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Abstract

We study non-atomic congestion games on parallel-link networks
with polynomial latencies. We investigate the power of machine-
learned predictions in the design of coordination mechanisms aimed
at minimizing the impact of selfishness. Our main results demon-
strate that enhancing coordination mechanisms with simple advice
on the input rate can optimize the social cost whenever the advice
is accurate (consistency), while only incurring minimal losses even
when the predictions are arbitrarily inaccurate (bounded robustness).
Moreover, we provide a full characterization of consistent mecha-
nisms, which holds for all monotone cost functions, and show that
our proposed mechanism is optimal with respect to robustness. We
further explore the notion of error-tolerance within this context, i.e.,
we provide an approximation guarantee that degrades smoothly as
a function of the prediction error, up to a predetermined threshold,
while achieving a bounded robustness.
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1 Introduction

A fundamental issue in large decentralized systems is the impact of
selfish behavior, wherein each player selects a strategy to minimize
their own cost without regard for the overall system efficiency.
Such decentralized decision-making often leads to suboptimal out-
comes for the population as a whole. In this context, the celebrated
notion of the Price of Anarchy (PoA) [38] is the standard metric for
quantifying the inefficiency arising due to players’ selfish behavior.
Specifically, it measures the ratio of the social cost in the worst
Nash equilibrium to the optimal social cost. In this work, we con-
sider congestion games, a fundamental resource allocation problem,
from the perspective of anticipating players’ strategic behavior in
order to improve overall system performance.

Parallel-link networks serve as a fundamental model for studying
congestion phenomena, where each link represents an independent
resource and players choose among them. Analyzing such networks
yields key insights into the performance of mechanisms in more
complex networked environments. Moreover, this model captures a
wide range of well-studied games and applications, including load
balancing and scheduling games (e.g., load balancing in distributed
systems, scheduling on cloud computing environments), where
tasks must be assigned to machines with potentially different delays.
More precisely, there is a set of available machines and a set of
users, each associated with an infinitesimally small task that needs
to be processed by a machine. Each machine is characterized by a
cost function that depends on the congestion that appears on that
machine. Each user selects a strategy, i.e., choosing a machine, by
seeking to minimize their individual completion time.

To mitigate the impact of selfish behavior, we explore coordina-
tion mechanisms (CMs) [16, 17] as interventions to improve overall
system performance. Additionally, motivated by the observation
that additional information about the input can have a substantial
impact on the quality of induced equilibria, we study the effect of
exogenous information provided in the form of machine-learned
predictions on the design of CMs aimed at steering the players
towards more efficient outcomes. This approach of enhancing al-
gorithmic decision-making with exogenous information has had a
profound impact in recent algorithmic research [40, 43]. In line with
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this direction, closely related work by [28] incorporates predictions
about anticipated demand in the design of learning-augmented
cost-sharing mechanisms for scheduling games.

1.1 Our Results

We study learning-augmented CMs in network non-atomic con-
gestion games over parallel-link networks with polynomial cost
functions. Given a prediction of the total demand, we design consis-
tent CMs that achieve the optimal performance with respect to the
PoA when the prediction is accurate, while remaining near-optimal
even under arbitrarily erroneous predictions; that is, they have
bounded robustness. More precisely:

o In Section 3 we provide a thorough study of consistent CMs.
First, we provide a complete characterization of consistent
CMs for any monotone cost function (Lemma 3.1). We then
propose a mechanism that applies the minimal necessary
modification, which we call MINCHARGE, and show that it is
consistent and also (d + 1)-robust for polynomial cost func-
tions of maximum degree d with nonnegative coefficients
(Theorem 3.4). We then use our characterization to show that
any consistent mechanism must be at least (d + 1)-robust
(Lemma 3.5), establishing the optimality of MINCHARGE
among all consistent CMs.

In Section 4 we study the trade-off between robustness and
error-tolerancein the design of consistent CMs. Error-tolerance
is a desirable property of learning-augmented algorithms,
as it ensures that the performance of the mechanism de-
grades gracefully as a function of the prediction error up to
a specified error-tolerance threshold. First, we extend the
characterization of consistent CMs to capture error-tolerance
(Lemma 4.1). We then propose the ERRORTOLERANT mech-
anism and analyze its approximation and robustness for
multiple links with affine cost functions (Theorem 4.5). For
the special case of two links, we also provide a tight approxi-
mation guarantee when the prediction error does not exceed
the error-tolerance threshold.

1.2 Related Work

We consider the problem of routing traffic to improve network per-
formance under congestion. In the absence of a central authority,
users behave selfishly and seek to minimize their individual cost.
Since equilibria generally do not minimize the social cost, we adopt
the notion of the Price of Anarchy to quantify the performance
degradation due to selfish behavior [38]. A vast literature has fol-
lowed this notion and obtained tight bounds for a wide variety of
games, e.g., [45, 46]. Considerable attention has been given specifi-
cally to networks of parallel links [1, 31]. [27] studied the problem
of routing n users on m parallel machines. [15, 29, 47] considered
resource-aware cost-sharing protocols for scheduling games.

Interventions. Coping with the effects of selfish behavior has
been a central theme in algorithmic game theory. A prominent line
of research explores taxation mechanisms and tolls to incentivize
agents toward more efficient outcomes, either by incorporating
them into the total disutility experienced by each player or by
treating them as internal transfers within the system that can be
refunded later. It is well-known that marginal taxes induce the
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optimal flow for the original cost functions as a Nash flow in the
modified network (e.g. see [20, 26, 34]). In this work, we focus on
the concept of CMs.! They were introduced by [16] to improve the
efficiency of equilibria. In scheduling settings, CMs are implemented
as local policies on each machine that dictate the order of processing
tasks and/or introduce delays, and they have since been extended
to a variety of settings [4, 11-13, 17, 19, 33, 36, 37].

We underline that a fundamental element in our analysis is the
fact that CMs work for any given demand, i.e., they do not assume
foreknowledge of the total demand in the network, as is required for
marginal edge pricing. [21] examined whether optimal flows can be
induced via demand-independent tolls for any travel demand, albeit
without PoA guarantees. [35] showed that for affine cost functions
and a fixed demand rate, enforcing the optimal flow with constant
edge taxes results in a PoA of 2 when both the tax and the latency
contribute to the social cost. Perhaps most closely related to our
work is [17], which studies coordination mechanisms for parallel-
link networks. They propose a mechanism in which the ratio of
the cost of the resulting Nash flow to the original total latency is
strictly less than 4/3 for parallel-link networks; they also provide a
tight result for the case of two links, demonstrating the existence of
a coordination mechanism that is 1.19-competitive. [48] obtained
comparable improvements using alternative tax schemes.

In this work, we take a further step by augmenting the mech-
anism with predictions about the total demand expected to flow
through the network. Our work is at the intersection of two main
threads: improving the equilibrium performance in congestion
games, and the use of exogenous information in the form of machine-
learned predictions, commonly referred to as the learning-augmented
framework.

Algorithms with Predictions. In recent years, machine-learned
predictions have been widely adopted in algorithm design [40, 41,
43]. This approach aims to circumvent the limitations of worst-
case analysis that has dominated algorithm analysis. More closely
related to our work is the line of work on learning-augmented
mechanisms in game-theoretic settings, specifically on strategic
scheduling [6, 49], network formation games [28], facility location
games [2, 5, 8, 49], mechanism design [3, 18, 22, 49], and auctions
[7, 14, 30, 39].

2 Preliminaries

Setting. We focus on the well-studied selfish routing problem,
which serves as a clear and illustrative example of non-atomic con-
gestion games. We consider single-commodity congestion games
on parallel-link networks, defined by a directed graph with only
two vertices s, t representing the source and sink, respectively, and
a set M of m links directed from s to ¢. Each link i € M comes with a
non-decreasing, non-negative latency function ¢ (-) that describes
the travel time as a function of the amount of traffic on that par-
ticular link. We denote by r the units of traffic (demand) routed
from s to t and call this the input rate. A flow f = (fi)iem specifies
for each link i € M the amount of flow passed through i, which
is denoted by f;; it holds that });cp fi = r. Then, £(f;) denotes
the latency on link i € M under flow f. Naturally, we define the

1CMs can be seen as flow-dependent local taxes on each resource, where the cost
functions are allowed to increase in an arbitrary manner.



Improving the Price of Anarchy via Predictions in Parallel-Link Networks

total latency of f as C(f) = X ;ep fifi (fi). For any input rate r, we
denote by Cop¢(r) the cost of the optimal flow, i.e., the minimum
cost over all feasible flows at rate r.

Price of Anarchy (PoA). A feasible flow f that routes r units of
flow from s to t is a Nash (or Wardrop) equilibrium, or simply a
Nash flow, if and only if for any two links i, j € M with f; > 0,
t;(fi) < ¢;j(fj). That is, all used links (with positive flow) have
equal cost under a Nash flow, which makes the Nash flows to be
essentially unique in terms of the edge costs [9]. We use Cn () to
denote the cost of any Nash flow at input rate r. Then, the Price of
Anarchy (PoA) for input rate r and the PoA for any rate are defined,
respectively, as:

Cn(r)
Copt(r)

The tight 4/3 PoA bound for affine latencies is already attained
in a simple network consisting of two parallel links with affine
latency functions. This network is commonly referred to as Pigou’s
network and the corresponding PoA bound as Pigou’s bound [46].

PoA(r) = and PoA= max PoA(r).
r>

Latency functions. We consider latency functions that are poly-
nomials of maximum degree d > 1 with nonnegative coefficients.
Formally, for each link i € M, £i(x) = Zjl:o a,-,jxj, with a;; > 0
for all j. In addition, we treat the case of affine latency functions
separately in Section 4. An affine latency function is of the form
£(x) = ax+b, for a,b > 0. We write ;(x) = a;x+b; (with a;, b; > 0)
for the latency function of link i € M.

We remark that if two links i, j have the same constant term,
i.e., b; = bj then replacing them with one link of latency function
t(x) = :iiT‘ij + b; gives an equivalent network in the following
sense: a flow f is an equilibrium flow (optimal flow, respectively) in
the initial latencies if and only if it is an equilibrium (optimal) flow
under the merged latencies by adding the respective link flows (see
the full version for details). Therefore, without loss of generality, we
assume that all constant terms are distinct, and we relabel links in
increasing order of their constant term, ie., 0 < by < by < ... < bp,.
Moreover, we may assume that there is at most one link with a; = 0,
as in the case of multiple constant-latency links, only the one with
the smallest b; is used in any Nash or optimal flow.

Coordination Mechanisms (CMs). A coordination mechanism
(CM) is defined as a set of modified latencies £ = (£;);ep such
that, for any i € M, #; is strictly increasing? and #;(x) > £(x) for
all x > 0 [16, 17]. Let Cn(r) be the maximum cost of any Nash flow
at rate r under the modified latency functions, i.e., the cost of the
worst Nash flow when # is used rather than ¢. Then, the engineered
(modified) PoA, termed ePoA, for input rate r, and the ePoA for any
rate are defined, respectively, as

Cn(r)
Copt(r )
Note that the optimum is taken with respect to the original

latency functions, whereas the cost of the Nash flow includes any
increments applied on the latency functions by the CM.

ePoA(r) = and ePoA = max ePoA(r) .
r>

2With strictly increasing latencies, the CM admits a unique Nash flow in link loads.
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Learning-augmented framework. We consider a prediction on
the input rate, 7, that can be viewed as an estimate of the expected
traffic that will flow in the network. Our goal is to design CMs that
leverage the prediction to obtain improved ePoA bounds. Since the
induced cost of a Nash flow and the ePoA of a CM now depends on
the predicted input rate 7, we write:

Cn(r,F)

ePoA = max ePoA(r, 7).
Copt (r) ( )

r,r>0

ePoA(r,7) = and

When the prediction is correct, we want to induce the optimal
routing with minimum cost for this input rate 7, without sacrificing
worst-case guarantees, even if the prediction is arbitrarily wrong.
Given 7, we say that the CM is consistent if it achieves ePoA(F, 7) = 1,
for any 7 > 0, and it is p-robust if it achieves ePoA < p.

Prediction error - Error-tolerance. We use the prediction error
to measure the inaccuracy of the prediction. Given a predicted
input rate 7 and the actual rate r, the prediction error is given by
n(r,7)=|r—7.

A desirable property is that performance degrades gracefully
as the error increases. Given an error-tolerance threshold 77 > 0,
we say that a CM is error-tolerant if for any 7 > 0, the function
r +— ePoA(r, F) is continuous for all r € [F —7, F+17], i.e., whenever
n(r,7) <1.

Equilibrium existence. We use the term Nash flow to refer to
the equilibrium concept throughout the paper; for the connection
between Nash flows and Wardrop equilibria, see [32]. In our setting,
we allow latency functions to be discontinuous, since restricting to
continuous modified latencies yields no improvement [17]. How-
ever, standard Wardrop equilibria need not always exist under
discontinuous latencies. To address this, we adopt the notion of
user equilibrium [10], which aligns with Wardrop’s first principle:
no individual commuter can unilaterally improve their travel time
by switching routes. Formally, we say that a feasible flow f that
routes r units of flow is a user equilibrium, if and only if for any
two links i, j € M with f; > 0,

ti(fi) < limlinf[j(f+ €l — €l;),
€lo

where 1; denotes a unit of flow passing through link i. Under lower-
semicontinuous, non-decreasing latencies, the existence of user
equilibria is guaranteed [10]; henceforth, we refer to them simply
as Nash flows. For a more thorough treatment, we refer the reader
to [25, 42, 44].

3 A Learning-Augmented Coordination
Mechanism for Parallel-Link Networks

In this section, we first derive a characterization of all consis-
tent mechanisms (Lemma 3.1). We then define a natural class of
parametrized mechanisms that satisfy the necessary and sufficient
conditions of the characterization. We propose a mechanism within
this class that applies the minimal required modification, and show
that it is (d + 1)-robust (Theorem 3.4). Finally, we establish a match-
ing lower bound, proving that no consistent mechanism can be
(d + 1 — €)-robust, for any € > 0 (Lemma 3.5).
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3.1 Characterization of Consistent Mechanisms

We begin with the characterization of all consistent mechanisms.
Notably, this result applies to all monotone latency functions, and
not merely polynomial ones.

LEMMA 3.1 (CHARACTERIZATION LEMMA). Given any set of arbi-
trary monotone latency functions (£;)iem. a predicted input rate ,
and any CM, (£;);cp, we denote by f* = (f;{")iem the optimal flow
for input rate F and we define the maximum latency on any used link
under f* asL = L(F) = max;, ¢« t (fl.*). Then, the CM is consistent,
if and only if for every link i with fl.* > 0:

o 67 = t() and

o liminf._,+ ﬁ(f;* +e)>L3

Proor. We first show that any CM that satisfies the two condi-
tions of the statement is consistent. For this we consider the input
rate r = 7 and show that the only Nash flow is f*. Suppose, for
contradiction, that there exists a Nash flow f = (fi)iem # f
meaning that there exists some link i with 0 < f; < f*. Then,
there exists some link j # i with f; > f:J* > 0. If f_]f“ > 0, by
the second condition we have fj(fj) > L. If f]* =0,£(0) > L,
otherwise the optimal flow would also route positive flow on j;
therefore, it is also f] (fj) = ¢;(0) > L in this case. Overall, it holds
fj(f]) >L> fl(f_l*) > £(f;), where the second inequality comes
from the definition of L. It cannot be @(ﬁ) > £(f;), since fi >0,
and this would violate the fact that f is a Nash flow. Therefore,
fj(f]) = #;(f;) = L, and by Footnote 3 it is f](fj) > L, which leads
to a contradiction since it should be ¢ i(fj) = 5(f).

Now we show that for any consistent CM the two lemma’s
conditions hold. Suppose again that the input rate is r = 7. Since all
latency functions (£;);ep are strictly increasing apart maybe from
one, it is easy to check that the optimal flow f* is unique. Therefore,
in order for any CM to be consistent it needs to enforce f* as the
Nash flow and not to increase the latencies on that flow. This proves
the necessity of the first condition in the lemma. Regarding the
second condition, suppose for the sake of contradiction that for
some link i with fl* > 0, liminf._,o+ fl(f_l* +¢€) < L. We show that
F* is not a Nash flow. Let ¢ = arg max;, p tj (fj*) be the link with
the maximum latency under f*. Then, it holds that fq* > 0, and
fq(f:;‘) =L > liminf,_,(+ fl(f_l* + €), which means that f* is not a
Nash flow and the CM is not consistent. Thus, the second condition
in the lemma is also necessary. O

We define q(7) for some predicted input rate 7 to be the link
attaining the maximum latency under the optimal flow f* for 7, i.e,,
q(7) = arg max; o t (f]*) . We further define k(7) as the number

J

of links used in the optimal flow for input rate 7.

3.2 Constant Mechanisms

We define a class of parametrized CMs that we call CONSTANT
mechanisms. Given a parameter ¢ and a predicted input rate 7,
such a mechanism increases a link’s latency to ¢ for flow greater
than the optimal flow under 7, provided that c is greater than the

31f the maximum latency link is a constant, then this inequality should be strict for all
other links.
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original latency. Every CoNSTANT CM is consistent when ¢ > L,
where L is as defined in Lemma 3.1. We then specify as MINCHARGE
mechanism the CONSTANT mechanism with parameter L, and show
that it is optimal among all consistent CMs.

Definition 3.2 (CONSTANT Mechanisms). Given any latency func-
tions ();em and a predicted input rate 7, let f* = (f*);em be the
optimal flow for 7. For any parameter ¢ > £;(f), foralli € M, a
CoNSTANT mechanism is defined for i > k() as & (x) = £(x), Vx,
and for i < k(F) as

h(x) = {c+5i(x), fF<x<ff

ti(x), otherwise

where 8;(x) is an arbitrarily small value to ensure that the modified
latency functions are strictly increasing, and f denotes the amount
of flow such that ¢ + 6; (f) = & (fl.c).4

Focusing on a specific instantiation of the CONSTANT mecha-
nisms, we define the following mechanism as the MINCHARGE
mechanism.

Definition 3.3 (MINCHARGE Mechanism). Given any latency func-
tions (£;);em and a predicted input rate 7, let f* = (f;*)ieM be
the optimal flow for 7 and L = max;, F50 4 ( fl.*). The MINCHARGE
mechanism is defined as the CONSTANT Mechanisms with parame-
ter L, or more analytically for i > k(F) as £;(x) = £(x), Vx, and for
i < k(F) as

. i L
i,-(x):{“‘s’(x)’ frex<f

ti(x), otherwise

where §;(x) is an arbitrarily small value, and fiL is such that L +
s(fh =a(h).

Next, we provide a robustness guarantee for the MINCHARGE
mechanism.

THEOREM 3.4. The MINCHARGE mechanism is consistent and (d +
1)-robust on parallel-link networks with polynomial cost functions of
maximum degree d with nonnegative coefficients.

Proor. The MINCHARGE mechanism trivially satisfies the re-
quirements of Lemma 3.1, hence it is consistent. We now analyze
the behavior of the ePoA(r, ) as a function of the input rate r and
the predicted input rate 7. We show that the worst-case inefficiency
is realized for r = 7 + € for € > 0 that goes to zero. We distinguish
between the cases of r < Fandr > 7. If r < 7, we show that
ePoA(r,7) < PoA(r) € ©(d/logd).

Case 1: Overprediction (r < 7). Suppose that ™ is the optimal
flow under r with respect to the original latency functions and
f denotes the Nash flow under r with respect to the modified la-
tency functions. In the overprediction case, for each link i it holds
that f* < f;* thus, fl(fl*) = 4(f;) and £(f)) = €:(f;). Then, the
variational inequality [24, 25] holds for f and f*: 3; & (fi)fi <
2iti(fi)f;" . Following the proof of the celebrated result on the PoA
4Specifically, &; (x) = ﬁ (x - f_l* ), where £;(f£) = ¢+ ¢. In the special case that

1
£; (x) is constant, we set ¢ = 0. This technicality guarantees some nice properties: the
CM admits a unique Nash flow and the link flows in the Nash flow are nondecreasing
in the input rate [23].
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of selfish routing due to [46], we obtain ePoA(r,7) < PoA(r) €
O(d/logd).

Case 2: Underprediction (r > 7). We now consider the second
case, where r > 7. Suppose again that f* and f are the optimal flow
with respect to the original latencies and Nash flow w.r.t. the CM,
respectively, both under r.

In the special case that £,(7) is a constant, it should be £,(7) = L,
and all the flow r — 7, will be routed through link k(7). Then,

rL
Copt (r’

On the other hand, if £,(7) is a strictly increasing function, then
it follows that every ¢; is strictly increasing for i < k(F) (see the full
version for more details). In this case, every link incurs a latency
higher than L under f, where L is the parameter of the MINCHARGE
mechanism. To see this, note that for r > 7 there exists a link i with
fi > fl* and therefore, £ (f;) > L; then, if there exists a link j with
tgj( fj) < L, then there exists a sufficiently small € > 0 such that
fj(f] +¢€) < £(f;), which violates the fact that f is a Nash flow.

Having established that the minimum cost in any link under r
is more than L, we define r;;4x to be the maximum rate for which
the latency on each link in the Nash flow does not exceed L + ¢
(as defined in Definition 3.3). If r > rpax, all link flows in the
Nash flow are beyond the modification point, i.e., f; > fl.L for all
i such that fl* > 0, and so £ (f;) = £(f;), for all i € M. It follows
that Cn (r, 7) = Cn (r). Hence, ePoA(r, F) = PoA(r). Therefore, we
focus on the interval r € [F, rmax].

In this regime, by omitting ¢ as it is arbitrarily small, the ePoA is
given by

ePoA(r,7) <

rL
Copt(r) ‘
which we analyze below; note that this is the same bound as in the

case of £4(7) = L. We first give the following claim to show that the
ePoA is maximized when r approaches 7.

ePoA(r,F) =

r ; .
Cram 1. Cope (1) 5@ decreasing function of r.

The claim follows by convexity of the optimum social cost func-
tion r > Copt(r) (see e.g. [23]). The details are deferred to the
full version. Under the MINCHARGE mechanism, the ePoA(r, F) is
maximized for r = lime_, g+ (7 + €). The ePoA(r, ) is defined as:

Cn(r,7) L
Copt(r) copt(r) ’

where L is the constant latency applied by the MINCHARGE CM.
By Claim 1, ePoA(r,7) of MINCHARGE is strictly decreasing for
r > 7, and the maximum is attained in the limit as r — 7. Therefore
for r € [F, rmax] the ePoA(r, F) is as follows:

ePoA(r,7) =

L 7L
Copt (7) Zi:f;.*>0fi*[i(fi*)

We next show that for any i < k(#), which coincides with all
links i with f* > 0, it holds #(f*) > L/(d + 1). Since f* is an
optimal flow, it holds that the marginal costs are equal in all links
up to k(7), and it is equal to & (f;")+ ;" €/ (f") = Z?:o (J+Dai;(f).
Then,

ePoA(r,7) =

1
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d

G(f = Z ai;(f)) >

Jj=0

L

d
1 ‘ i
av1 LU Ve 2 oy
j=0
where for the last inequality, we used the definition of L. We plug
in that £; ( f;*) > # for all i such that fl* > 0, to bound the optimal
flow under 7:

_ ~ L - L
-\ % ([ * =
Cope () = Z frafi) = d+1 Z Y d+1
i:f>0 i:f;>0
Substituting this into equation (1) we get:
ePoA(r,F) < =d+1. O
Lz
d+1

We then show that the MINCHARGE CM is optimal with respect
to robustness among all consistent CMs. For this we present an
instance that precludes the existence of a consistent CM that is
(d + 1 — €)-robust for any € > 0.

LEMMA 3.5 (LOWER BOUND). Any consistent CM is at least (d +1)-
robust for polynomial cost functions of maximum degree d > 1 with
nonnegative coefficients.

Proor. Fix the predicted input rate 7 = 1. Consider two parallel
links with latencies #; (x) = x and £, (x) = (d+1)(x+1)? =, fora
sufficiently small parameter § € (0, 1). We will eventually let § — 0.
Let f* be the optimal flow for 7. The marginal costs are mj(x) =
(d+1)x% and my(x) = (d+ 1) (x+1)?=S+x-d(d+1)(x+1)41 =
(d+1)(x+ l)d_l((d+ 1)x +1) — 8. If both links are used, optimality
implies mj(x) = ma(1 — x). Define F(x) = mi(x) — ma2(1 — x).
Since m(x) is increasing in x and my(1 — x) is decreasing in x,
it follows that F is strictly increasing in [0, 1] and can have at
most one root. Moreover, F(0) = ((d +1)2¢-1(d +2) - 5) < 0and
F(1) =d+1-((d+1)—-6) = > 0. So by continuity F has a
unique root in (0, 1), and thus fz* > 0. Moreover, by the Mean Value
Theorem in [f;*, 1] for F, we get that there exists some ¢ € (f;*, 1)
such that F(1) — F(fl*) =F (&)1 —f_l*), hence, § = F’(g’)f;*. Lastly,
it holds that F’(x) = m{(x) + m}(1 - x) > d(d + 1). Plugging this
into the equation above, yields f;* < §/(d? +d) < 8, which goes to
0 as d goes to 0.

Note that max;c 12y &(f) = d+ D(ff+ 19 -8 > (d+1)
after letting & — 0. By the characterization of consistent CMs
(Lemma 3.1), the mechanism’s modified latencies £ must satisfy:

il(f:*) = f,-(f;*), forie {1,2}; limionffl(fl* +e)>(d+1),
e—0*

Let f be a Nash flow of the CM, and let » > 7 denote the minimum
input rate such that ¢ (f1) = & (f3). This happens precisely when
link 1 in the Nash flow carries more than f*. Hence, r = f + fo =
1- f_z* + f2, where f_z* < 4. Let f* be the optimal flow under r with
respect to the original latency functions. Then:

Cn(r) _ (L+ )+ 1)1+ f)
Copt(r) Copt(r) '

We can upper bound the optimal social cost at rate r by the
cost of any feasible flow f, and hence, from the flow sending all

ePoA(r,7) =
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flow through the first link, i.e., Cops (r) < r1(r) = (1 +f2)d+1. We
obtain:

ePoA>d+1. O

The value for the modified latencies that minimizes the ePoA is
precisely the one selected by the MINCHARGE mechanism. Combin-
ing Theorem 3.4 and Lemma 3.5, we obtain the following corollary.

COROLLARY 3.6. The MINCHARGE CM is optimal with respect to
robustness among all consistent CMs.

4 Error-Tolerant Design

In this section, we extend our CMs to be error-tolerant, i.e., mech-
anisms whose approximation guarantee degrades gracefully as a
function of the prediction error, up to a specified threshold. We
derive a characterization of all consistent error-tolerant mecha-
nisms (Lemma 4.1). We then focus on affine latencies; we derive
an approximation guarantee as a function of the prediction error
whenever it is upper bounded by the error-tolerance threshold, and
show that this is tight for two links. Additionally, we establish a
robustness bound in terms of 7 that the mechanism satisfies for
arbitrary input rates. Combining the above, we derive our main
result on error-tolerance in Theorem 4.5.

4.1 Characterization of Error-Tolerant
Mechanisms

We provide a full characterization of consistent, error-tolerant CMs,
extending Lemma 3.1, by requiring that, within the tolerance win-
dow around 7, equilibrium flows avoid discontinuities. This goes in
addition to the consistency of the CM, meaning that the two condi-
tions of Lemma 3.1 are still necessary. Therefore, if the optimal flow
at 7 uses the first k links,” then k — 1 links must have discontinuities
beyond their optimal loads. Consequently, any additional demand
must be routed along link g(7) and links from k + 1 to m.

LEmMMA 4.1 (CHARACTERIZATION LEMMA). Given any latency func-
tions (£;)iem, a predicted input rate 7, an error-tolerance threshold
ij, and any CM, (£)ienm, let f* = (f,-*)ieM be the optimal flow for
input rate 7. Suppose that f" is the Nash flow at input rate f;(f) +17
by considering the network with links k(7) + 1 through m with the
modified latency functions (fi)ie{k(f),mm}. We define as ﬁﬁ the max-
imum latency of any used link in f", and we further define f~" to
be the Nash flow of the CM for input rate max{7 — 7, 0}. Then, the
CM is consistent and error-tolerant, if and only if:

o foreveryi < k(7), f,(fl*) = fi(fi*), and
o foreveryi < k(7),liminfe_,q+ {9’(];1* +€) > l:,—7, and
o foreveryi < k(F), £;(x) is continuous for x € [fi_ﬁ,fl.*], and

foreveryi > k, 6;(x) is continuous forx € [ ;*,f_l.’?].

Proor. We first show that any CM satisfying the conditions
of the statement is consistent. Since links k + 1 to m have higher
baseline latencies (constant terms #(0)) than £ ( fk* ), otherwise
they would be assigned a positive flow, it follows that I:ﬁ >L(Las
defined in Lemma 3.1). Therefore, any CM meeting the conditions

SWe refer the reader to the full version for clarifications on which links are used in
the optimal flow. We set k = k(7) for simplicity.
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of the lemma also satisfies the conditions of Lemma 3.1 and is
consequently consistent. Next, we prove that any CM satisfying
the conditions of the lemma is error-tolerant. We show that for any
r € [max{r — 7,0},7 + 77], for any Nash flow f, no discontinuity
appears, i.e., f; < fl* for i < k. Suppose on the contrary that there
exists some i < k with f; > f*, meaning that L(f) = ﬁﬁ. Then,
there exists some link j < k with f; < fj* or some link j > k with

fi < j:j”. In any case, f](j}) < I:f], meaning that f is not a Nash
flow.

We now proceed to show that any CM that is consistent and error-
tolerant satisfies the conditions of the lemma. The first condition is
necessary for consistency similarly to the proof of Lemma 3.1. Re-
garding the second condition, suppose for the sake of contradiction
that there exists a link i < k such that liminf._,¢+ & ( fl* +€) < ﬁﬁ.
We show that for the input rate r = 7 + 77, any Nash flow f has
fi > fi*, which would violate continuity within the tolerance win-
dow. Suppose for the sake of contradiction that f is a Nash flow
that satisfies continuity, which means that the aggregated link flow
for the first k — 1 links is at most 7 — fz . Therefore, the rest of
the flow, which is at least f;: + 7] is routed via links k through m
under f. Based on the definition of I:,7, there exists at least one link
among them with positive flow and latency at least ﬁﬁ. Since we
assumed lim inf_,q+ fl(f:* +€) < ﬁﬁ for some i < k, f cannot be a
Nash flow. Therefore, the second condition of the lemma’s state-
ment is also necessary. The third condition is trivially necessary
for error-tolerance. O

4.2 ERRORTOLERANT Mechanism

We extend MINCHARGE to achieve error-tolerance for affine laten-
cies by introducing a the ERRORTOLERANT mechanism, which can
be viewed as the direct analog of MINCHARGE, adapted to account
for a bounded prediction error. Given an error-tolerance parameter
7], the CM sets a high latency for flow greater than the optimal flow
under 7 to steer any additional flow towards links k(7) through
m, ensuring that no link incurs a steep increase in latencies. We
instantiate the CONSTANT mechanism by setting ¢ = L; which is
the minimum latency on links k(7) through m when the additional
flow 7 is routed through them.

Definition 4.2 (ERRORTOLERANT Mechanism). Given any latency
functions (£;);e M, a predicted input rate 7, and an error-tolerance
threshold 7, let f* = (ﬁ*)ieM be the optimal flow for 7. Suppose
that f7 is the Nash flow at input rate flék(f) + 7 by considering
the network with links k(7) through m, with (£);c (k(),..,m}- We
define as Ly the latency of any used link in 7. The ERRORTOLERANT
mechanism is defined for any i > k(F) as #;(x) = £(x),Vx > 0, and
for any i < k(7) as:

_ _ L.
B0) = L,7+fiL+_f;(x—fi*), ff<x<f "
ti(x), otherwise

L.
where ¢ > 0 is an arbitrarily small value, and fl " is such that
L.
4(f; y=Lj+e.

We then proceed to bound the approximation guarantee of the
ERRORTOLERANT CM as a function of the prediction error. In fact,
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we show that the analysis of the ERRORTOLERANT approximation
guarantee is tight for any 7 < 7 in the case of two links. We general-
ize our results to networks with any number of links, deriving upper
bounds on both the approximation and robustness guarantees.

4.3 Two Links

We begin with the case of two links. We establish a tight bound on
the approximation guarantee when 1 < 7, and a tight bound on the
robustness guarantee when n > 7 that the mechanism satisfies at
all times for the case of two links.

We first establish that, when considering the Nash and the opti-
mal flow over two links, it is without loss of generality to set the
latency of the first link as #; (x) = x, and that of the second link
as £,(x) = ax + b, for some constants a,b > 0. We also provide
an auxiliary lemma describing the PoA of a two-link network as
a function of r. We defer the details to the full version. Then, we
proceed with the analysis of the approximation guarantee when
n < 7, and the bound on the robustness guarantee when 1 > 7 that
the mechanism satisfies at all times.

LEmMMA 4.3. Consider any network G of two links with £ (x) = x,
and t,(x) = ax+b, for some constantsa, b > 0. Given a predicted input
rate ¥ and an optimal flow f* under 7, let r’ be the largest input rate

. . £ " _ yl Ly
such that the Nash flow on link 1 is less thanf1 ,vandr” = ]‘;L +f2

(where f;L " is as defined in the ERRORTOLERANT mechanism). Given
an error-tolerance threshold 7j, for any input rater, let the actual error
n = r — 7 (which we allow to be negative), with |n| < 7j. Then, the
ERRORTOLERANT mechanism achieves an approximation guarantee:
o forr <r’ andr = r", ePoA(r,7) = PoA(r),
o forr e [r',F+7],

ab(a+1)(% +7)
(a+1)b? "’
4

ePoA(r,F) =1+a—
an? + (a+1)bn +

o forre [F+a,r"],

ePoA(r,7) =

a+l

Proor. Case (a): For r < r’ and r > r”’ the modifications of
the cost functions do not affect the ePoA, therefore ePoA(r, 7) =
PoA(r).

Case (b): It follows by definition of r’ that there is enough
capacity in both links such that any additional flow will not cause
the social cost to increase abruptly. Define the difference § as § =
b —f;*. It holds that 2" = 2a(r — ') + b = 2a(F +n — f{") + b and
2]51* = 2a(F — fl*) + b, therefore, § = 2L

Since r € [r/,F + 7], in the Nash flow f; = fl*, therefore,

a+l”’
Cn(r)
Copt(r)
A+ (r= b - f)
- Copt(r)

ePoA(r,7) =
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(ff =a(fy =8 +(r = ff +8)ta(r - fi +9)

Copt(r)
fralf -8 - su(fy - )
- Copt(r)
. ft(r—f7+0) +66(r — {7 +9)
Copt(r)

Using the fact that the latencies satisfy # ( fl*) =a(ff-6) =
4 (f;)—dand t’g(r—fl*) = L(r—fi'+9) = &(f}) +ad, we substitute
these into the previous expression to obtain:

_ @) - 6) - é(a(f) - 9)

B Copt(r)

. 5 (&(fy) +ad) + 5(&(f;) + ad)
copt(r)

ePoA(r,7)

_ Copt(n) +8(&(f;) = ta(f7) +8(afy — f7) +8%(a+1)
B Copt(r) .
Since the optimal flows f* satisfy £2(f;') — £1(f]") = b/2, we get:

5% (a+1)
Copt(r)
2.2
. o E—
(a+1)Copt(r)

We have already established that f* — fl* = an/(a+1). Moreover,
we have noted that that the optimal and Nash flows begin to diverge
once fl* > b/2 (meaning that if fl* < b/2 the mechanism would not
make any changes). Combining these observations, we have that
fii=an/(a+1) +fl* > an/(a+ 1) + b/2. Similarly, for the second
link, we have f; —fz* =n/(a+1), and hence, f,; 2 n/(a+1). We
proceed to derive a lower bound on the optimal cost Cop(r) using
the aforementioned inequalities.

Copt (r) = fi% +afy? +bfy
2.2 2 2
_aq ar]b+b_+ an +b17
(a+1)2 a+1 4 (a+1)?% a+1
ar]2+br]+ar]b+b2
a+1 4’

Substituting, we have:
an?
an?+bn+anb | p2
(a+1) (T + T)

a2’72

ePoA(r,7F) < 1+

=1+ 5
ar72+br7+a17b+(a+l)bT

. a?n® + anb + a®nb — anb — a’nb + a(a + I)I’T2 —a(a+ I)bT2

ar72+br]+ar]b+(a+1)%2

ab(a+1)(& +1)

an®+ (a+1)bn+ (a+T1)bZ

=1+a-

For = 0, we get that ePoA(r, 7) = 1, while for n — oo, ePoA(r,7) =
1+a.
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This is tight because there exists an input rate 7 for which the
inequalities are equalities. For 7 = b/2 + € for € arbitrarily small,
f;* = 0, and therefore, the analysis is tight.

Case (c): In this case the cost of the Nash flow is approximately
Cn(r,7) = rl:ﬁ = r(a(fz* +77) + b) based on the definition of the
ERRORTOLERANT mechanism. Since f* is the optimal flow for 7, it
holds that 2(7 — fz*) = 2afz* + b and so

-4,

¢ r,r)=r|a
N(r7) a+1

(~4)

The cost of the optimum flow is Cop (r) = I —+7— - Then,
we derive,
f_é
B r(a((u+i)+ﬁ)+b)
ePoA(r,7) = N . O

Copt(r) N

LEMMA 4.4. Consider any network G of two links with £ (x) = x,
and £2(x) = ax + b, for some constants a,b > 0. Given any predicted
input rate ¥ and any error-tolerance threshold fj, the ERRORTOLERANT
mechanism achieves the following robustness guarantee:

ePoA = max{2,1+a}.

Proor. Upper bound. Consider the third case of Lemma 4.3.
The ePoA(r, ) is given by:

é i,
ePoA(r,F) = N (1) = 7
Copt(r) Copt(r)
(o[
Since L = |a| -4~ +17 | + b| does not depend on r, by Claim

1, ePoA(r, 7) is a decreasing function of r and since r > 7 + fj, we

get:
(F+7n) (a((ra;}f) +r]) +b)
()

a+1

ePoA(r,F) <

(F+7)% -

It is known that the optimal flow begins using link 2 at rate
b/2 [17, 48]. The derivative of the above expression is non-positive,

implying that the expression is maximized when 7 = b/2. Therefore,
we set 7 with b/2 and get:

(b+aq) (4 +7)

(555 ) o (s +
bi

2(a+1)

ePoA(r,7)

bi
2(a+1)

(b+aq)(§+7)
~\2 ~ o\ 2
an n
+m) +a(m) +
2b + 47
=T
b+4”+Wil)n2
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To analyze the bound more effectively, we divide both the nu-
merator and denominator of the right-hand side fraction by b, ex-
pressing the bound as a function of u = /b > 0 :

4au® + (4 +2a)u + 2

4a 2
il +4u+1

ePoA(r,F) <

We inspect this function for u > 0. The expression evaluates to 2
at u = 0 and approaches 1+ a as u — co. When a > 2, the function
is increasing. When a < 2, the function is decreasing on the interval

[0, %ﬂ] and increasing thereafter. Therefore, the worst-case
ePoA(r,7) is max{2, 1 + a}, which is strictly worse than the 4/3
bound of the PoA. It is also strictly worse than the guarantee of
case (b), since for r € [r’, 7 +7j], ePoA(r, F) is less than 1 + q, as the
fraction in the expression of Lemma 4.3 is positive.
Hence, case (c) gives the worst case robustness guarantee.
Lower bound. The analysis of the ERRORTOLERANT robustness
guarantee is tight in the case of two links. It suffices to set 7 = b/2;
then, we have f* = % =, and f; = 0. The ERRORTOLERANT
CM dictates that:
. af+b, bj2<x<af+b
f(x) = {

£1(x), otherwise

Forr =7 +1 = b/2+ 1, we have f" = (2ar + b)/(2(a+1)) =
b/2+af/(a+1) and correspondingly, f;' = r— fi = 7i/(a+1). Then:

ePoA(r,7) = En(r)
Copt(”)
rﬁﬁ
_f1>x2+a 2*2+bf2*
(b+an(§+7)
- ~\2 ~ 2 =
b b
(v ) ve(sh) + 24
a 2b + 47
=\1+on) =
( b ) b+47]+b<2—‘il)f]2
4.4 Many Links

We extend our results to networks with an arbitrary number of links,
establishing upper bounds on the approximation and robustness
guarantees. We include the statements here and defer the proofs of
this section to the full version due to space constraints.

For simplicity of the presentation we set k = k(7). Moreover, we
define Ay and Iy as Ag = X<k a%- and I} = X<k Z—E, respectively.

Let f* be the optimal flow under some predicted input rate 7.

THEOREM 4.5. For any error-tolerance threshold j > 0, the Er-
RORTOLERANT coordination mechanism achieves an approximation

of ePoA(n) < 1+ Ar(amax + ax)

n . _
ey (rem —Aecc 1 < - and

2+ 2772—’]: otherwise, where 1) is the prediction error.
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