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ABSTRACT

Natural language data follows a power-law distribution, with most knowledge and
skills appearing at very low frequency. While a common intuition suggests that
reweighting or curating data toward a uniform distribution may help models better
learn these long-tail skills, we find a counterintuitive result: across a wide range
of compositional reasoning tasks, such as state tracking and multi-step arithmetic,
training under power-law distributions consistently outperforms training under
uniform distributions. To understand this advantage, we introduce a minimal-
ist skill-composition task and show that learning under a power-law distribution
provably requires significantly less training data. Our theoretical analysis reveals
that power law sampling induces a beneficial asymmetry that improves the patho-
logical loss landscape, which enables models to first acquire high-frequency skill
compositions with low data complexity, which in turn serves as a stepping stone to
efficiently learn rare long-tailed skills. Our results offer an alternative perspective
on what constitutes an effective data distribution for training models.

1 INTRODUCTION

In many domains of machine learning, including vision and language, the model performance often
has been observed to follow a power-law scaling with respect to dataset size and model size (Kaplan
et al.| 2020; Hoffmann et al., [2022; [Sorscher et al., 2022} [Hestness et al., 2017 |Gordon et al., 2021§
Henighan et all 2020). A common hypothesis is that this phenomenon arises from heavy-tailed
structure in the underlying data distribution. At the lexical level, natural language exhibits Zipf’s
law in word frequencies (Zipf, 2016). At a more abstract level, language data may be viewed as
consisting of many latent “skills” or “knowledge pieces” whose occurrence frequencies follow a
power-law distribution, p; o< i~ for some o« > 0. This perspective has been made more concrete in
recent studies that attempt to quantify discrete knowledge and skills in language models (Michaud
et al.,[2023; |Arora & Goyal, |[2023)).

Under such a distribution, a power-law learning curve may naturally arise when increasingly rare
knowledge and skills become covered when the dataset scales. However, this perspective also sug-
gests a potential data inefficiency: rare skills are observed only when the dataset becomes very large,
while the most frequent skills may be repeatedly sampled far beyond necessary for learning them.

This view motivates investigating whether shifting the data distribution, for example, by reweighting
existing data or by deliberately curating new data, can help models acquire long-tail knowledge and
skills more efficiently and potentially improve upon standard power-law scaling trends (Sorscher
et al., [2022; Medvedev et al., [2026)). In particular, a natural approach to consider is to balance the
training data by up-weighting low-frequency skills and knowledge pieces while down-weighting
high-frequency ones (Jamal et al., 20205 |Zevallos et al. [2023). Given sufficient knowledge of the
underlying data distribution and adequate compute budget for data curation, one might therefore
expect that an ideal data distribution would be close to a uniform distribution over all skills and
knowledge components, assigning almost equal probability mass to each.

However, in this paper, we show that shifting towards a uniform distribution may not always be the
best choice. We focus on compositional reasoning tasks, where models are required to combine
multiple reasoning skills to solve a problem. We start with a simple example, multi-step arithmetic,
where models are required to apply basic operations (addition, subtraction, multiplication) to specific
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Figure 1: Compositional reasoning tasks require composition of skills. We find that only changing
the distribution of skills from uniform to power law enables the language models to learn compo-
sitional reasoning tasks faster (arithmetic), or even turning an unlearnable task (e.g. state tracking)
into a learnable one.

operands, and these atomic components serve as the underlying skills. For example, for the problem
2 X 34+ 1 — 4, the three operations [x3,+1, —4] can be seen as skills. Surprisingly, we find that
when each individual skill is sampled from the power law distribution in the training set, the model
consistently outperforms its counterpart trained with data under uniform sampling, even though the
test accuracy is measured under uniform distribution.

Moreover, the gap is even larger when it comes to implicit multi-hop tasks like the k-hop state
tracking task (Merrill & Sabharwall 2023b; [Li et al., [2024b). The models cannot learn without
chain-of-thought (CoT) or curriculum learning under uniform distribution, but training with a power
law distribution of skills enables the same model to directly learn the task efficiently.

Towards understanding the counterintuitive advantage of power-law distribution, we propose a min-
imalist task to model the skill composition for theoretical insights. Under this setting, we are able
to investigate why the uniform data distribution induces hardness for composition tasks, and how
the power-law distribution helps to re-enable the efficient training. Corresponding to the theoreti-
cal setting, we also conduct various experiments to mechanistically verify the predictions from the
minimalist model and further confirm the advantage of power-law distribution.

Our contributions are summarized as follows:

* We observe the counter-intuitive phenomenon on compositional reasoning tasks that training
on data following an asymmetric power-law consistently outperforms training on uniformly
sampled data. Sampling data following power-law distribution can even enable models to
learn some complex implicit multi-hop tasks efficiently without any intermediate supervision
(e.g. curriculum or chain-of-thought), while models cannot learn under a uniform distribution.

* We propose a minimalist theoretical task to model the general compositional reasoning tasks,
called k-multiplicative composition. We rigorously prove that if the model is trained under a
uniform distribution, learning the task requires at least d*(*) samples or runtime. However,
training with gradient descent (GD) under a power-law distribution only requires d°*) sam-
ples and runtime, thus establishing a theoretical separation between uniform and power-law
distribution.

* In line with our theoretical analysis, we show that a similar stage-wise learning mechanism
is also confirmed in the state tracking task. The power-law distribution first significantly im-
proves the pathological landscape near initialization and strengthen the initial learning signals
of composition. The high-frequency skills are first learned and then in turn benefit the learning
of scarce long-tail skills, with the intuitive long-tail drawback of power-law appearing in the
final stage.



Published at Latent & Implicit Thinking Workshop @ ICLR 2026

* We finally validate our theoretical predictions on more complex synthetic natural language
reasoning tasks, including multi-hop question answering (Yao et al.,|2025a) and grade-school
math problems (Ye et al) [2024; [Zhou et al., 2025)), empirically showing the advantage of
power-law distribution in the training of compositional reasoning tasks.

2  MOTIVATING EXPERIMENTS

We begin by presenting the empirical phenomenon that motivates our theoretical investigation, with
our focus on compositional reasoning tasks, where a model must compute the result directly by
combining several steps of operations. These tasks represent the abundant implicit reasoning within
language models, which require the models to understand indivisible or hidden composition of skills
or knowledge without explicit thinking process (Michaud et al., 2023} |Arora & Goyal, 2023)). As
one of the most intuitive compositional reasoning tasks, we choose multi-step arithmetic as a starting
testbed for our observation.

Multi-step arithmetic. We first demonstrate the effectiveness of power-law distribution in the
multi-step arithmetic task (Deng et al.| 2024} Wang & Lu,|2023)), where the model must directly out-
put the integer result of an expression containing k¥ = 4 sequential operations (including +, —, X)
without chain-of-thought. Here the model needs to learn how each operation transforms the cur-
rent intermediate result, so each operand combined with the operation (e.g. +3,—2) is seen as an
atomic skill to sample in the training distribution. We train a 0.6B-parameter Qwen3-style (Yang
et al.| [2025) architecture from scratch, ensuring that the model starts with no prior knowledge of
numerical identities. We surprisingly find that simply switching the sampling strategy from uniform
distribution to a power-law distribution with the exponent o« = 1.0 results in a significant perfor-
mance improvement, as shown in Figure E} Note that the number indices are randomly shuffled,
so more frequent operands under the power-law distribution are associated with completely random
numerical values, not necessarily small ones.

State tracking. To test the generality of the phenomenon, we also experiment with some algorith-
mic task — the state tracking task proposed in Merrill & Sabharwal|(2023b)) based on the symmetry
group Ss. State tracking modeling has been long established in both the theoretical and empirical
literature in language modeling and sequential reasoning. In this task, the model is required to com-
pose the sequence of input group elements g1, go, ..., g € S5. The target is to output g; 0ga0- - -0 gy
without chain-of-thought, where o is the group operation. However, even though there exists an
O(log k)-layer transformer that can compose k group elements, the task has been proved to be
challenging to learn under uniform training distribution without intermediate supervision for all ar-
chitectures both theoretically (Wang et al.| [2025) and empirically (Li et al., | 2024b).

Similar to the arithmetic tasks, our experiments in Figure [I] show that a transformer can actually
learn the task almost perfectly under the power-law distribution (o« = 1.5) without any curriculum
(Wang et al.l |2025) or intermediate thinking trace (Li et al., 2024b), while the uniform training
distribution cannot. Note that the rank of different group elements ¢g; € S5 is also given randomly
across experiments, so the learning speed-up is not due to the learning order from easier functions
to harder functions.

The observations from these two experiments provide surprising evidence that instead of hurting
performance due to the long-tail effect, an asymmetric power-law distribution is actually good for
the learning of compositional tasks.

3 A MINIMALIST EXAMPLE OF COMPOSITION

Towards understanding why only a switch of training distribution helps in implicit compositional
reasoning tasks, we aim to find the simplest modeling for skill composition and reveal why uniform
distribution may face challenges in training. In this section, we introduce our theoretical setting,
together with a lower bound showing that gradient-based training will provably require large amount
of data or compute under uniform distribution.

Notations. For any n € N, [n] = {1,2,...,n}. Bold lowercase letters represent vectors (e.g. e).
Normal lowercase letters are scalars. Bold uppercase letters represent matrices (e.g. X). |lul,

denotes the f5-norm of a vector u. For any index i € [d], let e; € R denote the d-dimensional
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one-hot vector with a 1 in the ith coordinate. We use O, (2 to hide polylog(d) factors, and we use
f<glorf=0(g), g=Q(f)) when f < Cg for an absolute constant C' > 0.

3.1 Ek-MULTIPLICATIVE COMPOSITION

Analyzing transformers trained on real-world compositional reasoning tasks could be challenging
due to technical difficulties and many potential entangled factors. Instead, we propose a minimalist
task as the abstraction of multi-hop skill composition to gain theoretical insights for a better under-
standing of this phenomenon. Similar to the state tracking composition tasks in Merrill & Sabharwal
(2023b)), we consider a sequence to sequence task that requires to compose a sequence of input func-
tions as skills. We assume that d fixed skills s, ..., s4 are used in the task, and we fix the number &
as the hop number for each input sequence.

Setting. We consider the following k-multiplicative composition task as the composition of k ‘scalar
skills’: each skill s; represents a hidden scalar w} € {—1,+1}, and the composition operation of
skills is multiplication. Formally, the length-k input sequence X = (x1,..., ) is a sequence
of skill vectors sampled from {e; : ¢ € [d]}, which are one-hot vectors representing different d
skills. The ground-truth label y is given by the composition of the hidden scalars behind the input

skills s;: y == [[1_, (&] w*), where w* := (w7, ...,w%) € R? is the hidden vector, which is the

i
concatenation of the hidden scalars w; of each skill i.

The goal of the task is to uncover the hidden scalar w}, given the training samples (X, y) sampled

from a certain distribution. Specifically, we define the target function class
k

F={fuwl):we {1}, fu(X) = [J(z] w).
i=1
The ground-truth label y = fo,«(X) is given by the ground-truth hidden vector w*. Given
any learner model fp(X), the objective we are required to optimize is the MSE loss L(w) =
LS (w; X @), where the per sample loss is

a0 XO) = 2 (o(XD) — )

for each sample X @) = (a:gi), ey az,(;)) The training distribution of the sequence is defined as
follows: each input skill mgi) i Dirain 1 independently sampled from a certain fixed distribution
Dirain- In this work, Dyrin can be uniform over the skills Unif({ey, es, ..., e4}) or a certain power
law Pr[a; = j] = p; withp; o< 5~ where ¢ > 0, j € [d].

Remark. The task can be seen as a generalization of the parity task. Instead of directly comput-
ing the product of input scalars {—1, +1} like parity task itself, the model has to learn the hidden
knowledge w; behind the input skill. The model itself can also be seen as a recurrent neural net-
work (RNN) with a scalar hidden state h; € R and parameter w € R¢, with the input sequence
(x1, T2, ..., 1) and the update rule h; 11 = gu (T, hi) = (2] w)h;, hy = 1.

3.2 UNIFORM DISTRIBUTION FAILS: LOWER BOUND

Can gradient-based algorithm learn the task efficiently? Similar to many algorithmic tasks like k-
sparse parity or k-fold composition (Szorényi, 2009 |Wang et al., [2025)), we show that any learner
must either use a large amount of training data or runtime when the training distribution is uniform.

Formally, we prove a correlational statistical query (CSQ) lower bound (Szorény1,[2009) for learning
F. Online stochastic gradient descent (SGD) on the square loss is included in the CSQ learner class.
The discussion and the proof is in Section[A.2] Our lower bound against the CSQ learner is given as
follows:

Theorem 1 (Informal). Let the input distribution be uniform. When trained with gradient descent,
there exists a constant ¢ = (1), s.t. any model using q gradient queries requires a tolerance

k/2
2 < (%) to achieve loss L(w) < €, which requires n. > d*/? samples when q < d*/?.

The theorem implies a learner must use either enormous compute or sample size of Q(dk/ 2), which
is unacceptable when the number of skills d is large and multiple hops of composition are required.
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Therefore, training under uniform distribution suffers from the computational gap and fails on such
compositional task.

That said, the existing lower bound restricted the training distribution: the proof only holds when
the distribution is uniform. The key insight behind such computational hardness lies in the symme-
try of the function class, causing it hard to distinguish from one function from another within the
function class. Then the natural question arises: does the asymmetry in power law help to break this
lower bound?

4 A THEORY FOR WHY POWER LAW HELPS

In this section, we show that power-law distribution indeed helps in the training on the minimalist
setting. We prove that with online SGD, the model learns the ground-truth skill vector w* with
much smaller sample size. Based on the theory insights, we summarize three stages in the learning
process of the compositional tasks, and try to mechanistically verify the theoretical insights with
experiments on the state tracking task.

4.1 POWER-LAW DISTRIBUTION ENABLES COMPOSITION

We first show a positive optimization result on the power-law distribution. In contrast to uniform
distribution, it is possible that online SGD can learn the target function under the power-law dis-
tribution, with prior knowledge of the composition structure. Specifically, we simply consider the

learners that take a similar form: .

fw(X) = H(m:'w), where w € R?,
i=1
and we optimize on the parameter w. The goal is to recover the ground truth w* € {—1,1}4.

The following theorem shows that if we pick the power-law distribution as the training distribution
Dirain, online SGD can learn the ground truth with much less samples O(dz‘l) compared to the lower
bound of using uniform distribution.

Theorem 2 (Gradient descent learns under power law). Let the input distribution be Zipf law with
pj X j-“ with o > 1. Suppose that the target error is € > 0, and w(0) ~ N(0g,721,),r =

O(1),k = O(1) and is even,n < O(m) and B > O(%) Then with probabil-

ity 1 — & the model can learn the task by minibatch gradient descent with O(%) samples in

} < e and the population loss

t < O(% log ) time, with error min{|lw + w*| _, |w — w*||

E[L(t)] < O(d~e?).

When the composition number is large compared to the power-law distribution exponent (e.g., k >
4ar), we have a sample complexity or runtime improvement using power-law distribution compared
to the uniform distribution. The proof is deferred to Section

Key Proof Idea. The proof idea is based on the gradient descent dynamics on the population loss,
which is the expectation of the training loss in expectation. After some simplification, the first step
update is close to the negative expected gradient —V,, Lp at initialization:

w;(1) = w;(0) = =7V, L(w(0)) = nkp; (A(0)* 1w} — B(0)* w;(0))

where A(t) = Z?:l pow;(Hws, B(t) = Zlepiwi(t)z are the weighted inner product and
weighted norm with respect to the power law probability distribution. While with the power-law
distribution, the probability p; of ‘head’ skills that has a constant rank ¢ = O(1) is also constantly
large. With an initialization scale of small constant r, |A(0)| ~ ©(r) > |B(0)| ~ ©(r?). There-
fore, if we only keep the second larger term, the initial gradient is approximately

Vwl(w) ~ —kdiag(p)A(0)Fw*,

which is a constant large initial gradient for the head skills. That actually indicates both
good initial landscape and even global loss landscape. With this initialization, we can prove a
Polyak—t.ojasiewicz condition s.t.

IVLw ()3 2 pmin A0)* 2L (w(E)).
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Figure 2: Training dynamics under power law loss on S5. Left: Test loss in total and on subset
with samples composed from different group of permutations (ordered by rank). Mid. Test accuracy
of each group. Right. The gradient norm on samples that requires tail skills. When the head skills
are learned after stage 1, the gradient norm increases and speeds up the learning of tail skills.

This guarantees the convergence of population GD dynamics in O(npl — log %) time for € error.

With the population dynamics, we can apply finite sample concentration analysis and prove the
desired sample complexity requirement.

Remark. Note that the proof technique also apply for uniform distribution. However, under the uni-

form distribution, the probability p; = é for each skill leads to a very small initial A(0) ~ O(ﬁ),

thus taking d*(*) time to escape from the initialization and leading to d*(*) sample complexity.

4.2 MECHANISTIC UNDERSTANDING OF THE LEARNING STAGES UNDER POWER LAW

Taking one step further at the theoretical training dynamics, we can observe some stage-wise phe-
nomenon in the training process. First, the power-law distribution improves the initial landscape and
leads to faster escape from the flat initial region. After escaping the flat region, the head skills (e.g.
w; with a constant skill index ¢ = O(1)) are learned first at a faster rate, which in turn accelerates
the learning process of the tail skills (e.g. w} with a large skill index j = €2(d)). In the final stage,
all the skill hidden scalars are learned, but got slowed down by the low long-tail probability of sam-
pling the tail skills. We further verify the stage-wise dynamics characterization with experiments
and visualization on the S5 state tracking task with the hop number k = 4 to confirm the generality
of the theoretical insightspj

Stage I: Power law enable escape from flat region. As mentioned in Section {.1] the initial
population gradient of the task is much larger when the training distribution follows power law
compared to a uniform distribution. The larger gradient signal indicates a improved loss landscape
via changing the training distribution, where a clearer descent direction to the lower loss region
should exists. In contrast, the initial region of the loss of uniform distribution should be far flatter
with a much smaller slope.

To verify the theoretical prediction, we take the training trajectories of the S5 state tracking com-
position task, both power law and uniform distribution. We analyze the top-2 principal components
of the difference between consecutive logged checkpoints 6; — 6;_ ¢, and plot the loss landscape
together with the training trajectory in Figure[3] Since the region near initialization is very flat, we
zoom in the the initial region and draw denser contours near initialization for better visualization.
The experiments verified our prediction: the power-law distribution induced a much better initial
loss landscape, while training loss with uniform distribution is much flatter and harder to optimize
by gradient methods.

Stage II: Head skills help the tail. Though the initial gradient signal is large enough to escape
the flat region, the hidden scalars behind the skills are not learned simultaneously. Actually, the
head skills are learned first, which further accelerates the training of the tail. Now we consider
the initialization scale as a small constant » < 1. Recall the expected gradient update (negative

'In this subsection, the order of the permutations used in the power law follows the lexicographical order.
This is different from other experiments in this paper, where the order of skills are randomly ranked. We will
discuss the order in Section[f.3]
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Figure 3: Inmitial loss landscape comparison. We plot the loss landscape under both uniform and
power-law distribution, where the two directions are determined by PCA of both trained checkpoints
along the trajectory. The training loss landscape based on power-law distribution has an apparently
steeper slope as the descent direction, while training on uniform distribution fails to escape from the
initial flat region.

population gradient):

w;i(t+1) —w;(t) = nkp; (A(t)k_lw;f — B(t)k_le(t))

According to the gradient formula, the head skills with p; = ©(1) will grow to a large constant
at first from the initialization scale . That will increase the value of the weighted similarity A(%)
from O(r) to a large constant O(1), which significantly increases the signal term k:ij(t)k_lw}‘
in the gradient. So after the initial escape from the flat region, the power law induces an implicit

curriculum enables fast learning of high-frequency skills, which helps the training on the scarce
long-tail skills in return.

Experiments on S5 also confirm the acceleration effect after the first stage, as shown in Figure [2}
We separate the group elements (i.e. permutations) in the order of rank into five bins, with rank 0%—
20%, 20%—40%, etc. After the test accuracy of samples where all & = 4 elements are in the first bin
exceeds a threshold (0.1%), we consider the training enters stage 2. To check if the learned skills help
to accelerate the training of the tail skills, we measure the gradient norm of samples with only one
input permutation in the tail bin, while others are sampled from other bins of input permutations. We
compare the following two possible sample sets to compute the expected gradient: (1) all three other
permutations are in bin 1, where all the head permutations lie in; (2) the other three permutations
are sampled from bin 2 to 4. As shown in Figure 2] (Right), with head input permutations of Bin 1
in the input sequence, the expected gradient norm of such samples is much larger than the gradient
norm of the second group in stage 2. That confirms that once the head skills are learned, they can
indeed make the learning of the tail skills much faster in the compositional tasks.

Stage III: Long-tail convergence. When all the skills are learned from scratch and get non-trivial
accuracy, the training eventually enters the convergence phase. In this stage, our original intuition
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finally comes in: the long-tail effect of the rare skills causes slow final convergence of the training
loss, since they appear at a much lower frequency. In the theory setting, skills with rank > (d) all
have small probability O(d%) of being sampled, which indeed slows down the final convergence.
Similar phenomenon is observed in the state tracking task. The test loss on the composition tasks on
the tail permutation (Bin 4, 5) grows much slower than the head (Bin 1). Despite the final training
inefficiency, the first two stages already ensure the successful learning of compositional reasoning
tasks.

4.3 ABLATION STUDIES

Effect of the exponent c. We first ablate on the exponent « to see its effect on the training speed
up. According to the theory, we need o > 1 as a sufficient condition for efficient convergence on k-
multiplicative composition task. Here, we explore the generality and necessity of different o > 0 to
test the general effectiveness of the power-law distribution. The experiment details and discussions
are in Section The takeaways are (1) large enough « is necessary for efficient learning for hard
composition tasks (2) though larger « leads to faster training in the head, the tail skills’ learning
will be slowed down due to smaller sampling probability. The result echoes our theory and indicates
that there is a trade-off on the exponent a.

The granularity of asymmetry. Our results show that power-law distribution is a sufficient condi-
tion for successful training on compositional reasoning tasks. Although the analysis does not rule
out other asymmetric distributions that enable LLMs to acquire composition capabilities, we conjec-
ture that better ‘granularity of asymmetry’ may lead to better training loss landscape, which further
accelerates training. Power law is an example of fine-grained asymmetry. We also tried several
different, more coarse-grained power-law distributions in Section[C.2] To be specific, we divide the
|S5] = 120 permutations into m = {5, 10, 20,40, 60} bins in lexicographical order, assign the sum
probability for different bins with the power law, but keep the individual skill probability in each bin
uniform. The larger m is, the distribution is more fine-grained and closer to original power law. The
initial experiments show that more fine-grained the distribution is, the faster the model learns. We
leave a precise study on the effect of granularity to future work.

The order of skills. Note that the skills are not equivalent: there are some ‘easy’ or more ‘fun-
damental’ skills, such as {1, —1} in arithmetic and the identity permutation in S5. Therefore, the
order of different skills in the power law sampling process may lead to different results. For exam-
ple, putting easier skills at the first place will significantly increase the skill frequency, which may
induce an implicit easy-to-hard curriculum and further improve the performance. In Section [C.3}
we show that (1) the order matters: default lexicographical order of the numbers or permutations
learn much faster with the same exponent «.. (2) power law still significantly helps optimization
under a random order of permutations. In summary, the asymmetric power law still accounts for
the improvement that makes the state tracking composition task learnable, while the advantage can
be strengthened by a designed/structured order of skills. We conjecture that the power-law distribu-
tion is naturally compatible with such easy-to-hard curriculum and may lead to a potentially better
training strategy.

5 EXPERIMENTS

To further test our understanding, we conduct experiments on some natural language reasoning tasks
to test the theoretical advantage of power-law distribution. We considered two natural language
synthetic tasks, Multi-hop Question Answering (Yao et al., [2025a) and Synthetic Grade School
Math problems(Ye et al., [2024} |Zhou et al., [2025). In all experiments, only the training distribution
is altered from uniform distribution to a power-law distribution. The test sets are all sampled from
the uniform distribution of skills. Without specification, we pick the exponent o« = 1 for the power
law. The order of different skills is chosen randomly, which is used in the power law sampling.

Multi-hop QA. We first consider a natural language reasoning task proposed in|Yao et al.[(2025a)
as a testbed of implicit reasoning capabilities of language models (Yao et al., 2025a; Wang et al.,
2024; Ye et al., 2025). The task is based on synthetic facts on relations R (e.g. teacher, instructor,
etc.) between |&| different individuals (Alice, Bob, etc.). As a concrete example, the facts are like
The instructor of Alice is Bob and The teacher of Bob is Carol. The target is to answer multi-hop
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Figure 4: Left. Test accuracy on synthetic iGSM data. The operations are restricted within 2-8.
All arithmetic calculation are done with modulo p = 211. Right. A multi-hop task with |E| = 50
individuals, with each person has | R| = 20 relations, and with hop k& = 3.

queries like ‘Who is the teacher of the instructor of Alice?’, where each relation in the question is
considered as a single hop.

We can interpret the relations as a dependency graph: each individual as a node, and each relation as
a colored edge. During training, we first fix an underlying dependency graph. The training data is a
mixture of the profile fact data (1-hop) and the query questions (k-hop). We train a small GPT-like
model with online sampled data. The skills we considered are the relations r € R. With a randomly
assigned order, we construct QA pairs composing & skills sampled under the power-law distribution.

Yao et al.| (2025a) find that transformer-based language models require training data that grows
exponentially in k& to learn implicit k-hop reasoning without curriculum, where each hop of the
query is sampled uniformly. Our experiments in Figure [4] (right) show that with the power-law
distribution, the models learn much faster across different numbers of entities | E| and hop number
k with fewer samples, exhibiting the empirical advantage of the power-law distribution in implicit
multi-task reasoning tasks. Additional experiments and details are deferred to Section[D]

Synthetic Grade School Math Problems. We finally test our conjecture on synthetic grade-
school level math problems in natural language. Since grade school math problems often involve
multiple variables with some simple dependencies, each problem can be seen as a composition of
basic arithmetic operations on the dependency graph. Following |Ye et al.| (2024) and [Zhou et al.
(2025), we consider a layered structure of categories and items for problem generation, and map the
graph to natural language through synthetic templates. For simplicity, we restrict the dependency
graph to 8 operations. We consider each number as a skill for power-law distribution sampling. We
consider both arithmetic computation with and without modular operation with a prime number p in
each problem. Section [E|has more details on the data generation process.

As our experiments show in Figure[d] (left), the model learns much faster with the underlying power-
law distribution compared with uniform sampling on the numbers. The advantage of the power-law
training generally holds true whenever the arithmetic has modulo p or not. We also considered
a synthetic template introducing some calculation combining two consecutive steps to mimic real
world thinking trace. As shown in Section [E] the model trained under the power-law distribution
always outperforms their counterparts trained with uniform distribution with or without such multi-
hop structure, showing the robustness of the improvement brought by the power-law distribution.

6 RELATED WORKS

Hardness of learning composition. Several lines of literature tried to understand the difficulties
in compositional reasoning capabilities of language models and the possible solutions to this issue
(Wen et al., 2024; [Kim & Suzuki, [2024; [Huang et al., |2025bjaj [Yao et al.l [2025a; Wang et al.
20245 Ye et al.l 2025 Wang et al.l [2025). From the theoretical side, many symbolic synthetic
tasks (Li et al., [2024b; Merrill & Sabharwal| [2023a; [Liu et al.| [2023; Merrill & Sabharwall, 2023b}
Sanford et al.| 2023} [Wang et al., 2025} Peng et al.l 2024} |Chen et al.,|2024) are proposed to model
compositional tasks, aiming to understanding difficulties both from the expressiveness (Peng et al.,
2024; (Chen et al., [2024) and the learning perspective (Wen et all [2024; [Kim & Suzuki, 2024
Wang et al., 2024). Specifically, lower bounds on compositional reasoning tasks under uniform
distribution, such as parity (Wen et al. [2024; |Kim & Suzuki, [2024) and k-hop state tracking task
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in|Li1 et al.| (2024b)); Wang et al.| (2025)); Huang et al.| (2025b), show that either exponentially many
data or training steps are required to learn the task without any intermediate supervision or CoT. Our
work reveals that the underlying distributional assumption (i.e. uniform or isotropic distribution) is
essential in those lower bounds. We show that breaking the symmetry of the training distribution
(e.g. using a power-law distribution) actually enables the model to learn the hard functions without
intermediate supervision.

Another series of efforts tried to approach the problem via controlled experiments and mechanistic
understanding (Yao et al., [2025a; (Wang et al.| |2024; |Ye et al.| 2025} Biran et al., [2024; |L1 et al.
2024a; |Yao et al., [2025b; [Kassner et al., [2020). |Wang et al.| (2024) and [Ye et al.| (2025) showed
that transformer-based language models can only compositionally generalize to multi-hop queries,
but cannot naturally compose atomic facts nor generalize to out-of-distribution data that did not
appear in the multi-hop training data. [Yao et al.| (2025b) have found that the atomic knowledge is
stored in different layers when the knowledge is used in different hops of composition, leading to
the failure of generalization in composition. Architectural explorations on parameter sharing (Wang
et al [2024; Zhu et al.,|2025) can mitigate some of the issues but they cannot completely solve the
training difficulties.

Asymmetry in learning hard functions. Many papers have theoretically investigated the learning
dynamics of shallow neural networks on synthetic tasks like single/multi-index models, parity, and
other boolean functions, mostly under the assumption of isotropic and uniform distribution (Damian
et al.,[2022; Barak et al., 2022). Under such data distribution assumption, intermediate supervision
like curriculum (Abbe et al.| 2021} [2022;|2023) are necessary to learn the target function efficiently.

Some recent works have moved beyond the standard isotropic/uniform distribution and showed po-
tential improvement for more efficient learning (Daniely & Malach| [2020; (Cornacchia & Mossel,
2023 Mousavi-Hosseini et al., 2023} |Cornacchia et al., 2025). For the learning parity task, |[Daniely
& Malach|(2020); Cornacchia & Mossel (2023)) exhibited that a biased distribution can enable more
efficient learning than uniform inputs. For learning single index models, Mousavi-Hosseini et al.
(2023) demonstrated that a Gaussian training distribution with a spike-covariance structure can lead
to improved sample complexity guarantee independent of the information—exponenﬂ Cornacchia
et al.| (2025) further showed that by introducing a symmetry-breaking random perturbation to the
data distribution, Gaussian single-index model becomes efficiently learnable. Our results can be
seen as a generalization to the compositional tasks with a natural power law data distribution. The
results potentially provide guidance for better training recipes for natural language reasoning tasks.

Skill composition in LLMs. Recent works have attempted to understand the skill composition ca-
pabilities of LLMs (Didolkar et al., [2024} |Arora & Goyall [2023; |Yu et al.; |Chen et al., 2023}, Zhao
et al.| 2024} Michaud et al.,2023). [Michaud et al.| (2023)) hypothesize the power-law distribution of
the skills or quanta to explain the power law loss scaling curve. |Arora & Goyal| (2023) established
theoretical foundations for the emergence of skills composition. |Yu et al| and |[Zhao et al.| (2024)
benchmarked the skill-composition ability of the LLMs and investigated methods to elicit the capa-
bility by supervised finetuning. Didolkar et al.| (2024) further showed the evidence that LLMs have
metacognitive knowledge for skills of LLMs.

7 CONCLUSION AND FUTURE WORK

In this paper, we provide an alternative perspective on the criteria of selecting effective data distribu-
tion on reasoning tasks when training language models. On many synthetic compositional reasoning
tasks like state tracking, arithmetic, multi-hop QA, and grade-school math problems, we empirically
show that power law significantly accelerates training compared to using a uniform distribution. Our
results take the first steps towards understanding why the asymmetry of power law enables learning
of complex compositional tasks via theoretical and empirical mechanistic approach.

There are some limitations of this work and future directions. Most of the experiment settings in
our paper are based on the pretraining setting on algorithmic or synthetic natural language tasks.
We look forward to future explorations on improving real-world skill composition capabilities (Yu
et al.,[2023) by reweighting the data distributions to power law, or composing new skills (e.g. agentic
skills/tool calls) missing in the natural language data by synthesizing data with certain distributions.

2A hardness measure of target functions(Dudeja & Hsul 2018), which is similar to hop number.
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A OMITTED PROOFS

A.1 THEORY SETTINGS

To understand why a non-uniform data distribution helps learning compositional tasks, we aimed
to find the simplistic setting where models the compositions of different skills. Inspired by the
single-index model and parity tasks, we consider the following toy task with ‘composing’ k-scalar
skills/functions.

Setting Fix skill number d € N and integer ‘composition’ degree k > 2. Let Iy,..., I} %
{pi}L, on[d]. Letxy,...,xx € {e€1, ..., €4} be one-hot vectors with z; = e, € R. The training
distribution is either uniform Unif([S]) or Zipf(c) distribution

. d
. Jj e _
Pr(I; = j] = p;, Pi = Hy,o = E t7 a>1.
d,a =1
Here x; are the ‘name’ of the functions and define the diagonal matrix D = diag(p,...,pq) as

the frequency that each function is sampled. We aim to show the difference between the training
distributions.

Model. For w € R%, we define the function composition model as
k
f(waX) :H(wai)7 y:f(w*aX)aXZ (51317...7.’13k)
i=1
where w* € R? is fixed. Here, we see f as the function composition as

G (Z1) © Guo(Th—1) © - - © gy (1)

T

where g, (2;)(2) = (w ' x;)x with z as the input scalar.

Training objective. We consider square loss as the training objective. The loss on a single sample
(X @, y®) is
Y XD — 1+ X 2 (@) _ (o 0
(wa )—g(f(uh )—y) ; —(w1 yeees Xy )
The population and empirical loss are

n

£(w) = 3 Bx [(f(w, X)  f(w, X)), £aw) = = 32 (flaw, X0) — flaw*, XO))2

=1
A.2 SQ LOWER BOUND UNDER UNIFORM INPUTS

In this section we can show that when the distribution is uniform, we need d*(¥) samples or expo-
nential runtime ¢ > 2%(%) ysing a CSQ lower bound argument.

We consider the base function class F = {f(w,-) : w € {£1}¢} with w on the unit hypercube.
We define the inner product for each two functions wi, ws as

k 'UJTw b
(fuws» fus) = Ex[f (w1, X) f(wa, X)] = Ex [ [(w] iz ws) = ( 1d 2)

i=1
which satisfies Ex [f (w1, X)?] = 1 and there is an exponentially large subset of F s.t. any two

w1, wy in the subset satisfying Ex [f (w1, X) f (w2, X)] < O(d~?). Since we considered a square
loss here, the gradient is

where the query satisfies the correlational query form ¢(x,y) = yf(x).

In order to prove the correlational statistical query lower bound, we first construct a function class
Fi such that the inner product query provide little information about the target function. We can
prove the following lemma by concentration.
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Lemma 1. There exists an absolute constant ¢ such that for any € > 0, there exists a subset S of
1.2 .
ce1 4 vectors on the hypercube {—1,1}%, such that for any wy, wy € S with w; # wa, we have
w] wo
d

Proof. Consider two random vectors w;, wy sampling from the hypercube. By Hoeffding’s In-

equality, we have
L. o
>de| < 2exp —§d5 .

By union bound, N random rademacher vectors satisfy that for each pair of vectors has inner product
< de with probability

d
§ W1iW24

i=1

P[{wy, we)| > de] =P [

1
P i wy) > de,¥ioj € V] < 3P [wnw)] > de] < 282 expd - 3e2 .
i<j
We can pick N = O(exp(idez)) and the probability is less than 1, which means there exists such
<e. O

-
subset with the inner product of each pair of vectors satisfying ‘%

Therefore, for any number of queries g, we can find g unit vectors s.t. their pair-wise inner product
are upper bounded by d—'/2y/log q. Given the definition of the inner product, when ¢ = poly(d)

we have
| (Far fuw)| = (w] wa) < d7F/2,

Following standard CSQ arguments (Lemma 5 inDamian et al.|(2022)), we directly have the theo-
rem below. This is a restatement of Theorem|[I]in the main paper.

Theorem 3 (CSQ lower bound for uniform). Let the input distribution be uniform p; = 1/d and
k > 2. There exists a function class Fj, and a constant ¢ = §2(1) such that any correlational

k/2
statistical learner using q queries requires a tolerance 7% < (%) to achieve loss L(w) < e.

Using the standard 7 ~ ﬁ concentration heuristic, where n is the sample complexity, the theorem

implies that either runtime is exponential in d or sample size n must be at least {2 (dk/ 2), which is
unacceptable when the number of skills d is large and multiple hops of composition are required.
Therefore, training under uniform distribution suffers from the computational gap and fails on such
compositional task.

A.3 POWER LAW HELPS ON SAMPLE COMPLEXITY

The previous section has shown that uniform distribution hinders training when the compositional
structure exists in the task by proving the statistical query lower bound. However, the lower bound
only holds when the data distribution is uniform or symmetric. A power-law distribution is slightly
different: the frequent skills occur with constant probability while tail skills are sampled much
more infrequently. For simplicity, we consider k is an even number with k& > 2. The following
theorem shows that gradient descent actually takes advantage of this asymmetry, which significantly
improves the sample complexity.

Theorem 4 (Gradient Descent learns to compose under power law training distribution). Let the
input distribution be Zipf law with p; < j—< with oo > 1. Suppose that the target error is € > 0,

and w(0) ~ N (04,7%I;),r = O(1),k = O(1) is even,n = O(m) and B > ON(;OL%J
. .y .. . . A d2e
Then with probability 1 — § the model can learn the task by minibatch gradient descent with O(F)

samples int < O(% log 1) time, with error min{||w + w*| , lw — w*|| } < e

Proof. The proof structure has two parts. We first prove the faster convergence when consider-
ing gradient descent on population loss, and then do the finite sample analysis to track the sample
complexity with online sampled minibatch SGD.
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First, we assume w = 1, without loss of generality. This is because the gradient descent dy-
namics on w can be converted to an equivalent weight vector ©u := w © w®*. Notice that

y® = Ht 1 w*ng ) e {—1,+1}. Thus the loss function for each sample becomes

k 2 n k 2
) =33 (ITwat’ - [T et} =332 (1w 1)

=1 \t=1 i=1 \t=1

while the per-sample gradient is

<H ulzl) — 1>V l_luT @) = diag(w*)Vl(w)

Therefore, based on gradient descent on w;, the update for w is
Uy =W QW = U —NwW* O Vol =u; — nvuﬁ.
This is equivalent to gradient descent on w directly and the ground truth is u* = 14.

After the reparametrization w.l.o.g., we start to analyze the population dynamics, which is the ex-
pected trajectory of the gradient descent dynamics. We denote the population iterates as w(t) and
the empirical gradient descent iterates as w(t).

We consider the two following quantities

A(t) = (w(t), w P*szwu t) = lw(®)ll; = sz

which are respectively the similarity between w and the ground truth and the norm under the power-
law distribution.

The population gradient of w(t) can be written as

Vo L(w(t)) = %vw Ex

1

r 2 2 k 2
1
= ivw Ex (H wT:c,) —2 (H me1> ( ’UJ*T%)
i=1 i=1 i=1

(Last term is constant 1, which has 0 gradient.)

By the independence of all ;s in one sample, we have

2

k k k
<H wTaci) = ||w(t)||127k = B(t)*, (H wTa:i) <H w*TwZ) = A(t)~.

The population gradient can then be simplified to

VwL{w(t)) = Vw% [B(t)F — 2A4(1)¥] = kD (B(t)F w(t) — A(t)*'w*)

We have the population gradient descent update:
w1 = w(t) —nkD (B(t)kflw(t) — A(t)kflw*)
By Lemma[3|and Lemmad] we know the population landscape around initialization is “nice” enough

for Lemma [5] (the PL condition on population loss) to hold. This condition guarantees the gradient
descent convergence on the population loss.
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Finally, we consider the minibatch SGD trajectory and prove that it nearly follows the population
dyanmics through finite sample analysis. We first define the gradient batch-noise. For each batch
B, at time t, we have the batched gradient

whose expectation is the population gradient V£ (w(t)). We define the batch noise and sample noise
for sample X,, as

& = G = VL@(1)), &s = Vuk(w(t), Xs,) = VL(w(D)).
We have the population loss decrement formula inductively by Lemma 8] (which means n < 5%):
Lluwian) < Lwn) — (VL@ (0).d1) + i)
= Lw(t) = VL) = n(TLw(D), &)
L (1% 2w P + 209 £aw(). ) + 161°)
< L{w(t)) - ZIVL@O)I + FUVLw®), &)+ 3 &

+

With Lemma we also have that with probability 1 — %, it holds that

&l < IV < T.

So we have the following if we abbreviate L(w(t)) := L;:

7 2, n 1 1 2 n 2
Liy1 < Ly — <||VL — (= + VL] < Ly — < ||VL]||”.
t+1 S Le = SIIVL" + 5 - (G + gDIVL™ < Le = SIIVL|]
Given the PL-condition holds by the induction hypothesis Lemma(g] that will still lead to exponential

decay of the population loss regardless of the gradient noise. By Lemma [l we know with 7" >

O(ﬁ) the population loss L1 < e. By Lemma|§|, we pick € = O(pmine?) s.t. ||lw(T) — w* |l oo <
¢, and the batch size B < O (ﬁ) = O(%) That finishes the proof. O

A.3.1 POPULATION DYNAMICS TO CONVERGENCE

We prove the population dynamics converges to the ground truth vector w* under the power-law
distribution. The power-law distribution grants the initial similarity A(0) = (1) with high prob-
ability, which boosts the initial alignment. With the initial alignments, we can show an improved
landscape on the loss function with PL-style inequality. With those results, we can prove that GD
pushes the iterates w(t) toward the ground truth.

Before the dynamics argument, we first prove that a landscape property of this task: there are only
three possible stationary points for the loss function.

Lemma 2. If the population gradient V ., L(w(t)) = 0g, we have w = 04 or w = w*.

Proof. If Vy,L(w(t)) = 04, we have (B* 'w — A" 'w*) = 04. Therefore we know w =

(%)kilw* = dw”*. If A = 0, the equality holds so 0 is one solution.
Now we consider A # 0. Since B = Hw||12) and A = (w,w*),, we can calculate the equation and
have A = %.Wehave M=1,s0 A= +1. O

This guarantees that gradient descent either drives w(t) to the only saddle point 0, or w(t) converges
to the minimizer. We further prove that the power-law distribution guarantees that one will escape
from the saddle point fast enough with random initialization, given stable learning rate.
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Stage 1: initialization First, we use simple Gaussian concentration we have the following constant
initial alignment between w and w*, which is the source of the separation between power law
and the uniform distribution. Basically, power law or imbalanced training distribution significantly
improved the training landscape.

Lemma 3 (Gaussian lower bound for |A(0)|). Assume w(0) ~ N(04,72I;). Then A(0) =

Zid:1 piw;(0) is Gaussian with Var(A(0)) = r? ijl p?. Forany § € (0,1) and some constant
c1, co, With probability at least 0.999, we have

Proof. We have w(0) initialized as Gaussian, we have A(0) = Zle p;w;(0). Since A(0) is a linear
functional of w(0), it follows that A(0) is Gaussian. Moreover,

E[A(0)] =p" E[w(0)] =0,

and Var( (0)) = Var(p'w(0)) = r?|p|} = 2 Z?lef. Define o := r|p||2. Then Z :=
A(0)/o ~ N(0,1). We now choose explicit absolute constants ¢;, ¢ 80 that

P(c1 < |Z| < ¢2) > 0.999.
Let §; = 63 = 5 x 10~*. For the upper tail, for any ¢ > 0,
P(|Z] > t) = 2Pr(Z > t) = 2(1 — ®(t)) < 2¢7*/2,

where the last inequality is a standard Gaussian tail bound. If we set

ey = 1/2log (%) = /210g(4000),

then Pr(|Z| > c2) < ds. For the lower tail, for any ¢ > 0,

t
/2
Pr(|Z| <t) = e 2 dy </—dm— —t.
12 ) —t\/ﬁ —t m

We set ¢; := 61,/7F, and P(|Z| < ¢;) < 6. By union bound, we have
P(Cl < |Z| < 02) >1 —PI‘(|Z| < Cl) —Pr(|Z| > CQ) >1—481 — 09 = 0.999.

Multiplying the event ¢; < |Z| < ¢ by 0 = 7||p||2 yields that w.p. at least 0.999,
cirfpllz <1AQO) < carlipllz,

which proves the claim. O

Therefore, we have that the initial alignment is ©(1) since ||p|l2 = ©(1). Similarly, we can prove
the concentration for B(0).

Lemma 4 (Gaussian lower bound for |B(0)|). Assume w(0) ~ N(04,72I;) and B(0) =

Zle piw?(0). Then there exist absolute constant C' > 0 such that for any § € (0,1), with proba-
bility at least 0.999,
[B(0) — %[ < C7?lp]l2,

Proof. Write w;(0) = rg; where g; %4 N'(0,1). Then

d d
0) =r? 21%9127 E[B(0)] = r* Zpi =72
i=1 i=1
Define X; := g7 — 1 so that E[X;] = 0 and B(O) E[B(0)] = r? 2?21 p; X;. We first control the

moment generating function of X;. For A < 1,

B[] = E[M0 D] = e M E[eM] = e (1 - 2)) 72,
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Hence log E[e*Xi] = —X\ — 1 log(1 — 2)). Since —% log(1 — 2X) < A+ 2A? valid for [A| < 1, we
& logE[e*i] <2A?  forall |\ < 1,
ie. Ele* } exp(2A?) on that range. Now fix A with [A| < M= ” | < 1,
so E [ ] <e ( 2)2 Z) By independence,
d d
Eexp <)\ Zpin) HIE APiXi] < exp (2)\2 Z 72) = exp(2\?|p[|3).
i=1 i=1

Chernoff’s method gives, for any ¢ > 0 and any such A > 0,

d d
Pr (ZpiXi > t) < exp ( - /\t) Eexp (/\ ZpiXi) < exp ( — Xt + 2/\2Hp||%).
i=1

Optimize over A € (0, = ” | by taking A = mln{4||;” 4le” }, which yields

: t2 t
Pr (ZpiXi > t) < exp(—cmin{—z,i})
i=1

Ipll2 " 121l

for some constant ¢ > 0. The same bound holds for the negative part and union bound gives

d 2t
Pr X;| >t SZexp(—cmin{ 2,7}).
Pt P12 lIplloo

Multiplying by 72 (since B(0) — E B(0) =72}, p; X;) proves the stated tail.

Finally, to get the high-probability deviation form, set the RHS equal to ¢ and solve with the standard

choice t = C(||p|l21/10g(2/0) + ||p||o log(2/6)), which ensures the exponent dominates log(2/4).
That finishes the proof by applying § = 0.001. O

cillpll
o : R L
©O(1). We define the nice initialization event as &y. The population loss value is (since k is even)

After the analysis of the initialization scale, we know |A(¢)| > B(t) w.h.p. when r <

£(w(0)) = 5 (B*0) ~ 24(0)* +1) < 3 (1 - A(0)")

Stable learning rate analysis. If gradient descent is in the stable regime (n < W for
2

all time), we have descent lemma showing that £(w(¢)) is non-increasing through time ¢. Then the
monotonicity somehow implies the lower bound for |A(¢)]:

5 (1= 24(0%) < 2 (BH(1) —24()* +1) = £ (1)) < Lw(0) < (1 - AO)").

Therefore |A(t)| > 271/ A(0)|, B*(t) < 2A(t)* as long as GD trajectory is stable.

On the other hand, we can upper bound smoothness constant L to estimate the max possible learning
rate along the training trajectory. Given the population gradient

Vwl(w(t)) = kD(B(t)tw(t) — At)Ftw*),
we can calculate the Hessian matrix
V2L(w(t)) = kB(t)* D + 2k(k — 1)B(t)* 2 Dw(t)(Dw(t)) " — k(k — 1)A(t)*2pp".

To upper bound the operator norm of the Hessian, we use

< lIpll3-

1D = Prmaxs [[Dw(@)(Dw () T]|,, =D piwi()* < pmax B(®), [lppT]],, <
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Therefore, we have (using B* (¢ ) < 2|A(t)[F)
V2L (w( H < EB()  'pmax 4+ 2k(k — 1) B(#)* 'pmax + k(k — 1) A(t)*2||pl|2
< 2k(2k — D)pmax| A" + k(k — 1)[|pll3] A(t)|* 2.

Since we know B(t) = (Z?Zl piwi(t)z) . (Zi:l pi> > A(t)? by Cauchy, we can further upper
bound

At < 240", |A)] < 2%, |B(1)] < 22/%.
That gives ||V2£(w(t))Ho < 3k?||p||2 which is a constant upper bound. We pick n < W

and that will guarantee stable training since the first iterate (as induction base case, the upper bound
hold trivially at ¢t = 0).

Stage 2: convergence With the lower bounds of A(¢), we can use the Polyak—}t.ojasiewicz condi-
tion on the population loss to calculate the time for convergence to the global minima (either w* or
—w*).

cilp|l n<
Clpl+12 7 = 107€2le\ ’

IVL(w()I > 2kpminA(t)* > L(w(1)).

Lemma 5 (PL inequalities). When r < we have

Proof. Consider the L.H.S. Since Apin(D) = Pmin, We have:
IVL(w(t)) 3 = K (B0 w(t) - A®)* " w") " D(B(t)* w(t) — A(t)*w")
> k2 pimin (B(#)F T w(t) — A(t)k’lw*)TD(B(t)k’lw(t) — A(t)Ftw*)
= I%pmin (B(£)* 1 = 24(8)FB(t) 1 + A(t)**?)
‘We next prove that
k(B —2A()*B()F 1 + A(t)*2) > 2472 L(w(t)).
We know that |A(t)|? < B(t) and

k
2L(w(t)) = B(t)F — 2A(t)F +1 = A(t)%* (B) —24% 4 1.
Let A* = q, v

E(B(t)* 1 = 2A(6) B(t)" 1 4 A(t)*7%) JA* 72 = k(a6 — 2kab* T + 1),

2L(w(t)) = a®b* — 2a + 1.
We need to prove that (kb*~! — 1)(b*a? — 2a) + k — 1 > 0. Since b > 1, we know

B — p. Then the both side can be rewritten into

X 1
(kb"=t —1)(b*a® — 2a) + k — 1 = (kb* 1 —1)(b*a® — 2a + ) +k—1——(kb"=1 —1)

bk bk
bk — kbt 41
k—1
Zk—l—b—k(kb -1 = b—k—120
when b > 1 since the function is increasing after b > 1. Therefore we finish the proof. O

With the PL condition we can easily prove the convergence of the loss. By descent lemma (since we
picked n < %), we have

I max(

nkprninA(t)2k72

£t + 1) < Lw(t) - Ve < (1- 22007 ),

Since |A(t)| > 271/*| A(0)|, we have
MhPmin A2 pkpamin2”* 2/ FA0) P
2 - 2

The loss converges to €; within ¢ < O(

T kp g i) where €; will be determined later.

Finally, w(t) will be very close to the ground truth if the population loss is very small.

21



Published at Latent & Implicit Thinking Workshop @ ICLR 2026

Lemma 6. Assume the ‘good’ initialization holds. When L(w) < ¢ < %, we have min{|w +

8
Wl [l — w0} < O /5250,

Proof. W.l.o.g. we assume A(0) > 0, which guarantees that A(t) > 0 for all ¢.

We have L(w(0)) > L(w ()) = (1 -2A(¢ tF) > L(1-A@) )2 because B(t) >
A(t)%. That means (A(t)* — 1) < 2¢;. We also have A( )k < 2and |A(t)| > 271/%| A(0)], so

(A -1 Y Ay

S
Ju

V2 > A — 1] = > A(t) ~ 1.

s
I
o

That leads to (A(t) — 1) < 2¢;.
We can similarly upper bound B — A2 :by A < 2'/% B > A% and B < 22/*, we have

k—1
2L(w(t)) > B — A% = (B— A%)Y  B¥1774%
j=0

w
;-.

> " 420 2(B — A?%) > kA(0)?*2(B — 4?).

j=0
SoB— A%< M(%%. Combine both terms, we have
(B— A% + Z]% Wi — 2 < O(e).
which gives ||lw — w*|| <O (, [ ) The proof is exactly the same when A(0) < 0. O

A.3.2 FINITE SAMPLE ANALYSIS

Finally, we apply minibatch stochastic gradient descent and prove that the descent trajectory follows
the population dynamics. During the finite sample analysis, we need to inductively prove that the
batch noise each step is bounded for all time, and the PL-condition always holds on the population
dynamics. In this way, we still ensure the population loss decrement by the minibatch gradient
descent updates.

Recall the definition of the gradient batch-noise. For each batch B, at time ¢, we have the batched
gradient

b= Y Valw(t). X

bi=1

whose expectation is the population gradient V.L(w(t)). Since the batch noise and sample noise for
the sample X, are

& =gi — VL(w(1)), & = Vwl(w(t), Xp,) — VL(w(t)).

Assume that the smoothness constant has the upper bound L (which we will upper bound induc-
tively). Then we have the population loss decrement formula (we pick n < ﬁ):

Lluwe) < L) — n(TL(0(0). ) + 2L a]
= L(w(t)) = nl| VL ®)| ~ n(VL(w(®)). &)
+ L (1 L)l + 2V L)) + [4]7)
< L{w(t) - FIVL@®)IP + VL w®), &)+ 3 &
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Therefore, we just need to control the failure probability that ||£;|| exceeds a certain threshold. We
note that if

1
€l < SIVL@@)I,
we will have (recall that we abbreviate L(w(t)) = L;):

n 2, n 1 1 2 n 2
Ly < Ly — —||VL (= 4+ )IVL|” < Ly — = ||VLy||".
w1 S L= DIVLJP + 2 (G + S IVE? < Lo - DIV L
And if the PL-condition holds, that will still lead to exponential decay of the population loss regard-
less of the gradient noise. Next, we need to prove that the events [|&|| < 1||VL(w(t))| happen with
very high probability inductively for all ¢, together with the boundedness conditions it requires.

We now write down the concentration inequalities that bounded the norm of the gradient noise given

the uniform upper bound of the parameter ||w(t)|| ..

Lemma 7. If ||w(t)||co < R forallt, there exist some absolute constant cs, cy s.t. for all t > 0:

Bs?
P > 5] <2 — .
[[I§ell > s] < 2exp ( cak2RI 2L, c4kR2’“15>

In particular, when s = %||VL|| and B > O(k2 max{R* 2 R?*~1} (L 4 L)]og 5%), we have
with probability 1 — 6y, ||&|| < s.

Proof. We first upper bound ||&; ;|| uniformly, which requires the upper bound for the sampled gra-
dient V4, (X):

k k k
Vi(X) = (H(w—rwi) - H'w*Ta:i>VZH(wij)wi < 2kR?*1,
i=1

i=1 i=1 j#i

Therefore the batch expectation and population gradient expectation can both be upper bounded by
this, and we have

€l < Ngell + IV Lell < kR

”] < Ex[||ge.i]|”]. While

19e.41* < (f(w, X5,) = D?IVFI® < (f(w, Xp,) = 1)K R,

Then we calculate the second moment of ||, ;||. We know E[||&; ;

So E[[|&.:]I)] < 2k%R2*~2L,. Finally, we apply vector Bernstein inequality in Hilbert Space
(Martinez-Taboada & Ramdas| (2024)), Appendix D.3), and we finish the proof. O

With the concentration inequality, we can formulate our induction. We show that if all the high
probability event happens, including the initialization event & and all the batch gradient noise con-
centration, we can show (1) the uniform upper bound for ||w||__ (2) monotonic decrement on the
population loss. With the induction lemma, a final union bound finishes the proof of the main theo-

rem.
Lemma 8 (Induction). If k = ©(1),k > 2,1 < O gy ) and B > OS2, we show that
with probability 1 — §, the following holds for all t > ty + 1 if they are satisfied with t < t,:

> Lt+1 = (1 B M)Lt when Lt > €= O(pmin).

The induction base is also satisfied when t = 0. Finally, Lt < e with T < O(ﬁ log l).

€

Proof. We first prove the t = 0 case. The first requirement is satisfied when the initialization is nice,
i.e. when &y holds with failure probability 0 /(T'+1). Then we prove the loss decrement. For the first
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step gradient, we know ||V Ly|| > ©(1). By the previous concentration Lemma [[€oll < IV Lol|
holds with failure probability 6 /(T + 1). Thus, we have

n 2, m 1 1 2 7 2
L1§L0—§HVLO|| +§'(§+6*4)||VL0H §L0—§||VL0||-

With the PL-condition ||V Lol|5 > 2kpmin A(0)2%~2L(w(0)), we know the second hypothesis for
base case holds.

Now we assume for all ¢’ < ¢, the induction holds with failure probability T +1 First, we upper
bound the population gradient norm by the population loss (since B(t) > A?(t)):

IVL@®)3 = K (B w(t) - AW w?) D2 (BO)! w(t) - A1) w")
< K P (B(8) o (t) — A()*'w*)  D(B() w(t) — A()F w”)
=k (B(t)* ™! = 24(t)FB(t)F 1 + A(t)*?)

kal Bk 1
2 12k—2 k
= 12422 B ) — 240" g

)+ 1) < 2k?BF1L,.

By the induction on the decreasing populatlon loss, we still have |A| < 2Y/F |B| < 22/%. Also,
|A(t)| has the uniform lower bound |A(¢)| > 21/k |A(0)].

Now we prove that the batch size is large enough for the concentration. When we pick s = £ ||V L],
the necessary batch size is (k = ©(1), we abbreviate all constants.)

L 1 2 L 1 2
B, — 2 p2k—2( Mt )1 i t lo
¢ O(kR <32+s og(st 0 52 g(st

Note that we have the PL-condition ||VL(w(t))|3 > 2I€pminA(t)2k_2£(w(t)) and |A(t)] >
51 57| A(0)| = ©(1). Therefore the coefficient (£¢ + 1) has the upper bound

<Lt+1)<0< Le + ! ><O<ma { L ! })
=+ = Xq—, .
82 S a pminLt V pminLt N Pmin  4/Pmin€

That means B > O(

~+

\/pi) suffices for the concentration with € < O(pmin)-

We then prove that it will not exceed the norm upper bound given the concentration inequality on
this batch holds. We directly calculate the gradient for each entry w; () :

VL(w); = kpi(B(t)*~ wy(t) — A(t)*'w]), VL, (w)i = VL(w); + &

If w; < R — 1, we know one step gradient descent with learning rate n won’t exceed the limit since
the batched gradient norm is upper bounded:

lwi(t + 1) < |w;(t)] +n|VLp, (w);| < R—1+29k*B*'L, <R.
If w; > R — 1, the population gradient will actually point to the shrinking direction.
VL(w); = kp(B(t)*Yw;(t) — At)*tw))
AW
GO

_ 1 _
> kp, B 1<wi(t) AT 1) > kp; BF.

= kaZ'Bk_l(wi(t) —

The last two inequalities are because A(t)? < B(t), the upper bound for |w;| and the uniform lower
bound for |A(t)|. With the concentration, the norm of noise is upper bounded by the population
gradient, so the coordinate w; will shrink towards 0 and guarantee that ||w (¢ + 1)||c < R. The first
argument thus holds for time ¢ 4 1.

Next we prove the loss decrement argument. We have the descent formula when the concentration
inequalities [|&]| < & [V.Lq|| hold:

7 2, m 1 1 2 7 2
Lt+1§Lt—§HVLt|| +§'(§+6*4)||VL15H th—§||VLt||.

24



Published at Latent & Implicit Thinking Workshop @ ICLR 2026

Use the PL-condition [|V£(w(t))]|5 > 2kpmin A(t)** 2L (w(t)) and |A(t)| > 55| A(0)|. There-

fore we have

277kpmin272+2/k‘A(0)|2k72
3

| kPmin| AO) P

Ly <(1- 5

)L < (

)Lt.

With time T > O (W log %) = O(%), the population loss L1 < e. O

Pmin

We finally apply Lemma [6|and have min{||w(7T") + w*|| , |w(T) — w*||} < O(1 /L) We
pick € = O(pminsQ). For any ¢ > 0, we need in total

~ ~ 20
NeB.T=0 . 1 O<d>
pfninEQ Pmin €

samples to make min{||w(7T") + w*|| , [|[w(T) — w*|| .} < . Thus we finish the proof.

B MULTI-STEP ARITHMETIC

We use a basic multi-step arithmetic task with operators (+, —, x ), 4 operators, and operands sam-
pled uniformly from [1, 50]. We provide the formula expression to the model and ask it to directly
output the answer. The expressions follow standard mathematical precedence rules where multipli-
cation is evaluated before addition and subtraction. We use the Qwen3 tokenizer (Yang et al., [2025))
to tokenize the prompts and labels.

During training, we use the AdamW optimizer with (51, 82) = (0.9,0.999) and weight decay 0.01.
We train a Qwen3-0.6B model from scratch (random initialization) for 10,000 steps with a per-
device batch size of 128 across 8 gpus. We use a peak learning rate of 3 x 10~* with cosine decay
and 500 warmup steps. The model is trained in bfloat16 precision.

For the Zipf distribution experiments, we first randomly shuffle the integers in [1,50] to obtain a
permutation 7, then sample operands according to a power-law distribution where the probability of
sampling the k-th element (k) is:

1

—, k=12,...,50 1
ka? e ) ()

Pr X
with Zipf exponent o = 1.0.

We evaluate every 500 steps on 100,000 uniformly sampled test expressions with a fixed random
seed to ensure consistency. The prompt format is:

Example: Multi-step Arithmetic

Prompt: “User: Calculate 23 + 15 * 7 - 42 * 3.\ nAssistant: \boxed{”
Label: <2}”

where we prefill “\boxed{” and train the model to generate only the answer followed by “}”. Note
that the Qwen3 tokenizer treats “{-" as a single token, so we add a space before the answer to ensure
consistent tokenization between training and evaluation for negative numbers.

C STATE TRACKING ON S5

We use the experiment setting close to the Permutation Composition task in L1 et al.|(2024b). We
only consider the permutation group S5, which is the smallest unsolvable symmetry group. For
each permutation, it takes 5 tokens to represent. The target is the composed permutation. We only
consider 4-hop state tracking composition task. The vocabulary size is only 5 with {1,2,3,4,5}.
We directly train the embedding layer in this setting. The input sequence length is 5 x 4 = 20. The
loss is only calculated on the last 5 token positions for predicting the final composition.

During training, we use the AdamW optimizer with (31, 82) = (0.9,0.999), ¢ = 10~8 and weight
decay 10~°. We train an encoder transformer with 4 layers, 256 hidden dimension (random initial-
ization) for 200k steps with a gpu of batch size of 256. All the data is generated on the fly. The peak
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learning rate is 2 x 10~* with cosine decay to 0.1x of peak and 1000 warmup steps. The model
is trained with fp16. By default we use lexicographical order, and o« = 1.0. The experiment in the
main figure is o = 1.5 with random order, in order to ablate the effect of lexicographical order and
only exhibit the effect of the asymmetry. All test dataset is using uniform distribution if without
specification.

For understanding the learning order of the different skills, we further include five different skill bins
(rank 0-20%, ..., 80%-100%) to measure the learning accuracy/loss. In the appendix, the average
(k-hop) loss/accuracy curves are online test loss/accuracy, depending the training power law loss.

Example: State Tracking (S5)

Input: The k permutations: (12345123451324512345).
Output: (13245).

C.1 THE EFFECT OF THE EXPONENT «

In this section, we ablate the effect of the exponent of a. We train five different o €
{0.5,0.75,1.0,1.25, 1.5} with the same initialization and fix the order of the permutations as lexi-
cographical order. The results are as shown in Figure [3] (failed runs with small alpha 0.5 and 0.75)
and Figure[f](success runs with larger alpha 1.0, 1.25 and 1.5). The result actually echoes our theory
and indicates that there is a trade-off on the exponent «.

The summary of the results are:

* Large enough « is necessary. We find that when « is too small such as 0.5, the optimization
still fails or gets stuck in an early phase, as shown in Figure[5] That corresponds to the suffi-
cient condition that o > 1 in our theorem. Though the condition is not a necessary condition
for k-multiplicative composition nor provably transferrable to S5 composition tasks, the intu-
ition holds that if the head probability is not large enough, the optimization landscape won’t
good enough for learning.

* Larger « leads to faster initial descent, but suffers more with long-tail: As shown in
Figure [6] larger o leads to faster training at first. The test loss in Bin 1 quickly decreases
and enable better learning of the compositional skill generally (e.g. « = 1.5 converge much
faster than o = 1.0 or 1.25). However, the tail skills’ learning will be slowed down due to
smaller sampling probability, so the & = 1.5 one falls behind in the end.

We also have the similar loss landscape visualization (Figure [7) as a side evidence of how different
« improves the landscape.

C.2 THE GRANULARITY OF THE ASYMMETRY

Our results show that power-law distribution is a sufficient condition for successful training on
compositional reasoning tasks. Although the analysis does not rule out other asymmetric distri-
butions that enable LLMs to acquire composition capabilities, we conjecture that better ‘granularity
of asymmetry’ may lead to better training loss landscape, which further accelerates training. Power
law is an example of fine-grained asymmetry.

Here we tried several different, more coarse-grained power-law distributions: we divide the |S5| =
120 permutations into m = {5, 10, 20, 40, 60} bins in lexicographical order. Then we assign the sum
probability for different bins with the power law over i € {1,2,3, ..., m} with the sum probability
P; sum o z% Within each bin, we keep the individual skill probability in each bin uniform, so the
individual skill split P; g, evenly within the bin.

The intuition is that the larger m is, the distribution is more fine-grained and closer to original power
law. Here we pick a = 1.5 for better learning speed. The experiments are shown in Figure [§] the
more fine-grained the distribution is, the faster the model learns.
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Figure 5: The loss curves and accuracy curves for a = 0.5 (Top) and o« = 0.75 (Bottom). When the
exponent is not large enough, the optimization is still not benign enough for successful learning of
composition.

C.3 THE ORDER OF THE OPERATION

Because the skills are not all equally difficult, the ordering of skills in the power-law sampling
procedure can affect learning dynamics. Some skills are comparatively easy or fundamental, such
as {1, —1} in arithmetic and the identity permutation in S5. We show in Figure@]that the order does
matter: default lexicographical order of the numbers or permutations learn much faster with the same
exponent «. For example, now we select v = 1.5. As shown in Figure [J] the lexicographical order
case learns slightly faster than the random rank. We also report that while a power law distribution
with @ = 1.0 works for lexicographical order enables transformers to learn composition, models
cannot learn composition with only a = 1.

However, power law still significantly helps optimization under a random order of permutations
with an appropriate o. Based on this initial experiments, the asymmetric power law still accounts for
the improvement that makes the state tracking composition task learnable, and we conjecture that the
advantage can be strengthened by a designed/structured order of skills, and the distribution benefit
can be combined with curriculum. Further experiments are needed to consolidate this conjecture.

D MULTI-HOP QA

We followed |Yao et al.| (2025a)) to construct the natural language multi-hop QA task. Comparing
with arithmetic tasks, the QA task is more knowledge-heavy and with a slightly simpler structure.
Yao et al.| (2025a) found that the model needs exponentially many k-hop data for transformers to
learn.

Dataset The dataset contains |FE| entities—each with a unique name—and N relation types. We
created |E| distinct single-token person names (e.g., Jennifer) and |R| = 20 single-token relation
names (e.g., instructor) to serve as namespaces for entities and relations. We reused the name list in
Yao et al.| (2025a). The complete list of relation names and a partial list of entity names appear in
Tables 5 and 6 in|Yao et al.[(2025a). The multi-hop questions are generated through a graph with | E|
individuals. Each entity is connected to |R| randomly chosen person in the graph. We considered
the number of individuals |E| € {20, 50}.

For training, we use online sampled 3-hop and 4-hop training set and test on the leave-out 4096
test questions. For each test instance, we greedy decode the single token answer given the question
prompt (e.g. ‘Who is the instructor of the teacher of Bob? \n Answer:’). We evaluate the exact
match accuracy. The prompt format is as follows:
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Figure 6: The loss curves and accuracy curves for « = 1.0 (Top), @ = 1.25 (Mid) and o = 1.5
(Bottom).

Example: Multi-hop QA

Facts: The teacher of Bob is Carol. The instructor of Carol is Alice.
Prompt: “Who is the instructor of the teacher of Bob? \n Answer:” Label. Alice.

Training details We use GPT2-tokenizer with the special tokens like names and relations added
to the tokenizer. We use AdamW optimizer with (31, 32) = (0.9,0.98),¢ = 10~¢ and gradient
clipping 1.0. We run 1000 steps of linear warmup followed by a cosine learning rate schedule to
minimal learning rate 0.1 of the peak learning rate. We use bf16 training with packing with context
length 1024 tokens. QA pairs from distinct samples are masked from each other during training. We
all run the experiments with 3 different random seed and calculate mean and variance.

We use a base model architecture with 384 hidden dimensions, 6 attention heads, and 6 layers. We
set the learning rate to 0.0002 with 1000 warmup steps and train for a total of 80,000 steps using
batch size 1024, with cosine learning rate decay to 0.1 x initial learning rate. We run all experiments
across 3 random seeds and report the average performance.

D.1 ADDITIONAL EXPERIMENTS

Similar to the ¥ = 3,|F| = 50 case in the main paper, the superiority of the power law holds
generally across different task settings and random seeds. We set k € {3,4}, |E| € {20,50}. We
replot the figure in the main text for completeness here.

E GRADE SCHOOL MATH PROBLEMS

Training details We use a standard GPT-2 tokenizer extended with necessary special tokens. We
train a decoder-only Transformer model equivalent to GPT-2 Small, featuring 12 layers, 12 attention
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Figure 7: Landscape visualization for different as. Larger « has better initial landscapes, while the
landscape for small as are still flat.

heads, and an embedding dimension of 768, totaling approximately 124M parameters. We use
the AdamW optimizer with (51, 82) = (0.9,0.95) and a weight decay of 0.1. We employ a cosine
learning rate schedule with a peak learning rate of 5 x 10~* and a minimum learning rate of 5 x 10~°
(0.1x peak), following a linear warmup of 100 steps.

Training is performed in bfloat16 precision with a context length of 1024 tokens and a global batch
size of approximately 0.5M tokens (8 x 64 x 1024). The model is trained for a total of 5 billion
tokens, with checkpoints saved every 100 million tokens. We run all experiments across 3 random
seeds and report the average performance with standard deviation. For data synthesize pipeline, we
directly reuses the structure dependency graph generator in[Zhou et al.| (2025) and switch to a more
natural language template as follows:

Example: Synthetic GSM

Problem: “We are in Mare Serenitatis. There are 18 Eyelash Viper. There are 2 Minke Whale. There
are 197 Pelican. There are 2 Forest Mammoth. There are 18 Boomslang. There are 26 Gull. There are
185 Boxfish. There are 160 Dyeing Dart Frog. The total number of Dyeing Dart Frog and Chinstrap
Penguin is the quotient of Dyeing Dart Frog and Chinstrap Penguin. ... We know the total number of
Dyeing Dart Frog, Chinstrap Penguin, Boxfish, Gull, Boomslang, Forest Mammoth, Pelican, Minke
Whale and Eyelash Viper is 18. What is the Chinstrap Penguin?”

Solution: We know the total number of Dyeing Dart Frog, Chinstrap Penguin, Boxfish, Gull, Boom-
slang, Forest Mammoth, Pelican, Minke Whale and Eyelash Viper is 18. We know the Eyelash Viper
is 18. Total number of Dyeing Dart Frog, Chinstrap Penguin, Boxfish, Gull, Boomslang, Forest Mam-
moth, Pelican and Minke Whale is 18 - 18 = 0. We know the Minke Whale is 2. Total number of
Dyeing Dart Frog, Chinstrap Penguin, Boxfish, Gull, Boomslang, Forest Mammoth and Pelican is 0 +
2 =2. We know the Pelican is 197. Multiplying 2 by 197 gives 394... We know the Dyeing Dart Frog
is 160. Splitting 160 evenly into 20 parts gives 8, which is the Chinstrap Penguin. Answer: #### 8

Label. 8.

The operation number is limited within {2, 3, ..., 8}. The test set is sampled from data with uniform
distribution. The skill here is the number {1, 2, 3, ..., maxp}. (1) When we allow modular
arithmetic, we directly sample the number from 0 to p. It will exhibit a perfect power law curve. We
consider p = 211. (2) When we use basic arithmetic, we sample the number from O to p, but reject
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Figure 8: The granularity ablation experiments on S;. From top to bottom are # of bins =
{5,10,20,40,60}. When # of bin = 120, it falls back to the original power law. Here @ = 1.5.
As shown in the plot, coarse-grained power law learns much slower compared to fine-grained power
law. We conjecture that the fine-grained asymmetry is the key to improve the landscape when the
task is intrinsically symmetric and many saddle points exist.
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Figure 9: The order ablation experiments on S5. The left figure is using lexicographical order and
the right one is a random order, which is used in the power-law sampling. The learning process with
lexicographical order learns slightly quicker than the random order. Here o = 1.5.
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Figure 10: Accuracy plots for the multi-hop QA task. Across different data settings, power-law
distribution generally accelerate the learning of such multi-hop natural language reasoning tasks.
The difficulty indeed increases when the hop number k and individual number | E/| grows, but power
law always help in terms of training.

the sampling when the answer exceed 1000 or cannot be divided. That will upsample some small
numbers like 1 to 10, but the rest will still follow power law distribution.

E.1

ADDITIONAL EXPERIMENTS

The additional experiments are (1) using a multi-hop template where allows non-rigorous combi-
nation of adjacent steps. (2) use basic arithmetic without modulo p. In all settings, power-law
significantly performs better/train faster than uniform.
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Figure 11: Accuracy plots for GSM tasks. Left: non-modular arithmetic with maximum leaf value
p = 200. Right: modular arithmetic with p = 211, but with multi-hop template randomly combine
two steps. Power-law distributions generally helps the model to learn to solve Grade school math
synthetic problems much faster than uniform distribution.
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