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Abstract
We study the high-dimensional dynamics of multi-pass stochastic gradient descent (SGD) with small
batch sizes. Existing asymptotic descriptions of SGD primarily cover online learning, large-batch
regimes, or linear models. We address this gap by analyzing a continuous-time stochastic differential
equation, called stochastic gradient flow (SGF), which approximates small-batch multi-pass SGD.
In the proportional limit n, d→∞ with n/d→ δ, we derive a closed dynamical mean-field theory
(DMFT) system and prove that it characterizes the asymptotic empirical distribution of the SGF
parameters. The framework applies to nonlinear models including generalized linear models and
two-layer neural networks, and recovers several existing high-dimensional descriptions, including
noiseless gradient flow, online SGD, and high-dimensional linear regression.

1. Introduction

Stochastic gradient descent (SGD) [47] is the standard training algorithm for modern machine
learning models. Its stochasticity can qualitatively change the training dynamics relative to noiseless
gradient descent or gradient flow, affecting both optimization and the learned solution [33, 34].
Understanding these effects in high-dimensional regimes is therefore a central problem in the theory
of learning dynamics.

A common approach is to derive low-dimensional equations that characterize the macroscopic
behavior of high-dimensional training dynamics. For noiseless gradient descent and gradient flow,
random matrix theory and dynamical mean-field theory (DMFT) have led to precise asymptotic
descriptions [1, 10, 11, 14, 21, 39]. For SGD, however, existing frameworks remain restricted. Online
or one-pass SGD has been extensively studied [7, 28, 49], but does not capture repeated reuse of
a finite dataset. DMFT approaches for multi-pass SGD typically require batch sizes proportional
to the dataset size [26, 39], while analyses of multi-pass small-batch SGD are largely limited to
least-squares linear models through homogenized SGD and random matrix methods [42, 43]. Thus,
a high-dimensional theory for multi-pass small-batch SGD in nonlinear models is still missing. A
detailed review of related work is deferred to Appendix A.2.

In this work, we address this gap by studying a stochastic differential equation called stochastic
gradient flow (SGF), which approximates multi-pass SGD with small batch sizes. We derive a DMFT
system that characterizes the high-dimensional limit of SGF and clarifies its relationship to several
existing descriptions of SGD dynamics. Table 1 compares our framework with prior approaches.

Our contributions are as follows.
DMFT for stochastic gradient flow. We derive a closed system of low-dimensional stochastic

processes that characterizes the empirical distribution of SGF parameters in the proportional
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asymptotic regime n, d→∞ with n/d→ δ. We prove existence and uniqueness of the DMFT
solution and show convergence of the empirical parameter and prediction distributions to this
solution. The framework applies to a broad class of nonlinear models, including generalized
linear models and two-layer neural networks.

Unification of existing analyses. We show that the DMFT equation for the SGF reduces to known
descriptions in several limits: noiseless gradient flow when τ = 0, online SGD dynamics in the
infinite data limit δ →∞, and the Volterra equations for high-dimensional linear regression
[42, 43].

Concurrent with our work, Fan and Wang [22] derived a related DMFT characterization for
high-dimensional SGD and SGF. Our work was developed independently and gives a complementary
formulation; see the discussion in Appendix A.2.

Table 1: Comparison of frameworks for high-dimensional analysis of SGD.

Online SGD [7] Previous DMFT [39] HSGD [43] Ours

Multi-pass ✗ ✓ ✓ ✓

Small batch sizes ✓ ✗ ✓ ✓

Nonlinear models ✓ ✓ ✗ ✓

2. Setup

Notations are summarized in Appendix A.1.
We study the high-dimensional dynamics of a stochastic gradient flow (SGF), a continuous-

time approximation of small-batch multi-pass SGD. Let X ∈ Rn×d be the data matrix, z ∈ Rn
an independent noise vector, and θt ∈ Rd×m the parameter. For functions ht : Rm → Rm and
ℓt : Rm × R→ Rm applied row-wise, define

dθt = −
(
ht(θ

t) +
1

δ
XTℓt(r

t; z)

)
dt+

√
τ

δ

n∑
i=1

xiℓt(r
t
i ; zi)

T dBt
i , rt = Xθt , (1)

where Bt = (Bt
i)i∈[n] is a Brownian motion in Rn, δ > 0 is the sample-to-dimension ratio δ := n/d,

and τ > 0 is the temperature parameter controlling the noise magnitude. The SGF (1) can be seen as
a continuous-time approximation of mini-batch SGD with learning rate η and batch size B in the
regime n, d → ∞, B = o(n), where τ = η/B. The time variable t corresponds to the number of
SGD steps k via t = ηk/d, so that t = O(1) time corresponds to k = O(d/η) steps. The noiseless
case τ = 0 reduces to the gradient flow dynamics studied in Celentano et al. [14].

The SGF (1) is obtained by matching the leading drift and covariance of one step of mini-batch
SGD. The precise SGD recursion and moment calculation are deferred to Appendix A.3.

We analyze SGF as a tractable continuous model of small-batch SGD; the use of SDE approxi-
mations for SGD is standard in the literature and discussed in Appendix A.2.

We note that the case of planted models where the data label is generated by a planted signal θ∗

can be handled by augmenting the parameter θ with θ∗; see Appendix E.1.
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Assumptions. We assume independent centered sub-Gaussian covariates X with variance 1/d,
proportional asymptotics n/d → δ ∈ (0,∞), and empirical convergence of the initialization and
noise. We further assume Lipschitz regularity of ht, ℓt and their relevant derivatives, with polynomial
growth of ℓt. The precise assumptions are stated in Appendix A.4 as Assumptions A.1 and A.2.

3. Main Result

We now state the DMFT characterization of the SGF (1). The DMFT equation describes the
high-dimensional dynamics through low-dimensional effective processes θt, rt ∈ Rm together with
correlation and response kernelsCθ, Cℓ, Rθ, Rℓ : R2

≥0 → Rm×m and Γ : R≥0 → Rm×m. Informally,
the system is

d

dt
θt = ut − (ht(θ

t) + Γ(t)θt)−
∫ t

0
Rℓ(t, s)θ

s ds , u ∼ GP(0, Cℓ/δ) ,

rt = wt − 1

δ

∫ t

0
Rθ(t, s)ℓs(r

s; z)(ds+
√
τδ dBs) , w ∼ GP(0, Cθ) ,

Cθ(t, t
′) = E[θtθt

′T] , Rθ(t, t
′) = E

[
∂θt

∂ut′

]
,

Cℓ(t, t
′) = E[ℓt(rt; z)(1 +

√
τδḂt)ℓt′(r

t′ ; z)T(1 +
√
τδḂt′)] ,

Rℓ(t, t
′) = E

[
∂ℓt(r

t; z)

∂wt′

]
, Γ(t) = E[∇rℓt(rt; z)] ,

(2)

with Rθ(t, t′) = Rℓ(t, t
′) = 0 for t < t′. The Brownian motion Bt ∈ R is one-dimensional and

captures the stochasticity inherited from SGF. The equation is self-consistent: the law of (θt, rt)
determines the kernels, which in turn determine the law of (θt, rt). The display above is informal
because it uses functional derivatives and the white noise process Ḃt; the rigorous formulation,
replacing Cℓ by a well-defined covariance object Σℓ, is given in Appendix B.

When τ = 0, the Brownian term vanishes and (2) reduces to the DMFT equation for noiseless
gradient flow in Celentano et al. [14]. Thus, the present equation extends gradient-flow DMFT to
stochastic dynamics.

Theorem 3.1 (Existence and uniqueness of the DMFT equation) Suppose Assumptions A.1 and A.2
hold. Then there exists T∗ > 0 such that, for every T ∈ [0, T∗], the DMFT system admits a unique
bounded fixed point (Cθ,Σℓ, Rθ, Rℓ,Γ) on [0, T ]. Moreover, the effective processes θt and rt have
continuous sample paths.

If either τ = 0 or ∇2
rℓt(r; z) = 0 for all t, r, z, then the result holds globally for all T > 0.

The global cases include noiseless gradient flow and SGF under quadratic losses, the latter
covering least-squares linear regression. For general nonlinear ℓt with τ > 0, the theorem gives local
well-posedness; a quantitative lower bound on T∗ and the proof are deferred to Appendix C.

Theorem 3.2 (DMFT characterization of SGF) Suppose Assumptions A.1 and A.2 hold, and let
T∗ be as in Theorem 3.1. For any T ∈ [0, T∗], L ∈ N, and 0 ≤ t1 < · · · < tL ≤ T ,

p-lim
n,d→∞

W2

(
P̂(θt1 , . . . ,θtL),P(θt1 , . . . , θtL)

)
= 0, (3)

3



HIGH-DIMENSIONAL LIMIT OF STOCHASTIC GRADIENT FLOW VIA DMFT

p-lim
n,d→∞

W2

(
P̂(rt1 , . . . , rtL , z),P(rt1 , . . . , rtL , z)

)
= 0. (4)

Theorem 3.2 states that the empirical distribution of SGF parameters and predictions converges
to the law of the effective DMFT process at any finite collection of times. Equivalently, empirical
averages of test functions of the coordinates of θt and rt converge to expectations under the DMFT
law. This extends the gradient-flow result of Celentano et al. [14] to stochastic gradient flow.

The proof follows the AMP-based strategy of Celentano et al. [14]: discretize the SGF, map
the resulting iteration to an AMP recursion, identify its state evolution with the discretized DMFT
system, and pass to the continuous-time limit. The stochastic setting requires an additional truncation
argument for Brownian increments and Stein’s lemma to derive the stochastic correction terms.
Details are given in Appendix D.

4. Applications and Special Cases

We highlight two consequences of the DMFT characterization: its online SGD limit and its reduction
to known Volterra equations in linear regression.

Infinite-data limit and online SGD. In the infinite-data limit δ →∞, the response terms vanish
and the DMFT equation simplifies to a low-dimensional SDE given in Equation (316) in Ap-
pendix E.2. This limit corresponds to online SGD: when n is much larger than the number of updates
proportional to d, a constant-size mini-batch effectively consists of fresh samples. In Appendix E.2,
we show that (316) recovers the online SGD characterization for linear regression derived in Wang
et al. [54].

Linear regression. As a tractable special case, consider high-dimensional linear regression

L(θ) = 1

2n
∥Xθ − y∥22, y = Xθ∗ + z, (5)

with zero initialization. This corresponds to the planted model withm = 1, ht = 0, and ℓt(r, r∗; z) =
r − r∗ − z. Since ℓt is linear in r, Theorem 3.1 gives global well-posedness of the DMFT equation.

Let the training and test errors of the parameter θ be given by

L (θ) =
1

n

n∑
i=1

(xT
i θ − yi)2 , R(θ) = E(x,y)[(x

Tθ − y)2] . (6)

Solving the DMFT equation yields a closed Volterra system for the limiting train and test errors:

L (t) = L0(t) + τ

∫ t

0
H2(t− s)L (s) ds , R(t) = R0(t) + τ

∫ t

0
H1(t− s)L (s) ds , (7)

where Hi(t) =
∫
xie−2xt dµMP(x), and µMP is the Marchenko–Pastur law with aspect ratio δ.

Here L0 and R0 are the noiseless limiting train and test errors; their explicit forms are given in
Appendix E.3.

More precisely, for any finite collection of times t1, . . . , tL, we have the following convergence
in probability as n, d→∞:

p-lim
n,d→∞

max
l=1,...,L

|L (θtl)−L (tl)| = 0 , p-lim
n,d→∞

max
l=1,...,L

|R(θtl)−R(tl)| = 0 , (8)
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Figure 1: Train (left) and test (right) error dynamics for logistic regression at different temperatures
τ = η/B. Solid curves show the average over 10 SGD trials with d = 1024 and n = 2048; shaded
regions show one standard deviation. Dotted curves show the DMFT predictions.

The scalar equation for L can be solved independently, after which R is obtained from the second
equation in (7). These equations coincide, up to time rescaling, with the homogenized SGD Volterra
equations of Paquette et al. [42, 43]. Thus, our DMFT framework recovers the known exact linear
regression theory while extending naturally to nonlinear models.

5. Numerical Simulations and Discussion

We illustrate the DMFT prediction on a numerical simulation with a nonlinear model: logistic
regression trained by multi-pass small-batch SGD. The data are sampled as xi ∼ N(0, Id/d) with
d = 1024, n = 2048 (δ = 2), and labels yi = sign(θ∗Txi + zi), θ∗ ∼ N(0, Id), zi ∼ N(0, 0.01).
We train with the regularized logistic objective

L(θ) = 1

n

n∑
i=1

log(1 + exp(−yixT
i θ)) +

λ

2d
∥θ∥22, λ = 0.01. (9)

SGD is run with batch sizeB = 10 and varying learning rates, corresponding to different temperatures
τ = η/B. We compare the average train and test zero-one errors over 10 independent trials with the
numerical solution of the DMFT equation. Details of the time discretization used to solve the DMFT
equation are deferred to Appendix F.

Figure 1 shows that the DMFT prediction closely tracks the SGD train and test error dynamics
across temperatures. Although the logistic model used here is not formally covered by our assump-
tions because of the non-differentiability induced by y = sign(r∗ + z), the agreement suggests that
the DMFT equations remain predictive beyond the strictly covered setting.

Discussion. In summary, we derived a DMFT equation characterizing the high-dimensional limit
of SGF, a continuous-time approximation of multi-pass small-batch SGD. The resulting theory
covers nonlinear models, recovers known limits such as noiseless gradient flow and linear-regression
Volterra equations, and gives accurate predictions in the logistic-regression experiment above. Future
directions include proving sharper SGF–SGD approximation results, analyzing the long-time behavior
of the DMFT equations, and applying the framework to more detailed nonlinear models.
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Appendix A. Preliminaries

A.1. Notation

Id ∈ Rd×d denotes the d× d identity matrix. 1d ∈ Rd denotes the all-ones vector 1d = (1, . . . , 1)T.
GP(0, Q) denotes a centered Gaussian process with covariance kernel Q. I(·) denotes the indicator
function that returns 1 if the argument is true and 0 otherwise. ∥·∥2 denotes the ℓ2 norm for vectors
and the 2-operator norm for matrices. ∥·∥F denotes the Frobenius norm for matrices. Wp denotes
the p-Wasserstein distance between probability measures. p-lim denotes convergence in probability.
P(X) denotes the law of a random variable X . P(X,Y ) denotes the joint law of random variables
X and Y . For a matrix x ∈ Rd×m, we denote by P̂(x) the empirical distribution of its rows, i.e.,
P̂(x) = 1

d

∑d
i=1 δxi . Similarly, P̂(x,y) denotes the empirical joint distribution of the rows of x and

y, i.e., P̂(x,y) = 1
d

∑d
i=1 δxi,yi . ∥·∥ψ2 denotes the sub-Gaussian norm (ψ2-Orlicz norm).

A.2. Related Works

One-pass SGD. The study of online SGD using low-dimensional ODEs was pioneered in the
statistical physics literature on learning in perceptrons and two-layer neural networks [9, 46, 48, 49].
They derived a closed system of low-dimensional ODEs for macroscopic parameters such as the
correlation between the student and teacher weights and analyzed their dynamics, which closely
approximates the original online SGD dynamics in high dimensions. The ODEs typically involve
correction terms that account for the stochasticity of the dynamics, and analyzing these ODEs
provides insights into how the noise affects the training dynamics.

Recently, these works have been put on a rigorous footing by Goldt et al. [28] using techniques
developed in Wang et al. [54, 55]. Ben Arous et al. [7] extended these techniques to more general
models and general scaling of learning rates. Analysis of online SGD in high dimensions using
similar techniques has been applied to a wide range of models due to its versatility and simplicity
[4, 5, 17, 27, 31, 32, 45, 53].

Multi-pass SGD. DMFT has recently gained attention as a powerful framework for analyzing
high-dimensional random dynamics, including multi-pass GD and SGD, by reducing them to low-
dimensional effective processes. DMFT was originally developed in spin glass theory [18, 19, 51, 52]
and has been applied to analyzing various high-dimensional optimization dynamics [2, 20, 50].

In the context of SGD dynamics, Mignacco et al. [39] derived DMFT equations for multi-pass
gradient flow and SGD in shallow neural networks, heuristically using statistical physics techniques.
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To avoid the problem of vanishing stochasticity in the continuous-time limit η → 0, they considered
a variant of SGD called persistent SGD to retain nontrivial noise in the continuous-time limit. Their
analysis depends on the batch size growing proportionally to the number of samples. In contrast, we
work with a stochastic gradient flow which approximates mini-batch SGD with small (sublinear)
batch sizes compared to the number of samples, which is a common setting in practice.

There are several rigorous works that derived DMFT equations for GD/SGD. Celentano et al.
[14] rigorously derived DMFT equations for gradient flow dynamics in shallow neural networks
by using time discretization and mapping to approximate message passing [6, 25]. We build upon
their proof technique to analyze SGD dynamics in this work. Gerbelot et al. [26] derived DMFT
equations for discrete-time GD and SGD for shallow neural networks with batch sizes proportional to
the number of samples and a constant number of updates. More recently, Fan et al. [23, 24] derived
DMFT equations for Langevin dynamics of Bayesian linear regression. A closely related line of
work is the study of general first order methods (GFOMs), which provides a framework for analyzing
a broad class of iterative algorithms, including GD, using a low-dimensional recursion similar to
DMFT [13, 29, 30].

DMFT equations have been used for analyzing long-time behavior of optimization dynamics
and provided insights into deep learning phenomena such as scaling laws and timescale separation
[11, 12, 21, 40, 41].

For linear models, there is a framework that analyzes multi-pass SGD with small batch sizes
and proportionally many updates using continuous-time equations. Paquette et al. [42] derived a
low-dimensional and continuous-time Volterra equation characterizing the training loss dynamics
of SGD in high-dimensional linear regression models. Paquette et al. [43] extended this work and
introduced an SDE called homogenized SGD (HSGD) as a high-dimensional equivalent of SGD
dynamics in linear regression. The HSGD framework allows deriving equations for macroscopic
quantities of SGD dynamics, such as training and test errors. Our work provides a similar framework
for broader settings, including generalized linear models and shallow neural networks.

SDE approximations of SGD. The SDE approximation of SGD has been used extensively in
the literature as a continuous model of discrete-time SGD [3, 15, 33, 38, 44]. Tools from the Itô
stochastic calculus can be used to analyze the dynamics of the SDE in detail, and this approach has
led to fruitful insights into the behavior of SGD.

Although we do not prove that the high-dimensional behaviors of the SGD (10) and the SGF
(1) match (and indeed they do not match exactly, as shown in the concurrent work [22]), we take
the SGF (1) as an approximate continuous model of the SGD (10) and analyze its high-dimensional
limiting behavior. It is shown that in the fixed-dimensional setting, when the learning rate is small
(η → 0), the dynamics of SGD is well approximated by that of the SGF (1) [16, 36, 37]. Hence,
we expect that the SGF (1) approximates the SGD (10) well when τ is sufficiently small, which we
empirically confirm by numerical experiments in Section 5.

Comparison with the concurrent work [22]. A concurrent work by Fan and Wang [22] also
derives a DMFT equation characterizing the high-dimensional dynamics of SGD and SGF (which
they call SME). Their DMFT equation for SGF is equivalent to ours, although defined differently;
they define the response function Rℓ as a linear operator, while we define it as a continuous function
given by the expectation of a stochastic process. Another important difference is that they consider
bounded ℓt, while we allow for unbounded, Lipschitz continuous ℓt. This allows us to rigorously
apply our theory to linear regression settings which involve unbounded loss gradients.
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A.3. Derivation of the SGF as an Approximation of SGD

Stochastic gradient descent. Fix m ∈ N, a learning rate η > 0, a batch size B ∈ N, a data
matrix X ∈ Rn×d, a noise vector z ∈ Rn, the initial parameter θ0 ∈ Rd×m, and functions
h : Rm × R≥0 → Rm; (θ, t) 7→ ht(θ) and ℓ : Rm × R × R≥0 → Rm; (r, z, t) 7→ ℓt(r; z). We
consider the following stochastic process for θ̂k ∈ Rd×m for k = 0, 1, . . . , initialized with θ̂0 = θ0:

θ̂k+1 = θ̂k − η ·

1

d
htk(θ̂

k) +
1

B

∑
i∈Bk

xiℓtk(r̂
k
i ; zi)

T

 , r̂k = Xθ̂k ∈ Rn×m , (10)

where tk := ηk/d and xi ∈ Rd and r̂ki ∈ Rm are the i-th row of X and r̂k, respectively. Here, ht is
applied row-wise to θ̂k. In each update k, the mini-batch Bk is sampled uniformly at random from
all subsets of [n] := {1, 2, . . . , n} with size B.

This stochastic process includes the mini-batch stochastic gradient descent on the following
training objective with the learning rate η and the batch size B:

L(θ) := 1

n

n∑
i=1

L(θTxi; zi) +
1

d

d∑
i=1

H(θi) , (11)

where θi ∈ Rm is the i-th row of θ ∈ Rd×m, L : Rm × R→ R is a loss function, and H : Rm → R
is a regularization function. In this case, we have ht(θ) = ∇θH(θ) and ℓt(r; z) = ∇rL(r; z). This
setting includes generalized linear models (m = 1) and two-layer neural networks with width m. In
the following, we refer to the general process (10) as an ‘SGD’ for simplicity, although it may not
correspond to the gradient descent on any objective function.

Derivation of SGF. To see that the SGF (1) approximates the SGD (10), consider the one-step
increment of the SGD (10) given by ∆θ̂k = θ̂k+1 − θ̂k and compute its first and second moments
conditioned on θ̂k:

E[∆θ̂k | θ̂k] = −η
d

(
htk(θ̂

k) +
1

δ
XTℓtk(r̂

k; z)

)
, (12)

Cov(∆θ̂k | θ̂k) = η2(n−B)

Bn(n− 1)

n∑
i=1

xiℓtk(r̂
k
i ; zi)

T ⊗ xiℓtk(r̂
k
i ; zi)

+
η2(n−B)

Bn2(n− 1)
XTℓtk(Xθ̂k; z)⊗XTℓtk(Xθ̂k; z) . (13)

Here, the outer product A ⊗B for matrices A,B ∈ Rd×m is interpreted as vec(A) vec(B)T ∈
Rdm×dm, where vec is the vectorization operator. In the proportional high-dimensional limit where
n, d→∞ with n/d→ δ ∈ (0,∞) and B = o(n), the leading term of the covariance simplifies to

Cov(∆θ̂k | θ̂k) = η

d
· τ
δ

n∑
i=1

xiℓtk(r̂
k
i ; zi)

T ⊗ xiℓtk(r̂
k
i ; zi) + (sub-leading terms) . (14)

Thus, the first and second moments of the increment ∆θ̂k match those of the increment of the SGF
(1) up to the leading order in d over the time interval of length ∆t = η/d.
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A.4. Formal Statement of the Assumptions

Assumption A.1 (Data distribution)
• The entries X = (xij)i∈[n],j∈[d] are independent, satisfying Exij = 0, Ex2ij = 1/d, and
∥xij∥ψ2 ≤ C/

√
d for some constant C > 0.

• Proportional high-dimensional asymptotics: n, d→∞, n/d→ δ ∈ (0,∞).
• z ∈ Rn and θ0 ∈ Rd×m are independent of X , and for all p ≥ 1, their empirical distributions
P̂(θ0) and P̂(z) converge in p-Wasserstein distance to P(θ0) and P(z) respectively, almost
surely as d→∞.

The distribution of the data X is not restricted to the Gaussian distribution, and hence our analysis
is universal with respect to the data distribution. The last condition on z and θ0 is satisfied, for
example, when their entries are i.i.d. samples from distributions with bounded moments of all orders.

The following assumption is used to guarantee that the SGF solution does not grow too fast and
that the DMFT equation to be introduced is well-defined.

Assumption A.2 (Function regularity) There exists a constant M > 0 such that the following
holds.

• ht(θ) and its Jacobian Dh = (∇θh, ∂th) are Lipschitz continuous in t and θ, i.e., for t1, t2 ≥ 0
and θ1, θ2 ∈ Rm,

∥ht1(θ1)− ht2(θ2)∥2 + ∥Dht1(θ1)−Dht2(θ2)∥2 ≤M(∥θ1 − θ2∥2 + |t1 − t2|) . (15)

• ℓt(r; z), its Jacobian Dℓ = (∇rℓ, ∂tℓ), and its Hessian D2ℓ are Lipschitz continuous in t and
r for any z ∈ R, i.e., for t1, t2 ≥ 0 and r1, r2 ∈ Rm,

∥ℓt1(r1; z)− ℓt2(r2; z)∥2+ ∥Dℓt1(r1; z)−Dℓt2(r2; z)∥2+ ∥D2ℓt1(r1; z)−D2ℓt2(r2; z)∥2
≤M(∥r1 − r2∥2 + |t1 − t2|) . (16)

• ℓt(r; z) has polynomial growth for any t ≥ 0, i.e., there exists some p ≥ 1 such that
∥ℓt(r; z)∥2 ≤M(1 + ∥r∥2 + |z|)p.

Appendix B. Definition of the DMFT Equation

In this section, we provide a rigorous definition of the DMFT system S introduced informally
in Equation (2). The key idea is to define all objects through well-defined auxiliary stochastic
processes, avoiding functional derivatives and the formal derivative of the Brownian motion. We also
introduce a discretized DMFT equation for which the connection between the informal definition
and the rigorous definition is more transparent. The discretized DMFT equation is also used as an
intermediate step in the proof of Theorem 3.2 and as a numerical method for solving the DMFT
equation (see Appendix F).

B.1. Rigorous Definition of the DMFT System

We rigorously define the DMFT system S for functions Cθ,Σℓ, Rθ, Rℓ : R2
≥0 → Rm×m and

Γ: R≥0 → Rm×m self-consistently as follows. First, given Σℓ, Rℓ,Γ, define stochastic processes

15



HIGH-DIMENSIONAL LIMIT OF STOCHASTIC GRADIENT FLOW VIA DMFT

{θt ∈ Rm}t≥0 and {ρt,t
′

θ ∈ Rm×m}t≥t′≥0 by the following equations.

θt = θ0 + U t −
∫ t

0

(
hs(θ

s) + Γ(s)θs +

∫ s

0
Rℓ(s, s

′)θs
′
ds′
)
ds , U ∼ GP(0,Σℓ/δ) , (17)

ρt,t
′

θ = Im −
∫ t

t′

(
(∇θhs(θs) + Γ(s))ρs,t

′

θ +

∫ s

t′
Rℓ(s, s

′)ρs
′,t′

θ ds′
)
ds . (18)

Then, set Cθ, Rθ as

Cθ(t, t
′) = E[θtθt

′T] , (19)

Rθ(t, t
′) = E[ρt,t

′

θ ] (t ≥ t′) , (20)

and Rθ(t, t′) = 0 for t < t′. Here, the expectation is with respect to the randomness of θ0 ∼ P(θ0)
and the Gaussian process U .

Next, given Cθ, Rθ, define stochastic processes {rt ∈ Rm}t≥0 and {ρt,t
′

ℓ , Dt,t′

ℓ ∈ Rm×m}t≥t′≥0

by the following equations.

rt = wt − 1

δ

∫ t

0
Rθ(t, s)ℓs(r

s; z)(ds+
√
τδ dBs) , w ∼ GP(0, Cθ) , (21)

ρt,t
′

ℓ = ∇rℓt(rt; z)ρt,t
′

r , (22)

Dt,t′

ℓ = ∇rℓt(rt; z)
(
−1

δ

∫ t

t′
Rθ(t, s)D

s,t′

ℓ (ds+
√
τδ dBs)

)
+∇2

rℓt(r
t; z)[Dt,t′

r ] · ρt,t′r , (23)

where Bt is a Brownian motion in R, and we defined the auxiliary processes ρt,t
′

r ∈ Rm×m and
Dt,t′
r ∈ Rm as

ρt,t
′

r = −1

δ

∫ t

t′
Rθ(t, s)ρ

s,t′

ℓ (ds+
√
τδ dBs)− 1

δ
Rθ(t, t

′)∇rℓt′(rt
′
; z) , (24)

Dt,t′
r = −1

δ

∫ t

t′
Rθ(t, s)∇rℓs(rs; z)Ds,t′

r (ds+
√
τδ dBs)−

√
τ

δ
Rθ(t, t

′)ℓt′(r
t′ ; z) , (25)

and the notation∇2
rℓt(r

t; z)[v] for v ∈ Rm in Equation (23) denotes the product
m∑
i=1

∂ri∇rℓt(rt; z)vi ∈ Rm×m . (26)

Then, set Σℓ, Rℓ,Γ as

Σℓ(t, t
′) = E[LtLt

′T] , Lt :=

∫ t

0
ℓs(r

s; z)(ds+
√
τδ dBs) , (27)

Rℓ(t, t
′) = E[ρt,t

′

ℓ ] +
√
τδ E[Dt,t′

ℓ ] (t ≥ t′) , (28)

Γ(t) = E[∇rℓt(rt; z)] , (29)

and Rℓ(t, t′) = 0 for t < t′. Here, the expectation is with respect to the randomness of z ∼ P(z),
the Gaussian process w, and the Brownian motion B.

Then, the solution of the DMFT system S is defined as a fixed point of the above two mappings.
Note that the above definition is written purely in terms of standard Itô integrals and is thus

amenable to rigorous analysis.
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B.2. Discretized DMFT System

We present a discretized version of the DMFT system defined above, in which the time variable t is
discretized with step size γ > 0.

Let ti := iγ for i = 0, 1, 2, . . . . We define the discretized DMFT system Sγ by the following
equations.

θtiγ = θ0 + U tiγ − γ
i−1∑
j=0

(
htj (θ

tj
γ ) + Γγ(tj)θ

tj
γ + γ

j−1∑
k=0

Rγℓ (tj , tk)θ
tk
γ

)
, (30a)

ρ
ti,tj
θ,γ = Im − γ

i−1∑
k=j+1

(∇θhtk(θ
tk
γ ) + Γγ(tk))ρ

tk,tj
θ,γ + γ

k−1∑
l=j+1

Rγℓ (tk, tl)ρ
tl,tj
θ,γ

 , (30b)

rtiγ = wtiγ −
1

δ

i−1∑
j=0

Rγθ (ti, tj)ℓtj (r
tj
γ ; z)(γ +

√
τδ(Btj+1 −Btj )) , (30c)

ρ
ti,tj
ℓ,γ = ∇rℓti(rtiγ ; z)ρ

ti,tj
r,γ , (30d)

ρ
ti,tj
r,γ = −1

δ

i−1∑
k=j+1

Rγθ (ti, tk)ρ
tk,tj
ℓ,γ (γ +

√
τδ(Btk+1 −Btk))− 1

δ
Rγθ (ti, tj)∇rℓtj (r

tj
γ ; z) , (30e)

D
ti,tj
ℓ,γ = ∇rℓti(rtiγ ; z)

−1

δ

i−1∑
k=j+1

Rγθ (ti, tk)D
tk,tj
ℓ,γ (γ +

√
τδ(Btk+1 −Btk))


+∇2

rℓti(r
ti
γ ; z)[D

ti,tj
r,γ ] · ρti,tjr,γ , (30f)

D
ti,tj
r,γ = −1

δ

i−1∑
k=j+1

Rγθ (ti, tk)∇rℓtk(r
tk
γ ; z)D

tk,tj
r,γ (γ +

√
τδ(Btk+1 −Btk))

−
√
τ

δ
Rγθ (ti, tj)ℓtj (r

tj
γ ; z) , (30g)

where (U tiγ , w
ti
γ )i≥0 satisfies

E[U tiγ U
tjT
γ ] = Σγℓ (ti, tj)/δ , E[wtiγ w

tjT
γ ] = Cγθ (ti, tj) . (31)

Then, set Cγθ , R
γ
θ ,Σ

γ
ℓ , R

γ
ℓ ,Γ

γ as

Cγθ (ti, tj) = E[θtiγ θ
tjT
γ ] , Rγθ (ti, tj) = E[ρti,tjθ,γ ] ,

Σγℓ (ti, tj) = E[Ltiγ L
tjT
γ ] , Ltiγ :=

i−1∑
k=0

ℓtk(r
tk
γ ; z)(γ +

√
τδ(Btk+1 −Btk)) ,

Rγℓ (ti, tj) = E[ρti,tjℓ,γ ] +
√
τδ E[Dti,tj

ℓ,γ ] , Γγ(ti) = E
[
∇rℓti(rtiγ ; z)

]
,

(32)

where we set Rγθ (ti, tj) = Rγℓ (ti, tj) = 0 for i ≤ j.
We will show that the solution of the discretized DMFT equation Sγ converges to the unique

solution of the continuous-time DMFT equation S as γ → 0 in Lemma D.3.
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B.3. Correspondence to the Informal Definition

Once discretized, it is easy to see the correspondence between the rigorous definition of the DMFT
system given above and the informal definition given in Equation (2). We distinguish the variables in
the two definitions by writing bars over the variables in the informal definition, e.g., θ

t
, rt, etc.

We first discretize the informal definition in Equation (2) with step size γ > 0 in the same manner
as in the previous section. We obtain

θ
ti+1 − θti

γ
= uti − (hti(θ

ti) + Γ(ti)θ
ti)− γ

i−1∑
j=0

Rℓ(ti, tj)θ
tj , u ∼ GP(0, Cℓ/δ) ,

rti = wti − 1

δ

i−1∑
j=1

Rθ(ti, tj)ℓtj (r
tj ; z)(γ +

√
τδ(B

tj+1 −Btj )) , w ∼ GP(0, Cθ) ,

Cθ(ti, tj) = E[θtiθtjT] , Rθ(ti, tj) =
1

γ
E

[
∂θ

ti

∂utj

]
(i > j) ,

Cℓ(ti, tj) = E

[
ℓti(r

ti ; z)

(
1 +
√
τδ
B
ti+1 −Bti

γ

)
ℓtj (r

tj ; z)T

(
1 +
√
τδ
B
tj+1 −Btj

γ

)]
,

Rℓ(ti, tj) =
1

γ
E
[
∂ℓti(r

ti ; z)

∂wtj

]
, Γ(ti) = E[∇rℓti(rti ; z)] (i > j) .

(33)
Then, we transform the above equations to show their correspondence to the discretized DMFT

system Sγ . The equations for rti , Cθ, and Γ directly correspond to definitions of rtiγ , Cγθ , and Γγ in

Sγ . Next, we show correspondence for θ
ti and Cℓ. Summing the equation for θ

ti in (33) over i and
multiplying by γ, we obtain

θ
ti − θ0 = γ

i−1∑
j=0

utj − γ
i−1∑
j=0

(
htj (θ

tj ) + Γ(tj)θ
tj + γ

j−1∑
k=0

Rℓ(tj , tk)θ
tk

)
, u ∼ GP(0, Cℓ/δ) .

(34)

Let U ti := γ
∑i−1

j=0 u
tj . U ti is a Gaussian process with covariance given by

1

δ
Σℓ(ti, tj) := E[U tiU tjT] = γ2

i−1∑
k=0

j−1∑
l=0

E[utkutlT] =
γ2

δ

i−1∑
k=0

j−1∑
l=0

Cℓ(tk, tl) =
1

δ
E[LtiLtjT] ,

(35)

where we set

L
ti :=

i−1∑
j=0

ℓtj (r
tj ; z)(γ +

√
τδ(B

tj+1 −Btj )) . (36)

Thus, θ
ti and Σℓ(ti, tj) = γ2

∑i−1
k=0

∑j−1
l=0 Cℓ(tk, tl) correspond to θtiγ and Σγℓ in Sγ . Furthermore,

differentiating θ
ti with respect to utj (j < i), we obtain

∂θ
ti

∂utj
= γIm −

i−1∑
k=j+1

(∇θhtk(θ
tk) + Γ(tk))

∂θ
tk

∂utj
+ γ

k−1∑
l=j+1

Rℓ(tk, tl)
∂θ

tl

∂utj

 . (37)
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This shows correspondence for γ−1∂θ
ti/∂utj and ρti,tjθ,γ and thus Rθ and Rγθ . Finally, we show

correspondence for Rℓ. Differentiating ℓti(r
ti ; z) with respect to wtj (j < i), we obtain

∂ℓti(r
ti ; z)

∂wtj
= ∇rℓti(rti ; z)

∂rti

∂wtj
, (38)

∂rti

∂wtj
= −1

δ

i−1∑
k=j+1

Rθ(ti, tk)
∂ℓtk(r

tk ; z)

∂wtj
(γ +

√
τδ(B

tk+1 −Btk))

− 1

δ
Rθ(ti, tj)∇rℓtj (rtj ; z)(γ +

√
τδ(Btj+1 −Btj )) . (39)

Let ρti,tjℓ and ρti,tjr be the solution of the following equation:

ρ
ti,tj
ℓ = ∇rℓti(rti ; z)ρ

ti,tj
r , (40)

ρ
ti,tj
r = −1

δ

i−1∑
k=j+1

Rθ(ti, tk)ρ
tk,tj
ℓ (γ +

√
τδ(Btk+1 −Btk))− 1

δ
Rθ(ti, tj)∇rℓtj (rtj ; z) . (41)

These equations correspond to definitions of ρti,tjℓ,γ and ρti,tjr,γ . By the linearity of the above equations,
we see that

∂ℓti(r
ti ; z)

∂wtj
= ρ

ti,tj
ℓ (γ +

√
τδ(Btj+1 −Btj )) . (42)

Let Gj := (B
tj+1 − Btj )/

√
γ. Then, we have Gj ∼ N(0, 1) i.i.d. for j = 0, 1, 2, . . . . Taking the

expectation of the above equation, we obtain

Rℓ(ti, tj) =
1

γ
E
[
∂ℓti(r

ti ; z)

∂wtj

]
= E[ρti,tjℓ ] +

√
τδ

γ
E[ρti,tjℓ G

j
] . (43)

By Stein’s lemma (Gaussian integration by parts), we obtain

E[ρti,tjℓ G
j
] = E

[
∂ρ

ti,tj
ℓ

∂G
j

]
. (44)

Differentiating ρti,tjℓ with respect to Gj and using independence of rtk and Gj for k ≤ j, we obtain

∂ρ
ti,tj
ℓ

∂G
j

= ∇rℓti(rti ; z)
∂ρ

ti,tj
r

∂G
j

+∇2
rℓti(r

ti ; z)

[
∂rti

∂G
j

]
· ρti,tjr , (45)

∂ρ
ti,tj
r

∂G
j

= −1

δ

i−1∑
k=j+1

Rθ(ti, tk)
∂ρ

tk,tj
ℓ

∂G
j
(γ +

√
τδγG

k
) , (46)

∂rti

∂G
j
= −1

δ

i−1∑
k=j+1

Rθ(ti, tk)∇rℓtk(r
tk ; z)

∂rtk

∂G
j
(γ +

√
τδγG

k
)−

√
τγ

δ
Rθ(ti, tj)ℓtj (r

tj ; z) .

(47)
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This shows that γ−1/2∂ρ
ti,tj
ℓ /∂G

j and γ−1/2∂rti/∂G
j correspond to Dti,tj

ℓ,γ and Dti,tj
r,γ . Thus, we

have correspondence for Rℓ and Rγℓ .
Summarizing, the informal definition corresponds to the formal definition by the following

correspondence (informal definition on the left, rigorous definition on the right):

θ
ti ⇔ θtiγ ,

1

γ

∂θ
ti

∂utj
⇔ ρ

ti,tj
θ,γ , Cθ(ti, tj)⇔ Cγθ (ti, tj) , Rθ(ti, tj)⇔ Rγθ (ti, tj) ,

rti ⇔ rtiγ , ρ
ti,tj
ℓ ⇔ ρ

ti,tj
ℓ,γ ,

1
√
γ

∂ρ
ti,tj
ℓ

∂G
tj
⇔ D

ti,tj
ℓ,γ ,

1

γ
E
[
∂ℓti(r

ti ; z)

∂wtj

]
⇔ E[ρti,tjℓ,γ ] +

√
τδ E[Dti,tj

ℓ,γ ]

γ2
i−1∑
k=0

j−1∑
l=0

Cℓ(tk, tl)⇔ Σγℓ (ti, tj) , Rℓ(ti, tj)⇔ Rγℓ (ti, tj) , Γ(ti)⇔ Γγ(ti) .

(48)
Although these two definitions are equivalent in discrete time, the informal definition does not have a
well-defined continuous-time limit as γ → 0, while the rigorous definition does. Thus, for theoretical
purposes, we work with the rigorous definition. In numerics, however, we work with the informal
definition after time discretization, as it leads to simpler numerical schemes (see Appendix F for
details).

Appendix C. Proof of Theorem 3.1

We prove Theorem 3.1 using a contraction mapping argument similar to that of Celentano et al. [14,
Theorem 1] and Fan et al. [23, Theorem 2.4]. It proceeds as follows.

1. For T > 0, we define admissible spaces Sθ(T ) and Sℓ(T ) for the DMFT objects (Cθ, Rθ) and
(Σℓ, Rℓ,Γ), respectively. We define mappings Tθ→ℓ : Sθ(T ) → Sℓ(T ) and Tℓ→θ : Sℓ(T ) →
Sθ(T ) such that the fixed point of their composition T := Tℓ→θ ◦ Tθ→ℓ solves the DMFT
system. We show that for sufficiently small T > 0, these mappings are well-defined.

2. Next, we construct a metric on the function spaces Sθ(T ) and Sℓ(T ) such that T is a contrac-
tion.

3. Finally, we apply Banach’s fixed point theorem to show the uniqueness and existence of the
fixed point of T .

C.1. Admissible Spaces Sθ(T ) and Sℓ(T )

Since the following quantities are bounded by assumptions, we take M > 0 sufficiently large so that
we have

max

{
E∥θ0∥22, sup

t∈[0,T ]
ht(0), sup

t∈[0,T ]
E∥ℓt(0; z)∥2p2

}
≤M , (49)

for p = 1, 2.
For T > 0, we define admissible spaces Sθ(T ) and Sℓ(T ) as follows.
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Definition C.1 (Admissible space Sθ(T )) Let D ⊂ (0, T ) be a finite set. Let Sθ(T ) be a set of
function pairs (Cθ, Rθ) defined on [0, T ]2. We say that Sθ(T ) is admissible if there exist constants
Φθ,Mθ > 0 such that every (Cθ, Rθ) ∈ Sθ(T ) satisfies the following.

• Cθ is a covariance kernel (in particular, it satisfies Cθ(t, t′) = Cθ(t
′, t)T) and satisfies

∥Cθ(t, t)∥2 ≤ Φθ for all t ∈ [0, T ] and Cθ(0, 0) = E[θ0θ0T]. Furthermore, Cθ(t, t′) is
uniformly continuous over t, t′ ∈ I for each maximal interval I of [0, T ] \D and satisfies

∥Cθ(t, t)− 2Cθ(t, t
′) + Cθ(t

′, t′)∥2 ≤Mθ|t− t′| , (50)

for any t, t′ ∈ I .

• Rθ satisfies Rθ(t, t′) = 0 for 0 ≤ t < t′ ≤ T and ∥Rθ(t, t′)∥2 ≤ Φθ for 0 ≤ t′ ≤ t ≤ T .
Furthermore, Rθ(t, t′) is uniformly continuous over t ∈ I and t′ ∈ I ′ for any two maximal
intervals I, I ′ of [0, T ] \D.

We define Scontθ (T ) as the subset of Sθ(T ) with D = ∅ in the above definition.

Definition C.2 (Admissible space Sℓ(T )) Let D ⊂ (0, T ) be a finite set. Let Sℓ(T ) be a set of
function triples (Σℓ, Rℓ,Γ) defined on [0, T ]2 and [0, T ]. We say that Sℓ(T ) is admissible if there
exist constants Φℓ,Mℓ > 0 such that every (Σℓ, Rℓ,Γ) ∈ Sℓ(T ) satisfies the following.

• Σℓ(t, s) is a covariance kernel (in particular, it satisfies Σℓ(t, s) = Σℓ(s, t)
T) and sat-

isfies ∥Σℓ(t, t)∥2 ≤ Φℓ for t ∈ [0, T ] and Σℓ(0, 0) = E[ℓ0(r0; z)ℓ0(r0; z)T] for r0 ∼
N(0,E[θ0θ0T]). Furthermore, Σℓ(t, t′) is uniformly continuous over t, t′ ∈ I for each maximal
interval I of [0, T ] \D and satisfies

∥Σℓ(t, t)− 2Σℓ(t, t
′) + Σℓ(t

′, t′)∥2 ≤Mℓ|t− t′| , (51)

for any t, t′ ∈ I .

• Rℓ(t, t′) satisfies Rℓ(t, t′) = 0 for 0 ≤ t < t′ ≤ T and ∥Rℓ(t, t′)∥2 ≤ Φℓ for 0 ≤ t′ ≤ t ≤ T .
Furthermore, Rℓ(t, t′) is uniformly continuous over t ∈ I and t′ ∈ I ′ for any two maximal
intervals I, I ′ of [0, T ] \D.

• Γ(t) satisfies ∥Γ(t)∥2 ≤M for t ∈ [0, T ] and Γ(0) = E[∇rℓ0(r0; z)] for r0 ∼ N(0,E[θ0θ0T]).
Furthermore, Γ(t) is uniformly continuous over t ∈ I for each maximal interval I of [0, T ]\D.

We define Scontℓ (T ) as the subset of Sℓ(T ) with D = ∅ in the above definition.

In the above definitions, we allow for discontinuities at a finite set of time points D to handle the
discretized DMFT system later in the proof of Theorem 3.2 in Appendix D.

We now show that the stochastic processes are uniquely defined given functions in admissible
spaces.

Lemma C.3 Given an admissible space Sθ(T ) and any element (Cθ, Rθ) ∈ Sθ(T ), there exists
a unique tuple of stochastic processes {rt, ρt,t

′

ℓ , Dt,t′

ℓ }0≤t′≤t≤T satisfying Equations (21) to (23).
Furthermore, for any (Cθ, Rθ) ∈ Scontθ (T ), the processes {rt, ρt,t

′

ℓ , Dt,t′

ℓ }0≤t′≤t≤T have continuous
sample paths.
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Similarly, given an admissible space Sℓ(T ) and any element (Σℓ, Rℓ,Γ) ∈ Sℓ(T ), there exists
a unique pair of stochastic processes {θt, ρt,t

′

θ }0≤t′≤t≤T satisfying Equations (17) and (18). Fur-
thermore, for any (Σℓ, Rℓ,Γ) ∈ Scontℓ (T ), the processes {θt, ρt,t

′

θ }0≤t′≤t≤T have continuous sample
paths.

Proof First, we show that rt is uniquely defined. Let {wt}t∈[0,T ] be a centered Gaussian process
with covariance kernel Cθ. Then, for any maximal interval I of [0, T ] \D and any t, t′ ∈ I , we have

E∥wt − wt′∥42 ≤ 3m2∥Cθ(t, t)− 2Cθ(t, t
′) + Cθ(t

′, t′)∥22 ≤ 3m2M2
θ (t− t′)2 . (52)

By the Kolmogorov continuity theorem, there exists a modification of wt that is locally Hölder
continuous on I . Then, for each maximal interval I , rt follows a nonlinear Volterra stochastic integral
equation of the second kind with a Lipschitz nonlinearity, a continuous kernel, and a continuous
forcing term. By Berger and Mizel [8, Theorem 3.A], it has a unique continuous solution adapted
to the filtration F ℓt generated by (Bs)s≤t. Applying this argument inductively over the maximal
intervals of [0, T ] \D, we conclude that rt is uniquely defined over [0, T ]. The well-posedness of
ρt,t

′

ℓ and Dt,t′

ℓ can be shown similarly using the continuity of rt.
Next, we show that θt is uniquely defined. Let {U t}t∈[0,T ] be a centered Gaussian process with

covariance kernel Σℓ/δ. Again, by the Kolmogorov continuity theorem, there exists a modification
of U t that is locally Hölder continuous on each I . From Equation (17), θt satisfies the following
equation:

θt = θ0 + U t −
∫ t

0

(
hs(θ

s) + Γ(s)θs +

(∫ t

s
Rℓ(t

′, s) dt′
)
θs
)
ds . (53)

For each I , this is a nonlinear Volterra integral equation of the second kind with a continuous kernel
and a continuous forcing term. Again, by Berger and Mizel [8, Theorem 3.A], it has a unique
continuous solution. Applying this argument inductively over the maximal intervals of [0, T ] \D, we
conclude that θt is uniquely defined over [0, T ]. The well-posedness of ρt,t

′

θ can be shown similarly
using the continuity of θt.

Next, we define mappings between the admissible spaces.
First, we define the map Tθ→ℓ : (Cθ, Rθ) 7→ (Σℓ, Rℓ,Γ). Given (Cθ, Rθ) ∈ Sθ, take the

unique processes rt, ρt,t
′

ℓ , Dt,t′

ℓ satisfying Equations (21) to (23) whose existence is guaranteed by
Lemma C.3. Then, we define (Σℓ, Rℓ,Γ) by Equations (27) to (29).

Next, we define the map Tℓ→θ : (Σℓ, Rℓ,Γ) 7→ (Cθ, Rθ). Given (Σℓ, Rℓ,Γ) ∈ Sℓ, take the unique
processes θt, ρt,t

′

θ satisfying Equations (17) and (18) whose existence is guaranteed by Lemma C.3.
Then, we define (Cθ, Rθ) by Equations (19) and (20).

Finally, we define the composite map T = Tℓ→θ ◦ Tθ→ℓ.
In the following lemma, we show that for sufficiently small T > 0, Tθ→ℓ and Tℓ→θ map Sθ(T )

into Sℓ(T ) and Sℓ(T ) into Sθ(T ), respectively. We defer the proof to Appendix C.3.

Lemma C.4

1. There exists some T∗ > 0 such that, for any 0 < T ≤ T∗, there exist admissible spaces Sθ(T )
and Sℓ(T ) such that Tθ→ℓ maps Sθ(T ) into Scontℓ (T ) and Tℓ→θ maps Sℓ(T ) to Scontθ (T ).

2. If either τ = 0 or ∇2ℓt(r; z) = 0, T can be taken arbitrarily large (thus T∗ =∞).
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C.2. Equipping Metrics on Sθ(T ) and Sℓ(T )

In the following, we fix T > 0 such that Lemma C.4 holds and fix admissible spaces Sθ := Sθ(T )
and Sℓ := Sℓ(T ).

We equip the spaces Sθ and Sℓ with metrics. For a constant λ > 0, we define

distλ(C
1
θ , C

2
θ ) := inf

w1∼GP(0,C1
θ ),w2∼GP(0,C2

θ )
sup

0≤t≤T
e−λt

√
E∥wt1 − wt2∥22 , (54a)

distλ(Σ
1
ℓ ,Σ

2
ℓ ) := inf

U1∼GP(0,Σ1
ℓ/δ),U2∼GP(0,Σ2

ℓ/δ)
sup

0≤t≤T
e−λt

√
E∥U t1 − U t2∥22 , (54b)

distλ(R
1
θ, R

2
θ) := sup

0≤s≤t≤T
e−λt∥R1

θ(t, s)−R2
θ(t, s)∥ , (54c)

distλ(R
1
ℓ , R

2
ℓ ) := sup

0≤s≤t≤T
e−λt∥R1

ℓ (t, s)−R2
ℓ (t, s)∥ , (54d)

distλ(Γ
1,Γ2) := sup

0≤t≤T
e−λt∥Γ1(t)− Γ2(t)∥ . (54e)

In the first two definitions, the infima are taken over all couplings of the Gaussian processes with
given marginal covariances. Finally, for Xi = (Ciθ, R

i
θ) ∈ Sθ and Y i = (Σiℓ, R

i
ℓ,Γ

i) ∈ Sℓ, we
define the distances

distλ(X
1, X2) := distλ(C

1
θ , C

2
θ ) + distλ(R

1
θ, R

2
θ) , (55)

distλ(Y
1, Y 2) :=

√
λdistλ(Σ

1
ℓ ,Σ

2
ℓ ) + distλ(R

1
ℓ , R

2
ℓ ) + distλ(Γ

1,Γ2) . (56)

Notice the
√
λ factor in front of distλ(Σ1

ℓ ,Σ
2
ℓ ).

We show several properties of the metric spaces (Sθ, distλ) and (Sℓ, distλ).

Lemma C.5 The metric spaces (Sθ, distλ) and (Sℓ, distλ) are complete.

Proof For finite T , the distance distλ for Rθ, Rℓ, and Γ are equivalent to L∞ distance and hence
complete. Completeness for Cθ and Σℓ are shown in the proof of Fan et al. [23, Theorem 2.4(b)].

Lemma C.6 LetXi = (Ciθ, R
i
θ) ∈ Sθ and Y i = Tθ→ℓ(X

i) = (Σiℓ, R
i
ℓ,Γ

i) ∈ Sℓ for i = 1, 2. Then,
there exists a constant K > 0 such that for any sufficiently large λ > 0 in the definitions of the
metrics (54), we have

distλ(Y
1, Y 2) ≤ K · distλ(X1, X2) . (57)

Lemma C.7 Let Y i = (Ciℓ, R
i
ℓ,Γ

i) ∈ Sℓ and Xi = Tℓ→θ(Y
i) = (Ciθ, R

i
θ) ∈ Sθ for i = 1, 2. Then,

for any ε > 0, for sufficiently large λ > 0, we have

distλ(X
1, X2) ≤ ε · distλ(Y 1, Y 2) . (58)

We defer the proof of the last two lemmas to Appendices C.4 and C.5.
Finally, we show that T is a contraction mapping under the above metrics, finishing the proof of

Theorem 3.1. Take T ∈ [0, T∗] where T∗ is as in Lemma C.4, and take admissible spaces Sθ := Sθ(T )
and Sℓ := Sℓ(T ). By Lemmas C.6 and C.7, we can choose ε < 1/K and λ sufficiently large such
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that T = Tℓ→θ ◦ Tθ→ℓ is a contraction mapping on the metric space (Sθ, distλ) which is complete by
Lemma C.5. By the Banach fixed-point theorem, there exists a unique fixed point (Cθ, Rθ) ∈ Scontθ

such that T (Cθ, Rθ) = (Cθ, Rθ). Thus, this (Cθ, Rθ) and (Σℓ, Rℓ,Γ) = Tθ→ℓ(Cθ, Rθ) ∈ Scontℓ

together form a unique pair of fixed points satisfying the DMFT equation S.
The continuity of the sample paths follows from Lemma C.3.

C.3. Proof of Lemma C.4

We will use the following bounds repeatedly in the proof.

Lemma C.8 Let X1 be a random variable and Xs
2 , X

s
3 be stochastic processes in Rm adapted to

the Brownian motion (Bs′)0≤s′<s. Then, for any 0 ≤ t′ ≤ t and any integer p ≥ 1, there exists a
constant Cp > 0 such that we have

E
∥∥∥∥X1 +

∫ t

t′
Xs

2 ds+

∫ t

t′
Xs

3 dB
s

∥∥∥∥2p
2

≤ 32p−1

(
E∥X1∥2p2 + (t− t′)2p−1

∫ t

t′
E∥Xs

2∥
2p
2 ds+ Cp(t− t′)p−1

∫ t

t′
E∥Xs

3∥
2p
2 ds

)
.

(59)

Proof By Jensen’s inequality, we have

E
∥∥∥∥X1 +

∫ t

t′
Xs

2 ds+

∫ t

t′
Xs

3 dB
s

∥∥∥∥2p
2

≤ 32p−1

(
E∥X1∥2p2 + (t− t′)2p−1

∫ t

t′
E∥Xs

2∥
2p
2 ds+ E

∥∥∥∥∫ t

t′
Xs

3 dB
s

∥∥∥∥2p
2

)
. (60)

By the Burkholder–Davis–Gundy inequality and Jensen’s inequality again, we have

E
∥∥∥∥∫ t

t′
Xs

3 dB
s

∥∥∥∥2p
2

≤ Cp E
(∫ t

t′
∥Xs

3∥22 ds
)p
≤ Cp(t− t′)p−1

∫ t

t′
E∥Xs

3∥
2p
2 ds . (61)

This proves the claim. Note that we can set C1 = 1 by the Itô isometry.

C.3.1. CONSTRUCTION OF THE ADMISSIBLE SPACES

Take constants ΦCθ
≥ 7(M + 4T 2M2) and ΦRθ

≥ 2. Define constants ΦCℓ
,ΦΣℓ

,ΦRℓ
,Φi (i =

1, . . . , 5),Mℓ,Mθ, and λ as follows:

ΦCℓ
:= (2M + 6M2mΦCθ

) exp

(
6M2

(
T

δ2
+
τ

δ

)
Φ2
Rθ
T

)
, (62)

ΦΣℓ
:= (T + τδ)ΦCℓ

, (63)

ΦRℓ
:=
√

2Φ1 + 2τδΦ5 , (64)

Φ1 :=
3M4

δ2
Φ2
Rθ

exp

(
3M2

(
T

δ2
+
τ

δ

)
Φ2
Rθ
T

)
, (65)
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Φ2 :=
27M4Φ4

Rθ

δ4
exp

(
27M4

(
T 3

δ4
+
C2τ

2T

δ2

)
Φ4
Rθ
T

)
, (66)

Φ3 :=
(
8M + 648M4m2Φ2

Cθ

)
exp

(
216M4

(
T 3

δ4
+
C2τ

2T

δ2

)
Φ4
Rθ
T

)
, (67)

Φ4 :=
27τ2Φ4

Rθ
Φ3e

4

δ2
exp

(
27M4

(
T 3

δ4
+
C2τ

2T

δ2

)
Φ4
Rθ
T

)
, (68)

Φ5 := 2M2
√
Φ2Φ4e

2 exp

(
4M2

(
T

δ2
+
τ

δ

)
Φ2
Rθ
T

)
, (69)

Mℓ := 2(T + τδ)ΦCℓ
e2λT , (70)

Mθ := 2

(
mMℓ

δ
+ 2T

(
2M2 + 3M2ΦCθ

e2λT + T 2Φ2
Rℓ
ΦCθ

e4λT
))

, (71)

λ := max

{
2T (3M2 + TΦ2

Rℓ
),
6mΦΣℓ

δM
, 2(2M +ΦRℓ

T )

}
, (72)

where C2 > 0 is the constant in Lemma C.8 for p = 2.
For T > 0, we define the function spaces Sθ := Sθ(T ) and Sℓ := Sℓ(T ) as follows. We define Sθ

as the space of pairs of functions (Cθ, Rθ) satisfying the continuity conditions and initial conditions
in Definition C.1 and the following bounds for 0 ≤ t′ ≤ t ≤ T :

∥Cθ(t, t)∥2 ≤ ΦCθ
e2λt , ∥Rθ(t, t′)∥2 ≤ ΦRθ

eλ(t−t
′) . (73)

Then, Sθ is admissible with parameters Φθ = max{ΦCθ
e2λT ,ΦRθ

eλT } and Mθ.
We define Sℓ as the space of triples of functions (Σℓ, Rℓ,Γ) satisfying the continuity conditions

and initial conditions in Definition C.2 and the following bounds for 0 ≤ t′ ≤ t ≤ T :

∥Σℓ(t, t)∥2 ≤
ΦΣℓ

e2λt

λ
, ∥Rℓ(t, t′)∥2 ≤ ΦRℓ

eλ(t−t
′) , ∥Γ(t)∥2 ≤M . (74)

Then, Sℓ is admissible with parameters Φℓ = max{ΦΣℓ
e2λT /λ,ΦRℓ

eλT } and Mℓ.
In the following, we show that

1. For sufficiently small T with λT ≤ 1, the mappings Tθ→ℓ and Tℓ→θ map Sθ and Sℓ into each
other, respectively.

2. If either τ = 0 or ∇2
rℓt(r; z) = 0, the above holds for any T > 0.

Note that it is possible to take λT ≤ 1 since λ is monotonically increasing in T . Then, we can take
T∗ as the supremum of such T . We provide a rough estimate of T∗ ≳ δ2/(τ2M7m2) where ≳ hides
subleading terms in M,m, τ, 1/δ and the constant factor in Appendix C.3.4.

The proof is almost identical for both cases; the only difference lies in bounding Rℓ.

C.3.2. Tθ→ℓ MAPS Sθ INTO Sℓ.

Condition for Σℓ. We have by the assumptions and the triangle inequality that

E∥ℓt(rt; z)∥22 ≤ E
(
∥ℓt(0; z)∥2 +M∥rt∥2

)2 ≤ 2E∥ℓt(0; z)∥22 + 2M2 E∥rt∥22 ≤ 2M + 2M2 E∥rt∥22 .
(75)
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We apply Lemma C.8 to rt in Equation (21) with

E∥X1∥22 := E∥wt∥22 = tr(Cθ(t, t)) ≤ m∥Cθ(t, t)∥2 ≤ mΦCθ
e2λt , (76)

E∥Xs
2∥22 := E

∥∥∥∥1δRθ(t, s)ℓs(rs; z)
∥∥∥∥2
2

≤ 1

δ2
Φ2
Rθ

e2λ(t−s) E∥ℓs(rs; z)∥22 , (77)

E∥Xs
3∥22 := E

∥∥∥∥√τ

δ
Rθ(t, s)ℓs(r

s; z)

∥∥∥∥2
2

≤ τ

δ
Φ2
Rθ

e2λ(t−s) E∥ℓs(rs; z)∥22 , (78)

to obtain

E∥rt∥22 ≤ 3

(
mΦCθ

e2λt +

(
T

δ2
+
τ

δ

)
Φ2
Rθ

∫ t

0
e2λ(t−s) E∥ℓs(rs; z)∥22 ds

)
. (79)

Thus, we have

e−2λt E∥ℓt(rt; z)∥22 ≤ 2M + 6M2mΦCθ
+ 6M2

(
T

δ2
+
τ

δ

)
Φ2
Rθ

∫ t

0
e−2λs E∥ℓs(rs; z)∥22 ds .

(80)

By Grönwall’s inequality, we have

E∥ℓt(rt; z)∥22 ≤ (2M + 6M2mΦCθ
) exp

(
6M2

(
T

δ2
+
τ

δ

)
Φ2
Rθ
T

)
e2λt = ΦCℓ

e2λt , (81)

where we used the definition of ΦCℓ
in Equation (62).

Now, we check the condition ∥Σℓ(t, t)∥2 ≤ ΦΣℓ
e2λt/λ. Using Lemma C.8, we have

∥Σℓ(t, t)∥2 = ∥E[LtLtT]∥2 ≤ E∥Lt∥22 ≤ 2(T + τδ)

∫ t

0
E∥ℓs(rs; z)∥22 ds

≤ 2(T + τδ)

∫ t

0
ΦCℓ

e2λs ds =
(T + τδ)ΦCℓ

λ
(e2λt − 1) ≤ ΦΣℓ

λ
e2λt , (82)

where we used the definition of ΦΣℓ
in Equation (63).

Next, we check the condition (51). We have

∥Σℓ(t, t)− 2Σℓ(t, t
′) + Σℓ(t

′, t′)∥2 = ∥E[(Lt − Lt
′
)(Lt − Lt′)T]∥2 ≤ E∥Lt − Lt′∥22

= E
∥∥∥∥∫ t

t′
ℓs(r

s; z)(ds+
√
τδ dBs)

∥∥∥∥2
2

≤ 2(T + τδ)

∫ t

t′
E∥ℓs(rs; z)∥22 ds

≤ 2(T + τδ)ΦCℓ
e2λT |t− t′| ≤Mℓ|t− t′| . (83)

Condition for Rℓ: case (1). We have

∥Rℓ(t, t′)∥22 ≤ 2E∥ρt,t
′

ℓ ∥
2
2 + 2τδ E∥Dt,t′

ℓ ∥
2
2 . (84)
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First, we bound E∥ρt,t
′

ℓ ∥
2
2. By the Lipschitz continuity of ℓt(r; z) in r, we have ∥∇rℓt(rt; z)∥2 ≤

M for all t. Therefore, we have

E∥ρt,t
′

ℓ ∥
2
2 = E∥∇rℓt(rt; z)ρt,t

′
r ∥22 ≤M2 E∥ρt,t′r ∥22 . (85)

Applying Lemma C.8 to ρt,t
′

r in Equation (22), we have

E∥ρt,t′r ∥22 ≤ 3

(
M2

δ2
Φ2
Rθ

e2λ(t−t
′) +

(
T

δ2
+
τ

δ

)
Φ2
Rθ

∫ t

t′
e2λ(t−s) E∥ρs,t

′

ℓ ∥
2
2 ds

)
. (86)

Thus, we have

e−2λ(t−t′) E∥ρt,t
′

ℓ ∥
2
2 ≤

3M4

δ2
Φ2
Rθ

+ 3M2

(
T

δ2
+
τ

δ

)
Φ2
Rθ

∫ t

t′
e−2λ(s−t′) E∥ρs,t

′

ℓ ∥
2
2 ds . (87)

By Grönwall’s inequality, we have

e−2λ(t−t′) E∥ρt,t
′

ℓ ∥
2
2 ≤

3M4

δ2
Φ2
Rθ

exp

(
3M2

(
T

δ2
+
τ

δ

)
Φ2
Rθ
T

)
≤ Φ1 . (88)

Next, we bound E∥Dt,t′

ℓ ∥
2
2. We have

E∥Dt,t′

ℓ ∥
2
2 = 4M2

(
T

δ2
+
τ

δ

)∫ t

t′
∥Rθ(t, s)∥22 E∥D

s,t′

ℓ ∥
2
2 ds+ 2E[∥∇2

rℓt(r
t; z)∥22∥Dt,t′

r ∥22∥ρt,t
′

r ∥22]

≤ 4M2

(
T

δ2
+
τ

δ

)
Φ2
Rθ

∫ t

t′
e2λ(t−s) E∥Ds,t′

ℓ ∥
2
2 ds+ 2M2

√
E∥Dt,t′

r ∥42
√
E∥ρt,t

′
r ∥42 ,

(89)

where we used that ∥∇2
rℓt(r

t; z)∥2 ≤ M by assumption. We first bound E∥ρt,t
′

r ∥42. Applying
Lemma C.8, we obtain

E∥ρt,t′r ∥42 ≤ 27

((
T 3

δ4
+
C2τ

2T

δ2

)∫ t

t′
∥Rθ(t, s)∥42 E[∥∇rℓs(rs; z)∥42∥ρs,t

′
r ∥42] ds

+
1

δ4
∥Rθ(t, t′)∥42 E∥∇rℓt′(rt

′
; z)∥42

)

≤ 27

((
T 3

δ4
+
C2τ

2T

δ2

)
Φ4
Rθ
M4

∫ t

t′
e4λ(t−s) E∥ρs,t′r ∥42 ds+

M4

δ4
Φ4
Rθ

e4λ(t−t
′)

)
. (90)

By Grönwall’s inequality, we have

E∥ρt,t′r ∥42 ≤
27M4Φ4

Rθ

δ4
exp

(
27M4

(
T 3

δ4
+
C2τ

2T

δ2

)
Φ4
Rθ
T

)
e4λ(t−t

′) ≤ Φ2e
4λ(t−t′) . (91)

We next bound E∥Dt,t′
r ∥42. Applying Lemma C.8, we have

E∥Dt,t′
r ∥42 ≤ 27

((
T 3

δ4
+
C2τ

2T

δ2

)∫ t

t′
∥Rθ(t, s)∥42 E[∥∇rℓs(rs; z)∥42∥Ds,t′

r ∥42] ds
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+
τ2

δ2
∥Rθ(t, t′)∥42 E∥ℓt′(rt

′
; z)∥42

)

≤ 27

((
T 3

δ4
+
C2τ

2T

δ2

)
Φ4
Rθ
M4

∫ t

t′
e4λ(t−s) E∥Ds,t′

r ∥42 ds+
τ2

δ2
Φ4
Rθ

e4λ(t−t
′) E∥ℓt′(rt

′
; z)∥42

)
.

(92)

E∥ℓt′(rt
′
; z)∥42 can be bounded as

E∥ℓt(rt; z)∥42 ≤ 8E∥ℓt(0; z)∥42 + 8M4 E∥rt∥42

≤ 8M + 8M4 · 27
(
E∥wt∥42 +

(
T 3

δ4
+
C2τ

2T

δ2

)∫ t

0
∥Rθ(t, s)∥42 E∥ℓs(rs; z)∥42 ds

)
≤ 8M + 216M4

(
3m2Φ2

Cθ
e4λt +

(
T 3

δ4
+
C2τ

2T

δ2

)
Φ4
Rθ

∫ t

0
e4λ(t−s) E∥ℓs(rs; z)∥42 ds

)
. (93)

By Grönwall’s inequality, we have

E∥ℓt(rt; z)∥42 ≤
(
8M + 648M4m2Φ2

Cθ

)
exp

(
216M4

(
T 3

δ4
+
C2τ

2T

δ2

)
Φ4
Rθ
T

)
e4λt ≤ Φ3e

4λt .

(94)

Taking T small enough such that λT ≤ 1, we have e4λt ≤ e4. Thus, we have

E∥Dt,t′
r ∥42 ≤ 27

((
T 3

δ4
+
C2τ

2T

δ2

)
Φ4
Rθ
M4

∫ t

t′
e4λ(t−s) E∥Ds,t′

r ∥42 ds+
τ2

δ2
Φ4
Rθ

Φ3e
4e4λ(t−t

′)

)
.

(95)

By Grönwall’s inequality, we have

E∥Dt,t′
r ∥42 ≤

27τ2Φ4
Rθ

Φ3e
4

δ2
exp

(
27M4

(
T 3

δ4
+
C2τ

2T

δ2

)
Φ4
Rθ
T

)
e4λ(t−t

′) ≤ Φ4e
4 . (96)

Combining the above bounds, we have

E∥Dt,t′

ℓ ∥
2
2 ≤ 4M2

(
T

δ2
+
τ

δ

)
Φ2
Rθ

∫ t

t′
e2λ(t−s) E∥Ds,t′

ℓ ∥
2
2 ds+ 2M2

√
Φ4e4

√
Φ2e4λ(t−t

′) . (97)

By Grönwall’s inequality, we have

E∥Dt,t′

ℓ ∥
2
2 ≤ 2M2

√
Φ2Φ4e

2 exp

(
4M2

(
T

δ2
+
τ

δ

)
Φ2
Rθ
T

)
e2λ(t−t

′) ≤ Φ5e
2λ(t−t′) . (98)

Thus, we have

∥Rℓ(t, t′)∥22 ≤ (2Φ1 + 2τδΦ5)e
2λ(t−t′) = Φ2

Rℓ
e2λ(t−t

′) . (99)

Condition for Rℓ: case (2). When ∇2
rℓt(r; z) = 0, we have Dt,t′

ℓ = 0. Thus, when τ = 0 or
∇2ℓt(r; z) = 0, we have

∥Rℓ(t, t′)∥22 ≤ E∥ρt,t
′

ℓ ∥
2
2 ≤ Φ1e

−2λ(t−t′) ≤ Φ2
Rℓ
e2λ(t−t

′) . (100)

This holds without taking T small.
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Condition for Γ. We have

∥Γ(t)∥2 ≤ E∥∇rℓt(rt; z)∥2 ≤M . (101)

C.3.3. Tℓ→θ MAPS Sℓ INTO Sθ .

Condition for Cθ. We have

E∥U t∥22 =
1

δ
tr(Σℓ(t, t)) ≤

m

δ
∥Σℓ(t, t)∥2 ≤

mΦΣℓ

δλ
e2λt . (102)

By the Lipschitz continuity of h, we have E∥ht(θt)∥22 ≤ 2∥ht(0)∥22 + 2E∥ht(θt) − ht(0)∥22 ≤
2M2 + 2M2 E∥θt∥22. Thus, we have

e−2λt E∥θt∥22

≤ 3e−2λt

(
E∥θ0∥22 + E∥U t∥22

+ 2T

∫ t

0

(
E∥hs(θs)∥22 + ∥Γ(s)∥22 E∥θs∥22 + T

∫ s

0
∥Rℓ(s, s′)∥22 E∥θs

′∥22 ds′
)
ds

)

≤ 3

(
e−2λt(M + 4T 2M2) +

mΦΣℓ

δλ

+ 2T

∫ t

0
e−2λ(t−s)

(
3M2e−2λs E∥θs∥22 + TΦ2

Rℓ

∫ s

0
e−2λs′ E∥θs′∥22 ds′

)
ds

)

≤ 3

(
M + 4T 2M2 +

mΦΣℓ

δλ
+ 2T (3M2 + T 2Φ2

Rℓ
)

(∫ t

0
e−2λ(t−s) ds

)
sup
s∈[0,T ]

e−2λs E∥θs∥22

)

≤ 3

(
M + 4T 2M2 +

mΦΣℓ

δλ
+
T (3M2 + T 2Φ2

Rℓ
)

λ
sup
s∈[0,T ]

e−2λs E∥θs∥22

)
(103)

By λ ≥ 2T (3M2 + T 2Φ2
Rℓ
), we have

sup
t∈[0,T ]

e−2λt E∥θt∥22 ≤ 6

(
M + 4T 2M2 +

mΦΣℓ

δλ

)
. (104)

By λ ≥ 6mΦΣℓ
/(δ(M + 4T 2M2)), the right-hand side is bounded by 7(M + 4T 2M2) ≤ ΦCθ

.
Therefore, we have

∥Cθ(t, t)∥2 ≤ E∥θt∥22 ≤ ΦCθ
e2λt . (105)

Next, we check the condition (50). We have

∥Cθ(t, t)− 2Cθ(t, t
′) + Cθ(t

′, t′)∥2 = ∥E[(θt − θt
′
)(θt − θt′)T]∥2 ≤ E∥θt − θt′∥22

≤ E
∥∥∥∥U t − U t′ − ∫ t

t′

(
hs(θ

s) + Γ(s)θs +

∫ s

0
Rℓ(s, s

′)θs
′
ds′
)
ds

∥∥∥∥2
2
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≤ 2

(
E∥U t − U t′∥22 + 2(t− t′)2 sup

s∈[0,T ]

{
2M2 + 3M2 E∥θs∥22 + T

∫ s

0
∥Rℓ(s, s′)∥22 E∥θs

′∥22 ds′
})

≤ 2

(
mMℓ

δ
|t− t′|+ 2(t− t′)2

(
2M2 + 3M2ΦCθ

e2λT + T 2Φ2
Rℓ
ΦCθ

e4λT
))

≤Mθ|t− t′| , (106)

where we used

E∥U t − U t′∥22 ≤
m

δ
∥Σℓ(t, t)− 2Σℓ(t, t

′) + Σℓ(t
′, t′)∥2 ≤

mMℓ

δ
|t− t′| . (107)

Condition for Rθ. By the Lipschitz continuity of h, we have ∥∇θht(θ)∥2 ≤ M for all t and θ.
Thus, we have

∥ρt,t
′

θ ∥2 ≤ 1 +

∫ t

t′

(
(∥∇θhs(θs)∥2 + ∥Γ(s)∥2)∥ρs,t

′

θ ∥2 +
∫ s

t′
∥Rℓ(s, s′)∥2∥ρs

′,t′

θ ∥2 ds′
)
ds

≤ 1 +

∫ t

t′

(
2M∥ρs,t

′

θ ∥2 +ΦRℓ

∫ s

t′
eλ(s−s

′)∥ρs
′,t′

θ ∥2 ds′
)
ds , (108)

and thus

e−λ(t−t
′)∥ρt,t

′

θ ∥2

≤ 1 +

∫ t

t′
e−λ(t−s)

(
2Me−λ(s−t

′)∥ρs,t
′

θ ∥2 +ΦRℓ

∫ s

t′
eλ(s

′−t′)∥ρs
′,t′

θ ∥2 ds′
)
ds

≤ 1 + (2M +ΦRℓ
T )

(∫ t

t′
e−λ(t−s) ds

)
sup
s∈[t′,t]

e−λ(s−t
′)∥ρs,t

′

θ ∥2

≤ 1 +
2M +ΦRℓ

T

λ
sup
s∈[t′,t]

e−λ(s−t
′)∥ρs,t

′

θ ∥2 . (109)

By λ ≥ 2(2M +ΦRℓ
T ), we have

∥ρt,t
′

θ ∥2 ≤ 2eλ(t−t
′) , (110)

and thus

∥Rθ(t, t′)∥2 ≤ E∥ρt,t
′

θ ∥2 ≤ 2eλ(t−t
′) ≤ ΦRθ

eλ(t−t
′) . (111)

C.3.4. A ROUGH ESTIMATE OF T∗

We derive a rough lower bound on T∗ up to the leading dependencies on M,m, τ, 1/δ and ignoring
constant factors. Take T ≤ min{1, (M2(1/δ2+τ/δ)Φ2

Rθ
)−1}. Then, the exponents in the definitions

of ΦCℓ
and Φi (i = 1, . . . , 5) are all bounded by constants since

M2

(
T

δ2
+
τ

δ

)
Φ2
Rθ
T ≤ 1 , M4

(
T 2

δ4
+
C2τ

2

δ2

)
Φ4
Rθ
T 2 ≲ 1 . (112)
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Then, the Φ quantities can be bounded as

ΦCθ
≲M , ΦRθ

≲ 1 , ΦCℓ
≲M3m, ΦΣℓ

≲ τM3m, Φ1 ≲
M4

δ2
, Φ2 ≲

M4

δ4
,

Φ3 ≲M6m2 , Φ4 ≲
τ2M6m2

δ2
, Φ5 ≲

τM7m

δ3
, ΦRℓ

≤ τM7/2m1/2

δ

(113)

Then, λ is bounded as

λ ≲ (M2 +Φ2
Rℓ
) +

mΦΣℓ

δM
+ (M +ΦRℓ

) ≲
τ2M7m2

δ2
. (114)

Thus, further taking T ≲ δ2/(τ2M7m2), we have λT ≲ 1.

C.4. Proof of Lemma C.6

Set Φ := max{Φθ,Φℓ}. In the following, K denotes a positive constant that may depend on M , m,
T , δ, τ , and Φ, but not on other variables, and may change from line to line.

Bound of distλ(Σ
1
ℓ ,Σ

2
ℓ ). Let w1 ∼ GP(0, C1

θ ) and w2 ∼ GP(0, C2
θ ) be Gaussian processes

coupled such that

sup
t∈[0,T ]

e−λt
√
E∥wt1 − wt2∥22 ≤ 2 · distλ(C1

θ , C
2
θ ) . (115)

For i = 1, 2, let ri be the solution of

rti = wti −
1

δ

∫ t

0
Riθ(t, s)ℓs(r

s
i ; z)(ds+

√
τδ dBs) . (116)

Note that we use the same Brownian motion Bt for i = 1, 2. Applying Lemma C.8 to rt1 − rt2 with

E∥wt1 − wt2∥22 ≤ 4e2λt · distλ(C1
θ , C

2
θ )

2 , (117)

E∥R1
θ(t, s)ℓs(r

s
1; z)−R2

θ(t, s)ℓs(r
s
2; z)∥22

≤ 2
(
∥R1

θ(t, s)−R2
θ(t, s)∥22 E∥ℓs(rs1; z)∥22 + ∥R2

θ(t, s)∥22 E∥ℓs(rs1; z)− ℓs(rs2; z)∥22
)

≤ 2
(
Φe2λt · distλ(R1

θ, R
2
θ)

2 +Φ2M2 E∥rs1 − rs2∥22
)
, (118)

we have

E∥rt1 − rt2∥22 ≤ 3

(
4e2λt · distλ(C1

θ , C
2
θ )

2 + 2

(
T

δ2
+
τ

δ

)
TΦe2λt · distλ(R1

θ, R
2
θ)

2

+ 2

(
T

δ2
+
τ

δ

)
Φ2M2

∫ t

0
E∥rs1 − rs2∥22 ds

)
, (119)

and thus

e−2λt E∥rt1 − rt2∥22 ≤ K · distλ(X1, X2)2 +K

∫ t

0
e−2λs E∥rs1 − rs2∥22 ds . (120)
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By Grönwall’s inequality, we have

e−2λt E∥rt1 − rt2∥22 ≤ KeKT · distλ(X1, X2)2 ≤ K · distλ(X1, X2)2 . (121)

For i = 1, 2, let

Lti :=

∫ t

0
ℓs(r

s
i ; z)(ds+

√
τδ dBs) . (122)

Then, we have

e−2λt E∥Lt1 − Lt2∥22 ≤ 2(T + τδ)

∫ t

0
e−2λ(t−s) · e−2λs E∥ℓs(rs1; z)− ℓs(rs2; z)∥22 ds

≤ (T + τδ)M2

λ
sup
s∈[0,T ]

e−2λs E∥rs1 − rs2∥22 ≤
K

λ
· distλ(X1, X2)2 . (123)

Let {(U t1, U t2)}t∈[0,T ] be a centered Gaussian process with covariance E

[(
Lt1
Lt2

)(
Lt1
Lt2

)T
]
/δ.

Since U1 and U2 have covariance kernels Σ1
ℓ/δ and Σ2

ℓ/δ respectively, we have

distλ(Σ
1
ℓ ,Σ

2
ℓ ) ≤ sup

t∈[0,T ]
e−λt

√
E∥U t1 − U t2∥22 = sup

t∈[0,T ]
e−λt

√
E∥Lt1 − Lt2∥22/δ ≤

√
K

λ
· distλ(X1, X2) .

(124)

Bound of distλ(Γ1,Γ2). By Equation (121), we have

distλ(Γ
1,Γ2) = sup

t∈[0,T ]
e−λt∥Γ1(t)− Γ2(t)∥2 ≤ sup

t∈[0,T ]
e−λt

√
E∥∇rℓt(rt1; z)−∇rℓt(rt2; z)∥22

≤M sup
t∈[0,T ]

e−λt
√
E∥rt1 − rt2∥22 ≤ K · distλ(X

1, X2) . (125)

Bound of distλ(R1
ℓ , R

2
ℓ ). For i = 1, 2, let

ρt,t
′

ℓ,i = ∇rℓt(rti ; z)ρ
t,t′

r,i , ρt,t
′

r,i = −1

δ

∫ t

t′
Riθ(t, s)ρ

s,t′

ℓ,i (ds+
√
τδ dBs)− 1

δ
Riθ(t, t

′)∇rℓt′(rt
′
i ; z) .

(126)

Then, we have

∥R1
ℓ (t, t

′)−R2
ℓ (t, t

′)∥22 ≤ 2E∥ρt,t
′

ℓ,1 − ρ
t,t′

ℓ,2∥
2
2 + 2τδ E∥Dt,t′

ℓ,1 −D
t,t′

ℓ,2 ∥
2
2 . (127)

We first bound E∥ρt,t
′

ℓ,1 − ρ
t,t′

ℓ,2∥
2
2. We have

E∥ρt,t
′

ℓ,1 − ρ
t,t′

ℓ,2∥
2
2 = E∥∇rℓt(rt1; z)ρ

t,t′

r,1 −∇rℓt(r
t
2; z)ρ

t,t′

r,2∥
2
2

≤ 2E∥(∇rℓt(rt1; z)−∇rℓt(rt2; z))ρ
t,t′

r,1∥
2
2 + 2E∥∇rℓt(rt2; z)(ρ

t,t′

r,1 − ρ
t,t′

r,2 )∥
2
2

≤ 2M2
√
E∥ρt,t

′

r,1∥42
√
E∥rt1 − rt2∥42 + 2M2 E∥ρt,t

′

r,1 − ρ
t,t′

r,2∥
2
2 . (128)
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First, we bound E∥ρt,t
′

r,1∥42. Applying Lemma C.8 to ρt,t
′

r,1 , we have

E∥ρt,t
′

r,1∥
4
2 ≤ 27

(
Φ4M4

δ4
+

(
T 3

δ4
+

3Tτ2

δ2

)
Φ4M4

∫ t

t′
E∥ρs,t

′

r,1 ∥
4
2 ds

)
≤ K +K

∫ t

t′
E∥ρs,t

′

r,1 ∥
4
2 ,

(129)

By Grönwall’s inequality, we have

E∥ρt,t
′

r,1∥
4
2 ≤ KeKT ≤ K . (130)

Next, we bound E∥rt1 − rt2∥42 by applying Lemma C.8 with

E∥wt1 − wt2∥42 ≤ 3(E∥wt1 − wt2∥22)2 ≤ 12e4λt · distλ(C1
θ , C

2
θ )

4 , (131)

E∥R1
θ(t, s)ℓs(r

s
1; z)−R2

θ(t, s)ℓs(r
s
2; z)∥42

≤ 8
(
∥R1

θ(t, s)−R2
θ(t, s)∥42 E∥ℓs(rs1; z)∥42 + ∥R2

θ(t, s)∥42 E∥ℓs(rs1; z)− ℓs(rs2; z)∥42
)

≤ 8
(
Ke4λt · distλ(R1

θ, R
2
θ)

4 +Φ4M4 E∥rs1 − rs2∥42
)
, (132)

Here, we used that E∥ℓt(rt; z)∥42 is uniformly bounded by some constant K > 0 by a similar
argument as the bound on E∥ρt,t

′
r ∥42. Then, we have

E∥rt1 − rt2∥42 ≤ Ke4λt · distλ(X1, X2)4 +K

∫ t

0
E∥rs1 − rs2∥42 ds . (133)

By Grönwall’s inequality, we have

e−4λt E∥rt1 − rt2∥42 ≤ KeKT · distλ(X1, X2)4 ≤ K · distλ(X1, X2)4 . (134)

Finally, we bound E∥ρt,t
′

r,1 − ρ
t,t′

r,2∥22. We apply Lemma C.8 to ρt,t
′

r,1 − ρ
t,t′

r,2 with

E∥R1
θ(t, t

′)∇rℓt′(rt
′
1 ; z)−R2

θ(t, t
′)∇rℓt′(rt

′
2 ; z)∥22

≤ 2
(
∥R1

θ(t, t
′)−R2

θ(t, t
′)∥22 E∥∇rℓt′(rt

′
1 ; z)∥22 + ∥R2

θ(t, t
′)∥22 E∥∇rℓt′(rt

′
1 ; z)−∇rℓt′(rt

′
2 ; z)∥22

)
≤ 2
(
M2e2λt · distλ(R1

θ, R
2
θ)

2 +Φ2M2 E∥rt′1 − rt
′
2 ∥22
)
≤ Ke2λt · distλ(X1, X2)2 , (135)

E∥R1
θ(t, s)ρ

s,t′

ℓ,1 −R
2
θ(t, s)ρ

s,t′

ℓ,2 ∥
2
2

≤ 2
(
∥R1

θ(t, s)−R2
θ(t, s)∥22 E∥ρ

s,t′

ℓ,1 ∥
2
2 + ∥R2

θ(t, s)∥22 E∥ρ
s,t′

ℓ,1 − ρ
s,t′

ℓ,2 ∥
2
2

)
≤ 2
(
Ke2λt · distλ(R1

θ, R
2
θ)

2 +Φ2 E∥ρs,t
′

ℓ,1 − ρ
s,t′

ℓ,2 ∥
2
2

)
. (136)

Here, we used that E∥ρs,t
′

ℓ,i ∥
2
2 is uniformly bounded by some constant K > 0 by a similar argument

as the bound on E∥ρt,t
′

r ∥22. Then, we have

E∥ρt,t
′

r,1 − ρ
t,t′

r,2∥
2
2 ≤ Ke2λt · distλ(X1, X2)2 +K

∫ t

t′
E∥ρs,t

′

ℓ,1 − ρ
s,t′

ℓ,2 ∥
2
2 ds . (137)
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Plugging Equations (130), (134) and (137) into Equation (128), we have

E∥ρt,t
′

ℓ,1 − ρ
t,t′

ℓ,2∥
2
2 ≤ Ke2λt · distλ(X1, X2)2 +K

∫ t

t′
E∥ρs,t

′

ℓ,1 − ρ
s,t′

ℓ,2 ∥
2
2 ds . (138)

Applying Grönwall’s inequality, we have

e−2λt E∥ρt,t
′

ℓ,1 − ρ
t,t′

ℓ,2∥
2
2 ≤ K · distλ(X1, X2)2 . (139)

Next, we bound E∥Dt,t′

ℓ,1 −D
t,t′

ℓ,2 ∥
2
2. We have

∥Dt,t′

ℓ,1 −D
t,t′

ℓ,2 ∥2

≤ 1

δ
∥∇rℓt(rt1; z)−∇rℓt(rt2; z)∥2

∥∥∥∥∫ t

t′
R1
θ(t, s)D

s,t′

ℓ,1 (ds+
√
τδ dBs)

∥∥∥∥
2

+
1

δ
∥∇rℓt(rt2; z)∥2

∥∥∥∥∫ t

t′
(R1

θ(t, s)D
s,t′

ℓ,1 −R
2
θ(t, s)D

s,t′

ℓ,2 )(ds+
√
τδ dBs)

∥∥∥∥
2

+ ∥∇2
rℓt(r

t
1; z)−∇2

rℓt(r
t
2; z)∥2∥D

t,t′

r,1 ρ
t,t′

r,1∥2 + ∥∇
2
rℓt(r

t
2; z)∥2∥D

t,t′

r,1 ρ
t,t′

r,1 −D
t,t′

r,2 ρ
t,t′

r,2∥2

≤ M

δ
∥rt1 − rt2∥2

∥∥∥∥∫ t

t′
R1
θ(t, s)D

s,t′

ℓ,1 (ds+
√
τδ dBs)

∥∥∥∥
2

+
M

δ

∥∥∥∥∫ t

t′
(R1

θ(t, s)D
s,t′

ℓ,1 −R
2
θ(t, s)D

s,t′

ℓ,2 )(ds+
√
τδ dBs)

∥∥∥∥
2

+M∥rt1 − rt2∥2∥D
t,t′

r,1 ∥2∥ρ
t,t′

r,1∥2 +M∥Dt,t′

r,1 −D
t,t′

r,2 ∥2∥ρ
t,t′

r,1∥2 +M∥Dt,t′

r,2 ∥2∥ρ
t,t′

r,1 − ρ
t,t′

r,2∥2 .
(140)

Squaring and taking the expectation, we have

E∥Dt,t′

ℓ,1 −D
t,t′

ℓ,2 ∥
2
2

≤ K E∥rt1 − rt2∥22
∥∥∥∥∫ t

t′
R1
θ(t, s)D

s,t′

ℓ,1 (ds+
√
τδ dBs)

∥∥∥∥2
2

+K E
∥∥∥∥∫ t

t′
(R1

θ(t, s)D
s,t′

ℓ,1 −R
2
θ(t, s)D

s,t′

ℓ,2 )(ds+
√
τδ dBs)

∥∥∥∥2
2

+K E∥rt1 − rt2∥22∥D
t,t′

r,1 ∥
2
2∥ρ

t,t′

r,1∥
2
2 +K E∥Dt,t′

r,1 −D
t,t′

r,2 ∥
2
2∥ρ

t,t′

r,1∥
2
2 +K E∥Dt,t′

r,2 ∥
2
2∥ρ

t,t′

r,1 − ρ
t,t′

r,2∥
2
2

≤ K
√
E∥rt1 − rt2∥42

√
E
∥∥∥∥∫ t

t′
R1
θ(t, s)D

s,t′

ℓ,1 (ds+
√
τδ dBs)

∥∥∥∥4
2

+K

∫ t

t′
E∥R1

θ(t, s)D
s,t′

ℓ,1 −R
2
θ(t, s)D

s,t′

ℓ,2 ∥
2
2 ds

+K
√

E∥rt1 − rt2∥42
√

E∥Dt,t′

r,1 ∥82
√
E∥ρt,t

′

r,1∥82 +K
√
E∥Dt,t′

r,1 −D
t,t′

r,2 ∥42
√

E∥ρt,t
′

r,1∥42

+K
√
E∥Dt,t′

r,2 ∥42
√

E∥ρt,t
′

r,1 − ρ
t,t′

r,2∥42

≤ Ke2λt · distλ(X1, X2)2 ·

(√
sup
s∈[t′,t]

E∥Ds,t′

ℓ,1 ∥22 +
√

E∥Dt,t′

r,1 ∥82
√

E∥ρt,t
′

r,1∥82

)
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+K

∫ t

t′

(
∥R1

θ(t, s)−R2
θ(t, s)∥22 E∥D

s,t′

ℓ,1 ∥
2
2 + ∥R2

θ(t, s)∥22 E∥D
s,t′

ℓ,1 −D
s,t′

ℓ,2 ∥
2
2

)
ds

+K
√

E∥Dt,t′

r,1 −D
t,t′

r,2 ∥42
√

E∥ρt,t
′

r,1∥42 +K
√

E∥Dt,t′

r,2 ∥42
√

E∥ρt,t
′

r,1 − ρ
t,t′

r,2∥42 . (141)

We do not repeat all the details, but by a similar argument as the bounds on E∥ρt,t
′

r,1∥42, we can show

that E∥ρt,t
′

r,i ∥
p
2, E∥Dt,t′

ℓ,i ∥
p
2, E∥Dt,t′

r,i ∥
p
2, and E∥Dt,t′

ℓ,i ∥
4
2 are uniformly bounded by some constantK > 0

for p ≥ 2 and i = 1, 2. Moreover, by a similar argument as the bound on E∥ρt,t
′

r,1 − ρ
t,t′

r,2∥22, we can

show that E∥Dt,t′

r,1 − D
t,t′

r,2 ∥42 and E∥ρt,t
′

r,1 − ρ
t,t′

r,2∥42 are bounded by Ke4λt · distλ(X1, X2)4. Thus,
using these bounds and Grönwall’s inequality, we have

e−2λt E∥Dt,t′

ℓ,1 −D
t,t′

ℓ,2 ∥
2
2 ≤ K · distλ(X1, X2)2 . (142)

Therefore, we have

distλ(R
1
ℓ , R

2
ℓ ) ≤ K · distλ(X1, X2) . (143)

Collecting the above bounds, we have

distλ(Y
1, Y 2) =

√
λdistλ(Σ

1
ℓ ,Σ

2
ℓ ) + distλ(R

1
ℓ , R

2
ℓ ) + distλ(Γ

1,Γ2) ≤ K · distλ(X1, X2) .
(144)

C.5. Proof of Lemma C.7

Again, K denotes a positive constant that may depend on M , m, T , δ, τ , and Φ, but not on other
variables, and may change from line to line.

Bound of distλ(C1
θ , C

2
θ ). Let U1 ∼ GP(0,Σ1

ℓ/δ) and U2 ∼ GP(0,Σ2
ℓ/δ) be Gaussian processes

coupled such that

sup
t∈[0,T ]

e−λt
√
E∥U t1 − U t2∥22 ≤ 2 · distλ(Σ1

ℓ ,Σ
2
ℓ ) . (145)

For i = 1, 2, let θi be the solution of

θti = θ0 + U ti −
∫ t

0

(
hs(θ

s
i ) + Γi(s)θsi +

∫ s

0
Riℓ(s, s

′)θs
′
i ds′

)
ds . (146)

Then, we have

e−2λt E∥θt1 − θt2∥22

≤ 6e−2λt

(
T

∫ t

0
E∥hs(θs1)− hs(θs2)∥22 ds+ T

∫ t

0
∥Γ1(s)∥22 E∥θs1 − θs2∥22 ds

+ T 2

∫ t

0

∫ s

0
∥R1

ℓ (s, s
′)∥22 E∥θs

′
1 − θs

′
2 ∥22 ds′ ds+ E∥U t1 − U t2∥22

+ T

∫ t

0
∥Γ1(s)− Γ2(s)∥22 E∥θs2∥22 ds+ T 2

∫ t

0

∫ s

0
∥R1

ℓ (s, s
′)−R2

ℓ (s, s
′)∥22 E∥θs

′
2 ∥22 ds′ ds

)
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≤ 6

(
2M2T

∫ t

0
e−2λ(t−s) · e−2λs E∥θs1 − θs2∥22 ds

+ T 2Φ2

∫ t

0
e−2λ(t−s)

∫ s

0
e−2λs E∥θs′1 − θs

′
2 ∥22 ds′ ds+ 4 · distλ(Σ1

ℓ ,Σ
2
ℓ )

2

+ TmΦ

∫ t

0
e−2λ(t−s) · e−2λs∥Γ1(s)− Γ2(s)∥22

+ T 2mΦ

∫ t

0
e−2λ(t−s)

∫ s

0
e−2λs∥R1

ℓ (s, s
′)−R2

ℓ (s, s
′)∥22 ds′ ds

)

≤ 6

(
M2T

λ
sup
s∈[0,t]

e−2λs E∥θs1 − θs2∥22 +
T 3Φ2

2λ
sup
s∈[0,t]

e−2λs E∥θs1 − θs2∥22

+
4

λ
· λdistλ(Σ1

ℓ ,Σ
2
ℓ )

2 +
TmΦ

2λ
· distλ(Γ1,Γ2)2 +

T 3mΦ

2λ
· distλ(R1

ℓ , R
2
ℓ )

2

)

≤ K

λ
sup
s∈[0,t]

e−2λs E∥θs1 − θs2∥22 +
K

λ
· distλ(Y 1, Y 2)2 . (147)

Since K is independent of λ, we can take λ > 2K so that

sup
t∈[0,T ]

e−2λt E∥θt1 − θt2∥22 ≤
2K

λ
· distλ(Y 1, Y 2)2 . (148)

Thus, for any ε > 0, we can take λ large enough such that

sup
t∈[0,T ]

e−2λt E∥θt1 − θt2∥22 ≤ ε2 · distλ(Y 1, Y 2)2 . (149)

Let {(wt1, wt2)}t∈[0,T ] be a centered Gaussian process with covariance E

[(
θt1
θt2

)(
θt1
θt2

)T
]

. Since

w1 and w2 have covariance kernels C1
θ and C2

θ respectively, we have

distλ(C
1
θ , C

2
θ ) ≤ sup

t∈[0,T ]
e−λt

√
E∥wt1 − wt2∥22 = sup

t∈[0,T ]
e−λt

√
E∥θt1 − θt2∥22 ≤ ε · distλ(Y

1, Y 2) .

(150)

Bound of distλ(R1
θ, R

2
θ). For i = 1, 2, let ρθ,i be the solution of

ρt,t
′

θ,i = Riθ(t, t
′)−

∫ t

t′

(
∇θhs(θsi ) + Γi(s)

)
ρs,t

′

θ,i +

∫ s

t′
Riℓ(s, s

′)ρs
′,t′

θ,i ds′) ds . (151)

Thus, we have

e−λt∥ρt,t
′

θ,1 − ρ
t,t′

θ,2∥2

≤ e−λt
∫ t

0
(∥∇θhs(θs1)∥2 + ∥Γ1(s)∥2)∥ρs,t

′

θ,1 − ρ
s,t′

θ,2 ∥2 ds
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+ e−λt
∫ t

0

(
∥∇θhs(θs1)−∇θhs(θ22)∥2 + ∥Γ1(s)− Γ2(s)∥2

)
∥ρs,t

′

θ,2 ∥ds

+ e−λt
∫ t

0

∫ s

t′

(
∥R1

ℓ (s, s
′)∥2∥ρs

′,t′

θ,1 − ρ
s′,t′

θ,2 ∥2 + ∥R
1
ℓ (s, s

′)−R2
ℓ (s, s

′)∥2∥ρs
′,t′

θ,2 ∥2
)
ds′ ds

≤
∫ t

0
e−λ(t−s)

(
2Me−λs∥ρs,t

′

θ,1 − ρ
s,t′

θ,2 ∥2 +Φ

∫ s

t′
e−λs

′∥ρs
′,t′

θ,1 − ρ
s′,t′

θ,2 ∥2 ds
′
)
ds

+

∫ t

0
e−λ(t−s)

(
Me−λs∥θs1 − θ22∥2∥ρ

s,t′

θ,2 ∥2 + e−λs∥Γ1(s)− Γ2(s)∥2∥ρs
′,t′

θ,2 ∥2
)
ds

+

∫ t

0
e−λ(t−s)

∫ s

t′
e−λs∥R1

ℓ (s, s
′)−R2

ℓ (s, s
′)∥2∥ρs

′,t′

θ,2 ∥2 ds
′ ds . (152)

By Equation (110), we have ∥ρs
′,t′

θ,2 ∥2 ≤ Φ. Thus, we have

e−λt E∥ρt,t
′

θ,1 − ρ
t,t′

θ,2∥2

≤
∫ t

0
e−λ(t−s)

(
2Me−λs∥ρs,t

′

θ,1 − ρ
s,t′

θ,2 ∥2 +Φ

∫ s

t′
e−λs

′∥ρs
′,t′

θ,1 − ρ
s′,t′

θ,2 ∥2 ds
′
)
ds

+Φ

∫ t

0
e−λ(t−s)

(
Me−λs E∥θs1 − θ22∥2 + e−λs∥Γ1(s)− Γ2(s)∥2

)
ds

+Φ

∫ t

0
e−λ(t−s)

∫ s

t′
e−λs∥R1

ℓ (s, s
′)−R2

ℓ (s, s
′)∥2 ds′ ds

≤
(∫ t

0
e−λ(t−s) ds

)(
(2M +ΦT ) sup

0≤t′≤s≤t
e−λs∥ρs,t

′

θ,1 − ρ
s,t′

θ,2 ∥2 +ΦM sup
0≤s≤t

e−λs
√

E∥θs1 − θs2∥2

+Φ sup
0≤s≤t

e−λs∥Γ1(s)− Γ2(s)∥2 +ΦT sup
0≤t′≤s′≤s≤t

e−λs∥R1
ℓ (s, s

′)−R2
ℓ (s, s

′)∥2

)

≤ K

λ
sup

0≤t′≤s≤t
e−λs∥ρs,t

′

θ,1 − ρ
s,t′

θ,2 ∥2 +
K

λ
· distλ(Y 1, Y 2) . (153)

Taking λ large enough such that λ > 2K, we have

sup
0≤s≤t≤T

e−λt∥R1
θ(t, s)−R2

θ(t, s)∥2 ≤ sup
0≤s≤t≤T

e−λt E∥ρt,sθ,1 − ρ
t,s
θ,2∥2 ≤

2K

λ
· distλ(Y 1, Y 2) .

(154)

Thus, for any ε > 0, we can take λ large enough such that

distλ(R
1
θ, R

2
θ) ≤ ε · distλ(Y 1, Y 2) . (155)

Collecting the above bounds, we have that for any ε > 0, we can take λ large enough such that

distλ(X
1, X2) = distλ(C

1
θ , C

2
θ ) + distλ(R

1
θ, R

2
θ) ≤ ε · distλ(Y 1, Y 2) . (156)

Appendix D. Proof of Theorem 3.2

We follow the three-step strategy outlined in the main text, which we repeat here for clarity.
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1. We discretize the SGF (1) with time step γ > 0 and analyze the discretization error (Lemma D.1).

2. We apply the AMP theory to characterize the asymptotic behavior of the discretized SGF using
a low-dimensional state evolution recursion (Lemma D.2).

3. We take the continuous-time limit γ → 0 and show that the state evolution converges to the
unique solution of the DMFT equation S (Lemma D.3).

We consider the discretization of the SGF (1) with time step γ > 0. Let ⌊t⌋ := max{kγ : kγ ≤
t, k ∈ N}. We define θtγ and rtγ as the solution of the following equations:

d

dt
θtγ = −

(
h⌊t⌋(θ

⌊t⌋
γ ) +

1

δ
XTℓ⌊t⌋(r

⌊t⌋
γ ; z)

)
dt+

√
τ

δ

n∑
i=1

xiℓ⌊t⌋(r
⌊t⌋
γ,i ; zi)

T dBt
i , (157)

and rtγ = Xθtγ with initial condition θ0
γ = θ0. At discrete time points t1, t2, . . . where we define

tk = kγ for k ∈ N, θtkγ satisfies the following recursion:

θ
tk+1
γ = θtkγ − γ

(
htk(θ

tk
γ ) +

1

δ
XTℓtk(r

tk
γ ; z)

)
+

√
τ

δ

n∑
i=1

xiℓtk(r
tk
γ,i; zi)

T(B
tk+1

i −Btk
i ) .

(158)

First, we control the discretization error between the SGF (1) and its time-discretized version
(158). We prove it in Appendix D.1.

Lemma D.1 Under the assumptions of Theorem 3.2, for any T > 0, there exists a constant C > 0
such that we have, almost surely over the randomness of X, z,θ0,

lim sup
n,d→∞

1

d
EB

[
sup

0≤t≤T
∥θt − θtγ∥2F

]
≤ Cγ , lim sup

n,d→∞

1

n
EB

[
sup

0≤t≤T
∥rt − rtγ∥2F

]
≤ Cγ . (159)

Furthermore, for any L ∈ N and 0 ≤ t1, . . . , tL ≤ T , we have, almost surely,

lim
γ→0

lim sup
n,d→∞

EBW2

(
P̂(θt1 , . . . ,θtL), P̂(θt1γ , . . . ,θ

tL
γ )
)2

= 0 , (160)

lim
γ→0

lim sup
n,d→∞

EBW2

(
P̂(rt1 , . . . , rtL , z), P̂(rt1γ , . . . , r

tL
γ , z)

)2
= 0 . (161)

Next, we relate the discretized SGF to the discretized DMFT equation Sγ defined in Ap-
pendix B.2. The following lemma shows that the unique solution of Sγ characterizes the asymptotic
behavior of the discretized SGF (158). We prove it in Appendix D.2.

Lemma D.2 Under the assumptions of Theorem 3.2, for any T > 0, L ∈ N and 0 ≤ t1 < · · · <
tL ≤ T , we have

p-lim
n,d→∞

W2

(
P̂(θt1γ , . . . ,θ

tL
γ ),P(θt1γ , . . . , θ

tL
γ )
)
= 0 , (162)

p-lim
n,d→∞

W2

(
P̂(rt1γ , . . . , r

tL
γ , z),P(r

t1
γ , . . . , r

tL
γ , z)

)
= 0 . (163)
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Finally, we establish the convergence of the discretized DMFT equation Sγ to the original DMFT
equation S as γ → 0. We prove it in Appendix D.3.

Lemma D.3 Under the assumptions of Theorem 3.2, for any T > 0, L ∈ N and t1 < · · · < tL ∈
[0, T ], we have

lim
γ→0

W2

(
P(θt1γ , . . . , θ

tL
γ ),P(θt1 , . . . , θtL)

)
= 0 , (164)

lim
γ→0

W2

(
P(rt1γ , . . . , r

tL
γ , z),P(r

t1 , . . . , rtL , z)
)
= 0 . (165)

We are now ready to prove Theorem 3.2.
Proof [Proof of Theorem 3.2] We prove for θt; the proof for rt is similar.

For any 0 ≤ t1 < · · · < tL ≤ T and γ > 0, by the triangle inequality, we have

Ed :=W2

(
P̂(θt1 , . . . ,θtL),P(θt1 , . . . , θtL)

)
≤ E(1)

d,γ + E
(2)
d,γ + E(3)

γ , (166)

where we defined

E
(1)
d,γ :=W2

(
P̂(θt1 , . . . ,θtL), P̂(θt1γ , . . . ,θ

tL
γ )
)
, (167)

E
(2)
d,γ :=W2

(
P̂(θt1γ , . . . ,θ

tL
γ ),P(θt1γ , . . . , θ

tL
γ )
)
, (168)

E(3)
γ :=W2

(
P(θt1γ , . . . , θ

tL
γ ),P(θt1 , . . . , θtL)

)
. (169)

By the union bound, we have, for any ε > 0,

P{Ed ≥ ε} ≤ P{E(1)
d,γ ≥ ε/3}+ P{E(2)

d,γ ≥ ε/3}+ P{E(3)
γ ≥ ε/3} . (170)

Taking the limit n, d → ∞ and applying Lemma D.2, the second term vanishes. Furthermore, by
Markov’s inequality, we have

lim sup
n,d→∞

P{Ed ≥ ε} ≤
9

ε2
lim sup
n,d→∞

E[(E(1)
d,γ)

2] + P{E(3)
γ ≥ ε/3} . (171)

Since the left-hand side does not depend on γ, we can take the limit γ → 0 and apply Lemmas D.1
and D.3 to obtain

lim
n,d→∞

P{Ed ≥ ε} = 0 , (172)

and thus Ed → 0 in probability as n, d→∞.

D.1. Proof of Lemma D.1

In the following, C denotes a constant independent of n, d, γ, which may change from line to line.
We utilize the general results in Appendix G. We check that the SDE (1) satisfies Theorem G.1.
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Drift term. For the drift coefficient b(t,θ) = ht(θ) +
1
δX

Tℓt(Xθ; z), we use the Lipschitz
continuity of h and ℓ and that ∥X∥2 ≤ C and ∥ℓt(0; z)∥F ≤ Cn almost surely for sufficiently large
n, d by assumption to obtain

∥b(t, θ)∥2F ≤ 2∥ht(θ)∥2F +
2

δ2
∥X∥22∥ℓt(Xθ; z)∥2F

≤ C(|ht(0)|d+ ∥θ∥2F) + C(∥ℓt(0; z)∥2F + ∥Xθ∥2F)
≤ C(d+ ∥θ∥2F) , (173)

∥b(t1,θ1)− b(t2,θ2)∥2F ≤ 2∥ht1(θ1)− ht2(θ2)∥2F +
2

δ2
∥X∥2∥ℓt1(Xθ1; z)− ℓt2(Xθ2; z)∥2F

≤ C(d|t1 − t2|2 + ∥θ1 − θ2∥2F) + C(n|t1 − t2|2 + ∥X(θ1 − θ2)∥2F)
≤ C(d|t1 − t2|2 + ∥θ1 − θ2∥2F) . (174)

Diffusion term. For the diffusion coefficient σi(t,θ) =
√
τ/δxiℓt(θ

Txi; zi)
T, we proceed simi-

larly as above to obtain

n∑
i=1

∥σi(t,θ)∥2F =
τ

δ

n∑
i=1

∥xi∥22∥ℓt(θTxi; zi)∥22 ≤ C(n+ ∥Xθ∥2F)

≤ C(d+ ∥θ∥2F) , (175)
n∑
i=1

∥σi(t1,θ1)− σi(t2,θ2)∥2F =
τ

δ

n∑
i=1

∥xi∥22∥ℓt1(θT
1 xi; zi)− ℓt2(θT

2 xi; zi)∥22

≤ C(d|t1 − t2|2 + ∥θ1 − θ2∥2F) . (176)

Therefore, by Lemma G.4, we have that, for sufficiently large d,

E

[
sup

0≤t≤T
∥θt − θtγ∥2F

]
≤ Cγ(d+ ∥θ0∥2F) . (177)

By Assumption A.1, ∥θ0∥2F < Cd holds almost surely for sufficiently large d. Therefore, there exists
a constant C independent of n, d, γ such that

lim sup
n,d→∞

1

d
EB

[
sup

0≤t≤T
∥θt − θtγ∥2F

]
≤ Cγ . (178)

This shows the first claim. Furthermore, we have

EBW2

(
P̂(θt1 , . . . ,θtL), P̂(θt1γ , . . . ,θ

tL
γ )
)2
≤ EB

[
1

d

L∑
l=1

∥θtl − θtlγ ∥2F

]

≤ L

d
EB

[
sup

0≤t≤T
∥θt − θtγ∥2F

]
. (179)

Taking the limit n, d → ∞ followed by γ → 0 shows the second claim. The claim for rt follows
from

∥rt − rtγ∥F = ∥X(θt − θtγ)∥F ≤ ∥X∥2∥θt − θtγ∥F . (180)
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D.2. Proof of Lemma D.2

D.2.1. REDUCTION TO AMP

For notational simplicity, we omit the subscript γ and denote θtγ , r
t
γ by θt, rt. As we only work in

discrete time, there is no risk of confusion.
Let Gk = (Btk+1 −Btk)/

√
γ ∼ N(0, In). Then the recursion (158) can be rewritten as

θtk+1 = θtk − γhtk(θ
tk)− γ

δ
XT((1n +

√
τδ/γGk)⊙ ℓtk(r

tk ; z)) , rtk = Xθtk . (181)

Let M > 0 be a constant and let [·]M : x 7→ max{−M,min{x,M}} be the clipping function. We
clip the Gaussian vector in (181) entry-wise as

θ̌tk+1 = θ̌tk − γhtk(θ̌
tk)− γ

δ
XT((1n +

√
τδ/γ[Gk]M )⊙ ℓtk(ř

tk ; z)) , řtk = Xθ̌tk . (182)

We first control the difference between (181) and (182).

Lemma D.4 We have, almost surely over the randomness of X, z,θ0,

lim
M→∞

lim sup
n,d→∞

1

d
EB

[
max

0≤k≤T/γ
∥θtk − θ̌tk∥2F

]
= 0 , (183)

and thus

lim
M→∞

lim sup
n,d→∞

EBW2

(
P̂(θt1 , . . . ,θtL), P̂(θ̌t1 , . . . , θ̌tL)

)2
= 0 , (184)

lim
M→∞

lim sup
n,d→∞

EBW2

(
P̂(rt1 , . . . , rtL , z), P̂(řt1 , . . . , řtL , z)

)2
= 0 , (185)

Proof We have

∥θtk+1 − θ̌tk+1∥F
≤ ∥θtk − θ̌tk∥F + γ∥htk(θ

tk)− htk(θ̌
tk)∥F

+
γ

δ

∥∥∥XT
(
(1n +

√
τδ/γGk)⊙ ℓtk(r

tk ; z)− (1n +
√
τδ/γ[Gk]M )⊙ ℓtk(ř

tk ; z)
)∥∥∥

F

≤ C∥θtk − θ̌tk∥F + C∥(Gk − [Gk]M )⊙ ℓtk(r
tk ; z)∥F + C∥[Gk]M ⊙ (ℓtk(r

tk ; z)− ℓtk(ř
tk ; z))∥F .
(186)

Since Gk is independent of rtk and řtk , we have

E∥(Gk − [Gk]M )⊙ ℓtk(r
tk ; z)∥2F =

n∑
i=1

E[(Gki − [Gki ]M )2∥ℓtk(r
tk
i ; zi)∥22]

= f(M)

n∑
i=1

E[∥ℓtk(r
tk
i ; zi)∥22] = f(M)E∥ℓtk(r

tk
i ; z)∥2F ≤ Cf(M)E∥θtk∥2F , (187)

E∥[Gk]M ⊙ (ℓtk(r
tk ; z)− ℓtk(ř

tk ; z))∥2F =
n∑
i=1

E[[Gki ]2M∥ℓtk(r
tk
i ; zi)− ℓtk(ř

tk
i ; zi)∥22]
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= E[[G]2M ]

n∑
i=1

E[∥ℓtk(r
tk
i ; zi)− ℓtk(ř

tk
i ; zi)∥22] ≤ C E[G2]E∥rtk − řtk∥2F ≤ C E∥θtk − θ̌tk∥2F ,

(188)

where f(M) = E[(G− [G]M )2] for G ∼ N(0, 1). Therefore, we have

1

d
E∥θtk+1 − θ̌tk+1∥2F ≤

C

d
E∥θtk − θ̌tk∥2F + Cf(M) · 1

d
E∥θtk∥2F . (189)

Iterating this inequality yields

1

d
E∥θtk − θ̌tk∥2F ≤ Cf(M) · 1

d
sup
k≤T/γ

E∥θtk∥2F . (190)

As n, d→∞, E∥θtk∥2F/d is uniformly bounded in tk almost surely for large d by Lemma G.2. As
M →∞, we have f(M)→ 0 by the dominated convergence theorem, and the first claim follows.
Convergence of the 2-Wasserstein distances follows from the first claim by the same argument as in
the proof of Lemma D.1.

Consider the following AMP iteration. Given sequences of functions fi : R(i+1)m+i+2 → Rm
and gi : Rim+m → Rm (i ≥ 0) that are Lipschitz in the first (i+1)m and im arguments, respectively,
we generate sequences of matrices ai+1 ∈ Rd×m and bi ∈ Rn×m (i ≥ 0) as follows.

ai+1 = −1

δ
XTfi(b

0, . . . , bi; z, [G0]M , . . . , [G
i]M ) +

i∑
j=0

gj(a
1, . . . ,aj ;θ0)ξTi,j , (191)

bi = Xgi(a
1, . . . ,ai;θ0) +

1

δ

i−1∑
j=0

fj(b
0, . . . , bj ; z, [G0]M , . . . , [G

j ]M )ζTi,j , (192)

with initial values g0(θ0) = θ0, b0 = Xθ0. Here, fi and gi are applied row-wise, and {ξi,j}0≤j≤i,
{ζi,j}0≤j≤i−1 ⊂ Rm×m are defined as follows. We define a sequence of centered Gaussian random
variables {ui+1, wi}i≥0 recursively as

E[wi(wj)T] = E[gi(u1, . . . , ui; θ0)gj(u1, . . . , uj ; θ0)T] , (193)

E[ui+1(uj+1)T] =
1

δ
E[fi(w0, . . . , wi; z, [G

0
]M , . . . , [G

i
]M )fj(w

0, . . . , wj ; z, [G
0
]M , . . . , [G

j
]M )T] ,

(194)

for 0 ≤ j ≤ i, and set ζi,j , ξi,j as

ζi,j = E
[

∂

∂uj+1
gi(u

1, . . . , ui; θ0)

]
, 0 ≤ j ≤ i− 1 , (195)

ξi,j = E
[
∂

∂wj
fi(w

0, . . . , wi; z, [G
0
]M , . . . , [G

i
]M )

]
, 0 ≤ j ≤ i , (196)

where the expectations are taken over ui, wi, θ0 ∼ P(θ0), z ∼ P(z), and Gi ∼ N(0, 1).
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This AMP iteration can be mapped to the recursion (181) by considering the specific choice of fi
and gi as follows.

gi(a
1, . . . ,ai;θ0) = θ̌ti , (197)

fi(b
0, . . . , bi; z, [G0]M , . . . , [G

i]M ) = (1n +
√
τδ/γ[Gi]M )⊙ ℓti(rti ; z) . (198)

We show that gi is indeed a function of a1, . . . ,ai,θ0 and Lipschitz in aj , and that fi is a function
of b0, . . . , bi, z, [G0]M , . . . , [G

i]M and Lipschitz in bj . It can be shown by the Lipschitz continuity
of ℓ, boundedness of [G]M , and induction over i as follows.

θ̌ti+1 = θ̌ti − γhti(θ̌ti)−
γ

δ
XTfi(b

0, . . . , bi; z, [G0]M , . . . , [G
i]M )

= θ̌ti − γhti(θ̌ti) + γ

ai+1 −
i∑

j=0

gj(a
1, . . . ,aj ;θ0)ξTi,j

 , (199)

rti = Xθti = Xgi(a
1, . . . ,ai;θ0)

= bi − 1

δ

i−1∑
j=0

fj(b
0, . . . , bj ; z, [G0]M , . . . , [G

j ]M )ζTi,j . (200)

By Wang et al. [56, Theorem 2.21], for any second order pseudo-Lipschitz functionsψ : Rim+m →
R and ψ̃ : R(i+1)m+i+2 → R, we have almost surely

lim
n,d→∞

1

d

d∑
j=1

ψ(a1j , . . . , a
i
j ; θ

0
j ) = E[ψ(u1, . . . , ui; θ0)] , (201)

lim
n,d→∞

1

n

n∑
j=1

ψ̃(b0j , . . . , b
i
j ; zj , G

0
j , . . . , G

i
j) = E[ψ̃(w0, . . . , wi; z,G

0
, . . . , G

i
)] . (202)

Since θ̌ti is a Lipschitz function of a1, . . . ,ai,θ0, we can take a Lipschitz function hθ such that
θ̌ti = hθ(a

1, . . . ,ai;θ0) and define θ
i
:= hθ(u

1, . . . , ui; θ0). Similarly, we can take a Lipschitz
function hr such that rti = hr(b

0, . . . , bi; z, [G0]M , . . . , [G
i]M ) and define ri := hr(w

0, . . . , wi; z,

[G
0
]M , . . . , [G

i
]M ). Considering the composition of ψ, ψ̃ with hθ, hr, we have almost surely

lim
n,d→∞

1

d

d∑
j=1

ψ(θ̌t1j , . . . , θ̌
ti
j ; θ

0
j ) = E[ψ(θ1, . . . , θi; θ0)] , (203)

lim
n,d→∞

1

n

n∑
j=1

ψ̃(r0j , . . . , r
ti
j ; zj , [G

0
j ]M , . . . , [G

i
j ]M ) = E[ψ̃(r0, . . . , ri; z, [G0

]M , . . . , [G
i
]M )] .

(204)

As M →∞, by the dominated convergence theorem, we have W2([G]M , G)→ 0 for G ∼ N(0, 1).
Combining this with the above and Lemma D.4, we have

p-lim
n,d→∞

W2

(
P̂(θt0 , . . . ,θti),P(θ0, θ

1
, . . . , θ

i
)
)
= 0 , (205)

p-lim
n,d→∞

W2

(
P̂(rt0 , . . . , rti , z),P(r0, . . . , ri; z,G

0
, . . . , G

i
)
)
= 0 . (206)
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D.2.2. MAPPING THE STATE EVOLUTION TO DMFT

It remains to show that the state evolution process (θ
i
, ri)i≥0 defined above satisfies the discretized

DMFT equations (30)–(32).
By Equations (193) and (194), we have

E[wi(wj)T] = E[θi(θj)T] ,

E[ui+1(uj+1)T] =
1

δ
E[(1 +

√
τδ/γG

i
)ℓti(r

i; z)(1 +
√
τδ/γG

j
)ℓtj (r

j ; z)T] . (207)

Define U i and Li as

U
i
:= γ

i∑
j=1

ui , L
i
:= γ

i−1∑
j=0

(1 +
√
τδ/γG

j
)ℓtj (r

j ; z) . (208)

Then, we have

E[U i(U j)T] =
1

δ
E[Li(Lj)T] . (209)

By Equation (199), θ
i

follows the following recursion.

θ
i+1

= θ
i − γhti(θ

i
) + γ

ui+1 −
i∑

j=0

ξi,jθ
j


= θ

i
+ γ

ui+1 − hti(θ
i
)− ξi,iθ

i −
i−1∑
j=0

ξi,jθ
j

 . (210)

Thus,

θ
i
= θ

0
+

i−1∑
j=0

(θ
j+1 − θj) = θ

0
+ γ

i−1∑
j=0

uj+1 − γ
i−1∑
j=0

(
htj (θ

j
) + ξj,jθ

j
+

j−1∑
k=0

ξj,kθ
k

)

= θ
0
+ U

i − γ
i−1∑
j=0

(
htj (θ

j
) + ξj,jθ

j
+

j−1∑
k=0

ξj,kθ
k

)
. (211)

Furthermore, ∂θ
i
/∂uj+1 satisfies

∂θ
i

∂uj+1
= γIm − γ

i−1∑
k=j+1

(∇θhtk(θ
k
) + ξk,k)

∂θ
k

∂uj+1
+

k−1∑
l=j+1

ξk,l
∂θ

l

∂uj+1

 . (212)

By Equation (200), ri follows the following recursions.

ri = wi − 1

δ

i−1∑
j=0

ζi,jℓtj (r
j ; z)(1 +

√
τδ/γG

j
) . (213)
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Furthermore, ∂ℓti(r
i; z)/∂wj satisfies

∂ℓti(r
i; z)

∂wj
= ∇rℓti(ri; z)

∂ri

∂wj
, (214)

∂ri

∂wj
= −1

δ

i−1∑
k=j+1

ζi,k
∂ℓtk(r

k; z)

∂wj
(1 +

√
τδ/γG

k
)− 1

δ
ζi,j∇rℓtj (rj ; z)(1 +

√
τδ/γG

j
) .

(215)

Let {ρi,jℓ }0≤j<i be the stochastic process satisfying

ρi,jℓ = ∇rℓti(ri; z)ρi,jr , ρi,jr = −1

δ

i−1∑
k=j+1

ζi,kρ
k,j
ℓ (1 +

√
τδ/γG

k
)− 1

δ
ζi,j∇rℓtj (rj ; z) . (216)

Using the linearity of Equation (214), we have

∂ℓti(r
i; z)

∂wj
= ρi,jℓ (1 +

√
τδ/γG

j
) . (217)

Then, ξi,j satisfies

ξi,j = E
[
∂ℓti(r

i; z)

∂wj

]
= E

[
ρi,jℓ (1 +

√
τδ/γG

j
)
]
= E[ρi,jℓ ] +

√
τδ

γ
E

[
∂ρi,jℓ

∂G
j

]
, (218)

where we used Stein’s lemma (Gaussian integration by parts) in the last equality. By Equation (216),
∂ρi,jℓ /∂G

j satisfies

∂ρi,jℓ

∂G
j
= ∇rℓti(ri; z)

∂ρi,jr

∂G
j
+
∂∇rℓti(ri; z)

∂G
j

ρi,jr

= ∇rℓti(ri; z)

−1

δ

i−1∑
k=j+1

ζi,k
∂ρk,jℓ

∂G
j
(1 +

√
τδ/γG

k
)

+∇2
rℓti(r

i; z)

[
∂ri

∂G
j

]
ρi,jr , (219)

where ∂ri/∂Gj satisfies

∂ri

∂G
j
= −1

δ

i−1∑
k=j+1

ζi,k∇rℓtk(r
k; z)

∂rk

∂G
j
(1 +

√
τδ/γG

k
)−

√
τ

δγ
ζi,jℓtj (r

j ; z) . (220)

These state evolution recursions exactly correspond to the discrete DMFT equations Sγ shown
in Equations (30) and (32) by the following mappings:

θtiγ
d
= θ

i
, i ≥ 0 , (Compare (30a) with (211))

ρ
ti,tj
θ,γ

d
=

1

γ

∂θ
i

∂uj+1
, 0 ≤ j < i , (Compare (30b) with (212))

rtiγ
d
= ri , i ≥ 0 , (Compare (30c) with (213))
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ρ
ti,tj
ℓ,γ

d
=

1

γ
ρi,jℓ , 0 ≤ j < i , (Compare (30d), (30e) with (216))

D
ti,tj
ℓ,γ

d
=

1
√
γ

∂ρi,jℓ

∂G
j
, 0 ≤ j < i , (Compare (30f), (30g) with (219), (220))

U tiγ
d
= U

i
, i ≥ 0 , (221)

wtiγ
d
= wi , i ≥ 0 , (222)

Bti+1 −Bti d
=
√
γG

i
, i ≥ 0 , (223)

and

Cγθ (ti, tj) = E[θi(θj)T] , i, j ≥ 0 , (224)

Σγℓ (ti, tj) = E[Li(Lj)T] , i, j ≥ 0 , (225)

Rγθ (ti, tj) = ζi,j/γ , 0 ≤ j < i , (226)

Rγℓ (ti, tj) = ξi,j/γ , 0 ≤ j < i , (227)

Γγ(ti) = ξi,i , 0 ≤ i . (228)

D.3. Proof of Lemma D.3

We first embed the discretized DMFT equation Sγ defined for discrete time knots tk = kγ (k ≥ 0)
into continuous time t ∈ [0, T ] in a piecewise constant manner. We define the stochastic processes
{θtγ , rtγ}t∈[0,T ] and {ρt,t

′

θ,γ , ρ
t,t′

ℓ,γ , D
t,t′

ℓ,γ }t≥t′≥0 by the following equations.

θtγ = θ0 + U tγ −
∫ ⌊t⌋

0

(
h⌊s⌋(θ

s
γ) + Γγ(s)θsγ

)
+

∫ ⌊s⌋

0
Rγℓ (s, s

′)θs
′
γ ds′) ds , (229)

ρt,t
′

θ,γ = Im − I(⌈t′⌉ ≤ ⌊t⌋)
∫ ⌊t⌋

⌈t′⌉

(
(∇θh⌊s⌋(θsγ) + Γγ(s))ρs,t

′

θ,γ +

∫ ⌊s⌋

⌈t′⌉
Rγℓ (s, s

′)ρs
′,t′

θ,γ ds′

)
ds ,

(230)

rtγ = wtγ −
1

δ

∫ ⌊t⌋

0
Rγθ (t, s)ℓ⌊s⌋(r

s
γ ; z)(ds+

√
τδ dBs) , (231)

ρt,t
′

ℓ,γ = ∇rℓ⌊t⌋(rtγ ; z)ρt,t
′

r,γ , (232)

ρt,t
′

r,γ = −1

δ
I(⌈t′⌉ ≤ ⌊t⌋)

∫ ⌊t⌋

⌈t′⌉
Rγθ (t, s)ρ

s,t′

ℓ,γ (ds+
√
τδ dBs)− 1

δ
Rγθ (t, t

′)∇rℓ⌊t′⌋(rt
′
γ ; z) , (233)

Dt,t′

ℓ,γ = ∇rℓ⌊t⌋(rtγ ; z)

(
−1

δ
I(⌈t′⌉ ≤ ⌊t⌋)

∫ ⌊t⌋

⌈t′⌉
Rγθ (t, s)D

s,t′

ℓ,γ (ds+
√
τδ dBs)

)
+∇2

rℓ⌊t⌋(r
t
γ ; z)[D

t,t′
r,γ ]ρ

t,t′
r,γ , (234)

Dt,t′
r,γ = −1

δ
I(⌈t′⌉ ≤ ⌊t⌋)

∫ ⌊t⌋

⌈t′⌉
Rγθ (t, s)∇rℓ⌊s⌋(r

s
γ ; z)D

s,t′
r,γ (ds+

√
τδ dBs)

−
√
τ

δ
Rγθ (t, t

′)ℓ⌊t′⌋(r
t′
γ ; z) , (235)
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where U tγ , w
t
γ are centered Gaussian processes with covariance kernels Σγℓ /δ and Cγθ respectively.

Then, set Cγθ , R
γ
θ ,Σ

γ
ℓ , R

γ
ℓ ,Γ

γ as

Cγθ (t, t
′) = E[θtγθt

′T
γ ] , Rγθ (t, t

′) = E[ρt,t
′

θ,γ ] ,

Σγℓ (t, t
′) = E[LtγLt

′T
γ ] , Ltγ :=

∫ ⌊t⌋

0
ℓ⌊s⌋(r

s
γ ; z)(ds+

√
τδ dBs) ,

Rγℓ (t, t
′) = E[ρt,t

′

ℓ,γ ] +
√
τδ E[Dt,t′

ℓ,γ ] , Γγ(t) = E
[
∇rℓ⌊t⌋(rtγ ; z)

]
,

(236)

where we set Rγθ (t, t
′) = Rγℓ (t, t

′) = 0 for ⌊t⌋ < ⌈t′⌉.
The above equation agrees with the discretized DMFT equation Sγ at discrete time points

t = ti = iγ (i ≥ 0), and has a unique solution since it is piecewise constant in each interval [ti, ti+1).
We then define mappings T γθ→ℓ : (Cθ, Rθ) 7→ (Σℓ, Rℓ,Γ) and T γℓ→θ : (Σℓ, Rℓ,Γ) 7→ (Cθ, Rθ)

similarly to Tθ→ℓ and Tℓ→θ in Appendix C but with the DMFT equation S replaced by its discretized
version Sγ . We also define their composition T γ := T γℓ→θ ◦ T

γ
θ→ℓ.

Since the solution to the discretized DMFT equation Sγ is determined by the values at discrete
time points {ti = iγ : i ≥ 0}, the solution exists uniquely by induction. Let Xγ = (Cγθ , R

γ
θ )

and Y γ = (Σγℓ , R
γ
ℓ ,Γ

γ) be the solution to Sγ . Then, Xγ is the unique fixed point of T γ , i.e.,
T γ(Xγ) = Xγ .

We show that the unique solutions Xγ and Y γ belong to some admissible spaces defined in
Appendix C.1.

Lemma D.5 There exist admissible spaces Sθ and Sℓ such that Xγ ∈ Sθ and Y γ ∈ Sℓ.

Proof Since Cγθ ,Σ
γ
ℓ , R

γ
θ , R

γ
ℓ , and Γγ are piecewise constant, the continuity conditions are automati-

cally satisfied. Since the solutions are bounded, we can take the spaces Sθ and Sℓ large enough so
that the boundedness conditions are also satisfied.

Let X = (Cθ, Rθ) be the unique fixed point of T shown in Theorem 3.1. We control their
distance as follows.

distλ(X,X
γ) = distλ(T (X), T γ(Xγ)) ≤ distλ(T (X), T (Xγ)) + distλ(T (Xγ), T γ(Xγ)) .

(237)

As in the proof of Theorem 3.1, we can take λ large enough so that T is a contraction and the first
term is bounded by (1/2)distλ(X,X

γ). Then, we have

distλ(X,X
γ) ≤ 2 · distλ(T (Xγ), T γ(Xγ)) . (238)

The next lemma bounds the right-hand side. We prove it in Appendix D.3.1.

Lemma D.6 For any λ > 0, there exists a constant K > 0 independent of γ such that

distλ(T (Xγ), T γ(Xγ)) ≤ K√γ . (239)

Therefore, for sufficiently large λ, we have

distλ(X,X
γ) ≤ K√γ , distλ(Y, Y

γ) ≤ K√γ . (240)

Finally, we couple θt and θtγ so that they are close. We prove it in Appendix D.3.2.
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Lemma D.7 There exist a constant K > 0 independent of γ and a coupling of the processes θt and
θtγ such that

sup
0≤t≤T

√
E∥θt − θtγ∥22 ≤ K(

√
γ + distλ(Y, Y

γ)) , (241)

sup
0≤t≤T

√
E∥rt − rtγ∥22 ≤ K(

√
γ + distλ(X,X

γ)) . (242)

By the above Lemmas, we have

W2

(
P(θt1 , . . . , θtL),P(θt1γ , . . . , θ

tL
γ )
)
≤

√√√√ L∑
i=1

E∥θti − θtiγ ∥22 ≤
√
KL · √γ , (243)

W2

(
P(rt1 , . . . , rtL , z),P(rt1γ , . . . , r

tL
γ , z)

)
≤

√√√√ L∑
i=1

E∥rti − rtiγ ∥22 ≤
√
KL · √γ . (244)

Sending γ → 0 completes the proof of Lemma D.3.

D.3.1. PROOF OF LEMMA D.6

Let Y γ
= (Σ

γ
ℓ , R

γ
ℓ ,Γ

γ
) = Tθ→ℓ(X

γ) and Y γ = (Σγℓ , R
γ
ℓ ,Γ

γ) = T γθ→ℓ(X
γ). Also, let Xγ

=
(C

γ
θ , R

γ
θ ) = Tℓ→θ(Y

γ
).

In the following, K denotes a positive constant independent of γ whose value may change from
line to line. Note that K can depend on λ since we fix λ and send γ → 0.

The proof proceeds as follows.

1. We show that distλ(Y
γ
, Y γ) ≤ K√γ for some constant K > 0.

2. We show that distλ(X
γ
, Xγ) ≤ K(

√
γ + distλ(Y

γ
, Y γ)) for some constant K > 0.

Together they prove the Lemma D.6.

Bound of distλ(Σ
γ
ℓ ,Σ

γ
ℓ ) Let wγ ∼ GP(0, Cγθ ). Let rtγ and rtγ be the solutions to the following

equations:

rtγ = wtγ −
1

δ

∫ t

0
Rγθ (t, s)ℓs(r

s
γ ; z)(ds+

√
τδ dBs) , (245)

rtγ = wtγ −
1

δ

∫ ⌊t⌋

0
Rγθ (t, s)ℓ⌊s⌋(r

s
γ ; z)(ds+

√
τδ dBs) . (246)

We have

rtγ − rtγ = −1

δ

∫ ⌊t⌋

0
Rγθ (t, s)(ℓs(r

s
γ ; z)− ℓ⌊s⌋(rsγ ; z))(ds+

√
τδ dBs)

− 1

δ

∫ t

⌊t⌋
Rγθ (t, s)ℓs(r

s
γ ; z)(ds+

√
τδ dBs) , (247)
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and thus

E∥rtγ − rtγ∥22 ≤ 2

(
T

δ2
+
τ

δ

)∫ ⌊t⌋

0
∥Rγθ (t, s)∥

2
2 E∥ℓs(rsγ ; z)− ℓ⌊s⌋(rsγ ; z)∥22 ds

+ 2

(
T

δ2
+
τ

δ

)∫ t

⌊t⌋
∥Rγθ (t, s)∥

2
2 E∥ℓs(rsγ ; z)∥22 ds

≤ 2

(
T

δ2
+
τ

δ

)
Φ2M2

∫ ⌊t⌋

0
E
[
(|s− ⌊s⌋|+ ∥rsγ − rsγ∥2)2

]
ds+ 2

(
T

δ2
+
τ

δ

)
Φ3(t− ⌊t⌋)

≤ 2

(
T

δ2
+
τ

δ

)
Φ2M2

∫ ⌊t⌋

0
(2γ2 + 2E∥rsγ − rsγ∥22) ds+ 2

(
T

δ2
+
τ

δ

)
Φ3γ

≤ Kγ +K

∫ t

0
E∥rsγ − rsγ∥22 ds . (248)

By Grönwall’s inequality, we have

sup
t∈[0,T ]

E∥rtγ − rtγ∥22 ≤ KγeKT ≤ Kγ . (249)

Let

L
t
γ :=

∫ t

0
ℓs(r

s
γ ; z)(ds+

√
τδ dBs) , Ltγ :=

∫ ⌊t⌋

0
ℓ⌊s⌋(r

s
γ ; z)(ds+

√
τδ dBs) . (250)

Then, we have

E∥Ltγ − Ltγ∥22 ≤ 2(T + τδ)

∫ ⌊t⌋

0
E∥ℓs(rsγ ; z)− ℓ⌊s⌋(rsγ ; z)∥22 ds+ 2(T + τδ)

∫ t

⌊t⌋
E∥ℓs(rsγ ; z)∥22 ds

≤ 2(T + τδ)M2

∫ ⌊t⌋

0
E
[
(|s− ⌊s⌋|+ ∥rsγ − rsγ∥2)2

]
ds+ 2(T + τδ)Φ(t− ⌊t⌋)

≤ Kγ . (251)

Let {(U tγ , U tγ)}t∈[0,T ] be a centered Gaussian process with covariance E

[(
L
t
γ

Ltγ

)(
Ltγ
Ltγ

)T
]
/δ. Since

Uγ and Uγ have covariance kernels Σγℓ /δ and Σγℓ /δ respectively, we have

distλ(Σ
γ
ℓ ,Σ

γ
ℓ ) ≤ sup

t∈[0,T ]
e−λt

√
E∥U tγ − U tγ∥22 = sup

t∈[0,T ]
e−λt

√
E∥Ltγ − Ltγ∥22/δ ≤ K

√
γ . (252)

Bound of distλ(Γ
γ
,Γγ). By Equation (249), we have

distλ(Γ
γ
,Γγ) = sup

t∈[0,T ]
e−λt∥Γγ(t)− Γγ(t)∥2 ≤ sup

t∈[0,T ]

√
E∥∇rℓt(rtγ ; z)−∇rℓ⌊t⌋(rtγ ; z)∥22

≤M sup
t∈[0,T ]

√
2(t− ⌊t⌋)2 + 2E∥rtγ − rtγ∥22 ≤ K

√
γ . (253)
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Bound of distλ(R1
ℓ , R

2
ℓ ). Let ρt,t

′
r,γ and ρt,t

′
r,γ be the stochastic processes satisfying

ρt,t
′

r,γ = −1

δ

∫ t

t′
Rγθ (t, s)ρ

s,t′

ℓ,γ (ds+
√
τδ dBs)− 1

δ
Rγθ (t, t

′)∇rℓt′(rt
′
γ ; z) , (254)

ρt,t
′

r,γ = −1

δ
I(⌈t′⌉ ≤ ⌊t⌋)

∫ ⌊t⌋

⌈t′⌉
Rγθ (t, s)ρ

s,t′

ℓ,γ (ds+
√
τδ dBs)− 1

δ
Rγθ (t, t

′)∇rℓ⌊t′⌋(rt
′
γ ; z) . (255)

Let ρt,t
′

ℓ,γ = ∇rℓt(rtγ ; z)ρ
t,t′
r,γ and ρt,t

′

ℓ,γ = ∇rℓ⌊t⌋(rtγ ; z)ρ
t,t′
r,γ . Similarly, define Dt,t′

ℓ,γ and Dt,t′

ℓ,γ for
processes defined by Tθ→ℓ and T γθ→ℓ, respectively. Then, we have

∥Rγℓ (t, t′)−R
γ
ℓ (t, t

′)∥22 ≤ E∥ρt,t
′

ℓ,γ − ρ
t,t′

ℓ,γ∥
2
2 + τδ E∥Dt,t′

ℓ,γ −D
t,t′

ℓ,γ ∥
2
2 . (256)

We first bound E∥ρt,t
′

ℓ,γ − ρ
t,t′

ℓ,γ∥
2
2. We have

E∥ρt,t
′

ℓ,γ − ρ
t,t′

ℓ,γ∥
2
2 = E∥∇rℓt(rtγ ; z)ρt,t

′
r,γ −∇rℓ⌊t⌋(rtγ ; z)ρt,t

′
r,γ∥22

≤ 2

√
E∥ρt,t

′
r,γ∥42

√
E∥∇rℓt(rtγ ; z)−∇rℓ⌊t⌋(rtγ ; z)∥42 + 2M2 E∥ρt,t′r,γ − ρt,t

′
r,γ∥22

≤ K
√
γ4 + E∥rtγ − rtγ∥42 +K E∥ρt,t′r,γ − ρt,t

′
r,γ∥22 . (257)

First, we bound E∥rtγ − rtγ∥42. We have

E∥rtγ − rtγ∥42

≤ K
∫ ⌊t⌋

0
∥Rγθ (t, s)∥

4
2 E∥ℓs(rsγ ; z)− ℓ⌊s⌋(rsγ ; z)∥42 ds+K(t− ⌊t⌋)

∫ t

⌊t⌋
∥Rγθ (t, s)∥

4
2 E∥ℓs(rsγ ; z)∥42 ds

≤ K
∫ ⌊t⌋

0
(γ4 + E∥rsγ − rsγ∥42) ds+Kγ2 ≤ Kγ2 +K

∫ t

0
E∥rsγ − rsγ∥42 ds . (258)

By Grönwall’s inequality, we have

sup
t∈[0,T ]

E∥rt1 − rt2∥42 ≤ Kγ2 . (259)

Next, we bound E∥ρt,t
′

r,γ − ρt,t
′

r,γ∥22. We have

∥ρt,t′r,γ − ρt,t
′

r,γ∥2 ≤
1

δ

∥∥∥∥∥
∫ ⌈t′⌉

t′
Rγθ (t, s)ρ

s,t′

ℓ,γ (ds+
√
τδ dBs)

∥∥∥∥∥
2

+
1

δ

∥∥∥∥∥
∫ t

⌊t⌋
Rγθ (t, s)ρ

s,t′

ℓ,γ (ds+
√
τδ dBs)

∥∥∥∥∥
2

+
1

δ

∥∥∥∥∥
∫ ⌊t⌋

⌈t′⌉
Rγθ (t, s)(ρ

s,t′

ℓ,γ − ρ
s,t′

ℓ,γ )(ds+
√
τδ dBs)

∥∥∥∥∥
2

+
1

δ
∥Rγθ (t, t

′)(∇rℓt(rt
′
γ ; z)−∇rℓ⌊t′⌋(rt

′
γ ; z))∥2 , (260)

Thus, we have

E∥ρt,t′r,γ − ρt,t
′

r,γ∥22 ≤ K
∫ ⌈t′⌉

t′
∥Rγθ (t, s)∥

2
2 E∥ρ

s,t′

ℓ,γ ∥
2
2 ds+K

∫ t

⌊t⌋
∥Rγθ (t, s)∥

2
2 E∥ρ

s,t′

ℓ,γ ∥
2
2 ds
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+K

∫ ⌊t⌋

⌈t′⌉
∥Rγθ (t, s)∥

2
2 E∥ρ

s,t′

ℓ,γ − ρ
s,t′

ℓ,γ ∥
2
2 ds

+K∥Rγθ (t, t
′)∥22 E∥∇rℓt(rt

′
γ ; z)−∇rℓ⌊t′⌋(rt

′
γ ; z)∥22

≤ Kγ +K

∫ t

t′
E∥ρs,t

′

ℓ,γ − ρ
s,t′

ℓ,γ ∥
2
2 ds . (261)

By Grönwall’s inequality, we have

sup
0≤t′≤t≤T

E∥ρt,t′r,γ − ρt,t
′

r,γ∥22 ≤ Kγ . (262)

Next, we bound E∥Dt,t′

ℓ,γ −D
t,t′

ℓ,γ ∥
2
2 similarly. We do not repeat the details, but following the same

argument, we have

E∥Dt,t′

ℓ,γ −D
t,t′

ℓ,γ ∥
2
2 ≤ Kγ . (263)

Therefore, we have

∥Rγℓ (t, t′)−R
γ
ℓ (t, t

′)∥22 ≤ Kγ . (264)

By Equations (252), (253) and (264), we have

distλ(Y
γ
, Y γ) ≤ K√γ . (265)

Bound of distλ(C
γ
θ , C

γ
θ ). Let Uγ ∼ GP(0,Σ

γ
ℓ /δ) and Uγ ∼ GP(0,Σγℓ /δ) be Gaussian processes

coupled such that

sup
t∈[0,T ]

e−λt
√

E∥U tγ − U tγ∥22 ≤ 2 · distλ(Σ
γ
ℓ ,Σ

γ
ℓ ) . (266)

Let θ
t
γ and θtγ be the solution of

θ
t
γ = θ0 + U

t
γ −

∫ t

0

(
hs(θ

s
γ) + Γ

γ
(s)θ

s
γ +

∫ s

0
R
γ
ℓ (s, s

′)θ
s′

γ ds′
)
ds , (267)

θtγ = θ0 + U tγ −
∫ ⌊t⌋

0

(
h⌊s⌋(θ

s
γ) + Γγ(s)θsγ +

∫ ⌊s⌋

0
Rγℓ (s, s

′)θs
′
γ ds′

)
ds . (268)

Then, we have

E∥θtγ − θtγ∥22 ≤ K

(
γ + E∥U tγ − U tγ∥22 + sup

t∈[0,T ]
∥Γγ(t)− Γγ(t)∥22 + sup

0≤t′≤t≤T
∥Rγℓ (t, t′)−R

γ
ℓ (t, t

′)∥22

)

+K

∫ t

0
E∥θsγ − θsγ∥22 ds

≤ K
(
γ + distλ(Y

γ
, Y γ)2

)
+K

∫ t

0
E∥θsγ − θsγ∥22 ds . (269)
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By Grönwall’s inequality, we have

sup
t∈[0,T ]

E∥θtγ − θtγ∥22 ≤ K
(
γ + distλ(Y

γ
, Y γ)2

)
. (270)

Let {(wtγ , wtγ)}t∈[0,T ] be a centered Gaussian process with covariance E

(θtγ
θtγ

)(
θ
t
γ

θtγ

)T
. Since

wγ and wγ have covariance kernels Cγθ and Cγθ respectively, we have

distλ(C
γ
θ , C

γ
θ ) ≤ sup

t∈[0,T ]
e−λt

√
E∥wtγ − wtγ∥22 = sup

t∈[0,T ]
e−λt

√
E∥θtγ − θtγ∥22 ≤ K(

√
γ + distλ(Y

γ
, Y γ)) .

(271)

Bound of distλ(R1
θ, R

2
θ). Let ρt,t

′

θ,γ and ρt,t
′

θ,γ be the stochastic processes satisfying

ρt,t
′

θ,γ = Im −
∫ t

t′

(
(∇θhs(θ

s
γ) + Γ

γ
(s))ρs,t

′

θ,γ +

∫ s

t′
R
γ
ℓ (s, s

′)ρs
′,t′

θ,γ ds′
)
ds , (272)

ρt,t
′

θ,γ = Im − I(⌈t′⌉ ≤ ⌊t⌋)
∫ ⌊t⌋

⌈t′⌉

(
(∇θh⌊s⌋(θsγ) + Γγ(s))ρs,t

′

θ,γ +

∫ ⌊s⌋

⌈t′⌉
Rγℓ (s, s

′)ρs
′,t′

θ,γ ds′

)
ds ,

(273)

and set Rγθ (t, t
′) = E[ρt,t

′

θ,γ ] and Rγθ (t, t
′) = E[ρt,t

′

θ,γ ]. We have

∥ρt,t
′

θ,γ − ρ
t,t′

θ,γ∥2 ≤ K

(
γ + sup

t∈[0,T ]
∥Γγ(t)− Γγ(t)∥2 + sup

0≤t′≤t≤T
∥Rγℓ (t, t′)−R

γ
ℓ (t, t

′)∥2

)

+K

∫ t

t′
∥ρs,t

′

θ,γ − ρ
s,t′

θ,γ∥2 ds

≤ K(γ + distλ(Y
γ
, Y γ)) +K

∫ t

t′
∥ρs,t

′

θ,γ − ρ
s,t′

θ,γ∥2 ds . (274)

By Grönwall’s inequality, we have

sup
0≤t′≤t≤T

∥ρt,t
′

θ,γ − ρ
t,t′

θ,γ∥2 ≤ K(γ + distλ(Y
γ
, Y γ)) . (275)

Thus, we have

distλ(R
γ
θ , R

γ
θ ) ≤ sup

0≤t′≤t≤T
∥Rγθ (t, t′)−R

γ
θ (t, t

′)∥2 ≤ sup
0≤t′≤t≤T

E∥ρt,t
′

θ,γ − ρ
t,t′

θ,γ∥2

≤ K(γ + distλ(Y
γ
, Y γ)) . (276)

By Equations (271) and (276), we have

distλ(X
γ
, Xγ) ≤ K(

√
γ + distλ(Y

γ
, Y γ)) . (277)
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D.3.2. PROOF OF LEMMA D.7

Following the same calculation that led to Equation (249), we can show that there exists a coupling
of the processes rt and rtγ such that

sup
t∈[0,T ]

√
E∥rt − rtγ∥22 ≤ K(

√
γ + distλ(X,X

γ)) . (278)

Following the same calculation that led to Equation (270), we can show that there exists a coupling
of the processes θt and θtγ such that

sup
t∈[0,T ]

√
E∥θt − θtγ∥22 ≤ K(

√
γ + distλ(Y, Y

γ)) . (279)

Appendix E. Details of Applications and Special Cases

E.1. Planted Models

E.1.1. SETUP FOR PLANTED MODELS

The setting of supervised learning with (noisy) target labels yi = f∗(θ
∗Txi) + zi for some target

parameter θ∗ ∈ Rd×m and target function f∗ : Rm → R can be handled within our framework.
Consider the following stochastic process with a planted signal θ∗ ∈ Rd×m:

θ̂k+1 = θ̂k − η ·

1

d
htk(θ̂

k) +
1

B

∑
i∈Bk

xiℓtk(r̂
k
i , r

∗
i ; zi)

T

 , (280)

with r̂k = Xθ̂k and r∗ = Xθ∗. We consider the SGF with the planted signal that approximates the
above SGD dynamics:

dθt = −
(
ht(θ

t) +
1

δ
XTℓt(r

t, r∗; z)

)
dt+

√
τ

δ

n∑
i=1

xiℓt(r
t
i , r

∗
i ; zi)

T dBt
i , (281)

with rt = Xθt. This can be mapped to our general SGF setup (1) by concatenating the parameters
θt and θ∗ as follows.

d(θt,θ∗) = −
((
ht(θ

t), 0
)
+

1

δ
XT

(
ℓt(X(θt,θ∗); z), 0

))
dt

+

√
τ

δ

n∑
i=1

xi

(
ℓt((θ

t,θ∗)Txi; zi)
T, 0
)
dBt

i .

(282)

Here, θ∗ is constant over time. By applying Theorem 3.1 and Theorem 3.2 to the concatenated
parameter of shape Rd×2m, we obtain a DMFT characterization of the SGF with a planted signal
(281) as a corollary.

Corollary E.1 (DMFT characterization of SGF with a planted signal) Suppose Assumptions A.1
and A.2 hold. Take T∗ > 0 in Theorem 3.1. Furthermore, assume that θ∗ ∈ Rd×m is independent of
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X, z,θ0 and for all p ≥ 1, its empirical distribution converge in p-Wasserstein distance to P(θ∗)
almost surely as d→∞. Then, for any T ∈ [0, T∗], L ∈ N, and 0 ≤ t1 < · · · < tL ≤ T , we have

p-lim
n,d→∞

W2

(
P̂(θt1 , . . . ,θtL ,θ∗),P(θt1 , . . . , θtL , θ∗)

)2
= 0 , (283)

p-lim
n,d→∞

W2

(
P̂(rt1 , . . . , rtL , r∗, z),P(rt1 , . . . , rtL , r∗, z)

)2
= 0 , (284)

where (θt, θ∗, rt, r∗, z) is the unique solution of the DMFT equation given in Appendix E.1.2.

The proof appears in Appendix E.1.3. This result is an extension of Celentano et al. [14, Corollary
4.1] to the SGF dynamics.

E.1.2. THE DMFT EQUATION

We state the DMFT equation S∗ for planted model (281) for functions Rℓ, Cθ : (R≥0 ∪ {∗})2 →
Rm×m, Rθ,Σℓ : R2

≥0 → Rm×m, and Γ: R≥0 → Rm×m self-consistently as follows. First, given

Σℓ, Rℓ,Γ, define stochastic processes {θt ∈ Rm}t≥0 and {ρt,t
′

θ ∈ Rm×m}t≥t′≥0 by the following
equations.

θt = θ0 + U t −
∫ t

0

(
(hs(θ

s) + Γ(s)θs) +

∫ s

0
Rℓ(s, s

′)θs
′
ds′ +Rℓ(t, ∗)θ∗

)
ds , (285)

ρt,t
′

θ = Im −
∫ t

t′

(
(∇θhs(θs) + Γ(s))ρs,t

′

θ +

∫ s

t′
Rℓ(s, s

′)ρs
′,t′

θ ds′
)
ds , (286)

where U ∼ GP(0,Σℓ/δ). Then, set Cθ, Rθ as

Cθ(t, t
′) = E[θtθt

′T] (s, t ∈ [0, T ] ∪ {∗}) , Rθ(t, t
′) = E[ρt,t

′

θ ] (t ≥ t′) , (287)

and Rθ(t, t′) = 0 for t < t′.
Next, given Cθ, Rθ, define stochastic processes {rt ∈ Rm}t≥0, r∗ ∈ Rm, and {ρt,t

′

ℓ , ρt,t
′

ℓ∗ , D
t,t′

ℓ ,

Dt,t′

ℓ∗ ∈ Rm×m}t≥t′≥0 by the following equations.

rt = wt − 1

δ

∫ t

0
Rθ(t, s)ℓs(r

s, r∗; z)(ds+
√
τδ dBs) , r∗ = w∗ , w ∼ GP(0, Cθ) ,

(288)

ρt,t
′

ℓ = ∇rℓt(rt, r∗; z)ρt,t
′

r , (289)

ρt,t
′

ℓ∗ = ∇rℓt(rt, r∗; z)ρt,t
′

r∗ , (290)

Dt,t′

ℓ = ∇rℓt(rt, r∗; z)
(
−1

δ

∫ t

t′
Rθ(t, s)D

s,t′

ℓ (ds+
√
τδ dBs)

)
+∇2

rℓt(r
t, r∗; z)[Dt,t′

r ]ρt,t
′

r ,

(291)

Dt,t′

ℓ∗ = ∇rℓt(rt, r∗; z)
(
−1

δ

∫ t

t′
Rθ(t, s)D

s,t′

ℓ∗ (ds+
√
τδ dBs)

)
+∇2

rℓt(r
t, r∗; z)[Dt,t′

r ]ρt,t
′

r∗ ,

(292)
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where Bt is a Brownian motion in R, and we defined the auxiliary processes ρt,t
′

r , ρt,t
′

r∗ ∈ Rm×m,
and Dt,t′

r ∈ Rm as

ρt,t
′

r = −1

δ

∫ t

t′
Rθ(t, s)ρ

s,t′

ℓ (ds+
√
τδ dBs)− 1

δ
Rθ(t, t

′)∇rℓt′(rt
′
, r∗; z) , (293)

ρt,t
′

r∗ = −1

δ

∫ t

t′
Rθ(t, s)ρ

s,t′

ℓ∗ (ds+
√
τδ dBs)− 1

δ
Rθ(t, t

′)∇r∗ℓt′(rt
′
, r∗; z) , (294)

Dt,t′
r = −1

δ

∫ t

t′
Rθ(t, s)∇rℓs(rs, r∗; z)Ds,t′

r (ds+
√
τδ dBs)−

√
τ

δ
Rθ(t, t

′)ℓt′(r
t′ , r∗; z) . (295)

Then, set Σℓ, Rℓ,Γ as

Σℓ(t, t
′) = E[LtLt

′T] , Lt :=

∫ t

0
ℓs(r

s, r∗; z)(ds+
√
τδ dBs) , (296)

Rℓ(t, t
′) = E[ρt,t

′

ℓ ] +
√
τδ E[Dt,t′

ℓ ] (t ≥ t′) , (297)

Rℓ(t, ∗) = E[∇r∗ℓt(rt, r∗; z)] +
∫ t

0
E[ρt,t

′

ℓ∗ +
√
τδDt,t′

ℓ∗ ] dt′ (t ≥ 0) , (298)

Γ(t) = E[∇rℓt(rt, r∗; z)] , (299)

and Rℓ(t, t′) = 0 for t < t′.
Then, the solution of the DMFT system S∗ is defined as a fixed point of the above two mappings.
In the informal notation, the DMFT equation for the planted model can be written as

d

dt
θt = ut − (ht(θ

t) + Γ(t)θt)−
∫ t

0
Rℓ(t, s)θ

s ds−Rℓ(t, ∗)θ∗ , u ∼ GP(0, Cℓ/δ) ,

rt = wt − 1

δ

∫ t

0
Rθ(t, s)ℓs(r

s, r∗; z)(ds+
√
τδ dBs) , r∗ = w∗ , w ∼ GP(0, Cθ) ,

Cθ(t, t
′) = E[θtθt

′T] (t, t′ ∈ [0, T ] ∪ {∗}) , Rθ(t, t
′) = E

[
∂θt

∂ut′

]
,

Cℓ(t, t
′) = E[ℓt(rt, r∗; z)(1 +

√
τδḂt)ℓt′(r

t′ , r∗; z)T(1 +
√
τδḂt′)] ,

Rℓ(t, t
′) = E

[
∂ℓt(r

t, r∗; z)

∂wt′

]
, Rℓ(t, ∗) = E

[
∂ℓt(r

t, r∗; z)

∂w∗

]
, Γ(t) = E[∇rℓt(rt, r∗; z)] .

(300)

E.1.3. PROOF OF COROLLARY E.1

We transform the DMFT equation S applied to the planted model (281) to the DMFT equation S∗

defined above. We distinguish the variables in S by adding a bar over them, e.g., θ
t
. The variables in

S have dimensions 2m. Identifying components that are trivially zero, we see that the solution to S
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is of the form

θ
t
=

(
θ
t
1

θ∗

)
, U

t
=

(
U
t
1

0

)
, ρt,t

′

θ =

(
ρt,t

′

θ,1 −
0 Im

)
,

Cθ(t, t
′) =

(
C

11
θ (t, t′) C

12
θ (t, t′)

C
12
θ (t, t′)T C

22
θ (t, t′)

)
, Rθ(t, t

′) =

(
R

1
θ(t, t

′) −
0 Im

)
,

rt =

(
rt1
rt2

)
, wt =

(
wt1
wt2

)
, ρt,t

′

ℓ =

(
ρt,t

′

ℓ,1 ρt,t
′

ℓ,2

0 0

)
, D

t,t′

ℓ =

(
D
t,t′

ℓ,1 D
t,t′

ℓ,2

0 0

)
,

ρt,t
′

r =

(
ρt,t

′

r,1 ρt,t
′

r,2

0 0

)
, D

t,t′

r =

(
D
t,t′

r,1

0

)
,

Σℓ(t, t
′) =

(
Σ
1
ℓ (t, t

′) 0
0 0

)
, Rℓ(t, t

′) =

(
R

1
ℓ (t, t

′) R
2
ℓ (t, t

′)
0 0

)
, Γ(t) =

(
Γ1(t) Γ2(t)
0 0

)
.

(301)
Here, we indicated by − the irrelevant variables. These variables satisfy

θ
t
1 = θ0 + U

t
1 −

∫ t

0

(
hs(θ

s
1) + Γ1(s)θ

s
1 +

∫ s

0
R

1
ℓ (s, s

′)θ
s′

1 ds′
)
ds

−
∫ t

0

(
Γ2(s) +

∫ s

0
R

2
ℓ (s, s

′) ds′
)
θ∗ ds , U1 ∼ GP(0,Σ

11
ℓ /δ) , (302)

ρt,t
′

θ,1 = Im −
∫ t

t′

(
(∇θhs(θ

s
1) + Γ1(s))ρ

s,t′

θ,1 +

∫ s

t′
R

1
ℓ (s, s

′)ρs
′,t′

θ,1 ds′
)
ds , (303)

C
11
θ (t, t′) = E[θt1θ

t′T
1 ] , C

12
θ (t, t′) = E[θt1θ∗T] , C

22
θ (t, t′) = E[θ∗θ∗T] , R

1
θ(t, t

′) = E[ρt,t
′

θ,1] ,

(304)

rt1 = wt1 −
1

δ

∫ t

0
R

1
θ(t, s)ℓs(r

s
1, r

s
2; z)(ds+

√
τδ dBs) , rt2 = wt2 ,

(
w1

w2

)
∼ GP(0, Cθ) ,

(305)

ρt,t
′

ℓ,1 = ∇rℓt(rt1, rt2; z)ρ
t,t′

r,1 , ρt,t
′

ℓ,2 = ∇rℓt(rt1, rt2; z)ρ
t,t′

r,2 , (306)

D
t,t′

ℓ,1 = ∇rℓt(rt1, rt2; z)
(
−1

δ

∫ t

t′
R

1
θ(t, s)D

s,t′

ℓ,1 (ds+
√
τδ dBs)

)
+∇2

rrℓt(r
t
1, r

t
2; z)[D

t,t′

r,1 ]ρ
t,t′

r,1 ,

(307)

D
t,t′

ℓ,2 = ∇rℓt(rt1, rt2; z)
(
−1

δ

∫ t

t′
R

1
θ(t, s)D

s,t′

ℓ,2 (ds+
√
τδ dBs)

)
+∇2

rrℓt(r
t
1, r

t
2; z)[D

t,t′

r,1 ]ρ
t,t′

r,2 ,

(308)

ρt,t
′

r,1 = −1

δ

∫ t

t′
R

1
θ(t, s)ρ

s,t′

ℓ,1 (ds+
√
τδ dBs)− 1

δ
R

1
θ(t, t

′)∇rℓt′(rt
′
1 , r

t′
2 ; z) , (309)

ρt,t
′

r,2 = −1

δ

∫ t

t′
R

1
θ(t, s)ρ

s,t′

ℓ,2 (ds+
√
τδ dBs)− 1

δ
R

1
θ(t, t

′)∇wℓt′(rt
′
1 , r

t′
2 ; z) , (310)

D
t,t′

r,1 = −1

δ

∫ t

t′
R

1
θ(t, s)∇rℓs(rs1, rs2; z)D

s,t′

r,1 (ds+
√
τδ dBs)−

√
τ

δ
R

1
θ(t, t

′)ℓt′(r
t′
1 , r

t′
2 ; z) ,

(311)
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Σ
1
ℓ (t, t

′) = E[Lt1L
t′T
1 ] , L

t
1 :=

∫ t

0
ℓs(r

s
1, r

s
2; z)(ds+

√
τδ dBs) , (312)

R
1
ℓ (t, t

′) = E[ρt,t
′

ℓ,1 ] +
√
τδ E[Dt,t′

ℓ,1 ] , R
2
ℓ (t, t

′) = E[ρt,t
′

ℓ,2 ] +
√
τδ E[Dt,t′

ℓ,2 ] , (313)

Γ1(t) = E[∇rℓt(rt1, rt2; z)] , Γ2(t) = E[∇r∗ℓt(rt1, rt2; z)] . (314)

Since C22
θ (t, t′) is constant, rt2 = wt2 is constant. Then, S reduces to S∗ by identifying

θ
t
= θt , U

t
1 = U t , ρt,t

′

θ,1 = ρt,t
′

θ ,

C
11
θ (t, t′) = Cθ(t, t

′) , C
12
θ (t, t′) = Cθ(t, ∗) , C

22
θ (t, t′) = Cθ(∗, ∗) , R

1
θ(t, t

′) = Rθ(t, t
′) ,

rt1 = rt , wt1 = wt , rt2 = wt2 = w∗ , ρt,t
′

ℓ,1 = ρt,t
′

ℓ , ρt,t
′

ℓ,2 = ρt,t
′

ℓ∗ , D
t,t′

ℓ,1 = Dt,t′

ℓ , D
t,t′

ℓ,2 = Dt,t′

ℓ∗ ,

ρt,t
′

r,1 = ρt,t
′

r , ρt,t
′

r,2 = ρt,t
′

r∗ , D
t,t′

r,1 = Dt,t′
r ,

Σ
1
ℓ (t, t

′) = Σℓ(t, t
′) , R

1
ℓ (t, t

′) = Rℓ(t, t
′) , Γ1(t) = Γ(t) , Γ2(t) +

∫ t

0
R

2
ℓ (t, t

′) dt′ = Rℓ(t, ∗) .

(315)

E.2. Infinite Data Limit

E.2.1. DERIVATION OF THE REDUCED DMFT EQUATION

We show that in the infinite data limit δ →∞, the DMFT equations reduce to the following simple
form.

dθt = −(ht(θt) + Γ(t)θt) dt+
√
τCℓ(t) dW

t , Cθ(t, t
′) = E[θtθt

′T] ,

Cℓ(t) = E[ℓt(wt; z)ℓt(wt; z)T] , Γ(t) = E[∇rℓt(wt; z)] , w ∼ GP(0, Cθ) ,
(316)

where W t is a Brownian motion in Rm.
It is easy to see that as δ →∞, Rℓ(t, t′)→ 0 and hence Rθ(t, t′)→ Im. Then, the equations for

θt and rt reduce to

θt = θ0 + U t −
∫ t

0
(hs(θ

s) + Γ(s)θs) ds , U ∼ GP(0, Σ̃ℓ) , rt = wt , w ∼ GP(0, Cθ) ,

(317)

where we introduced the rescaled variable Σ̃ℓ := Σℓ/δ. In addition, the equation for Σ̃ℓ reduces to

Σ̃ℓ(t, t
′) = τ

∫ t∧t′

0
E[ℓs(ws; z)ℓs(ws; z)T] ds . (318)

Defining Cℓ(t) = E[ℓt(wt; z)ℓt(wt; z)T], Σ̃ℓ is a covariance kernel of an integrated Brownian
motion:

U t =

∫ t

0

√
τCℓ(s) dW

s , (319)

where W t is a standard Brownian motion in Rm. Thus, θt follows the following SDE:

dθt = −(ht(θt) + Γ(t)θt) dt+
√
τCℓ(t) dW

t . (320)
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These equations recover Equation (316).
For planted models of the form in Equation (281), the DMFT equation in the infinite data limit

(316) becomes

dθt = −
(
ht(θ

t) + Γ(t)θt + Γ∗(t)θ∗
)
dt+

√
τCℓ(t) dW

t ,

Cθ(t, t
′) = E[θtθt

′T] (t, t′ ∈ [0, T ] ∪ {∗}) , Cℓ(t) = E[ℓt(wt, w∗; z)ℓt(w
t, w∗; z)T] ,

Γ(t) = E[∇wℓt(wt, w∗; z)] , Γ∗(t) = E[∇w∗ℓt(w
t, w∗; z)] , w ∼ GP(0, Cθ) .

(321)

E.2.2. EXAMPLE: LINEAR REGRESSION

Consider the linear regression setting described in Section 4. This corresponds to the choice m = 1,
ht = 0, and ℓt(r, r∗; z) = r − r∗ − z. Then, Equation (321) reduces to

dθt = −(θt − θ∗) dt+
√
τCℓ(t) dW

t ,

Cθ(t, t
′) = E[θtθt

′
] (t, t′ ∈ [0, T ] ∪ {∗}) , Cℓ(t) = E[(wt − w∗ − z)2] , w ∼ GP(0, Cθ) .

(322)
Using the Fokker–Planck equation, the density of θt given by the above SDE is given by the following
partial differential equation (PDE):

∂tµ(t, θ) = ∂θ((θ − θ∗)µ(t, θ)) +
τCℓ(t)

2
∂2θµ(t, θ) . (323)

This equation coincides with the PDE derived in Wang et al. [54].
Furthermore, the training dynamics for test errors L (t) = E[(θ − θ∗)2] + σ2 can be obtained in

closed form, where σ2 := E[z2]. Let ρ2 := E[(θ∗)2]. Then, we have Cℓ(t) = Cθ(t, t)− 2Cθ(t, ∗) +
ρ2 + σ2. By using Itô’s lemma on Cθ(t, ∗) = E[θtθ∗] and Cθ(t, t) = E[(θt)2], we obtain the
following system of ODEs for Cθ(t, ∗) and Cθ(t, t):

d

dt
Cθ(t, ∗) = −Cθ(t, ∗) + ρ2 , (324)

d

dt
Cθ(t, t) = −2Cθ(t, t) + 2Cθ(t, ∗) + τ(Cθ(t, t)− 2Cθ(t, ∗) + ρ2 + σ2) . (325)

These are linear ODEs and can be solved in closed form as follows (assuming zero initialization, i.e.,
θ0 = Cθ(0, 0) = Cθ(0, ∗) = 0):

Cθ(t, ∗) = ρ2(1− e−t) , Cθ(t, t) = ρ2(1− 2e−t + e−(2−τ)t) +
τσ2

2− τ
(1− e−(2−τ)t) . (326)

E.3. Linear Regression

In this section, we derive the DMFT equation for the SGF for the ridge regression (regularized linear
regression) problem. The loss for the ridge regression problem is defined as

L(θ) = 1

2n
∥Xθ − y∥22 +

λ

2d
∥θ∥22 , y = Xθ∗ + z , (327)

with regularization parameter λ ≥ 0. The SGF for this problem is given by

dθt = −
(
λθt +

1

δ
XT(rt − r∗ − z)

)
dt+

√
τ

δ

n∑
i=1

xi(r
t
i − r∗i − zi) dBt

i . (328)
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where rt = Xθt and r∗ = Xθ∗. For simplicity, we consider the case of zero initialization
θ0 = 0. This is a special case of the SGF for planted models (281) with m = 1, ht(θ) = λθ, and
ℓt(r, r

∗; z) = r − r∗ − z.
We are particularly interested in the training and test errors of the parameter θt given by

L (θ) =
1

n

n∑
i=1

(xT
i θ − yi)2 , R(θ) = E(x,y)[(x

Tθ − y)2] = 1

d
∥θ − θ∗∥22 + σ2 . (329)

Applying Corollary E.1, we obtain a DMFT characterization of the SGF for ridge regression (328).
Note that since we have ∇2

rℓt(r, r
∗; z) = 0, the DMFT equation is guaranteed to have a unique

solution for all T > 0 by Theorem 3.1. Solving the DMFT equation, we can characterize the training
and test errors of SGD for linear regression by a simple set of linear Volterra equations.

Proposition E.2 (DMFT characterization of SGF for ridge regression) Assume that the noise
z ∈ Rn and the target parameter θ∗ ∈ Rd satisfy the same assumptions as in Corollary E.1. Let
ρ2 := E[(θ∗)2] and σ2 := E[z2]. Let µMP be the Marchenko–Pastur distribution with parameter δ
given by

µMP(x) =
δ
√

(λ+ − x)(x− λ−)
2πx

+ (1− δ)δ(x)I(δ < 1) , x ∈ [λ−, λ+] , (330)

where λ± = (1 ± 1/
√
δ)2 and δ is the Dirac delta function (an upright δ is used to distinguish it

from δ = n/d).
Then, for any 0 ≤ t1, . . . , tL <∞, we have

p-lim
n,d→∞

max
l=1,...,L

|L (θtl)−L (tl)| = 0 , p-lim
n,d→∞

max
l=1,...,L

|R(θtl)−R(tl)| = 0 , (331)

where L (t) and R(t) solve the following system of linear Volterra equations:

L (t) = L0(t) + τ

∫ t

0
H2(t− s)L (s) ds , R(t) = R0(t) + τ

∫ t

0
H1(t− s)L (s) ds , (332)

where Hi(t) :=
∫
xie−2(x+λ)t dµMP(x), and L0(t) and R0(t) are the asymptotic train and test

errors for the noiseless case τ = 0, which are given by

L0(t) = ρ2
∫
x(λ+ xe−(x+λ)t)2

(x+ λ)2
dµMP(x) +

σ2

δ

∫
(λ+ xe−(x+λ)t)2

(x+ λ)2
dµMP(x) +

δ − 1

δ
σ2 ,

(333)

R0(t) = ρ2
∫

(λ+ xe−(x+λ)t)2

(x+ λ)2
dµMP(x) +

σ2

δ

∫
x

(x+ λ)2
(1− e−(x+λ)t)2 dµMP(x) + σ2 .

(334)

Setting λ = 0, we obtain the DMFT characterization in the main text (Section 4).
The equation for L in (332) is a scalar linear Volterra integral equation, which can be solved

numerically efficiently. Once we obtain L , we can compute R using the second equation in (332).
The equations (332) are equivalent to those derived in Paquette et al. [42, 43] using the theory

of homogenized SGD and random matrix theory (up to time rescaling to match their settings). Our
result provides an alternative derivation of these equations using the DMFT framework (although our
framework does not directly apply to SGD rigorously). For further analysis of these equations, such
as their exact solutions and long-time behaviors, see Paquette et al. [42, 43].
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E.3.1. SIMPLIFYING THE DMFT EQUATIONS

We can derive the DMFT equation for ridge regression by specializing the DMFT equation S∗ for
planted models in Appendix E.1.2. Since the loss is quadratic, i.e., ∂rℓt(r, r∗; z) = 1, ∂r∗ℓt(r, r∗; z) =
−1, and ∂2ℓt(r, r

∗; z) = 0, the DMFT equation simplifies significantly. We have Γ(t) = 1,
Dt,t′

ℓ = Dt,t′

ℓ∗ = 0, ρt,t
′

r = −ρt,t
′

r∗ , and ρt,t
′

ℓ = −ρt,t
′

ℓ∗ . The DMFT equation for ridge regression
reduces to

θt = U t −
∫ t

0

(
(1 + λ)θs − θ∗ +

∫ s

0
Rℓ(s, s

′)(θs
′ − θ∗) ds′

)
ds , U ∼ GP(0,Σℓ/δ) ,

(335a)

ρt,t
′

θ = 1−
∫ t

t′

(
(1 + λ)ρs,t

′

θ +

∫ s

t′
Rℓ(s, s

′)ρs
′,t′

θ ds′
)
ds , (335b)

Cθ(t, t
′) = E[θtθt

′
] (s, t ∈ [0, T ] ∪ {∗}) , Rθ(t, t

′) = E[ρt,t
′

θ ] (t ≥ t′) , (335c)

rt = wt − 1

δ

∫ t

0
Rθ(t, s)(r

s − r∗ − z)(ds+
√
τδ dBs) , w ∼ GP(0, Cθ) , (335d)

ρt,t
′

ℓ = −1

δ

∫ t

t′
Rθ(t, s)ρ

s,t′

ℓ (ds+
√
τδ dBs)− 1

δ
Rθ(t, t

′) , (335e)

Σℓ(t, t
′) = E[LtLt

′
] , Lt :=

∫ t

0
(rs − r∗ − z)(ds+

√
τδ dBs) , Rℓ(t, t

′) = E[ρt,t
′

ℓ ] (t ≥ t′) .

(335f)

Next, we eliminate the stochastic processes to close the system in terms of the correlation and
response functions. To this end, we discretize time with step size γ as in Appendix B.2, reduce the
equations, and then take the continuous-time limit γ → 0. This operation can be justified along the
lines of the proof of Theorem 3.2.

Let ti = iγ for i = 0, 1, . . . , ⌊T/γ⌋. The discretized version of Equation (335) is given by

θti = γ

i−1∑
j=0

(
uti − (1 + λ)θtj + θ∗ − γ

j−1∑
k=0

Rℓ(tj , tk)(θ
tk − θ∗)

)
, U ∼ GP(0, Cℓ/δ) ,

(336a)

Cθ(ti, tj) = E[θtiθtj ] , Cθ(ti, ∗) = E[θtiθ∗] , Rθ(ti, tj) = γ−1 E
[
∂θti

∂utj

]
(i > j) , (336b)

rti = wti − 1

δ

i−1∑
j=0

Rθ(ti, tj)(r
tj − r∗ − z)(γ +

√
τδ(Btj+1 −Btj )) , w ∼ GP(0, Cθ) ,

(336c)

Cℓ(ti, tj) = E
[
(rti − r∗ − z)

(
1 +
√
τδ
Bti+1 −Bti

γ

)
(rtj − r∗ − z)

(
1 +
√
τδ
Btj+1 −Btj

γ

)]
,

(336d)

Rℓ(ti, tj) = γ−1 E
[
∂rti

∂wtj

]
(i > j) . (336e)

60



HIGH-DIMENSIONAL LIMIT OF STOCHASTIC GRADIENT FLOW VIA DMFT

Let K = ⌊T/γ⌋ + 1 and let Cθ,Rθ,Cℓ,Rℓ ∈ RK×K be the matrices with entries (Cθ)ij =
Cθ(ti, tj), (Rθ)ij = Rθ(ti, tj), (Cℓ)ij = Cℓ(ti, tj), and (Rℓ)ij = Rℓ(ti, tj) for i, j = 0, 1, . . . ,K−
1. Let c∗ ∈ RK be the vector with entries c∗i = Cθ(ti, ∗) for i = 0, 1, . . . ,K − 1. Let
θ, r,u,w,G ∈ RK be the vectors with entries θti , rti , uti , wti , Gti := (Bti+1 − Bti)/

√
γ for

i = 0, 1, . . . ,K − 1.

Equation for Rθ. Differentiating Equation (336a) with respect to utj for j < i and taking the
expectation, we have

Rθ(ti, tj) = 1− γ
i−1∑
k=j

(
(1 + λ)Rθ(tk, tj) + γ

k−1∑
l=0

Rℓ(tk, tl)Rθ(tl, tj)

)
. (337)

Let T := RK×K be the lower-triangular matrix with entries Tij = 1 for i > j and Tij = 0 for i ≥ j.
Equation (337) can be written in matrix form as

Rθ = T − γT ((1 + λ)Rθ + γRℓRθ) . (338)

Solving for Rθ, we obtain

Rθ = (I + γT ((1 + λ)I + γRℓ))
−1T . (339)

Equation for Cθ. Multiplying Equation (336a) by θ∗ and taking the expectation, we have

Cθ(ti, ∗) = −γ
i−1∑
j=0

(
(1 + λ)Cθ(tj , ∗)− ρ2 + γ

j−1∑
k=0

Rℓ(tj , tk)(Cθ(tk, ∗)− ρ2)

)
. (340)

In matrix form, this can be written as

c∗ = −γT ((1 + λ)c∗ − ρ21+ γRℓ(c
∗ − ρ21)) . (341)

Solving for c∗, we obtain

c∗ = ρ2γ(I + γT ((1 + λ)I + γRℓ))
−1T (I + γRℓ)1 = ρ2γRθ(I + γRℓ)1 . (342)

Multiplying Equation (336a) by θtj and taking the expectation, we have

Cθ(ti, tj)

= γ
i−1∑
k=0

(
E[utkθtj ]− (1 + λ)Cθ(tk, tj) + Cθ(tj , ∗)− γ

j−1∑
l=0

Rℓ(tk, tl)(Cθ(tl, tj)− Cθ(tj , ∗))

)
.

(343)

By Stein’s lemma (the Gaussian integration by parts), we have

E[utkθtj ] =
j−1∑
l=0

Cov(utk , utl)E
[
∂θtj

∂utl

]
=
γ

δ

j−1∑
l=0

Cℓ(tk, tl)Rθ(tj , tl) . (344)
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Therefore, Equation (343) can be written in matrix form as

Cθ = γT
(γ
δ
CℓR

T
θ − (1 + λ)Cθ + 1c∗T − γRℓ(Cθ − 1c∗T)

)
. (345)

Solving for Cθ, we obtain

Cθ = γ(I + γT ((1 + λ)I + γRℓ))
−1T (γCℓR

T
θ + (I + γRℓ)1c

∗T)

=
γ2

δ
RθCℓR

T
θ +

1

ρ2
c∗c∗T . (346)

Let C∗
θ (ti, tj) := E[(θti−θ∗)(θtj −θ∗)] = Cθ(ti, tj)−Cθ(ti, ∗)−Cθ(tj , ∗)+ρ2. Let C∗

θ ∈ RK×K

be the matrix with entries (C∗
θ )ij = C∗

θ (ti, tj) for i, j = 0, 1, . . . ,K − 1. From Equation (346), we
have

C∗
θ = Cθ − c∗1T − 1c∗T + ρ211T =

γ2

δ
RθCℓR

T
θ +

1

ρ2
(c∗ − ρ21)(c∗ − ρ21)T . (347)

Equation for Rℓ. Differentiating Equation (336c) with respect to wtj for j < i and taking the
expectation, we have

Rℓ(ti, tj) = −
1

δ

i−1∑
k=j

Rθ(ti, tk)Rℓ(tk, tj)−
1

δ
Rθ(ti, tj) . (348)

This can be written in matrix form as

Rℓ = −
1

δ
RθRℓ −

1

δ
Rθ . (349)

Solving for Rℓ, we obtain

Rℓ = −(δI + γRθ)
−1Rθ . (350)

Equation for Cℓ. Since Gti ∼ N(0, 1) are i.i.d. standard normal variables, we have

Cℓ(ti, tj) = E[(rti − r∗ − z)(rtj − r∗ − z)] + +
τδ

γ
E[(rti − r∗ − z)2]I(i = j)

+

√
τδ

γ

(
E[(rti − r∗ − z)(rtj − r∗ − z)Gtj ] + E[(rti − r∗ − z)(rtj − r∗ − z)Gti ]

)
(351)

= L(ti, tj) +
τδ

γ
L(ti, ti)I(i = j) +

√
τδ(M(ti, tj) +M(tj , ti)) , (352)

where we defined

L(ti, tj) = E[(rti − r∗ − z)(rtj − r∗ − z)] , (353)

M(ti, tj) = γ−1/2 E[(rti − r∗ − z)(rtj − r∗ − z)Gtj ] = γ−1/2 E
[
∂rti

∂Gtj
(rtj − r∗ − z)

]
. (354)
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In the definition of M(ti, tj), we used Stein’s lemma.
We first derive a closed equation for M(ti, tj). Differentiating Equation (336c) with respect to

Gtj , multiplying by γ−1/2(rtj − r∗ − z), and taking the expectation, we have

M(ti, tj) = −
γ

δ

i−1∑
k=j

Rθ(ti, tk)M(tk, tj)−
√
τ

δ
Rθ(ti, tj)L(tj , tj) . (355)

In matrix form, this can be written as

M = −γ
δ
RθM −

√
τ

δ
Rθ diag(L) , (356)

where M ,L ∈ RK×K are the matrices with entries Mij = M(ti, tj) and Lij = L(ti, tj), and
diag(L) is the diagonal matrix with diagonal entries equal to those of L. Solving for M , we obtain

M = −
√
τδ(δI + γRθ)

−1Rθ diag(L) =
√
τδRℓ diag(L) . (357)

Next, we derive a closed equation for L(ti, tj). Multiplying Equation (336c) by rtj − r∗ − z and
taking the expectation, we have

L(ti, tj) = E[(wti − r∗ − z)(rtj − r∗ − z)]− γ

δ

i−1∑
k=0

Rθ(ti, tk)(L(tk, tj) +
√
τδM(tj , tk)) .

(358)

By Stein’s lemma, we have

E[(wti − r∗ − z)(rtj − r∗ − z)]

=

j∑
k=0

Cov(wti − r∗ − z, wtk)E
[
∂rtj

∂wtk

]
+Cov(wti − r∗ − z, r∗ + z)

(
E
[

∂rtj

∂(r∗ + z)

]
− 1

)

= γ

j−1∑
k=0

(Cθ(ti, tk)− Cθ(tk, ∗))Rℓ(tj , tk) + Cθ(ti, tj)− Cθ(tj , ∗)

− (Cθ(ti, ∗)− ρ2 − σ2)

(
γ

j−1∑
k=0

Rℓ(tj , tk) + 1

)
= Cθ(ti, tj)− Cθ(ti, ∗)− Cθ(tj , ∗) + ρ2 + σ2

+ γ

j−1∑
k=0

(Cθ(ti, tk)− Cθ(ti, ∗)− Cθ(tk, ∗) + ρ2 + σ2)Rℓ(tj , tk)

= C∗
θ (ti, tj) + σ2 + γ

j−1∑
k=0

(C∗
θ (ti, tk) + σ2)Rℓ(tj , tk) . (359)

Therefore, Equation (358) can be written in matrix form as

L = (C∗
θ + σ211T)(I + γRT

ℓ )−
γ

δ
Rθ(L+

√
τδMT) . (360)
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Solving for L, we obtain

L = δ(δI + γRθ)
−1(C∗

θ + σ211T)(I + γRT
ℓ )−

√
τδγ(δI + γRθ)

−1RθM
T

= (I + γRℓ)(C
∗
θ + σ211T)(I + γRT

ℓ ) + τδγRℓ diag(L)RT
ℓ , (361)

where we used that

I + γRℓ = I − γ(δI + γRθ)
−1Rθ = I − (δI + γRθ)

−1(δI + γRθ − δI)
= δ(δI + γRθ)

−1 . (362)

Continuous-time limit. Taking the continuous-time limit γ → 0 in Equations (337), (342), and
(347), we obtain

Rθ(t, t
′) = 1−

∫ t

t′

(
(1 + λ)Rθ(s, t

′) +

∫ s

t′
Rℓ(s, s

′)Rθ(s
′, t′) ds′

)
ds , (363)

Cθ(t, ∗) = ρ2
∫ t

0
Rθ(t, s)

(
1 +

∫ s

0
Rℓ(s, s

′) ds′
)
ds , (364)

C∗
θ (t, t

′) =
1

δ

∫ t

0

∫ t′

0
Rθ(t, s)Rθ(t

′, s′)Cℓ(s, s
′) ds′ ds+

1

ρ2
(Cθ(t, ∗)− ρ2)(Cθ(t′, ∗)− ρ2) .

(365)

Taking the continuous-time limit γ → 0 in Equations (348), (352), and (361), we obtain

Rℓ(t, t
′) = −1

δ

∫ t

t′
Rθ(t, s)Rℓ(s, t

′) ds− 1

δ
Rθ(t, t

′) , (366)

Cℓ(t, t
′) = L(t, t′) + τδ(Rℓ(t

′, t)L(t′, t′) +Rℓ(t, t
′)L(t, t) + L(t, t)δ(t− t′)) , (367)

L(t, t′) =

∫ t

0

∫ t′

0
(δ(t− s) +Rℓ(t, s))(δ(t

′ − s′) +Rℓ(t
′, s′))(C∗

θ (s, s
′) + σ2) ds′ ds

+ τδ

∫ t∧t′

0
Rℓ(t, s)Rℓ(t

′, s)L(s, s) ds . (368)

Here, δ(·) is the Dirac delta function.

E.3.2. SOLVING THE DMFT EQUATIONS

We now solve the DMFT equations derived in the previous section for ridge regression.

Lemma E.3 Define the function Ki(t) for i ≥ 0 as

Ki(t) :=

∫
xie−(x+λ)t dµMP(x) , (369)

where µMP is the Marchenko–Pastur law, whose density is given by Equation (330).
The solution of the DMFT equations for ridge regression (363)–(368) is given by

Rθ(t, t
′) = K0(t− t′) , Rℓ(t, t

′) = −1

δ
K1(t− t′) , (370)
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C∗
θ (t, t

′) = C∗
θ0(t, t

′) + τ

∫ t∧t′

0
K1(t+ t′ − 2s)L(s, s) ds , (371)

L(t, t′) = L0(t, t
′) + τ

∫ t∧t′

0
K2(t+ t′ − 2s)L(s, s) ds , (372)

where C∗
θ0 and L0 are given by

C∗
θ0(t, t

′) = ρ2
∫

(λ+ xe−(x+λ)t)(λ+ xe−(x+λ)t′)

(x+ λ)2
dµMP(x)

+
σ2

δ

∫
x

(x+ λ)2
(1− e−(x+λ)t)(1− e−(x+λ)t′) dµMP(x) , (373)

L0(t, t
′) = ρ2

∫
x
(λ+ xe−(x+λ)t)(λ+ xe−(x+λ)t′)

(x+ λ)2
dµMP(x)

+
σ2

δ

∫
(λ+ xe−(x+λ)t)(λ+ xe−(x+λ)t′)

(x+ λ)2
dµMP(x) +

δ − 1

δ
σ2 . (374)

Before proving Lemma E.3, we summarize the necessary background on the Laplace transform,
which is a useful technique for analyzing linear differential equations and will be used extensively in
the proof. Given a function f : R≥0 → R, its Laplace transform L[f ] = f is defined as

f(p) :=

∫ ∞

0
f(t)e−pt dt , (375)

for p ∈ C with sufficiently large real part for the integral to be convergent.
We state several of its basic properties used in the proof.

• Linearity: For f : R≥0 → R and a, b ∈ R, we have L[af + b] = aL[f ] + b.

• Laplace transforms of derivatives, integrals, and convolutions: For f, g : R≥0 → R, we have

L
[
f ′(t)

]
(p) = pf(p)− f(0) , (376)

L
[∫ t

0
f(s) ds

]
(p) =

f(p)

p
, (377)

L
[∫ t

0
f(t− s)g(s) ds

]
(p) = f(p)g(p) . (378)

• Laplace transform of the Dirac delta function: We have L[δ(t)](p) = 1, where δ(t) is the
Dirac delta function.

We also utilize a two-dimensional version of the Laplace transform, which is defined for
g : R2

≥0 → R as

g(p, q) :=

∫ ∞

0

∫ ∞

0
g(t, t′)e−pte−qt

′
dtdt′ , (379)

for p, q ∈ C with sufficiently large real parts for the integral to be convergent. Its properties are
similar to the one-dimensional case.
Proof We proceed as follows. First, we solve the equation for the noiseless case τ = 0 in the
frequency domain using the Laplace transform. Next, we perform the inverse Laplace transform to
obtain the time-domain solution for τ = 0. Along the way, we use ideas and techniques from the
random matrix theory. Finally, we solve the full equations for τ > 0.
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Solving in the frequency domain for τ = 0. Note that the equations for Rθ, Rℓ, and Cθ(·, ∗) do
not depend on τ and are thus the same for τ = 0 and τ > 0. Let C∗

θ0 and L0 be the solutions of
Equations (365) and (368) for τ = 0.

Since the equations for Rθ(t, t′) (363) and Rℓ(t, t′) (366) depend on time only through the time
difference t − t′, they are time-translation invariant, i.e., Rθ(t, t′) = Rθ(t − t′) and Rℓ(t, t′) =
Rℓ(t− t′). Therefore, they satisfy the following one-dimensional integral equations:

Rθ(t) = 1−
∫ t

0

(
(1 + λ)Rθ(s) +

∫ s

0
Rℓ(s− s′)Rθ(s′) ds′

)
ds , (380)

Rℓ(t) = −
1

δ
Rθ(t)−

1

δ

∫ t

0
Rθ(t− s)Rℓ(s) ds . (381)

Taking the Laplace transforms of these equations, we have

Rθ(p) =
1

p

(
1− (1 + λ)Rθ(p)−Rℓ(p)Rθ(p)

)
, (382)

Rℓ(p) = −
1

δ
Rθ(p)−

1

δ
Rθ(p)Rℓ(p) . (383)

Rearranging, we obtain

Rθ(p) = −
δ(1 + p+ λ)− 1−

√
(δ(1 + p+ λ)− 1)2 + 4δ(p+ λ)

2(p+ λ)
, (384)

Rℓ(p) = −
Rθ(p)

δ +Rθ(p)
=

(p+ λ)Rθ(p)− 1

δ
. (385)

Taking the Laplace transforms of the correlation functions in Equations (364), (365), and (368),
we have

Cθ(p, ∗) = ρ2Rθ(p) ·
1 +Rℓ(p)

p
, (386)

C
∗
θ0(p, q) =

1

δ
Rθ(p)Rθ(q)L0(p, q) +

1

ρ2

(
Cθ(p, ∗)−

ρ2

p

)(
Cθ(q, ∗)−

ρ2

q

)
, (387)

L0(p, q) = (1 +Rℓ(p))(1 +Rℓ(q))

(
C

∗
θ0(p, q) +

σ2

pq

)
. (388)

Simplifying these equations, we obtain

C
∗
θ0(p, q) =

ρ2(p+ λ)(q + λ)

pq

Rθ(p)Rθ(q)

1− δRℓ(p)Rℓ(q)
+
σ2

pq

δRℓ(p)Rℓ(q)

1− δRℓ(p)Rℓ(q)
, (389)

L0(p, q) =
ρ2δ(p+ λ)(q + λ)

pq

δRℓ(p)Rℓ(q)

1− δRℓ(p)Rℓ(q)

+
σ2(p+ λ)(q + λ)

δpq

Rθ(p)Rθ(q)

1− δRℓ(p)Rℓ(q)
+
δ − 1

δ

σ2

pq
. (390)

Using the relation

1− δRℓ(p)Rℓ(q) =
(q − p)Rθ(p)Rθ(q)
Rθ(p)−Rθ(q)

, (391)
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we have

Rθ(p)Rθ(q)

1− δRℓ(p)Rℓ(q)
=
Rθ(p)−Rθ(q)

q − p
,

δRℓ(p)Rℓ(q)

1− δRℓ(p)Rℓ(q)
=
Rℓ(q)−Rℓ(p)

q − p
. (392)

Thus, we obtain

C
∗
θ0(p, q) =

ρ2(p+ λ)(q + λ)

pq

Rθ(p)−Rθ(q)
q − p

+
σ2

pq

Rℓ(q)−Rℓ(p)
q − p

, (393)

L0(p, q) =
ρ2δ(p+ λ)(q + λ)

pq

Rℓ(q)−Rℓ(p)
q − p

+
σ2(p+ λ)(q + λ)

δpq

Rθ(p)−Rθ(q)
q − p

+
δ − 1

δ

σ2

pq
.

(394)

Solving in the time domain for τ = 0. We now perform the inverse Laplace transform to obtain the
time-domain solution. Before proceeding, we introduce Stieltjes transform. The Stieltjes transform
S : C \ I → C of a (signed) measure µ on an interval I ⊆ R is defined as follows:

S(z) =

∫
I

1

x− z
dµ(x) . (395)

We check that the time-domain solution stated in Lemma E.3 has the same Laplace transform as
the frequency-domain solution obtained above. First, we take the Laplace transform of Rθ to obtain∫ ∞

0
Rθ(t)e

−pt dt =

∫ ∞

0

(∫
e−(x+λ+p)t dµMP(x)

)
dt =

∫ (∫ ∞

0
e−(x+λ+p)t dt

)
dµMP(x)

=

∫
1

x+ λ+ p
dµMP(x) = SMP(−(p+ λ)) . (396)

Here, SMP(z) is the Stieltjes transform of the Marchenko–Pastur law which is given by

SMP(z) =
δ(1− z)− 1−

√
(δ(1− z)− 1)2 − 4δz

2z
. (397)

Setting z = −(p+ λ), we obtain Rθ(p) given in Equation (384).
Next, we check Rℓ.∫ ∞

0
Rℓ(t)e

−pt dt = −1

δ

∫
x

x+ p+ λ
dµMP(x) = −

1

δ
(−(p+ λ)SMP(−(p+ λ)) + 1) , (398)

which is equal to Rℓ(p) in Equation (385).
Finally, we check C∗

θ0 and L0. Define F1(t, t
′), F2(t, t

′) as follows:

F1(t, t
′) = K0(t+ t′) , F2(t, t

′) =
1

δ
K1(t+ t′) . (399)

The Laplace transforms of these functions are∫ ∞

0

∫ ∞

0
F1(t, t

′)e−pt−qt
′
dtdt′ =

∫
1

(x+ p+ λ)(x+ q + λ)
dµMP(x) =

Rθ(p)−Rθ(q)
q − p

,

(400)
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∫ ∞

0

∫ ∞

0
F2(t, t

′)e−pt−qt
′
dtdt′ =

1

δ

∫
x

(x+ p+ λ)(x+ q + λ)
dµMP(x) =

Rℓ(q)−Rℓ(p)
q − p

.

(401)

Furthermore, we have

L−1

[
(p+ λ)(q + λ)

pq

Rθ(p)−Rθ(q)
q − p

]
= L−1

[
(p+ λ)(q + λ)

pq
F 1(p, q)

]
=

∫ t

0

∫ t′

0
(δ(t− s) + λ)(δ(t′ − s′) + λ)K0(s+ s′) ds′ dt′

=

∫
(λ+ xe−(x+λ)t)(λ+ xe−(x+λ)t′)

(x+ λ)2
dµMP(x) , (402)

L−1

[
1

pq

Rℓ(q)−Rℓ(p)
q − p

]
= L−1

[
F 2(p, q)

pq

]
=

1

δ

∫ t

0

∫ t′

0
K1(s, s

′) ds′ ds

=
1

δ

∫
x

(x+ λ)2
(1− e−(x+λ)t)(1− e−(x+λ)t′) dµMP(x) ,

(403)

L−1

[
(p+ λ)(q + λ)

pq

Rℓ(q)−Rℓ(p)
q − p

]
= L−1

[
(p+ λ)(q + λ)

pq

F 2(p, q)

pq

]
=

1

δ

∫ t

0

∫ t′

0
(δ(t− s) + λ)(δ(t′ − s′) + λ)K1(s, s

′) ds′ dt′

=
1

δ

∫
x
(λ+ xe−(x+λ)t)(λ+ xe−(x+λ)s)

(x+ λ)2
dµMP(x) .

(404)

Thus, by Equations (393) and (394), we have the desired expressions for C∗
θ0 and L0.

Solving for τ > 0. Equations for ∆C∗
θ (t, t

′) := C∗
θ (t, t

′)− C∗
θ0(t, t

′) and ∆L(t, t′) := L(t, t′)−
L0(t, t

′) are given by

∆C∗
θ (t, t

′)

=
1

δ

∫ t

0

∫ t′

0
Rθ(t− s)Rθ(t′ − s′)∆L(s, s′) ds′ ds

+ τ

∫ t

0

∫ t′

0
Rθ(t− s)Rθ(t′ − s)(Rℓ(s− s′)L(s′, s′) +Rℓ(s

′ − s)L(s, s) + L(s, s′)δ(s− s′)) ds′ ds ,

(405)

and

∆L(t, t′) =
1

δ

∫ t

0

∫ t′

0
(δ(t− s) +Rℓ(t− s))(δ(t′ − s′) +Rℓ(t

′ − s′))∆C∗
θ (s, s

′) ds′ ds

+ τ

∫ t

0

∫ t′

0
Rℓ(t− s)Rℓ(t′ − s)L(s, s) ds . (406)
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Define L′(t, t′) := L(t, t)δ(t− t′). Taking the Laplace transform of these equations, we obtain

∆C
∗
θ(p, q) =

1

δ
Rθ(p)Rθ(q)∆L(p, q) + τRθ(p)Rθ(q)(1 +Rℓ(p) +Rℓ(q))L

′
(p, q) , (407)

∆L(p, q) = (1 +Rℓ(p))(1 +Rℓ(q))∆C
∗
θ(p, q) + τδRℓ(p)Rℓ(q)L

′
(p, q) . (408)

Further simplification gives

∆C
∗
θ(p, q) =

δ2Rℓ(p)Rℓ(q)

1− δRℓ(p)Rℓ(q)
τL

′
(p, q) =

δ(Rℓ(q)−Rℓ(p))
q − p

τL
′
(p, q) , (409)

∆L(p, q) =
δ(δ(Rℓ(p) +Rℓ(q)) + δ + 1)Rℓ(p)Rℓ(q)

1− δRℓ(p)Rℓ(q)
τL

′
(p, q)

=
(δRℓ(q)

2 + (δ + 1)Rℓ(q))− (δRℓ(p)
2 + (δ + 1)Rℓ(p))

q − p
τL

′
(p, q) . (410)

We perform the inverse Laplace transform. For ∆C∗
θ(p, q), we have

∆C∗
θ (t, t

′) = τδ

∫ t

0

∫ t′

0
F2(t− s, t′ − s′)L′(s, s′) ds′ ds = τ

∫ t∧t′

0
K1(t+ t′ − 2s)L(s, s) ds ,

(411)

and we obtain Equation (371). For ∆L(p, q), we use that∫ ∞

0

∫ ∞

0
K2(t+ t′)e−pt−qt

′
dt′ dt =

∫
x2

(x+ λ+ p)(x+ λ+ q)
dµMP(x)

=
(δRℓ(q)

2 + (δ + 1)Rℓ(q))− (δRℓ(p)
2 + (δ + 1)Rℓ(p))

q − p
,

(412)

and proceeding similarly, we obtain Equation (372).

Finally, we prove Proposition E.2. The asymptotic train and test errors can be expressed in terms
of the DMFT solution as

L (θt) =
1

n

n∑
i=1

(xT
i θ

t − yi)2 → E[(rt − r∗ − z)2] = L(t, t) , (413)

R(θt) =
1

d
∥θt − θ∗∥22 + σ2 → E[(θt − θ∗)2] + σ2 = C∗

θ (t, t) + σ2 . (414)

By Lemma E.3, the asymptotic train and test errors L (t) := L(t, t) and R(t) := C∗
θ (t, t) + σ2

satisfy

L (t) = L0(t) + τ

∫ t

0
K2(2(t− s))L (s) ds , R(t) = R0(t) + τ

∫ t

0
K1(2(t− s))L (s) ds ,

(415)
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where L0(t) := L0(t, t) and R0(t) := C∗
θ0(t, t) + σ2 are the asymptotic train and test errors for the

noiseless case τ = 0, which can be written explicitly as

L0(t) = ρ2
∫
x(λ+ xe−(x+λ)t)2

(x+ λ)2
dµMP(x) +

σ2

δ

∫
(λ+ xe−(x+λ)t)2

(x+ λ)2
dµMP(x) +

δ − 1

δ
σ2 ,

(416)

R0(t) = ρ2
∫

(λ+ xe−(x+λ)t)2

(x+ λ)2
dµMP(x) +

σ2

δ

∫
x

(x+ λ)2
(1− e−(x+λ)t)2 dµMP(x) + σ2 .

(417)

Setting Hi(t) := Ki(2t), we obtain Equations (332)–(334). This concludes the proof of Proposi-
tion E.2.

Appendix F. Details of Numerical Simulations

We numerically solve the discretized DMFT equation given in Appendix B.2 using Monte Carlo
sampling. Instead of directly working with the system Sγ given in Appendix B.2, we work with
the equivalent system (33), as it is simpler to implement. We solve Equation (33) by iterating the
following steps until convergence:

0. Start with a random guess of the DMFT solution (Cθ, Rθ).

1. Given the current estimate of (Cθ, Rθ), sample M instances of the stochastic processes rti and
∂ℓti(r

ti ; z)/∂wtj , and compute the functions (Cℓ, Rℓ,Γ) by averaging over the samples.

2. Given the current estimate of (Cℓ, Rℓ,Γ), sample M instances of the stochastic processes θti
and ∂θti/∂utj , and compute the functions C̃θ and R̃θ by averaging over the samples.

3. Update the DMFT solution as (Cθ, Rθ)← (1− α)(Cθ, Rθ) + α(C̃θ, R̃θ) where α ∈ (0, 1] is
a damping factor.

In our experiments, we set the number of samples to M = 8000, the damping factor to α = 0.8, and
the time step to γ = 0.05. We observe that the above iteration converges in around 10 iterations for
the settings considered in this paper.

For the logistic regression setting with ℓt(r, r∗; z) = −y/(1+exp(yr)) where y = sign(r∗+ z),
there is an issue with computing the function Rℓ(ti, ∗) = E[∂ℓti(rti , r∗; z)/∂r∗] due to the non-
differentiability of ℓ with respect to r∗ at r∗ = −z. However, we can avoid the differentiation by r∗

entirely by (heuristically) using Stein’s lemma:

E[r∗ℓti(r
ti , r∗; z)] =

i−1∑
j=0

Cov(r∗, wtj )E
[
∂ℓti(r

ti , r∗; z)

∂wtj

]
+Cov(r∗, r∗)E

[
∂ℓti(r

ti , r∗; z)

∂r∗

]

= γ

i−1∑
j=0

Cℓ(tj , ∗)Rℓ(ti, tj) + ρ2Rℓ(ti, ∗) , (418)

and computing Rℓ(ti, ∗) as

Rℓ(ti, ∗) =
1

ρ2

E[r∗ℓti(r
ti , r∗; z)]− γ

i−1∑
j=0

Rℓ(ti, tj)Cℓ(tj , ∗)

 , (419)
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and calculating the expectation using Monte Carlo integration.

Appendix G. Discretization of SDEs in High Dimensions

In this section, we analyze the discretization error of a general stochastic differential equation in high
dimensions. The results presented here are used in the proof of Lemma D.1.

Let T > 0, b : [0, T ]× Rd → Rd, and σ : [0, T ]× Rd → Rd×n. Consider the following SDE in
Rd:

dθt = b(t,θt) dt+ σ(t,θt) dW t , (420)

with given initial condition θ0 ∈ Rd. Here, W t ∈ Rn is a Brownian motion.
We discretize the SDE using the Euler–Maruyama method with step size γ > 0 as follows:

θ
tk+1
γ = θtkγ + b(tk,θ

tk
γ )γ + σ(tk,θ

tk
γ )(W tk+1 −W tk) , θ0

γ = θ0 , (421)

where tk := kγ.
There is a standard result [35, Theorem 10.2.2] for bounding the difference between θt and θtγ .

However, they treat n, d as constants, and the dependence of the bound on n, d is not obvious. Here,
we show a bound that explicitly tracks the dependence on n, d.

Assumption G.1 There exists a constant L > 0 independent of n and d such that the following
hold.

1. (Proportional asymptotics): 1/L ≤ n/d ≤ L.

2. (Lipschitz continuity): ∥b(t1,x1)−b(t2,x2)∥22+∥σ(t1,x1)−σ(t2,x2)∥2F ≤ L(d(t1−t2)2+
∥x1 − x2∥22) for t1, t2 ∈ [0, T ], x1,x2 ∈ Rd.

3. (Linear growth): ∥b(t,x)∥22 + ∥σ(t,x)∥2F ≤ L(d+ dt2 + ∥x∥22) for t ∈ [0, T ], x ∈ Rd.

Lemma G.2 (Norm bound on the discretized SDE iterates) Under Assumption G.1 and γ < 1,
there exists a constant C := C(L) > 0 independent of n, d, T, γ such that the following holds.

E
[

max
0≤k≤⌊T/γ⌋

∥θtkγ ∥22
]
≤ eCT (Td+ ∥θ0∥22) . (422)

Proof For notational simplicity, we denote K := ⌊T/γ⌋, θk := θtkγ , bk := b(tk,θ
tk
γ ), σk :=

σ(tk,θ
tk
γ ), and ξk := W tk+1 −W tk . From Equation (421), we have

∥θk+1∥22 = ∥θk∥22 + 2γθkTbk + γ2∥bk∥22 + ∥σkξk∥22 + 2(θk + γbk)Tσkξk . (423)

Summing over k steps, we have

∥θk∥22 = ∥θ0∥22 +
k−1∑
j=0

(
2γθjTbj + γ2∥bj∥22 + ∥σjξj∥22

)
︸ ︷︷ ︸

=:Ak

+
k−1∑
j=0

2(θj + γbj)Tσjξj︸ ︷︷ ︸
=:Mk

. (424)
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We first bound Ak. We have

max
0≤k≤K

|Ak| ≤
K−1∑
j=0

(
2γ|θjTbj |+ γ2∥bj∥22 + ∥σjξj∥22

)
. (425)

By the linear growth condition, we have

2γ|θjTbj |+ γ2∥bj∥22 ≤ 2γ∥θj∥22 + (2γ + γ2)∥bj∥22 ≤ Cγ((1 + T 2)d+ ∥θj∥22) . (426)

Using the covariance of ξj ∼ N(0, γI) and the linear growth condition, we have

E[∥σjξj∥22 | F j ] = γ∥σj∥2F ≤ Cγ((1 + T 2)d+ ∥θj∥22) , (427)

where F j is the filtration generated by {ξ0, . . . , ξj−1}. Thus, taking the expectation, we have

E
[
max

0≤k≤K
|Ak|

]
≤ Cγ

K−1∑
j=0

((1 + T 2)d+ E∥θj∥22) . (428)

Next, we bound Mk. Notice that Mk is a martingale with respect to the filtration Fk since E[ξj |
F j ] = 0. Thus, by the Burkholder–Davis–Gundy inequality, we have

E
[
max

0≤k≤K
|Mk|

]
≤ C E

K−1∑
j=0

E
[(

2(θj + γbj)Tσjξj
)2
| F j

]1/2

= C E

K−1∑
j=0

4γ∥(θj + γbj)Tσj∥22

1/2

= C E

γ K−1∑
j=0

∥θj + γbj∥22∥σj∥2F

1/2

≤ C E

( max
0≤k≤K

∥θk + γbk∥22
)1/2

γ K−1∑
j=0

∥σj∥2F

1/2


≤ C E

(γ2(1 + T 2)d+ max
0≤k≤K

∥θk∥22
)1/2

γ K−1∑
j=0

((1 + T 2)d+ ∥θj∥22)

1/2
 ,

(429)

where we used the linear growth condition in the last line. By Young’s inequality, we have

E
[
max

0≤k≤K
|Mk|

]
≤ 1

2

(
γ2(1 + T 2)d+ E

[
max

0≤k≤K
∥θk∥22

])
+ Cγ

K−1∑
j=0

((1 + T 2)d+ E∥θj∥22) .

(430)
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Combining Equations (428) and (430), we have

E
[
max

0≤k≤K
∥θk∥22

]
≤ ∥θ0∥22 + Cγ2(1 + T 2)d+ Cγ

K−1∑
j=0

((1 + T 2)d+ E∥θj∥22) +
1

2
E
[
max

0≤k≤K
∥θk∥22

]
.

(431)

Rearranging the terms, we have

E
[
max

0≤k≤K
∥θk∥22

]
≤ C(T (1 + T 2)d+ ∥θ0∥22) + Cγ

K−1∑
j=0

E
[
max
0≤j≤k

∥θj∥22
]
. (432)

The bound (422) follows by applying Grönwall’s inequality and absorbing 1+T 2 into the exponential
factor eCT .

Remark G.3 Lemma G.2 holds verbatim to the case where the Gaussian increments W tk+1 −W tk

are replaced by independent random vectors ξk ∈ Rn with E[ξk] = 0 and E[ξkξkT] = γIn, as the
proof only uses up to the second moment of the increments.

Lemma G.4 (Strong approximation of SDE) Under Assumption G.1 and γ < 1, there exists a
constant C := C(L) > 0 that does not depend on n, d, T, γ such that the following holds.

E

[
sup

0≤t≤T
∥θt − θtγ∥22

]
≤ eCTγ(Td+ ∥θ0∥22) . (433)

Proof Equation (420) can be written as

θt = θ0 +

∫ t

0
b(s,θs) ds+

∫ t

0
σ(s,θs) dW s . (434)

Let ⌊t⌋ := max{kγ | kγ ≤ t, k ∈ N} and consider the following stochastic process that embeds
Equation (421) into continuous time.

θtγ = θ0 +

∫ t

0
b(⌊s⌋,θ⌊s⌋

γ ) ds+

∫ t

0
σ(⌊s⌋,θ⌊s⌋

γ ) dW s . (435)

Using Itô’s lemma on ∥θt − θtγ∥22, we have

∥θt − θtγ∥22 = 2

∫ t

0
(θs − θsγ)

T(b(s,θs)− b(⌊s⌋,θ⌊s⌋
γ )) ds

+

∫ t

0
∥σ(s,θs)− σ(⌊s⌋,θ⌊s⌋

γ )∥2F ds+M t , (436)

M t := 2

∫ t

0
(θs − θsγ)

T(σ(s,θs)− σ(⌊s⌋,θ⌊s⌋
γ )) dW s . (437)

By the Lipschitz assumption, we have

2(θs − θsγ)
T(b(s,θs)− b(⌊s⌋,θ⌊s⌋

γ )) ≤ ∥θs − θsγ∥22 + ∥b(s,θs)− b(⌊s⌋,θ⌊s⌋
γ )∥22
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≤ C(γ2d+ ∥θs − θ⌊s⌋
γ ∥22) , (438)

∥σ(s,θs)− σ(⌊s⌋,θ⌊s⌋
γ )∥2F ≤ C(γ2d+ ∥θs − θ⌊s⌋

γ ∥22) . (439)

Therefore, we have

E

[
sup

0≤t≤T
∥θt − θtγ∥22

]
≤ C

∫ T

0
(γ2d+ E∥θs − θ⌊s⌋

γ ∥22) ds+ E

[
sup

0≤t≤T
|M t|

]
. (440)

We next bound the martingale term M t. By the Burkholder–Davis–Gundy inequality,

E

[
sup

0≤t≤T
|M t|

]
≤ C E

[(
4

∫ T

0
∥(θs − θsγ)

T(σ(s,θs)− σ(⌊s⌋,θ⌊s⌋
γ ))∥22 ds

)1/2
]

≤ C E

[(∫ T

0
∥θs − θsγ∥22∥σ(s,θs)− σ(⌊s⌋,θ⌊s⌋

γ )∥2F ds

)1/2
]

≤ C E

( sup
0≤t≤T

∥θt − θtγ∥22

)1/2(∫ T

0
(γ2d+ ∥θs − θ⌊s⌋

γ ∥22) ds
)1/2


≤ 1

2
E

[
sup

0≤t≤T
∥θt − θtγ∥22

]
+ C

∫ T

0
(γ2d+ E∥θs − θ⌊s⌋

γ ∥22) ds . (441)

In the last line, we used Young’s inequality. Therefore, we have

E

[
sup

0≤t≤T
∥θt − θtγ∥22

]
≤ C

∫ T

0
(γ2d+ E∥θs − θ⌊s⌋

γ ∥22) ds+
1

2
E

[
sup

0≤t≤T
∥θt − θtγ∥22

]
. (442)

By rearranging the terms, we have

E

[
sup

0≤t≤T
∥θt − θtγ∥22

]
≤ Cγ2Td+ C

∫ T

0
E∥θs − θ⌊s⌋

γ ∥22 ds . (443)

Finally, we have ∥θs − θ
⌊s⌋
γ ∥22 ≤ 2∥θs − θsγ∥22 + 2∥θsγ − θ

⌊s⌋
γ ∥22 and

θsγ − θ⌊s⌋
γ = b(⌊s⌋,θ⌊s⌋

γ )(s− ⌊s⌋) + σ(⌊s⌋,θ⌊s⌋
γ )(W s −W ⌊s⌋) . (444)

By the linear growth condition and Lemma G.2, we have

E∥θsγ − θ⌊s⌋
γ ∥22 ≤ Cγ2 E∥b(⌊s⌋,θ⌊s⌋

γ )∥22 + Cγ E∥σ(⌊s⌋,θ⌊s⌋
γ )∥2F

≤ Cγ(d+ E∥θ⌊s⌋
γ ∥22) ≤ eCTγ(d+ ∥θ0∥22) . (445)

Combining the above bounds, we have

E

[
sup

0≤t≤T
∥θt − θtγ∥22

]
≤ eCTγ(Td+ ∥θ0∥22) + C

∫ T

0
E
[
sup
0≤s≤t

∥θs − θsγ∥22
]
dt . (446)

Applying Grönwall’s inequality, we obtain the bound (433).
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