernel Cy. Then, for any maximal interval I of [0, 7] \ D and any ¢,¢ € I, we have

Ellw’ — w"||3 < 3m?||Co(t,t) — 2Cy(t, ') + Co(t', )| < 3m>*MG(t —t')*.  (52)

By the Kolmogorov continuity theorem, there exists a modification of w’ that is locally Holder
continuous on I. Then, for each maximal interval I, r¢ follows a nonlinear Volterra stochastic integral
equation of the second kind with a Lipschitz nonlinearity, a continuous kernel, and a continuous
forcing term. By Berger and Mizel [8, Theorem 3.A], it has a unique continuous solution adapted
to the filtration F; generated by (B?®)s<t. Applying this argument inductively over the maximal
intervals of [0, 7]\ D, we conclude that r! is uniquely defined over [0, T']. The well-posedness of
p?tl and Dz’tl can be shown similarly using the continuity of rt.

Next, we show that 6 is uniquely defined. Let {U t}te[O,T] be a centered Gaussian process with
covariance kernel ¥,/J. Again, by the Kolmogorov continuity theorem, there exists a modification
of U! that is locally H6lder continuous on each I. From Equation (17), 6" satisfies the following
equation:

t t
0! =0+ U — / <h8(95) +T(s)0° + (/ Ry(t', s) dt’> 98) ds. (53)
0

S

For each I, this is a nonlinear Volterra integral equation of the second kind with a continuous kernel
and a continuous forcing term. Again, by Berger and Mizel [8, Theorem 3.A], it has a unique
continuous solution. Applying this argument inductively over the maximal intervals of [0, 7]\ D, we
conclude that ¢ is uniquely defined over [0, T']. The well-posedness of pZ’t/ can be shown similarly
using the continuity of ", |

Next, we define mappings between the admissible spaces.

First, we define the map Ty_¢: (Cy, Rg) +— (3¢, Ry, T'). Given (Cy, Ry) € Sp, take the
unique processes 7, pz’tl, Dé’t/ satisfying Equations (21) to (23) whose existence is guaranteed by
Lemma C.3. Then, we define (3,, Ry, I') by Equations (27) to (29).

Next, we define the map Ty_g: (X¢, Ry, T') — (Cy, Rp). Given (X4, Ry, I') € Sy, take the unique
processes 6?, pZ’tl satisfying Equations (17) and (18) whose existence is guaranteed by Lemma C.3.
Then, we define (Cy, Ry) by Equations (19) and (20).

Finally, we define the composite map 7 = Ty_g9 0 Tg_p.

In the following lemma, we show that for sufficiently small 7" > 0, Ty_,, and T;_,9 map Syp(7T")
into S;(T") and Sy(T') into Sy(T'), respectively. We defer the proof to Appendix C.3.

Lemma C.4

1. There exists some T, > 0 such that, for any 0 < T < T, there exist admissible spaces Sy(T')
and Sy(T') such that To_,; maps Sp(T') into S{°"(T') and Ti—g maps S¢(T) to Sg°™(T).

2. If either r = 0 or Vzﬁt(r; z) = 0, T can be taken arbitrarily large (thus T, = c0).
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C.2. Equipping Metrics on Sy(7') and Sy(7T")

In the following, we fix 7" > 0 such that Lemma C.4 holds and fix admissible spaces Sy := Sp(7T")
and Sg = Sg(T).
We equip the spaces Sp and Sy with metrics. For a constant A > 0, we define

dist 01,02 = inf su e_)‘t\/m, 54a
A(Cy, Cy) 01~ GP(0.C1) s ~GP(0,C2) p | 1 2||2 (54a)

0<t<T

dist\ (25, 22) = inf sup e M\/E|Ut — U2, 54b

A%, 22) U1~ GP(0.51/3) Us~GP(0.52/5) 02t 1 = Ullz (40)

disty(Ry, RZ) = sup e | Rj(t,s) — Ri(t,s)], (54¢)
0<s<t<T

disty(R}, R?) = sup e M| RL(t,s) — R2(t,s)], (544d)
0<s<t<T

disty (I}, T?) == sup e M|TH(t) — T2(t)]. (54e)

0<t<T

In the first two definitions, the infima are taken over all couplings of the Gaussian processes with
given marginal covariances. Finally, for X' = (C}, R)) € Spand Y = (3%, R, T?) € Sy, we
define the distances
disty (X1, X?) = dist)(Cy, C3) + dist\(Rj, R3) , (55)
disty (Y1, Y2) := VMdisty (2}, £2) + disty (R}, R?) + disty (I}, T'2). (56)

Notice the v/ factor in front of disty (X}, %2).
We show several properties of the metric spaces (Sp, disty ) and (Sy, disty ).

Lemma C.5 The metric spaces (Sp, disty) and (Sy, disty) are complete.

Proof For finite 7', the distance disty for Ry, Ry, and " are equivalent to L°° distance and hence
complete. Completeness for Cy and X, are shown in the proof of Fan et al. [23, Theorem 2.4(b)]. B

Lemma C.6 Let X' = (C},R}) € Spand Y = Ty, o(X*) = (3%, R, TY) € Sy fori = 1,2. Then,
there exists a constant K > 0 such that for any sufficiently large A > 0 in the definitions of the
metrics (54), we have

disty(Y!,Y?) < K - disty (X!, X?). (57)

Lemma C.7 LetY' = (C}, R, T") € Spand X' = Ty—9(Y") = (C}, R))) € Sp fori =1,2. Then,
for any € > 0, for sufficiently large \ > 0, we have

disty (X1, X?) < e -disty (Y, Y?). (58)

We defer the proof of the last two lemmas to Appendices C.4 and C.5.

Finally, we show that 7 is a contraction mapping under the above metrics, finishing the proof of
Theorem 3.1. Take T" € [0, T%] where T is as in Lemma C.4, and take admissible spaces Sy := Syp(T')
and Sy = Sy(T"). By Lemmas C.6 and C.7, we can choose ¢ < 1/K and A sufficiently large such
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that 7 = Ty, © Tg—¢ is a contraction mapping on the metric space (Sy, disty) which is complete by
Lemma C.5. By the Banach fixed-point theorem, there exists a unique fixed point (Cy, Rg) € S5
such that T(C@,Rg) = (Cg,Re). Thus, this (Cg,Rg) and (Eg,Rg,F) = 7'9_)5(09,]%9) € Sgcont
together form a unique pair of fixed points satisfying the DMFT equation &.

The continuity of the sample paths follows from Lemma C.3.

C.3. Proof of Lemma C.4

We will use the following bounds repeatedly in the proof.

Lemma C.8 Let X be a random variable and X35, X3 be stochastic processes in R™ adapted to
the Brownian motion (BS/)0§8/<S. Then, for any 0 < t' < t and any integer p > 1, there exists a

constant Cy, > 0 such that we have
t t 2p
X5ds + X;dB?®

EHXl +
# #

2
t t
<ot (Bl + -0 [ B as+ G- eyt [ Elaggas)
t/ t/
(59)
Proof By Jensen’s inequality, we have

t t 2p
IEHX1+ X§ ds + X§ dB?
v v

2

t t
< g1 <E||X1||§p - [EIXgIE as +EH [ xzap
t/ t!

2p
) . (60)
2

By the Burkholder—Davis—Gundy inequality and Jensen’s inequality again, we have

t 2p
X § dB?
t/

t p t
E] gm( / ||X§||%ds> < Cylt — 1) / E|X5[¥ds. (61

2

This proves the claim. Note that we can set C'; = 1 by the Itd isometry. |

C.3.1. CONSTRUCTION OF THE ADMISSIBLE SPACES

Take constants ®¢, > 7(M + 4T7°M?) and ®p, > 2. Define constants ¢, Py, Pr,, ®; (i =
1,...,5), My, My, and X as follows:

T 7
®c, = (2M + 6M>*m®Pc,) exp (6M2 (52 + 5) @%9T> , (62)
Oy, = (T +70)Pc, , (63)
CDRZ = /2P + 270P5, (64)
3M*? T
(I)l = (52 (I)%%g exp <3M2 (5 + 5)®%%9T> ) (65)
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27TM 0%, T3 0272T
by = T" exp <27M4( 5 5 >®§%QT> , (66)
®3 == (8M + 648 M m>®E, ) exp (216M4 <54 + 257 )@‘}%T) , (67)
277204, Baet T3  Cor®T
Dy ::(Qexp<27M4<54 —I—25><I> T>, (68)
T
D5 = 2M2 /Dy ® e exp<4M2< = E)Qﬁ%gT), (69)
My = 2(T + 76)®¢,e?T | (70)
M _ _
My =2 <m 27 (2017 + 300, P + T2¢%%Z¢CGQ4AT>> : (71)
3 2 2 6mes,
A= max) 2T(3M? + T, ), =~ =5, 22M + @g,T) ¢, (72)

where Cy > 0 is the constant in Lemma C.8 for p = 2.

For T' > 0, we define the function spaces Sp := Sp(T") and Sy := Sy(T') as follows. We define Sy
as the space of pairs of functions (Cy, Ry) satisfying the continuity conditions and initial conditions
in Definition C.1 and the following bounds for 0 < ¢ <t < T

1Co(t,8)[|2 < By, | Ro(t, t')]|2 < e, (73)

Then, Sy is admissible with parameters ®y = max{®c, eQXT, ®pr, eXT} and Mj.
We define Sy as the space of triples of functions (3;, Ry, I') satisfying the continuity conditions
and initial conditions in Definition C.2 and the following bounds for 0 < ¢/ < ¢ < T"

P GQXt N(+_t!
1Ze(t, 8)]2 < EZT’ 1Re(t, )2 < RN D(B)]2 < M. (74)
Then, S is admissible with parameters ®; = max{®sz, e\’ /X, ®g,e* } and M,.

In the following, we show that

1. For sufficiently small 7" with AT" < 1, the mappings T5_.¢ and T,_,¢ map Sg and Sy into each
other, respectively.

2. If either 7 = 0 or V2/;(r; z) = 0, the above holds for any 7' > 0.

Note that it is possible to take XT' < 1 since ) is monotonically increasing in T'. Then, we can take
T. as the supremum of such 7. We provide a rough estimate of T}, > 62/(72M"m?) where > hides
subleading terms in M, m, 7,1/§ and the constant factor in Appendix C.3.4.

The proof is almost identical for both cases; the only difference lies in bounding Ry.
C.3.2. Tg_yp MAPS Sy INTO ;.
Condition for >,. We have by the assumptions and the triangle inequality that

2
Efle(r's 2)I3 < E(]|€(0; 2)l|2 + Mr'l|2)” < 2E[[£(0; 2)II3 + 2M* Elr'[|3 < 2M + 2M*E|r*[|3.
(75)
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We apply Lemma C.8 to 7! in Equation (21) with

E|| X113 = Ellw!|| = tx(Co(t, 1)) < m|Cy(t,t)]l2 < mPe,e?, (76)
2
IE||X5H2 EH Ry(t, s)ls(r®; z) < 6—2<I> A(t=s) E|ls(r®; Z)H2, 77)
IE||X§H2 —JEH\/>R9 t,s)ls(r’; 2) g% ﬂ(t_s)]EHfs(Ts;Z)H%, (78)
to obtain
E t(12 <3 d It T T (I)2 ¢ QX(t—S)E Y S. 2d 79
71 < 8(me,e™ + (5 + 5 )0k, | PV IFAs). (9

Thus, we have
B T t _
eiQAtEHEt(T’t;Z)H% < oM + 6M2mq)ce + 6M2<52 + g) (I)?%e/o e 28 E‘wg(rs;z)ugds.
(80)

By Gronwall’s inequality, we have
T
E|[6:(r'; 2)|13 < (2M + 6 M*m®c,) exp <6M2<62 ;) @%,ng) A= g e (81)

where we used the definition of ®, in Equation (62). B
Now, we check the condition || X(t,t)||2 < ®x,e** /A. Using Lemma C.8, we have

t
ISe(t, t)ll2 = IIE[LLT]]l2 < EIILY3 < 2T + 75)/ E[[¢5(r*; 2)]13 ds
0

! 5 T +70)®c, , 9% Py, o
2(T + 74) / Do, ds = LI TP +TA) = (e2)‘t—1)§%62/\t, (82)
0

where we used the definition of ®y, in Equation (63).
Next, we check the condition (51). We have

et t) = 28 (t, ¢') + Se(t', )2 = |E[(L' = L)L = L) T]|l2 < E|IL* - L3
2

t
Cs(r%; 2)(ds + V76 dB®)

4 2
2T + 78) e, et — t/) < Mlt — 1| . (83)

t
< AT+ 79) / E|J6(r; 2)|I3 ds
t/

Condition for R,: case (1). We have

1R (t )13 < 2Elp" |3 + 276 E|L.D," 3 (84)
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First, we bound E|| pz’t/ 2. By the Lipschitz continuity of 4 (r; z) in r, we have ||V,.£;(rt; 2)||2 <
M for all t. Therefore, we have

Ellps" |13 = B[V, L (rt; 2)ptt |2 < M2E||pt?||2. (85)

Applying Lemma C.8 to pfﬁt/ in Equation (22), we have

, M? T 7 S v ot
E|pht H§§3<52<1>%%9e A= t>+<52 5>@§O/ﬂe”<t VE| p5 Hgds>. (86)

Thus, we have

3M4 T T LS VI st/
< 5 +3M2<52 5><1>§ﬁ)/tle AR ps 13ds.  (87)

By Gronwall’s inequality, we have

e M E]op" I3

i , 3MA T T
OB < Pk, e (332 + 5ok T) < 0. (88)

Next, we bound EHDé’tl |2. We have

3ds + 2E[| V6 (r'; 2) 31 DR 131101 13)

T s
B10p 1 = 00?5+ 5 ) [ Irte.s) 3105

T /
<4M2(52 5)@ / N B Dy 3 ds + 2002 B DY [3/E o 14,
t

(89)

where we used that |[V2/;(r%; 2)||2 < M by assumption. We first bound E| pfﬂt/H%. Applying
Lemma C.8, we obtain

/ T3 CT2T
Bt H%S27<< L+ O [ iRt 1T 22 1 2

1 /
+ IRt OISVt (0 ;z)H%)

T3 T * & / M /
< 27(( 64 + C12(;> @ M4 / 64)\(t_8) ]Epr"t ||2 s+ F(I) 4)\(t—t )) ) (90)
t/

By Gronwall’s inequality, we have

, 2TM P} T3 2 - -
Ellpf" I} <~y exp (27M4( ST+ %)@%g) M) < gy 1) (91

We next bound EHDﬁ’t/ |3- Applying Lemma C.8, we have
tt! T3 CQTQT st/
E|ID" i <27 (57 + —5— HRe (t, )12 EIVrls(r*; 2) 2] DY [12] ds
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T2 ’
+ 57||R9(tat,)||§E||€t’(rt ;Z)||§‘>

T3 T b :
< 27(( 4 Cot )@‘}ng‘l/ A (t—s) EHD;ﬁ?t
t/

s+ Sk OBl )14

54 62
92)
E|[£y(r"'; 2)||3 can be bounded as
E[le(r'; 2)ll3 < 8E[16:(0; 2)|l3 + 8MYE|r"|3
< 8M +8M* . 27<IEI||wt||§1 + (?j + 0272T> / | Ro(t, s)||3 B0 (r; 2)||3 ds)
< 8M + 216 M* <3m2<1>%964)‘t <§j + 02672T><1>j§¢6 /0 et (t=) E||£S(r5;z)||§ds) . (93)

By Gronwall’s inequality, we have
T3  Cor®T X 5
E||4:(rt; 2)|]3 < (8M + 648M4m2<1>%~9) exp <216M4 (54 + 52 ><I)4R9T> e < Byt
o4

Taking 7 small enough such that AT < 1, we have ¢*\ < e, Thus, we have
T®  Cor’T !
4 4 agd
g27<<54 + 2 ok, M /t/e

By Gronwall’s inequality, we have

277207, Pzet T3 2T Nt
S S (27M4<54 + )@%J) P < gt (96)

E| Dy

3ds + 52@ <I>3e4e4)‘(t_tl)>.
95)

E|| D} 5 <

Combining the above bounds, we have

T U
E|| D513 < 4M2<52 5)‘1’ / A=) B DEY 13 ds + 2M2\/@4e4m (97)
By Gronwall’s inequality, we have

T —
E|[D5 13 < 2M% /By ® e exp<4M2<52 ;)@%9T>e2)‘(t_t) < Pyt (98)

Thus, we have
Ro(t, )2 < (207 + 276®5)e2M171) — @2, (A~ (99)
2 Ry

Condition for R;: case (2). When V2/,(r;z) = 0, we have Dé’t/ = 0. Thus, when 7 = 0 or
V24y(r; z) = 0, we have

[Re(t, )13 <E[p" [|3 < Do) < 93, o221 (100)

This holds without taking 7" small.
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Condition for I'.  We have

IT@)ll2 <E[VALe(rt52)]l2 < M. (101)
C.3.3. Ty_s9 MAPS Sy INTO Sp.
Condition for Cy. We have
1 m m® N
BJUYS = 5 tr(Selt, 1) < FISa(t )l < == (102)

By the Lipschitz continuity of h, we have E|h:(6%)(|2 < 2||h(0)||3 + 2E|[h(6%) — he(0)]3 <
2M? + 2M? E||0||3. Thus, we have

2N E|92
S%2M<EWW§+EMW@
t 2 2 2 s 2 12
S S / S /
+2T[;O@MJGME+MF®M2MWIb+YZAHRAasHbMW Mds>ds
—INt 21 12 m®sy,
< 3 e (0 4+ a2 M2y + P22
t _ _ S _
+2T / e 2Mt=9) <3M2e2)‘5EH05||%+T@%£ / eWEHeS’Hgds’) ds>
0 0

P t _ _
<3 M+ar?a? + 22 o7 M2 4 T293) < / e 2Mt=9) ds) sup e 2 E||6%||2
[P 0 s€[0,T]

® T(3M? + T3 <
<3| M+ ara? 4 T ( — ) sup e M E|6°%)|3
P A s€[0,77
(103)
By A > 2T(3M? + TQCI%Z), we have
5 P
sup e ME|6Y32 < 6<M + 4172 M? + M) . (104)
te[0,T] oA

By A > 6m®sy,/(6(M + 4T%2M?)), the right-hand side is bounded by 7(M + 4T?M?) < ®¢,.
Therefore, we have

ICo(t )12 < E[6"]]3 < Doye™ . (105)
Next, we check the condition (50). We have

[Cy(t,t) — 2C5(t,t') + Co(t', t')]|2 = |[E[(0" — 6") (0" — 6")T]|l2 < E||6" — 6”2

t s 2
Ut —u? —/ <h3(05)+F(s)05+/ Ry(s, s')0% ds’> ds
4 0

<]

2
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< 2<1E|Ut—Ut/|§+2(t—t')2 SFP}{2M2+3M2E||95H§+T/ IIRz(s,S’)H%EIWI%dS’}>
s€[0,T 0

IN

M — —
2 <m5 Lt —t| +2(t — t)? <2M2 +3M2Bc, 0T 4 T2<I>§{Z<I>09e4m)>

< Mplt —t'], (106)
where we used

M,

E|U* - U"|3 < %sz(?ﬁ,t) — 28 (1, ) + Solt' )2 < Tt — ). (107)

Condition for Ry. By the Lipschitz continuity of h, we have ||Vyh.(0)||2 < M for all ¢ and 6.
Thus, we have

o5 l2 < 1+ / t<(\|veh5(9s)\|2 + TIN5 12 + / Rets, o |2ds') ds
< vt [ (23165l + m, [ A1) s ) s, (108)
t t
and thus
S
1 /t o~ Mit—s) <2M6A(st’)sz,t'”2 +Dp /8 ex(s’—t')sz’,t’ B ds’> ds
t v
<14+ (2M + ®r,T) (/t G ds) sup efX(s—t’)HpZ,t'”2
t set ]
<14 2RO G o X st (109)
A sEt ]
By A > 2(2M + ®g,T), we have
okt o < 2610 (110)
and thus
IRo(t,t') |2 < Ellph" |2 < 21 < @, A1) (111)

C.3.4. A ROUGH ESTIMATE OF T

We derive a rough lower bound on 7% up to the leading dependencies on M, m, 7,1/§ and ignoring
constant factors. Take 7' < min{1, (M?(1/6%47/8)®% )~'}. Then, the exponents in the definitions

of ®¢, and ®; (i =1,...,5) are all bounded by constants since
M5+ 5 ORI <1, MY T ok TS (112)
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Then, the ® quantities can be bounded as

M4 M4
(I)CQSM7 ¢R9§17 q)Cg,SMgma q)EgsTMgma leﬁ’ qz’QSF?
(113)
271 76,,,2 7 7/2,.,1/2
6 92 T“M°m TM'm TM“m
(I)3§Mm> <I>4ST7 @55 53 ) R[_f
Then, )\ is bounded as
— mP T2M"m?
AS(M2 4+ 03+ L+ (M +Pg,) S —5— (114)

oM
Thus, further taking 7 < 62/(72M"m?), we have AT < 1.

62

C.4. Proof of Lemma C.6

Set @ := max{®y, ®;}. In the following, K denotes a positive constant that may depend on M, m,
T, d, T, and @, but not on other variables, and may change from line to line.

Bound of dist)(¥},?). Let w; ~ GP(0,C}) and wy ~ GP(0,C?) be Gaussian processes

coupled such that
sup e My /E|lwt —wh|3 < 2-disty(Cy, CF) . (115)

te[0,7]

For i = 1, 2, let ; be the solution of
IR
rl = w! — 5/ Ry(t, 8)ls(rf; 2)(ds + VT4 dB?). (116)
0

Note that we use the same Brownian motion B for i = 1,2. Applying Lemma C.8 to 7} — r} with
Eljw! — wh||3 < 4e?M - disty(C§, C3)?, (117)
E||Ry(t, s)ls(ri; 2) — R§(t, s)0s(r3: 2) 13

< 2(|[Rg(t,s) — Ry(t, )3 EILs(ri; 2) 13 + | RG (L s)ZENEs (155 2) — £:(r5; 2)]13)

< 2(<I>e2>‘t disty (R}, R2)? + ®2M2E||rs — r§||§) , (118)
we have
T
E|rf —rb)3 <3 (4&” -dist (C3, C2)? + 2((52 + ;)T‘bew - disty (R, R2)*
T t
o 5+ = <1>2M2/ Elrs —r§|2ds |, (119)
626 0
and thus
t
e PME|rt — b2 < K - disty (X!, X?)% + K/ RS — 33 ds. (120)
0
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By Gronwall’s inequality, we have

e M E|rt —rb|2 < KeBT - disty (X1, X?)?2 < K - disty (X1, X2)2. (121)
Fori =1,2, let
t
- / 04(r%: 2)(ds + V73 dB). (122)
0

Then, we have
t
VBN~ IIF 2T+ 75) [P B i) (52l ds

2 + 7(5 M s112 t Xl X2 2
< (>\) S][]p]e QAS EHTS] —_ 7’2H2 < 7 M d|S )\( 9 ) . (123)
SE(),]
T
LQ LQ

[K
disty (X}, 22) < sup e My/E||UL — UL||2 = sup e My/E|LL — LL|3/6 < 1/~ - disty (X!, X?).
+€[0,T] +€[0,T] A

/6.

Let {(U{,Uj)}1eo,r) be a centered Gaussian process with covariance E

Since U; and Us have covariance kernels 3} /& and X2 /4 respectively, we have

(124)

Bound of dist,(I'!,I'2). By Equation (121), we have

dista (I, T2) = sup e NI (1) = (1)l < sup e /B[ V. 4(rh: 2) — Voba(rh: 2)]3

t€[0,T] t€[0,T
<M sup e~ \/IEHT1 —rb3 < K- disty (X1, X?). (125)
te[0,7

Bound of dist) (R}, R?). Fori=1,2,let
’ / / 1 t
ol =Vt o =5 [ R o) (s VIBABY) — SR OV (el 2).
t/
(126)
Then, we have
IR} (8,¢) — RE (4, )13 < 2Ellpfy — pi5 I3 + 270 B DY — D5 3. (127)

We first bound E|| Pe 1 2. We have

Ellpy — 13 = EIVelu(rts 2)pn — Vela(rh; 2)015 13
< 2E[(Voly(rl; 2) = Vila(rks )y 15 + 2BV, (rks 2) (00 = o153

t,t t,t
< 20 \[EIlo Y 4\ ElIrt — rblls + 20 Ell oY — o153 (128)
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First, we bound E|| pf,tll 3. Applying Lemma C.8 to pitl/ we have

, (I)4M4 T3 3T7’2 t , t ,
t,t it )t
Bl < 27( T+ (5o + T Jeart [ Bl igas) < K+ [ B8,

(129)
By Gronwall’s inequality, we have
E[p 1 < KefT < K. (130)
Next, we bound E||r¢ — 5|3 by applying Lemma C.8 with
Ellw; —will; < 3(Ellwi — wh3)* < 12 - disty (Cy, CF)*, (131)
E||Rj(t, 5)0s(r; 2) — R3(t, s)s(r3; 2) |3
< 8(IIRy(t,s) — Ry (t, s) I Ellls(ri: 212 + [1RF (L, )2 B[l €s(r55 2) — £(r5; 2)12)
< 8<Ke4”\t - disty(R), R2)* + O M* E||rs — r;||§) , (132)

Here, we used that E||¢;(r'; 2)||3 is uniformly bounded by some constant K > 0 by a similar

argument as the bound on E||p%" ||4. Then, we have

t
E|rf —rb|3 < Ke® - disty (X1, X34 + K/ E||rs — 5|5 ds. (133)
0
By Gronwall’s inequality, we have
e ME|rl — 7|3 < KefT - disty (X1, X2)* < K - disty (X1, X2)*. (134)
Finally, we bound E||pr 1 — ,oT 5 H2 We apply Lemma C.8 to pfj’tl/ — pig with
E|| Ry (t, ) Vorly (115 2) — RE(t,4) Vol (5 2)]13
< 2(”Ré(t,t) Ry (4, ) |5 BIV ol (r]'s 2) |5 + |RG (1, ) [ BVl (15 2) — Vrftf(rél;Z)H%)
< 2<M2e2>‘t disty(R), B2)? + & M2E||r! — rg’ug) < K2 . disty (X!, X2)?, (135)
E|Rj(t,5)pp) — Ra(t,9)ps I3
< 2(I1R (2, 5) — B3(t, ) IBENpys 13 + 1R (E ) I3 ElIogt — o35 113)

< 2<Ke2)‘t-distA(Ré,R9) + 2 E| ot — o} 13 ) (136)

!
Here, we used that E|| p‘z’f |2 is uniformly bounded by some constant K > 0 by a similar argument

as the bound on E|| pfn’tl ||3. Then, we have

Bl — 113 < Ke? - disty (X', X2)? + K / Eloy! — ol 3ds. (137
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Plugging Equations (130), (134) and (137) into Equation (128), we have

Eloft — pphl3 < Ke? - disty (X', X

+K/EM“—WQM®- (138)
Applying Gronwall’s inequality, we have

_QAtE”Pe 1 sz Hz <K- d'StA(Xl X?)2.

(139)
Next, we bound EHD%I - DZ”;/ |2. We have

tt tt
1Dy — Dyyl2

1
< gHVrEt(ri; z) — Vrﬁt(ré; 2)

t
9 / Ry(t,s)D;t (ds + V75 dB?)
t ’

t
mwﬁwﬁ

2

1 /
+ varet(rg; 22 — Rj(t,s)Dy3 )(ds + V76 dB®)

2
V20 2) VR D L+ 1936 D o DI
_M e
5Wer/%tsﬁm+ﬁmm

2

(Rg(t, $)D5Y — R3(t,5)D3) (ds + V70 dBY)
t’ ’ ’

2
it t,t! £t
+ M7y = r5ll2[1D;y N2l 21l + MIDES [lall ot = o2 -
(140)
Squaring and taking the expectation, we have
t,t t,t' 12
EllDyy — Dys lla
t , 2
< KE|rt Ry(t,s)Dy (ds + V75 dB?)
t ’ 2
t ! / 2
+ KIE’ / (Rp(t, s)DZ’f — R3(t, S)DZ’; )(ds + V76 dB?)
tl b b

2
t,t tt t,t t,t/ t,t
+ KE|rf — 331025 130025 13 + KEIDY — D5 31005 13 + K B[ DS

t
< K\/E|rl — 7“5“‘21\/EH/ Ré(t,s)DE’f(ds + V76dB?)
' ’

t
+ K | E|R)(t
t/

”2||pr1

4
2

,$)D}y — R3(t,5)D) |3 ds

tt t tt tt tt
+K¢Mﬁ—@wwwD,§ S+ K\BIIDYY — DES 4\ /Elpty I3

+ K\/E|DS |3
)

—Pr2”2

< Ke®M . disty (X1, X2)2. (\/ 51[1p IEHD;IIf %+ \/]EHD”
seft’
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t
v v P
+ K/t/ (||Ré(t,s) — R3(t, s)l|§EHD21 I3+ ||R§(t,S)II§IE||D21 _ Ds7

4Bl 1+ K JEIDES 134/Ellok

We do not repeat all the details, but by a similar argument as the bounds on E|| pfjfl/ |3, we can show
that B 7 |[5, B[| D
for p > 2 andi =1, 2. Moreover by a srmrlar argument as the bound on EHPr 1~ pr 9

show that EHD% - 2 H2 and IE||pr 1— pT 5 H2 are bounded by Ke* - disty (X!, X?)4. Thus,
using these bounds and Gronwall’s 1nequa11ty, we have

%) ds

+ K\/IEHDQQ’ - DYy

(141)

2 EHD Hp , and EHDt’t, |4 are uniformly bounded by some constant K >0

/|12, we can

ME(DYY — D3 < K - disty (X1, X2)2. (142)
Therefore, we have
disty(R}, R7) < K -disty (X', X?). (143)
Collecting the above bounds, we have

disty (Y1, Y2) = Vdisty (2}, £2) 4 disty (R}, R?) + disty (T, T?) < K - disty (X!, X?).
(144)

C.5. Proof of Lemma C.7

Again, K denotes a positive constant that may depend on M, m, T, §, T, and ®, but not on other
variables, and may change from line to line.

Bound of dist)(C},C3). Let Uy ~ GP(0,%}/6) and U ~ GP(0, X2 /§) be Gaussian processes

coupled such that
sup e My /E||Ut — Ub||2 < 2-disty (X}, 7). (145)

t€[0,T]

Fori = 1, 2, let §; be the solution of

t . S . 12
0! =0° + U! —/ <h5(ef) +T%(s)65 +/ Rj(s,5)0¢ ds’> ds. (146)
0 0
Then, we have

e E|6! — 642
t t
< Go2N (T / E||hs(6) — hy(65)[2ds + T / 1T} () |3 E)165 — 65]13 ds
0 0
t S
<72 [ [ IRl ) BBI6F — 05 135 ds-+ B0 U3 3

+T/||r T2(s)|BE)65]3 s +T2/ / IR} (s,8') — R2(s, ") |3E)65 |3 s’ ds>
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t
< 6<2M2T / e 2AU=s) LTS 195 — 0512 ds
0
t S
+T2<1>2/ e”(”)/ 2 E(07 — 05|12 ds’ ds 4 4 - disty (3}, £7)?
0 0
t
+Tm<1>/ “2AE=8) LoD (6) — T2(s) 12
0

t s
—I—T2m<I>/O e_”‘(t_s)/o e_2>‘8||R}(s,s’)—R%(s,s')H%ds'ds)

M3T T3 P2
<6 sup e M E[|65 — 653 + sup e M E[|65 — 633
A sefo] 2X seo

4 Tmd T3ma
2 Mdisty (31, 52)2 + 2 disty (D1, T2)2 + = . disty (R), R2)?
X\ 2\ 2\
K K
< = sup e ME(05 — 03]12 + < - disty (Y, V?)2. (147)
s€[0,¢] A

Since K is independent of A, we can take A > 2K so that

2K
sup e ME||9 — 0|2 < == - disty (Y1, Y?)2. (148)
t€[0,T] A

Thus, for any € > 0, we can take A large enough such that

sup e 2ME[0% — 0513 < €2 - disty (Y, Y?)2. (149)

t€[0,T]
03 6} .
() )
wy and w9 have covariance kernels C; and 092 respectively, we have

dist)(C3,C3) < sup e M\/E|w! —wh||} = sup e M\JE||0L — 043 < e - disty (Y, Y?).

Let {(w], w})},e(0,7) be a centered Gaussian process with covariance [

t€[0,T]
(150)
Bound of dist) (R}, R3). Fori=1,2,let py; be the solution of
¢
Py = Ry(t,1') — / (Vohs(07) +T7(s)) pys + / Ri(s,s)pj) ds')ds.  (151)
tl

Thus, we have
- t7
e M ”Po /)9 2 H2

< e‘At/O (IV6hs (0112 + [T ()l12) 1055 = £55 ll2 ds
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te M /t(Hvehs(G‘f) — Voha(63)]l2 + T (s) — T2(s)ll2) 055 || ds

+e” At/ / IR} (s, s ||2Hp91 —p92 H2+ IR} (s,8") — Rf(s,sl)\|2|!p§i’2t/\|2> ds’'ds
S/O e M=) (QMQ)\S\PQJ 092||2+‘I’/ 7)‘SIHPZ 1t,_P92 szs)

-/ e (005 — B3l + €0 (o) - r2<s>uzupz’,§’||z) ds

t s
+ /0 e M1=9) / e Rl (s, ') — R2(s, )2l o8

(152)

By Equation (110), we have || p“;/’; "|l2 < ®. Thus, we have

Y ¢t/
€ tE”pe P92||2
t
S/ e~ AMt—s) <2Me)\SHPa p92||2+(1)/ —Xs’ Hp _szt
0

t
+ @/ e ) (M B0 - 83z + e |1 (5) — T*(s)]|2 ) ds
0

t s
+§>/ eA(ts)/ e ||R}(s,s") — R2(s,5")||2ds ds
0 %

t ! !
< < /O e~ A=9) ds> ((QM +®T) sup e *lpg — pgsllz + PM sup. e ML E|65 — 65)lo
S8

o<t/ <s<t

+@ sup e M| (s) ~T2(s)|2 + T sup e || Ry(s,s) — Ri(s, 5')||2)

0<s<t 0<t'<s'<s<t
K K
= sup e Mlpst — bl + - dista (YY), (153)
A o<t/ <s<t A

Taking A large enough such that A > 2K, we have

_ _ 2K,
sup e M|Rj(t,s) — R3(t,s)|a < sup e ’\tIEHpZ’ p62\|2< 5 ~disty (Y1, Y?).

0<s<t<T 0<s<t<T
(154)
Thus, for any € > 0, we can take A large enough such that
disty(Rj, R3) < e - disty (Y, Y?). (155)

Collecting the above bounds, we have that for any € > 0, we can take A large enough such that

disty (X1, X?) = disty(Cg, C3) + disty(Rp, R3) < e - dist, (Y, Y?). (156)

Appendix D. Proof of Theorem 3.2

We follow the three-step strategy outlined in the main text, which we repeat here for clarity.
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1. We discretize the SGF (1) with time step v > 0 and analyze the discretization error (Lemma D.1).

2. We apply the AMP theory to characterize the asymptotic behavior of the discretized SGF using
a low-dimensional state evolution recursion (Lemma D.2).

3. We take the continuous-time limit v — 0 and show that the state evolution converges to the
unique solution of the DMFT equation & (Lemma D.3).

We consider the discretization of the SGF (1) with time step v > 0. Let |¢] := max{k~y : ky <
t,k € N}. We define GEY and rfy as the solution of the following equations:

d 1
%= <thJ(9yJ)+5qutJ(ryJ >dt+\/>2wz o (rTaBl, a5

and rg =X 03 with initial condition 02 = 0°. At discrete time points t1, ta, ... where we define
ty =kyfork € N, nyk satisfies the following recursion:

e'tka = etk - 7<htk(9tk) + 5XTftk( ik ;2 > + \/?Zwigtk (Tikm Zi)T(Bka - Bfk) .
i=1
(158)

First, we control the discretization error between the SGF (1) and its time-discretized version
(158). We prove it in Appendix D.1.

Lemma D.1 Under the assumptions of Theorem 3.2, for any T > 0, there exists a constant C > 0
such that we have, almost surely over the randomness of X, z, 6°,

1
limsup -~ Eg| sup ||@" — 6 HF < Cy, hmsup Eg| sup |r' — T’Y||2 <Cvy. (159)
n,d—oo 0<t<T n,d—oo T 0<t<T
Furthermore, forany L € Nand 0 < t1,...,t; < T, we have, almost surely,
~ ~ 2
lim limsup E5 W2<P(0t1, L0, PO, agw) —0, (160)
70 n,d—oo
. 2
lim limsupEg Ws (P(rtl, LT 2), P( . ,rfyL, z)) =0. (161)
y—0 n,d—oo

Next, we relate the discretized SGF to the discretized DMFT equation &7 defined in Ap-
pendix B.2. The following lemma shows that the unique solution of &7 characterizes the asymptotic
behavior of the discretized SGF (158). We prove it in Appendix D.2.

Lemma D.2 Under the assumptions of Theorem 3.2, foranyT > 0, L € Nand 0 <t; < --- <
tr, < T, we have

pelim Wa(P(6Y,....0%), P(6L,....02)) =0, (162)
n,ad—r 00
p-lim Wg(P( ,...,rgL,z) P(r?,..., iL,z)) =0. (163)

n,d—00
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Finally, we establish the convergence of the discretized DMFT equation &7 to the original DMFT
equation & as v — 0. We prove it in Appendix D.3.

Lemma D.3 Under the assumptions of Theorem 3.2, foranyT > 0,L € Nandt, < --- <ty €
[0, T], we have

: t t t t
%%WQ(P(H;,...,QVL),P(H1,...,0L)):0, (164)

. t t t t _
%%WQ(P(T,YI,...,T,YL,Z),P(T Lo L,z)) =0. (165)

We are now ready to prove Theorem 3.2.
Proof [Proof of Theorem 3.2] We prove for %; the proof for 7 is similar.
Forany 0 <t < --- <ty <T and~y > 0, by the triangle inequality, we have

Ey = WQ(ﬁ(etl, ...,6) Pk, .. ,etL)) <EY + B +EPY (166)

where we defined

B = Wa(P(O",....6%),P(6]) ... 0%)) (167)
Eéa) =Ws (|5(0§1, L0 PO GEYL)) , (168)
B = Wa (PO, 00), P(O", . 0)). (169)

By the union bound, we have, for any € > 0,
P{E; > ¢} <P{E)) > ¢/3} + P{EY) > ¢/3} + P{E{Y) > ¢/3}. (170)

Taking the limit n,d — oo and applying Lemma D.2, the second term vanishes. Furthermore, by
Markov’s inequality, we have

limsup P{E, > ¢} < % limsup E[(E{))?) + P{E® > ¢/3}. (171)

d,y
n,d—o00 n,d—oo

Since the left-hand side does not depend on -, we can take the limit v — 0 and apply Lemmas D.1
and D.3 to obtain

lim P{E;>¢} =0, (172)
n,d—00
and thus F; — 0 in probability as n, d — oc. |

D.1. Proof of Lemma D.1

In the following, C' denotes a constant independent of n, d, v, which may change from line to line.
We utilize the general results in Appendix G. We check that the SDE (1) satisfies Theorem G.1.
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Drift term. For the drift coefficient b(t, 8) = h(0) + X "¢,(X6; z), we use the Lipschitz
continuity of & and ¢ and that || X |2 < C and ||£:(0; z)||r < Cn almost surely for sufficiently large
n, d by assumption to obtain

2
16t 0) 1% < 2[lhu(O)IIF + 511X [2]16:(X 6; 2)]I7

< C(|h(0)|d + [|8]|F) + C(]|€e(0; 2) |17 + | X 0|17
< C(d+0]%), (173)

2
[B(t1, 1) = blt2,0) [ < 2|[he; (01) = huy(0)I5 + 51X |11 (X015 2) — L1, (X 02 2) [

< C(d|ty — to]® + |61 — 02]|2) + C(n|ty — to]* + || X (01 — 62)|3)
< C(dty — to]* + 1|61 — 62))2). (174)

Diffusion term. For the diffusion coefficient (¢, 0) = /7/0x;l,( 0T x;; zl , we proceed simi-
larly as above to obtain

Z\Im (t.0)l[F = 5 lewzllz |6:(87ai; i) 3 < Cln+[|X0]F)

< C(d+ 1011, (175)
ZHUz (t1,01) — oi(t2, 02)||F = anz,b”gtl 91 xi; %) — gtz(egxﬁzi)”%
=1

< O(dlh — to* + (|61 — 62]|F) - (176)

Therefore, by Lemma G.4, we have that, for sufficiently large d,

E| sup (6~ 6}

0<t<T

< Cy(d+[6°)1) - a7

By Assumption A.1, ||6°||% < Cd holds almost surely for sufficiently large d. Therefore, there exists
a constant C' independent of n, d, v such that

1
limsup-Ep
n,d—oo

sup (0" — 6% [|E| < Cn. (178)
0<t<T

This shows the first claim. Furthermore, we have

Egp W2(|5(0t1,...,etL),IS(egl,...,etL ) <Eg

ZHGU Htl”F]

L t_ pt2

< - Ep| sup [[6"—6,[F]| - (179)
d 0<t<T

Taking the limit n, d — oo followed by v — 0 shows the second claim. The claim for 7 follows
from

Irt =il = [ X (8" — 6))llr < [ X|2]]6" — 6% |- (180)
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D.2. Proof of Lemma D.2
D.2.1. REDUCTION TO AMP

For notational simplicity, we omit the subscript y and denote 6!, 7, by 6%, r*. As we only work in
discrete time, there is no risk of confusion.
Let G* = (B'+1 — B')/ /4 ~ N(0, I,). Then the recursion (158) can be rewritten as

@i+t = @' — yhy (6'F) — gXT n+/TOAGE) O 4, (P 2)), Tk = X 0% . (181)

Let M > 0 be a constant and let [-]57: x — max{—M, min{z, M }} be the clipping function. We
clip the Gaussian vector in (181) entry-wise as

Otk = @t — yhy, (O%) — %XT((ln + T /7 [GFm) @ by, (715 2)), 7= X @ . (182)

We first control the difference between (181) and (182).

Lemma D.4 We have, almost surely over the randomness of X , z, 69,

. . 1 tr Ntk (12 |
i Bmsup B s, 16 — 818 =0 (15
and thus
~ A . . 2
lim limsupEBWQ(P(th,...,HtL), (otl,...,otL)) —0, (184)
M—00 n d—oo
. 2
lim hmsupEBT/Vg( (rfr, . et 2), P(#1 ,ftL,z)> =0, (185)
M—00 p d—oo

Proof We have

9+ — g2
< 6% — 6%l + e, (6%) — B, (6% |
+ X7+ VARG © by (r'%: 2) = (L + VTOAIG ) © b, (5 2) )|
< CY0% — 6%+ CI(G* — [G¥]ar) © (% )6 + CIIGH ar © (b, (r1%; 2) — £, (7% 2)

(186)
Since G* is independent of 7 and 7', we have
E|(G" = [GMm) © by, (7™ 2) | = ZE (G = [GF1an)? |1, (i 20) 3]
ZE 106, (775 20) 13] = F(M) E|[by, (r*; )| < CF(M)E|6% |, (187)

E[|[G*ar © (£, (7% 2) — by, (75 2)) | = ZE (G306, (ri; i) = Lo, (735 20)|13)
=1
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n

= E[[GI3] Y Ellen (r*; 20) — L (7%: ) |3] < CE[G? El|r' — 7% || < CEJ|" — 6™ |3,
- (188)
where f(M) = E[(G — [G]a)?] for G ~ N(0, 1). Therefore, we have
LEfot - 02 < Bl - 0% + Cp(0M) - S E0% (189)
Iterating this inequality yields
LE|0% 6% < OF(M) - sup [0 (190)

k<T /v

Asn,d — oo, E||@%||Z/d is uniformly bounded in ¢, almost surely for large d by Lemma G.2. As
M — oo, we have f(M) — 0 by the dominated convergence theorem, and the first claim follows.
Convergence of the 2-Wasserstein distances follows from the first claim by the same argument as in
the proof of Lemma D.1. |

Consider the following AMP iteration. Given sequences of functions f;: R(+Dm+i+2 _y gm

and g;: R“™*t™ — R™ (5 > 0) that are Lipschitz in the first (i + 1)m and im arguments, respectively,
we generate sequences of matrices a'tl € R¥*™ and b* € R™™ (i > 0) as follows.

. 1 . . ¢ 4
att = —SXTfi(bO, b2 (GOl (G + ) gjlal, . ads00¢T 9
j=0

i—1
. . 1 . .
b = Xgi(a',...,a;0°) + 5 > L V2 (GO (GG (192)
j=0

with initial values go(6°) = 6°,b° = X 0°. Here, f; and g; are applied row-wise, and {&; ; }o<j<i,
{Gi,jo<j<i—1 C R™ ™ are defined as follows. We define a sequence of centered Gaussian random
variables {u1, w'};>( recursively as

B (w)T) = Blgi(a', ... w%0%)g;(@,..,w30)T), (193)
. . 1 o i o i
B @ )T) = SR, 052, (G (G S5 0955 [, [Gan)T),
(194)

for0 < j <, andset ¢ j,& ; as

9 - o
Gij ZE{Wg@-(ul,---,uz;Ho)], 0<j<i—1, (195)

w

M- [Gi]M)] , 0<j<i, (196)

where the expectations are taken over ', w’, §° ~ P(#Y), z ~ P(z), and G ~ N(0,1).
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This AMP iteration can be mapped to the recursion (181) by considering the specific choice of f;
and g; as follows.

gi(a',... a'0%) = 6" (197)

fi@®°, . b5 2, (GO - (G ) = (L + /T8 /7[G ) © b, (rlis 2) . (198)

We show that g; is indeed a function of @', ..., a’, 8° and Lipschitz in a’, and that f; is a function
of 8%, ...,b%, 2, [Gns, . . ., [G¥] pr and Lipschitz in &7, It can be shown by the Lipschitz continuity

of ¢, boundedness of [G]ys, and induction over ¢ as follows.

gttt = @ — yhy (6%) — 1XTfi(b0, b 2 [GYars L [Gar)
= 0% — yhy, (0%) + | @'t Zg] ,o,al; 00 ] (199)
rl = X0 = Xgi(a',...,a ;00)
i—1
1 . ,
- Eij(bo,-..,b];z,[GO]M,.--,[GJ]M)CZ]-- (200)
7=0

By Wang et al. [56, Theorem 2.21], for any second order pseudo-Lipschitz functions 1) : Rémt+m
R and ¢ : ROGTD™+i42 _, R we have almost surely

d
.1 1 0 —1 —i. g0
nvgglmd;qp(aj,...,aj,a]) E[y@@', ..., a;0%)], (201)
lim L ii(bﬂ bz, GY, ..., Gl = E[p@, ..., w2, G, ..., G (202)
/n/’d_}oon_ 7"'7]7 J? ) PR ) ) PR *
Since 6" is a Lipschitz function of @, ..., a’,8°, we can take a Lipschitz function hg such that
0% = hy(al,...,a’;0") and define 0" = hy (w',...,u; 6°). Similarly, we can take a Lipschitz
function f, such that ' = h,.(b", ..., b" 2,[G°ns, . . ., [G']ar) and define 7 = h,.(@°, ..., w0"; 2,
[@0] M- --,|G']ar). Considering the composition of 1), with hg, h,., we have almost surely
1 1 j
. t jti. n0 y 0. no
nﬁldlinood;@u(el v 00500) =E[p(@,...,06%)], (203)
. 70 ti. . 10 ‘ W0 i Yol
n}dlgloon;w(rj,...,rj 125, [GNars - [Gol) = B[, ... 752, (G ), - [G )] -
]:

(204)

As M — oo, by the dominated convergence theorem, we have W (|G|, G) — 0 for G ~ N(0, 1).
Combining this with the above and Lemma D.4, we have

p-lm Wg(ﬁ(etO, 04, P(@O,él,...,éi)) —0, (205)
n,d—o0
p-lim W2<ﬁ>(rt0, ot 2) P, T2, G ,éi)) —0. (206)

n,d—00
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D.2.2. MAPPING THE STATE EVOLUTION TO DMFT

It remains to show that the state evolution process (?7’, 7);>0 defined above satisfies the discretized
DMEFT equations (30)—(32).
By Equations (193) and (194), we have

Ew'(@’)"] = E[9 (GJ) P

E[at! (@ th)T] L+ /704G ), (75 2) (1 + /787G )y, (75 2)T]. (207)
Define Ui and fi as
i A i—1 . ‘
U=~y @, L= 72(1 + \/Td/véj)étj (75 2). (208)
j=1 j=0
Then, we have
E[T(T7)"] = 5 E[L(T)T). (209)

By Equation (199), 9’ follows the following recursion.

g“rl = gl - ’Yhtz (0 + v 'LL Z 51,]9]

:gz‘i"}’ U ht1 gzz ' Zgl,]ej . (210)
Thus,
» S i—1 i » o i—1 ] i—1 i iy j—1 _
0 =0+ @ -7)=0 +vZuﬂ“—vZ(htj(H’H&j,j@]+Z€j,k9)
§=0 j=0 J=0 k=0
i—1
8+ T —vz<ht @) + &0 +Zg]k9> Q11)
7=0 k=0

Furthermore, 99" /0w ! satisfies

8?1 i—1 agk’ k—1 8gl
Wzvfm—vkzl (Vohi, (0 >+£M)a — + Z sza — | @1
=j+

By Equation (200), 7 follows the following recursions.

i—1
. 1
’:EZ—SZC”& 7 i 2)(L+/T/~ G] (213)

7=0

=3
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Furthermore, 94y, (7; 2) /0w’ satisfies

by, (5 2) o
W = Vrfti (7" ,Z)ﬁ y (214)
oF 1 e 0l (TR 2) —, 1 :
¢ » _
a@] = _S Z (i»k ka — + 7'(5 G gQ,jV,,ﬂtj(r];z)(l—i— VvV T(S/’yG])
k=j+1
(215)
Let {ﬁé’j }o<j<i be the stochastic process satisfying
i 1 _j
5y = Vol (F2)p, Pl = —— Z Cpy? (L + /76~ G ng‘,erftj(Tj;Z)- (216)
k j+1
Using the linearity of Equation (214), we have
(%ti(i} z) 72,3 14 WGJ 217)

ow’
Then, &; ; satisfies
A ey B 4 |72 ap,’
&J_E[awﬂ'] - { (1+ /76 /7G" } 4y D E = (218)

where we used Stein’s lemma (Gaussian integration by parts) in the last equality. By Equation (216),
apg’/ OG’ satisfies

op O OV (P 2)
006 0,7 ) 2 4 QT l52)
oG oG oG
<« . 079 o7 1,
=V, by, (75 2) | —= Z Qk Pg (L++/70/v G + V20, (7 2) L?Gj]pfﬂ, (219)
k 7+1

where 07 /OG” satisfies

8i. =5 Z iVl (755 2) 1+\/T(5/ G 1/ Cmﬁtj 7 2) (220)

8GJ k 7+1

These state evolution recursions exactly correspond to the discrete DMFT equations G” shown
in Equations (30) and (32) by the following mappings:

ot 47, i>0, (Compare (30a) with (211))
otiod 1 90’ . .

pgﬁt = e 0<j<i, (Compare (30b) with (212))
ri &7, i>0, (Compare (30c) with (213))
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o L =g 0<j<i, (Compare (30d), (30e) with (216))
7 ’y ..
tit; 4 1 0p,’ . .
D£7 =—=—, 0<j<u1, (Compare (30f), (30g) with (219), (220))
’ V7 0G
vl LT, i>0, (221)
wh L i>0, (222)
Bl — Bt & G i>0, (223)
and
Cj (ti,t;) =B (@)1, i,j >0, (224)
X9 (tir ty) = E[L(L)T], i,j >0, (225)
Ry(tisty) = G/, 0<j<i, (226)
R (tisty) = &j/7, 0<j<i, (227)
L7(t;) = & 0<1i. (228)

D.3. Proof of Lemma D.3

We first embed the discretized DMFT equation &7 defined for discrete time knots ¢t = kv (k > 0)

into continuous time ¢ € [0, 7] in a piecewise constant manner. We define the stochastic processes

t ot Lttt ot . .
{6, 75 Yeeqo,r) and {pe,w P~ Dy, }>¢>0 by the following equations.

t] ls] )
(93 =%+ Uﬁ — /0 (his)(63) +T7(s5)63) +/0 R)(s,5)05 ds')ds, (229)
t.t / Lt] s ~y st Ls) 07 n st oy
Pgy = Im —I([t'] < [2]) (Voh s (05) +T7(s))pg, + R)(s,8")pp), ds' | ds,
[t [t
(230)
1 lt]
=l 5/0 R(t, )0 (r5: 2) (ds + V7o dB?) | 231)
Py = Vil (s 2ok (232)
/ 1 i o 1 ,
Py = =51 < 1)) /[ , Fa $)ppL (s + VTEAB) = SRY(LE)V Ly (1]:2), (233)
’ 1 [t] ,
Dyt = Vol (1 2) (—5]1(&’1 <[t]) /m Ry (t,s)D}" (ds + \/TTSdBS)>
+ V20, (rh; 2)[DES LY (234)

1) ,
%mﬂ < 1t)) / R (t, 8)V,lyy) (5 2) D3 (ds + v/rd dB°)
o1

tt
Dvw -
T /
— \/;Rg (t, )0 (rg 1 2), (235)
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where U!, w!, are centered Gaussian processes with covariance kernels X3/ and C; respectively.
Then, set CJ, R, %), R),T'7 as

Cy(t,t) =E[0L05T],  Ry(t,t') =Elpg"],
, 0
(1) = B[LLLET), L = /0 010 (12 2)(ds + V7 dBY), (236)
R)(t,t') = Elpj’] + VTSE[DS], T7(t) = E[V,€1,(r};2)]

where we set R) (t,t') = R)(t,t') = 0 for [t] < [¢'].

The above equation agrees with the discretized DMFT equation &7 at discrete time points
t =t; = iy (1 > 0), and has a unique solution since it is piecewise constant in each interval [t;, t;11).

We then define mappings 7,",,: (Cp, Rg) — (3¢, Rg,T) and 7, (3¢, Re,T) — (Co, Ryp)
similarly to 7y_,¢ and 7y_.¢ in Appendix C but with the DMFT equation & replaced by its discretized
version G7. We also define their composition 77 = 7? oo Tyl

Since the solution to the discretized DMFT equation &7 is determined by the values at discrete
time points {¢; = ¢y : ¢ > 0}, the solution exists uniquely by induction. Let X7 = (Cy, R))
and Y7 = (X}, R),I'"7) be the solution to &7. Then, X7 is the unique fixed point of 77, i.e.,
TYNXY)=X".

We show that the unique solutions X7 and Y belong to some admissible spaces defined in
Appendix C.1.

Lemma D.5 There exist admissible spaces Sg and Sy such that X7 € Sgpand Y7 € S,.

Proof Since Cj, %), R, R, and I'" are piecewise constant, the continuity conditions are automati-
cally satisfied. Since the solutions are bounded, we can take the spaces Sy and Sy large enough so
that the boundedness conditions are also satisfied. |

Let X = (Cy, Ry) be the unique fixed point of 7 shown in Theorem 3.1. We control their
distance as follows.

disty (X, X7) = disty(T(X), T7(X7)) < disty(T(X), T(X")) + disty(T(X7), T7(X7)).
(237)

As in the proof of Theorem 3.1, we can take \ large enough so that 7 is a contraction and the first
term is bounded by (1/2)dist) (X, X7). Then, we have

disty (X, X7) <2 -disty(T(X7), T7(X7)). (238)
The next lemma bounds the right-hand side. We prove it in Appendix D.3.1.
Lemma D.6 For any \ > 0, there exists a constant K > 0 independent of v such that
dist\(T(X7), TV(X")) < K\/7. (239)
Therefore, for sufficiently large A, we have
disty (X, X7) < K\/y, disty(Y,Y7) < K\/7. (240)

Finally, we couple 6 and ny so that they are close. We prove it in Appendix D.3.2.
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Lemma D.7 There exist a constant K > 0 independent of v and a coupling of the processes 0 and
93 such that

sup 4/E[0F — 0[5 < K (/7 +disty(Y,Y7)), (241)
0<t<T

sup 4/E[rt — L[5 < K(/7 + distA(X, X7)). (242)
0<t<T

By the above Lemmas, we have

L
Wa(P(O™, ..., 0M),P(6, ... 000)) < | Y E|6% — 053 < VKL- /7, (243)
=1

L
WQ(P(rtl,...,rtL,z),P(rfyl,..., ;L,z)) < ZEHrti —r%H% <VKL-\/v. (244)
i=1

Sending v — 0 completes the proof of Lemma D.3.

D.3.1. PROOF OF LEMMA D.6

Let Y = (3),R),T)) = Tpue(X?) and Y7 = (%}, R),T7) = T, ,(X7). Also, let X' =
(@7@) = 72—)0(?)

In the following, K denotes a positive constant independent of v whose value may change from
line to line. Note that K can depend on A since we fix A and send v — 0.

The proof proceeds as follows.

1. We show that dist) (Y, Y") < K /¥ for some constant K > 0.
2. We show that disty (X, X7) < K7+ dist\(Y ', Y7)) for some constant K > 0.

Together they prove the Lemma D.6.

Bound of dist(3;,%)) Letw, ~ GP(0,Cy). Let 7, and r!, be the solutions to the following
equations:

1 t
ot L / R (¢, 8)0a(7S: 2)(ds + V78 dB?) (245)
2]
7‘ —w — = Ry(t,8)05)(r3; 2)(ds + V76 dB?). (246)
We have

1
rg—rg:—l/ R (1, 8) (63 2) — € (55 2))(ds + V70 dB?)

—/ R)(t,8)0s(75; 2)(ds + V7o dB*) (247)
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and thus
_t 12 r T Lt} y 2 —s s 2
E[7, —r s <2 2t ; R4 (t, )2 El[ls(T5;2) — £15)(r3; 2) [l ds
T T
o == 4+ =
+ (62+5

t
) IR BRI 2l as
M

- [t] T
<2 £+6)@2 2/0 E[(\s—LquLHFf/—rng)Q] ds+2<52+5><1>3(tLtJ)
T

TN5212 Lt} 2 —s 5112 T 7\.3
SQ 524‘5 M ; (2’}’ +2E”T,Y—T,y”2)d8+2 ﬁ—Fg q)’y
! =S s (12
< K7+K/ E7 — 3|3 ds. (248)
0

By Gronwall’s inequality, we have

sup E[7 —rl |5 < Kye"" < Ky, (249)
t€[0,T
Let
—t t . (t]
L, = /0 (75 2)(ds + Vr0dB®), Lt = /O 015 (35 2)(ds + V76 dB®) . (250)

Then, we have
-t t 2 ) 2 ! 2
E|T, - I3 §2(T+75)/U E[06(: 2) — €10y (r2: 2)|[Z ds + 2(T + 6) /MEHKS(T‘“;;Z')Hst
2 Ltj 2
< AT + r6)M / E[(s — Ls)] + 75 — r212)%] ds + 2(T + r6)®(t — [¢))
0

< K~. (251)

— —t N T
Let {(U tm U%)}iejo,r) be a centered Gaussian process with covariance E [(L ) (LV) /4. Since

LZ L
v Y

U, and U., have covariance kernels EZ /6 and X /& respectively, we have

distA(X/,%]) < sup e*)‘t\/EHUfY —- Uil = s[up]e/\t\/IEHLt7 —LL3/0 < Ky, (252)
telo,T

te[0,7

Bound of dist (ﬁ, I'). By Equation (249), we have

disty(I7,T7) = sup e M[T7(t) ~ V(D)2 < sup \JEIV4(Fs2) — Vol 2) 3

te[0,T7] te[0,T]
<M sup 4/2(t — [t])? +2E|7, —rt]|3 < K\/7. (253)
t€[0,T]
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Bound of dist )\(R}, R?) Let ﬁ?ﬁ; and pi’f7 be the stochastic processes satisfying

/ 1 s s

pht = -5 zwu@*%®+v dB)—#W@UV&& z), (254)
t,t / Lt] v st s 1 o ’ t/

Py = —S]I([ﬂ < [t]) Ry(t,5)p,, (ds +VTddB®) — ERG (t, )Vl (ry;2) . (255)

[t]

_tt N / r e —t,t! /
Let pz’; = VTﬁt(rfy;z)p?fy and p?tv = Vil (rfy,z)pilfy Similarly, define D;., and DZ’; for
processes defined by 7y_,, and 7'”’ o> respectively. Then, we have

_t,t pht’
IRY (4 ¢) — RY(,#)]13 < BllglY — o I3 + ro BIDL. — D13 (256)
We first bound E||p£ P pg > H2 We have

_t,t 4 ’
Elp" — oyt 13 = BV 2)Bhh — Vel (rh 2)pth 113

< 2Bl 14\ BV (s 2) - vqt >m+mﬂm&§pmm

< K\ v+ EIF, — |3+ KE|ptY - (257)
First, we bound E||7, — 1 ||3. We have
vam%
Skié IR (t, ) AN 2) — £y (55 2) [3ds + K (¢ — [t /"\R”tsw2mw< 2)4ds
SKA%%+M@—@@®+K¢SK%+KAHM—@%@. (258)
By Gronwall’s inequality, we have
sup E[rf —rhll3 < Ky*. (259)

te[0,7

Next, we bound E||ﬁf{ — pit ||2 We have

1 [t , 1| ,
ot deéél/ Rj(t,5)pp, (ds + Vo dBo)| + 5| [ Rj(t )7y (ds + V70 dB°)
t ’ Lt] ’ 9
1 ) v sit! st/ s
5| B — P (s + VradBY)
2
1
+ S IR () (Vrle(T; 2) = Vil (15 2) 2 (260)

Thus, we have

[t t ,
<K/‘Lmt@mmwz<k+KAﬂ@m@ﬁMQm%s

E|lpkt — plt
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+ K /ﬁtjnRg(t, Bl — o34 13 ds
+ K| Ry (t, )5 BIVrle(7h5 2) = Vil (5 2) 3
< K'y—l—K/t/tEHpZ’i/ ~ 7y 3 ds. (261)
By Gronwall’s inequality, we have

sup  E[plt, —puk |3 < K. (262)
0<t'<t<T

—t.t Tho . .
Next, we bound E|[ D, — Dé’f/ |3 similarly. We do not repeat the details, but following the same
argument, we have

E||D}Y — D3 < Ky (263)
Therefore, we have
1R (¢, ¢) = R ()15 < K. (264)
By Equations (252), (253) and (264), we have
distA(Y',Y?) < K\/7. (265)

Bound of dist,(Cj,Cj). LetU., ~ GP(0,%,/§) and U, ~ GP(0, ] /5) be Gaussian processes

coupled such that
sup e M\/E|T, — UL)2 < 2-disty(S],%7) - (266)

te[0,7

Let 51; and Ofy be the solution of

t
at 50 ==t
noor [

hs(gi) + f'y(s)gi + / R (s, s')?il ds') ds, (267)

0
t 0 t L) L] ’ / ’
0, =0"+U, — / his)(65) +T7(s)05 + / R)(s,5")05 ds’ | ds. (268)
0 0

Then, we have

E[6,, 0513 < K(v +E|U, — U3 |3+ sup [IT7(t) ~TV(@) I3+ sup [|R,(t,¢) — R (t,)]3

te[0,T] 0<t'<t<T
+ K tE 6> — 03|24
0 H o7 'y”2 S

t
< K (y+disty (Y7, Y7)?) + K/ E7 — 6213 ds. (269)
0
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By Gronwall’s inequality, we have
Sup IE||9 — 013 < K (y+distA (Y7, Y7)?). (270)

t€[0,7]

0t ] \ ol

-
~t\ [zt

Let {(w’,, w!) };c[0,r) be a centered Gaussian process with covariance E (97> <97> . Since
gl g

w~ and w-, have covariance kernels @ and Cg respectively, we have

disty(Cy,Cy) < sup e~ \/]EHw —wi||3 = sup e IE||§; — 03 < K(/7 +disty,(Y',Y7)).

t€[0,T]
(271)
Bound of dist )\(Ré, Rg). Let ﬁg’f; and pg’f; be the stochastic processes satisfying
£t ! 25\ | T
P =t [ <(Vehs(97) SO+ [ e s ) ds @7)
t/

t) Ls]

<(V9thJ (05) + I‘V(s))p;f; + ” R)(s,s")p, ,Yt/ ds ) ds

(273)

ity =t =1 < 1)) [

and set Ry (t,t') = E[ﬁgi] and R} (t,t') = E[pgg] We have

175" — Pt Il <K<7+ sup [T7(6) = T7(8)|2+ sup |[R;(t,¢) —RZ(t,t’)H2>
te[0,T) 0<t/<t<T

—|—K/||p“;fy pe7 |2 ds

KO+ dsta (7,70 + K [~ s, @74)
t/
By Gronwall’s inequality, we have

sup Hp(M pe,\/HQ < K(y+disty(Y',Y7)). (275)
0t/ <t<T

Thus, we have
disty (B, Bj) < sup_[Bj(t.Y) = By(.t)b < sup  EI7 — s
0<t/<t<T 0<t'<
< K(’y+d|st>\(Y Y7)). (276)
By Equations (271) and (276), we have

disty (X', X7) < K (/7 +disty (Y, Y7)). (277)
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D.3.2. PROOF OF LEMMA D.7

Following the same calculation that led to Equation (249), we can show that there exists a coupling
of the processes * and 7/, such that

sup /E[jrt — i[5 < K(\/7 4 disty (X, X7)). (278)
te[0,7

Following the same calculation that led to Equation (270), we can show that there exists a coupling
of the processes 6' and 03 such that

sup \/E[6! — 6|3 < K (/7 + dista (Y, Y7)). (279)

te[0,T

Appendix E. Details of Applications and Special Cases
E.1. Planted Models
E.1.1. SETUP FOR PLANTED MODELS

The setting of supervised learning with (noisy) target labels y; = f.(0*"x;) + z; for some target
parameter 8* € R4 and target function f,: R™ — R can be handled within our framework.
Consider the following stochastic process with a planted signal * € R%*™:

Ak

6" = 6% — . htk (6%) + sztk (20T ] (280)
ZEBk

with #¥ = X 6% and r* = X 0*. We consider the SGF with the planted signal that approximates the
above SGD dynamics:

1
d6t = —<ht(9t) + gXTEt(rt,r*; z ) dt + \/7233 Gt vl z) T dBY, (281)

with 7! = X 6°. This can be mapped to our general SGF setup (1) by concatenating the parameters
0! and 6* as follows.

d(e',0%) = — ((ht(et),o) + %XT(et(X(at, 0*); z), o)) dt

+ \/?E T (ft((Ht, 0%) x;;2)", 0) dB!.

Here, 0 is constant over time. By applying Theorem 3.1 and Theorem 3.2 to the concatenated
parameter of shape R?*?™, we obtain a DMFT characterization of the SGF with a planted signal
(281) as a corollary.

(282)

Corollary E.1 (DMFT characterization of SGF with a planted signal) Suppose Assumptions A.1
and A.2 hold. Take T, > 0 in Theorem 3.1. Furthermore, assume that @* € RI*™ jg independent of

53



HIGH-DIMENSIONAL LIMIT OF STOCHASTIC GRADIENT FLOW VIA DMFT

X, z,0° and for all p > 1, its empirical distribution converge in p-Wasserstein distance to P(6*)
almost surely as d — oo. Then, forany T € [0,T,], L € N,and 0 < t; < --- <ty <T, we have

N 2
p-lim W2(P(0t1, ..,0.6%), PO, .. ,etL,e*)) —0, (283)
n,d— o0
A 2
p-lim Ws (P(rtl, B N R N ol (T e I z)) =0, (284)
n,d—o0

where (01,0* rt r*, 2) is the unique solution of the DMFT equation given in Appendix E.1.2.

The proof appears in Appendix E.1.3. This result is an extension of Celentano et al. [14, Corollary
4.1] to the SGF dynamics.

E.1.2. THE DMFT EQUATION

We state the DMFT equation &* for planted model (281) for functions Ry, Cp: (R>g U {*})?
R™*™M Ry, ¥y RQZO — R™™ and I': R>o — R™*™ self-consistently as follows. First, given

Y, Ry, T, define stochastic processes {#" € R™};>( and {pg’t/ € R™*™},~ 15 by the following
equations.

t s
0" =6+ U —/ <(hs(98) +T(s)0°) + / Ry(s,s)6° ds’+Rg(t,*)9*> ds,  (285)
0
, t
g’ :Im—/ ((V@h (6%) +T'(s) / Ry(s, s pe ds’) ds, (286)
t/
where U ~ GP(0,X;/0). Then, set Cy, Ry as

Colt,t) =E[0'0"T] (s,t€[0.TIU{x}), Ro(t,t)=Elpt"] (t=¢), (287

and Ry(t,t') =0fort < t'.
Next, given Cy, Ry, define stochastic processes {r’ € R"};>o, 7* € R™, and {pg , pz : ,Dt o ,
Dz *t R™*™M 1~ >0 by the following equations.

t
rt=wt — (15/ Ry(t,s)ls(r®,r*; 2)(ds + mst) , rr=w", w ~ GP(0,Cy),
0

(288)
Pt =, (1 2)pb (289)
4 =Vt 20

t
D = Votlrtr'5)(~5 [ Ralt,)D (s 4 VITABY) ) 4 VR 15 D
t/
291)

/ 1 t ’ / ’
sz = Vrét(rt, r*; 2) (—5/ Ry(t, S)Dj;t (ds + V7é st)> + V%Et(rt, r*; z)[ijt ]pif ,
t/
(292)

54



HIGH-DIMENSIONAL LIMIT OF STOCHASTIC GRADIENT FLOW VIA DMFT

vt
where B! is a Brownian motion in R, and we defined the auxiliary processes p,« , Pre € RMX™

and Df«t € R™ as

bl

t

/ 1 1 /
pbt = -5 Rg(t s)pst "(ds + V78 dB*) — gRg(t,t/)V,,Etl(rt ¥ 2), (293)
/ !/ 1 ’
phl = —5/ Ry(t, S)Pz;t (ds + V7ddB?®) — gRg(t,t/)Vr*Etl(rt T 2), (294)
t/

/ 1 t / /
Dyt = =5 [ Ro(t;s)Viels(r,r; 2)Dyt (ds + V76 dB®) — \/iRg(t,t/)Etl(rt 75 2) . (295)
t/
Then, set >y, Ry, T" as

t

So(t, ') = B[L'LYT), Lt = e (r*,7*; 2)(ds + V76 dB?) (296)
Ry(t.t') = Elp}") + VT3 E[D] ] (t=>1), (297)
Ry(t, %) = B[V, £y (rt,1%; 2)] / i + VoDt at (¢ >0), (298)

T(t) = B[V, 4 (rt, 7" 2)] (299)

and Ry(t,t') = 0fort <t
Then, the solution of the DMFT system &* is defined as a fixed point of the above two mappings.
In the informal notation, the DMFT equation for the planted model can be written as

%et — ut — (hy(6") + T(1)0") — / Rolt, $)0° ds — Ry(t, )0%, 1~ GP(0,Cy/6) .

1 t
rt:wt—(s/Rg(t,s)ﬁs(rs,r*;z)(ds—l—\/TédBS), r*=w*, w~ GP(0,Ch),
0

i t

C@(t7t/) = E[@tgt’T] (t,tl c [O,T] U {*}), Rg(t,t/) -E (guet/ ’

Co(t, ") = Bl (rt, 75 2) (1 + V7O B b (15 2) T (1 4+ V7O BY)],
t

Ay (rt, r*; 2) [0t (rt s 2)] B _—
w1’ Ry(t, ) =E ~ ow |’ L(t) = E[V,&(r', r*; 2)] .

(300)

Ry(t,t) = IE[

E.1.3. PROOF OF COROLLARY E.1

We transform the DMFT equation & applied to the planted model (281) to the DMFT equation &*
defined above. We distinguish the variables in & by adding a bar over them, e.g., 9. The variables in
G have dimensions 2m. Identifying components that are trivially zero, we see that the solution to &
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is of the form

7t — /
AN AR
0* ) 0 ’ ] 0 Im ’

Val ’ —12 / . ,
C@(tat/):<cez G2 CgQEt’ti), Re(t,t’)=<Ré(é’t) ;>,

_ - _tt .t , =ttt ==t
o (T —_— St _ [Pl1 Pr2 it — [ Dix Dia
=\ )y W=\t )s Pp = . : ) 14 ’ )
9 Wy 0 0 0 0
_tt _tt , —=t,t’
ot = Prai Pro it — [ Dia
" o o) 7 0o )’

St 1) = (zmt/) o> R e) = (R;(t,t/) R?(tj)) - (Fl(t) Fg(t)) |

0 0 0 0 0 0
(301)
Here, we indicated by — the irrelevant variables. These variables satisfy
t s ,
gtl =¢° —i—Ui —/ <hs(9i) +T1(s)0; —i—/ E;(s, 50, ds') ds
0 0
t s
—/ (rg(s) +/ R(s,s) ds’) 0*ds, Uy~ GP(0,%,'/5), (302)
0 0
t s
L / —S —_— _s ! 71 —S/ !
pztl =1y / <(V9hs(91) + F1($)),09’,t1 —i—/ R, (s,s')pe”f ds') ds, (303)
t t
—11 —t /T —12 —t s —22 % -1 .
Co (t.8) =E[10, '], Ty (t.8) =E@0°T], Oy (1,¢) =E0°0"T), Ry(t.t') = Elpg].
(304)
7 =w — 5/ RQ (t, s)ls(T5,75; 2)(ds + VT8 dB®), 75 =), (:2) ~ GP(0,Cy),
(305)
Py = VelTLTh 2R P = Vel T )0 (309
/ ti —s / P ! 2
D4 = Votrtria) (=5 [ ot oD s+ VBB ) + W rgi )DL
(307)
o 1 t_ —s.t! g ,
D = Vetlrt, i) (<5 [ R DS (s + VABaB) ) + Vet i) DS
(308)
’ 1 t ot
Py = =5/, Ry(t,5)p; (ds + V7 dB*) - gRe(t )Vl (71,755 2) (309)
’ 1 ti / /
2=, Ry(t,s)pys (ds + V7o dB*) — 5R9<t t)Vuly (7,755 2), (310)
bt 1 til —s =s. N\ \/7 s 751 / —t' =t
Dr,l = 3 . RB(tvs)vT‘gs(rhTQ;z)Dr,l (ds + V7TddB*) — gRe(tat W (71,753 2)

(311)
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, t

Syt ¢) =E[LITL ], Iy = / 05(75,75; 2)(ds + V78 dB?), (312)
0

Ry(t,¢') =E[p}"] + V7OE[Dy], Ri(t.t) = Elplh] + Vi EDy), (313)

f ( ) [Vrgt(ﬂ,@;'z)}, f2(75) = E[Vr*ft(ﬁﬂ‘%z)]- (314)

Since 632(75, t') is constant, 75, = w} is constant. Then, & reduces to &* by identifying
at 77t —tt’ t,t/
9:9t7 U1:Ut7 /)91—99 s
Co' (1) = Cot, ), Ty (tt) = Colt, ), CTp (1) = Col, ), Ry(t,t') = Ro(t, 1),
—t t —t t ot _tt! Lttt t,t .t tt it tt
rL=r, wp=w, Ty=uwh=w', Pi1 =P¢ Py =P » Dy =Dy ,Djy =Dy,
_t,t t,t —t,t' Lt t,t'
prl_pr v Pr2 = Prx DTI_D

t
Syt ) = Se(t, ), Ry(t,t) = Re(t,t)), Th(t) =T(t), Fz(t)+/ Ry (t,¢)dt' = Ry(t, *).
0
(315)
E.2. Infinite Data Limit

E.2.1. DERIVATION OF THE REDUCED DMFT EQUATION

We show that in the infinite data limit § — oo, the DMFT equations reduce to the following simple
form.

A6t = —(hy(0Y) + T()0) dt + /7Ce(t) AW?,  Cy(t,t') = E[0'6" ],

(316)
Co(t) = E[ly(w'; 2) s (w? ;z)T], ['(t) = B[V 4 (w';2)], w~ GP(0,Cy),

where W is a Brownian motion in R™.
It is easy to see that as & — oo, Ry(t,t') — 0 and hence Ry(t,t') — I,,. Then, the equations for
6" and 7 reduce to

t ~
0" =0"+ U — / (hs(0%) +T(5)0°)ds, U ~GP(0,%,), r'=w', w~ GP(0,Cy),
0
(317)

where we introduced the rescaled variable 3. ¢ = Y;/0. In addition, the equation for ¥ ¢ reduces to
_ AL
Yot t') = 7'/ E[ls(w®; 2)0s(w®; z) ] ds. (318)
0

Defining Cy(t) = E[f;(w'; 2)6(w'; 2)T], X, is a covariance kernel of an integrated Brownian
motion:

t
- / V/rCe(s) AW, (319)
0
where W is a standard Brownian motion in R™. Thus, 6 follows the following SDE:

do" = —(he(0") + T()0") At + \/TCy(t) dW™. (320)
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These equations recover Equation (316).
For planted models of the form in Equation (281), the DMFT equation in the infinite data limit
(316) becomes

do" = — (hy(6") + T (¢)0" + T (£)0*) At + /TC,(t) AW",
Co(t,t) =E[00"T] (t,¢ € [0, TIU{x}), Cut) = E[ls(wh, w*; 2) 0 (w!, w*;2)T], (321
() = E[Vule(w',w*;2)], T*(t) = B[Vl (w',w*;2)], w ~ GP(0,Cjp).

E.2.2. EXAMPLE: LINEAR REGRESSION

Consider the linear regression setting described in Section 4. This corresponds to the choice m = 1,
hy = 0, and 4;(r,r*; 2) = r — r* — 2. Then, Equation (321) reduces to

do' = —(0" — 0*) dt + /TCy(t) AW?,
Co(t,t") = E[0'0"] (t,t € [0,T]U{+}), Cu(t) =E[(w' —w* —2)%, w~ GP(0,Cy).
(322)
Using the Fokker—Planck equation, the density of 6 given by the above SDE is given by the following
partial differential equation (PDE):

TCy(t)
2
This equation coincides with the PDE derived in Wang et al. [54].

Furthermore, the training dynamics for test errors .Z(¢) = E[(# — 6*)?] + o2 can be obtained in
closed form, where o2 := E[2?]. Let p? := E[(6*)?]. Then, we have Cy(t) = Cy(t,t) — 2Cy(t, %) +
0% + o2, By using Ito’s lemma on Cy(t,*) = E[#?0*] and Cy(t,t) = E[(6')?], we obtain the
following system of ODEs for Cy (¢, *) and Cy(t, t):

Dupa(t, 0) = Dp((6 — ") (1, 6)) + 9 u(t,0) . (323)

S Calt#) = ~Colt, )+ 47 (324)
%cw, t) = —2Cy(t,t) + 2Cy(t,*) + 7(Cp(t, t) — 2Cy(t, *) + p* + 02). (325)

These are linear ODEs and can be solved in closed form as follows (assuming zero initialization, i.e.,
6° = Cy(0,0) = Cy(0, %) = 0):

’7'0'2

2—T

Co(t,*) = p*(1—e™"), Co(t,t) = p*(1—2e7" +e 77 ¢ (1—e h . (326)

E.3. Linear Regression

In this section, we derive the DMFT equation for the SGF for the ridge regression (regularized linear
regression) problem. The loss for the ridge regression problem is defined as

_ 1 2 A 2 _ *
£8) = 31 X0 — yl3+ 1013, y=X6"+2, (327)
with regularization parameter A > 0. The SGF for this problem is given by

det = — ()\Gt + %XT(rt —rf— z)> dt + \/EZ x;(rl —rf — 2)dB!. (328)
i=1
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where 7! = X! and »* = X6*. For simplicity, we consider the case of zero initialization
6° = 0. This is a special case of the SGF for planted models (281) with m = 1, h;(#) = M0, and
b(r,r*52)=r —1r* — 2.
We are particularly interested in the training and test errors of the parameter 8¢ given by
I 1 .
L) == (@]0-y)*, R(O) =Eyl@'0-y? =003+  (329)
i=1

Applying Corollary E.1, we obtain a DMFT characterization of the SGF for ridge regression (328).
Note that since we have V2/,(r,7*; z) = 0, the DMFT equation is guaranteed to have a unique
solution for all 7" > 0 by Theorem 3.1. Solving the DMFT equation, we can characterize the training
and test errors of SGD for linear regression by a simple set of linear Volterra equations.

Proposition E.2 (DMFT characterization of SGF for ridge regression) Assume that the noise
z € R™ and the target parameter 0* € RY satisfy the same assumptions as in Corollary E.1. Let

= E[(0*)?] and 0 = E[22]. Let uyp be the Marchenko—Pastur distribution with parameter §
given by

v/ (A —2)(z = A)

2nx

e () = +A-08@IE <1), e, A, (330)

where Ay = (1 £ 1/\/5)2 and b is the Dirac delta function (an upright § is used to distinguish it

from § =n/d).
Then, for any 0 < ty,...,t < 0o, we have
p-lim max \3(9“) - Z(t)| =0, plim max L@(Otl) —Z(t)| =0, (331)
n,d—oo I=1,-,L n,d—oo l=1,-.,L

where £ (t) and Z(t) solve the following system of linear Volterra equations:

Z(t) zfo(t)—{—T/tHQ(t—s)f(s)ds, K (t) :%O(t)—}—T/OtHl(t—s).i”(s)ds, (332)

where H(t) == [ x'e™ 2@+t dpyip (), and Zy(t) and Ro(t) are the asymptotic train and test
errors for the nozseless case T = 0, which are given by
)\+xe—(:c+>\)t)2 )\+9:e (z+)t ) 5§—1
2 =p [H d / d 2
ot) = / @+ )2 e (@ @z G+ =,
(333)
A+ ze—(@HAH)2
R (t) = o2 ( d / —(z+N)t\2 d
o(t) =p / @A) fivp (@ +5 TraEtTe )" dpmp () + o
(334)

Setting A = 0, we obtain the DMFT characterization in the main text (Section 4).

The equation for . in (332) is a scalar linear Volterra integral equation, which can be solved
numerically efficiently. Once we obtain .Z’, we can compute Z using the second equation in (332).

The equations (332) are equivalent to those derived in Paquette et al. [42, 43] using the theory
of homogenized SGD and random matrix theory (up to time rescaling to match their settings). Our
result provides an alternative derivation of these equations using the DMFT framework (although our
framework does not directly apply to SGD rigorously). For further analysis of these equations, such
as their exact solutions and long-time behaviors, see Paquette et al. [42, 43].
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E.3.1. SIMPLIFYING THE DMFT EQUATIONS

We can derive the DMFT equation for ridge regression by specializing the DMFT equation &* for
planted models in Appendix E.1.2. Since the loss is quadratic, i.e., 0,4 (7, 7*; 2) = 1, Opx by (r,7%; 2) =
—1, and 0%(;(r,7*;2) = 0, the DMFT equation simplifies significantly. We have I'(t) = 1,

Dz’t/ = Défl =0, pf!tl = —Pf&f/, and pZ’t/ = —pZ’:l. The DMFT equation for ridge regression
reduces to
t
Ht:Ut—/ <(1+)\ - 0" + / Ry(s,s") —0*)ds'> ds, U~ GP(0,%,/0),
0
(335a)
, t
pgt—1—/< + )5 /Rgss d)ds (335b)
t/
Co(t,t') = E[0'0"] (s,t € [0,T)U{x}), Rg(t,t') =E[p5"] (t>1), (335c¢)
rt=w! — / Ry(t,s)(r* —r* — z)(ds + V76 dB®%), w ~ GP(0,Cy), (335d)
P / Ro(t, s)os" (ds + V76 dB) — gRg(t,t’), (335¢)
t/

t
Se(t, ') = B[L'LY), Lf:= /0 (r* —r* — 2)(ds + V70dB®*), Ry(t,t') =E[pS"] (t>1).
(335f)

Next, we eliminate the stochastic processes to close the system in terms of the correlation and
response functions. To this end, we discretize time with step size v as in Appendix B.2, reduce the
equations, and then take the continuous-time limit v — 0. This operation can be justified along the
lines of the proof of Theorem 3.2.

Lett; =iy fori=0,1,...,|T/v]. The discretized version of Equation (335) is given by

7j—1
’yZ(u (L4 M09 + 0% — 4> Ry(tj, tg) (0" — 9*)) . U~ GP(0,Cy/9),
k=0
(336a)
tigt; ti 1 [ 00" L
Oa(tlat]) :E[e 19]]7 C@(tza*) :E[9 0 ]7 R@(t’ntj) =7 E Oulbi (Z >])7 (336b)
1—1
rh=wh — 7239 ti, t) (1 —r* — 2)(y + VTé(BY+ — BY)),  w ~ GP(0,Cy),
7=0
(336¢)
tivt1 t; tiv1 t;
C’g(ti,tj):E[(rti—r*—z)(l+m3 noB >(rtf—r*—z)<l+mB]+ BJ)},
Y v
(336d)
Rttt =+ ]2 s 336
2( Iz j)_’y Jwti (7f>])' ( e)
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Let K = |T/v] + 1 and let Cy, Ry, Cy, R, € RE*K be the matrices with entries (Cy)ij =
Cg(ti, tj), (Rg)ij = Rg(ti, t]’), (Cg)ij = Cg(ti, tj), and (Rg)ij = Rz(ti, tj) fOI‘i,j = O, 1, ce ,K—
1. Let ¢* € RX be the vector with entries ¢; = Cy(t;,*) for i = 0,1,...,K — 1. Let
0,r,u,w,G € RX be the vectors with entries 6%, r uti wh Gt = (Bt+1 — Bti)/\ﬁ for
i=0,1,..., K —1.

Equation for Ry. Differentiating Equation (336a) with respect to u' for j < i and taking the
expectation, we have

i—1 k—1
Ro(tit))=1—v) ((1 + MRo(te, tj) +v > Reltw, t) Ro(ts, tj)) : (337)
k=j 1=0

Let T := RE>*X be the lower-triangular matrix with entries 7j; = 1 for i > j and T}; = 0 for i > j.
Equation (337) can be written in matrix form as

Ry =T —7T((1+ ARy +vR/Ry). (338)
Solving for Ry, we obtain
Ry = (I +~T((1+ NI +~Ry))"'T. (339)

Equation for Cy. Multiplying Equation (336a) by * and taking the expectation, we have

i—1 i—1
Co(ti, *) = —72( (1+X)Colty, ¥) — p* + 7]2 Ru(tj, t) (Coltn, *) — p2)> . (340)
j=0 k=0
In matrix form, this can be written as
¢ = —T((1+ Ne* — p?1 + yRy(c* — p*1)). (341)
Solving for ¢*, we obtain
¢ = p"y(I + 4T ((1+ NI +yRy))"'T(I +vRy)1 = p*yRy(I +Ry)1. (342)

Multiplying Equation (336a) by % and taking the expectation, we have

C (tlﬁt‘)

j—1
VZ( [ 0] — (14 X)Co(tr, t;) + Colts, *) — v > Re(tr, t)(Colti,t;) — Colt;, *))) :

1=0
(343)
By Stein’s lemma (the Gaussian integration by parts), we have
00t v i1
gt ¢ _ ,
utk @l ZCOV k u |:autl:| = 6%Cg(tk,tl)Rg(twtl). (344)
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Therefore, Equation (343) can be written in matrix form as
Cy = fyT(%CgRg —(1+N)Cy + 1T — yRy(Cy — 1c*T)) . (345)
Solving for Cy, we obtain
Co =T +~T((1+ NI +7R) "' T(YC(R) + (I +7Ry)1c"T)
YRR + LT (346)
) p?
Let Cj (t;, t;) = E[(0% — 0*)(0% — 0*)] = Cy(ti,t;) — Co(ti, *) — Cy(tj, )+ p*. Let C} € REXK

be the matrix with entries (Cy);; = Cj(t;,t;) fori,j =0,1,..., K — 1. From Equation (346), we
have

7

C;=Cyp—c1T —1cT + p*117 = 5

1 * *
RyC/R} + ?(C —p*1)(c* = p*1)T. (347)

Equation for R,. Differentiating Equation (336¢) with respect to w'/ for j < i and taking the
expectation, we have

i—1
1 1
Ry(ti,tj) = =3 Z Ry(ts, tr) Re(ty, t;) — gRe(ti, tj). (348)
k=j
This can be written in matrix form as
1 1
R, = —gReRg — gRg . (349)
Solving for R, we obtain
R, = —(6I +YRy) 'Ry . (350)

Equation for Cy. Since G' ~ N(0, 1) are i.i.d. standard normal variables, we have

Colti t;) =E[(r —r* = 2)(r' —r* — 2)] + —i-:; E[(rt —r* — 2)2]1(i = §)
+ Tj(E[(r“ ), — 1 — )G+ E[(rf = — 2)(r —r* — 2)GY))
351)
= L(ts, t;) + TjL(ti,t,-)]I(i = §) + VT (M (ts, ) + M(tj, 1)), (352)
where we defined
L(ti, tj) = E[(r" —r* — 2)(r" —r* — 2)], (353)

Orti

M(ti,ty) =7 VB[ =1 = )1 — 1" = 2)GY] =72 E| 2L

(r'i —r* —2)|. (354)
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In the definition of M (t;,t;), we used Stein’s lemma.
We first derive a closed equation for M (t;,¢;). Differentiating Equation (336¢) with respect to

*

G%, multiplying by y~'/2(r — r* — 2), and taking the expectation, we have

pa
M(ti b)) =~ Z Ry (ti, ty) M (g, ;) — \/;Rg(ti, t;)L(t;,t;) . (355)
In matrix form, this can be written as

M———RQM \[Rgdlag (356)

where M, L € REXK are the matrices with entries M;; = M (t;,t;) and L;; = L(t;,t;), and
diag(L) is the diagonal matrix with diagonal entries equal to those of L. Solving for M, we obtain

M = —V/76(5I + vRy) 'Ry diag(L) = V7o R, diag(L) . (357)

Next, we derive a closed equation for L(¢;, t;). Multiplying Equation (336¢) by r% — r* — z and
taking the expectation, we have

i—1
L(ti, t;) = B[(w' —r* — 2)(r% —r* — 2)] — % kZ_ORg(ti,tk)(L(tk, i) A+ VTIM (t, 1)) -

(358)

By Stein’s lemma, we have

E[(w' —r* — 2)(r —r* — 2)]

J .
orti Or's
e tr E ok * El——— | —1
go r*—z,w') [8 o ] + Cov(wh —r* — z,r +z)< [8(7"*—1—,2)} >
7j—1

v ) (Coltistr) — Co(tr, *))Re(ty, tr) + Co(tist;) — Calt), *)
k=0

j—1
— (Cy(ti, *) — p* — 0% (72 Ry(tj,te) + 1)

k=0
= Cy(ti; tj) — Co(ti, *) — Co(t;, %) + p* + 0°
7j—1
+9> (Coltistr) — Colti, *) — Coltr, ) + p* + o) Ry(t;, tr)
k=0

7j—1
= Cj(tisty) + 0>+ _(Ch(ti,te) + o) Rty 1) - (359)
k=0

Therefore, Equation (358) can be written in matrix form as

= (C} + 0117\ (I + YR]) — %RQ(L +VToMT). (360)
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Solving for L, we obtain

L =6(61 +vRy)"H(C} + o*11")(I +yR]) — V7o7y(0I +vyRy) 'RoM T
= (I +vRy)(C; + o®11")(I + yR}) + 76vR, diag(L)R] , (361)

where we used that

I+~yRy=1I—~(6I+~Ry) 'Ry=1— (61 +~vRy) (0T +~Ry —5I)
=6(6I +~vRy)™". (362)

Continuous-time limit. Taking the continuous-time limit v — 0 in Equations (337), (342), and
(347), we obtain

Ry(t,t')=1— /t/t ((1 + A)Ry(s,t) + /t,s Ry(s,s")Ry(s',t") ds’) ds, (363)
Cy(t, %) = p? /Ot Ry(t,s) (1 + /05 Ry(s,s') ds') ds, (364)
Citt.0)= 4 [ [ ot 9 Rale, )1t )85 ds 5 (Ot 5) = AColE %) — )
0o Jo p (365)
Taking the continuous-time limit v — 0 in Equations (348), (352), and (361), we obtain
Ri(t, ) = — /t Ro(t, s)Ru(s, ) ds — < Ro(, 1), (366)
Cy(t,t') = L(t, tf) +78(Re(t', t)L(t', ') + Ry(t, t")L(t,t) + L(t,£)8(t — t')), (367)

t ot
L(t, ) = / / (8(t — 8) + Ry(t,5))(8(t' — &) + Re(t',))(C} (5,8') + o) ds' ds
0o Jo
AL
+ 7'5/ Ry(t,s)R(t',s)L(s,s)ds. (368)
0
Here, 5(-) is the Dirac delta function.

E.3.2. SOLVING THE DMFT EQUATIONS

We now solve the DMFT equations derived in the previous section for ridge regression.

Lemma E.3 Define the function K;(t) fori > 0 as

Ki(t) = / le” N dpnp (), (369)

where p\ip is the Marchenko—Pastur law, whose density is given by Equation (330).
The solution of the DMFT equations for ridge regression (363)—(368) is given by

Ro(t,t') = Ko(t —t'), Ry(t,t') = —%Kl (t—t), (370)
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AL
Ch(t,t') = Cho(t,t) + 7 Ki(t+t —2s)L(s,s)ds, (371)
0
tAY

L(t, ') = Lo(t,t') + 7 Ko(t+t —2s)L(s,s)ds, (372)
0

where Cp, and Lq are given by

9 / (A 4 me= @I (X 4 e~ (@HI)
p (@ + \)2

Coo(t, ') = dpnp ()

2
x _ _ /
+5 / oI - ) due (), (373)

A+ ze~ @I\ 4 e (@M

(A + ze~ N (N 4 ge— (@) §—1 4
d —0~. 374
s / @+ N2 pnp () + —5=0 74

Before proving Lemma E.3, we summarize the necessary background on the Laplace transform,
which is a useful technique for analyzing linear differential equations and will be used extensively in
the proof. Given a function f: R>¢ — R, its Laplace transform L[f] = f is defined as

- / T fe e, (375)
0

for p € C with sufficiently large real part for the integral to be convergent.
We state several of its basic properties used in the proof.

* Linearity: For f: R>9 — Rand a,b € R, we have L[af + b] = aL[f] +b.

dpmp ()

* Laplace transforms of derivatives, integrals, and convolutions: For f,g: R>o — R, we have

LIf'()](p) = zif(p) - f(0), (376)
e [ s as) =12 a7)
c [ [ =51t ds] () = FP)a) 378)

* Laplace transform of the Dirac delta function: We have L[5(t)](p) = 1, where 5(¢) is the
Dirac delta function.

We also utilize a two-dimensional version of the Laplace transform, which is defined for

g: R%O — Ras
oo [e.¢] ,
) = / / g(t,t)e Ple™? dtdt’, (379)
0 0

for p, g € C with sufficiently large real parts for the integral to be convergent. Its properties are
similar to the one-dimensional case.

Proof We proceed as follows. First, we solve the equation for the noiseless case 7 = 0 in the
frequency domain using the Laplace transform. Next, we perform the inverse Laplace transform to
obtain the time-domain solution for 7 = 0. Along the way, we use ideas and techniques from the
random matrix theory. Finally, we solve the full equations for 7 > 0.
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Solving in the frequency domain for 7 = 0. Note that the equations for Ry, Ry, and Cy(-, ) do
not depend on 7 and are thus the same for 7 = 0 and 7 > 0. Let Cy, and Lg be the solutions of
Equations (365) and (368) for 7 = 0.

Since the equations for Ry(t,t") (363) and Ry(t,t’) (366) depend on time only through the time
difference ¢ — ¢/, they are time-translation invariant, i.e., Ry(t,t') = Ry(t — t') and Ry(t,t) =
Ry(t — t'). Therefore, they satisfy the following one-dimensional integral equations:

Ro(t) =1— /t(u N Ro(s) + / Re(s — ') Ro(s') ds/> ds, (380)

Rz():—*Rg 5/R9t—ng s)ds. (381)

Taking the Laplace transforms of these equations, we have

Rop) = (1= (L+ N Rs(p) = Re(p)Bo(p)) (382)
Faly) = 5 Rolp) — 5 Fo(W () (383)

Rearranging, we obtain

— o A4 p+N)—1—/O(1+p+A)—1)2+45(p+ A
Ro(p) = — 2p+ N ;

=y Relp) _ (p+NRe(p) -
Ry(p) = St Rop) 5

Taking the Laplace transforms of the correlation functions in Equations (364), (365), and (368),
we have

(384)

(385)

Co(p,*) = p*Ry(p) - W , (386)
2 2
Cinlp0) = 5o Fala)Tolpr) + 5 (Colp ) - 2 ) (Cola) - 2 ) o)
2
To(p.q) = (1+ Be(p)) (1 + Fe(0)) (020<p, )+ ]‘jq) . (388)

Simplifying these equations, we obtain

P*(p+A)(g+2) Re(p)Re(q) o §Ry(p)Re(q)

Coo(p,a) = o L oR () Fula)  pa1— R Fela)’ .
_ P2+ Mg+ N SRi(p)Relq)
Lo(p,q) = g 1 —6Re(p)Re(q)
*(p+ Mg+ Re(p)Relg)  6—107
pq 1= 6Ru(p)Relg) 0 pa- o

Using the relation

1~ Rep)Balg) = = @) (391)
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we have
Ro(p)Ro(a) _ Ro(p) — Ro(a) ORi(p)Re(a) _ Re(g) = Rep) (392)
1 — 6Ry(p)Ru(q) a—p 1= 06Ri(p)Re(q) a-p
Thus, we obtain
2 o ) 2n — R
. (p.q) = @V N Rop) = Rola)  o* Falg) = Relp). (393)
Pq q—p Pq q—p
2 Roq)— R 2 Ry(p) — R —10°
To(p.q) = " O(p+ Mg+ ) Rela) = Re(p) | o*(p+ Mg+ ) Ro(p) — Rolq) 0 —1o*
Pq q—p dpq q—p o pq
(394)

Solving in the time domain for 7 = 0. 'We now perform the inverse Laplace transform to obtain the
time-domain solution. Before proceeding, we introduce Stieltjes transform. The Stieltjes transform
S :C\ I — C of a(signed) measure 4 on an interval I C R is defined as follows:

() = /l L du(). (395)

r—z

We check that the time-domain solution stated in Lemma E.3 has the same Laplace transform as
the frequency-domain solution obtained above. First, we take the Laplace transform of Ry to obtain

/ Ry(t)e P dt Z/ </ e(H/\er)thMP(JI)) dt = /</ e~ (ztAtp)t dt) dpvp ()
0 0 0

1
= /ﬁf‘f—)\‘i‘p dpvp (z) = Smp(—(p + V). (396)

Here, Syip(2) is the Stieltjes transform of the Marchenko—Pastur law which is given by

S(1—2)—1—/(6(1 —2)—1)2 - 45z
2z '

Swip(2) = (397)

Setting z = —(p + \), we obtain Ry(p) given in Equation (384).
Next, we check Ry.

1 T

o0 1
/0 Ry(t)e P dt = 5 zxpa dpp(z) = —=(=(p+ A)Sup(—(p+ A) +1), (398)

J

which is equal to R,(p) in Equation (385).
Finally, we check Cj, and Lo. Define Fi(t,t'), F(t,t') as follows:

Fit,t)=Ko(t+t), F(tt)= %Kl(t +t). (399)

The Laplace transforms of these functions are

oo o0 o 1 Ro(p) — Ry(q)
Fy(t, t')ePt—dt dtdt’—/ d ==t 2
/0 /0 BUL (z+p+AN)(r+qg+A) e (7) q—p
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o0 [ bt 1 T Ri(q) — Ry(p)
Fy(t, t)e Pt qtdtdt’:/ d LA Pl AV
/0 /0 2(t,)e 5 GrprN@rary Y@

Furthermore, we have

E1[(p+>\)(Q+)\)Re(p)—Re(Q)} _ - [(p+A)(q+A)
P q—p

Fi(p, Q)]

t/
/ / (t—s8)+N(OF =)+ N)Ko(s+ ') ds’dt/
B / (A + we @I (X 4 e (@I

(.73 T )\) dMMp(iL‘) N (402)
J— —_ t/
([ LR )] - [FQ(P, ] [ Resiasas
5 / x - )\ B (J:-H\) )(1 o e—(x-i—)\) )dMMP@f);
(403)

1 [(p+ Mg+ N) Re(q) —Re(p)} _ [(p—l-)\)(q—l—)\) Fop, q)}
bq g
- (15/ / (6(t — S) + )\)(6(15/ _ S,) + >\)K1(8,S,) ds’ dt’

/ (A + ze=@ENH (N 4 pe—(@TN)s)
5 (x+N)?

dpnp () .
(404)
Thus, by Equations (393) and (394), we have the desired expressions for Cy, and L.

Solving for 7 > 0. Equations for ACy(¢,t') == Cj (t,t") — Cgo(t,t') and AL(t,t) :== L(t,t') —
Lo(t,t") are given by

ACy(t,1)
1 t t
= 5/ / Ry(t — s)Ro(t' — s')AL(s,s')ds' ds
0o Jo

t ot
+ 7'/ Ro(t — s)Ro(t' — s)(Re(s — s")L(s',s") + Ry(s' — s)L(s,s) + L(s,s')d(s — §')) ds’ ds,
0 Jo
(405)

and
AL(t,t) = % /0 /0 (8(t — 8) + Re(t — 8))(8(t' — §') + Ry(t' — §'))ACj (s,8') ds’ ds

t ot
+ T/ / Ro(t — s)Ry(t' — s)L(s, s)ds. (406)
0 JO
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Define L'(t,t') := L(t,t)8(t — t'). Taking the Laplace transform of these equations, we obtain

ACy(p,q) = %R} (p)Ro(a)AL(p, q) + TRs(p)Ro(a)(1 + Re(p) + Re(q)) L (p,a),  (407)

AL(p,q) = (1+ Re(p)) (1 + Re(q))ACy(p, @) + 70Re(p) Re(q) L (p, q) - (408)

Further simplification gives

Aa;(p, q) o 52E£(p)RZ(Q) Tfl(p, q) _ 5(R€(Q) - Re(p))Tfl(]D, Q) ’ (409)

~ 1-0Ru(p)Re(q) q—p

- _ 0(3(Re(p) + Re(q)) + 0 + 1)Re(p)Re(q)
A0 = I~ R(p) Firla) T

_ (0Ri()* + (0 + 1) Re(q)) — (6Re(p)* + (3 + 1)Re(p>)Tzf(p 7. (410)
q—p

We perform the inverse Laplace transform. For Aé; (p, q), we have

t ot At
ACy(t,t') = 76/ / Fo(t —s,t' — s )L'(s,8)ds'ds = 7 Ki(t+t —2s)L(s,s)ds,
0 JO

0
411)
and we obtain Equation (371). For AL(p, q), we use that

(') 00 2
Kot + t')e P 4t dt = / ”“" d
/0 /0 2t +t)e Z+A+p)(z+r+q) e ()

(0Re(9)* + (8 + 1) Re(q)) — (3R(p)* + (3 + 1) Re(p))
a—p

Y

(412)

and proceeding similarly, we obtain Equation (372).
|

Finally, we prove Proposition E.2. The asymptotic train and test errors can be expressed in terms
of the DMFT solution as

n

260 = > (o0 ) > Bl =" = 2 = Lt @13)
H(0) = L6~ 0" 3 + 0> S — 0] 407 = Cilt0) 407 (@14)

By Lemma E.3, the asymptotic train and test errors £ (¢) :== L(t,t) and Z(t) = C}(t,t) + o>
satisfy

Z(t) = %(t) + T/Ot Ky(2(t —5))Z(s)ds, R(t) = R(t) + T/Ot Ki(2(t—s))ZL(s)ds,
415)
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where .%(t) == Lo(t,t) and Zo(t) == C}(t,t) + o2 are the asymptotic train and test errors for the
noiseless case 7 = 0, which can be written explicitly as

(X + ze~ (@tH)2 2 A + ze~(@TAH)2 §—1
fo(t):pz/ ( ) dMMP(ﬂf)JrU/( ) dpmp (2) + o?,

(x4 X)? ) (x+ )2 )
(416)
o [ (A e A2 / —(z+ A2 2
RHo(t) = p / @+ 1) dpap (z 5 12 —e )= dpnip(z) + 07
417)

Setting H;(t) := K;(2t), we obtain Equations (332)—(334). This concludes the proof of Proposi-
tion E.2.

Appendix F. Details of Numerical Simulations

We numerically solve the discretized DMFT equation given in Appendix B.2 using Monte Carlo
sampling. Instead of directly working with the system &7 given in Appendix B.2, we work with
the equivalent system (33), as it is simpler to implement. We solve Equation (33) by iterating the
following steps until convergence:

0. Start with a random guess of the DMFT solution (Cy, Ry).

1. Given the current estimate of (Cy, Ry), sample M instances of the stochastic processes 7' and
Oy, (r'i; 2) /Ow's, and compute the functions (Cy, Ry, ') by averaging over the samples.

2. Given the current estimate of (Cy, Ry, T'), sample M instances of the stochastic processes oti
and 00% /Ou'i, and compute the functions Cy and Ry by averaging over the samples.

3. Update the DMFT solution as (Cy, Rg) < (1 — «)(Cy, Rg) + o(Cy, Rg) where a € (0, 1] is
a damping factor.

In our experiments, we set the number of samples to M = 8000, the damping factor to = 0.8, and
the time step to v = 0.05. We observe that the above iteration converges in around 10 iterations for
the settings considered in this paper.

For the logistic regression setting with ¢;(r, r*; 2) = —y/(1 4+ exp(yr)) where y = sign(r* + z),
there is an issue with computing the function Ry (t;,*) = E[0f, (r'i,r*;2)/Or*] due to the non-
differentiability of ¢ with respect to r* at * = —z. However, we can avoid the differentiation by r*
entirely by (heuristically) using Stein’s lemma:

ti k.
E[r* ey, (', 7% 2)] ZCOV r*, W' [(M] + Cov(r*,r )E[W]

ow'i
i—1
=7 Coltj, *)Relti tj) + p*Ra(ti, ) , (418)
i=0

and computing R (t;, *) as

i1
1 Pk
Ry(t;, *) = p E[r*fy, (r',r*; 2)] — v g Ry(ti, t;)Co(t, %) | (419)
J=0
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and calculating the expectation using Monte Carlo integration.

Appendix G. Discretization of SDEs in High Dimensions

In this section, we analyze the discretization error of a general stochastic differential equation in high
dimensions. The results presented here are used in the proof of Lemma D.1.

LetT > 0,b: [0,7] x R = R, and o: [0, T] x R? — R*™, Consider the following SDE in
RY:

de' = b(t,0") dt + o (t,0") dAW* (420)

with given initial condition 8 € R%. Here, W' € R" is a Brownian motion.
We discretize the SDE using the Euler—Maruyama method with step size v > 0 as follows:

05+ = Ol + b(ty, 05 )y + o (13, 04)(Wh= — W), 6) =6, (421)

where t; = k.

There is a standard result [35, Theorem 10.2.2] for bounding the difference between 6% and 03.
However, they treat n, d as constants, and the dependence of the bound on n, d is not obvious. Here,
we show a bound that explicitly tracks the dependence on n, d.

Assumption G.1 There exists a constant L > 0 independent of n and d such that the following
hold.

1. (Proportional asymptotics): 1/L < n/d < L.

2. (Lipschitz continuity): ||b(t1,®1) —b(tz, z2)||3+ |0 (t1,21) — o (ta, x2) [§ < L(d(t1 —t2)*+
HCEl — CCQH%)fOth,tQ S [O,T], T1,T9 € Rd.

3. (Linear growth): ||b(t,z)||3 + ||o(t, z)||3 < L(d + dt* + ||z|3) for t € [0,T], = € R

Lemma G.2 (Norm bound on the discretized SDE iterates) Under Assumption G.1 and v < 1,
there exists a constant C' := C'(L) > 0 independent of n,d, T, ~y such that the following holds.

| _mox 16%18] <<+ 16°18), @22)
0<k<|T/v]

Proof For notational simplicity, we denote K = |T/v], 0¥ := 6!F, b := b(ty,0!), oF =
o (tr, 6%), and £k .= Wt — Wk, From Equation (421), we have

10% 4[5 = 10715 + 270°TH" + 2 |[b% (13 + [|o "€ 5 + 2(0" +~b")Ta™e" . (423)

Summing over k steps, we have

k—1 k—1
16513 = 16°13 + 3= (21076 + 42673+ 1787 3) + 3" 2(67 + 96 Tl . (424)
j=0 j=0

=:AF =Mk
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We first bound A*. We have

K-1
Ak| < (2 07Tb |+ ~2|b7||2 + |0l &l 2). 425
OI<I}ca<XK’ JZ% ol |+ 7167 ||2 + lo? €713 (425)

By the linear growth condition, we have
2416776 | + 22| V[13 < 29116713 + (2 + )V 3 < Cy((L+T)d + ||07]13) . (426)
Using the covariance of &/ ~ N(0,I) and the linear growth condition, we have
Ello?¢ |3 | 7] = llo? [F < Cy((1+T%)d + [|67]13)., (427)

where F7 is the filtration generated by {£€°,...,&771}. Thus, taking the expectation, we have

K-1
k| < 2 7112) .
E[Og}%(m y] < C’yjz::o((l-l-T )d +E[67])3) (428)

Next, we bound M*. Notice that M is a martingale with respect to the filtration F* since E[¢7 |
FJ] = 0. Thus, by the Burkholder-Davis—-Gundy inequality, we have

1/2
K—1
2
kil < J NTgied J
E|:Og}€a<XKM @ CE OE[<2(9 +b) 0'5) |]:]
=
K_l . . . 1/2
=CE 47]/(67 + v T3
=0
K—1 12
=CE|[~y ) |67 ++b|3]07|3
=0
1/2 1/2
< k k J |2
CE <I<nax |6% + vb ||2) ’YZ”U IR
e/ K 1/2
<CE (72 (Tt 1048) (530 108 ||
7=0
(429)

where we used the linear growth condition in the last line. By Young’s inequality, we have
k L/ o 2 k(2 - 2 112
E[Og}fagi(\M \] 5 (’y (14+T%)d+E [Og}cagXK‘e Hz]) +Cy ZO (A+T*)d+E|6]3).
" (430)
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Combining Equations (428) and (430), we have

K-1
; 1
k2 < 0112 2 2 2 7112 - k2 .
B[ 16¥18] < 16913+ C2%( + T)a + O X (4T BN + 3 | 0]

(431)

Rearranging the terms, we have

0<k<K 0<;

K-1
IE[ max ||9'€||§} <CTA+T?)d+[6°)3) +Cy > }E[mazckHOjH%] . (432)
Jj=0 -

The bound (422) follows by applying Grénwall’s inequality and absorbing 1472 into the exponential
factor ¢, |

Remark G.3 Lemma G.2 holds verbatim to the case where the Gaussian increments Wik+1 — Wtk
are replaced by independent random vectors £* € R™ with E[€¥] = 0 and E[¢*¢FT] = I, as the
proof only uses up to the second moment of the increments.

Lemma G.4 (Strong approximation of SDE) Under Assumption G.1 and v < 1, there exists a
constant C' :== C(L) > 0 that does not depend on n,d, T~y such that the following holds.

E
0<t<T

sup [|6° — HQH%] < e“Ty(Td + 16°[13). (433)
Proof Equation (420) can be written as
t t
0" =0° +/ b(s,0%)ds +/ o(s,0°) dW*. (434)
0 0

Let |t] := max{ky | ky < ¢,k € N} and consider the following stochastic process that embeds
Equation (421) into continuous time.

ag:90+/Otb(LsJ,ogsJ)dH/Otaqu,agﬂ)dws. (435)
Using It0’s lemma on [|6" — 6% |13, we have
lo" — 6513 = 2 /0?5(9S —65)T(b(s,0°) — b(|s,65)) ds
[ lor(s.0%) — (ls). 04 s+ ' (436)
t

M= 2/ (0° — 05)T(c(5,6°) — o([5], 0L))) AW | (437)
0

By the Lipschitz assumption, we have

2(6° — 65)7(b(s,6%) — b(|s),65))) < [|6° — 65113 + I|b(s, 6°) — b(|s ], 65°))I3
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< C(y*d+)|6° —6k))3), (438)
o (s,0°) —o([s],0L)[F < C(v2d + ||6° — 6L)|13). (439)

Therefore, we have

E| sup [0~ 643

T
< c/ (12d + E[6° - 0l)|3)ds + E
0<t<T 0

sup \Mty] . (440)
0<t<T

We next bound the martingale term M?. By the Burkholder-Davis—Gundy inequality,

E| sup |M!|

0<t<T

- T 1/2
< | (1 [ 16° - 6)7(0(5.6%) - (11,6 s ]

<CE

T 1/2
([ 16" 0218lo(s.0%) - ol 0 s ) ]
0

/2 . r 1/2
<CE (sup ||0f—0§||%> ( / <v2d+ues—ekJ||%>ds)
0<t<T 0
1 t t2 T 2 s Ls]12
< LE| sup 6" — 612 +c/ (Vd+E|6° — 62y ds. (441
0

0<t<T
In the last line, we used Young’s inequality. Therefore, we have

E[ sup (0" — 653

T
1
< c/ (v2d+E|6° — 1°)2)ds + L E
0<t<T 0 2

sup [|6" — 93\\3] . (442)
0<t<T
By rearranging the terms, we have

E| sup [0~ 6|3

T
< C?Td + c/ E|6° — 6Ll ds. (443)
0<t<T 0

Finally, we have ||6% — OWM 13 < 2(16° — 053 + 265 — H%SJ |3 and
05 — 0Ll = b(|s],01"))(s — [s]) + a([s], O H)(W* —w sy, (444)
By the linear growth condition and Lemma G.2, we have

E(|0; — 6|3 < Cy*Ellb(|s], 01))[|5 + CyEllo(|s], 0|7
< Cy(d+E|657]3) < e“Ty(d +(16°]3). (445)

Combining the above bounds, we have

T
E| sup |6 — e§||§] < eTr(Td + ||16°)3) + C/ E{ sup ||0° — 9f,||§} dt. (446)
0<i<T 0 0<s<t
Applying Gronwall’s inequality, we obtain the bound (433). |
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