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Abstract

Gradient clipping is a fundamental tool
in Deep Learning, improving the high-
probability convergence of stochastic first-
order methods like SGD, AdaGrad, and Adam
under heavy-tailed noise, which is common
in training large language models. It is also
a crucial component of Differential Privacy
(DP) mechanisms. However, existing high-
probability convergence analyses typically re-
quire the clipping threshold to increase with
the number of optimization steps, which is
incompatible with standard DP mechanisms
like the Gaussian mechanism. In this work,
we close this gap by providing the first
high-probability convergence analysis for DP-
Clipped-SGD with a fixed clipping level, appli-
cable to both convex and non-convex smooth
optimization under heavy-tailed noise, char-
acterized by a bounded central a-th moment
assumption, a € (1,2]. Our results show
that, with a fixed clipping level, the method
converges to a neighborhood of the optimal
solution with a faster rate than the exist-
ing ones. The neighborhood can be balanced
against the noise introduced by DP, provid-
ing a refined trade-off between convergence
speed and privacy guarantees.

Proceedings of the 29'" International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s).

Savelii Chezhegov
MIRAI

Shahrokh Farahmand
IUST

Eduard Gorbunov
MBZUAI

1 INTRODUCTION

Stochastic first-order optimization methods, such as
Stochastic Gradient Descent (SGD) (Robbins and
Monro, 1951), AdaGrad (Streeter and McMahan, 2010;
Duchi et al., 2011), and Adam (Kingma and Ba, 2014),
are fundamental for training modern Machine Learn-
ing (ML) and Deep Learning (DL) models. However,
these methods are often enhanced with additional al-
gorithmic techniques that play a critical role in their
convergence and practical performance. Among these,
gradient clipping (Pascanu et al., 2013) is one of the
most widely used and well-studied approaches. In re-
cent years, substantial efforts have been made to the-
oretically understand the advantages of gradient clip-
ping and its impact on the convergence of stochastic
optimization algorithms.

In particular, gradient clipping is a key component in
managing heavy-tailed noise, which commonly arises
in the training of language models on textual data
(Zhang et al., 2020b), in the training of GANs (Good-
fellow et al., 2014; Gorbunov et al., 2022), and even
in simpler tasks such as image classification (Simsekli
et al., 2019). This approach is primarily analyzed
through the lens of high-probability convergence, as
such guarantees provide a more accurate reflection of
the actual behavior of optimization methods compared
to their more conventional in-expectation counterparts
(Gorbunov et al., 2020). Moreover, as demonstrated
by Sadiev et al. (2023) for SGD and by Chezhegov et al.
(2024) for AdaGrad and Adam, methods without clip-
ping may fail to exhibit high-probability convergence
with logarithmic dependence on the failure probabil-
ity. In contrast, several recent works (Gorbunov et al.,
2020; Cutkosky and Mehta, 2021; Sadiev et al., 2023;
Nguyen et al., 2023; Gorbunov et al., 2024b; Chezhe-
gov et al., 2024; Parletta et al., 2024) have estab-
lished that various stochastic first-order methods at-
tain significantly better high-probability convergence
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under heavy-tailed noise assumptions across different
settings.

On the other hand, clipping is a cornerstone of
Differentially Private (DP) machine learning. The
widely used Gaussian mechanism (Dwork et al., 2014)
achieves privacy by adding Gaussian noise to the gradi-
ents, thereby introducing uncertainty about their true
values. However, the DP guarantees provided by this
mechanism rely on the assumption that the gradients
have bounded norms, a condition typically enforced
through gradient clipping (Abadi et al., 2016).

It is therefore tempting to claim that gradient clipping
can provably address two distinct challenges simulta-
neously: mitigating heavy-tailed noise and ensuring
differential privacy (DP). However, this is not entirely
accurate, as the clipping policies required for these two
objectives differ substantially. In the context of heavy-
tailed noise, existing convergence guarantees are typi-
cally derived assuming that the clipping level increases
with the total number of training steps. In contrast,
DP mechanisms require a fixed and bounded clipping
threshold to ensure robust privacy guarantees. This
fundamental mismatch raises a critical question:

How does differentially private version of Clipped-SGD
converge with high probability under

the heavy-tailed noise?

Our contribution. In this paper, we address the
above question by providing the first high-probability
convergence bounds for the differentially private ver-
sion of Clipped-SGD (DP-Clipped-SGD) with an arbitrary
fized clipping level. Specifically, for convex smooth op-
timization under heavy-tailed noise, we assume that
the stochastic gradient has a bounded central a-th mo-
ment for some « € (1, 2] and establish that DP-Clipped-
SGD achieves a high-probability convergence rate of
O(K~"?) to a neighborhood of the optimal solution.
This rate is significantly faster than the previously
known bound of O(K~“~"/*) in this setting.

This improvement comes from relaxing exact conver-
gence and instead proving convergence to a neighbor-
hood whose size depends non-trivially on the clipping
level, the DP noise scale, and other problem-dependent
parameters. Importantly, the neighborhood induced
by clipping bias can be balanced against the neighbor-
hood induced by the DP noise, providing finer control
over the trade-off between optimization accuracy and
privacy. We also extend the analysis to the non-convex
case, illustrating the broader applicability of our tech-
niques.

2 TECHNICAL PRELIMINARIES

The optimization problem considered in this work has
the following form

min {f(z) := Eewp[fe(2)]} - (1)

zERY

Here, = denotes the model parameters, f : R — R is
the expected loss function, and f¢ : R? — R represents
the loss computed for a random sample £ drawn from
an (often unknown) distribution D. Such problems are
fundamental in machine learning (Shalev-Shwartz and
Ben-David, 2014).

We assume that at each iteration, we have access to
an oracle that provides a stochastic gradient V fe(x),
as well as a d-dimensional random vector w sampled
from a Gaussian distribution N(0,021,), where 1, is
the d x d identity matrix. More precisely, the ran-
dom variables £ and w are defined on the probability
space (€4 x R%,B(Q4) @ B(R?), F',P), where Qg4 rep-
resents the data sample space, and B(X) denotes the
Borel o-algebra generated by the set X'. This proba-
bility space is also equipped with the natural filtration
Fl =0 ([Vfgo(xo),wo]T vooo Ve (act),wt]T), which
captures the history of the stochastic process up to
time ¢. The probability measure P is defined as the
product measure on this space, given by

P{Bs x B,} = (u x v)(Bg X By) = u(Bg) v(B.),
VB4 € B(Q4),VB,, € B(R?Y),

where p is a probability measure on )4, and v is the
Gaussian measure on R? with mean zero and covari-
ance matrix o21,.

Types of convergence bounds. Several types
of convergence bounds are commonly used to ana-
lyze the behavior of stochastic optimization meth-
ods, ranging from in-expectation bounds to almost
sure convergence guarantees. High-probability con-
vergence bounds provide guarantees of the form
P{P(x®)<e} > 1 — B, where P(z) is a perfor-
mance metric that measures the quality of the solu-
tion'. Here, P{-} denotes the probability measure de-
fined by the problem setup, 2 is the algorithm’s out-
put after K iterations, 8 is the confidence level (or
failure probability), and e is the optimization error.

This type of convergence is generally considered supe-
rior to in-expectation guarantees (e.g., E[P(z%)] < ¢),
as it captures not only the average behavior of the

!'Examples of such performance metric for problem (1):
P(z) = f(z)—f(z"), Pz) = |V f(@)|*, P(z) = |l — =%,

where z* € arg min,cga f().
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underlying random variables but also their tail behav-
ior, which is particularly important for distributions
with heavy tails. However, it is worth noting that
the number of iterations K required to achieve such
high-probability guarantees can depend inversely on
the failure probability 3, as seen in analyses for meth-
ods like SGD (Sadiev et al., 2023), AdaGrad, and Adam
(Chezhegov et al., 2024). Such inverse-power depen-
dencies on 3 are generally undesirable, as (3 is typically
chosen to be very small. Consequently, a major objec-
tive in the high-probability convergence literature is to
establish bounds with polylogarithmic dependence on
1/3, which are significantly tighter and more practical.

Assumptions. In the following, we list the assump-
tions on the structure of the problem at hand. These
assumptions are very mild and cover a wide range of
problems.

Assumption 2.1. We assume the function f is uni-

formly lower-bounded on some subset Q C R?, i.e.,

7 Yinfoeq fz) > —o0.

The above assumption is necessary for problem (1) to
be feasible. Next, we make a standard assumption
about the smoothness of the objective function.

Assumption 2.2. We assume that there exists a con-
stant L > 0 such that for all z,y € Q C R? the func-
tion f satisfies the following.

IVf(z) =Vl < Lilz =yl (2)

In this work, we consider both classes of convex and
non-convex functions. The following assumption holds
only for convex functions.

Assumption 2.3. We assume there exists a subset @
of R? such that for all z,y € Q

fy) = f(@) +(Vf(2),y - x). (3)

The following assumption is with respect to the
stochastic oracle that our algorithm receives at each it-
eration. We assume that the stochastic gradients have
a bounded central o moment for some « € (1,2]. This
assumption is stated explicitly below.

Assumption 2.4. We assume there exist some subset
Q C R%, and some constants ¢ > 0, a € (1,2] such
that for all x € Q

Eeop [Vfel@) |2l = V@), ()
Ecop [IVfe(x) = V()| | 2] < 0. (5)
As it can be seen, in the case a = 2, the afore-

mentioned conditions recover the standard uniformly

bounded variance assumption widely used for ob-
taining convergence guarantees for optimization algo-
rithms in the literature. Since the LP norms of random
variable are non-decreasing in p, this assumption al-
lows the stochastic gradients to have infinite variance.

Next, we use the classical definition of (e, §)-differential
privacy. Intuitively, it provides probabilistic guaran-
tees that an intruder cannot infer the existence of a
particular data in the data set that the algorithm used
to train the model.

Definition 2.1. ( (e,§)-Differential Privacy (Dwork
et al., 2014)). A randomized method M : D — R
satisfies (e, 9)-Differential Privacy, if for any adjacent
D,D’" €D and for any S C R

P(M(D)eS) <eP(M(D)eS)+4, (6)

Smaller (e,d) provides stronger privacy guarantee.
This also can be viewed from the perspective of
Bayesian hypothesis testing where the null and alter-
native hypothesis are about the existence of an indi-
vidual’s data in the dataset (Kairouz et al., 2015; Su,
2024).

3 RELATED WORK

Clipping in Differential Private learning.
There are several approaches to ensuring DP guar-
antees in SGD, but the most common method relies
on a combination of gradient clipping and noise in-
jection. In the finite-sum setting, Abadi et al. (2016)
demonstrated that it is sufficient to add Gaussian noise
(the Gaussian mechanism) with standard deviation
o, =0 (%,/Kln %) to the clipped gradients, where
q is the sampling probability for each individual sum-
mand. This approach reduces the variance of the re-
quired Gaussian noise by a factor of vIn K compared
to the advanced composition theorem (Dwork et al.,
2014), significantly improving the utility of DP train-
ing.

This combination of gradient clipping and the Gaus-
sian mechanism has become a standard approach in
many DP training algorithms. However, these meth-
ods often rely on restrictive assumptions, such as re-
quiring the clipping level to always be larger than the
norm of the transmitted vector (Zhang et al., 2022;
Noble et al., 2022; Allouah et al., 2023, 2024; Li and
Chi, 2025)?, assuming symmetry of the noise distribu-
tion (Liu et al., 2022), light tails (e.g., sub-exponential

2Li and Chi (2025) also provide an in-expectation con-
vergence result without the bounded gradient assumption,
but with a worse dependence on the variance bound of the
stochastic gradients.
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ones) (Wang et al., 2020), large batch sizes (Jin et al.,
2024), boundedness of the gradient (Das et al., 2023)
or requiring that the full gradients be computed (Wei
et al., 2020). These conditions can be quite restrictive,
particularly in practical large-scale settings.

To the best of our knowledge, the only works that
avoid these restrictive assumptions are Koloskova et al.
(2023); Islamov et al. (2025). Specifically, Koloskova
et al. (2023) analyzed the in-expectation conver-
gence of DP-Clipped-SGD with mini-batching under the
bounded variance assumption, for an arbitrary clip-
ping level in the non-convex (Lg, L1)-smooth regime
(Zhang et al., 2020a). However, they leave open the
question of high-probability convergence under heavy-
tailed noise. Islamov et al. (2025) proposed a dis-
tributed optimization method that incorporates clip-
ping, error feedback (Seide et al., 2014; Richtarik et al.,
2021), and heavy-ball momentum (Polyak, 1964). Yet,
their high-probability convergence analysis crucially
relies on the assumption that the noise in the stochas-
tic gradients has sub-Gaussian tails. In contrast, under
the more realistic Assumption 2.4 with o > 2 (which
is still more restrictive than the heavy-tailed case with
a < 2), Zhao et al. (2025) derive in-expectation con-
vergence bounds for a variant of projected SGD that
employs DP mean estimation using a sufficiently large
number of samples. However, this approach can be
prohibitively expensive in practice, especially for train-
ing large language models.

High-probability convergence bounds. If the
noise in the stochastic gradient has light tails, then
classical stochastic first-order methods like SGD and its
adaptive and momentum-based variants can achieve
desirable high-probability convergence rates, charac-
terized by polylogarithmic dependence on the failure
probability 5. For instance, under the sub-Gaussian
noise assumption, such results exist for SGD (Ne-
mirovski et al., 2009; Harvey et al., 2019), its accel-
erated variants (Ghadimi and Lan, 2012; Dvurechen-
sky and Gasnikov, 2016), and its momentum and Ada-
Grad versions (Li and Orabona, 2020; Liu et al., 2023).
Additionally, Madden et al. (2024) demonstrate that
polylogarithmic high-probability bounds can also be
achieved for SGD under the weaker sub-Weibull noise
assumption. However, as highlighted by Sadiev et al.
(2023) and Chezhegov et al. (2024), methods like SGD,
AdaGrad, and Adam can fail to achieve these desired
high-probability rates under heavier-tailed noise dis-
tributions.

To address the limitations of high-probability con-
vergence for stochastic methods under heavy-tailed
noise, several algorithmic modifications have been pro-
posed and rigorously analyzed in recent years. Nazin

et al. (2019) introduced a variant of Stochastic Mir-
ror Descent (Nemirovskij and Yudin, 1983) with trun-
cation of the stochastic gradient, establishing high-
probability complexity bounds for convex and strongly
convex smooth optimization over compact sets un-
der the bounded variance assumption (Assumption 2.4
with @ = 2). Interestingly, the truncation operator
used in this work, while not identical, is closely re-
lated to the standard gradient clipping technique that
has since become the foundation of many subsequent
studies.

In particular, Gorbunov et al. (2020) derived the first
high-probability complexity bounds for Clipped-SGD
and also proposed an accelerated version based on
the Stochastic Similar Triangles Method (SSTM) (Gas-
nikov and Nesterov, 2016). These results were later
extended to non-smooth problems by Gorbunov et al.
(2024a); Parletta et al. (2024), to unconstrained vari-
ational inequalities by Gorbunov et al. (2022), and
to settings with noise having a bounded a-th mo-
ment by Cutkosky and Mehta (2021) (with an addi-
tional bounded gradient assumption in the non-convex
case). Building on these foundations, Sadiev et al.
(2023) extended the results from Gorbunov et al.
(2020) and Gorbunov et al. (2022) to the more chal-
lenging setting defined by Assumption 2.4 with o < 2,
removing the bounded gradient assumption for non-
convex objectives. This work also introduced new
high-probability bounds for Clipped-SGD in the non-
convex regime. These non-convex results were further
refined by Nguyen et al. (2023), who also obtained
tighter logarithmic factors in the convergence rates for
both convex and strongly convex settings.

In the context of distributed optimization, Gorbunov
et al. (2024b) extended the results of Sadiev et al.
(2023) to distributed composite minimization and vari-
ational inequalities using the clipping of gradient dif-
ferences, thereby broadening the applicability to de-
centralized and federated learning scenarios.

Adaptive methods have also been analyzed through
the lens of high-probability convergence. Li and
Liu (2023) derived new high-probability bounds for
Clipped-AdaGrad with scalar step-sizes, while Chezhe-
gov et al. (2024) obtained analogous bounds for vari-
ous versions of Clipped-AdaGrad and Clipped-Adam with
both scalar and coordinate-wise step-sizes. Addition-
ally, Kornilov et al. (2023) proposed a zeroth-order
variant of Clipped-SSTM and analyzed it under As-
sumption 2.4, extending the clipping framework to
derivative-free settings.

However, a critical limitation shared by all of these
methods is that the clipping level A is typically chosen
as an increasing function of the total number of steps
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K3. This choice, while theoretically convenient, leads
to prohibitively large DP noise variance when aiming
to guarantee (g, 0)-DP, resulting in utility bounds that
grow with K and significantly degrade the practical ef-
fectiveness of these methods in privacy-preserving ap-
plications.

There exist other alternatives to gradient clipping that
also ensure high-probability convergence with polylog-
arithmic dependency on the failure probability. They
include robust distance estimation coupled with inex-
act proximal point steps (Davis et al., 2021), gradi-
ent normalization (Cutkosky and Mehta, 2021; Hiibler
et al., 2024), and sign-based methods (Kornilov et al.,
2025). Notably, the approaches from Hiibler et al.
(2024); Kornilov et al. (2025) enjoy provable (yet sub-
optimal) high-probability convergence even when «
is unknown. In the special case of symmetric dis-
tributions, Armacki et al. (2023, 2024) provide new
high-probability convergence bounds for a large class
of SGD-type methods with non-linear transformations
such as standard clipping, coordinate-wise clipping,
normalization, and sign-operator, and Puchkin et al.
(2024) derive high-probability convergence of SGD with
median-based clipping and also extend this result to
problems with structured non-symmetry for SGD with
smoothed median of means coupled with gradient clip-

ping.
4 MAIN RESULTS

The well-known Clipped-SGD algorithm with the Gaus-
sian DP mechanism (DP-Clipped-SGD) is described in
Algorithm 1. If differential privacy (DP) is not re-
quired, one can simply set 02 = 0. As shown by
Sadiev et al. (2023), achieving exact convergence to
the optimal solution of problem (1) using Clipped-
SGD requires the clipping level to be chosen as A =
O (o (Kfam 1))
level, which scales with the total number of iterations
K, is problematic from a DP perspective. Specifically,
larger clipping levels necessitate larger DP noise to
maintain privacy, significantly increasing the variance
in gradient estimates and leading to a larger conver-
gence neighborhood.

). However, this choice of clipping

To address this limitation, in this work, we focus on
the more general case of arbitrary fixed clipping levels
that do not scale with the total number of iterations.
This approach is more compatible with practical DP
requirements, where clipping levels are typically kept

3In some cases, such as the analysis of Clipped-SSTM
(Gorbunov et al., 2020) or Clipped-SGD under strong con-
vexity (Sadiev et al., 2023), the clipping level decreases
as a function of the current iteration counter k but still
increases overall as a function of K.

Algorithm 1 DP-Clipped-SGD

1: Input: Starting point 2°, number of iterations K,
step-size v > 0, clipping level A.

2: for k=0,...,K do

3: Sample &¥ ~ D

4: Compute g = clip (fok: (zF), )\)
5: wi, ~ N (0,02 1)

6: Gk = Gk + Wi

7
8

k+1 k =~
gt =2k — gy

constant. However, our theoretical results can also ac-
commodate clipping levels that scale with K up to the

order A = O (a (K/(in %))VQ), as we discuss in detail
in the appendix. This broader analysis introduces a

few additional step-size conditions, which we also ex-
plore thoroughly in the supplementary material.

The next two theorems present our step-size condi-
tions and the resulting performance guarantees in the
convex and non-convex settings. After each theorem,
we provide a table that simplifies the bound in several
representative regimes of the clipping level. In these
tables, we set the DP noise to zero in order to isolate
the effect of clipping bias. The final corollary makes
the DP dependence explicit in the convex case, while
the corresponding (e, §)-specialized non-convex state-
ment is deferred to the supplementary material due to
space limitations.

Convex problems. We start with the convex case.

Theorem 4.1 (Convergence of DP-Clipped-SGD for the
convex objectives). Let the integer K > 0 and 8 €
(0,1] be given. Furthermore, let Assumptions 2.1, 2.2,

2.8, 2.4, hold for Q@ = Bagr(z*), R > on — a:*|| Set

C 4 max {0, 2LR — %}, and further assume that the
step-size 7y is selected to satisfy

7 <O (min{®,®,3,®}) (7)

D= =

)

o R
Al—a/Q\/Kln (%) (0> +¢%)

R)\afl

® = — —
K(o®+¢) (% +Saree H oo+ )T )

R

Gy /dK In (%)

@:
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Then, after K iterations of DP-Clipped-SGD, the iter-
ates with probability at least 1 — B satisfy

4R? 64LR*

T@) < S Y e v

(8)

. t _
o f(z")

The convergence rate and the neighborhood to which
the algorithm converges depend on the magnitude of
A in a non-trivial way. Table 1 summarizes these
relationships for different values of A in the ab-
sence of DP noise. In the special case where A =

1 «@ .
@ (a (K /In /%) / ), our theorem provides a convergence

rate of O (((1“ %)/K) N + (In %VK) to the exact so-
lution in the asymptotic regime. This matches the rate
previously derived by Sadiev et al. (2023).

In contrast, if A is chosen as a constant, independent of
K, the leading term in the convergence rate simplifies
to O(y/(n%)/K), which is faster than the more con-
K (a=1)/a

7)/1() ) .
faster rate comes at the cost of only guaranteeing con-
vergence to a neighborhood around the optimal so-

lution, determined by the third term in the step-size
condition (7).

servative bound O (((ln However, this

To ensure (g, 6)-DP for DP-Clipped-SGD in our setting
(i.e., expectation minimization), one can set the noise
scale as 0, = © (% Kn(%)In (%)) and apply the
advanced composition theorem (Dwork et al., 2014,
Theorem 3.22). Given the fourth term in (7), this
choice implies that the step-size decreases as 1/k, re-
sulting in convergence to a certain neighborhood. This
observation is formalized in the next corollary.

Corollary 4.1 (Convergence of DP-Clipped-SGD for
the convex objective). Let the assumptions of The-
O (2\/KIn (%) (L)), and
Take A =

orem 4.1 hold, o, =

v is chosen as the minimum of (7).

(0“+C§‘) = dln( )ln( )In (%), and C =
(LR + Q + AT ) Then, with probability at least
1-p
min_f(z') — f(2*) < O (max {(10), (11), (12), (13)}) .
te[0,K]
(9)
where
HE o+ St (10)
R)\l—a/2 /Aln}({K/[i) + LR2)\O‘,?<1n(K/ﬁ) (11)
RAC | LG (12)
RAf+ LR2 (13)

One may notice that there is a non-trivial trade-off
between the convergence rate, clipping level, and the
size of the neighborhood. Therefore, we consider two
special cases and provide the result with optimally se-
lected A in the appendix.

In the finite-sum case, i.e., when f(z) = 13" | fi(z)
for some finite n, Abadi et al. (2016) show that it is

sufficient to choose o, = © ( 4/ Kln % ), where g =

b/n, b is the mini-batch size, clipping is applied to each
stochastic gradient, and € = O(¢?K), allowing to have
smaller € and § for given o, and A. We note that our
analysis holds for the finite-sum case without changes
as long as the assumptions of the theorem are satisfied
and the mini-batch size equals 1.

Non-convex problems. In the non-convex case, we

derive the following result.

Theorem 4.2 (Convergence of DP-Clipped-SGD for the
non-convex objective). Let the integer K >0 and 8 €
(0,1] be given. Let the assumptions 2.1, 2.2, 2.4, hold
for the set

Q:{xeRdayeRd:f(y)gf*+2Aand

VA
lz —yll < M} , (14)

where A > f%) — £, & % max {0.2VIA - 3},

and v is selected according to

7 <O (min{®,®,d,®}),

ool o Ve

L Al—a/2\/K1n (%) (U“+C§‘)7

o

Koo+ ) (B2 + 58 + 00+ ) ™)

(15)

@:

)

0a+<a

(>

0ot ]dK In (%)

Then, after K iterations of DP-Clipped-SGD and with
probability at least 1 — 3, we have

< 8A N 128A2
YK +1)  A22(K +1)2

win [/

1
te[0,K] (16)



Saleh Vatan Khah, Savelii Chezhegov, Shahrokh Farahmand, Samuel Horvath, Eduard Gorbunov

Table 1: Rate, neighborhood and optimal A in different regimes for the convex objective function. Here, A denotes
the clipping level, L denotes the smoothness parameter, R > ||2° — 2*|| represents the initial error, o € (1, 2]

denotes the moment that is bounded and o
¢y := max{0,2LR —

is that upper bound value. Furthermore, g is the confidence level,
%}, and 7 is a small positive constant. By optimal A and optimal neighborhood, we refer to

the A that minimizes the right hand side (RHS) of (8) and the minimized RHS value itself, respectively.

‘ Regime ‘ Neighborhood Optimal A Convergence rate Optimal Neighborhood ‘
T
G| o) o(o(#)) o((%) %) :
ng A o (rgt v Lregn) ALR 0 ( mE “}f) O (28" + p s )
o (RM L LR? ;) ALR oz % o (Ri;‘iq“ SR S )
4
gLﬁ SV o (Ron + 55 ALR — 7 oyiE+ s O (Ry+ )
g%ffa 5<4A§R 0 (Roy+ 58 ALR - 2 0 < L “}f) 0 (Ro+ HE2s)
()\/\<§§L<RU) 0 (RU»? N in‘zgzci) iILR 0 < anT; R 1an> 0 (RZZZ e 2)
niocey | oS rEEE)  gmen o) oM+ )
o (R4 + 5557) ‘LR—y ofyiE 4z O (MERE + A )
4
(U/\<§)\§£ Z) 0 (R + HESE) sLR oyEE 4z O (Ro+1)

Similarly to the convex case, the above result estab-
lishes the convergence to a certain neighborhood with
a faster O(1/vK) rate. We defer the corollaries for the
non-convex case to the appendix and describe different
special cases for the no-DP regime in Table 2.

Corollary 4.2 (Convergence of DP-Clipped-SGD for
the non-convex objective). Let the assumption of

Theorem 4.2 hold, and ~ is chosen as the min-
imum of (15). Take A = (0*+(%), and

B = (*‘iA + % + A%>,Th6n, with probability
at least 1 — f3
min_[Vf(@")]” < O (max{(18), (19), (20), (21)}),
te[0,K]
(17)
where
Lo | LA (18)
—a Aln AAln
VLAN /2\/ i LaAl®E) (19)
\/me,ale AL)\;;XiB2 (20)
dLA In(¥/g) o2 dLAIn(¥/p)
NG R . (21)

Comparison with the results by Koloskova et al.
(2023). Koloskova et al. (2023) derive their in-
expectation convergence result under the (Lg,L1)-
smoothness assumption (Zhang et al., 2020a) and the
o2-uniformly bounded variance assumption (i.e., As-
sumption 2.4 with o« = 2), for DP-Clipped-SGD with

mini-batching. For ease of comparison, we consider the
special case Ly = 0 and Ly = L, which corresponds to
standard L-smoothness. Moreover, for simplicity, we
assume a mini-batch size of 1. In this setting, the re-
sult from Koloskova et al. (2023, Appendix C.4.2) for
DP-Clipped-SGD can be written as follows: if v < 1/9r,
then
min (E(|[Vf ("))’

te[0,K]
@) ('yAK + %22](2 +’7L02 +Inin{02, %3}
2d2

+yLdo? + 137« ‘L )

The structure of our bound is quite similar. Specifi-
cally, the terms from (18) correspond to the conver-
gence of DP-Clipped-SGD in the noiseless regime (o =

» = 0) and match the O (

v = O(1/L). Next, the terms in (19) serve as analogs of
the O(yLo?) term. The leading term in (19) matches
the K-dependence of O(yLo?) for v = ©(1/vK). How-
ever, these terms also depend on the clipping level
A, which arises from our high-probability convergence
analysis and the presence of heavy-tailed noise.

+ 1z 2K2> part when

The key difference lies in the terms stemming from
the inherent bias of Clipped-SGD (Koloskova et al.,
2023, Theorems 3.1-3.2) and the DP noise. In
our result, these bias terms appear in (20), while
the corresponding term in Koloskova et al. (2023) is

o (min {02, i—;}) As shown in Table 2, in the spe-
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Table 2: Rate, neighborhood and optimal A in different regimes for the non-convex objective function. Here,

A denotes the clipping level, L denotes the smoothness parameter, A > f(2°) —
error, a € (1,2] denotes the moment that is bounded and o

the confidence level, ¢y := max{0,2v LA —

f(z*) represents the initial
is that upper bound value. Furthermore, § is

%},and 1 is a small positive constant. By optimal A and optimal

neighborhood, we refer to the A that minimizes the right hand side (RHS) of (16) and the minimized RHS value

itself, respectively.

‘ Regime ‘ Neighborhood Optimal A Convergence rate Optimal Neighborhood
A>4VLA a In & o= In? £
P o (VIA AM+LAW) 0<a<1ﬂ%> ) o<( K) N K) ]
é\/ LA <\ <4VLA In & In & a 2a
3 = / 5 E P o
O<A<o ( ot + LAV‘) LA % K K o ((\/LA)'H + <\/LA>2n—2)
O (VIAZ: + LA%:) WIA ofyriis O (s + i)
Aa—T A2Ze K K (VLA)*—2 (VLA)2e—2
VLA < X <4VLA mE Ik
’ Oh<A<o 0<VLAC/\+7LA§*> 4VLA — oy +22 (‘/LAW+ LAn i )
é\/ LA < X\ <4VLA LA( In £ In &
3 — A _ ] B LAU
PPN 0 (VIAG + 24£) WIA ofyEL 42 O (VIAo+ )
A< 3VIA oo¢ LAc?e¢2 4 nE X
— 3 g G SA 4 [ [ a a
(A<6<o) 0 (VERSE + 555wt svia O\WVw 7w O (= * wikr==)
A< SVLA et Lacze 4 nE kK [LA(IB4+n)™ | LANIA4n)>®
3 A A 2./ — {
A<o<@) O< LA+ *2”“) sVIA=m 0 K Tk O( (VLA—n)> (JTA—n)““)
FACT | LAaget? 4 A ng ¥ VIAWIA+) ' | LANIA+7)*®
A< 4 4VIA y ( A ) ra O\VE R © ( (VL&-n)* (VL&—n)2at? )
< 4. o F220-2 In £ In &
(o Sa< G) 0 (VLA ftl +LATS ) AVLA o i o ( TA(,JN,Q)

cial case A > 4v/ LA, the bias terms (i.e., the conver-
gence neighborhood when o, = 0) in (20) reduce to
o (\/L sy —s—LA/\%)
plicity, the term from Koloskova et al. (2023) becomes
o(%).
and strictly smaller than the first term in our bound
when « = 2. Furthermore, in this regime, both terms
in our bound decrease with increasing «, suggesting
that the convergence neighborhood grows with the
heaviness of the noise. Whether the bound in (20) is

tight and whether improvements are possible in other
regimes remain open questions.

Assuming A\ > o for sim-

which is strictly larger than the second term

Finally, ignoring logarithmic factors (introduced by
the high-probability analysis), the DP-noise-related

~ 2
terms in our bound (21) are O (”‘“f';l{LA + “giff),
while the corresponding terms in Koloskova

et al. (2023) are O(’yLdO’ er)' Set-

ting v = /A/s2Ldk yields the latter bound as
O(”WWV?A + ”%fff‘), which matches (21) up to
logarithmic factors.

Proof sketch of our main results. The proofs of Theo-
rems 4.1 and 4.2 follow the general template of Sadiev
et al. (2023), but the main technical obstacle is dif-
ferent. In Sadiev et al. (2023), the clipping level is
chosen as a function of the horizon K, which makes
it possible to guarantee ||V f(z")|| < 3 on the relevant
high-probability event. Here, A is fixed a priori, so this

relation need not hold, and the standard bias-variance
lemma for the clipped gradient is no longer applica-
ble. We therefore prove Lemma B.1, which controls
the bias and conditional second moment of c1ip(X, \)
for an arbitrary A through the slack quantity (.

In the convex case, we first derive a one-step descent
inequality (Lemma C.1) with the clipped-gradient co-
efficient ¢; = min{1, \/(2||Vf(z")|)} and the residual
term 0; = g, — ¢;V f(z'). We then prove by induction
that the iterates remain in a controlled region around
x*. Inside this event, smoothness bounds the gradient
norm, which turns Lemma B.1 into uniform bounds
on the bias part #? and the conditional variance of
the centered part 6. The stochastic sums involving
0} and the Gaussian noise form bounded martingale
difference sequences, so Bernstein-type inequalities to-
gether with Gaussian norm concentration control their
cumulative contribution with probability at least 1—4.

The non-convex argument is analogous, but it starts
from a smoothness-based descent inequality for the
function values rather than a distance recursion. Af-
ter summing the descent bound and partitioning the
indices according to whether ¢; = 1 or ¢; < 1, we con-
vert the resulting weighted average estimate into ei-
ther a best-iterate function suboptimality bound (con-
vex case) or a best-iterate gradient-norm bound (non-
convex case). The step-size conditions are chosen so
that each deterministic bias term and each concen-
trated stochastic term fits within the induction bud-
get, which yields the claimed O(K~'/?) convergence
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to a neighborhood. O

5 CONCLUSIONS

In this paper, we present the first high-probability
convergence analysis of DP-Clipped-SGD for both con-
vex and non-convex smooth optimization under heavy-
tailed noise. Our results show that DP-Clipped-SGD
converges to a neighborhood of the optimum at the
rate O(1/vK). Promising directions for future work
include extending the analysis to federated learning
and sharpening the resulting neighborhood bounds.
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[Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes|

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes|

(¢) Clear explanations of any assumptions. [Yes]



Saleh Vatan Khah, Savelii Chezhegov, Shahrokh Farahmand, Samuel Horvath, Eduard Gorbunov

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-

ther in the supplemental material or as a
URL). [Not Applicable]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Not
Applicable]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Not Applicable]

(b) The license information of the assets, if ap-
plicable. [Not Applicable]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Yes/No/Not
Applicable]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(¢) The estimated hourly wage paid to partici-
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A Notation Table and Auxiliary Facts

To facilitate the readability of the proofs, we provide a notation table below.

Table 3: Our notation.

Notation Explanation
gt Stochastic gradient
Gt Clipped stochastic gradient
Gt Clipped stochastic gradient after DP noise injection
; A
i min {1, gy |
wy Injected DP noise at iteration ¢
B Confidence level/failure probability
Convex case: max {O, 2LR — %
8 Non-convex case: max {0, 2V LA — %}
Ft Filtration up to the time ¢
Gradient noise parameter
Ou DP noise parameter
R Upper bound on ‘on — x*|| for convex functions

A Upper bound on f(z) — f* for non-convex functions

Auxiliary facts. Let (92, F,P) be a probability space. A sequence {F;};>1 of nested sigma algebras in F (i.e.,
Fi C Fig1 C F) is called a filtration, in which case (2, F,{F;}i>1,P) is called a filtered probability space. A
sequence of random variables {X; };>1 is said to be adapted to {F;};>1 if each X; is F;-measurable. Furthermore,
if E[X; | Fic1] = Xi—1 Vi, then {X;};>1 is called a martingale. On the other hand, if E[X; | F;_1] = 0 Vi, then
{X.;}i>1 is called a martingale difference sequence.

One of the very useful tools in establishing high probability convergence guarantees in this work is the follow-
ing lemma, which is known as the Bernstein inequality for martingale difference sequences (Freedman, 1975),
(Dzhaparidze and Van Zanten, 2001).

Lemma A.1. Let the sequence of random variables {Xi}i21 form a martingale difference sequence on the filtered

probability space (Q, F,{F;}i>1,P). Assume that conditional variances o? := E [Xﬂ}'i,l] exist and are bounded.
Furthermore, there exists a deterministic constant ¢ > 0 such that | X;| < ¢ almost surely for all i > 0. Then for
allb>0,G>0andn>1

g

Lemma A.2. (Corollary of Theorem 2.1, item (ii) from (Juditsky and Nemirovski, 2008)) Let {fk}gzl be a
sequence of random vectors in R™ such that

E[&k|Fr—1] =0 almost surely, k=1,...,N .

n
> X

i=1

n b2
2
>b and E o; < G} < 2exp (_2(;+2bc/3>' (22)

i=1

Define Sy := Zszl &,. Assume that the sequence {fk}fcvzl satisfies the following light-tail condition

2
E [exp <||€k2” > | Fk_l] <exp(l) almost surely, k=1,...,N (23)
T%

where 01, ...,0N are some positive numbers. Then for all ¢ > 0, we have

PqlSnlly > (V2 +v26) (24)
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Lemma A.3 (Lemma 1 from (Laurent and Massart, 2000)). Let {Y;};_, be i.i.d. Gaussian variables, with mean
0 and variance 1. Let {a;};-_, be nonnegative constants. Define

n
ol = sup fasl, [l =
1=1

Let .
X=> a(¥?-1).
i=1
Then the following inequalities hold for any positive t:

P{X > 2llall2v + 2ol ot} < exp(-1), (25)
P{X < ~2Jall2v} < exp(-1). (26)
Lemma A.4 (Remark 2.8 from (Zhivotovskiy, 2024); see also example 4.3 from (Polyanskiy and Wu, 2025)).

Let X be a zero-mean sub-Gaussian random vector in R® with covariance matriz ¥.. Then the norm of this vector
can be bounded in probability as below

P {||X|2 > V(D) + 1/2||Z||21n(1$} <5, (27)
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B Bound for the Bias and Variance of Clipped Estimator

Lemma B.1. Let X be a random vector from R%. We define the random vector X :=clip (X, ) for an arbitrary
clipping level A > 0. Let us assume

ElX] =z,  E[IX -z <0o”

where o > 0 is bounded, « € (1,2], and we also define & := clip(x,*/2). Then, the following inequalities hold:

220715 (0% + (max{0, ||z — ¥/2})*) T

[~ < =
IS VA Gl (ma;{o, 2] = M2})?)
+ max{0, ||z| — */2}, (28)
£ HX B EX'H2 9(220=1 4 1)\2ag@ N 9(220=1 4 1)A2=*(max{0, ||z|| — ¥/2})* 29)

4 4

Proof. The proof technique is similar to the proof of Lemma 5.1 from (Sadiev et al., 2023). Define random
variables y and 7 as

x=lgxpsap 1= lix—a>yay-
Since [|X|| < [|2] + | X — 2[| € § + || X — 2|, we get x < 7. Moreover, note that

N A A
X min{l,}X =x—X+ (1 - x)X.
X X

Proof of (28). For the bias term, we obtain

- E<X+X(||§|| )X‘min{l’M}x>"
< et (g - 1) 2] + (1 {5 )
 ep <|XA”_1) X}H+max{o, ||a:—/2\}
R

A
€ 10+ s fo, o] - 5}

HEX—:):«

where in (i), we used the fact that x € {0,1} and when x = 1 we have ’ﬁ - 1‘ =1- ﬁ < 1. Then, we

continue the derivation as follows:

Jex - & < £l + max o, ol - 5

n A
€ [n 11+ max 0, ol - 5 |

E 111X~ o] + E el + max {0, o] - 5

(4) TR RN G/
< ENX =l (Em77) T+ Enllall + max{o, 2] - 2}, (30)

where in (i), we used Holder inequality. Moreover, due to Markov’s inequality, we also have

2°B[| X — 2"

Eln™~] = En = P{| X — &|| > Y2} = P{|| X — &[|* > (¥/2)*} < o
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Then, the expected value from the right-hand side (RHS) of (31) can be decomposed as follows

E|X -2 =EIX —z+z—2|" <2°YE|X — 2" + max{0, [[«]| — A/2}*)
<207l (g™ 4 max{0, ||| — */2}), (32)

where we use the Jensen’s inequality for the convex function ||z||”. After substitution of (32) into (31), we get

2201 (5% + max{0, ||z|| — /\/2}‘3“)'

Bl = Bn < Ao

(33)

Plugging the above bound in (30), we derive

a=1
22210 + max{0, ||| — A/2‘}‘“)) C el 22271 (o™ + max{0, [|Jz]| — A/2}*)

HEX_”%H SU( Ao Ao

+ max{0, [|lz]| — 4/2}.

Using that =1 <1 and 2| < max{||z||, 2}, we conclude the proof of the result for the bias term, i.e., bound
(28).
Proof of (29). First, we use the following standard inequality:

~ ~ 12 ~ 2
el e <efi s

Then, we bound the RHS as

E)X—fc

X i 2_a>(

X -z a)}

Applying upper bounds (32) and (33) from the previous part of the proof, we obtain

R 2 2 92a—1( -« _ A [}
£ X_j’ §<3A> 2% (0 + max{0, [|z[| — ¥/2}*)

2 A&

3A e a—1/ o o

5 2% (0" + max{0, [|Jz]| — */2}7)

9. (2207 H DA% 9. (22 + 1A (max{0), [l — ¥/2})°
4 4 ’

which concludes the proof. O
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C Missing Proofs: Convex Case

We start the analysis with the following lemma. This lemma follows the proof of deterministic GD and separates
the stochastic part from the deterministic part of Clipped-SGD.

Lemma C.1. Let Assumptions 2.1, 2.2, and 2.3, and hold for Q = Bar(x*), where R > ||2° — 2*|| and
0<~y<1Vsr. Ifa* € Q for all k =0,1,...,K for some K >0, then for any 0 < T < K the iterates produced
by DP-Clipped-SGD satisfy

2

T 0 *|[2 T+1 * T
v P et I okl I 2 -
712 @) =1 s T T+1§<f” z*, 1)
27 & 272 L
S e g I
t=0 t=0
T

472 2
+ 77 o el

where we have defined

4 1in A
= { BN >||} (34
9t dﬁ Qt - Ctvf( ) (35)

Proof. Since z't1 = 2! — 4§, the following set of inequalities hold for all ¢ = 0,1,..., K:
o = 2| = o = &*|* = 29" — 2, 30) + 7 Nl

= ot = 2*|* = 2y(a = 2%, g + ) + 97 30 +

= [|=* - x*”2 —2y(z" — 2*, 9y + wi + eV f(2') — e,V f(ah))
+ 9% |G +wi + e V(') — CtVf(It)H2

< |2t - a:*H2 — 2y(xt — 2*, 0, + wy) — 2ye(at — a*, V(b)) + 297 (|64
47 wrl® + 497 |V F )|

< et — | = 2 — 8 ) — 2 ) — 1) + 292 6
+ 497 [lwe|* + 872G L(f (2') = f*)

= ||a® — 2| — 29{a’ — ¥, 0 + we) — (27 — 82 L)er(f(a) — F*) + 292 0% + 492 lwel|®

First, we rearrange the terms, and utilize the inequalities v < 1/sr and ¢} < ¢;. Upon summing over ¢t =

0,1,...,T, we obtain the following inequality

T 0 *|2 T+1 P T
gl N [2° —a*||” = fla"** —a*|” 2y -
< — —x*,0
712 alf@) =) < T DI
t=0 =
T T T
2y t 2’72 2 42 2
_ o 0
THE@ x,wt>+T+1;|| ol +T+1;Hwt|| ,
which concludes the proof. U

Using this lemma, we prove the main convergence result for DP-Clipped-SGD in the convex case.
Theorem C.1. Let Assumptions 2.1, 2.2, 2.3, and 2.4 hold for Q = Bagr(z*), where R is such that R > ||2°—z*]|.
Let C)\ déf I'IlaX{O, 2LR — %}) and Y S min{l/SLa Y1572,73, Y4, Y5, 76}; where

e R
n ¥ , (36)

42(220-1 4 1)1/200‘/2)\1_("/2\/6([( +1)In 8(K6+1) (1 + %)
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Aafl
L, R : (37)
SAN RN Ae—1g g\
28(K + 1)220-1g0 (1 + %) (; 3t iy T (1 + J—%) >
def R
3 - ) (38)
560,/d(K + 1)(v/2 + v/2¢)
c 2 V)R
n 2-v2) 7 (39)
At o, <\/&+ 21n (K;l)>
def R
T o o
c R
6 € . (41)

2%\/7 [(K+1)d+2\/(K+1)d1n4“j;1> 421 4D

with ¢ def 1/31In % for some K >0 and 8 € (0,1]. Then, after K iterations of DP-Clipped-SGD, the iterates

with probability at least 1 — B satisfy

4R? 64LR*
s ky *) < d k K, C B * . 49
Proof. Let Ry &ef |z% — 2*|| for all k > 0. Next, our goal is to show by induction that R, < 2R for all

k=0,1,..., K with high probability, which allows us to apply the result of Lemma C.1 and then use Bernstein’s
inequality to estimate the stochastic part of the upper-bound. More precisely, for each k = 0,..., K + 1 we
consider probability event Fj defined as follows: inequalities

t—1 t—1 t—1 t—1
=2y 3o (! —a*,0) — 2y 30 (2 — 2t w) + 292 3 (10117 + 497 3 wi]l? < R?, (43)

I=0 =0 =0 =0
et < o <ﬂ+ 2In (m)) (45)

hold for all t = 0,1,..., k simultaneously. We want to prove via induction that P{E)} > 1 — (v+1)8/(k+1) for all
k=0,1,...,K. For k = 0 the statements (43) and (44) trivially hold. Given Lemma A.4, statement (45) will
also hold. Assume that the statement is true for some k =7 — 1 < K: P{E7r_1} > 1 — T8/(x+1). One needs to
prove that P{Er} > 1 — (T+1)5/(k+1). First, we notice that probability event Er_; implies that z; € B z5(z*)
for all t =0,1,...,7 — 1. For 27, we can obtain the following inequalities

T *H

la" — Iz

—a* —qgr1l < la"7 ="+ Allgr-all + Allwr-1

V2R + 9\ + o, (Wﬂ (/21n (KTEI» (Sgg) 2R. (46)

This means that 2%, 2%, ..., 27 € Byg(z*). Therefore, E7_ implies {xk}fzo C @, meaning that the assumptions
of Lemma C.1 are satisfied. Subsequently, the following inequality holds

IN

1

t—1

t—1
g [2° — a*||” — =" —2*|? | 49 2
I a(feh - fa) < : + 23 el
1= 1=0
t—1 t—1
2 N 2v2
7%2@1756 ,91+wl)+%2||91||2, (47)
=0 =0
for all t =1,...,T simultaneously. For all t =1,...,T — 1 this event also implies

t—1 t—1 t—1

vi@(f(ffl)—f(x*)) < R -2y (@ —ar0) —29) (o' =2t ) +297 ) [l6n)?
=0

=0 =0 =0
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t—1
+ 42wl
1=0

< 2R? (48)
where we have used (43) for Er_;. Taking into account that Zfié a(f(@h) — f(z*)) >0, (47) implies
T—1 T—1 T-1
RE <R =27 (' —a*,0,) =27 ) (2 —a",wi) +29° Z 16112 + 447 D [l (49)
t=0 t=0 t=0

def | xt —a*, if [|l2t —2*]] < 2R,
0, otherwise,

forall t =0,1,...,7 — 1. By definition, these random vectors are bounded with probability 1
[nell < 2R. (50)

Next, we introduce the following vectors
w def . ~ _ def
0 =g —E[a | F'7], 0= E[o | FT] - eV (51)

Using the above notation, we notice that §; = 6 + 6°. Subsequently, Er_; implies

T-1 _
Rl < R =2y} (6)m) =273 (0f.m) 2vaz,m +4v22 (o171 7+1]
t=0 t=0

©) @ ® @

— T-1 T-1
Z(wun —E [I6r17 1 7)) + 402 D0 (18017 + 492 D el (52)

t=0 t=0 t=0

® ® @

To finish our inductive proof we need to show that @ + @ 4+ ® + @ + ® 4+ ® + @ < R? with high probability. In
the subsequent parts of the proof, we will utilize the bounds for the norm and norm squared moments of 6}* and
0%. First, by definition of clipping operator and Lemma B.1 we have

16311 < 2A, (53)
and
o < 2Tt 4 max{0, VS| - ya)) T
¢ - Aa—1
2a0—1 o max .’Et B o
(91| oy 2 {0 9] = 1))
+max{0, |V f(z")|| — ¥/2}, (54)

92271 + A2~ 92271 + DA *(max{0, |V f(z") || — ¥2})”

4 + 4 '
As can be seen, these bounds are iteration-dependent due to the presence of |V f(z')||. As a remedy, we bound
|V f(z)|| by 2LR inside event E7_;. This bound can be obtained from a combination of Assumption 2.2, Ep_1,
and (46). Next, we introduce a new variable ¢ := max{0,2LR — 3}. Thus, we get the following bounds for the
bias and variance of 6;: Er_1 implies

22&—1 «@ « O‘Til 2204—1 « «@
||0i7|| < U(O +C)\) T (C/\"")\) (U +C)\)

E [lo¢)* | 771 < (55)

< o1 5 o + G (56)

9(22*~ 1 + 1)X* g N 92> + A>Ty
4 4

E [lloz1° | 7] <

for t =0,1,...,T — 1.

)
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Upper bound for @®. By definition of #}*, we have E[§" | F'=!] = 0 and
E[-2v(0/m) | F*7'] =0
Furthermore, @ is bounded with probability 1 as

(53),(50

) (40)
270 me) | < 29070 lInell - < 89AR < = =c (58)
n

The summands also have bounded conditional variances o? L E E[4v2(0%,m:)? | Fi71] as

(50)
oF <E 200 - Imel? | F1] 'S 1692 R2E [Jop )2 | FY). (59)
In other words, we showed that {=2v (0}, m:) T_ ! is a bounded martingale difference sequence with bounded
conditional variances {at} . Next, we apply Bernstein’s inequality (Lemma A.1) with X; = —2v (6}, n:),
parameter c¢ as in (58), b = R72, G= 294111%% to obtain
HT
T—
R* b2 B
@ — —_—— 3> <2 — = .
{| |> Z; ~ 92941n 8(K+1)} - exp( 2G+2cb/3) 4K +1)
Equivalently, we have
T—1
5 _ ) ) R4 R2
P{E@} >1—- m, for E@ = [ either tz:; o; > W or |®| < 7 (60)
In addition, Ep_; implies
T—1 T—1
dooi < 16RPYCE[I6r) | F
t=0 t=0
7 2.2 20—1 2— 20—1 2—
< ARPYT (92271 + AT %0 +9(22 T + DAPTACR))
(36) R4
= otm i (61)

Upper bound for @. From Er_; it follows that

T—1 T—1
@ = =2y (@) <2y > 071 el
t=0 t=0
(56),(50) 92a—1, o) 5t 9201 (ga | ca
< RT( A”a TCA) +(<A+>‘/2)w+©\
T<K4+1 22&—1 Ca —1/a C)\ 1 )\a—lg)\
< 4 K+1 @ > 1422 = —_—
< TR(K + ))\a—l (0" +¢X) << +O.()¢> RS +2+22a—1(0-a_~_<§t)
(37) 2
< K (62)
7
Upper bound for @. We have
T—1 T—1 d
|®] = ‘—2’)’ ZVH;M Z 22 VNt,iWe, i (63)
t=0 t=0 =1

where 1,; = [Ut] and wy ; def [we]; denote the i-th components of 7, and w; respectively.



Saleh Vatan Khah, Savelii Chezhegov, Shahrokh Farahmand, Samuel Horvath, Eduard Gorbunov

Each summand is the product of a zero-mean Gaussian random variable and a bounded random variable, resulting
in the product being a zero-mean sub-Gaussian random variable with parameter o7; = 64R*y?07. To prove this,

consider
B (50) 16 R%~?
E lexp( t ‘nmw“|> | Ft 1] < E [ex <f542R202| 4l )]

< E |wt’i| 7
S exp 402 < exp(l) (64)

where (i7) uses the fact that w?; is light-tailed random variable with parameter 0. Now that we have established
the light-tailedness of summands, we can use the Lemma A.2 to obtain

T-1 d K d _¢?
Z Z YN, iWe i | > (\/5—1- \/§¢) 2264721%203 < exp (3)
t=0 i=1 t=0 i=1
g
= 65
(K+1) (65)
The choice of v < 73 for 3 defined (38) implies
T—1 d .
(38) R2
(V2+v20) |3 > 6492 R203 < (V2+20) VB R(K + 1)do? < —,
t=0 i=1
and
s Rr?
P{Eg}>1— —— for Eg =40 < — 66
{Eo} = KD o e ®f < = (66)
Upper bound for ®. From Er_1, and conditions on the step-size it follows that
- 4 Z I NE
(57) 9 22a 1 )\2—@ a 9 22a—1 1 )\2—@ a (36) R2
4 4 7
Upper bound for ®. First, we have
E 492 (10717 — € 10717 | 71 ]) 1 7] =0
Next, sum ® has bounded with probability 1 terms:
a2 (o1 =€ [e1? 1 7)) < a0 (o2 + E [lox® 1 741])
(40) 2
< 22 e B e (68)

T 7 SEED

The summands also have bounded conditional variances

e (e [T Ea N

(68) R? 2 2| pt- -
e vecal el [ Bl (] i || “
B
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8"}/2R2
T 7l L’j;”

E[l7)7 | 7' . (70)

T-1
To summarize, we have shown that {472 (||0]f||2 —E [||0]j||2 | ]—"t*1D} is a bounded martingale difference
t=0

sequence with bounded conditional variances {52 ?2_01. Next, we apply Bernstein’s inequality (Lemma A.1) with
X = 4y? (||9§L||2 -E {H@;‘HQ | }'t’lD7 parameter c as in (68), b = R;, G = R

2941n %:

R2 it RY b2 3
PI|®] > = d < V<o - = )
{' > an §0t2941118(Kﬁ+1)} eXp( 2G+2cb/3> A(K +1)

Equivalently, we have

3 T71~2 R R?
P{E@} > 1-— m, for E@ = < either ; gy > W or |@| < 7 . (71)
In addition, E7r_; implies that
T—1 an
o, (10 8y2R%*(K +1) 9 (57),(36) R*
2 u t—1
2 QSR D ) ) U0 R .
tz:; t 71n 8([(5_;'_1) || t || ‘ 294 1n 8(1(;,—1) ( )
Upper bound for ®. From E7_q, and conditions on the step-size it follows that
T—1 )
© = 473 o]
t=0
201 et 201 2
< 4’72T ( g (Ao-a_l CA) + (C)\ + )\/2) (:a CA) + CA)
(37) R2
< = 73
< 2 (73)
Upper bound for @. We have
T—1 T—1 d
7Y Jlul* = 4702 (74)
t=0 t=0 i=1
where 2 ; def wi,ifo,,. Using Lemma A.3, we get
T—1 d
4(K +1) 4K +1) B
P 2, >Td+2(/Tdln ———= + 21 < : 75
{t_();z“> - R Y (75)
Since v < g for 76 defined in (41), we obtain
R? I3
P{@D> — 3 < —— | 76
o> T} < iy (9
which is equivalent to
p R?
P{Eg} >1— —— for Eg=<¢|@| < — ;. 7
(B} 2 1= gl for By = (0 < (77)

Now, we have the upper bounds for ©,®,®,®, ®,®,® . Thus, probability event Er_1 N Egy N Eg N Es N Eg
implies

t—1 t—1 t—1 t—1

Ry < RP=2y) (' —a%,0)—29) (' — 2% ) +29° Y _[I6] + 49 ) Jlwr]?
=0 =0 =0 =0
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< RR4+0+@+0+@®+60+0®+®

R? R? R? R? R? R? R?
< Rttt ittt it o2
,R+7+7+7+7+7+7+7 2R2,

which is equivalent to (43) and (44) for ¢t = T, and

P{Er} > P{Er_1NEyNEsNEsNEy}
= 1-P{Er_1UEgUEsUEsUEg}
> 1-P{Er_1} —P{Es} —P{Es} —P{Es} — P{Eo}
(T+1)p
> 1
= K+1 (78)

This finishes the inductive part of our proof, i.e., for all k = 0,1,..., K we have P{E;} > 1 — (k+1)8/(k+1). In
particular, for k¥ = K we have that with probability at least 1 —

S 2R?
th ))Sm

and {z*}X_, C @, which follows from (44). Now, we have to deal with ¢;. To do so, we consider two possible
cases for each t = 0,1,...,K: either ¢, = 1 or ¢; = W. We define the corresponding sets of indices:

T {te{0,1,....,K}|c; =1} and T3 def {te{0,1,...,K} |c: = W} Then, the above inequality can
be rewritten as

oD DU 1)+ i & L)L) (79
implying ,
e >t - @< s (50)
and N =
K+1 Z; 2HVf (gﬁ ))wzwn' (81)
Using the corollary of smoothness assumption, i.e., |V f(z?)| < \/2L(f(2?) — f(2*)), we get from (81) that
K+ 14 V1) = /\i\/;fj) (82)

For inequality (80), we follow the technique from (Koloskova et al., 2023) and apply inequality 2% > 2ex — €2,

which holding for any e, z. Setting 22 = f(z?) — f(z*), we get

1 - " 2R?
K+1t;1(2€ f(x)ff(x)fez)éiw([(ﬂ),

implying
R2

t * €
K+IZV ¥ - fl@ K+1)+2

teT1

Choosing € = \/%, we obtain
¥

2R?

YET1) (83)
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Combining inequalities (82) and (83), we get

= . 2R? 4V2LR?
;V J@) <\ k) T+ (84)

which implies

4R? 64LR*
. ty _ * < 85
iy U@ = 1) < Sy + e T e (85)
where we have utilized the inequality (a + b)? < 2a? 4 2b?. This concludes the proof. O

Theorem C.1 states 7 values for step-size, from which the smallest should be selected. To simplify matters,

we demonstrate that if A is selected equal or smaller than the order of O (( K )VQ), then three step-sizes are

In K
redundant and can be omitted.

Corollary C.1. Let all conditions of Theorem C.1 hold. Furthermore, assume that K is large and one
selects A < O ((1 K) /a), then conclusions of Theorem C.1 are wvalid as long as v is selected to satisfy
~ < min {1/8L,v1,72,73} where we have

def

R
m= ’
42(220-1 4 1)1/2oa/2A1a/2\/6(K +1)In 3D (1 + 2 )

def RX*1

T2 = « —1/a
28(K +1)220- 100 (14 &) (4; it Et eyt (1+£) )

220 1(‘7&‘"(; oo

def R
B S6ouJAK + (V2 + vV20)

Proof. For large K, it is evident that 3 decreases at a rate of O (UW KInK ), while 4 in (41) decreases at a rate

of O (aw\/ K ) Subsequently, v3 dominates g and 6 can be omitted. Furthermore, 5 in (40) decreases with a

rate of O (Kl/" (In K)l_l/") which is less than the rate of 7. It can be deduced that for large A, o decreases at
the rate O (K) which is faster than 5. If A is small, 72 dominates ~5 again due to the A in the numerator of ~o.

Hence, 75 can be discarded. As for 4 in (39), we know that o, is on the order of O (/\/e\/KlIl (K/(S)). Hence,

one can replace A with O (ew¢/\/K(%/s)). Therefore, 4 decreases by the order O (awe Kln (K/(S)), which is
the same order as 3. Hence, 74 can be omitted, and the proof is complete. O



Saleh Vatan Khah, Savelii Chezhegov, Shahrokh Farahmand, Samuel Horvath, Eduard Gorbunov

D Rate and Neighborhood for Clipped-SGD: Convex Case

Now that we have established the convergence properties of DP-Clipped-SGD for convex problems, we turn to
evaluating its convergence rate. This rate depends critically on the choice of the step-size -, and in general,
the resulting expressions can be quite complex. To obtain more interpretable bounds, we consider simplified
rate expressions by analyzing separate cases based on different ranges of A\. Since we focus on the asymptotic
behavior, numerical constants are omitted for clarity.

In this section, we consider the cases without the DP noise (o, = 0) and investigate all possible clipping levels.
Case 1: A > 4LR. In this case, {, =0, and the step-size conditions reduce to the following:

1 )\afl
v<O|min{ — R R . (86)

L garzyi-arz, [k K Ko®

In particular, when v equals the minimum from the above condition, the iterates produced by Clipped-SGD after
K iterations with probability at least 1 — 5 satisfy

min f(z') - f(2*) = O (max {(88), (89), (90)}), (87)
te[0,K]
where
_ /InK/g  LR*0“InkK/s
1-a/2 /2
R o % + NI , (88)
Ro®  LR?02*
a—1 + A2 7 (89)
LR? L3R*
® TR (%0)

We clearly see that the dominant term in (88) is an increasing function of A, and the dominant term in (89) is
a decreasing function. Solving for optimal A as the equilibrium of the dominant terms in (88) and (89), we get

A=0 (o’ < K ) ’ ) Plugging in this A\, we get with probability at least 1 — 5:

K
tér[%)i,IIl(] f(@') = f(z*) = O (max {(92), (93)}), (91)
where
mE\F LR?In*K
Ro (zf) el 2

Qo

8 K
LR | L3R (1n k)
K o2 K5

(93)

In this case, Clipped-SGD converges to the exact optimum asymptotically with high probability, and the dominant
term matches the one from Sadiev et al. (2023). As it can be seen from (88), (89), when the clipping level is not
that large, we converge to a neighborhood of the solution, but with a faster O(1/VK) rate.

Next, when A < 4LR, we have (, = 4£8=2" As it can be seen from (36), (37), in these cases, we also have
to consider the relation between A and o. Thus, we split A < 4LR regime into 6 different regimes to cover all
possible cases.

Case 2: %LR < A<A4LR, (\» <A <o. In this case, the step-size conditions reduce to the following:

a—1
v <0 (mindl R RA . (94)

L gaszpizarz, [KIm K~ Koo
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As can be seen, the result is the same as in the previous case. The optimal A derived in the previous section
violates the constraint that A\ < 4L R; thus, the optimal A\ = 4L R. For this choice of A\, we have with probability
at least 1 — 3

min_f(z') — f(2*) = O (max {(96), (97), (98)}), (95)
te[0,K]
where
InK/g R*%c“Ink/s
4—aL2—a «@
\/R o e + Tooig (96)
RQ—QUQ 0.2(1
Lafl + L2a71R2a72’ (97)
LR?> LR?
K TE (98)

Case 3: %LR < A<A4LR, () <o < A. In this case, the step-size conditions reduce to the following:

1 a—1
¥ <O | min{ — R fiA . (99)

L’ c/2\1—2/2 /K |n %’ KmaX{UaaAaflg}

If max{oc®, A*"1(,} = 0%, then the bounds are similar to the previous case. If max{oc® A\*71(\} = \¥71(, is
satisfied, minc(o ] f (xt) — f(x*) is bounded with probability at least 1 — 3 by the maximum of the following

terms:
/In K LR?06%InkK
R)\lfa/2o,a/2 nK/f8+ ia; /IB’ (100)

LRQ 2
Rey + /\ZC/\7 (101)
LR?> L3R*
e + el ek (102)

In the latter case (i.e., maximum occurring in the second argument), the optimal X\ is 4LR — 7, where 7 is a

sufficiently small number such that A®~1(y > 0, i.e., \ satisfies (, = max A‘(’,il D e lng/ﬁ} Note

that the (105) is decreasing in A, and A = 4LR is not feasible. With this choice of A, we get with probability at
least 1 — 3:

min f@') = f(a*) = O (max {(104), (105), (106)}), (103)
telo,
where
InK/s  LR?*c“InkK/
Ry\/(4LR — n)2—ag 104
\/( n)? o — T IR K (104)
R LR?n?
£n Ui : (105)
2 (4LR —n)?
LA L2A?
“= . 106
K (4 LA —n)?K? (106)
Case 4: %LR <A<A4LR, o0 <y <A. In this case, the step-size conditions reduce to the following:
1 )\afl
v<O|min{ — R R ) (107)

L’ C;\’Z/Q)\l—aﬂ /Kln%7 K()\D‘_lc/\)
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and mingep k) f(x') — f(«*) is bounded with probability at least 1 — 3 by the maximum of the following terms:

2 ~a K
1—a/2 q0/2 an/B LR C)\ In /5
RX SURY % + K

LRG3
RO+ —5

LR? N L?R*
K XK?

(108)
(109)

(110)

The optimal in this case is A = 4LR — 20, and the neighborhood of the convergence and the rate are presented

below: with probability at least 1 — 3

min_f(z') — f(2*) = O (max {(112), (113), (114)}),

te[0,K)

where

Ink/s  LR*c“InK/s

R\/(4LR —20)2-ag@

Ro + LR?c?
7T 4LR —20)2°
LR? L*R*

K T ULR—207K2

Case 5: A\ < %LR7 A <\ < o. In this case, the step-size conditions reduce to the following:

)\a
v < O | min ! R R

K ' (4LR—20)°K’

L oa/2 \1—a/2 /Kln%’ K(o9¢))

(111)

(112)
(113)

(114)

(115)

Function sub-optimality min,e(o k7 f(2") — f(2*) is bounded with probability at least 1 — 3 by the maximum of

the following terms:

B [mKjs  LR?0%InK/s
1-a/2 _a/2
R o % + K ,

RUQCA LR2O'2aC§
e )\204-&-2 ’
LR? n L3R*
K A2K2°

In this regime, the optimal A = %LR. With this choice of A\ we get: with probability at least 1 — 3
min_f(z") - f(z*) = O (max {(120), (121), (122)}),

t€[0,K)

where

2—a L
\/R4_O‘L2_QO'O‘IHK/H 4 R**o*InK/p

K Lo-1K
RQ—QUQ 0.204
Tt T4z =5
Lo—1 L2a 1R2a 2
LR?> LR?
K K2

Case 6: A\ < %LR, A <o < (). In this case, the step-size conditions reduce to the following:

AO&
v < O | min ! i i

L gglyimare [k K K

(116)
(117)

(118)

(119)

(120)

(121)

(122)

(123)
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Function sub-optimality min,e(o k7 f(2") — f(2*) is bounded with probability at least 1 — 3 by the maximum of
the following terms:

InK/p n LR*({InK/s

1—a/2 /2
R ¢y % NI , (124)
a+1 2 2«
R(S LR(y ’ (125)
)\a )\2a+2
LR? L3R*
— 1+ . 12
K * e (126)
Next, we find the optimal X via equalizing the leading terms (the first ones) in (124) and (125). This results in
5\
A = ALE where C = 3 , which is infeasible. Thus, in this regime, the optimal X is 2 LR — 7, where
2C+1 K 3
1 > 0 is such that A < o < (). Given this choice of A\, we obtain with probability at least 1 —
min f(@') = (@) = O (max{(128), (129), (130)}) (127)
telo,
where
_ InK/g  LR?>(LR+n)**Ink/s
R(LR —n)'=*/2(LR + n)*/?y/ 128
R(LR+n)*t'  LR?*(LR+n)*® (129)
(LR —n)~ (LR —m)2+2
LR? L3R
. 130
K T (LR—n2K? (130)
Case 7: A < %LR, 0 < A<\ In this case, the step-size conditions reduce to the following:
1 a—1
v < O | min i fiA (131)

L 43/2)\1*0‘/2 Kln %, Kmax{d;l, f_la}

a+1 a+1
We note that max{g*)\ , ;\1—10} = (@ max{%,%} = 22— since 0 < A < (). Therefore, similarly to the

previous case, we have

7 <O | min 1 i A , (132)

L’ a/2\1 o ) a+1
¢Pamerz [k K K(GT)

and mingepo i f(x') — f(«*) is bounded with probability at least 1 — 3 by the maximum of the following terms:

K5 | LEACS nK/p

1—a/2 /2
RA G I Yok (133)
Rcié-‘rl LR2<§0¢

o N2at2 (134)
LR?> L3R*
K e (135)

The optimal A is 5 LR, since the both leading terms in (133) and (134) are decreasing in A. With this choice, we
get with probability at least 1 — 3

min_ f(zt) — f(z*) = O (max {(137), (138), (139)}), (136)

te[0,K]
InK/s LR?InkK/
LR? 137
VTt (137)

where
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2

Ro + % (138)
LR? LR?
LR IR (139)

Now that we have covered all regions, it’s time to consider the DP noise as well.
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E Rate and Neighborhood for DP-Clipped-SGD: Convex Case

To ensure the output of the algorithm is (e, §)-differentially private in this setting, expectation minimization, it
suffices to set the noise scale as o, = © (% Kln (%) In (%)) and apply the advanced composition theorem of
Dwork et al. (2014). In the finite sum case, one can reduce the amount of noise by a factor of 4/In (%) as it was

shown by Abadi et al. (2016). For the sake of brevity, in the DP case, we only consider two cases: large A and
relatively small A regimes. The other cases can be derived with a similar analysis.

Case 1: A > 4LR. In this case, (), =0, and the step-size conditions reduce to the following:

1 RX>1

R R
L ga/2\1-a/2 /Kln%7 Ko 7Um/dKln%

In particular, when 7 equals the minimum from step-size condition, then the iterates produced by DP-Clipped-SGD
after K iterations with probability at least 1 — 3 satisfy

v <O | min (140)

Jnin [(o) = f(2) = O (max{(142), (143), (144), (145)}), (141)

where

/In K LR?¢6%In K
RAL—a/2 5a/2 DK//3_|_ ia; /57 (142)
Ro® LR?p2«

\e—1 + )2« ’ (143)
LR? L°R*
N + 2R (144)

dln % LR2aidln %
Roy, % + K . (145)

Here, (143) accounts for the bias caused by clipping, and (145) accounts for the accumulation of DP noise.

These terms are decreasing and increasing in A respectively, if we use o, = © (% Kln (%) In (%)) To find

the optimal A, we find the equilibrium of these two terms. Solving the equilibrium equation, we get A =
1

@

o - 5”(; % . Unless €0 is large enough, this value violates the constraint that A > 4LR, and it’s
din (})In(£) (%)

5
not feasible. Thus, we have the following formula for the optimal \:

(0%

A = max { 4LR, = (146)
din (3)In () (%)

For this choice of A\, we get that with probability at least 1 —

min (o) = (@) = O (max {(145), (149), (150). (131)}) (147)
€|0,
with
1
3a—2
Ink e ln 2« K

max \/R4—aL2—a oI55 i 0 (148)

2—a o 1 K Te
min R "o , Ro (dln(5)ln(5)> (149)
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LE? LR (din (3) n (5))" 0 5 | 1s?
K2 (e)vo K2 K

min

a+2

o 2o 3 (o 8] 25 2

g /3 a—1

£ a
LR? 1 K K
+ 52 dln <5> In (5) In <ﬂ>’

where, for the sake of brevity, we only report the dominant terms.

Case 2: A\ < %LR A <o < (). In this case, the step-size conditions reduce to

R R\ R

1
L lyer [Kkm & K@ o, JakwE [ )

Taking v equal to the right-hand side, we get that with probability at least 1 —

v < O [ min

min f(a*) — f(2*) = O ({(154), (155), (156), (157)})

te[0,K]
_ [InK/s  LR*s*InK/s
1-a/2 /2
RA o % + ok ,
RC§+1 LR2C§Q

with

PYC! )\2a+2 ?
LR? n L3R*
K A2K?2’

dln% LR2JE)d1H%
Roy, + .
K 2K

(150)

(151)

(152)

(153)

(154)
(155)

(156)

(157)

Similarly to the previous case, we find the optimal A as the equilibrium of the leading terms in (155) and (157).

By doing so, we get the optimal A:

2¢LR
(a1 (3)1n (%) 1n (%))7 +1

For this choice of A\, we get that with probability at least 1 — 3

4
A=min{ - LR,

L f@@') = f(=¥) = O (max {(160), (161), (162), (163)}),

with

% Ri-a(c[)2-a] o K
min \/R4QL2°‘aaln /6 L) : a £
(din ()0 (5)) 7 &

ma; R %0% R*"%0° dln 1 In 5 | 5 i
*\ TLet T ¢ 5 5 3 ’
1 2
LR LR (1Y RN R EE N LR
max %7 2R2 n 3 n 5 n 3 7

=

(158)

(159)

(160)

(161)

(162)
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H

min LfQ \/dm (;) In (?) In (IB() (dln n lnL(; :E ))m "
+Lf;d In (;) In (15() In (g) (163)

where, for the sake of brevity, we only report the dominant terms.

bl
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F Missing Proofs: Non-Convex Case

Now, we focus on the case of non-convex functions. We start with the following lemma.

Lemma F.1. Let Assumptions 2.1, 2.2 hold on the set

Q={zeRYTFyeR?: f(y) < f*+2A and ||z — y|| < VB/20vL}, where A > Ng = f(2°) — f* and let 0 < v <
Var. If 28 € Q for all k =0,1,..., K for some K >0, then the iterates produced by DP-Clipped-SGD satisfy

T T
) N R O s B S t
S e + 2 ZH 12+ 2 Z el
T+1 SR ! T+1 ¢

~
Il
=3

foralT=0,1,..., K, and 0;,c; are defined in (35), (34) respectively.

Proof. The smoothness of f implies

Fa) < 5@ (), At et + et -t
= f(2") = Y(VF(x"), 5 + wi + V(') — eV (")) (164)
+Li2 10+ wi + eV f(zt) — eV ()|
< f(at) = e |V = 1V F @), 00) — Y (T F (@), we) + Loy [fwel|
+2L7 101> + 2Ly} ||V f (2 H
= f(z") — (yer — 29°Le}) |V £ (' || ),0:) = ¥ {(V ("), w)

+ Ly [lwe® + +2L77 (|6

Rearranging the terms, utilizing v < /41, and ¢? < ¢;, we sum over ¢ to obtain

T

Y o2 (f@) =) - (@™ - 1
m;ctuvﬂx)u = T+1 _T—H;Vf ), 62)
T
- S e+ 2 ZH ol + g Zn el
t=0
which concludes the proof. O

The above lemma is utilized to prove the main convergence result for DP-Clipped-SGD.
Theorem F.1. Let Assumptions 2.1, 2.2, and 2.4 hold for the following set

{z eRYTy eRe: f(y) < f*+2A and ||z — y|| < VB/20vL}, where A > Ay = f(2) — f*, & =
ma’X{O7 2 V LA — %}; and Y= min{1/4La Y157Y2,735 V4, V5, 76};

n vaA : (165)
21V (22071 + 1>1/20"/2A1‘“/2\/6(K + 1) UG (14 &)
def \/E)\afl
Y2 = : o e (166)
20-1 (ga o) [ S 1, _ ATt Sy
4VL(K 4 1)22-1 (o +<A)(A +2+22a,1(0a+cg)+(1+0a> )
w < va , (167)
14VLo,\/d(K + 1)(vV2 + V2¢)
o A
v = va (168)

20vT ()\—i—aw (\/&Jr 2In (Kﬂ“)» ’
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e VA
5 d:f 8(K+1)’ (169)

e A
% & va . (170)

\/faw\/7 ((K+ 1)d+2\/(K+ 1)@11% +21n4(1<ﬁ+1)>

for some K >0 and 8 € (0,1]. Then, after K iterations of DP-Clipped-SGD the iterates with probability at least
1 — B satisfy

8A 128A2

min ||V f (2! || < VK +1) + N2 (K +1)2

t€(0,K]

(171)

Proof. Let Ay, = f(a¥) — f* for all k > 0. We aim to show by induction that A; < 2A with high probability.
This fact will allow us to apply Lemma F.1 and then use Bernstein’s inequality to evaluate the stochastic part
of the upper-bound. More precisely, for each k = 0,..., K we define the probability event E; as follows. The
inequalities

—y (V@) wr + 00 + 192 S (21007 + Jl]*) < A, (172)
A < 2A, (173)
o < o (v + 2 (555) ). (174)

hold for all t = 0,1,..., k simultaneously. We want to prove via induction that P{E)} > 1 — (*+1)8/(x+1) for all
k=0,1,..., K. For k = 0 the statement is trivial. Assume that the statement is true for some k =T —1 < K
and P{Er_1} > 1 — T8/(x+1). One needs to prove that P{Er} > 1 — (T+1)8/(kx+1). First, we notice that the
probability event Ep_; implies A; < 2A for all t = 0,1,...,T — 1, ie., 2t € {y € R? | f(y) < f* + 2A} for
t=0,1,...,T — 1. Moreover, due to the choice of clipping level A, we have

- 5 K+1\) (68 A
17 — 2TV = gzl + Yz ]| < 7A+ 00, (xm 21n<)> <

8 - 20VL
Therefore, Er_; implies {2* _o € @, meaning that the assumptions of Lemma F.1 are satisfied and we have
y t—1 t—1 t—1 t—1
§Z||Vf(9~"l)||2 < A= A=) (V@00 =7 Y (VF(a'),w) +2097 ) |6
1=0 1=0 1=0 1=0

t—1
+ LY [l
1=

for all t = 0,1,...,T simultaneously. This event also implies
v t—1 t—1 t—1
Z allVEEDIP < A=y ) (VI 0) =) (VF(a')w) +2L7* Y |6
k=0 k=0 1=0
t—1
+ L) fwl®
1=0
< 2A. (175)

Taking into account that 3 Y~ ¢V f(z")[|?> > 0, Ep_; also implies

=0
T—1 T—1 T—1 T—1
Ap A=Y (VD00 =7 D> (V) w) + 20y Y 110> + Ly D .
=0 =0 =0 =0
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Next, we define random vectors

Vi), if[Vf(z)] <2VLA,
N = (176)
0, otherwise,
forall t =0,1,...,7 — 1. By definition, these random vectors are bounded with probability 1
[n:]l < 2V LA. (177)

Moreover, for t =1,...,7 — 1 event Er_1, and corollary of smoothness imply

|V £ (x ,/ flal) = f*) = /2LA; < 2VLA, (178)

meaning that Ep_; implies that n; = Vf(2!) for all t = 0,1,...,7 — 1. We notice that §; = 6 + 6°, where 6
and 0? are defined in (51). Using new notation, we get that Fp_; implies

T-1 T-1 T-1 T-1
A A=y > (O m) = D> (00, m) =7 Y (we, ) + 4L E[H@“H ft’l}
t=0 t=0 t=0 t=0
) &) ® @
T-1 T-1 ) T-1
+4L2 3 (312 = E {1017 | 7)) + 4892 3 1168 + 292 D el (179)

t=0 t=0 t=0

® ® ()

It remains to derive good enough high-probability upper bounds for the terms @, ®,®, ®, ®, ®, @. This amounts
to proving @4+ @+ @+ @®+®+ ® + @ < A with high probability. In the subsequent parts of the proof, we will
need to use the bounds for the norm and second moments of #* and #? many times. First, by definition of the
clipping operator, we have with probability 1 that

167 < 2A, (180)
and from Lemma B.1 we also have

22015 (0 4 (max{0, |V £ ()] — 2})*) +
/\0471
a9 at) | yay 2 e V) = D)

+max{0, |V £(a")]| - V2,

ozl <

9(2271 + DA*Te0® 9227 + DA (max{0, |V f ()| = ¥/2})°
4 4 '

E [lo¢* | 771 <

As can be seen, these bounds are iteration-dependent. To overcome this, we bound ||V f(z*)| by 2v/ LA, which
follows from Er_1, i.e., Er_1 implies

22a—10. O.a+ a aT71 A 2204—1 o.a+ (e}
i <T@ (N E e -

9(22a—1 + 1)/\2—a0.a N 9(22(1—1 + 1)/\2—o¢<~§¢ .

E [llop1” | 7] < y ;

(182)

Upper bound for @. By definition of 6}, we have E [9} | ]-'tfl] =0 and

E [ (O m) | F7] =0.
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Next, sum @ has bounded with probability 1 terms:

A def

(176) (169)
Iy (05 s me) IS0 - Nmel] < dyAVLA < =c (183)

N T 73K

The summands also have bounded conditional variances o7} e (Y203, me)? | F11:

o2 <E [V208112 - Ime|I? | F*=1) <442 LAE [0 | F*1]. (184)

In other words, we showed that {0, m:)}E2F is a bounded martingale difference sequence with bounded
conditional variances {67}7'. Next, we apply Bernstein’s inequality (Lemma A.1) with X; = —v (6%, n,),
parameter ¢ as in (183), b = %, G = A

294 In %
T—
A? b2 B8
@ > = —_— 3 <2 — = .
{| > z; ~ 92941n 8(K+1) } - eXp( 2G.|_2cb/3) 4K +1)
Equivalently, we have
T-1
B . 5 A? A
P{E@} Z 1-— m, for E@ = < either ; Oy > W or |®| S 7 . (185)
In addition, Ep_; implies that
T-1 T-1
Yoor <HPLAY E[6r)* | F
t=0 t=0
(182)
< OYELAT (2271 +1) A% + (227 1 1)APTeG)
(165) A2
< 7294 o w. (186)
Upper bound for @. From Ep_; it follows that
T-1 T-1
@ =y (0 n)<y DOV el
t=0 t=0
(181) 22(1—10. (O_a + CQ)% 22(1—1 (O.a + Ca)
< 2vWLAT < o1 A + (G + /\/2))\—a)‘ + C,\)
(166) A
< —. 187
< = (187)
Upper bound for ®. We have
T-1 T-1 d
|®| - Z Wta77t vat,iant,i 3 (188)
t=0 t=0 i=1
where 1, ; = [Ut] and wy ; def [we]; denote the i-th components of 1, and w; respectively.

Each summand is the product of a zero-mean Gaussian random variable and a bounded random variable, resulting
in the product being a zero-mean light-tailed random variable with parameter aii = 16742LAc?2. To prove this,

consider
(177) ALA?
—1 2
E[“"(wﬂ”“‘”“')'ﬁ] < elon (ipezan bl
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2\ (4d)
< exp ('j’;ﬁ) < exp(1), (189)

w

2

where (i7) uses the fact that wf’i is a sub-Gaussian random variable with parameter 7. Now that we have

established the light-tailedness of summands, we can use the Lemma A.2 to obtain

T—1 d K d
,¢2
P Wi | > (f2+\f2 ) 492LA02 p < ex ( 190
2 ;Wh,z ti ¢ ;; Y 2 Pl (190)
B
= . 191
4K +1) (191)
The choice of v < 3 for v3 defined in (167) implies
T—1 d (167 A
(V2+v20) \| 3. 4921402 < (V3 +V26) VAPLA(K + 1)do? < =
t=0 i=1
and
B A
P{Es} >1— —— for Egp=<|® — 7. 192
{Ea} > (K +1) lor e |\>7 (192)
Upper bound for @. From Ep_; and the conditions on the step-size, it follows that
T—1
© = 202 ) E[le)? | F
t=0
(182) 220171 1 )\27o¢ (e} 22a71 1 )\2704 a
5 (2T R DN 9@ 4 g
4 4
(165) A
S 193
<z (193)
Upper bound for ®. First, we have
E 2297 (071 € [0y | 7)) | 7] = 0.
Next, sum ® has bounded with probability 1 terms:
l20y? (1 — € [lo 1> 1 77 1 7)< 2092 (o2 + E [ler)® | 7))
(169) A dof
212 lef
B
The summands also have bounded conditional variances as shown below:
~ def _ 2 —
A N (Gl (CTR e e (195)
. (194) A 2 w2 3 3
7S e 2|61 - E [l 1 F 1 F
71HT
4L72A w2 -1
P o™ 1 74 (196)
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T—1
since ln% > 1. In other words, we showed that {2L72 (||9"||2 —-E [H@“Hz | f’t_lb} is a bounded mar-
t=0

tingale difference sequence with bounded conditional variances {57}7_'. Next, we apply Bernstein’s inequality
(Lemma A.1) with X, = 2L? (HGZ‘H _E [Hog;n | Ft- 1D parameter ¢ as in (194), b= £, G = W

T-1
A A? b2 B
PIG]>= and Y d7<—— b <2exp(-— = .
{' |>7 t_00t2941n$“§;1>} eXp( 2G—|—2cb/3) 4K +1)

Equivalently, we have

3 T-1 A2 A
L — 1 =2 .
P} 21 A(K +1) for Fio {elther tho 77 91 STEH) or ®l== } (197)
In addition, Ep_; implies that
T-1 T-1
_ 4Ly A (182),(165) A2
2 w2 | t—1
op < 8K1§E|\9\|f ] < T (198)
— 7ln 85D 294 In S

Upper bound for ®. From Er_q, and the conditions on the step-size it follows that

T—1
2
© = 1) | (199)
92a-1 =1 9201 2
a=lg (g% 4 (&) = a=l(ga 4 ca
S L,_YQ ( ()\a71 C)\) + (C)\ + )\/2) ()\a C)\) +<A>
(166)
< % (200)

Upper bound for @. We have

T-1 T-1 d
D=1 |wl®=LVol Y > =i (201)
= t=0 i=1
where 2 ; et wiifo,, . Using Lemma A.3, we get
= A(K +1) A(K +1) B
- >Td+24/Tdln —— + 21 < . 202
ghopoy et < .
Since v < g, for v defined in (170)
A B
P{i@®> -1 < ———0. 203
{ >7}_4(K+1) (203)
Equivalently, we have
B A
P{Eg} >1— ————— for Fp =1 |®@| < — ;. 204
(B2 1= s tor Bo = {0l < 2 (204

Now, we have the upper bounds for ©,®,®,®,®,®,® . Thus, probability event Er_1 N Eqy N Egy N Ee N Eg
implies

Ar < A+ -+ -+ -+t +-+- =24,

A A A A A A A
A A G A A
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which is equivalent to (172) and (173) for t = T, and
P{ET} > P{ET_l N Eg ﬂE@ﬂE@ﬁE@} =1- P{ET_;[ UE@UE@UE@UE@}

(T+1)B

K+1 "~
This finishes the inductive part of our proof, i.e., for all k = 0,1,..., K we have P{E;} > 1 — (k+1)B/(x+1). In
particular, for £k = K and with probability at least 1 — 3, we have

>1-P{Er_1} — P{Eg} — P{Es} — P{Es} — P{Eo} > 1 (205)

K
1 p (75 4A
- < =

and {2'}K ) € Q, which follows from (173). Now we have to deal with ¢;. To do so, we consider two possible
cases for each t=0,1,...,K. We either have ¢;, = 1 or ¢; = m. We define the corresponding sets of

indices: 7 < {t €{0,1,...,K} | ¢, = 1} and T, {t € {0,1,....K} | ¢, = W} Then, the above
inequality can be written as

)
(K“ Z; Ivsi+ <K1+1> 2; A2”|VVJ;(<9§:3>||| : wﬁ 0’
implying )
(K+1 t; IVr@ah|* S 06)
and .
K+ 1 t;_z IV < ey o)

For inequality (206), we follow the technique from (Koloskova et al., 2023) and apply inequality z2 > 2ex — €2,

holding for any €,z > 0. Taking z = |V f(z")||*, we get

1 4A
w1 2 CellVIE =€) < ==
K+1 = v(K +1)
implying
S IVIE € et
K +1 = K +1)e 27
Upon selecting € = \/%, we obtain
¥

/ 4A
teTy

Combining inequalities (206) and (207) we get:

[ 4A 8A
KHZHW )| < KD T mET ) (209)

Upon considering the best iterate, we have the following bound

8A 128A2

min ||V f(a* H < VK +1) + A 2(K +1)2°

te[0,K]

(210)
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Theorem F.1 states 7 values for the step-size, from which the smallest should be selected. To simplify matters,
1/ .

we demonstrate that if A is selected equal or smaller than the order of O ( (%) / ), then three step-sizes are

redundant and can be omitted.

Corollary F.1. Let all conditions of Theorem F.1 hold. Furthermore, assume that K is large and one

In K
~v < min{l/4r, 1, 72,73} where we have

def \/Z
"=
21VL(220-1 + 1)1/2aa/2)\1a/2\/6(K +1) In 3D (1 + j—*)
def \/Z)\a_l
Y2 = . a\ —1/a\’
14VL(K 4 1)220-1 (5@ 4 () (4; R e y+ (1 + fj—) >

22a—1(ga+cg\x
vy & va
P MVIoo JAK T D(V2+20)

selects A < O ( K )1/a>, then conclusions of Theorem F.1 are wvalid as long as v is selected to satisfy

)

Proof. For large K, it is evident that 3 decreases at a rate of O (aw\/ KInK ), while 76 in (170) decreases

at a rate of O (aw\/f? ) Subsequently, v3 dominates 75 and ~s can be omitted. Furthermore, 75 in (169)

decreases with a rate of O (Kl/“ (In K)lfl/“) which is less than the rate of 2. It can be deduced that for large
A, 72 decreases at the rate O (K) which is faster than ~5. If A is small, 75 dominates 5 again due to the A
in the numerator of vo. Hence, 75 can be discarded. As for v4 in (168), we know that o, is on the order of

o (/\/e Kln (K/6)>. Hence, one can replace A with O (ow¢/\/Kn(x/5)). Therefore, 74 decreases by the order
o (UwG\/Kln (K/a)), which is the same order as «3. Hence, 4 can be omitted, and the proof is complete. O
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G Rate and Neighborhood for Clipped-SGD: Non-Convex Case

Now that we have established the convergence properties of DP-Clipped-SGD for non-convex problems, we turn
to evaluating its convergence rate. This rate depends critically on the choice of the step-size 7, and in general,
the resulting expressions can be quite complex. To obtain more interpretable bounds, we consider simplified
rate expressions by analyzing separate cases based on different ranges of A. Since we focus on the asymptotic
behavior, numerical constants are omitted for clarity.

In this section, we consider the cases without the DP noise (o, = 0) and investigate all possible clipping levels.

Case 1: A > 4/ LA. In this case, (), = 0, and the step-size conditions reduce to the following;:

1 A [Aya—1
<O |min{ = L L . (211)

L’ jaj2)1-a/2 /KIH%7 Koo

In particular, when 7 equals the minimum from the above condition, the iterates produced by Clipped-SGD after
K iterations with probability at least 1 — 5 satisfy

nin IV £(z")|* = O (max {(213), (214), (215)}) , (212)

where

In K LAc®InK
VLAN'=/250/2, | HK/ﬁ+ (i\a; /ﬁ, (213)
VLAc® LAg?®

ot e (214
LA L2A?
& T ere (215)

We clearly see that the dominant term (213) is an increasing function of A, and the dominant term in (214) is
a decreasing function. Solving for the optimal A where the leading terms in (213) and (214) become equal, we

K
ln/T

1
obtain A = O (O’ < K > > Substituting back this A\, we get that with probability at least 1 —

. £\ (12
\v/ =0 217), (218 216
ten[%)l,nK]H fz )H (max {(217), (218)}), (216)
where
In £ = LAIn® K
5 n“ K/g

2A2 K %
K + oKX (218)

Note in this case, we converge to the exact optimum, and the dominant term matches (Sadiev et al., 2023). As
it can be seen from (213), (214), when the clipping level is not that large, we converge to a neighborhood of the
solution, but with a faster rate.

When A < 4V LA, we have (, = 47VL2M‘. As observed from (165), (166), we also have to consider the relation

between A and o in these cases. Thus, we split the A < 4v/ LA case into 6 different regimes to cover all possible
cases.

Case 2: %\/ LA < A<4vLA (), < X< o. In this case, the step-size conditions reduce to the following:

Aya—1
1 A/ EA
T ) = a . (219)
L jaj2y1-a/2 /Kln% Ko

>

v < O | min
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As it can be seen, the bounds on step-size are similar to Case 1. However, the optimal A derived in the previous
section violates the constraint that A < 4v/LA. Subsequently, the optimal A becomes A = 4/ LA. For this choice
of A\, we have that with probability at least 1 — 3

ten[%)i’rllq ||Vf(a:t)||2 = O (max {(221), (222), (223)}), (220)
where
\/(LA)42& Jaln;/,@ N (LA)T;a an/ﬁ’ (221)
oo 0.2a
(VIA)?  {TA)T 222)
LA LA
=+ (223)

Case 3: %\/ LA < X<4vLA, (), <o <A. In this case, the step-size conditions reduce to

1 é/\a—l

VI
<O | min{ =, , : 9224
= W7 oo/2)\1-a/2 /Kln% K max{oc>, \>~1()} (224)

If max{o® A*"1(\} = 0, then the resulting bounds are similar to the previous case. If max{oc®, A\*"1(,} =
A~I¢, is satisfied, mingeo, k) ||Vf(gct)||2
following terms:

(>

is bounded with probability at least 1 — 8 by the maximum of the

In X LAc®In K
VIAN—a/250/2 /nK/ﬁ—i_ o n /5, (225)

N K
LAC?
VLAG + AQA, (226)
LA L2A?
— = 22
K 2K (227)

In the latter case (i.e., maximum occurring in the second argument), the optimal A is 4v/ LA — 7, where 7 is a
sufficiently small number such that A*~1(, > 0%, i.e., A satisfies (, = max {g:, N—el2ge/2, ] ln;/ﬁ} Note
that the (226) is decreasing in A, and A = 4v/ LA is not feasible. With this choice of A, we get:

. NS
S [V £(z")]|” = O (max {(229), (230), (231)}), (228)
where
—aga InK/s LAc“InK/s
\/LA(4\/LK — )2 =t VIA—n K’ (229)
VLA LAn?
5+ VIA 0P (230)
LA L2A?

K Vs _npPK 20

Case 4: %\/ LA < A <4v LA, o<\ <A. For this case, step-size conditions reduce to

A Aya—1
a Ay
v <0 [mind 2 L \ﬁ (232)

= L’ C§/2)\1—a/2 %Kln%7 K()\a—lc/\) )
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and minsepo, k) [|V f (xt)H2 is bounded with probability at least 1 — 8 by the maximum of the following terms

o [WKf5  LAG WK
VIANelag [T PRI (233)
LAG
VIAG+ 5 (234)
LA | I2A?
L2y 2
2t (235)

The optimal A in this case is A = 4v/ LA — 20, and we have that with probability at least 1 — 3

min_ ||V (2")||* = O (max {(237), (238), (239)}), (236)
te[0,K]
where
In K/ LAc*InK/p
LAMVIA — 20)2-0g@ + : 237
\/ ( e T T VIA - 200K (257)
LAo?

VIAG + ———=" 238
7T AVIA - 20)? (238)

LA L2A?

e (4VLA — 20)2K?’ (239)

Case 5: A\ < % LA, X< {\<o. In this case, the step-size conditions reduce to

\/%Xl (240)

1
<O | min{ —, , ,
7= L' gaszyi-arz, [ In & K(0G)

and minep g |V f (") H2 is bounded with probability at least 1 — 8 by the maximum of the following terms

=~

[In K LAc®InK
/LAAlfa/Qo,a/Q HK/ﬁ + 0)'\&;; /'67 (241)
a LA 2002
\/LAUXfA + AZ‘Z +f*, (242)
LA L2A2
— + —. 24
K + ANK2 (243)

In this regime, the optimal A = %\/ LA. With this choice of \, we get with probability at least 1 — 3

i |V £(2")||” = O (max {(245), (246), (247)}) , (244)
where
\/(LA)‘LEQU‘XIH;/[} n (LA)TTQI?a an/B, (245)
o 0.2a
(VIay " AT 240
LA LA
=tz (247)

Case 6: A\ < % LA, X< o <. In this case, the step-size conditions reduce to

Aya
! Vi (248)

y<O|min{ — ,

L galyi-are [k KWK

(>
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and minsepo, k) [|V f (xt)H2 is bounded with probability at least 1 — 8 by the maximum of the following terms

VIR /2002 /ln;/ﬂ . LAiilflgl’K/ﬁ’ (249)
\/?a’(\wl + iicfjv (250)
% + %. (251)
Next, we find the optimal A Vialequalizing the leading terms (the first ones) in (249) and (250). This yields
A= 42%, where C = IHK% m7 which is infeasible. Thus, the optimal A in this regime is A = %\/ﬂ -,

where 1 > 0 is such that A < ¢ < (). Given this choice of A\, we obtain with probability at least 1 — 3

i |V £(z")||* = O (max {(253), (254), (255)}) , (252)
where
_\1-a/2 /2 In K/p LA(\/E‘H?)QIHKM
(VLA —1n) (VLA +n)*/?\ /LA =+ VIA—mK (253)

VLA(VLA + n)ott N LA(VLA +n)*

) (254)
(VLA =n)* (VLA —n)2et2
LA L2A?
—t —. 255
K (VIA =K 0
Case 7: A < % LA, o <A<, In this case, the step-size conditions reduce to
A Aya—1
1 T VIA
7 <O | min{ —, ) = . (256)
L C?/z)\l—a/Q Kln % K max { C*;l , ff*la}

a+t1l a1
We note that max{c*/\ , ;\X_la} = (“ max{%,%} = CA/\ since ¢ < A < (). Therefore, similarly to the

previous case, we have

(>

Ay
] VESY
v <O |min{ = L , (257)

L galyizarz [Km B KGQT

and minsepo, i) [|V f (mt)H2 is bounded with probability at least 1 — 3 by the maximum of the following terms

_ o InK/g LAY InK/p
LA l1-—a/2 /2 by 2
VEAN sy [ LA (258)
@ A2a+2 ’
LA L2A?
& T ere (260)

The optimal X equals %\/ LA. This happens because both leading terms in (258) and (259) are decreasing in A.
With this choice, we get with probability at least 1 — 3

min ||V f(z")||” = O (max {(262), (263), (264)}),, (261)

2
t€(0,K) H
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where

InK/p n LAInK/

LAz e (262)
0_2
LA LA
S < (264)

Now that we have covered all possible regions, it’s time to consider the DP noise as well.
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H Rate and Neighborhood for DP-Clipped-SGD: Non-Convex Case
To ensure the output of the algorithm is (e, §)-differentially private in this setting, expectation minimization, it
suffices to set the noise scale as o, = © (% Kln (%) In (%)) and apply the advanced composition theorem of

Dwork et al. (2014). In the finite sum case, one can reduce the amount of noise by a factor of y/In (£) as it was

shown by Abadi et al. (2016). For the sake of brevity, in the DP case, we only consider two cases: large A and
relatively small A regimes. The other cases can be derived with a similar analysis.

Case 1: A > 4v LA. In this case, {, = 0, and the step-size conditions reduce to the following:

. /A /A ya-1 A
~<O|mnd =, L R L (265)
L oo/2)1=e/2, [l In & Ko O /dE In &

In particular, when ~ equals the minimum from the step-size condition, then the iterates produced by DP-Clipped-
SGD after K iterations with probability at least 1 — 3 satisty

kg[loi’r}q }|Vf(a;f)y|2 = O (max {(267), (268), (269), (270)}) (266)

where

mE/s  LAc®InK
VIAN=/2g0/2, | HK/ . e /5 (267)
VLAc®  LAg2®

/\a—l + /\2a (268)
LA L2A?
K + NKe (269)

din®&  LAc2dIn &
VIAG\ — + 5 (270)

Here, (268) accounts for the bias caused by clipping, and (270) accounts for the accumulation of DP noise.

These terms are decreasing and increasing in A respectively, if we use o, = © (% Kln (%) In (%)) To find

the optimal A, we find the equilibrium of these two terms. Solving the equilibrium equation, we get A =
1

@ (dl (1)15‘(7(:()1 (K)> . Unless ec® is large enough, this value violates the constraint that A > 4v/ LA, and it
n i n < n F
is not feasible. Thus, we have the following formula for the optimal A:

63

A = max { 4VIA, = (271)
dln (1) n (%) n ()
For this choice of A\, we get that with probability at least 1 — g
kn[loinK] }|Vf(sct)||2 = O (max {(273), (274), (275), (276)}) (272)
€10,
with
é 3a—2
N K o In 2o K
max \/(LA)‘lza‘Xln/ﬁ, VLA =7 - (273)
K a1n (3) n (%) K
a-1
1 K K
o \/dln (3 (%) In ()
min —5,VLAc (274)
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min

LA DA% (dln (3)In (5))* = | 1A
K* ()%

s d 2 (F) o (5 Y (5). 27 (am (D m ()1 (%))

3

LA 1 K K
+Elen (5) In <5> In (ﬁ>7

where, for the sake of brevity, we only report the dominant terms.

Case 2: A\ < %\/ LA X <o <. Inthis case, the step-size conditions reduce to the following:

Aya A
1 VIA T
¥y<O | min{ — L L

L ner [k & K@G o, fakm sy

Taking v equal to the right-hand side, we get that with probability at least 1 — 8

(D>

i IV £ ()] = 0 ({(279), (280), (281), (282)})

with

_ /InK/s  LAc*InK/s
l1-a/2 _«a/2

VLAN 25 +—
VLA L LAge

)\oz )\2a+2
LA 122

K * A2K?

dinE  LAc%2dIn &
e 3 wd Mg
LAo, V& " ex

(275)

(276)

(277)

(278)

(279)
(280)

(281)

(282)

Similarly to the previous case, we find the optimal A as the equilibrium of the leading terms in (280) and (282).

By doing so, we get the following optimal A:

A = min §m7 2eVLA ——
(amm (3 (%) (£))77 +1

For this choice of A\, we get that with probability at least 1 — 3

kél[lgg(] |V £(z")||” = O (max {(285), (286), (287), (288)})

with

K LA)* T2t £
min \/(LA)AL?QUO‘IH /57 i n2—7a .
(@ (1) ()7 &

e R (an () () ()
max —5 din{=)In{—=)In{—
A € 1) 1) 15}

LA LA 1 K K\\ = 1 za

(283)

(284)

(285)

(286)

(287)
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o2 o (5 () (5): (dn >1nf; lin(;))@ o

1
0

+L§dd1n <(15) In (Ié{) In <g> (288)

where, for the sake of brevity, we only report the dominant terms.
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I Preliminary Numerical Experiments

We conclude with a simple synthetic experiment that illustrates the clipping-level trade-off predicted by our
theory. We apply DP-Clipped-SGD to the one-dimensional Huber-loss problem:

2

= fo <
min f(z), where f(z)=< 2?7’ el <, 7> 0.
z€R || =5, for |z| > T,

The Huber loss is convex and L-smooth with L = 1/r. We use the stochastic gradient model V fe(z) = V f(x)+¢,
where £ = s-n-v, s > 0 is a scaling factor, n is a Rademacher random variable, and v is a Pareto random
variable with scale parameter 1 and shape parameter & € (1,2]. This construction satisfies Assumption 2.4 for
every a € (1,d]. Unless stated otherwise, we set o, = 0.03 \V/K and v = 0.05//K.

For each value of K, we run DP-Clipped-SGD 100 times and report the median together with the 5th and 95th
percentiles. Figure 1 shows the final loss after K € {1000, 5000, 10000} steps as a function of the clipping level
A for several values of the Pareto shape parameter &.

The main qualitative pattern is consistent with our theory: the empirically best clipping level stays in a moderate
range and does not increase with K. This is natural in the DP setting because the injected Gaussian noise grows
linearly with A, so overly large clipping levels eventually hurt utility. Moreover, for a fixed horizon K, the curves
are relatively stable across the tested values of &, which is consistent with our bounds in the fixed-clipping
regime.

Final loss vs. clipping level at K=1000: a=1.1 Final loss vs. clipping level at K=5000: a=1.1 Final loss vs. clipping level at K=10000: a=1.1
100 T
- ~ 107! ~ 107!
X x x
= 1072 = =
| | |
’5 =103 =103
= 5%-95% quantiles = 5%-95% quantiles | & 5%-95% quantiles
® 1071 — median = —— median E —— median
[ 5% quantile [ 5% quantile [ 10-5 5% quantile
————— 95% quantile -~ 95% quantile -~ 95% quantile
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
clipping level A clipping level A clipping level A
Final loss vs. clipping level at K=1000: a =1.5 Final loss vs. clipping level at K=5000: a =1.5 Final loss vs. clipping level at K=10000: a = 1.5
100 ]
. _ 107! _ 107!
x X X
= 102 = =
1 | |
3 3 1073 3 1073
= 5%-95% quantiles = 5%-95% quantiles = 5%-95% quantiles
® 107 —— median e —— median = —— median
[ 5% quantile i 107° 5% quantile ic 1075 5% quantile
————— 95% quantile - 95% quantile - 95% quantile
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
clipping level A clipping level A clipping level A
Final loss vs. clipping level at K=1000: a=1.9 Final loss vs. clipping level at K=5000: a =1.9 Final loss vs. clipping level at K=10000: a = 1.9
10°
— _ 107! 107!
= = =
= - = =
| 107 | -3 | _
~ ~ 10 ~1073
= 5%-95% quantiles = 5%-95% quantiles = 5%-95% quantiles
E 10-4 —— median § 10-5 —— median E 10-5 —— median
[ 5% quantile [ 5% quantile ™ 5% quantile
————— 95% quantile - 95% quantile - 95% quantile
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
clipping level A clipping level A clipping level A

Figure 1: Final Huber loss achieved by DP-Clipped-SGD as a function of the clipping level X for different iteration
budgets K and Pareto shape parameters &. Solid lines show the median over 100 runs, and the shaded band
corresponds to the 5th-95th percentile range.
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