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ABSTRACT

We study the gap-dependent bounds of two important algorithms for on-policy Q-
learning for finite-horizon episodic tabular Markov Decision Processes (MDPs):
UCB-Advantage (Zhang et al. 2020) and Q-EarlySettled-Advantage (Li et al.
2021). UCB-Advantage and Q-EarlySettled-Advantage improve upon the results
based on Hoeffding-type bonuses and achieve the almost optimal v/7-type regret
bound in the worst-case scenario, where 7' is the total number of steps. How-
ever, the benign structures of the MDPs such as a strictly positive suboptimality
gap can significantly improve the regret. While gap-dependent regret bounds have
been obtained for ()-learning with Hoeffding-type bonuses, it remains an open
question to establish gap-dependent regret bounds for ()-learning using variance
estimators in their bonuses and reference-advantage decomposition for variance
reduction. We develop a novel error decomposition framework to prove gap-
dependent regret bounds of UCB-Advantage and Q-EarlySettled-Advantage that
are logarithmic in 7" and improve upon existing ones for ()-learning algorithms.
Moreover, we establish the gap-dependent bound for the policy switching cost of
UCB-Advantage and improve that under the worst-case MDPs. To our knowl-
edge, this paper presents the first gap-dependent regret analysis for ()-learning
using variance estimators and reference-advantage decomposition and also pro-
vides the first gap-dependent analysis on policy switching cost for ()-learning.

1 INTRODUCTION

Reinforcement Learning (RL) (Sutton & Barto, 2018) is a subfield of machine learning focused
on sequential decision-making. Often modeled as a Markov Decision Process (MDP), RL tries to
obtain an optimal policy through sequential interactions with the environment. It finds applications
in various fields, such as games (Silver et al. 2016} 2017; 2018} |Vinyals et al.l [2019), robotics
(Kober et al.| [2013; |Gu et al.,|2017), and autonomous driving (Yurtsever et al.| [2020).

In this paper, we focus on the on-policy RL tailored for episodic tabular MDPs with inhomogeneous
transition kernels. Specifically, the agent interacts with an episodic MDP consisting of S states,
A actions, and H steps per episode. The regret information bound for any MDP above and any
learning algorithm with K episodes is O(vV H2SAT) where T' = K H denotes the total number
of steps (Jin et al.l 2018). Multiple RL algorithms in the literature (e.g. |[Zhang et al.| (2020); |L1
et al. (2021); Zhang et al. (2024)) have reached a near-optimal v/T-type regret that matches the
information bound up to logarithmic factors, which acts as a worst-case guarantee.

In practice, RL algorithms often perform better than their worst-case guarantees, as such guaran-
tees can be significantly improved under MDPs with benign structures (Zanette & Brunskill, [2019).
This motivates the problem-dependent analysis for algorithms that exploit the benign MDPs (e.g.,
Wagenmaker et al.| (2022a)); Zhou et al.|(2023)); Zhang et al.[(2024))). One of the benign structures is
based on the dependency on the positive suboptimality gap: for every state, the best action outper-
forms others by a margin. It is important because nearly all non-degenerate environments with finite
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action sets satisfy some sub-optimality gap conditions (Yang et al.l [2021). Recently, |Simchowitz
& Jamieson| (2019) proved the log T-type regret if there exists a strictly positive suboptimality gap.
Since then, the gap-dependent regret analysis has been widely studied, for example, Dann et al.
(2021);|Yang et al.| (2021)); Xu et al.| (2021)); [Wang et al.|(2022); He et al.| (2021}, etc.

Model-free RL algorithms, the focus of this paper, are also called ()-learning algorithms and di-
rectly learn the optimal action value function (Q-function) and state value function (V' -function) to
optimize the policy. It is widely used in practice due to its easy implementation (Jin et al.|[2018) and
the lower memory requirement that scales linearly in S while that for model-based algorithms scales
quadratically. However, the literature on gap-dependent analysis for (-learning is quite sparse. [Yang
et al.| (2021) studied the gap-dependent regret of the UCB-Hoeffding algorithm (Jin et al.,|2018]), the
first model-free algorithm with a worst-case v/T-type regret in the literature, and presented the first
log T'-type regret bound for model-free algorithms:

6
0 (H SAAlog(SAT)> . 0

where A, is defined as the minimum nonzero suboptimality gap for all the state-action-step triples.

Xu et al.| (2021)) proposed the multi-step bootstrapping algorithm and showed the same dependency
on the minimum gap as [Yang et al.| (2021). Both papers used the simple Hoeffding-type bonuses
for explorations in the algorithm design. However, their analysis frameworks based on Hoeffding-
type bonuses cannot be directly applied to study two important (-learning algorithms that improve
the regrets of Jin et al.| (2018)) and achieve the almost optimal worst-case regret: UCB-Advantage
(Zhang et al.l 2020) and Q-EarlySettled-Advantage (Li et al.,2021). In particular, UCB-Advantage
and Q-EarlySettled-Advantage use variance estimators in their bonuses and reference-advantage de-
composition for variance reduction. It remains an important open question whether such techniques
can improve gap-dependent regret:

Is it possible to establish a potentially improved gap-dependent regret bound for Q-learning using
variance estimators in the bonuses and reference-advantage decomposition?

This is a challenging task due to several non-trivial difficulties. In particular, bounding the weighted
sum of the errors of the estimated (Q-functions is necessary to establish the gap-dependent regret
bounds for UCB-Advantage and Q-EarlySettled-Advantage, which is very difficult as it involves the
estimated reference and advantage functions and the bonuses that include variance estimators for
both functions. However, the analysis framework of |Xu et al.| (2021)) for their non-optimism algo-
rithm cannot bound the weighted sum of such errors, and the analysis frameworks in all optimism-
based model-free algorithms including Jin et al.| (2018); Zhang et al.| (2020); [Li et al.| (2021); [Yang
et al.|(2021) can only bound the weighted sum under the simple Hoeffding-type bonus.

Besides the regret, the policy switching cost is also an important evaluation criterion for on-policy
RL, especially in applications with restrictions on policy switching such as compiler optimization
(Ashourt et al.l |2018)), hardware placements (Mirhoseini et al.,[2017)), database optimization (Krish-
nan et al., |2018)), and material discovery (Nguyen et al., [2019). Under the worst-case MDPs, Bai
et al.|(2019) modified the algorithms inJin et al.|(2018]) to reach a switching cost of O(H3SA logT),
and UCB-Advantage (Zhang et al., [2020) reached an improved switching cost of O(H2SAlog T')
due to the stage design in @)-function update, both improving upon the cost of ©(K) for regular
Q-learning algorithms (e.g. [Jin et al| (2018))). To our knowledge, none of existing works study
gap-dependent switching cost for (-learning algorithms, leaving this as an open question..

Summary of our contributions. In this paper, we give an affirmative answer to the open questions
above by establishing gap-dependent regret bound for UCB-Advantage (Zhang et al.| [2020) and
Q-EarlySettled-Advantage (Li et al., [2021) as well as a gap-dependent policy switching cost for
UCB-Advantage. For (Q-learning, this paper provides the first gap-dependent regret analysis with
both variance estimators and variance reduction and the first gap-dependent policy switching cost.

Our detailed contributions are summarized as follows.

« Improved Gap-Dependent Regret. Denote Q* € [0, H?] as the maximum conditional variance
for the MDP and 8 € (0, H] as the hyper-parameter to settle the reference function. We prove that
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UCB-Advantage guarantees a gap-dependent expected regret of

(Q* + B2H) H3SAlog(SAT) ~ H®S?Alog(SAT)log(T)
0 + , 2
Amin 62
and Q-EarlySettled-Advantage guarantees a gap-dependent expected regret of
(Q* + B°H) H*SAlog(SAT) = H7SAlog?(SAT)
0 — + ; . 3)

These results are logarithmic in 7 and better than the worst-case \/T-type regret in
/hang et al| (2020); |Li et al. (2021). They also have a common gap-dependent term
0 ((Q* + p?H) H3SA/Apin) where O(-) hides logarithmic factors. The other term in either
Equation () or Equation (3) is gap-free. Our result is also better than Equation for [Yang
et al.| (2021); Xu et al.| (2021) in the following ways. (a) Under the worst-case Q* = O(H?)
and setting 3 = O(1/v/H) as in Zhang et al. (2020) or 3 = O(1) as in [Li et al| (2021),
0) ((Q* + B2H) H3SA)/Apin) becomes O(H®S A/ Apin ), which is better than Equation (1) by
a factor of H. (b) Under the best variance Q* = 0 which will happen when the MDP is deter-
ministic, our regret in Equation (3) can linearly depend on O(A;i}]/ 3), which is intrinsically better
than the dependency on A;&l in Equation . (c) Since our gap-free terms also logarithmically
depend on T', they are smaller than Equation (I) when A, is sufficiently small.

* Gap-Dependent Policy Switching Cost. We can prove that for any § € (0, 1), with probability
at least 1 — 9, the policy switching cost for UCB-Advantage is at most

T H*S Az log(84L
O H|Dop|log (+1>+H|D§ptlog 85 ) ) ).
H|D°pl| 5 |D§pt|Amin

Here, D is a subset of all state-action-step triples and represents all triples such that the ac-
tion is optimal. D¢, is its complement, and | - | gives the cardinality of the set. Next, we compare
Equation (4)) with the worst-case cost of O(H3S Alog T') in[Bai et al. (2019) and O(H>S Alog T)
in Zhang et al.| (2020). Since |Dyy| < HSA for non-degenerate MDPs, our first term in Equa-
tion (@) is better than the worst-case cost. Specifically, when each state has a unique optimal
action so that | Dy | = H S, it implies the improvement by removing a factor of A compared with
O(H?SAlogT). This improvement is significant in applications with a large action space (e.g.
recommender systems (Covington et al.|2016) and text-based games (Bellemare et al.,[2013))). For
the second term where |D§pt| < HSA in Equation || we also improve log T to loglog T', and
the significance of such improvement is pointed out by [Qiao et al.|(2022);[Zhang et al.| (2022b).

4)

* Technical Novelty and Contributions.

For gap-dependent regret analysis, we develop an error decomposition framework that separates
errors in reference estimations, advantage estimations, and reference settling. This helps bound
the weighted sums mentioned above. We creatively handle the separated terms in the following
way. (a) We relate the empirical errors and the bonus for reference estimations to Q* to avoid
using their upper bounds ©(H?). This leverages the variance estimators. (b) When trying to
bound the errors in reference and advantage estimations, we tackle the non-martingale difficulty,
originating from the settled reference functions that depend on the whole learning process, with
our novel surrogate reference functions so that the empirical estimations become martingale sums.
To the best of our knowledge, we are the first to construct martingale surrogates in the literature
for Q-learning using reference-advantage decomposition.

For the gap-dependent policy switching cost, we explore the unbalanced number of visits to states
paired with optimal or suboptimal actions, which leads to the two terms in Equation (4).

2 PRELIMINARIES

Throughout this paper, for any C' € N, we use [C] to denote the set {1,2,...C}. We use I[z] to
denote the indicator function, which equals 1 when the event x is true and 0 otherwise.
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Tabular episodic Markov decision process (MDP). A tabular episodic MDP is denoted as M :=
(S, A, H,P,r), where S is the set of states with |S| = S, A is the set of actions with |A| = A, H
is the number of steps in each episode, P := {P,}L, is the transition kernel so that P, (- | s,a)
characterizes the distribution over the next state given the state action pair (s, a) at step h, and
r:= {rp}}L, are the deterministic reward functions with 1, (s, a) € [0, 1].

In each episode, an initial state s; is selected arbitrarily by an adversary. Then, at each step h € [H],
an agent observes a state s;, € S, picks an action a;, € A, receives the reward 7, = 7 (sp, ap)
and then transits to the next state s 1. The episode ends when an absorbing state sy ; is reached.
Later on, for ease of presentation, when we describe s, a, h, k along with “any, each, all” or “V”, we
will omit the sets S, A, [H], [K]. We denote P o . f = Eg, ., ~p,(|s,0)(f(Sht1)l8n = 5,an = a),
Vsanf =Psanf? — (Psanf)?and 1,f = f(s),V(s,a, h) for any function f : S — R.

Policies, state value functions, and action value functions. A policy 7 is a collection of H func-
tions {7Th S — AA} he[H]’ where A“ is the set of probability distributions over .A. A policy is
deterministic if for any s € S, 7, (s) concentrates all the probability mass on an action a € A. In
this case, we denote 7,(s) = a. We use V™ : S — R to denote the state value function at step h
under policy . Mathematically, V" (s) := Zgzh B, ay)~(@m) [Th (81, ans) | sn = s]. We also
use QF : S x A — Rto denote the state-action value function at step h, i.e., Q7 (s, a) := rp(s,a) +
Zﬁ:hﬂ Es,ap )~ @) [Th (Shryan) | sn = s, an = a] . |Azar et al[(2017) proved that there al-
ways exists an optimal policy 7* that achieves the optimal value V;*(s) = sup, V7 (s) = V™ (s)
forall s € S and h € [H]. The Bellman equation and the Bellman optimality equation are

Vi (s) = Eanm,(5)[@F (5, 0)] Vii(s) = maxqrea Q(s,a’)
Q7 (s,a) :==rp(s,a) + Ps o, V)7 and Qy(s,a) ==rp(s,a) + PsanViiy )
Vii1(s) =0,Y(s,a,h) Vii1(s) =0,Y(s,a,h).

For any problem with K episodes, let 7% be the policy adopted in the k-th episode, and s be the
corresponding initial state. The regret over T = H K steps is Regret(T') := Zszl (V- Vfrk) (s¥).

Suboptimality Gap. For any given MDP, we can provide the following formal definition.
Definition 2.1. For any (s, a, h), the suboptimality gap is defined as Ay (s, a) := V7 (s) — Q% (s, a).
Equation (5) implies that Ay, (s,a) > 0,V(s,a,h). Then it is natural to define the minimum gap,
which is the minimum non-zero suboptimality gap with regard to all (s, a, h).

Definition 2.2. We define the minimum gap as Ay, := inf{Ay(s,a) : Ap(s,a) > 0,Y(s,a,h)}.
We remark that if {Ap(s,a) : Ap(s,a) > 0,Y(s,a,h)} = 0, then all actions are optimal, leading
to a degenerate MDP. Therefore, we assume that the set is nonempty and A, > 0. Definitions 2.1
and[2.2]and the non-degeneration are standard in the literature on gap-dependent analysis (e.g. [Sim-
chowitz & Jamieson|(2019)); Xu et al.| (2020); Yang et al.| (2021);|Zhang et al.| (2025))).

Maximum Conditional Variance. This quantity is formally defined as follows.

Definition 2.3. We define the maximum conditional variance as Q* := max; o 1 {Vs a,n(Vii )}
Under our MDP with deterministic reward, Definition coincides with that in (Zanette & Brun-

skill, 2019) which performed variance-dependent regret analysis.

Policy Switching Cost. We provide the following definition for any algorithm with K > 1 episodes.
Definition 2.4. The policy switching cost for K episodes is defined as Ngyien =

! Nien (7741, 7). Here, the Nywiuen(m, ') == 3 cs Son I[mn(s) # mh(s)] represents
the local switching cost for any policies © and 7'

This definition is also used inBai et al.|(2019) and|Zhang et al.| (2020).

3 MAIN RESULTS

This section presents the gap-dependent regret for UCB-Advantage and Q-EarlySettled-Advantage
in Subsection [3.1] and the gap-dependent policy switching cost for UCB-Advantage in Subsection
We highlight a new technical tool for the gap-dependent regret bound in Subsection [3.2]
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3.1 GAP-DEPENDENT REGRETS

UCB-Advantage (Zhang et al., 2020) is the first model-free algorithm that reaches an almost opti-
mal worst-case regret, which is also reached by Q-EarlySettled-Advantage (L1 et al., [2021). Both
algorithms are optimism-based, use upper confidence bounds (UCB) for exploration, and employ
variance estimators and reference-advantage decomposition. UCB-Advantage settles the reference
function at each (s, h) by comparing the number of visits to a threshold that relies on a hyper-
parameter 3 € (0, H]. For readers’ convenience, we provide UCB-Advantage without any modifi-
cation in AlgorithmI]of Appendix

Theorem [3.1] provides the expected regret upper bound of UCB-Advantage.

Theorem 3.1. For UCB-Advantage (Algorithm in Appendix with § € (0, H], E[Regret(T")]
is upper bounded by Equation (2)).

Q-EarlySettled-Advantage improved the burn-in cost of Zhang et al.|(2020)) for reaching the almost-
optimal worst-case regret by using both estimated upper and lower confidence bounds for V;* to
settle the reference function. In this paper, we slightly modify its reference settling condition. At
the end of k-th episode, for any (s, h), the algorithm holds V,***(s), V,fCB’kH(s), the estimated
upper and lower bounds for V;*(s), respectively. When [V;F™(s) — VhL CBA+L(5)| < 48 holds for
the first time, it settles the reference function value ViR (s) as V;*™(s). [Li et al. (2021) set 8 = 1
for worst-case MDPs. Our paper treats S as a hyper-parameter within (0, H] to allow better control
over the learning process. Algorithms[2]and[3|provide our refined version. For the rest of this paper,
we still call it Q-EarlySettled-Advantage without special notice.

Theorem [3.2] provides the expected regret upper bound of Q-EarlySettled-Advantage.

Theorem 3.2. For Q-EarlySettled-Advantage (Algorithms[é]and E]in Appendix with 3 € (0, H],
E[Regret(T')] is upper bounded by Equation (3).

The proof sketch of Theorem [3.7]is presented in SectionE]to explain our technical contributions. The
complete proofs of Theorems [3.1]and[3.2]are provided in Appendix [D]and Appendix [H respectively.

Next, we compare the results of both theorems with the worst-case regrets inZhang et al.|(2020); Li
et al. (2021) and the gap-dependent regrets in Yang et al.|(2021)); Xu et al.| (2021]).

Comparlsons w1th Zhang et al| (2020); [Li et al.| (2021). Since the regrets showed in Equa-
tions and are logarlthmlc in T, they are better than the worst-case regret O(\/ H2SAT)

when T > @(poly(H SA, AL B71)) where poly(-) represents some polynomial. In addition, our
results imply new guldance on setting the hyper-parameter 5 for the gap-dependent regret, which
is different from g = 1/ VH in Zhang et al|(2020) and 8 = 1 in|Li et al.| (2021), respectively.
When Q* = 0 which happens when the MDP is deterministic, if we set 3 = O(H (SApy)'/*) for
UCB-Advantage and § = (:)(H Aiﬁ ), the gap-dependent regrets will linearly depend on A;;l/ % and
A;ii/ 3, respectively. This provides new guidance on setting 8 when we have prior knowledge about
Amin. When 0 < Q* < H?, the best available gap-dependent regret becomes (:)(Q*H 25 A) which
holds when 8 < /Q*/H. Knowing that the gap-free terms in Equations (2) and (3) monotonically

decrease in 3, we will recommend setting 8 = O~(\ /Q*/H) if prior knowledge on Q* is available.

Comparisons with Yang et al. (2021); |Xu et al.| (2021). The gap-dependent regret for|Yang et al.
(2021)) is provided in Equation (I)). ForXu et al.[(2021), their regret bound is given by:

|Zmul| 5
Al H?log(K
0 ;; 7&2 Ahsa Am+5 og(K) |, (6)

where Znu = {(h,s,a)|An(s,a) = 0 A |Z0(s)| > 1} and Z1, (s) = {a| An(s, a) = 0}. In MDPs
where Ap(s,a) = O(Apin) for O©(HSA) state-action-step triples (e.g. the example in [Xu et al.
(2021, Theorem 1.3)) or there are ©(A) optimal actions for each state-step pair (s, h), their regret
reduces to Equation (1)), which is worse than ours.
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Next, we compare Equations (Z) and (3) with Equation (I). Under the worst-case variance
Q* = O(H?) and letting § be ©(1/v/H) or ©(1) which are the recommendations in |[Zhang et al.
(2020); [Li et al.| (2021) respectively for the worst-case MDPs, the common gap-dependent term
Equations (2) and (3) becomes O(H®SA/Apin), which is better than Equation (1) by a factor of
H. Under the best variance Q* = 0, the gap-dependent term becomes 0(521{ 3S A/ Amin), which is
better than Equation for any 5 € (0, H]. In addition, our best possible gap-dependent regret that
is sublinear in A~} is also intrinsically better. Here, we remark that the proof in|Yang et al.[(2021);

min

Xu et al.|(2021) cannot benefit from Q* = 0 due to their use of Hoeffding-type bonuses.

We also comment on the gap-free terms in Equations (Z)) and (3). They are dominated by the gap-
dependent term as long as Api, < O(poly((HSA)~, 3)) for some polynomial poly(-). In addition,
the gap-free term in Equation (3) is linear in .S, which is better than that for Equation (2)) thanks to
the special design of Q-EarlySettled-Advantage algorithm. It utilizes both upper confidence bounds
and lower confidence bounds for V' -functions to settle the reference function.

3.2 OUR TECHNICAL TOOL: SURROGATE REFERENCE FUNCTIONS

We develop a new technical tool in the proofs of both Theorems [3.1)and [3.2} the surrogate refer-
ence functions. In this subsection, we explain it with the notations in the proof of Theorem [3.2]
(Appendix [F.I) for Q-EarlySettled-Advantage while all the ideas also apply to UCB-Advantage. A
more detailed proof sketch will be provided in the next section. For a comprehensive explanation of
Q-EarlySettled-Advantage, we refer readers to Appendix [FI]

Before introducing the surrogate reference function, we provide a brief overview of the key steps
of Q-EarlySettled-Advantage. Denote the estimated -function, the estimated V -function, and
the reference function before the start of episode k as Q¥ (s, a), V¥ (s), V,?’k(s) and episode k as
{(sk,a®)HL . Let NF(s,a) be the number of visits to (s, a, h) before the start of episode k. Let
N be short for N; T (sF, al) and k™ be the episode index for the n-th visit to (s§, aff, k). While
remaining unchanged for the unvisited triples, the estimated ()-function is updated on the visited
ones:

k+1(8hvah) = min {QUCB k+1( h’aﬁ) Rk+1(5h’ah) Qh(shaah)} h € [H]. (7

Here, QUCB kel represents the Hoeffding-type estimation similar to Jin et al| (2018), and
i okl (sk P h) represents the reference-advantage type estimation as follows:
Nk+1
RE+1, bk k Kt pRETy L Ny
sk an) = rh(sk, ak)+ Z (”Yn (Vi1 —Viiy ) t+un'

n=1

Vii;_kln)(szll)dl»éh,k+l. (8)

In Equation ( ' th:1 - Vf? +kl represents the running estimation of the advantage function, and
N Nh+1 NEHL Ak
M } 2, are the corresponding nonnegative weights that sum to 1. {un noy that sumto 1
are nonnegative weights for the reference function. R"**1 is the cumulative bonus that dominates
the variances in the two weighted sums. Next, the estimated V -function and the reference function
are also updated. For any (s, k), when some reference settling condition related to 3 is triggered at

the end of episode k, the reference function will be settled, which means that V}? K (s) = V,f AL ()

for any k' > k + 1. Thus, we call V,f ’K+1, the reference function after the last episode as the settled
reference function. Q-EarlySettled-Advantage guarantees that for any (h, k) € [H] x [K]

Vi (s) = max Qj(s, ), my(s) = arg max Q} (s, a), ©
and
Qr< QP <Qy <H VI <VE<H VM <yt <H vE<VE<VRR 10)

Equations (9) and (I0) indicate that Q- EarlySettled -Advantage is an optimism-based method that
updates the policy according to an upper bound Q¥ of Q7.

Next, we introduce our surrogate reference functions Vh ok They are defined as follows:

ViR (s) 1= max { Vi (s), min{Vyi (s) + B, Vi ()}, W(s, b, k). (in
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We use the word “surrogate” because the algorithm does not rely on it, and V,}f * differs from the

actual settled reference function V,f’K L V,F’k

tion (10) implies that

is determined before episode k. In addition, Equa-

Vii(s) < ViM(s) = min { Vi (s) + B, V;F ()}, V(s, h, k), (12)

and Lemmain Appendix shows that with high probability, Vf’k (s) coincides with the settled

RK+1( )

reference value V, after the settling condition is triggered.

Next, we discuss the usage of Vﬁ * in our error decompositions. Our proof relies on relating the
regret to multiple groups of estimation error sums that take the form Zle w,(ll)k (QF —Q5)(sF,ab).

Here {w,(ﬁk} & are nonnegative weights and ¢ is the group index. Bounding the weighted sum via con-

trolling each individual (QF — Q7)) (s}, af) by recursion on h is a common technique for model-free
optimism-based algorithms, and it is also used by all of [Yang et al.| (2021); Zhang et al.| (2020); [Li
et al.|(2021). Yang et al.|(2021)) used it on gap-dependent regret analysis and Zhang et al.| (2020); |L1
etal|(2021) used it to control the reference settling errors Y, (V¥ — V051 (s5). However,
their techniques are only limited to the Hoeffding-type update, where the errors generated in the re-

cursion take the simple form of O (\/H?/N[), where N} is short for NJ (s}, af). When analyzing

the reference-advantage type update, we face a more complicated error (Equation (I4) in Section )
involving reference and advantage estimations, as well as bonuses with variance estimators.

Motivated by the structure of reference-advantage decomposition, we decompose the estima-

tion error into several components, focusing on the following four main terrnS' gl =
N SR K™ N

> nt 7771 (P Boakp — Lgen )(Vh+1 _V1:+1) g2 = Znhlu" (1 K — Pk ) h+1 ’g3 -

Sh»“h’ Sh41 Shyap,h

sz;l (ufyh — )IP’ ko ViR & Zn Lun ( VR pRE )(sﬁﬂ) and the bonus term Gj.

sy,ay,
The first three terms co};reépond to advantage estimation error, reference estimation error, and ref-
erence settling error, respectively. Here, we creatively use the surrogate V}f J’rkl’ as it is determined
before the start of episode k. Thus, Gy, G, are martingale sums and can be controlled by concentra-
tion inequalities. G3 corresponds to the reference settling error and can also be well-controlled given
the settling conditions and properties of VR k( ). G4 is controlled using the same idea of bounding
G1,G2,Gs. V, _;rl is crucial to this process and cannot be replaced by the actual settled reference

function V,iff *1 ysed in Zhang et al.| (2020); Li et al.| (2021). This is because VR+K +1 depends
on the whole learning process and causes a non-martingale issue in controlling G;, G2 and Gs. To
the best of our knowledge, we are the first to introduce the novel construction of reference surro-
gates for reference-advantage decomposition, which is of independent interest for future research on

off-policy and offline methods.

3.3 GAP-DEPENDENT POLICY SWITCHING COST FOR UCB-ADVANTAGE

Different from Q-EarlySettled-Advantage, UCB-Advantage uses the stage design for updating the
estimated Q-function. For each (s, a,h), Zhang et al|(2020) divided the visits into consecutive
stages with the stage size increasing exponentially. It updates the estimated Q-function only at the
end of each stage so that the policy switches infrequently. Theorem|[3.3|provides the policy switching
cost for UCB-Advantage, and the proof is provided in Appendix [E]

Theorem 3.3. For UCB-Advantage (Algorithm|l|in Appendix with 8 € (0,H] and any 6 €

(0,1), with probability at least 1 — §, Ngwich is upper bounded by Equation (E]) Here, Doy, =

{(s a,h) € S x Ax [H] | a € A} (s)}, where Aj(s) = {a | a = argmaxy Q}(s,a’)}, and
opl (8 x A x [ ])\DOpl‘

Comparisons with existing works. The first term in Equation () logarithmically depends on 7'
and the second one logarithmically depends on 1/A;, and log T'. Next, we compare our result with
O(H?S AlogT) in Zhang et al.|(2020), which is the best available policy switching cost for model-
free methods in the literature. For the first term in Equation , knowing that | Doy | < HSA for
all non-degenerated MDPs where there exists at least one state such that not all actions are optimal,
the coefficient is better than Equation ({@). Specifically, if each state has a unique optimal action so
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BAmin

7.1
that | Doy | = SH, Equation @) becomes O(H2510g (25 +1) + H*SAlog (%))
where the coefficient in the first term outperforms that inZhang et al.|(2020) by a factor of A.

For the second term in Equation @), when the total steps are sufficiently large such that T =
Q (poly (SH, (8Amin) ")) for some polynomial poly(-), it is also better than O(H2SAlog T).

Key Ideas of the Proof. The proof of Theorem 2 in Zhang et al.| (2020) implies Ngwitch
> 4H log (ﬁ + 1) where N**1(s, a) is the total number of visits to (s,a, h). Un

der their worst-case MDP and noticing that NE*Y(s,a) < T,|Zhang et al. (2020) further

proved their bound O(H2SAlog T') by applying Jensen’s inequality. In our gap-dependent anal-

ysis, Equation 1i in Appendix |Ef shows that with high probability, Z(S a,h)EDE N, }f( +1(3, a) <
s ay opt

O(HAGS 44 H 25; A), which is much smaller than 7" when 7' is sufficiently large. This implies the

discrepancy among the number of visits to state-action-step triples with optimal or suboptimal ac-
tions. Accordingly, we prove the bound in Equation (@) by using Jensen’s inequality separately for
triples with optimal or suboptimal actions.

IA

s,a,h

4 PROOF SKETCH OF THEOREM [3.2]

This section provides a proof sketch to outline the key steps for proving Theorem [3.2] on the gap-
dependent regret of Q-EarlySettled-Advantage and explain our technical contributions. The key
steps for proving Theorem [3.1] are similar except for different bounds on reference settling error and
gap-free regret terms. For space consideration, the proofs of Theorem [3.]are given in Appendix

H+1
H4+n"

N € N, denote n§ := 1 and 7}’ := HzN:l(l — 772) For integers 1 < n < N, we
also denote 1Y := 1, ]_[Z wpr(L =), and w = S pN/i. When N > 0, they sat-
isfty 1 —nd = SN 9N = SNl For 51mphclty later, we use the notations Eref =
ZN’”I unN’Lf(sﬁj_l) and I@ffkfk : ZN’L n" e (sh_H) for any functions f : S — R and
fF:8 = Rwithk € N+, respectively. Similarly, we denote ]1:3"“’7c f = N"l nflv "f(sf",) and
I/E?Ld\llcfkn = Zn 177nhflC (s h+1) We also denote ]P)rhefkf = ZNh1un Ps,k,ak nts P fkn =
SN U B e A B f = N U fand B PR = YN g, 7hf

In what follows, we present the proof sketch of Theorem 3.2}

Notations. First, we introduce the weights used in the algorithm. Let 1, := For

Step 1: Bounding Q’fz — @7, via decomposition and the surrogate reference function. The update
of the estimated @Q-function in Equations (7) and (8) guarantees that

Qi (s, ar) < mg Mg + ra(sy,ap) + ]Eadv (VhJ'rl V;fﬁ )+ E Vlz:kl + RMF (13)
Here, R™* is the cumulative bonus provided in Equation (98) in Appendix 2| Together with
Qp (s, af) > Th(shvah) (1- 770 )Ps’;,a,hv}:ﬂ by Equation (5 and ]Eadv (Vh+1 V}iﬁ ) <
B (VE — VRE") implied by Equation (12), we have
(Qh — Qi) (shyak) < " H + RM + B (Vi — VAT + BRG VY — PV, = G
Denote Vadv’k = VR k — V¥, then:

G =B (V) — Vi) + (B — BRIV + @R - PRV +R™ + R, (14)

Here, Rfls];o H 77N" + ket (V}i:_kln - Vf_{_kln) + (]P’;ffk V,f +k1 - IP’ad" V}i,-kl ). Equation and

Equation in Appendix show that for all (k, h) s1multaneously, with high probability,

adv adv \ Y adv, k™ A Hp? re re A Q*+p2
(P, — B Vi SO(”N,’; , (BT, — ]pf)vhHgO TNE +W . (15)
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Equation (T3] corresponds to controlling G; and G, as discussed in Section [3.2] and holds because
our surrogate reference function adapts to the learning process. To bound the bonus R"*, we also

use the surrogate function V,F’k. Equation (103) in Appendix shows that for all (k, h) simulta-
neously, with high probability

R <O («/(Q* + B2H)/N} + H?/(NF)* + H@Z/N,’j) : (16)
where UF = Zgﬁl (VA" — URET) (sE" ). Equations (14) to (16) imply
(Qh - Qi) (shyak) < B (Vi Vi) +O(y/ (@ + HB2) INE+ HX (N~ ) + R, ()

h.k 5 (., NE e K" {rRET ref Y7R,k™ adv 77R, k"
where Rt = O (ng " BB (VAR VA )+ (PR URE =By Vs )+ (/g + 1) /NE )

else

Remark 1: We use Q* in Equation instead of its upper bound ©(H?) thanks to the variance
estimator (line 16 of Algorithm[2]in Appendix [F.I]) used in Q-EarlySettled-Advantage algorithm.

Step 2: Bounding the Weighted Sum. For any given h € [H] and non-negative weights
{wh,k}h,ke[K]’ we denote ||w|co,r, = maxe[x] Wh,k and lwlli,n = Zk,e[K] wp, k- We also re-
cursively define wp/ 1 (h) forany h < b’ < H, k € [K] as follows:
K N;’f/ N
i (h) = wn s w1 () = 33w (R " Tk = j),Vj € (K], h < W' < H. (18)
k=1n=1
Equation (18) implies the mapping from {wpi}n, k] to© {wn x(h)}n (x) is linear.  Let
Hw(h)Hoo,h’ = mane[K] wh/,k(h) and ||w(h)||17h/ = ZkE[K] wh/7k(h). Then Equation |' and
Equation (TI07) in Appendix [F:4.2]shows that
lw(P)llso,n < (1 + 1/H)llw(B)loo,pr—1, lw(Bll1p < llw(P)ll1w—1, VR > h. (19)
Next, we bound the weighted sum S 1wy (QF — QF)(sk,al). In Equation where
we take summations with regard to k& on both sides and apply the standard summation
rearrangement technique given in Appendix to the first term IE*,‘L“}C (V}fjl - +1)’
K . R
we have > ;" Wh’k(Qlfi - Qh)(sﬁ,aﬁ) < Dk wh+1,k(h)(QZ+1 - E+1)(5’ﬁ+17a§+1) +
Zszl wh,ké(\/((@* + HB?)/NF + Hz(N,’f)’%) + Zszl wn xR, Recurring it with regard
toh,h+1...,H, we have

K K H
> wnw(QF — Qi) (shoaf) < Re + >0 wi (W) REE. (20)
k=1

where R. = S0 S0 whr,k(h)0<\/(Q* + HpB?) /NF + H2(N}’f)_3/4>. From Equation ||
and Lemma [F3]in Appendix [F2] it follows that

R.<0 (Hv Q"+ B2H /S Aleolloonllwlin + H3<SA||w||oo,h>i|w||f,h) L@y

Step 3: Integrating Multiple Weighted Sums. Next, we consider multiple groups of weights. We
split the interval [Api,, H] into N disjoint intervals Z; := [2° "' Apin, 2° Amin) fori € [N — 1] and
In = 2V~ Apin, H]. Here, N = [logy(H/Amin)]. For any given i € [N] and h € [H], we

denote w,(f)k =1[(QF — Q;)(sk,al) € Z;] . Then we have ||w® o 5 = maxye(x w,(f)k <1and

K
2 Auial| 011 <Y Wi h(@F — QR)(sE af) < 2/ A1, (22)
k=1
i ; .. N K i *
where [w®|,n = Zke[K] w,(;)k Noticing that ) ., > 7" wg)k(Q’,j — Qr)(sk,ar) =
K clip[(QF — QF)(s*, a¥)| Amin] where clip[z|] := zI[z > 6], Equation (22) further implies
k=1 h r)\Sps Qp
K N
S clipl(Q) — Q7) (5% ab) | Al = © (Z 2iAmin||w<i>|1,h> . 23)
k=1 i=1
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Letting wy, j, = w,(f)k in Equation lb and applying Equations and , we have

. . ~ . l
2 Al ® |1 < O (91./w<z>|17h + 0ol D3, + Z Z w) R ) 4

k=1h'=

Here, 01 = \/H2SA(Q* + B2H), 0> = H3(SA)%. The weight {wh,,k( )} is defined recursively
by Equation with w,(h)k (h) = w}(L)k Solving this inequality (see Equation ti we have

i - [ (Q*+ B*H) SAH? H*SA Zk 1 Zh’— Wh' (h)RA
lwP]j1n <O + :
= 4i—1A2. (ZiilAmin)% 2i— 1Amm

min

This further implies
N o - ((Q*+ B2H) SAH?  H'SA L& Wk
> 2 Apinllw @[l n < O . + +) > owr(MRLS ] @25
i=1 min Amin k=1h'=h
where Wy 1 (h) = Zfil w,(f,)k(h) Noticing that &y, (h) = I[(QF — Q})(sK, ak) > Apin), together
with the linearity showed in Equation (18), Equation implies @}L k(h) < O(1) for any h <

W < H. Thus, Zé{:l Zg:h wh'7k(h)Rglsé:k < O(Ef:l 25:1 else ) Appendlxshows that
with high probability,

Z Z RE < O(HSSA/B). (26)
k=1h'=1
1
Summarizing Equations , and and noticing that H*SA/A3, < O(B?H3*SA/Amin +
H*SA/B+ H>SA/j) that follows from the AM—GM inequality, we have

> clip[(Qh — Qi)(sh, ah) | Amin] = O(SAH(Q" + B°H)/Amin + H'SA/B).  (27)
k=1
Remark 2: Integrating groups of sums is first introduced in|Yang et al.|(2021) and also applied in|L1
et al.[(2021). It leads to regret dependency on 1/Ay, instead of 1/Az.  that will appear if we do not

use integration. We extend this method in handling RelSe that only appears in our proof: we apply the
upper bound in Equation (26) after the integration instead of Equation (24) before the integration.
This helps us remove the dependency on A, in the second term in Equation (27).

Remark 3: Equation (26) can be interpreted as bounding the reference settling errors, which is

related to f/,f’k and the reference settling design in Q-EarlySettled-Advantage. UCB-Advantage and
Q-EarlySettled-Advantage mainly differ on the reference settling policy, which results in different
bounds for reference settling error and the gap-free regret terms in Equations (2 and (3). We show
the details in Appendix [F.5.2]

Step 4: Bounding the Expected Regret. By Equation @ QY (s, al) = VF(sF) > V*(sF). Thus,
An(sh,ap) = clip[Vyy (si) — Qp(sf, af) | Amin] < clip[(QF; — Q) (sh,ar) | Amin, V(K h).

Equation (4) of [Yang et al.[(2021) shows that E (Regret(K)) = [Zk 1 ZhH L AR(sE, ah)} then
K H

E (Regret(K)) <E | > clip[(QF — Q7)(sh.ap) | Amin]l : (28)
k=1h=1

Using the definition of expectation (see Equation (I23) in Appendix [F.6] which connects Equa-
tion to Equation (28)), we can derive the gap-dependent regret bound presented in Theorem[3.2]

5 CONCLUSION

In this paper, we have presented the first gap-dependent regret analysis for ()-learning using
reference-advantage decomposition and also provided the first gap-dependent analysis on the policy
switching cost of ()-learning, which answers two important open questions. Our novel error decom-
position approach and construction of surrogate reference functions can be used in other problems
using reference-advantage decomposition such as the offline @-learning and stochastic learning.

10
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In the appendix, Appendix [A] reviews related works. Appendix [B] presents the results of our nu-
merical experiments. Appendix [C] include some useful lemmas. Appendix [D] Appendix [E] and
Appendix [F provides the proof for Theorem 3.1} Theorem [3.3]and Theorem [3.2] respectively.

A RELATED WORK

On-policy RL for finite-horizon tabular MDPs with worst-case regret. There are mainly two
types of algorithms for reinforcement learning: model-based and model-free algorithms. Model-
based algorithms learn a model from past experience and make decisions based on this model,
while model-free algorithms only maintain a group of value functions and take the induced opti-
mal actions. Due to these differences, model-free algorithms are usually more space-efficient and
time-efficient compared to model-based algorithms. However, model-based algorithms may achieve
better learning performance by leveraging the learned model.

Next, we discuss the literature on model-based and model-free algorithms for finite-horizon tabular
MDPs with worst-case regret. |Auer et al.[(2008), |Agrawal & Jia (2017)), |Azar et al.| (2017), |Kakade
et al.| (2018)), |Agarwal et al.|(2020), Dann et al.| (2019), |Zanette & Brunskill| (2019)/Zhang et al.
(2021a)/Zhou et al.| (2023) and Zhang et al.| (2023 worked on model-based algorithms. Notably,
Zhang et al. (2023) provided an algorithm that achieves a regret of O(min{v/SAH?2T,T}), which
matches the information lower bound. Jin et al.| (2018), |Yang et al. (2021), [Zhang et al.| (2020),
Li et al| (2021) and [Ménard et al| (2021) work on model-free algorithms. The latter three have
introduced algorithms that achieve minimax regret of O(v/ SAH?2T).

Suboptimality Gap. When there is a strictly positive suboptimality gap, it is possible to achieve
logarithmic regret bounds. In RL, earlier work obtained asymptotic logarithmic regret bounds|Auer
& Ortner| (2007); Tewar1 & Bartlett (2008). Recently, non-asymptotic logarithmic regret bounds
were obtained (Jaksch et al.| (2010); |Ok et al.| (2018)); Simchowitz & Jamieson! (2019); He et al.
(2021). Specifically, Jaksch et al.| (2010) developed a model-based algorithm, and their bound de-
pends on the policy gap instead of the action gap studied in this paper. |Ok et al.| (2018) derived
problem-specific logarithmic type lower bounds for both structured and unstructured MDPs. |Sim-
chowitz & Jamieson| (2019) extended the model-based algorithm proposed by [Zanette & Brunskill
(2019) and obtained logarithmic regret bounds. Logarithmic regret bounds are also derived in linear
function approximation settings (He et al.l 2021). Additionally, Nguyen-Tang et al.|(2023) provides
a gap-dependent regret bounds for offline RL with linear funciton approximation.

Specifically, for model free algorithm, Yang et al.| (2021) showed that the optimistic ()-learning
algorithm by Jin et al| (2018) enjoyed a logarithmic regret O(HZ%:‘), which was subsequently
refined by Xu et al.| (2021). In their work, |Xu et al.| (2021) introduced the Adaptive Multi-step

Bootstrap (AMB) algorithm.

There are also some other works focusing on gap-dependent sample complexity bounds (Jonsson
et al.,2020; Marjani & Proutiere}, 2020; Al Marjani et al., 2021} Tirinzoni et al., [2022}; [Wagenmaker,
et al.,[2022b; Wagenmaker & Jamieson, [2022; [Wang et al., 2022} Tirinzoni et al.| 2023)).

Variance reduction in RL. The reference-advantage decomposition used in [Zhang et al.| (2020)
and|L1 et al.| (2021) is a technique of variance reduction that was originally proposed for finite-sum
stochastic optimization (Gower et al., 2020; Johnson & Zhang, 2013; [Nguyen et al.l |2017). Later
on, model-free RL algorithms also used variance reduction to improve the sample efficiency. For
example, it was used in learning with generative models (Sidford et al.l 2018 |2023}; [Wainwright,
2019), policy evaluation (Du et al., 2017} |Khamaru et al [2021; [Wai et al., 2019; Xu et al., [2020),
offline RL (Shi et al.} [2022; |Yin et al.| 2021), and )-learning (Li et al.| |2020; [Zhang et al.| 2020} [Li
et al.,[2021; |Yan et al., [2023} [Zheng et al., [2024b).

RL with low switching cost. Research in RL with low switching cost aims to minimize the number
of policy switches while maintaining comparable regret bounds to fully adaptive counterparts. Bai
et al.| (2019) was the first to introduce the problem of RL with low-switching cost and proposed a
Q-learning algorithm with lazy updates that achieves a low switching cost of O(SAH? log T') . This
work was advanced by |Zhang et al.|(2020), which improved the regret upper bound and the switching
cost. Additionally, Wang et al.| (2021)) studied RL under the adaptivity constraint. Recently, |Qiao
et al.| (2022) proposed a model-based algorithm with a switching cost of O(loglogT).
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Other problem-dependent performance. In practice, RL algorithms often outperform what their
worst-case performance guarantees would suggest. This motivates a recent line of works that in-
vestigate optimal performance in various problem-dependent settings (Fruit et al.l [2018; Jin et al.,
2020; |Talebi & Maillard} 2018} [Wagenmaker et al.,[2022a}; |[Zhao et al.l 2023} Zhou et al.,2023)).

B NUMERICAL EXPERIMENTS

In this section, we conduct experimentﬂ All the experiments are conducted in a synthetic envi-
ronment to demonstrate the better gap-dependent regret of UCB-Advantage and Q-EarlySettled-
Advantage compared to other two model-free algorithms: UCB-Hoeffding (Jin et al.| 2018)) and
AMB (Xu et al., 2021). We will consider two different scales of experiments across two cases: a
general MDP and a deterministic MDP.

We first set H = 5, S = 3, and A = 2. The reward r,(s,a) for each (s,a,h) is generated
independently and uniformly at random from [0, 1]. For general MDP, P, (- | s,a) is generated on
the S-dimensional simplex independently and uniformly at random for (s, a, k). For deterministic
MDP, P, (- | s,a) is a randomly generated vector with only one element equal to 1, and all others
equal to O for each (s, a, h). Under the given MDP, we generate 3 x 10° episodes. For each episode,
we randomly choose the initial state uniformly from the S states. For all four algorithms, we set
¢ = 1 and the hyper-parameter ¢; = +/2 in the Hoeffding-type bonus. Here, c; represents the
undefined constant in the bonus terms of the UCB-Hoeffding and AMB algorithms, as well as the
multipliers in the bonus expressions in line 10 of Algorithm [T (UCB-Advantage) and lines 2 and
4 of Algorithm [2] (Q-EarlySettled-Advantage). In both the UCB-Advantage and Q-EarlySettled-
Advantage algorithms, we set the hyper-parameter co = 2, where cy denotes the constant in the
variance estimators of the advantage-type bonus, corresponding to the undefined constant in the
second term of line 9 in Algorithm[I]and line 16 in Algorithm 2} Additionally, we set c3 = 1, which
is the multiplier in the last term of line 9 in Algorithm [T]and the last term of line 8 in Algorithm [2]
For UCB-Advantage, we set Ny = 200, and for Q-EarlySettled-Advantage, we set 5 = 0.05.

To show error bars, we collect 10 sample paths for all algorithms under the same MDP environment
and show the relationship between Regret(7)/log(K + 1) and the total number of episodes K in
Figure [l For both panels, the solid line represents the median of the 10 sample paths, while the
shaded area shows the 10th and 90th percentiles.
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Figure 1: Numerical comparison of regrets with H =5, S = 3, and A = 2

We also conduct a larger scale experiment with H = 10, S = 5, and A = 5 for 3 x 10° episodes in
both types of MDPs. With all other settings unchanged, the result is shown in the following Figure[2}

' All the experiments are run on a server with Intel Xeon E5-2650v4 (2.2GHz) and 100 cores. Each replica-
tion is limited to a single core and 4GB RAM. The total execution time is less than 2 hours. The code for the
numerical experiments is included in the supplementary materials along with the submission.
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Figure 2: Numerical comparison of regrets with H = 10, S = 5,and A = 5

From the two figures, we observe that both UCB-Advantage and Q-EarlySettled-Advantage enjoy
lower regret compared to UCB-Hoeffding and AMB. The y-axis represents Regret(7") / log(K + 1),
and we note that the curves for UCB-Advantage and Q-EarlySettled-Advantage approach horizontal
lines as K becomes sufficiently large. This suggests that the regret for these two algorithms grows
logarithmically with K. In particular, Q-EarlySettled-Advantage achieves even lower regret than
UCB-Advantage when K is large. These features are consistent with our theoretical results.

We also conduct an experiment to evaluate the policy switching cost of the UCB-Advantage algo-
rithm for (H, S, A) = (5,3,2) and (10, 5,5) with the same experimental settings. The results are
presented in the following figures:
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Figure 3: Policy switching cost of UCB-Advantage algorithm with H = 5,5 = 3,and A = 2
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Figure 4: Policy switching cost of UCB-Advantage algorithm with H = 10, S =5,and A =5
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In these two figures, the y-axis represents the ratio of policy switching cost to log(K + 1). We
note that all these four curves approach horizontal lines as K becomes sufficiently large, which is
consistent with our logarithmic policy switching cost shown in Equation ().

C GENERAL LEMMAS

Lemma C.1. (Azuma-Hoeffding Inequality). Suppose {Xy},-, is a martingale and |X; —
Xi—1| < ek, Yk € Ny, almost surely. Then for any positive integers N and any positive real
number €, it holds that:

2
P(Xn — Xo>€) <exp (-N )
23 51 Cﬁ

and

€2
P(| Xy — Xo| >€) <2exp (—N .
231k
Lemma C.2. (Lemma 10 in|Zhang et al.[(2022a)). Let X1, Xs, ... be a sequence of random vari-
ables taking value in [0,1]. Define F, = 0(X1, Xa, ..., Xx) and Yy, = E[X|Fi—1] for k > 1. For
any 6 > 0, we have that

<6

P [Hn, > X >3> Vi +1log(1/6)

k=1 k=1

and

k=1 k=1

Lemma C.3. (Lemma 11 inZhang et al.|(2021b)). Let { M,, },,>0 be a martingale such that My = 0
and |M,, — My,_1| < ¢ for some ¢ > 0 and any n > 1. Let

P [anazyk > 3ZXk +llog(1/5)] < 4.

n

Var, = > B [(My — My_1)?| Fr_1]
k=1

forn >0, where Fy, = o(My, ..., My). Then for any positive integer n and any €, > 0, we have

2
P <|Mn| > 2\/2Varn In (;) + 2\/eln <(15> + 2¢ln (;)) <2 <log2 <nc> + 1) 0.
€

D PROOF OF THEOREM

D.1 ALGORITHM DETAILS

The UCB-Advantage algorithm, first introduced in [Zhang et al.| (2020), achieves the information-
theoretic bound on regret up to logarithmic factors, using a model-free algorithm. The key inno-
vation of the algorithm lies in its combination of UCB exploration (Jin et al.l 2018)) with a newly
introduced reference-advantage decomposition for updating ()-estimates.

Before discussing the algorithm in detail, we will first review the special stage design used in the
algorithm. For any triple (s, a, h), we divide the samples received for the triple into consecutive
stages. Define e; = H and e; 1 = [(1 + %)eiJ for all ¢ > 1, standing for the length of the stages.

We also let £ := {Z{Zl eilj = 1,2,3,...} be the set of indices marking the ends of the stages.
We note that the definition of stages is with respect to the triple (s, a, k). For any fixed pair of k and
h, let (s§,aF) be the state-action pair at the h-th step during the k-th episode of the algorithm. We
say that (k, h) falls in the j-th stage of (s, a, h) if and only if (s,a) = (s§,a}) and the total visit
number of (s, ak) after the k-th episode is in (37 e, °7_, eil.
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Now we introduce the stage-based update framework. For any (s, a, h) triple, we update Q,(s, a)
when the total visit number of (s, a, h) reaches the end of the current stage. For k-th episode at the

end of a given stage, the (J-estimate Ql k1 (s¥ By @ h) learned from UCB is updated to:
k41
k1 ky _ ok < H?
1
h (Shv ah) - Th(slw ah k+1 Z ‘/h—i-l Sh+1 +ca vk+1 . (29)

Here we define 71y = 7 (sk, a¥) as the number of visits to (s¥, a¥, h) during the stage unrnedlately

before the current stage of (k, k) and I =1 h,x; denotes the index of the i-th episode among the 0k v
episodes. V;F(s) is the V-estimate at the end of the episode k — 1 with the initial value V! (s) = H.

The term cq , /% represents the exploration bonus for ﬁ]ffl—th visit, where c¢; is a sufficiently
"h

large constant and ¢ = 1og(%) with p € (0, 1) being the failure probability. This type of bonus is
commonly used in Hoeffding-type updates (Jin et al.| (2018)); Li et al.|(2021);|Zheng et al.| (2024al)).

The other estimate, denoted by Q2 ek (s’fL7 aﬁ), uses the reference-advantage decomposition tech-

nique. For k-th episode at the end of a given stage, it is updated to:

k41
T,

k+1
o ref,kbi 1, et j I k+1/.k _k
h(shs ap)+ k+1 Z Vit (Snp)+ k+1 Z ( 1~ Vit )(5}L+1)+bh (sh>ap). (30)

Here we define n} = nﬁ(sﬁ, a¥) be the number of visits to (s¥,ak, h) prior to the stage of (k, h)
and [; = l;z, ., denotes the index of i-th episode among the n} episodes.

In Equation , Vgef’k(s) is the reference function learned at the end of episode k — 1. We expect
that for any s € S, sufficiently large k and some given § € (0, H], it holds |V,§ef’k(s) —Vir(s)| < 6.

With these (Q-estimates, we can update the final Q-estimate as follows:

]fi—‘rl(shvak) —mln{Ql k+1( hvaﬁ) ik_‘—l( Sh, @ h) Qh(sh’af)} (€29)
We also incorporate Qﬁ(s b ah) here to keep the mononicity of the update. After updating the
(Q-estimate, we can learn V}f“(sﬁ) by a greedy policy with respect to the ()-estimates, i.e.,
VI (sk) = max, QF!(sF, a). If the number of visits to the state-step pair (s, h) first exceeds
No = O(% "}g L) at k-th episode, then we update the final reference function VR¥F(s) to V;F(s).
For the reader’s convenience, we have also provided the detailed algorithm below.

Algorithm 1 UCB-Advantage

1: Initialize: set all accumulators to 0; for all (s,a,h) € S x A x [H], set Qx(s,a), Vi(s) <
H—h+1;V*(s) + H;

2: for episodes k < 1,2,..., K do
3 observe si;
4 forh <+ 1,2,...,H do
5 Take action aj, +— arg max, Qp(sp, a), and observe sp,1.
6: Update the accumulators by n := np,(sp, ar) & 1,7 := np(sp, an) o,
7: and Equation (32)), Equation (33)), Equation (34).
8 if n € £ then
ref ret
; PN /= N =T PR}

10: I_)<—CH/H72L;

11: Qn(sh,an) < min{ry(sp, an) + 2 +b,rp(sn, an) + ”Tf + 24+ b,Qn(sn,an)};
12: Vi(sn) < max, Qp (s, a);

13: Sk, an), fin(Shy an), On(Sh, an), n(Sh, an) < 0;

14: end if

15: if Za nh(sh,a) = Ny then V,fef(sh) — Vh(Sh)

16: end if

17: end for

18: end for
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In the algorithm, c1, ca, c3 > 0 are sufficiently large constant. The stage-wise accumulators in the
algorithm are updated as follows.

fii= fin(sn,an) €= Viga(sng1) = Vishi (snn); - © = n(sn, an) = Viga(sngn);  (32)

& = on(snran) €= (Vipr (snr1) = Visy(snrn)) s (33)
Meanwhile, the following two global accumulators are used for the samples in all stages

P = (s an) S Vi (snan)s 0™ 1= 0 (sn,an) < (Vih(snen)) ™. G4

We use ,uff k, ref.k ik, 5%, 5%, b¥ to denote respectively the values of u™, o™, i, v, &, b at step h

by the start of the k-th episode.

UCB-Advantage assumes that the reward is known after the visit to the triple (s,a, h), which is
common in RL settings. When the reward is unknown after the visit to the triple, inverse reinforce-
ment learning (Zeng et al.,|2022; [Liu & Zhul 2022; 2023|2024} |Q1ao0 et al., 20245 Liu & Zhu, [2025))
provides a bi-level learning structure to help learn the reward.

D.2 KEY LEMMAS
Before proceeding to the proof, we will first establish several key lemmas. In the algorithm, define
v = log(2/p) with p € (0, 1) being the failure probability.
Lemma D.1. Using ¥(s, a, h, k) as the simplified notation for¥(s,a, h, k) € Sx Ax[H]|x [K]. For
V(s,a,h, k), let NF(s) =Y, nk(s,a), \k(s) = I[N}(s) < No| and define the surrogate function
as V,;ef k( ) = max{V;*(s), min{V;*(s) + B, Vi""(s)}}. Then we have the following conclusions:

(a) (Proposition 4 in Zhang et al.| (2020)). With probability at least 1 — (AH*T* + 12T )p, the

following event holds:
= {Qh(s,0) < Q3 (s,0) < Qfi(s,a),Y(s,a,h, k) } .

(b) (Corollary 6 in Zhang et al.| (2020)). With probability at least 1 — (AH*T* + 13T )p, the
following event holds:

& = {NF(s) 2 No = Vii(s) S Vi < Vir(s) + B (s, k) € S x [H] x [K]}

(c) With probability at least 1 — Hp, the following event holds:
K K
53 = {Zpsﬁ,a’fb,h/\i—i—l < 32 /\ﬁ+1(sli€L+l) + e, Vh e [H]} .
k=1

k=1

Especially, \§; 1 (s) = 0.
(d) With probability at least 1 — S AT'p, the following event holds:

n f,0; *
2 (L, —Pren) (W V)|
54 e S B k 7V(Saa7h7k)
nh(saa) nh(saa)
(e) With probability at least 1 — SAT?p, the following event holds:
P (L, = Poon) Vil
55 = ’Ei:l ]lsif-pl Ps’a’h Vh+1 QQ*L AHL V(S a,h k)
nk(s,a) - n¥(s,a)  nk(s,a)’ 7
(f) With probability at least 1 — SAT?p, the following event holds:
nk . ref,l; *
£ - (]l it Ps’a’h) (Vi Vi) < By | =2 (s, a.h k)
= a’ b
’ A} (s, ) =\ Ak (s, a)

21



Published as a conference paper at ICLR 2025

(g) With probability at least 1 — S AT'p, the following event holds:

nk *
B ‘Zill (]1521:“ _Ps,a,h) (Vh+1)2‘ 5 2

&€ V(s a,h k
7 " (s,0) =Gy W
(h) With probability at least 1 — S AT'p, the following event holds:
nk *
’Zi:hi (lsli - ]P)s,a,h) Vh+1’ 2%
58 = her]z < H % ,V(S,Chh,k)
nh(sa CL) nh(57 a)

Proof. We only need prove (c) to (e).

(c) By using Lemmawith I =1 and § = p and considering all possible values of h € [H],
we can prove this conclusion.

(d) From the definition of V;*"* (s), we know that for any k € [K]:
Vii(s) < Vit (s) < Vi(s) + 5. (33)
Then the sequence

{i (]lsij,rl - Ps’a’h) (Viﬁll - Vh*+1)}

i=1 jEN+

is a martingale sequence with
orref,l;
(L, = o) (V= Vi )| < 2

Then according to Azuma-Hoeffding inequality, for any p € (0, 1), with probability at least
1 — p, it holds for given nf (s,a) = n € Ny that:

Z (]l i T Ps’a’h) (Viﬁll - Vh*+1)

Sh+1

1

n

< 26%.
n

For any all (s, a,h, k) € S x A x [H] x [K], we have nf (s, a) € [Z]. Considering all the
possible combinations (s, a, h, n) € S x Ax [H] x [%], with probability at least 1 — SATp,
it holds simultaneously for all (s, a,h, k) € S x A x [H] x [K] that:

k
'y

1 ~ ref.l, 252L
LN B (Vi) < .
ny (s, a) ;( i ol ) \Thtt M=\ nk(s,a)

(e) The sequence

J
_ *
{Z <]lslhi+1 Ps’a’h> Vh+1}

is a martingale sequence with

JjENT

‘(1 - Ps,ayh) V,:H’ < H.

Sh41

Using Lemmawith c=H,e=H?and § = L, fora given nf(s,a) = n € [%], with

probability at least 1 — (logy(n) + 1)p > 1 — T'p, we have:

> (L~ Pous) Vi

Sht1

1

n

20  4H
Qv | 4H.
n n

<2

22



Published as a conference paper at ICLR 2025

®

(2)

(h)

Considering all the possible combinations (s, a, h, n) € 8 x Ax [H]x %], with probability
at least 1 — SAT?p, it holds simultaneously for all (s, a, h, k) € S x A x [H] x [K] that:

k

1 i 20~ 4H.
- 1, —P,, ) Vil <2 + .
ny(s,a) z_;( Sl o) e nji(s,a) - nf(s,a)

The sequence

J B
{Z (1 i ]P)S7a7h> (V}f:’lll - foJrl) }
Sh+1

i=1 jENt

is a martingale sequence with

(1, =P ) (FEF = Vi)
h+1

Then according to Azuma-Hoeffding inequality, for any p € (0, 1), with probability at least
1 — p, it holds for given 725 (s,a) = 1 € N that:

<B.

n

> (1, ~ Pean) (W = Vi)
1

‘ Sh41
1=

<2

n

S| =

For any all (s,a,h,k) € S x A x [H] x [K], we have }(s,a) € [L]. Considering
all the possible combinations (s,a,h,k) € S x A x [H] x [K] and #f(s,a) € [%],
with probability at least 1 — SAT?/Hp > 1 — SAT?p, it holds simultaneously for all

(s,a,h, k) € S x A x[H] x [K] that:

1 7 232
A ref 0 L
E 1; —-P (Vref’l‘ —Vr ) < .
hﬁ(s,a) : 1( 5?}41 S’a’h) h+1 ht1)1 = ﬁﬁ(s,a)

The sequence

=1

i
2
L =Poan) (Vi
{Z( Sif+1 s,ah ( h+1)
JENT
is a martingale sequence with

© 22
(1, Funs) i 2

Then according to Azuma-Hoeffding inequality, with probability at least 1 — p, it holds for

given nf (s,a) = n that:
< HQ\/%
- n

Considering all the possible combinations (s, a, h,n) € S x Ax[H]x [+], with probability
at least 1 — SATp, it holds simultaneously for all (s, a, h, k) € S x A x [H] x [K] that:

1

n

> (1, ~Puon) (Vi)?
‘ Sh41

TN

k
1| 2%
—_ 1., —P,, ) Ve < H? ) ———.
nk(s,a) ;( S san ) (Vig)”| < nk (s, a)

The sequence

J
o *
{Z <]lslhi+1 Ps’a’h) Vh+1}

is a martingale sequence with

‘(11 (= Poan) V,fH‘ < H.

Sht1

JENT
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Then according to Azuma-Hoeffding inequality, with probability at least 1 — p, it holds for
given n¥ (s, a) = n that:

3 (14, Pons) i

1=

1

n

< 1y
n

Considering all the possible combinations (s, a, h, n) € S x.Ax [H]x [Z], with probability
at least 1 — SATp, it holds simultaneously for all (s, a, h, k) € S x A x [H] x [K] that:

k

n
1 u 2
- 1, —P )V* <H .
oy |2 (L, ~ P Vi) < B s

O

From this lemma, we know that the event ﬂle &; holds with probability at least 1 — 40H?2S AT*p.

Next, we will discuss the relationship among the V-estimate V;¥(s), the reference function V;"* (s),
the surrogate function V;*"* () and the final value V,REF(s) of the reference function.
Lemma D.2. Under the event £ N Ey in Lemma we have the following conclusions:

(a)
(b)
(c)
(d)

Proof.

(b)

()

(d)

VbR (s) = min{ Vi3 (s) + B, Vit¥ (s)}
0 < Vit¥(s) — VIREF(s) < HE(s).
0 < Viet¥(s) — Vit¥(s) < HAL(s).

ViR (s) — VREF(s)| < HAR(s).

(a) Under the event &1 in Lemma we have V""" (5) > V}F(s) > V;*(s). Therefore,
min{V;(s) + 3, V;""(s)} > V;*(s). According to the definition of V;"*(s), we have
Vit (s) = min{V;2 () + 8, Vi (s)}-

Forany (s,h, k) € S x [H] x [K]:

If Nf¥(s) > Ny, then A} (s) = 0. In this case, the reference function V}fef’k(s) is updated to
its final value VR®F(s) and then V;*"* () — VREF(s) = 0 = H(s).

If NJ(s) < No, then \f(s) = 1. Since the reference function is non-increasing and
VIt (s) = H, we have 0 < V" (s) — VREF(s) < H = H\(s).

Combining these two cases, we can prove the conclusion (b).

For any (s, h,k) € S x [H] x [K]:

If NF(s) > No, then Ak (s) = 0. Under the event & in Lemma|D.1| we have V;*"¥ (s) <
V;*(s) + 3. Therefore, it holds that V;*"*(s) = V;*"*(s) by (a). In this case, V;*"* (s) —
Vit (s) = 0= HAE(s).

If NF(s) < Ny, then A\f(s) = 1. Since the reference function is non-increasing and
Vit (s) = H, we have 0 < V;*"¥ (s) — V*"¥(s) < H.

Combining these two cases, we can prove the conclusion (c).

Forany (s,h, k) € S x [H] x [K]:

If Nf(s) > Ny, then \f(s) = 0. In this case, the reference function V}T’f’k(s) is updated to
its final value V;REF (s). Under the event & in Lemma|D. 1| we have VREF(s) = V¥ (s) <
V*(s) + B. In this case, we know V¥ (s) = V*"¥(s) = VREF(s). Therefore, it holds
that V¥ (s) — VREF(s) = 0 = HXE(s).

If NF(s) < Ny, then A\¥(s) = 1. Since the reference function is non-increasing and
Vit (s) = H, we have 0 < VREF(s) < V% (s) < Hand 0 < V"% (s) < VM (s) <
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H. Therefore, it holds that | V,;*"* (s) — VREF(s)| < H = HAk(s).
Combining these two cases, we can prove the conclusion (d).

O
Lemma D.3. Forany (s,a,h,k) € S x A x [H] x [K] such that i} (s,a) # 0, it holds that:
k
()
iy, (s, a)
Proof. For it} (s,a) # 0, there exists j € N, such that 7} (s, a) = e; and nf (s,a) = S/_ e;. We
will use the mathematical induction to prove that for any j € RLN%;Q <4H.
For j =1, Zi=1% — | < 4.
J
j—1
If y < 4H, then for j € Ny and j > 2, we have
i1
1 1
e = 1+E ej—1| 2 1+ﬁ €j—1,
which implies:
j i—1
Y1 _ Zz 16 1+723:1 “ <14 M g
¢ e~ (tsglea ~ ldgg
Therefore, we finish the proof. O
Lemma D.4. For any non-negative weight sequence {wp 1}, , and a € (0,1), it holds that:
K kigk ok 2—a
wh kl[nf(sg,af) #0] 2
> e T < (S A o) Il
b1 ny, (sy ay,) @
and
K
TIn k 0 22+(1Ha
3 el 20 (SAJlloe )" 15
Pt ng(sy,ay) -« '
= max{wn,} and |wl1n = Y5y wn i
For a = 1, we have the following conclusions:
I[ 0
Z Ui (53 ah) 201 9 g p10g(),
1 ny(sy, ay)
and
K T[ik (sk, ak) # 0]
Y A= < ASAH log(T).
= sy ap)
Proof.
K K
Z wh kL[, (5, ay) # 0] _ ZZ whI[nf(s,a) # 0, (s}, ap) = (s, a)]
k=1 nﬁ(sﬁ, a]’i)a s,a k=1 ni(s, a)®
K /
A Wh k(sv a’)
a , 36
2 o o

Here we let wj, ,.(s,a) = wpxl[nf(s,a) # 0, (i, ay) = (s,a)] and cp(s,a) = Zszl w, 1 (8, @).

K
Then e (5,@) < [wlloon and 3, , cn(s,0) < K wip =
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k Wk
Because 1} (s, a) is nondecreasing for 1 < k < K, given the term Y5, (s a)®
wp, (s, @) concentrates on former terms, we can obtain the largest value. For a given state-action

when the weights

pair (s,a) and j € N, according to the stage design, the set {k : nf(s,a) = 25:1 e;} has
at most €41 < (1 + £ )e; elements. Thus, the upper bound for the sum of the coefficients of
n¥(s,a) = >_1_, e; in Equation is given by (1 + 7 )e;l|wl|oc,h-

Let:
k—1

ko = max < k : Z (1 + H) ejllwllo,n < cn(s,a),k € Ny

Because ;1 < (1 + 7;)e; forany j € N, we have

ko

ZeijHOOJL < Ch(sa a)v

=2
and thus

ko—1 ko
Zegnwnmwz(u )ejnwnoo,wzejnwnm,h<2ch<s,a>. 37)

j=2
Therefore, back to Equation , by concentrating the weight to the terms with nﬁ(s, a) = 25:1 €i,
j€{1,2,...,ko}, for any given state-action pair (s,a) € S x A, we have:

ko

Wi ko (1+ Fejllwlloon <1+ 1> €;j
= - a = 77 ||W||oo, - ~a |- (38)
2N R e

Forany 0 < y < z and @ € (0, 1), we have:

Ty 1

el _1—a

Forany j € Ny, letz = 3/_ e;and y = 327 e;, then we have:

¢ 1 j 11—« j—1 11—
( j )a S 1—a Z € - Z €;
i=1 €i =1 i=1

Sum the above inequality from 1 to kg, then it holds that:

ko

ko 1ma 1-a
e; 1 1 2¢p(s,a)
< - - (s .
Z( ; ) _1—a<;€Z> <1—a<||w||oo,h

Jj=1 i=16i

The last inequality is because of Equation (37). Applying this inequality to Equation (38)), we have:
Wh.k 227 e o
3 k< Bl en(s,0)
Using this inequality in Equation @, we have:

K
th,kﬂ[nlfi(saa) # 0] < hzch s, a) 1 o <

P nk(sk,ak)e - 1-

22a
1-—

— (SAlIwlloo,n) llll1 ;"

The last inequality holds due to Hélder’s inequality, as 3 - , cn (s, a)l=® < (SA)||wl|] 7>

By Lemma|D.3] it is easy to prove prove the second conclusmn:

K

0 22-‘,—01H(X
Z Shﬁh) # 0] < (SA||wlloo,n)*lwll} %
=1 ”h sk af)” l-a |

The case of o = 1 is proved in Lemma 11 of|Zhang et al.| (2020). O
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Lemma D.5. For any non-negative functions {X}f :S—>R|ke[K], he[H|}andany h € [H|,
we have that

K ]I n sk al 750 a
Z al h’ . ZXh-H < 3log(T )ZXf]:—&-la
k=1 ny, (sf» af) k=1
K K
L [Af(sf ( 1) &
Xk 1+ Xk
1; ﬁ h’ah Z e H)3 .
Here, X}, | =0 forany k € [K }andsES

Proof. For the first conclusion,

% I K ny Xl K
Z [h(Shaah #0 ZXhH ZM Z]I l —],nh(shaah)7é0]

1 ny(sy, ak) 1 ny(sy. ay) =

n K XJ

h+1 C o kidk K
ey Tl = kG ab) £ 0]
k=11i=1 j=1 )

Xfi (39)

For a given episode k, according to the definition of /;, Z"’L [li = j,ny(sf,af) # 0] = 1if and
only if (s¥,af) = (sh,ah) and (j,h) falls in the stage before that (k, h) falls in. As a result,
if the (k,h) belongs to stage ¢ of (s¥,ak,h), we have nf(sf,ak) = S2'_1e; and the set {k :
Z?El L[l; = j,nf(sy,ay) # 0] = 1} has at most e; elements. Then it holds that:

K nk
S Ll = jynf(sh, af) # 0]
3 Dl od i) 20 o LR
"h\%h Oh tECZ Ci el pm1 2
Here, C = {j: H < Zt e < T,t € Ny} The second inequality is because e; < (1 + % )e;—1

and then for any p € [e], Z i:1 eitp <330 i:1 e;. Then we finish the proof of the first conclusion.
For the second conclusion,

K pfabebab) £ 0] S Ly xS
Z [}, (sh, ai) ]ZX};H:ZM-ZH[Q g, 7y (sh, ak) # 0]

k=1 ﬁg(sfﬂag) i=1 k=1 nh(8h7 h

.
:Z, , ﬁk(%-ﬂ[l} Jﬁﬁ(shaah)#o]

K K i _ s =k k
_ Z Z Zi:l H [ll ’]7nh(‘%h7ah) 7& O} X}j1+1 (41)

For a given episode k, according to the definition of [;, Z?jl I[l; = j,nf(sk,af) #0] = 1 if
and only if (s¥,a¥) = (s},a}) and (j,h) falls in the previous stage of that (k,h) falls in.

As a result, in the stage of (j,h), the number of visits to (s¥,aF, h) is #f(sk, aF), and the set

k -
{k: > I[l; = j,nf # 0] = 1} has at most (1 4+ )7k (sF, af) elements. Then it holds that:

KOS [l = g, itk %0 1
I ke 42
k=1 nh (8h7 a‘h) H

Therefore, we prove the second conclusion. O

27



Published as a conference paper at ICLR 2025

D.3 PROOF SKETCH OF THEOREM[3.1]

Next, we will begin to prove Theorem [3.1] .under ﬂl 1 & Let X = (S, A, H, T, ). The notation
f(X) < g(X) means that there exists a universal constant C; > 0 such that f(X) < C1g(X).

Step 1: Bounding the term Q¥ — Q7. By Equation and Bellman Optimality Equation (5, it
holds that:

Qh(8h7ah) Qh(shaflﬁ)
nk ) l; fl I
2 it Vfifll (Sﬁiﬂ) " E (Vh+1 Vigt' ) ($h11) A

<I[nf#0 + bF sk, ak)
i # O =S e REGE o) sk

+1 [TLZ = O] H — }P’sﬁ’aﬁ’hvh*ﬂ

L s l; I;
Zn“ Vihli(shi, ) it (Vh+1 - Vi?ff) (sh41)

k h+1 kik Kk
Sﬂ[nh #O] nﬁ(slli)aﬁ) ﬁlfl(si,alfl) +bh(3h7ah)
[ 0] H-1 [{ﬁ‘ﬁ 7é 0] ]P)s;z,ah th+1
=1[n} =0 H+1[n} #0] (G +bf(sf,ap)) +I[nf # 0] (G2 + Gs)

The second inequality is because V,Iill (s ﬁl 1) > V,fflf(sh +1)- In the last equality we use
I [nf(sf,af) =0] =T [nf(sk,af) =0]. Here

k
ny ref,l; 1 1; REF
Sy (Vi (sfien) = P o ViR )

Gl - )
nﬁ(sﬁ,aﬁ)
PO (Psﬁ,af, —L ) (VRE = Vi)
G2 - - . )
n’fb(s’fb,a’ﬁ)
T (Vi) — Vi )
3= )
iy (sy, ay)

The upper bounds of G, Gg and bh is given in Appendix - Combining the three upper bounds
Equation (33)), Equation (57) and Equation (62), the following inequality holds:

o V i (Q* + B°H):
(Qf — Q4)(sk,af) ST [nf #0] <G+’M) HUk# O S Y
43)

Here, for any b’ € [H] and k € [K], Y}% is defined as:

[nf, # 0] & _ /
}/}LI = H]I I:nh = ] + h # (ZH( l; + ]P)S?,,a;‘;,,h'))\%’ﬁ»l + HFE/(SQUO/;CL/)L)

nh, sh,,ah, Sply1

Tl/;éo h . -
+% ZH(Pk,kh,+1l 1>/\§;,+1+ HTk, (sk, ak )+ He |,

ACHN ) im1

where
I;;//

fl li f;l' li
FZ'(SEH a’ﬁ/) = Z (Vl;?+1(3h'+1) Vizf+1l(5h’+1>)
i=1

n

and

-k
’I’Lh/

Bk ook k £,0; ¢ s £0; s
Ly (spryap) = Z (Vfi?+1(3h'+1) V}§?+1 (Sh’+1)>
i=1
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Step 2: Bounding the weighted sum. For any given / and non-negative constants {w, x }n [x]> We
denote [|w||oo,n = Maxye[x] wh,k and [|wl[1,n = Zke[K} wp, k- We also recursively define wy . (h)
forany h < b/ < H,k € [K],j € [K] as follows:

" = 4,0k, £0
Wk (h) = whk; Wi (h th' Z vk[ k] L 7 ] (44)
LACNCHY

By Equation (@2), it is easy to show that
o)l p+1 < llw@)lips lo®)loop+1 < (L+1/H)[lw(h) oo, V' > b, (45)

where

1 = ’ < ! /
lco () oo, e = maxwops (k) < 1, [lw(h)ll = th

Now given the weight {wy, i}, we will bound the weighted sum Ek Lwhk(QF —Qr)(sk, ak).
Summing Equation . 43) from 1 to K with the weight {wp, i } 1, we have:

thk Qh Shvah) Q;L(SZ,CLZ))

k=1
K K 3
. (Q*+ B2H)e K H.s
< whp, i1 [nlfl #O] Gs + Wh.k ]I[nﬁ 760] 7+]I[nh %O] —_—
K
+ th’kyh
k=1
K
5 th-l‘l,]( ) (Qh+1 Qh+1> (Sh+1aah+1 + \/ Q* + 52H)
j=1
7 3 1 K
+ HE(SA|w]loont)lwlli )+ D wna Y (46)
k=1

In the last inequality, the upper bound of S"7_ wy, xI [} # 0] G is given in Appendix The

upper bounds of the middle two terms is given by Lemma with o = % and o = %.

Recurring Equation for h,h+1,..., H, since Q’IZH_I(S, a) = Qf,1(s,a) = 0, we have:

K
Sk (Q) sk, af) — Qi(sh.ab))

k=1

S H\/(@* + B2H)SAllw]lonllwllne + H T (SAlw]l o) Il nt Z th' hYy,
h'’=h k=1
47

where wy, 1, (h) is defined in Equation (@#4).

Step 3: Integrating multiple weighted sums. For any N = [log,(H/Amim)], n € [N], k € [K]
and the given h € [H], let:

W) = L[QF(sk, af) — Q3 (s, k) € 2" Amin, 2" Anin)]

and
(‘U;L]\l/c) =1 [Qh(shv ah) Qh(sha a’h) [2N 1Amlm H]]

We also denote

K
" oo = maxeof7) < 1, ™l = Y wiry-
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For h < b/ < H and any n € [N], the weight {w,(ﬁ,)k}k can be defined recursively by Equation |b
[lz - ]anh’ 7£ O]

k‘
(n),  (n) (n)
Z Z/( Shro ah’)

(n)(h) = w; wh/+1]
k=

Therefore, for any j € [K], it holds that
Z [ll_jvﬁzl#o]
ﬁh’ (shr> ap)

E wh/+1j - <
=1

h, H], it is straightforward to prove that for any j € [K],

By mathematical induction on b’ €
N 1 h'—h
Zw}(ﬁfj(h) < (1 + H) <3, (48)
n=1
given that for any j € [K]
K nlg V .
Z I[ [ ]a nh’ 7& 0] 1
Z k <l+4
nh/(sh” ap,) H
by Equation (42) and >, wﬁtnj)( ) =N W (”) <1forh' = h.
Applying the weight {whrfk}k to Equation || for any n € [N], it holds that
Zwrf Qh Sh7ah) Qh(shvaﬁ))
1
< H\J(@ + B2H)SAJw |1+ B (SA)H W™}, + Z Sl v,
=h k=1
On the other hand, according to the definition of w,(Lnlz,,
Zw“” (@h(sh ah) — @i(sh.ah) = 27 Al |11
Therefore, we obtain the following inequality
2n71AminHw(n) ||1 h
< H\/ (Q* + B2H)SA|w™ ||y pe + H'T (SA)F |w ">H4 + Z Zw(”) WYE. (49)
h'=h k=1
Then at least one of the following three inequalities holds
2" a0 |11 S H\J(Q + 2H)S Al |1 e,
2" A1 S H%<5AL>%<W>||1 w?,
2" A [0 ™ [l 1 S Z Zw“” )Yk
=h k=1
Solving this three inequalities, we know that:
(n) (Q* + B%H) SAH?.  H'3 SA Sohih Shet W(n) (WY}
||(.4) Hl,hSO max n—2 A2 ) 1 ) n_1
4 Amm (2n— Amin) 3 2 Amin
(Q* + B2H) SAH*  HYSAL  Sjimn Sy i k(WY
S 0] 2A2 4 + 1 :
4n= Amm (2n71Amin)§ 2n= Amm
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By Equation (48), we have:

iiiww Yh/—ii<2w )Yh’igz’)iiyﬁ

n=1h'=h k=1 =hk=1 \n=1 h'=1k=1
Therefore,
N H K
n n Q* + B*H) SAH*. H's SA
> 2" Aninlw™in <O <( A ) A YD V). 60
n=1 min ( min)3 h'=1k=1

From Appendix m we know ZhH,zl Zszl Y} can be bounded by O(%). Therefore,
back to Equation (50), it holds that:

((Q* +0°H) SAHY | HYSA HTS'Au log(T)>

N
Z 2nAminHw(n) ||1,h S O

n=1 Anin (Amin) 3 52
*+ B2H) SAH?.  H7S%2Aulog(T
<0 ((@ . ) SAH? L o )) 1)

The last inequality is because:
HSSAL _ B?H3SAc  H*SA.  H*SA. _ (Q*+ B%H)SAH*  H7SAulog(T)
= + + S + 3 :
(Amin) 3 Amin 5 ﬁ Amin 6
Step 4: Bounding the expected gap-dependent regret. Let p = (40SAH?T®)~!, then & =

7: &; holds with probability at least 1 — & and ¢ < log(SAT). Therefore, by Equation (28)), we
=1 T
have:

K H
E (Regret(K)) <E [Z chip QF — Q) (sF,ak) | Aminl

k=1h=1
K H
[ clip[(@ Q}*L)(Slfua’i;) | Amin] 5] P(€)
k=1h=1
K H
E |33 clipl(@F — @5)(sk.af) | Auil SC] P(€°)
k=1h=1
H N
<D0 2 A
h=1n=1
-0 (Q* + 2H) H3SAlog(SAT) H852Alog(SAT) log(T)
- mm /32 ’
The last 1nequahty is by Equation (51). The third 1nequa11ty is because
S ctipl(Qf — Q1) (skaf) | Al = 35wk — Qh)sE. )
k=1 k=1n=1

M

N
<> 2"A

n=1 k=1

N
= Z mm”W(n)”l,h'
n=1

k
D.4 BOUNDING THE TERM Q} — Q7
D.4.1 BOUNDING THE TERM (GG

We can split (G; into four terms:

.0 0 1;
Z (Vlii-l ( h+1) Psﬁ; ,ar, th+1)

nj, (sh» @)

=G11+Gi2+Gi3+ G, (52)
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where .
ny, ref,l; Orref,l;
Zi:l (]l bi Psﬁ,a’ﬁ,h) (Vh+1 “ Vhtl )

Sh41
’ ni (85 af) ’

nﬁ 1 _P Crref,l; v

G Zi:l Si;ﬁrl s¥.ak h h+1 h+1

1,2 = E(ok k )
ny (sp,a,)

k
o1, —P *
B Zz:l ( Si;+1 s’fb,aﬁ,h) Vh+1
s k(.k Lk

ny, (sy,, ay)

and
k
ny, ref,l; REF
o Ry (Vi - Vi)
14 = E(ok ok
. . nh(S}N a’h)
According to (c) in Lemma|[D.2] we have:
k
ny, l;
>l H (]lsz},:.“ + Psﬁ,a’,j,h) )‘h+1

Gi1 <

1 = k(.k ok
ny, (sp, ay,)

Under the event &, in Lemma@ we can bound G 3:

2t
nk(sk, ak)’
Under the event & in Lemma|[D.T] we can bound G 3:

2Q* 4H.

ny(sp.ay)  ng(syap)
The upper bound of Gy 4 is given by (b) in Lemma|D.2}

k
2?21 HP gy k,h)‘iliﬂ

Spo0p
nﬁ(s’fb, aﬁ)

Combining these four upper bounds together, we can bound G

Gi2<pB

Gi3<2

G4 <

ny l;
G < S (L, PN (@ m (53)
1S .
ny sy, af) ny(sh,ap) - ny(sy,ap)
D.4.2 BOUNDING THE TERM Go
We can split the term of G5 into two terms:
Ar ~ ref,l; ~ref,I;
Sy (P = 1) (V8= ) + (V0 - v
G, — h+1 (54)
2 “k(k ok :
iy, (sh ay,)
According to (d) in Lemma[D.2] we can bound the first term in Equation (54):
o ~ref, s iy U
ZXT1(P%@ﬁh_'%QH> Oﬁff—‘§i1) E:th{<P%@gh*-hﬁH>Ah+1
. / < - - (55)
ik (st ak) nk(sk, af)
The upper bound for the second term in Equation (54) is given by the event &; in Lemma|[D.T}
o ~ref,l;
> it <Ps,a,h - ]15%'+1> (Vh+1 - Vh*+1) _ 2832, - B2H. 56)
ik (s, a) —\ ak(s,a) ~\ nk(s,a)’

The last inequality is because of Lemma[D.3] Applying Equation (53) and Equation (56) to Equa-
tion (34), we have:

B2H.

g i
Ziél H (]P)s’h“,a’;,h + 13“ > Athl
< ’ : h+1
G A .
ny(s,a)

. A )

(57)
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k
D.4.3 BOUNDING THE TERM b} (sF, ak)

According to the definition of b¥ (s¥, a¥) in Appendix |D.1} we have

IS

H.i H
L4 L (58)

Mo My e
o (nf)E o (Rf)d

ok
l/hL

k ’
nh

Oy (sh- an) <
o/, — (g /).

ref,k refk ref,k vrefk
where v, /nf — (up" /nk)? and oy = &k
ref,l; ; ref,l; i .
Since V}, " (5h+1) > Vh+1 (s hL-H) it holds that
ref,k; k k ref, k k
oy, " (sp.ap) _ ( h h)) h.k h,k
_ ny (s§,af) ”E(Sh’ah) L < Il +12
- k(b -k = k(ok k)
ng(sg,ay) ng(sy,a;)
where:
nﬁ Vref,li l; Vref,li li 2
- Dty h+1 (Sh+1) "\ Vht1 (8h+1)
"=
1 k(k k ’
ng(sy,a;)
and
2 2
Z prefili (5' ) nk erefl; o L
[k _ i=1 \ V41 Sh41 >l VhJrl (s thl)
2 k(k Ak o k(k k
ng(sy,a;) ng(sy,ar)
Next we want to bound both ™% and 1%
1
ref,l; 1 1; refl l; refl l; ref,l; 1 1;
ok P (Vh+1 (Shs1) +Vh+1 Sht1 ) ( il (Shp1) — Vh+1 (s h+1))
nh(sh7 L)
k
ny ref,l; 1 1; refl l;
- >t 2H (Vh+1 (sh41) = Vit (5h+1)> s 2HTE (s ak) 5
- nk(sk, al)  onk(skak) %)
r\Shs> Ap r\Sh> Ap,
where
k
np
ki .k _k\ __ ref,l; / I; Srref,l; o 1
Ly (sh,ap) = E (Vh+1 (8n1) = Via (S}Z-H)) .
i=1
For the second term I,’", because of Cauchy’s Inequality, we have
2
k "ﬁ Vlcl'ln
Znh Vrefl (sl,; )_ pBa h41 h+1)
i=1 h+1 \Ph+41 nh(sh,a’g)
hok _ , h.k
L nk (st ak) =2 <I2’1 I ) ’
h\Shs Qp
where:
k "Ifb * ln Z ref, ln 2
Znh Vrefl (Sli' )_ v (Sli )+ 2ol Vh+1(sh,+1) _ Zn 1Vh+1 h+1)
i=1 h4+1 \Ph+1 h+1\°h+1 nk(sk,af) nk(sy,af)
Tk —
2,1 nk(sk gk )
n\Sh> Ap,
and
2
anﬁ V* (Sli )_ Z h vh+1( h+1)
i=1 h+1\Sh41 nk (sk,aF)
Thik
2,2 = k(ok Ak
ng(sy,ay)
2 2
Zr (Vh+1(5h+1)) Z"’l Vh*+1(s§j+1)
n ny (st ay)

a nﬁ(Sﬁ,ah)
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. l; Srref,l; l; l; . .
Since Vi, 1 (si11) < Viid' (snp1) < Vi (syy1) + B it holds that:

x In £l [ ln
Vrefl ( l; ) _ V* (Sli ) + Zz};l V}:+1(Sh+1) _ Znh V}:::»l” (Sthl)
h+1 h+1 h+1\°h+1 n;cl(SZ’a;cl) nﬁ(sﬁ’az)

k
) I VA Sln ny Vrefln Sln
< [Tt (st ) = Vi (o) + | e Oien) _ Zenma Bt )| g
ny sy, ay,) ny(sh.ar,)

Using this inequality, we have 1. glk < 432, Moreover, according to the definition of Q*, it holds

2
~Q <Ly - (Psk (Vi) = (Peg o Vi) )

k n

np * l; h (]l 1 — P & )V*
_ 2im1 Vi (s541) L P v 2.t Sy spoapsh ) Thtl
- E(k Ak sk,ak,nVh+1 k(k k

ny (sp,ay,) e ny sy, ay,)

Z (11 Li Pbﬁ ak.h ) (fo+1)2

+ 1
nﬁ(s’ﬁ,aﬁ)
”;1 * ”}k{ * 2
" > it (]]'sii+ Psk ,af,h ) Vh+1 > it (]lsiﬂ Psk ,af,h ) (Vh+1)
<2 3 n )
ni (s, ay) n (sh, ay)
)
<H? |—FT .
n’g(sﬁ,a’g)

The last inequality is because of the event £ and the event s in LemmaD.1] Therefore, we have

IZQIC S Q* + b2 L

nk(sk,af)’
By combining the upper bound of I f *in Equation , along with those of I. 5 1]“ and I. 5 ’2]“, we have:
[ VT HTF(sF ak)e . (@ + 82). . H.i 60)
”h Sh7ah nﬁ(sﬁ,aﬁ) n’fb(sﬁ,a’;)%'

Using the first inequality of inequality (80) in Zhang et al.|(2020)), we have:

y 1 ref, ;I ref, i o I 2 ref,l; w0 2
Vﬁ S Z ((Vhiﬁ (SlhIJrl) Vhil (Sh+1)) (Vf:H (Siwl) Vh+1(si{+1)>

-k
1 QU ¥ f[i I * l; 2
S ﬂQ + =% Z (Vfiﬁ (S}ZJrl) - Vh+1(8iz+1))

ok
", i=1
and thus
iy ref,l; ¢ s ref,l; ¢ I;
e [p \/Ez 1 (Vthl (s51) = Vi ( 5h+1 B2HL HT ( Sh»ah)
S =+
nk ~ A pk Rk nk
h h h h

(61)
where T'F (sF, af) = Znh (V,ﬁll (s %Jrl) V,f{ll (s 2+1)) . The last inequality is by Lemma
ref,l; o I; ref,l; o I,
and 0 < V7" (s h+1) Vh+1 (s h+1) < H.
Applying Equation (60) and Equation (61) to Equation (58)), we have:

b HTR(sk, ak ) (Q* + B2H). H.2 HTR (s af )+ He
sk ak) < - .
n(shs ) nh(sh,ah) n’é(s’g,a’g) ﬁﬁ(sg,aﬁ)% nﬁ(sfl,aﬁ)

(62)

34



Published as a conference paper at ICLR 2025

D.5 REARRANGE THE WEIGHTED SUM OF G35

Similar to Equation {I)), it holds that:

-k > > -
2721 (Vhl,ikl(sizi+1) - fo+1(5§:+1)
thkﬂ nh#o G3 thk]l nh;é()] )

2 (ko)
K K n y -
>oity I[ls = g, 7y # 0]
= (ZWW@ Ak (st ab) (Vh+1(8h+1) Vh*+1(5h+1))
j=1 \ k=1 RA\Zh? Zh
K ak

K T =g,ag #0 : g
g Z th,k Zlil [ h ] (Qi-&-l - Qz+1)(5%+1’a2+1)

Jj=1 \k=1
(63)
K
= thﬂd( ) (Qh+1(8h+17ah+1) Q7L+1(Si+17ai+1)) : (64)
j=1
D.6 BOUNDING THE TERM > 1 YK yk
: hi=1 2uk=1Yp'
K K
SV =Y 1[nf, =0 H
k=1 k=1
K [nk 7& 0] nh/
h' 1;
+Z nk, (sk, ak,) ZH (]l ;2 +Ps’“/,a’“ h’) Ny T/ HTG (shr, af )
k=1 '“h/\Zh Upy /41
K 'ﬂh/
n 0 - .
Z Ll 7 0] ZH( et 1 )Ai;/ﬂ +\/HTE (s, ab,)+ He
ACINTS i1
(65)

In this equation,

H K
Z Z]I nk, (s, af) = Z ZHZ]I nf(s,a) =0, (sk,ap) = (s,a)] < H*SA.

h'=1k=1 h'=1 s,a
(66)
By Lemma[D-4] we have the following inequalities:
H K .
ny, #0
>y MH < H3SAulog(T). 67)
h—1k=1" (Sh” ah
According to Lemma|[D.3] we have:
K K
I [nh, # 0] m L
> E G b ZH (1 Gt Put, b, ) i1 < 3HlogTZ(ls;;,+ Pk ok ) A
k=1 "' \Sh W) k=1 63
(68)
and
1l £0] $ ;
L[k, #0] <= ( ) i,
— H (P o0 p+15, Apraq (Ska /—i-]lk ))\k/ .
; ni’/(sﬁ”aﬁ,) ; ALl Sil/+1 it ; 195k 1) R +(169)
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Let ko(s) = max{k | k < K,Nf,,,(s) < No}. When there is no ambiguity, we use kg for short.
Note that

K K
Z}\zl+1($;€l/+1 ZH Nh/Jrl Sh/+1 <NO ZZH Nh/+1 <N()78h/+1 —S]
= k=1

s k=1
ko
:ZZH[SZ/J'_l:S,aﬁ/J'_l:CL]. (70)
s,a k=1
Let (ko, ' + 1) be in thej(s a, h)-th state of (s,a, h). Because No > H, we know j(s,a,h) > 1
Then we have N;?, | (s,a) = 37| e; and thus
ko

1

k k ki

> T[spiyr =s,afq =a] <N (s,a)+e; < NW2(s,a)+ (1+ f)ej_l < 3NR2 (s, a).
k=1

(71
Applying this inequality to Equation (70}, we have
th,ﬂ sfq) < Z3N,’f§3+1 s,a) = 3ZN§9+1 ) < 3SNp. (72)
Under the event 53 in Lemma|[D 1] it also holds that:
K K
Pk, b, mAhrg1 < 33 A+ < 108N, (73)
k=1 k=1

Applying Equation (72) and Equation (73) to Equation (68) and Equation (69) respectively, then the
following two inequalities holds:

k
Ny

n / 0
5oy Ll 20 ZH(]I - u»sk,,ak”h/)xg,ﬂ < HPSNylog(T),  (74)
1 e 17”Lh, sh,,ah, h’+1 h'?"h
and
[k, £ 0] &
n ’
ZZ h ZH(Pk,ak h,—|—1, )A%,HNHSNO (75)
fymdies 1nh, (sk,,ak))
Meanwhile, according to Lemma|D.2] we have:
n, nk,
T f,li li ref, l l' li li
h(shraf) =3 (v,;ﬂ(sh,ﬂ) Vsl (sl ) ) < HY Ny (s ) 2 O (shr,aly).
i=1 i=1
Then it holds that:
\/ h’ Sh,,ah/ Z @Ez Sh’7ah')
k 1 nh’ (Sh/’ ah/) k=1 ni’ (Sﬁ/, aﬁ’)
<X = | ekt shaab) = (s.0)]
s,a \jeC Z i
<logTZ\/@h, (s,a)L[(sk,,ak,) = (s,a)]
< log T\/SAZ@;; (s,a)L[(sk,,ak,) = (s,a)]. (76)

Here, C ={j: H < Zz 1 €; < T'}. The second inequality is by Equation and the mononicity
of ©F, (s, a). The last inequality is by Cauchy’s inequality. To continue, note that:

\/Ze sh”alfi') = (S’a)} < HZ)\h/+1 Sh/+1) \/F]VO

k=1

36



Published as a conference paper at ICLR 2025

The last inequality is by Equation (7T). Together with Equation (76), it holds:

H K .\ /HT¥ (sk, ak)e

>0

Fymwt ny, sk, ak,)

< H?Slog(T)/ ANyt. (77)

Since I'¥, (sk,, af,) < T'%,(sF,,af,) and 4Hnk, (s5,,ak,) > nk, (s¥,, ak,) by Lemma|D.3| it holds:

H K .\ JHT¥ (sF, ak )

2.0

o (ke ai)

Applying the inequalities Equation (66), Equation (67), Equation (74), Equation (73), Equation (77)
and Equation to Equation , since Ny = O( S‘qﬁgo‘ ), we have:

< H?Slog(T)/ANg. (78)

S <0(H 52";“@ >>.

h'=1k=1
E PROOF OF THEOREM [3.3]

Proof. For § € (0,1), let p < 4031‘{%, then ¢ = log(2) = O(SAT) Now with probability at
least 1 — &, (5_, & holds. Next, we will prove Theorem 3.3|under the event ();_, &;

From the proof of Theorem 2 in|Zhang et al.| (2020), we have:

NKJrl s,a
Nswnch < Z 4H IOg <2I§) + 1>'

s,a,h

Next for any (s,a,h) € S x A x [H], we will bound the term N,* (s, a). Let A} (s) = {a | a =
arg max, Q7 (s,a’)}, which is the set of optimal actions for state-step pair (s, k). For a ¢ A} (s),
we have Ay (s,a) > 0 and then Ay(s,a) > Apn. For any h € [H], let set Dy, be all tnple s of
(s,a,h) suchthat a ¢ Aj(s),ie., Dy = {(s,a,h)|a ¢ A} (s)}.

We also let the set D = UhH:1 Dy, and the set Doy = {(s,a,h)|la € Aj(s)}. Then we have
|D| + |Dopi| = SAH. Since for every state-step pair (s, i), there exists at least one optimal action.
Therefore we know | D] > SH and then 0 < |D| < SA(H —1).

If for given (h, k) € [H] x [k], (s¥,aF, h) € Dy, we have Ay, (s¥, a¥) > Apin. Then it holds that:

Qn(shsa) — Qn(sh.ap) = Vi (s5) — Qh(sh, ar) = An(sy, af) > Amin.
The first inequality is because V;*(s) > V;*(s). Therefore, we have

Z H[(sﬁ,aﬁ) = (s,a)] = ]I[(SZ>alfivh) € Dy

(s,a,h)EDy,
[Qh(sh’ah) Qh(shv ah ) > Amm Zw}(Lnk):'
and then
H H K
S NE (s = NE s,y = 3 S H(sh ) = (5,0

(s,a,h)eD h=1 (s,a,h)€Dy, h=1 (s,a,h)eD} k=1

H K N H N
DIDISIEYED DS Z] I

h=1k=1n=1 h=1n=1

By Equation (31)), we know:
H N
n Q*+ B%H) SAH?.  H8S?Aulog(T
X ) £ 3l < o (SIS IS tD) )

AZ A
(s,a,h)EDg, h=1n=1 B min

min
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Therefore we have:

NEFY(s,a
Nswilch S Z 4H IOg <h2£§-) +1

s,a,h

K+1 K+1
— Y 4Hlog (W + 1) + > 4Hlog (W + 1> (80)
(s,

(s,a,h)EDS s,a,h) ¢ Doyt

opt

w T
< 4H(SAH — | Do) log ( 22}}{%547}[1 I IDOJG h> + 4H| Doy log (2H|Dop[| + 1)

Q@ + 52H)HQSAL HT7S%Aulog(T)
< _
< O<H(SAH | Dopt|) log <(SAH Dop)A2, " B2(SAH — [Dopt|) Ammin

—|—H|D0pt|log( K +1)> 81
| Dop|
The first inequality is because of Jensen’s Inequality. The last inequality is by Equation (51)). Since
Q* < H? and 3 < H, then we have:

(Q* +ﬂ2H)HZSAL H'SA

(SAH — |Don| )AL, — B*(SAH — [Dop| )AL,
By Anin < H, we also have:

H7S?Aulog(T) < H&S% Aulog(T)
BA(SAH — [Dop|)Amin — B*(SAH — [Dop|) AL,

For ¢ € (0,1), letp < 605}{%, then ¢ = log(%) < O(log(s‘gi)). Applying the above two
inequalities to Equation (1), with probability at least 1 — &, we have it holds that:

H85%Aclog K
Nawiteh < O(H(SAH — | Dopt|) log (52(SAH D (t|)) ) + H|Dgp| log (\D X 1)
op min op

H*SAz, K
=0 | H(SAH — |Dyyl) lo + H|Dyy| 1o +1
( ( Den) g(ﬂ <SAH—|DOP1|>A-> [Den g(|Dopt| >)

min
H*SA? log(24T K
= O | H|Dgy|log 875 ) + H|Doy|log < —|—1>
| D A | Don
Especially, if the optimal policy is deterministic and unique, which means |Dqy| = SH, then the

policy switching cost is upper bounded by:

H3 83 log(S4T) K
2 4 2
0] (H SAlog <6Amin + H?Slog (5 + 1)

F PROOF OF THEOREM [3.2]

F.1 ALGORITHM DETAILS

Before continuing, we briefly introduce the refined Q-EarlySettled-Advantage algorithm, which is
similar to the original version in [Li et al.[(2021). We will first discuss the key auxiliary functions
used for estimating the Q-value functions. For any & € [0, 1], let ¢ = log(24T).

The algorithm updates ;L““’f and a““’f to represent the current mean and second moment of the refer-
ence function. ,u“‘d" and a“dv denotes the current weighted mean and weighted second moment of
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the reference function with weight to be the learning rate n,, = g—ﬁl bR is the exploration bonus.

Then we present the details of Q-EarlySettled-Advantage algorithm below.

Algorithm 2 Auxiliary functions

1: function UPDATE-UCB-Q
2 QR (shyan) < (1 — 10) QY (sn, an) + nn (Th(sh, an) + Vig1(Sne1) + o H:L>
3: function UPDATE-LCB-Q
4: QY B (s, an) + (1 —0,)QEB (sp, an) + (Th(sh,ah) + VhL_E]f(Sh-H) - H:L>
function UPDATE-UCB-ADVANTAGE

[t o7ef | a0 53V (g, q,,) « UPDATE-MOMENTS;

[6%, BX](sp, ap,) + UPDATE-BONUS;

05, (sn,a 2,
b% — B]l—i(shyah) + (1 - nn)M + ¢p n3/4;
Q%(shvah) —(1- nn)Qh(shaah)
+1n (rr(shy an) + Vi1 (sne1) — ViR (shg1) + 5 (sn, an) + bR)

10: function UPDATE-MOMENTS
1 g (snoan) = (1= ) 15" (snean) + Vit (sne)s )
12: o5 (sp,an) + (1 — 7) o (s, an) + % (V}$+1(Sh+1)) ;
13: 1 (5hy an) = (1= n0) g5 (s an) + nn (Vg1 (sn1) — VI$+1(Sh+1>);2
14: o3 (sp,an) < (L= nn) 08 (s, an) + 0 (Vg1 (she1) — ViR (shg1)) s
15: function UPDATE-BONUS

R S A

16: B“e’“(sh,ah) —
p 2
cb\f(\/ ol (sp, ap) — (u‘}ff(sh,ah +VH \/a;dv (snran) — (1Y (sh,an)) );
17: 6E(Sh,ah) = BzeXt(Sh,ah) Bh (sh,ah),
18: Bg(sh,ah) — B;‘f’“(sh,ah).

Algorithm 3 Refined Q-EarlySettled-Advantage

1: Parameters: Some universal constant ¢, > 0 and probability of failure § € (0,1);

2: Tnitialize Q}, (s, a), Q; "' (s,a),Q}" (s5,a) + H, Qv (s,a) «+ 0; V' (s), VL (s) « H;
N (s,a), piy' (s, a), 031 (s, @), iy (s, a), 03" (5, ), 8 (s, ), Bji(s, a) < 0
and uh( ) < True, for all (s,a,h) € S x A x [H].

3: for Episode k = 1to K do

4 Set initial state s¥ < s¥;

5 for Step h = 1to H do

6: Take action ay = 7} (s}}) = argmax, Qf (s, a), and draw s} | ~ Py(:|s}, ay);

7 NE(sh.a) + Ny~ (sk, af) + Lin < Nf(sf, af);

8 PEBEFL 5k aF) « UPDATE-UCB-Q.

9 fLCB”““( sk, al) < UPDATE-LCB-Q.

10: RHFH1(sk aF) < UPDATE-UCB-ADVANTAGE.
R,k+1 UCB,k+1

1 Z"'l(sﬁ,ah) < min{Q,’ - (sk,af,), h " (sk>ar), Qr sy, af)}s
12: VEFL(sF) + max, QFT (s, a);
13: LCB kH(s ) < max {maxa QECB’kH(sz, a), VhLCB’k(SfL)};
14; if V’““(sg) — VEBEL(6hY S 3 then

k .
15: Vit (sh) = Vi (sh)s
16: else 1f uk (s¥) = True then
17: ViR (sE) = VI (sE ) up T (sf) = False.
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At the beginning of the k-th episode, we can obtain V-estimate V,f"‘(s), the reference function
Vf k(s) and the policy ¥ from the previous episode k& — 1 and select a initial state s¥ (For the
first episode, we randomly choose a policy 7! and V}!(s) = V,f 1= H). At step h € [H], we
can process the trajectory with aff = 7y (sF) and sf_, ~ Py(-|s), af). Now we need to update the
estimates of both ()-value and V -value functions at the end of k-th episode. In the algorithm, the

estimate learned from the UCB by the end of k-th episode, denoted as QUCB AL s updated to:
NEF 3
—~ NEH no, o H3,.
VEBRHL — ok (sF al) + " <Vf+1(sﬁ+1) + cpy/ n) (82)
n=1

Here we define N} = NF(sk, aF) as the number of times that the state-action pair (s¥,af) has

been visited at step h at the beginning of the k-th episode and k™ = k}f(s’fb, a’fL) denotes the index

of the episode in which the state-action pair (sZ, a,}i) is visited for the n-th time at step h. The term

cpy/ == H L represents the exploration bonus for n-th visit, where ¢, > 0 is a sufficiently large constant.

Another J-estimate obtained from LCB at the end of k-th episode, denoted as QLCB okl

UCB,k+1

, is updated

similarly to @, , but with the exploration bonus subtracted instead.

R,k+1

The last estimate of ()-value function, denoted as (), ", uses reference-advantage decomposition

techniques. At the end of k-th episode, QR UAREN updated to:
N"Jrl n R,k* i
R, k41 NEH noogn RE™, ™ dic1 Vi (8h41)  ramaa
o =r(sh, an)+ Z Mn Vi1 (i) = Vily (Shen)+ o +by, :

(83)
In Equation , V,F ok (s) is the reference function learned at the end of episode k — 1. The key idea
of the reference-advantage decomposition is that we expect to maintain a collection of reference

values {V}i2 ’k(S)}s’kJL, which form reasonable estimates of {V;*(s)}s,, and become increasingly
more accurate as the algorithm progresses. It means for any s € S, sufficiently large k£ and some

given 3 € (0, H], it holds |[V;}* (s) — V*(s)| < 8.

With two additional Q-estimates in hand — Q}fCB #*1 Jearned from UCB and QR F*1 obtained from

the reference-advantage decomposition, we can update QkH (sﬁ7 a h) as follows:
k+1 k UCB,k-+1 E\ ARk+1
h+ (Sh7 ay) = min{Q, (Sm ay), @y (Sm ah) Qh(sha ah)} (84)

We also incorporate Q% (s¥, a¥) here to keep the monotonicity of the update. Then we can learn
VkJrl (sk,a¥) and VhLCB Lk (sk,a¥) by a greedy policy with respect to these Q-estimates:

Vi (sh) = ma Q41 (s}, @), Vi (s5) = max {max QI (55, ), VIR (sh) |

In the algorithm, V,i‘CB’k(s) serves as a lower bound of V;*(s). We determine the final value
V,F K1) of the reference function for the state-step pair (s,h) when the condition ViE(s) —

VhLCB’k(s) < B is met for the first time.

F.2 AUXILIARY LEMMAS

As can be easily verified, we have

N
1, ifN>0
N _ ) )
2 = {o, it N = 0. (83)

n=1

Lemma F.1. For any integer N > 0, the following properties hold:

Z 7]:[ 2 for all L <a<l1 (86)
- < — - <a
= ne N 2~ =7
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N 00
2H 2H 1
N M2 <= N1+ =

 max ny < Z:l(nn) <5 NZ:% <1+ (87)
Proof. 1tis proved in Appendix B of |L1 et al.| (2021). O
Letu) = 32 "= Then according to Equation (86), we know fV < Zforanyi < N € N,.
Lemma F.2. Using V(s a, h, k) as the simplified notation for¥(s,a, h, k) € S x Ax [H| x [K| and
Y(s, h, k) as the Simpliﬁed notationfor Y(s,a,h, k) € S x [H] x | ] Then we have the following
conclusions:

(a) (Lemma 2 of |Li et al.|(2021))) With probability at least 1 — 6, the following event holds:
1= { @) < Q5 (s,0) < Qf(s,), Vi (s) < VE(s) < VR(s), (s bk

(b) (Lemma 3 of |Li et al.| (2021))) With probability at least 1 — 6, the following event holds:

&y = {QZCB’k(S,a) < Qh(s,a), Vi ¥ (s) < Vi (s), Y(s,a,h, k) and

H K
HSS A

ZZ [Qh o ak) I;LCB,k(sﬁ,aﬁ) > 5} S = forany € € (O,H]}.

h=1k=1

(c) (Paraphrased from Lemma 4 of |Li et al.|(2021)) With probability at least 1 -4, the following
event holds:

— { ’V,f(s) - Vf’k(s)’ <23 and

& LCB,k LCB,k HS Ay
SN (V= VPR TV = VPR (sh) > 8] < 7V(s7h,k)}.

h=1 k=1 B

(d) With probability at least 1 — 6, the following event holds:

NE 262
ZU h ( ki — PS,CL,}L) (Vh+1 Vh+1) S 2 m, V(S,a, h7k)

(e) With probability at least 1 — 6, the following event holds:

* H
li@ L 16 L
Nii(s,a) Ni(s,a)

Ny
&=43 ul" (11 v —Ps,a,h) Vi, <8 , (s, a,h, k)
i=1

(f) With probability at least 1 — 0, the following event holds:

Ni

Ny AR K N B2H.
Z 771’1 h (Psyayh - 15211> (‘/‘h-",-l - Vh+1> S 2 W’ V(S, a, h7 k)
n=1 ,

(g) With probability at least 1 — 0, the following event holds:

{ Z Zpsh,a h { Vh+1 VhLJS?’k)(SZH)H [(V}fﬁ-l - V}}f?k)(sﬁﬁ-l) > ﬁ}}
h=1k=1
H

K
Z Z Vh+1 thlf k)(slsz)H [(Vii€+1 - Vfif]f’k)(sﬁﬂ) > ﬁ} + H }
h=1k=1
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Proof.

(d)

(e)

®

(c) The proof is adapted from the proof of Equation (146) in Li et al. (2021), with the
substitution of (Vi — V;X®*)(sk) > 1 by (V] — VF®*)(sk) > 6.

From the definition of V}? *(s), we know that for any k € [K]:

Vie(s) < VR (s) < Vi(s) + 8. (88)

Then the sequence

(3o (1, o) (528 -2

is a martingale sequence with

jEN+

N 2
o (1, = Pean) (W~ ia)| < 7

Sht1

Then according to Azuma-Hoeffding inequality, for any ¢ € (0, 1), with probability at least
1 — 4, it holds for given Nf;(s,a) = N € N that:

N
282,
$ (1, ) (i85 - 12) <2/

For any all (s,a, h, k) € S x Ax [H] x [K], we have N} (s,a) € [Z]. Considering all the

X
possible combinations (s, a,h, N) € S x A x [H] x [£], with probability at least 1 — 4,
it holds simultaneously for all (s,a,h, k) € S x A x [H] x [K] that:

Nk
Sl (L = Pun) (G = Vi) <2y ot
< i skl s,a,h h+1 ht1) = NF(s,a)’

The sequence

{Zu ( sah)vhﬂ}

is a martingale sequence with

JENy

2H
N
Ui (lsi?" P”h) Vin| <

Using Lemma with ¢ = N , € = c? and 6 being SAT2 , for any glven Nh (s,a) =N €
[T'/H], with probability at least 1 — 2(log,(N) + 1)zt > 1 — 557, we have:

Z“ ( —]P’s,a,h) Vh*ﬂss\/? +16W

For any all (s, a, h, k) € S x A x [H] x [K], we have Nf(s,a) € [%]. Considering all the

X
possible combinations (s, a,h, N) € S x A x [H] x [£], with probability at least 1 — 4,
it holds simultaneously for all (s, a,h, k) € S x A x [H ] [K]:

Ng
Ny (]1 . —P )v* <8, X e M
Zul Sﬁ+1 s,a,h h4+1 = N}ILC(S,G,) + N,’f(s’ a) .

The sequence

J
N SR, E™
{zm@WﬁMmo@-w@}
jENT
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is a martingale sequence with
775 (Ps,a,h - ]ls;jfrl) (V}ﬁkl - Vh*+1) < nfzvﬁ
Then according to Azuma- Hoeffding inequality and Equation , forany § € (0,1), with

probability at least 1 — <%= 2, it holds for given N¥(s,a) = N € N, that:

N 2
N > R,k’i * B H.
E nn (P&Chh - ]]'sflil) (Vh+1 - Vh+1> S 2 N .

For any all (s, a, h k) € S x Ax [H] x [K], we have Nh (s,a) € [%]. Considering all the

X
possible combinations (s,a,h, N) € S x A x [H] x [%], with probability at least 1 — §,
it holds simultaneously for all (s,a, h, k) € S x A x [H] x [K] that:

Ny
NE R,E” * ﬁ2HL
>t (Pron =L, ) (W —Vitw) <2 505

n=1

(g) This conclusion is directly proved by Lemma|[C.2| with | = H

Lemma F.3. For any non-negative weight sequence {wp 1}, , and o € (0,1), it holds that:

K
Wh .k 1
’ < (SAllw o) llwll1 "

= max{wy i} and [wl|1n = 5 @k

For a = 1, we have the following conclusions:

K 1
< SAlog(T),
,;Nilf(sha aj)

Proof.
Nh (s;a)

i Wh,k Z Z Wh, ki (é a) (89)

k:l Sh’ ah s,a =1
. K
Here k' (s, a) is the episode index of the i-th visits to (s, a, h). Let c(s,a) = S 5% Ki(s,a)

Wh, kl(e a)

and then we have ) _ , cp(s,a) = Ele whk = |lw||1,n- Given the term ZkK , when the

weights wy, 1i(s,q) concentrates on former terms, we can obtain the largest value. Let

cn(s,a
ks,a,h = ( ) and ds,a,h = C}L(S, Cl) - (ks,a,h - 1)||w||oo,h~
[wlloo,n

Then we have:
K s a,h—

Z Wh,k Z Z HwHooh sa,h
Ni’f(sha k?a,h

k=1 s,a =1
ksan—1 .4_ . 1—
7 @ _ (7, — 1) @ ds ,a,h
<
Sl 3 T—a k.,
0 g ,a, o ds ,a,
Z lloo. (ks ,a,n — 1) + Zsah
11—« k?a h
11—«
= Z [lw|| [(ks,a,n — D]|wlloo,n] + s,a.h
et 1—a (Fs,a,nllwlloon)
[(ksah = Dlwllocs) ™ | dsan
< a sy , 2l . 90
,SZI:HWHOOJL < I—a +ch(s,a)’l o
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Here the last inequality is because ks 4 ||w|/co,n > cn(s,a). The second inequality is because for
any 0 < y < z and « € (0, 1), we have:

r—y 1 11—« 11—«
< _
x¢ T 1-— a(x v
Then, let z = 4 and y = ¢ — 1, it holds that:
1 1
< (il_a _ (Z _ 1)1—(1).

i“ " 1-a
Alsolet z = cp(s,a) and y = (ks o0 — 1)||w||0o,n, We have:

dsan_ [(Fsan = Dlwlocn] ™ _ cnls0)'
cn(s,a)® 1-« T l-«
Applying this inequality to Equation (90), we have:
K
> e < el D2 L (Sl 5
Nk(sh, T 1l-« ' L

The last inequality is by Holder’s inequality, as >~ , ca(s,a)'~* < (SA)* ||| }_ho‘
For o« = 1, it holds that:

K N (Sa)
N Z Z —<Z log(N{ (s,a)) + 1) < SAlogT.
k=1 s,a  i=1

O

Lemma F.4. For any non-negative functions {XF : S = R | k € [K], h € [H|} and any h € [H],
we have that

K Ng(sy.ar) K
Z Z Un"Xh+1<10g Z h+15
n=1 k=1

K NF 1 K
>SS g < (16 ) Sk
n=1 k=1

=1
Here, X, | =0 foranyk € [K]and s € S.

Q

Proof. For the first conclusion, we have

K NE(sp.af)

> Z DR THED D) DA HE DS L)
Z(ZZunN}fH[k}" ])x{m 1)

Herﬁﬂ [k™ = j] = 1 if and only if (S{L,ai) = (sk,af),j<k—1landn = NZH(S{L, a{b) > (. Then
we have:

K Nk Nh

Nf
E E un "1k E UNJ+1 { Shvah) (shi> ak) ] § UNJ+1 SlogT.  (92)
k=1n=1 k=j+1 b NJ+1

The last inequality is because for any N € Ny and i € [N], u < 2 . Applying Equation to

Equation (91)), we finish the proof of the first conclusion. For the second conclusion, it holds:

K NE(sf,af) K Nf K
22 g =30k (e =
k=1n=1 j=1
K Nf
z(zznw 7)o )
=1 “k=1n=1
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According to the definition of ™, T[k" = j] = 1if and only if (s}, a}) = (s¥,ak), 7 < k — 1 and
n = N}*'(s] al). Then by Equation in Lemma we have:

K N K oo
NFctim N P 1
PP ILEET IS DI {(5%, al) = (s, aﬁ)} < Y e Slb o O
k=1n=1 k=j+1 ) t=Njt )
Applying Equation (94) to Lemma[F.T] we have proven the second conclusion. O

Lemma F.5. Forany h € [H| and k € [K], we have the following two conclusions:

V() = Vil (s) < B then VT (5) = Vi () = Vi (9)
« IfVE L (s) — Vthlf’k(s) > (3, then we have:

0 < VA (s) = Vih(s) < ViE (s) = VieerM(s),

and
Rk 7 .
Vi () = Vi ()] < Vit () = Vil (s),
Proof. « If for given k € [K], ViF, | (s) — Vé‘flf’k(s) < B, then there exists k1 € [K] such
that:

k1 = min {k LVEL(s) = Ve R (s) < ﬂ} .

Then according the algorithm, we have u’;j__ll(s) = True, or it is contradictory to the

minimality of k1. Therefore, in this case we have:
R,K+1 R,k R,k k LCB,k
Vs (8) =V 11(8) = Vi () = Vi (8) < Vi (8) + B < Vidya(s) + 8,

and
R,k R,k 1 *
Vh+1(3) =V (s) = th+1(5) > Vi (s).
According to the definition of ‘A/,i_kl (s), we have V}ﬁ_kl (s) = V}ﬁ’_kl (s) = V}f_ﬂ{“ (s). Thus

ViF(s)— Vthlf’k(s) < S is the sufficient condition of V}ﬁkl (s) = ‘A/}ikl (s) = V,f_f“ ().

* Moreover, if ViF, | (s) — Véflfk(s) > (3, according to the algorithm, we have V,i’rkl(s) =

ViF. 1 (s) and then 0 < VI () — Vi (s) < ViFL (s) — Vi M (s).

In this case, we also have V,i‘f]fk(s) < Viga(s) < Vfﬁf“(s) < V}ﬁkl (s) = Vi (s)
and then Vth]f’k(s) < Vi) < \A/,::kl(s) < V,&’kl(s) = V;F.1 (s). These two inequalities

imply that [V (s) = V517 (9)] < ViEL () = Vid ™ (s).

h+1
O
: k
F.3 STEP 1: BOUNDING @} — Q5.
F.3.1 BOUNDING THE EMPIRICAL ESTIMATION ERRORS
By & in Lemma[F.2] we have:
NF 2
adv madv | yradv,k™ __ NF ’ AR K N B2H.
(Ph,k - ]Eh,k) Vit?™ = i (Pagatn — Lagn ) (Vagh — Vi) <2 NEGE.ah)’
n=1 K S, @
95)

By &4 in Lemma|F2] it holds that:
Ni

el £ (R Nf R 267
(Em - W’C) (Vs Vi) =D _ui " (lsi’;l - Psﬁa%’%) (Vi1 —Vi) <2
i=1

N (shy ai)
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By & in Lemma|[F2] it holds that:

Q* H.

f f N
(B~ Bi) Vit = Zu’(]l t Poetn) Vi <8y o + 1

Therefore, combining these two inequalities, we have:

* +62 H.
]Eref _ ]P)ref ) VR E™ N Q .
( R\ NG T VEGE a)

F.3.2 BOUNDING THE BONUS

N;f(sﬁ,afb)'

(96)

Since the term ¢ in the last inequality of Lemma 7 in |Li et al.[(2021) can be easily improved to ¢,
we can paraphrase the equation (87) and equation (88) of L et al.| (2021)) to the following form:

n 1 n 1
bRkH (1_H>Bf’k (si.a h)+nnBRk+1(h» h)+TMH2

This taken collectively with the definition of % allows us to expand

o7

Nh

Ny,
Rh,k _ Zn’i\/'bl}:,kn'f‘l
n=1
Ni 1 RE™ [ k R,E™+1 i n
—Znn H (I=mn) | |1=—) B, <h7ah)+ B (h»ah) +Cbz
= i=n+1 TIn M
NE Nh Nh
=By " e Z 374 H*.

NE
Then with Bz’k AR B,‘f’k and Equation in Lemma it holds that
H%
—
NE(sk, ak)1

Similar to equation (158) of|Li et al.[(2021), we have:

RMF < Bz,k n

2 2
adv,k adv,k N y 3 R,k™
7ok ah) — (ko) | St (Vi GH) - Vi Gh)

NE(sk, al) - NFE(sk,ak)

Equation (100) is because |Vh:1(sﬁil) V,i‘fl (s f:H)| < 2Bby&sin Lemmaand ZN;Ll

1. Meanwhile, since thrl (sf'q) > V,?H (sf".1), it also holds that

2
ref,k/ k _k ref,k/ Lk Kk
o, "V (sEap) — (uh (s h,ah)) § J{“’“+J§“k

N (sh» i) ~V NiGshai)
where: ) )
e T (R e) - (7 o))
b N (sh, i) ’
o NE(OREN g 1) NE oran, g 1\ 2
ik _ 2ont (Vhirl (5h+1)> B >l Vh+1 (syq)

N (sh, i) N (sh» i)
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Next we want to bound both J{L * and J;’ ok,

NF R,E™ /7 SRE™ R,k™ ;™ SRE™ B
D onla (Vh+1 (k1) + Vi (SZH)) (Vh+1 (shi1) — Vi (SZ-H))

N;’f(sﬁ,aﬁ)
NF R,E™/ k™ SRE™ g

Donlti 2H (Vhﬂ (52+1) Vi (SZH))

< k(k K :
Ny sy, a)

Therefore, we have

hk _
Ji =

QHWZ(SIZ,aZ)

Jph < S he (101)
1 N}’f(sz,aﬁ)
where
N
RE™ (k™ ORE KT
h(sh,ak) = 3 (ViR (sh) = T (k) ) -
n=1

For the second term J2h **_ because of Cauchy’s Inequality, we have:

NE . kT n
ZN}]f ‘“/R,k”( k" ) B i V;]jh (s%11)
n=1 | Yh41 Sht1) T TONF(SE oF)

) h,k h,k
< 2(J2,1 +Jo) )s

Jhk —
2 k(k ,k
Np(sg,ap)
where:
N ] Nk BT NE SRET, gn 2
ENh VR,k”( k™ )_ v ( k™ )+ 2y Vh+1(sh+1) _ i Vhirl (Sh+1)
n=1 |\ Yh+1 ht1 h+1\Sht1 NF(sE aF) NJ(sF.aF)
Jh,k' _
2,1 — k(k Lk !
Nh (Shaah)
and

k
N,

2
ZN;S V* ( k™ ) _ 2y Vh*+1(5z+1)
n=1 | Yh+1\Sh41 N (skaF)

33
’ N} (s, af,)
N;}f * k™ 2 N;}f, * k™ 2
_ D onla (Vh+1(5h+1)) _ >t Vh+1(3h+1)
NE(sk,ak) NE(sk, ak)

Since V7,1 (s571) < ViRA (s )) < Vi (s5yy) + B, it holds that:

le n Nk' AR,’CTL n
Zi:}I Vh*+1(5§+1) _ Zz:hl Vh+1 (SZ+1)

N (sh, i) N (sh» i)

SRE™ k™ k™
Vit (8ha1) = Vg (shyr) +

NF n NF SRE™, pn
D i V,f+1(s§+1) B Do Vh+1 (324-1)
N}y (s, af;) Nf(sy.ap)

< 2.

OrRE™ kT k™
< [VRE (k) = Vi (b +

Therefore, applying this inequality to J; ’f , we have J; ’f < 4/3%. Moreover, according to equation
(165) of [Li et al.| (2021]), the following inequality holds:

<Q*+H2 2

Jhk S —
22 Nj (sy,ay)

Combining the upper bounds of th ok Equation (101}, J2h7 1’“ and Jéﬁ’gk , we have:

. 2
ref,k ref,k
7t o) — (W kb)) VHYGRD o
N (sh.af) ONEGR D)V NEGE o) T NG )T
(102)
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Back to the definition of B}j’k in Algorithm |2, combining Equation 1} and Equation 1| it
holds:

2 2
f,k f,k dv,k dv,k

. oK (s af) - (u;f (sha)) o (sfaf) = (3 (s o)
B, </ i 5 +c,VHL k -
NE(sk, ak) Ny (s, ap)

i (s, i)

N (sh» i) Ni(shak)  Ni(sh,af)s

Then by Equation (99), we have

k(gk ok
n (s, ap) *+ B2H H?
gk g Vo It (@ PH) . (103)
n (Shs @h) Ny (s, ap,) Ny (sp,ap)t
Applying Equation (93)), Equation (96), Equation (T03) to Equation (T4)), it holds that:
* e " * (Q* +B2H)L HQL
(sz - Qh)(sfu U,Z) < E‘}ld\l;(vh - Vh ) + + Re se* (104)
" i i Njy(sk, ap) Nk(sh’ah)% l
Here
HW} (s), af )t He

h,k ref R,k™ SR E™ ref dv
Relse _nohH+Ee (V Vh ) (Pe a )Vh+1 + N}S(SZ ai) +N}]L€(SZ GZ)

F.4 STEP 2: BOUNDING THE WEIGHTED SUM

F.4.1 REARRANGING THE SUMMATION

K K Nf
k™ [ k™ k"™
E whk]Ehk(Vh+1 Vh+1 E E whwn (Vh+1(3h+1)*vﬁ+1(3h+1)>
k=1 k=1n=1
K NF

K
=SS e e =1 | (Vi) = Vit (b))
j=1 \k=1n=1
K K Nh . . .
< Z Z th knnh]l = Jl (Q?«L-H - QZ+1) (S%-;-lvai-u)
j=1 \k=1n=1
2 thﬂ,j(h) (Q?L+1(ng+17agz+1) - QZ+1(S?L+17G’;L+1)) .
j=1
(105)
Here, for any j € [K]
K Nf
wh+1’j Z th knnhﬂ ]
k=1n=1

The inequality is because Q7,1 (57, 1,a7,,1) = Vil 1 (5h 1) Q1 (Shi1, a9 1) < Vi (5hiq)-
F.4.2 PROOF OF EQUATION (20)

By Equation (94), for h < i/ < H and any j € [K], it holds that:

K Nf

1
w3 (0) < o)l D2 S TR = 31 < (14 ) JwB)loope 1. (106)

k=1n=1
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It also holds that:
Nh

K
th/,- ZthZnnh < lw (R[], -1 107)
j=1

Combining Equation (104) with Equation 1} the weighted sum 25:1 wh i (QF — Q) (sk,af)
can be bounded by

thk Qh Shvah) Qh(shvaﬁ))

K K
N Q*+ B%2H)e H?.
< thﬂ,k(h)(Q;ﬁH - Qh+1)(3£+1aa2+1) + th,k < ( k) + +RE

B Is
. Pt N}’f(sﬁ,ah) (N}’f)fi clse

b
Il

Nk

wnet (M) (@41 — Qb)) sk ain) /(@ + ) SA @l [l e

o
Il
_

K
1
+ (S Aw]oo ) F @Il + D wn i Rere- (108)
k=1
The last inequality is by Lemma 3(with o = 5 and 3 . Recurring Equatlon w1th regard to

h,h+1,...,H, since Qf (s, a) = QH+1(S a) = O and the weight relatlonshlp Equation (106 .
and Equation (107), we have

thk Qh 3h7ah) Qh(shﬂl;ﬁ))

K H
< H\J(@ + B2H) SAlwlloo pllwllne + H2u(SANolloon) ol + D7 3 wnw s RAE.
k=1h'=h

(109)
F.5 STEP 3: INTEGRATING MULTIPLE WEIGHTED SUMS
F.5.1 PROOF OF EQUATION (23)
For any N = [logs(H/Amin)], ¢ € [N], k € [K] and the given h € [H], let:

Ws)k - ]I [Q (shvah) Qh(shv ah) [21 1Amma QZAmln)] )

and
wéj\li) =1 [Qh(shv ah) Qh(sh7 ah) [2N 1Amm7 H]]

Then

leo” Hooh—maxwhk<1 oot )th—zw

For any given ¢ € [N] and h < h/ < H, the weight {wh, w1k can be defined recursively by
Equation (T8). Therefore, for any j € [K], it holds that:

N _ K NF N
Sl =3y (z ) g — )
=1 k=1n=1

Here for any i € [N], w,(f)k(h) = w,(f)k Then by mathematical induction on A’ € [h, H], it is
straightforward to prove that for any j € [K],

N @ 1 h' —h
> wp) () < (14 I < 3, (110)
=1
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given that for any j € [K]

K Nh'

I IUAIET B R

k=1n=1

by Equation (94) and ZZ 1 wh j( )= vazl w,(f)j <1

Applying the weight {whzk }1 to Equation l| , since [|w®||oo.n < 1, then for any i € [N, it holds:

K
Z L (QE(sk, af) — Qi(sk, af)) H\/@* + B2H) S Allw® |1 e
k=1

K H
+ HP(SA)E (w1t + 373wl (WREE.

k=1h'=h

On the other hand, according to the definition of w,(j)k, we have

K
ZW ' Qh Shyap) — Qh(shvah)) > 2'" 1Amm||w( l[1,n-
k=1

Therefore, since [|w*||o0.r, < 1, we obtain the following inequality for any i € [N]:

27 Al 1 S H¢ (@ + B2H)SAw® [ e + H(SA) (| 1,0)%

+ZZw Rgs’e.

k=1h'=

Then at least one of the following three inequalities holds:

2 Apia |0 |10 S HJ(Q* + B2H) S A 10

2 Ain|w@ [l S H2(SA)T (D |1,)7,

ZZ 1Amme ||1 h S Z Z w R:flse :

k=1h'=

Solving this three inequalities, we know that:

} *+ B2H) SAH? 1S A5 _wn (W RAE
||w(l)1,h<0<max{(Q +5°H) LOHASAG Xy Yo @i (MRS

4= 1Ar2mn ’(21._1Amin)%7 2 1Amm

<O <(Q* B2H) SAH2L + H4SAL% Zk 1 Zh’— wh’ (h)Rglsek

4i— 1A2 (21‘71Amin)% 2i— 1Amm

min

By Equation (T10), we have:

i=1

N K H H
D IENCEE zz(zwh/ )stfqzm;.

i=1 k=1h'= h'=h k=1 h'=1k=1

Using this inequality, we have

N ) ) * 2H AH2 4 3 H K
ZQlAmin”w(l)Hl,h <0 <(Q + 5 )S H SAL n Z ZRelbe > .

i=1 Amin (Am‘“ )3 h'=1k=1
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F.5.2 PROOF OF EQUATION (26) AND EQUATION

Bk

el » Where

Next we will bound the term Y7 _ "% R

\JHUE,,

h'\k v I R,k R,k r R,k™ v Rk h H.

Relse =T 0" H + E of (Vh/—i-l Vh’+1) (]P ef Vh’+1 ]Pad Vh’—i—l) 7]\/% 7Nk .
h' R

According to equation (149) of |Li et al.| (2021}, we have:

H K _ 6
ZZW(I)V;/HSHQSASM- (114)
R'=1k=1 2

By Lemma[F.4] we have

H K
Z Z]E‘ef e (VR = V) S 108 Y0 S (Vs = VL) (ki) (115)

h'=1k=1 h'=1j=1

By Lemma|[F3] the following inequality holds:

R, SR
Z Z (Vh’-f-l 3h/+1) Vh/—{-l(siﬂ—q—l))

h'=1 j=1
; ; ; ; : HSSAL
LCB,j LCB,j
< 0D Wi shoa) = VA (b)) Vi 5o 0) = Vi (sh) > 8] £ =5
h'=1j=1

The last inequality is by €3 in Lemma[F2] Applying this inequality to Equation (TT3)), it holds that:

Z ZEref ( _ A}?k") < HOSAlog(T): (116)
h'=1k=1 B
N / N !’ /
For the third term in Relse , because Zn Lun™ =3 i , then
P v R,k™
eka e — ad k;V o1

h.’
NF R,E" R K+1 R,K+1
_ E ) E Ny
= Un, " Sh” h”h/ (Vh' -V I+ nn N s k. a (Vh' -V ‘41 )

'+1 7 Vh'+1

< E ’LL k
n ‘5,/7ah/7h/

By Lemma[F4] we have:

PRAT _REHL
= Vila ‘+ E :77" s,”a’“

h!?

S RE™ VR,K+1‘

H K N,’f/ H K
i R, k™ R,K+1 R,K+1
SO g g [V — VT Slog(1) 30 D P e [V - VIS
h'=1k=1n=1 h'=1j=1
and
k
H K Ny N H K
) AR, E™ R,K+1 ~R,j R,K+1
22D Pk, at, v Vilis = Vilin | S ) ZPSf;naﬁnh’ Vi = Vi
h'=1k=1n=1 h'=1j=1

Combining these two inequalities, we have:

H K ) B H K
03 (BT — PRI ) S10a(T) 30 D Put

h'=1k=1 h'=1j=1

/41

Vi -V
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According to Lemma[F3] the following inequality holds:

RK+1, j
Z Z]P)Sf, a’” Jh! h +1(sh +1) V}L +1 (sh +1)‘
h'=1j5=1
H K

, : : : 654
< 30 S Putagr { Vs = VB )1 (Vs = VIS () > 8] 5 5

h

The last inequality is because of the events €3 and &7 in Lemma|[F.2] Together with Equation (IT7),
we have:

n HSSAlog(T
Z Z (P vty — P Vi) A5l (118)
h'=1k=1 B
Now we move to the fourth term in Relbe By Lemmaﬁ we have:
NY,
\IIZ’(SZMQZ’) = Z (Vh'+1 (SZUA) Vh/+1 (5113’+1))
n=1
NF,
LCB,k™ [ k™ LCB.k™ [ k™
< Z Viia(shin) = Vigx™ (shisr)) -1 [Vh'+1(5h’+1) Viar (sha) > 8
n=1
2 oF,(sk, af)
Then it holds that:

Ky Yk (s ai) i (siysaly)

K
-~ 00 S -~ @
2 N EaE) S 2 NG ak)

k=1 h

Nh/(s a) @kn (S a,)]I [(SEHGZ/) = (S’ a)]

=2 ) .

s,a n=1

<1ogTZ\/<I) I[(sf.,af) = (s,a)]
< 1ogT\/SAZ<I>§(s,a)H (s, a)) = (s,a)] (119)

The second inequality is because of the mononicity of ®%, (s, a). The last inequality is by Cauchy-
Schwartz inequality. To continue, note that:

Z Z(I) Sh'vaﬁ') = (Saa)}

h'=1
H K
_ VE VLCBk k v VLCBk K
= Z Z R +1 3hf+1) B+ (Sh’+1) h’+1(5h’+1) B+ (Sh’+1) >f
=1 \ k=1
H K
< H VLCB,k k I Vk k _VLCB,k k
S ZZ (k) = Vi (sian) ) T\ Vil (sky) = Vi (sigy) > B
h'=1k=1
H7S AL
<
B

The first inequality uses Cauchy-Schwartz inequality and the last inequality is by & in Lemma [F2}
Together with Equation (TT9), it holds:

(120)

i K\ JHYG (s af ) H4SA10g(T)L
h=1k=1 Ny (shs afy) : VB .
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By Lemma [F3| with o = 1, we have:

Z Z N < H%SAlog(T)e. (121)

h'=1k=1 (Sh”ah’)

By summing Equation (I14), Equation (I16), Equation (T18), Equation (I20) and Equation (121},
since § € (0, H], we can conclude that:

H°SAl
Z ZRelse ~ %()

h'=1k=1
Then we have
K 4
: Q* + B*H) SAH?. H*SAis  HSSAlog(T)
1 k _ * k _k Amin -0 (
ZZ:CIP[(Q;Z Q%) (sh,ap) | ] A (Amin)% 3
* 2H) SAH? 6 2
<O<(Q +ﬂA ) L+H;AL>. (122)

The last inequality is because
H*S A3 _ BPHPSA. | HPSA N H5S A2
(Amin)% - Amin 5 ﬁ

by AM-GM inequality.
F.6 STEP 4: BOUNDING THE EXPECTED GAP-DEPENDENT REGRET

By Equation (EI) QF(s¥,ak) = VF(sF) > V*(sF). Thus, for any episode-step pair (k, k)
An(sp, ap) = clip[Vy (sh) — Qi (sh, ak) | Amin] < clip[(QF — Q1) (sh, a) | Amin].

By Equation (4) in Yang et al.| (2021), we have E (Regret(K)) = E {Zszl Z{Ll Ap(sk,af)|,
which further implies

K H
E (Regret(K)) < E [Z S clip[(Q) — @3)(sh,ab) | Amm] .

k=1h=1
Finally, let 6 = % and £ = ﬂZ:1 &; with &; in Lemma Then the event £ holds with probability
atleast1 — 76 =1 — % and we also have:

K H
E (Regret(K)) < E lz > clip[(QF — Qi) (sE, af) | Amin 6] P(€)
k h=
1K 1H
Zchp Qh QZ)(S;‘;,@Z) | Amin] 501 P(E)
k=1h=1
(Q*+B?H) H3SA.  H7SA? 1
<O< - T8 +<1_T>HT
* 2 3
O<(Q +BAF{)H SAL+H7;AL2>' (123)

The last inequality is because under the event £, we have proved that

K A . *+ B2H)H3SA.  H7SA>2
Z ZCHp[(QZ - QZ)(Sfma;D | Amin] <0 <(Q i BA ) L + 8 L )
k=1h=1 min

by Equation (I122)) and under the event £°,

K H
> clipl(@F — @) (sh.af) | Amin] < HT.

k=1h=1
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