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Abstract

Learning rate schedulers have shown great success in speeding up the convergence
of learning algorithms in practice. However, their convergence to a minimum
has not been proven theoretically. This difficulty mainly arises from the fact that,
while traditional convergence analysis prescribes to monotonically decreasing (or
constant) learning rates, schedulers opt for rates that often increase and decrease
through the training epochs. In this work, we aim to bridge the gap by propos-
ing a probabilistic learning rate scheduler (PLRS) that does not conform to the
monotonically decreasing condition, with provable convergence guarantees. To
cement the relevance and utility of our work in modern day applications, we show
experimental results on deep neural network architectures such as ResNet, WRN,
VGG, and DenseNet on CIFAR-10, CIFAR-100, and Tiny ImageNet datasets. We
show that PLRS performs as well as or better than existing state-of-the-art learning
rate schedulers in terms of convergence as well as accuracy. For example, while
training ResNet-110 on the CIFAR-100 dataset, we outperform the state-of-the-art
knee scheduler by 1.56% in terms of classification accuracy. Furthermore, on the
Tiny ImageNet dataset using ResNet-50 architecture, we show a significantly more
stable convergence than the cosine scheduler and a better classification accuracy
than the existing schedulers.

1 Introduction

Over the last two decades, there has been an increased interest in analyzing the convergence of
gradient descent-based algorithms. This can be majorly attributed to their extensive use in the
training of neural networks and their numerous derivatives. Stochastic Gradient Descent (SGD) and
their adaptive variants such as Adagrad [8]], Adadelta [31], and Adam [17] have been the choice of
optimization algorithms for most machine learning practitioners, primarily due to their ability to
process enormous amounts of data in batches. Even with the introduction of adaptive optimization
techniques that use a default learning rate, the use of stochastic gradient descent with a tuned learning
rate was quite prevalent, mainly due to its generalization properties [34]. However, tuning the learning
rate of the network can be computationally intensive and time consuming.

Various methods to efficiently choose the learning rate without excessive tuning have been explored.
One of the initial successes in this domain is the random search method [3[]; here, a learning rate is
randomly selected from a specified interval across multiple trials, and the best performing learning
rate is ultimately chosen. Following this, more advanced methods such as Sequential Model-Based
Optimization (SMBO) [4] for the choice of learning rate became prevalent in practice. SMBO
represents a significant advancement over random search by tracking the effectiveness of learning
rates from previous trials and using this information to build a model that suggests the next optimal
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learning rate. A tuning method for shallow neural networks based on theoretical computation of the
Hessian Lipschitz constant was proposed by Tholeti et al. [27].

Several works on training deep neural networks prescribed the use of a decaying Learning Rate (LRﬂ
scheduler [10} 132, 26]. Recently, much attention has been paid to cyclically varying learning rates
[24]. By varying learning rates in a triangular schedule within a predetermined range of values, the
authors hypothesize that the optimal learning rate lies within the chosen range, and the periodic
high learning rate helps escape saddle points. Although no theoretical backing has been provided,
it was shown to be a valid hypothesis owing to the presence of many saddle points in a typical
high dimensional learning task [6]. Many variants of the cyclic LR scheduler have henceforth been
used in various machine learning tasks [[12}[7,[1]]. A cosine-based cyclic LR scheduler proposed by
Loshchilov et al. [21]] has also found several applications, including Transformers [30,|5]. Following
the success of the cyclic LR schedulers, a one-cycle LR scheduler proposed by Smith et al. [25]
has been observed to provide faster convergence empirically; this was attributed to the injection of
‘good noise’ by higher learning rates which helps in convergence. Although empirical validation and
intuitions were provided to support the working of these LR schedulers, a theoretical convergence
guarantee has not been provided to the best of our knowledge.

There is extensive research on the convergence behavior of perturbed SGD methods, where noise is
added to the gradient during updates. In Jin et al. [15], the vanilla gradient descent is perturbed by
samples from a ball whose radius is fixed using the optimization function-specific constants. They
show escape from a saddle point by characterizing the distribution around a perturbed iterate as
uniformly distributed over a perturbation ball along which the region corresponding to being stuck
at a saddle point is shown to be very small. In Ge at al. [9], the saddle point escape for a perturbed
stochastic gradient descent is proved using the second-order Taylor approximation of the optimization
function, where the perturbation is applied from a unit ball to the stochastic gradient descent update.
Following Ge at al. [9], several works prove the convergence of noisy stochastic gradient descent in
the additive noise setting [33, |16} 2} 28]]. In contrast to the above works which operate in the additive
noise setting, our proposed LR scheduler results in multiplicative noise. Analyzing the convergence
behavior under the new multiplicative noise setting is fairly challenging and results in a non-trivial
addition to the literature.

1.1 Motivation

Traditional convergence analysis of gradient descent algorithms and its variants requires the use of
a constant or a decaying learning rate [22]. However, with the introduction of LR schedulers, the
learning rates are no longer monotonically decreasing. Rather, their values heavily fluctuate, with the
occasional use of very large learning rates. Although there are ample justifications provided for the
success of such methods, there are no theoretical results which prove that stochastic gradient descent
algorithms with fluctuating learning rates converge to a local minimum in a non-convex setting. With
the increase of emphasis on trustworthy artificial intelligence, we believe that it is important to no
longer treat optimization algorithms as black-box models, and instead provide provable convergence
guarantees while deviating from the proven classical implementation of the descent algorithms. In
this work, we aim to bridge the gap by providing rigorous mathematical proof for the convergence of
our proposed probabilistic LR scheduler with SGD.

1.2 Our contributions

1. We propose a new Probabilistic Learning Rate Scheduler (PLRS) where we model the
learning rate as an instance of a random noise distribution.

2. We provide convergence proofs to show that SGD with our proposed PLRS converges to a
local minimum in Sectiond] To the best of our knowledge, we are the first to theoretically
prove convergence of SGD with a LR scheduler that does not conform to constant or
monotonically decreasing rates. We show how our LR scheduler, in combination with
inherent SGD noise, speeds up convergence by escaping saddle points.

3. Our proposed probabilistic LR scheduler, while provably convergent, can be seamlessly
ported into practice without the knowledge of theoretical constants (like gradient and
Hessian-Lipschitz constants). We illustrate the efficacy of the PLRS through extensive

'We abbreviate learning rate only in the context of learning rate scheduler as LR scheduler.
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experimental validation, where we compare the accuracies with state-of-the-art schedulers
in Section[5] We show that the proposed method outperforms popular schedulers such as
cosine annealing [21]], one-cycle [25], knee [14] and the multi-step scheduler when used
with ResNet-110 on CIFAR-100, VGG-16 on CIFAR-10 and ResNet-50 on Tiny ImageNet,
while displaying comparable performances on other architectures like DenseNet-40-12 and
WRN-28-10 when trained on CIFAR-10 and CIFAR-100 datasets respectively. We also
observe lesser spikes in the training loss across epochs which leads to a faster and more stable
convergence. We provide our base code with all the hyperparameters for reproducibility in
the supplemental material.

2 Probabilistic learning rate scheduler

Let f : R? — R be the function to be minimized. The unconstrained optimization, minycga f(x),
can be solved iteratively using stochastic gradient descent whose update equation at time step ¢ is
given by
Xt41 = Xt — Ne19(Xe). ()

Here, 1,41 € R is the learning rate and g(x;) is the stochastic gradient of f(x) at time ¢. In this
work, we propose a new LR scheduler, in which the learning rate 7,41 is sampled from a uniform
random variable,

Ne+1 ~ Z/[[Lmin; Lmam]a 0< Lmzn < Lmaz <1 (2)
Note that contrary to existing LR schedulers, which are deterministic functions, we propose that
the learning rate at each time instant be a realization of a uniformly distributed random variable.
Although the learning rate in our method is not scheduled, but is rather chosen as a random sample at
every time step, we call our proposed method Probabilistic LR scheduler to keep in tune with the
body of literature on LR schedulers. In order to represent our method in the conventional form of the
stochastic gradient descent update, we split the learning rate 7, into a constant learning rate 7, and
arandom component, as 7;+1 = 7 + Ug+1, Where w11 ~ U[Lpmin — Ney Limaz — 1c)- The stochastic
gradient descent update using the proposed PLRS (referred to as SGD-PLRS) takes the form

Xe41 =Xt — (e + Ut1)9(Xe) = x¢ — 0V f(x2) — W, (3)

where we define w; as
Wi =1cg(Xe) — 0V f(xe) + wr19(x0). “4)
Here, V f(x) refers to the true gradient, i.e., Vf(x;) = E[g(x:)]. Note that in (3), the term
x¢ — 1.V f(x;) resembles the vanilla gradient descent update and w; encompasses the noise in the
update; the noise is inclusive of both the randomness due to the stochastic gradient as well as the

randomness from the proposed LR scheduler. We set 1. = W so that the noise w; is zero
mean, which we prove later in Lemmal/[T]

Remark 1. Note that a periodic LR scheduler such as triangular, or cosine annealing based scheduler
can be considered as a single instance of our proposed PLRS. The range of values assigned to the
learning rate nyy1 is pre-determined in both cases. In fact, for any LR scheduler, the basic mechanism
is to vary the learning rate between a low and a high value - the high learning rates help escape the
saddle point by perturbing the iterate, whereas the low values help in convergence. This pattern of
switching between high and low values can be achieved through both stochastic and deterministic
mechanisms. While the current literature explores the deterministic route (without providing analysis),
we propose and explore the stochastic variant here and also provide a detailed analysis.

3 Preliminaries and definitions

We denote the Hessian of a function f : R? — R at x € R? as H(x) := V2 f(x) and the minimum
eigenvalue of the Hessian as Ay, (H(X)) == Apin (V2 f(x)) respectively.

Definition 1. A function f : R — R is said to be 3-smooth (also referred to as [3-gradient Lipschitz)
if, 3 8 > 0 such that,

IVI() = VI < Bllx =yl vxyeR” ®)
Definition 2. A function f : R — R is said to be p-Hessian Lipschitz if, 3 p > 0 such that,
IHx) —HO)| <plx—yl, ¥x,yeR™ (©)
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Informally, a function is said to be gradient/Hessian Lipschitz, if the rate of change of the gradi-
ent/Hessian with respect to its input is bounded by a constant, i.e., the gradient/Hessian will not
change rapidly. We now proceed to define approximate first and second-order stationary points of a
given function f.

Definition 3. For a function f : R — R that is differentiable, we say x € R® is a v- first-order
stationary point (v-FOSP), if for a small positive value of v, ||V f(x)]| < v.
Before we define an e-second order stationary point, we define a saddle point.
Definition 4. For a p-Hessian Lipschitz function f : R — R that is twice differentiable, we say
x € R% is a saddle point if.

VI <v and  Apin(H(x)) < =,

where v,y > 0 are arbitrary constants.

For a convex function, it is sufficient if the algorithm is shown to converge to the v-FOSP as it
would be the global minimum. However, in the case of a non-convex function, a point satisfying
the condition for a ¥-FOSP may not necessarily be a local minimum, but could be a saddle point
or a local maximum. Hence, the Hessian of the function is required to classify it as a second-order
stationary point, as defined below. Note that, in our analysis, we prove convergence of SGD-PLRS to
the approximate second-order stationary point.

Definition 5. For a p-Hessian Lipschitz function f : R — R that is twice differentiable, we say
x € R? is a v-second-order stationary point (v-SOSP) if,
VI <v and  Apin(H(x)) = =7, ©)

where v,~y > 0 are arbitrary constants.

Definition 6. A function f : R¢ — R is said to possess the strict saddle property at all x € R% ifx
fulfills any one of the following conditions: (i) ||V f(x)|| > v, (ii) Amin(H(x)) < —7, (iii) x is close
to a local minimum.

The strict saddle property ensures that an iterate stuck at a saddle point has a direction of escape.
Definition 7. A function f : RY — R is a—strongly convex if Apin (H(x)) > o Vx € R4

We now provide the formal definitions of two common terms in time complexity.

Definition 8. A function f(s) is said to be O(g(s)) if 3 a constant ¢ > 0 such that | f(s)| < c|g(s)|.
Here s € S which is the domain of the functions f and g.

Definition 9. A function f(s) is said to be Q(g(s)) if 3 a constant ¢ > 0 such that | f(s)| > c|g(s)].

In our analysis, we introduce the notations O() and Q() which hide all factors (including 5, p, d,
and «) except 1¢, Lin and Ly,q, in O and € respectively.

4 Proof of convergence

We present our convergence proofs to theoretically show that the proposed PLRS method converges
to a v-SOSP in finite time. We first state the assumptions that are instrumental for our proofs.

Assumptions 1. We now state the assumptions regarding the function f : R — R that we require
for proving the theorems.

Al The function f is B-smooth.
A2 The function f is p-Hessian Lipschitz.

A3 The norm of the stochastic gradient noise is bounded i.e, |g(x:) — Vf(x)|| < Q Vt > 0.

Further, E[Q?] < o2
A4 The function f has strict saddle property.
A5 The function f is bounded i.e., | f(x)| < B, Vx € R4
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A6 The function f is locally a—strongly convex i.e, in the §-neighborhood of a locally optimal
point xX* for some 6 > 0.

Remark 2. If V[ (%¢) and g(X;) are the gradient and stochastic gradient of the second order Taylor
9(%:) — V()| <

approximation of f about the iterate X4, from AssumptiOn it is implied that
Q. Further, E[Q?] < 52.

Note that these assumptions are similar to those in the perturbed gradient literature [9} [15 [16]. We
call attention to two significant differences in our approach compared to other perturbed gradient
methods such as [15,19,116]): (i) In contrast to the isotropic additive perturbation commonly added to
the SGD update, we introduce randomness in our learning rate, manifested as multiplicative noise
in the update. This makes the characterization of the total noise dependent on the gradient, making
the analysis challenging. (ii) The magnitude of noise injected is computed through the smoothness
constants in the work by Jin et al. [[15] [16]; instead, we treat the parameters L,,;, and L;,,, as
hyperparameters to be tuned. This enables our PLRS method to be easily applied to training deep
neural networks where the computation of these smoothness constants could be infeasible due to
sheer computational complexity.

We reiterate the update equations of the proposed SGD-PLRS.
Xer1 = Xt — NV f(Xt) — Wy (&3]
Wi = 0eg(Xt) — 1V f(Xt) + upr19(x¢)- @
Note that the term w, has zero mean and we state this formally in the lemma below.
Lemma 1 (Zero mean property). The mean of wy_1 Vt > 1is Q.

Proof.
Elwi—1] = Eneg(xi—1) = 1V f(xe-1)] + E [urg(x1-1)] @®)
=0 vt > 1.
This follows as E[u,]| = Lmintlme=21e — (0 and E [g(x;_1)] = V f (x4-1).- O

For a function satisfying the Assumptions[ATH{A6] there are three possibilities for the iterate x; with
respect to the function’s gradient and Hessian, namely, B1: Gradient is large; B2: Gradient is small
and iterate is around a saddle point; B3: Gradient is small and iterate is around a v-SOSP.

We now present three theorems corresponding to each of these cases. Our first result pertains to the
case[BI] where the gradient of the iterate is large.

Theorem 1. Under the assumptionsand With Lypgy < %, for any point x; with |V f(x.)|| >

\/31:B02 where \/3n.802 < ¢, after one iteration, we have
E[f(xt-i-l)] - f(xt) < _Q(Lfnaw)

This theorem suggests that, for any iterate x, for which the gradient is large, the expected functional
value of the subsequent iterate f(x;1) decreases, and the corresponding decrease E[f(x;41)] — f(x¢)

is in the order of Q(L2 ). The formal proof for this theorem can be found in Appendix

max
The next theorem corresponds to the case [B2| where the gradient is small and the Hessian is negative.

Theorem 2. Consider f satisfying Assumptions - Let {x;} be the SGD iterates of the function
f using PLRS. Let ||V f (x0)|| < v/3n.002 < € and Apin(H(x0)) < —v where €,y > 0. Then, there
existsaT = O (L;@}/f) such that with probability at least 1 — 10) (Lf,{il),

B[ (er) — f(xo)] <~ (LYA, ) -
The formal proof of this theorem is provided in Appendix [C] The sketch of the proof is given below.

Proof Sketch This theorem shows that the iterates obtained using PLRS escape from a saddle point
Xo (where the gradient is small, and the Hessian has atleast one negative eigenvalue), i.e, it shows
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the decrease in the expected value of the function f after T = 0) (L;ﬁﬁ) iterations. Note that for a
p—Hessian smooth function,

Fxr) < Fx0) + V£ (50)" (xr = %0) + 5 (xr — %) H(xo) (3 — %0) + & 3z = 30" ©)

To evaluate E[f(x1) — f(Xo)] from (9), we require an analytical expression for X7 — X, which is
not tractable. Hence, we employ the second-order Taylor approximation of the function f, which
we denote as f. We then apply SGD-PLRS on f to obtain Xp. Following this, we write X — Xg =
(xp — X7) + (X7 — Xo) and derive expressions for upper bounds on X7 — Xo and X7 — X7 which
hold with high probability in Lemmas 2] and [3] respectively (given in Appendix [B.T|and[B.2).

We split the quadratic term in (9) into two parts corresponding to Xp — X and X — X. We further
decompose the term, say ) = (X7 — Xo) H(Xo) (X7 — Xo) into its eigenvalue components along each
dimension with corresponding eigenvalues Aq, ..., Ay of H(Xo). Our main result in this theorem
proves that the term ) dominates over all the other terms of (9), and that it is bounded by a negative
value, thereby, proving E[f (x7)] < f(xo). This main result uses a two-pronged proof. Firstly, we use
our assumption that the initial iterate X is at a saddle point and hence at least one of \;, 1<1:¢<d
is negative. We formally show that the eigenvector corresponding to this eigenvalue points to the
direction of escape. Secondly, we use the second order statistics of our noise, to show that the
magnitude of ) is large enough to dominate over the other terms of (9). Note that our noise term
involves the stochasticity in the gradient and the probabilistic learning rate. Hence, we have shown
that the negative eigenvalue of the Hessian at a saddle point and the unique characterization of the
noise is sufficient to force a descent along the negative curvature safely out of the region of the saddle
point within 7 iterations. n

As each SGD-PLRS update is noisy, we need to ensure that once we escape a saddle point and
move towards a local minimum (case[B3), we do not overshoot the minimum but rather, stay in the
d—neighborhood of an SOSP, with high probability. We formalize this in Theorem 3]

Theorem 3. Consider f satisfying the assumptions[AIJA6] Let the initial iterate xo be ¢ close to a
local minimum x* such that ||xg — x*|| < O(V/Lmas) < 6. With probability at least 1 — &, ¥Vt < T

where T = O (L21 log %)

max

~ 1
—-x*| <0 Lmuwl é
e =1 < 0 (B tor ) <

This theorem deals with the case that the initial iterate X is d-close to a local minimum x* (case [B3).
We prove that the subsequent iterates are also in the same neighbourhood, i.e., ¢ close to the local
minimum, with high probability. In other words, we prove that the sequence {||x; — x*||} is bounded
by ¢ for ¢t < T In the neighbourhood of the local minimum, gradients are small and subsequently,
the change in iterates, X; — X;_; are minute. Therefore, the iterates stay near the local minimum
with high probability. It is worth noting that the nature of the noise, which is comprised of stochastic
gradients (whose stochasticity is bounded by @) multiplied with a bounded uniform random variable
(owing to PLRS), aids in proving our result. We provide the formal proof in Appendix

S Empirical evaluation

We provide results on CIFAR-10, CIFAR-100 [18] and Tiny ImageNet [20] and compare with: (i)
cosine annealing with warm restarts [21], (ii) one-cycle scheduler [25]], (iii) knee scheduler [14], (iv)
constant learning rate and (v) multi-step decay scheduler. We run experiments for 500 epochs for the
CIFAR datasets and for 100 epochs for the Tiny ImageNet dataset using the SGD optimizer for all
schedulersﬂ We also set all other regularization parameters, such as weight decay and dampening, to
zero. We use a batch size of 64 for DenseNet-40-12, 50 for ResNet-50, and 128 for the others. We
conduct all our experiments in a single NVIDIA GeForce RTX 2080 GPU card.

To determine the parameters L,,,;, and L,,,, for PLRS, we perform a range test, where we observe
the training loss for a range of learning rates as is done in state-of-the-art LR schedulers such as

2We provide results without momentum to be consistent with our theoretical framework. When we used the
SGD optimizer with momentum for PLRS, we obtain results better than those reported without momentum.
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Architecture  Scheduler  Max acc. Mean acc. (S.D)

VGG-16 Cosine 96.87 96.09 (0.78)
VGG-16 Knee 96.87 96.35 (0.45)
VGG-16 One-cycle 90.62 89.06 (1.56)
VGG-16 Constant 96.09 96.06 (0.05)
VGG-16 Multi-step 92.97 92.45 (0.90)
VGG-16  PLRS (ours)  97.66 96.09 (1.56)
WRN-28-10 Cosine 92.03 91.90 (0.13)
WRN-28-10 Knee 92.04 91.64 (0.63)
WRN-28-10  One-cycle 87.76 87.37 (0.35)
WRN-28-10  Constant 92.04 92.00 (0.08)
WRN-28-10  Multi-step 88.94 88.80 (0.21)
WRN-28-10  PLRS (ours)  92.02 91.43 (0.54)

Table 1: Maximum and mean (with standard deviation) test accuracies over 3 runs for CIFAR-10.

one-cycle [25] and knee schedulers [[14]. As the learning rate is gradually increased, we first observe
a steady decrease in the training loss, then followed by a drastic increase. We note the learning rate at
which there is an increase of training loss, say L and choose the maximum learning rate L, to be
just below L, where the loss is still decreasing. We then tune L,,,;,, such that 0 < L5, < Lypgz- We
choose the parameters for the baseline schedulers as suggested in the original papers (further details
of parameters are provided in Appendix [F).

While there are ample works which prove the convergence of SGD with additive noise as in [9]],
they cannot be ported into practice for deep neural networks. They require smoothness constants
[33L116} [2] or functional bounds on the norms of the function derivatives [28]] to be computed for the
additive noise injection, which can not be obtained for the loss functions of neural networks or can
only be approximated locally [[19]. Further, the empirical convergence properties of noisy SGD are
not demonstrated through examples in the majority of these analytical works which makes it hard
to compare their convergence with PLRS. However, we compare our proposed PLRS against the
noisy SGD mechanism proposed by Ge et al. [9] providing convergence results on the online tensor
decomposition problem using the code provided by the authors in Appendix [G]

5.1 Results for CIFAR-10

We consider VGG-16 [23]] and WRN-28-10 [29]] and use L,,,;,, = 0.07 and L,,,,, = 0.1 for both the
networks. We record the maximum and mean test accuracies across different LR schedulers in Table
The highest accuracy across schedulers is recorded in bold. For the VGG-16 network, we rank
the highest in terms of maximum test accuracy. In terms of the mean test accuracy over 3 runs, the
knee scheduler outperforms the rest. Note that the second highest mean test accuracy is achieved
by both PLRS and the cosine annealing schedulers. Unsurprisingly, the constant scheduler has the
lowest standard deviation. In the WRN-28-10 network, note that the maximum test accuracies for the
cosine, knee, constant and the PLRS schedulers are very similar (difference in the order of 1072).
Their similar performance is also reflected in the mean test accuracies although the constant learning
rate edges out the other schedulers marginally. To study the convergence of the schedulers we also
plot the training loss across epochs in Figure[I] We observe that our proposed PLRS achieves one of
the fastest rates of convergence in terms of the training loss compared across all the schedulers for
both networks. Note that the cosine annealing scheduler records several spikes across the training.

5.2 Results for CIFAR-100

We consider networks ResNet-110 [10] and DenseNet-40-12 [[13], and use L,,;, = 0.07 and
L.y = 0.1 for the former, and L,,;, = 0.1 and L,,,, = 0.2 for the latter. The maximum and the
mean test accuracies (with standard deviation) across 3 runs are provided in Table 2| For ResNet-110,
PLRS performs best in terms of the maximum and the mean test accuracies. This is closely followed
by the other state-of-the-art LR schedulers such as knee and cosine schedulers. For the DenseNet-40-
12 network, PLRS comes to a close second to the multi-step LR scheduler in terms of the maximum
and mean test accuracies. However, it is important to note that the multi-step scheduler records the
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Figure 1: Training loss vs epochs for VGG-16 and WRN-28-10 for CIFAR-10.

Architecture Scheduler Max acc. Mean acc.(S.D)
ResNet-110 Cosine 74.22 72.66 (1.56)
ResNet-110 Knee 75.78 72.39 (2.96)
ResNet-110 One-cycle 71.09 70.05 (1.19)
ResNet-110 Constant 69.53 66.67 (2.51)

ResNet-110 Multi-step 63.28 61.20 (2.39)

ResNet-110 PLRS (ours) 77.34 74.61 (2.95)
DenseNet-40-12 Cosine 82.81 80.47 (2.07)
DenseNet-40-12 Knee 82.81 80.73 (2.39)
DenseNet-40-12 One-cycle 73.44 72.39 (0.90)
DenseNet-40-12 Constant 82.81 80.73 (2.39)
DenseNet-40-12 ~ Multi-step 87.50 84.89 (2.39)
DenseNet-40-12  PLRS (ours) 84.37 83.33 (0.90)

Table 2: Maximum and mean (with standard deviation) test accuracies over 3 runs for CIFAR-100.

least test accuracy with the ResNet-110 network. Hence, its performance is not consistent across the
networks, while PLRS is consistently one of the best performing schedulers.

We plot the training loss in Figure[2] For ResNet-110, both PLRS and knee LR scheduler converge to
a low training loss around 150 epochs. While cosine annealing LR scheduler also seems to converge
fast, it experiences sharp spikes along the curve during the restarts. For DenseNet-40-12, PLRS
converges faster to a lower training loss compared to the other schedulers.

5.3 Results for Tiny ImageNet

We consider the Resnet-50 [10] architecture and use L., = 0.35 and L,,., = 0.4. We present
the maximum and mean test accuracies in Table[3] We provide the plot of training loss in Figure 3]
PLRS performs the best in terms of maximum test accuracy. In terms of mean test accuracy, it ranks
second next to cosine annealing by a close margin. It can be observed that PLRS achieves the fastest
convergence to the lowest training loss compared to others. Moreover, it exhibits stable convergence,
especially when compared cosine annealing, which experiences multiple spikes due to warm restarts.

5.4 Limitations and broader impact

In line with all other works which focus on convergence proofs, our work too applies only to a
restricted class of functions that meet the assumptions in Sectiond] In contrast, our experiments are
conducted on deep neural networks, which may not strictly satisfy these assumptions. While this is
a limitation of our work, we note that many papers focused on theoretical convergence of SGD do
not include empirical results, and many practice-oriented papers proposing new LR schedulers do
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One-cycle 52.24 51.99 (0.22) g 2
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Epochs

Table 3: Maximum and mean (with standard Figure 3: Training loss vs epochs for ResNet-50
deviation) test accuracies over 3 runs for Tiny with Tiny ImageNet.
ImageNet.

not include convergence proofs. Another limitation is that our experiments are limited to benchmark
image datasets, even though our proposed scheduler is general and can be applied to other domains.

Our work contributes to the relatively underexplored theoretical understanding of LR schedulers, an
area where most prior research has focused on empirical or application-driven results. As discussed
earlier, commonly used periodic schedulers, such as triangular or cosine annealing, can be viewed
as special cases of our proposed PLRS. This generalization opens new avenues for theoretical
investigation, including the analysis of convergence properties across a broader class of schedulers. In
practice, PLRS demonstrates improved stability and enables faster convergence, reducing the number
of training epochs required. This efficiency translates to lower GPU usage and energy consumption,
supporting more sustainable and resource-conscious Al development.

6 Concluding remarks

We have proposed the novel idea of a probabilistic LR scheduler. The probabilistic nature of the
scheduler helped us provide the first theoretical convergence proofs for SGD using LR schedulers.
In our opinion, this is a significant step in the right direction to bridge the gap between theory and
practice in the LR scheduler domain. Our empirical results show that our proposed LR scheduler
performs competitively with the state-of-the-art cyclic schedulers, if not better, on CIFAR-10, CIFAR-
100, and Tiny ImageNet datasets for a wide variety of popular deep architectures. This leads us
to hypothesize that the proposed probabilistic LR scheduler acts as a super-class of LR schedulers
encompassing both probabilistic and deterministic schedulers. Future research directions include
further exploration of this hypothesis.
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Appendix

A Proof of Theorem /1]

Theorem 4 (Theoremrestated). Under the assumptionsand With Ly a. < % for any point
x¢ with |V f(x,)|| > /31602 where \/3n.802 < € (satisfying |BI)), after one iteration we have,
E[f (xe1)] = f(x0) < —UL7ga)-

Proof. Using the second order Taylor series approximation for f(x;41) around x;, where x;41 =
xt — 1.V f(x¢) — wy, we have

Flxeen) = Fox) < V6T Gear = x0) + 5 s =l

following the result from [22, Lemma 1.2.3]. Taking expectation w.r.t. wy,
E[f(x¢41)] — f(x¢) < VF(x0) Elxe1 — %] + gE[HXt-H - x|
= Vf(x)"E[-n.V f(x1) — wi] + gE[II*chf(Xt) —wi?] (10)

B
= —ne | V£ (xe)[I” + SEe IV F (o)1 + Ilwel 1),
since E[w;] = 0 due to the zero mean property in Lemma We focus on the last term in the next
steps. Expanding ||w.||?,
[will* = (neg(<) = neV £ (x0) + wr19(x0)) " (neg(x0) = neV f(x0) + wi19(x1))
=12 lg(xe)|* = n2g(ee) "V £ (2) + mertea lg(xo)I* = n2V f (xe) g (¢e) + 112 |V £ (e ®
— newrs1 V)" g(x0) + newrsr l9e)|” = mewterag(x) "V F(x0) + uiyy 9|
Taking expectation with respect to x; and noting that E[us41] = 0 and E[g(x¢)] = V f (xt)ﬂ
E(l[wil|*) = nZElllgGea)II”] = n2 IV f o) I* + Eluz ] Ellg(xo) %) (11)
Now, as per assumption [A3]
lg(x) = V£ (x0) [ < @Q°
lgGee)I* + V£ (xe) |* = 29(x0) "V f(x) < Q
lgGea)lI* < Q% — IV f (e |* + 29(xe) "V f ()
Ellg(xe)|*] < E[Q? — [V Ge)I* + 2V () |* < 0® + [V ()17, (12)
as E[Q?] < o®. Applying (T2) to (),
E(l[wel*] < n20® + 2 IV £ (x)|* = 2 IV £ (x)|* + Eluz s a]o® + Elugy ] [V £ (x0) |

2
= 77302 + E[U%-H}GQ + ]E[ut2+1] IV f ()l (13)
2
9 9 (Lmar — Lmin)202 (me.x - Lmin)2 HVf(Xo)H
=0+ 12 + 12 ’

3Note that there are two random variables in w; which are the stochastic gradient g(x;) and the uniformly
distributed LR w41 due to our proposed LR scheduler. Hence, the expectation is with respect to both these
variables. Also note that u;41 and g(xt) are independent of each other.
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since the second moment of a uniformly distributed random variable in the interval [Ly,in—7c, Limaz—
; 2 . . .
7] is given by 7@’"““;;"”") . Using (13) in (T0) and 5, = Lmintlmes

57730-2 + 6<Lmax - Lm,in)QO—2
2 24

E[f (xe1)] = f(xe) < =ne [IVF (x| + gnf IV £ (o)1 +

+ ﬂ(Lmaz - Lmzn)2 ||Vf(Xt)H2
24

< —ne VSN + S IV 7P +

— 195l (e — ) 22

Now, applying our initial assumption that ||V f(x:)|| > /371,802, we have,

2 2 2 20.2 6 2 30.2 2 20.2

Bnio? N Bnio? N B2 ||V f(xo)|?

2 6 6

E[f(x¢41)] — f(x¢) < =3ncB07 (ﬁc -
. 1 j— Lm,in"'Lrnam 1
Since Lipgr < 3 and 7). = =mingEmar we have 1.3 < L3 < 1. Finally,

2 2 2 2 2 2
E[f(xes1)] — f(xe) < —3i280% + P | 2Bne0” _ _ fleo

3 3 3
= _Q(ng)v

which proves the theorem. O

B Additional results needed to prove Theorem 2|

Here, we state and prove two lemmas that are instrumental in the proof of Theorem 2}

B.1 Proof of Lemmalf2]

In the following Lemma, we prove that the gradients of a second order approximation of f are
probabilistically bounded for all £ < 7' and its iterates as we apply SGD-PLRS are also bounded
when the initial iterate X is a saddle point.

Lemma 2. Let f satisfy Assumptions - Let f be the second order Taylor approximation
of [ and let X, be the iterate at time step t obtained using the SGD update equation as in
on f; let g = xo, ||Vf(x0)|| < € and the minimum eigenvalue of the Hessian of f at xq be

Amin (H(x0)) = —v, where v, > 0. With probability at least 1 — O(L}iﬁ) we have

~( 1 ~ 1 -
< S X — < 3/8 <T— —1/4)
<0 (Lo.s ) . |l —xo| <O (me log (Lma)) vt < T =0 (L)

max

Vi)

Proof. As f is the second order Taylor series approximation of f, we have
- - 1. ~
f(X) = f(x0) + Vf(x0)" (X — xo) + §(x —x0) T H(x0)(X — Xp)-

Taking derivative w.r.t. X, we have V f(X) = V f(xo) + H(x0)(X — Xo). Now, note that V f(%,_1) =
Vf(x0) + H(Xo)(Xt—1 — Xo) = K(Xo) + H(x)X;—1, where K(xo) = Vf(x0) — H(x0)xo =
Vf(X¢—1) — H(x0)X;—1. Therefore,

Vi) = K(xo) + H(xo)% = VF(X;_1) — H(x0)%_1 + H(x0)%;

- L (14)
= Vf(Xt71) + H(Xo)(Xt — Xt71)~
Next, using the SGD-PLRS update and rearranging,
Vi&) = VF(&em1) = H(xo) eV f (Re1) + Wo—1) as)

= (I — 1H(x0))V f(%—1) — H(X0) W1,

13
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469
470

where I denotes the d x d identity matrix. Next, unrolling the term V f (X;—1) recursively,

t—1

Vf(f(t) =(I—- UCH(XO))tVf(f(O) — H(xo) Z([ _ nCH(XO))t_T_le. (16)
7=0
Using the triangle and Cauchy-Schwartz inequalities,
t—1
|97 < (7 = neteo)) 9 FRo) |+ FGx0) 3007 — meH(x0)) T e
TZO t—1 (I7)
< 2 = nettteo) | [V Go) |+ Bl 327 — nebixa))
7=0

Note that the norm over the matrices refers to the matrix-induced norm. Since H(x() is a real
symmetric matrix, the induced norm gives the maximum eigenvalue of H(X¢) i.e, Apaz (H(x0)) <
£ by our S-smoothness assumption In the case of (I — n.H(xp)) the induced norm gives
(1 = neAmin(H(X0)) which is (1 4+ 1.7,) as per our assumption that A, (H(x0)) = —7,. Also

recall that HVf(iO)H < €. Now becomes,

t—1
> (1 = neH(x0)) "W,
7=0
t—1
< (L4 mev0) e+ 8 (1+me70) "7 W
=0

< (1 +n7) e+ ,

|vi)

(18)

Now, expanding the noise term W,

Neg(Xr) — ncv]?(iT) + ur419(X7)

va(it)H = (1+nc70) e+ §(1 +neye)t ‘
=0

Now recall from our assumptionthat H §(X.) — Vf(x,)|| < Q. Hence,

|vic| <a et B Y14 nere) (90 + el |3(5r) = VI (%) + V (:)
=0

)

Using HVf(f(O)H < eand HVf(il)H < (1 4+ ne0)€ + € + 2Q, it can be proved by induction that
the general expression for ¢ > 2 is given by,

t—1

< (A4 nevo) e+ B (1+ney,) " (an + |ur g (Q + HVf(ir)
=0

t(t—1)

Vit <100 3 (4 n) (19
=0

We give the proof of by induction in Appendix [E] Next, we prove the bound on X; — X,. Using
the SGD-PLRS update,

t—1
R - %o =Y (V%) + W)
=0
t—1 _ T—1 ,
==> | me [ (I =nH(x0))"Vf(Xo) — H(x0) Y (I = ncH(x0))""7 "W, | +W, | (20a)
T=0 7'=0
t—1 t—1
= - Z 770(] - ncH(XO))va(XO) - Z(I - ncH(XO))t_T_lea (ZOb)
=0 =0

14



471 where the equation (20a) is obtained by using (T6). We obtain (Z0b) by using the summation of
472 geometric series as H(xg) is invertible by the strict saddle property. As Xg = X(, we can write

a3 Vf(X) = V.f(Xo). Taking norm,

-1 t—1
1% = %ol < || mell = neH(x0))™V f(%0) || + | D (1 = neH(xo))" "W,
=0 7=0
t—1 —1
< el = ncH(x0)) Vo) + > ||(1 = neH(xo)) "™, || - (@1)
7=0 =0
t—1 t—1
< D (14 7%) T+ 3 (L 7e70) T W
7=0 7=0

474 In (2), it can be seen that the first term is arbitrarily small by the initial assumption and that the
475 second term decides the order of ||X; — X||. Hence, in order to bound ||x; — X || probabilistically, it

476 is sufficient to bound the second term, Zt;:lo( 1+ 1:%) 71 ||w.||. Now,

t—1 t—1
Z(l + 77c’Yo)t_T_1 W]l = Z(l + UC’YO)t_T_l ‘ Ned(Xr) =1V f(Xr) + urp1G(Xr) ‘
7=0 7=0

t—1
=3 (14137 (0@ + ursa | ||(%) = V(%) + V(%)
=0

)

t—1
= > (U 170) TR e+ fursa ) + D (1 1%) T | | VI (Re)
=0 7=0

477 Now, using HVf(iO)H <e, Vf(fq)H < (1 + 1o )€ + € + 2Q and (T9) we write,

t—1 t—1
D 0 Hn30) T WA <D (A 1e%0) T Q (e + s |) + (14 nevo) ' fua] e+

7=0 =0

T(r—1
t—1 e

2 ’
(1+ 77c'}’o)t72 |us| ((1 + NeYo)e + €+ QQ) + Z(l + nCVO)tiTil |urq1]10Q Z (1+1:7)"
T=2 7'=0
(22)
478 It can be observed from (22) that the last term dominates the expression of and hence, it deter-
479 mines the order of ||X; — Xo||. We now apply Hoeffding’s inequality to derive a probabilistic bound
s80 on ||X; —Xg||. According to Hoeffding’s inequality for any summation S,, = X; + --- + X,

as1 such that a; < X; < b;, P(S, —E[S,] >9d) < exp (%) Now, setting T =

482 @( fn}léf) from @I) and assuming 7. < Nmezr < \/ifl,% < 7/, the squared bound of
r(r—1)

w3 the summation S-_1 (1 + 77,)' 7! uy 1] 10Q > L+ ncfyo)fl <0 (Lf,{;lx), Setting

s 6=0 ( L33 log (Ll)), for some t < T,

T(r—1)

t—1 p)
—T— 2 T/ ~ 1
P30 ) 100 Y ()™ > 0 (2w (1))
T=2 7' =0
< O(Lpaz)

485 Taking the union bound over all ¢ < T,
T(Tt—1)

t—1 p) , ~
PIVEST, > (1+4n0%) 7 urga[10Q D> (14ne%)" =0 (Li{fm log (

T=2 7' =0

485 which completes our proof. O
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B.2 Proof of Lemma[3l

This lemma is used to derive an expression for a high probability upper bound of ||x; — X;|| and
|Vrex) = Vi)

Lemma 3. Let f : RY — R satisfy Assumptions - Let f be the second order Taylor’s
approximation of f and let x4, X; be the iterates at time step t obtained using the SGD-PLRS update

on f, f respectively; let o = xq and ||V f (xo)|| < €. Let the minimum eigenvalue of the Hessian at
x0 be Mnin(V2(f(x0))) = =70, where v, > 0. Then ¥Vt < T = O (L;}/f), with a probability of

at least 1 — O(L;ﬁz)

e =%l <O (L3fL)  and | ViGr) - Vi)

<O (Lf’,{fr log 1) .

Lmax

Proof. The expression for x; — X; can be written as,

X — Xy = (Xt —Xo) - (it —XO)

t—1 t—1 -1
—— Z NV f(xr) 4+ w,) — (— Z (neV f(%r) + WT)> =_ Z (MeAr + (Wy — W,)) .
=0

7=0 7=0
_ (23)
where we define A; = V f(x;) — V f(X;). Now in order to bound ||x; — X;||, we derive expressions

for both w, — w.- and A,. We initially focus on the term w,. — w...

Wy — W, = ncg(xr) =NV fr +urp19(Xr) — (ncg(ir) - ncvf(i‘r) + UT—}-lg(ir))

_ (24
= (1 +10) (%) = VI(x2) = (§(%) = VIRe) ) + 1A
Taking norm on both sides,
[Wr =Wl < fuir 1+ el (Q+ Q) + ural 1A (25)

Using (24) and (23)) in (23), and assumption [AJ]that stochastic noise is bounded, and applying norm,

‘ t—1

t—1
< Z [meAr + (Wr — Wo)|
=0

[xe — Xel| = ||— Z (A7 + (Wr — W7))
o (26)
<30+ lural) (18- +Q+ Q)
7=0

Next, we focus on providing a bound for || A, ||. Recall that A, = V f(x;) — V f(X,). The gradient
can be written as [22],

VI(xe) = VF(Xe1) + (X — X1_1) (/01 H(xi_1 + v(x; — xt_l))dv>

1
= Vf(xe—1) + (Xt — X¢—1) (/ (H(x¢—1 + v(x¢ — X¢—1)) + H(x¢—1) — H(Xt—l))dv>
0
= Vf(x¢—1) +H(xe—1)(X¢ —X¢—1) +0;1,
where 0;_1 = (fol (H(xt,l +u(Xe —X¢—1)) — H(xt,l))dv> (x¢ —X¢—1). Let Ht/f1 =H(x;_1) —
H(xg). Using the SGD-PLRS update,

V(%) = Vf(xe-1) — (Hy_y +H(x0)) 0oV f (Xe-1) + We1) + 01

= Vf(x—1)(I — nH(xo)) — H(Xo)Wi—1 — neH, 1V f(x—1) — Hy_1we_y + 0t_1(,2 )
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504

505

506
507
508
509

510
511

512

513
514

516

517

From (T4) in the proof of Lemma[2]
V(&) = V(&) + H(xo) (Re — %i-1). (28)
Subtracting (28) from (27), we obtain A, as,

/

Ay =V f(xe—1)(I — nH(xo)) — H(Xo)We—1 — neHy _ Vf(Xe—1) — Hy_ Wiy + 60,y
— Vf(Xe—1) — H(x0) (X — X¢—1)
= (I — ncH(x0)) Ao — H(Xo) (We—1 — Wi—1) — Hy_y (nele—1 + 1V f(%e-1))
- ;_1wt—1 + 01,
(29)
We now have an expression for A;. However, the derived expression is recursive and contains A;_.

We focus on eliminating the recursive dependence and obtain a stand-alone bound for ||A| V¢ < T
Now, we bound each of the five terms (we term them 77, - - - , T5) of (29). First, let us define the

events,
_ 1 ~ 1
<6 (%) % —x <O (Lfn/sm log( ))}
Lm(l.’l’ H Lmam
1
or={r<t 1o <o ()}

It can be seen that R; C R;_1 and C; C C;_1. Note that, from Lemma@ we know the probabilistic

characterization of R;. We comment on the parameter y later in the proof. Now, we derive bounds

for each term of A, conditioned on the event R;_1 N C;_4 fortime t <T = O (L;@t/f).

R, = {vr <t, |[vic)

Ty [(I = neH(x0) A1l < [[A¢—1 ]l + [[=nH(x0) A¢—1 ||
1 - 1
< uL3/8 1 L11/8]
= ,U max Og <Lmam> + O (:U’ max Og Lmaa: (30)

- 1
=0 (pL38 log [ ——
</’[/ max Og Lmam ?

where (30) follows from the definition of event C;_;. Note that the first term in (30) governs the
order of the expression (as 0 < L4, < 1).

Ty ||H(xo0) (We—1 — We—1)|| < [[H(X0)| [|[We—1 — We—1]|

< IH0)| (furss +7cl (@ + Q) + ursa | 1A]])

- - 1 -
S O(Lmaﬂi) + O (:u’L'}riig 1Og (L )) = O(Lmaw);

where the substitution follows from (23)). To bound 73 and Ty, we first bound Ht/_l,

|| = 12 = B o)l < p %1 = ol G3la)
< p(IIxe—1 = Xe—1]| + [IXe—1 — Xol|)
t—1
- - 1
<p <Z(m +fursal) (1A + @ + Q)) +pO (Lf,{fx log L) (31b)
T:O max
=O<1 >O~</¢L11/810g1 )—l—é(l )O(L )+0<L3/8 logi1 )
Lwlr{éx e Lmaw L},{éx mase Lmaw
(€319)
~ ~ 1 ~ 1
< O(Lyl4) + O (Li’;{ﬁz log ) <0 (Li{SZ log ) : (31d)

where (3Ta) follows from the assumption [A2] while (3TB) follows from ([26). We use the bounds

defined for events R;_1 N C;_1 in (31b) and (31c). Now, using the bound for HH);_1 , T can be

17



518 bounded as follows.

Ts: HHme(Atfl + Vf(itfl))H < Ne

H;71At71H + 7

H, (Vi)

~ 1 1
< O(Lmaw)o (Li’r{gm lOg L) MLfn/Sx lOg Li

max max

+ O(Lmax)o (Lf’,{sx log

O(Lfn/,fmlog ! >

Lmaa:

=)o)
LTVL(I“’L' Lmaa:

st9  where we use the bounds in the event R,y N Cy_1 and (31d).

To: || Hgwes | < | Il = [ B Ineg(-1) = 0oV xems + ueg (o) |
< [ e + e @ + el 19 £ (322)

= (e + [ue)Q|H_s | + e ||V i )|

~ ~ 1 ~ 1
=0 (Lu/8 log ) +0 (uL},%i log? ) +0 (LZ,{SI log )
Loz Linaz

[ Hoa | 1A +

max maz
(32b)
=0 (L8 log L
max Lmam ?
s20 where we use assumption[AJ]in (32a)) and the bounds of R;—1 N C;_; and (31d) in (32D).
1
e (0l = | ([ 0o+ ot = xee)) = HOx-) o) 5= w000
0
1
S (/ 1% ||Xt—1 + 'U(Xt — Xt—l) — Xt—l” d’l]> ||Xt — Xt—l” (333)
0

IN

5 e =i |* < Sl =neV F(xim1) = wea |

< g 1=neV f(xe-1) = Meg(xe-1) + 0V f (Xe—1) — ueg(xe—1) ||

2
< Pl (g 9 pl? + 20 19 ) )

2 N 2 -
=2l (@2 4 a4 WG| + 218l [V

+2QHAF4H+2QHVf@“JwD

max max

~ ~ 1 ~ ~ 1
= O(L?nam) + 0 (:uszlnlé;l 1Og2 ) + O(Lmaw) =+ O (N’Liri{f log L)

~ 1
+0 (nritftion ; 02,

>+O@W>=O@mm. (33b)

s21 Here, we use assumption[A3]and the bounds of the event B;_; N C;_; in (33B). Note that we have
522 derived bounds so far conditioned on the event R;_; N Cy_;. We now include this conditioning
523 explicitly in our notations going forward.

524 To characterize ||A; H2, we construct a supermartingale process; and to do so, we focus on finding
s25 E[||A¢]|* 1g, ,nc,_,] using the bounds derived for the terms T, - - - , T5. Later, we use the Azuma-

18



526 Hoeffding inequality to obtain a probabilistic bound of || A||.

~ 1 ~ 1
E{A* 15, 1nc, 1 1Si-1] < | (14 77)° [ Al + O (uL?,{sl. log L) ¢ (Lfn/fw log L)

max

+ O <NL§r{(§r log Ll) O(Lmaa:) + O(Lgnam)

max

max

~ 1 ~ ~ 1
+ O (L’Trr{gx lOg L) O(Lmal’) + O (L;{t‘zlm 10g2 L > ‘| 1Rt—1ﬁct—1

< (@ +10%)? A + O (NLZT{SI log Liﬂ) ] 1R, _inci_y
(34
527 Now, let
Gi = (1 )™ Il + 0 (il og = |. (35)

s28 Now, in order to prove the process Gilg, ,nc,_, i8S a supermartingale, we prove that
520 E[Gilg,_,nc,_,|St-1] < Gi—11R,_,nc,_,- We define a filtration S; = s{wo,...,w;_1} where
s30  s{.} denotes a sigma-algebra field.

E[thRt71mCt—1 ‘Stfl]

< (14 me70)~ ((1 ) A | + 20 (uLZ,{Sx log

)) lRt,lﬁCt,l (36a)

Lmam

~ 1
< ()™ (@ ) DA P4 2004000020 (L tor - ) ) L
(36b)

~ 1
R (S e O e R

=Gi-11g,_nc,_, < Gi—1lR, .00, s-

531 To obtain (36a), we use (34) to find E[G¢1r, ,nc, ,|Si—1]. In (B6B), we upper bound by the
s32  multiplication of a positive term (1 + 7.7, )?. Therefore, G;1gr, ,nc,_, is a supermartingale.

18P = EIA? St-1] L, iy < =2 (7 = nH(x0) Ao | [H(x0) (Wi-1 = W)
= 2/(1 = e (x0) A | | Hioywaa | + 2017 = neH(x0) A 16,1
EOs0) (et = W)l w2 B Gs0) (vt — )l [ e
+ 2 [H(x0) (Weo = We )| | Hiy (v + 0V ()|
= 2H(50) (Wio1 = W) 1B 4+ 2|y (1o +meV F ) | | Hioywe |

= 2||Hy (et + 1V F Re) | 1001l = 2 || Hy—ywoea | 18- + 18,17

- 1 ~ 1 ~ ~ 1
=0 (uzdifztop ) + 0 (WLiftio ) 4+ O(L) + O (Lo )

max max Lmam

~ 1 ~ 1
+0 ( Lifa, log® <O (nLifiylog 7—
L’maw L77L(l.’L'
533 Note that the above expression is obtained by the observation that the only random terms of A;
s34 conditioned on the filtration S;—1 = s{wo, W1,...,Ws_o} are H(xq) (Wt—1 — Wi_1), H;flwt_l

s35 and 0, (see (33a)). Hence, we cancel out the deterministic terms in ||A,||* and E ||A,||* and neglect
536 the negative terms while upper bounding.

537 The Azuma-Hoeffding inequality for martingales and supermartingales [11]] states that if
ss8 {G¢lRg,_ ,nc,_, 18 asupermartingale and |G¢1g, ,nc, , — Gi—11R, .nc,_.| < ¢ almost surely,
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539

541

542

544

545

546

547

548

549

550

552
553

554

then for all positive integers ¢ and positive reals ¢,

62
P(Gt1r, 1nc,., — Golr_nc_, > 6) <exp <—tl> .
2 ZT 0 672'
The bound of |G11g, ,nc,_, — Gt—11R,_,nc,_,| can be obtained using the definition of the process
Gy in (33). Recollecting our assumption that 7. < Npar < \/371,% < ~', we see that (1+

Nev0) "2t < O(1). Therefore,
Geln, s = EIG R, sy ISi-all = (L nev0) ™ 1A = BIIA? S| 1ranen s

- 1
<0 (uL%fm log + >

We denote the bound obtained for |G¢1g, ,nc,_, — E[Gtlgr,_,nc,_,|St—1]| as ¢t—1. Now, let
0= \/Zi 10 c2log L in the Azuma-Hoeffding inequality. Now, forany t < T = O (L;L%L),
~ ~ /4
0= \/O <7L}}31> @) ( m/a:r ) log L =0 (,LLLmaz 1Og2 7Liaw) .
~ 3/4 2 1 = 2 1
P|Gilr, nc,_, — Go.1 > O | uLy),, log T <exp|—Q|(log 7
< O(Lpas)

After taking union bound V¢ < T,

=

- 1 -
P (w <T, Glg, rc, , —Go >0 (uLf,{; log? L)) < O(LI/4),

We represent the hidden constants in O (uL%ﬁm 2 Lnfm) by ¢ and choose p such that p < ¢.

Then, the following equation holds true.

max

1 ~
P (Gl e, — Go 2 P Lifhtogt ) < O,

Hence we can write,

1
P (RieanConn {lIad = priftos 1) < 0w, @)
We need the probability of the event Ct, V¢ < T in order to prove the lemma. From Lemmal[2] we get

the probability of the event R; as O(L},%i). Then,

1 1
P (Ctl N {||At|| > uLylq, log }) =P (Rtl NCi1N { Al > pLy, log })
L7na$ Lmaaf

_ 1
P <Rt_1 NCi1 N { |A|| > pL3/8, logL})

< O(LB/MY 1 P(Ry_y) < O(LX/4),

_(38)
where the first term of (38) follows from (37). The second term of (38) can be bounded by P(R;_1)
which is known by Lemma[2] Finally,

_ 1
P(Cy) =P (Ct—l N {”AtH > NL?n/Sx log I

max

}) +P(Cio1) < O(L34) + P(Cioa).
The probability P(C;_1) can be found as,

P(Crer) =P (Cian {18imal 2 urft o 1 }) + B

—p(Croan {18l >t tor ) oo

1
2 (con Al > urdft os 1) + B(Co)
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557

558
559
560

561

563

564

565
566

567

568
569

570

571
572
573
574

576
577

AsT =0 (L;l}/f), P(Cr) <O (Lzy{ip> From (26),

WFWN§§:%+WW1OMN+Q+Q)
=0

1 ~
<0 < 1/4 ) ( Linaz)uLyla, logm +O(Lmax)>
— 0 (L2 tog ) + O(L3/L) < O(LY)
This completes our proof. O

C Proof of Theorem

Theorem 5. ( Theorem restated) Consider f satisfying Assumptions - Let f be the second
order Taylor approximation of f; let {x;} and {¥;} be the corresponding SGD iterates using PLRS,
with Xg = xo. Let xq correspond to ] (x0)|| < e and Apin(H(xg)) < —v where €,y > 0.

Then, there existsaT = O ( ma/f) such that with probability at least 1 — O (LG/fr)

B[f(xr) — flxo)] < = (L2/2, )

Proof. In this proof, we consider the case when the initial iterate X is at a saddle point (corresponding
to[B2). This theorem shows that the SGD-PLRS algorithm escapes the saddle point in 7" steps where

T = O (L;Lz/f)
We use the Taylor series approximation in order to make the problem tractable. Similar to the
SGD-PLRS updates for the function f, the SGD update on the function f can be given as,

X = X1 — 0V (Rem1) = W1, Womt = 0eG(Kem1) — 0V F (Rem1) + wed(Re—1).
As the function f is p-Hessian, using [22] Lemma 1.2.4] and the Taylor series expansion one obtains,

F(x) < f(xo) + VF(x0)T (x — xo) + 1 5(x— x0)TH(X0) (x — Xq) + % IIx — x0||3 .Let K = X7 — X,
k = xp — X7. Note that K + kK = X7 — X¢. Then, replacing x by xr,

f(x7) — f(x0) < Vf(x0)" (X1 — x0) + 1

5 (67 —x0) "H(x0) (37— %0) + & [xr o]
= Vf(x)" (R

) g (R ) THO) R + 1) + 2 7+
<Vf(x0) i+ % TH(XO);;> + <Vf(x0)Tn + &TH(xo)k + %KTH(XO)K
+2 IR+ r]°).

Let the first term be ¢ = V f(x0)T & + 2nTH(x0)/<c and the second term be ¢ = Vf(xo) K +
RTH(xo)k + 2kTH(x0)K + 2 || & + k|?. Hence f(xr) — f(x0) < ¢ + ¢. In order to prove the
theorem, we require an upper bound on E[f(x7) — f(Xo)].

Now, we introduce two mutually exclusive events Cy and CY so that E[f(x7) — f(xo)] can be written
in terms of events C; and C; as,

E[f(x7) = f(x0)] = E

fxr) = f(xo)](E[Ler] + E[le,])
(f (x) = f(x0)) e ] + E(f

[
=E[ (xr) = f(x0))1e, ]
< E[Cle,] +E[(Lley] +E[(f(xr) = f(x0))16,]
= E[{) + E[(Lo,] + E[(f(xr) = f(x0))1c,] — E[(1e,].

Let K; = E[(], K2 = E[¢1¢,] and K3 = E[(f(xr) — f(x0))1a,] — IE[C~1@T]. In the remainder of
the proof, we focus on deriving the bounds for individual terms, K, K5 and K3, and then finally put
them together to obtain the result of the theorem.
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s7s  C.1 Bounding K,

579 Using (20b) from the proof of Lemmain Appendix we obtain the bound for the term K; = E[(]
580  as,

I = B [ s0) i — x0) + 56— %0) HCso) i~ )

_E|Vfxo)" (— S el — e H(0))7V f(x0) — S (7 - mH(xO»T”wTﬂ
7=0 7=0
1 = T—1—-1g '
+5E ( Zﬁc I —ncH(x0))"V f(xo) — ;(I—ﬁcH(XO)) Wr) H(xo)

T-1
( S () S x0) — S mH(xO»T“m)] .
7=0

7=0

ss1  Since w, = 0, all the terms with E[w..] will go to zero. Hence we obtain,

E[(] = Vf(x0)" <—z_: (I —ncH(xo))" Vf("o))
7=0

T—1 T T-1
% ( =Y el - UCH(Xo))TVf(Xo)> H(xo) < =D nell - ﬂcH(Xo))TVf(X0)>
=0 =0

T-1 T T-1
1 T—17—1g& T—7—1g
+ §]E <— ;(I —n:H(xo)) Wr) H(xo) < - ;(I —n:H(xo)) w |-
sz Let A1,..., \g be the eigenvalues of the Hessian matrix at xo, H(xo). Now, we simplify similar to

ss3 Ge et al. [9] as,

d T-1
Z Ne(1 = nei)” |vaO| +5 Z)‘ 2775 ‘vf(XON
i=1 7=0
1 d -1
i=1 ‘r:O

ss4  Note that for the case of very small gradients (as per our initial conditions), |V;f(xo) |2 <
ss5 ||V f(x0)|| < e. Therefore, the first and second terms can be made arbitrarily small so that they do
586 not contribute to the order of the equation. Hence, we focus on the third term. We first characterize
ss7 E[|W,; |2] as follows. Since the norm of the stochastic noise is bounded as per the assumption
sss  we assume that §;(X;) — V; f(%;) < G and E[g] < 62

589

Woi = 1ei (%) — 0 Vi f(Xe) + w10 (%)
< med+ e (3(%) = Vif (&) + Vif (%))
< G(ne + uer1) + w1 Vif (%)

9 B ~ 2
al” < (Q(ﬁc +upy1) + Ut+1Vz‘f(Xt))

~ ~ ~ 2
=G (2 + 2ncuiqr +uiyy) + 2Gncu1 Vi f (X)) 4 2Gui Vi f (Xe) + iy ’Vif(xt)
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Taking expectation with respect to ¢ and the uniformly distributed random variable w;; and recalling
that E[usy1] = 0, we set expectation over linear functions of ;41 to zero.
2
~ 2 ~ ~ ~ F~ F~
Bl < %02 + 5°Elud] + 26°E[uf Vi (%) + Eluf,] |Vif (%0)|

< O(I2, )+ O(L2,.) + O(12, )0 [ —= ) O(L?,Lax)(i(l) (39)

V Lma:c max
= O(L%,.,) + O(L5 ) + O(Linaz) = O(Linaz)-

Here, we use ]E[ut 1) = (LW% O(I2,,.). From (I9) in the proof of Lemma (Appendix

E H < 1OQZ (1 + Nevo)” = =0 (\/ﬁ) ast<T =0 (L;ﬁ#). Also, note
that ¢ and u; 1 are 1ndependent of each other. As Ap,in (H(X0)) = —7o,

d T-1
1 I
PO E

d T-1 ~ d T—
1 maar:
52 (14 190 2B iy < LEmar) Z Z (1+ne70)? (402)
O(L ) T-1 T-1
== ( %o > (1+1e70)*™ + (d = 1)Amaz(H(xo)) > (1 + ncvo)%), (40b)
7=0 7=0

where we use the upper bound of E[|€v7,i|2] obtained from (39) in (@0a). We use the fact that one
of the eigenvalues of H(xq) is —7, and then upper bound the other eigenvalues by the maximum
eigenvalue A, (H(X0)) in (@0D).

Let e < Dmae < ‘/5,_1 < yl. As ZZ_Ol (1 + 71.7,)?™ is a monotonically increasing

sequence, we choose the smallest 7" that satisfies " /4 < ZT 0(1—&—776%)27 Therefore, ZT O(1+
NeYo)?™ < 1/4 - Now,

Yo

v

2

T—
2d
Z 1 + 770’70 =1+ (]- + 77CPY0)2 (1 + 7]6’70)27— <1+ 1/4 ’
7=0 7=0 Ne™ Yo
which follows from our constraints that 7. < ‘/i,’l and 7, < fy/ making (1 + 7.7)? <
’ 2 ’
(1 + %7 ) < 2. Further using 7.7, < 772/4% < %7 < d,
T—
2d 3d
27’
1/4 Z 14 7e70)™ <1+ 1/4 < 1/4_ (41)
Nle” Yo =0 TNle” Yo N Yo
Hence the order of 7" is given by T' = O (LB% d ) We hide the dependence on d when we use
maz Yo

T=0 ( mdx ) Using (&) it can be proved that,

~
Ju

d
DA Z L= oA T VE WP < ~O(La)-
i=1 7=0

N | =

C.2 Bounding K> and K3

We define the event Cp as, Cp = {Vt <T k| < 0) (L%Sx log + L ) el < O(L%iv)} From
Lemma 2] and Lemma [3] in Appendix [B.1] and [B.2] respectively, we know that with probability
P(Cr) >1-0 (L;{fx , the term ||&|| can be bounded by O (L%Sx log ) and ||k|| can be

bounded by O(Lfr{:w) Vi<T =0 (L;z}z/z‘l)
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Now, to complete the proof of Theorem 2, we need to show that the term Ky dominates both K, and
K 3. Hence, we obtain the bound for the term K5 as,

BlClcr] = B | V7(x) -+ &7 Bsohe + g H(so)w+ 5 1+ | BEC)

IN

~ 1 ~ ~ 1
0 (Lt ton ) OLHLIP(Cr) = O (L2 og ) B(Cr).

max max

Finally, we bound the term K5 as follows.

E[(f(xr) ~ f(x0))1c,] ~ ElC1e,] < O)P(Cr) < O (LI/2,) |

where the inequality arises from the boundedness of the function. Comparing the bounds of the terms
K, Ks, and K3, we find that K; dominates, which completes the proof. O

D Proof of Theorem

Theorem 6. (Theorem 3] restated) Consider f satisfying the assumptions [AIHA6] Let the initial
iterate x be J close to a local minimum x* such that |xg — x*|| < O(\/Liaz) < 6. With probability

at least 1 — £, 5t < T where T = O (% log %),

max

- 1
—x"|| < Lmax 1 0
”xt * H o © ( o8 Lmawf) <

Proof. This theorem handles the case when the iterate is close to the local minimum (case[B3). We aim
to show that the iterate does not leave the neighbourhood of the minimum for ¢ < o) (L% log %) .

max

By assumption [A6] if x, is § close to the local minimum x*, the function is locally - strongly convex.

We define event D; = {V7 < ¢, ||x; — X*|| < g4/ Limaslog Lmlwg < 0}, Let Lz < @

where r < log €. It can be seen that D;_; C D,. Conditioned on event D;, and using a—strong
convexity of f, (Vf(x;)—VFx)NT (x,—x*)1p, > a |x¢ — x*||* 1p,. As Vf(x*) = 0, it becomes,
Vf(x)T (x¢ —x*)1p, > a|x; — x*||* 1p,. We define a filtration S; = s{Wq, ..., w,_1} in order
to construct a supermartingale and use the Azuma-Hoeffding inequality where s{.} denotes a sigma-
algebra field. Now, assuming L,,,q, < %,

Ellx; = x*|* 1p, ,|Si-1] = Ellxe—1 = 0V f(xe-1) = weer = x*|*[Se-a]1p,

= E[||(x¢—1 = X*) =0V f (%e-1) = Weot[|* [Se-1]1p,

= [lxe—1 = X" = 2ne(xe—1 = x) TV (k1) + 02 [V () |* +E[|wer [ 1p, -, (422)

< Mlxemr = x7|° = 2ncar xe—1 —x"|* + 0267 %01 —x"|* + El|wea | "1, ., (42b)
We use E[w;] = 0 in @2a). We use the 3-smoothness and «—convexity assumptions of f in @2b).
Now, using Wy_1 = 7.g(x¢—1) — 7V f(X¢—1) 4 urg(x4_1), we compute E[|w,_1]|*] as,

E[[[we—1|%]

2 2 T 2 2
= B[ lg(xe-1) = V£ xe-)I + 200t (9(%1-1) = VS (xe1) ) gxe1) + i g (xe1) ]
< n20® + Blu?|Ellg(x—1)|”] < n20® + E[u](0® + |7/ (xe-1)]")
< 1z0” + Eluf]o® + E[uf]5° ||xe— —x7|”

2L?2 2L maz e 202 2L maz e
< 2 2 mar max'/c 2 " 2 maz max!|c )
<o (2 + 2 ) 4 e - (2 x

(43)
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; . Lmaz—Lmin)>
630 As 1, = L"”";M, Lpmin = 20¢ — Lyae. Hence, we write E[u?] = % =
A Lmaz=ne)® _ L3 oo 412 =2Lmaxe 2L2 40 2LmazNe ; : :
oo Ml =00 _ Lot Plmacte e _ 2engan iy [73). Using @) in @25

2L72na162 2Lma:v77c62
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632 Weuse Lyqr < % Let J, = (1 + M%) <th — X*||2 + L’”%) We prove Ji1p, , isa

633 supermartingale process as follows.
634

5Lmaz\ " Limaz0>
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635 Hence J;1p, , is a supermartingale. In order to use the Azuma-Hoeffding inequality, we bound
66 |Jtlp, , —E[Je1p,_ ,|S:i—1]] as,
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s38  where we use (@3) in (@) for the term E[||w;_, ||*]. Now, we compute ||w;_; || using assurnption
639 as follows.

Wil = [[mcg(X¢—1) = 1V f(Xe—1) + urg(Xe—1) ||

< 1eQ + [uel(@ + IV F &))< Qe + Jue]) + luel B xer —x*). &
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ss0 Using @3) in @4) and the bound of the event D;_1,
|Jilp, . — E[Jilp, ,|Si-1]|
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s4s  Hence b, is of the order O (ume log”® T 1 f) . By the Azuma Hoeffding inequality,

1 = 1
P (JtlD“ = Jo = bilog”? - 5) <exp (—Q (log 7 €)> < O(Liasf),

644 which leads to,
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645 Hence we can write,
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ss6  For some constant b independent of L., and £ we can write,
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sa9 Iteratively unrolling the above equation, we obtain P(D;) < tO(L3,,.£). Choosing t =
60 O (L2 log 5), P(D,) < O (Lmaxglog %). AS Lz < O ( ) (Dy) < O(€). O
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et E  Proof using induction

652 In the proof of Lemma2]in Appendix [B.T] we state that (I9) can be proved by induction for ¢ > 2.
653 We restate the equation here and provide the corresponding proof by induction.

t(t—1)

2
Induction hypothesis: HVf(it)H <10Q Z (T4 nevo)7- (46)
T7=0

654 Recollect from that (T3) that Vf(X,) = (I — n-H(x0))Vf(X_1) — H(xo)W;_1. Taking matrix
655 induced norm on both sides,

|7t < @+ ner0)
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[+ 8%
i i @7)
= (14 n70) + Blursa]) [ VI | + BQe + s,

656  since, Hg(it) — Vf(it)H < Q. Note that HVf(it)H < ¢, |ut| € Linge and BLyuq: < 1 hold for all
657 t. Therefore, att =

V7| < (14 ne3) + Blealy e + 8O + [wa]) < (1+mero)e + ¢ +2Q.
658 Now, we prove the hypothesis in (@6) for ¢ = 2. From (7)), for an arbitrarily small e,
[V FGo)|| < (4 ne0) + Bzl | V7o) + 5@ + Jual)
< (L4 7e70) e+ 2(1+ nevo)e + €+ 2Q(1 + neo) +4Q

2(2 1)
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659 We have shown that the 1nduct10n hypothesis holds for ¢ = 2. Now, assuming that it holds for any ¢,
60 we need to prove that it holds for ¢ + 1. We know from (7)), when the hypothesis is assumed to hold
661 fort,

t(t 1)
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- — t( t+1
ee2 If we prove 200Q) 27:20 (1 +7e%0)” < 10Q Y22 (14 7e70)7, the induction proof is complete.
663 INow, we need to prove
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Now, summing up the geometric series 51, 3, % " (1+7:7) e . Using change
of variable in Sy of [@8) as m = 7 — (t —t 2)

= t2—t 2 ¢ 1+ t-1_ 1

Z (1+ nc'yo)T+m+2 = (14+17) 2 +2( NeYo) .

m=0 NcYo
Therefore, we now need to prove

— 2 ¢
(L4 n70) 7 2 = 1< (L neye) 7 2 (L4 me) ™ = 1) (49)

t2— t2—
=21+ 07) 7 T2 < (14 n070) 2 +1

We further prove by induction as follows. For t = 2, 2(1 + 1.7,)% < (1 + nev,)* + 1. Let us
assume the following expression holds for time step ¢.

2 2_,

2(1+10c70) T F2 < (L4 neyo) T (50)

Now, we prove for the time step ¢ + 1,
t(t+1)

2(1+10e70) T F2 = 2(1 4+ neve)
= (L4 7070) T < (L peyo) 7 H2,

- (t+1) and apply our assumptlon (®0) in (31). We have proved 2(1 +

nc%)ﬂT—tH < (1 +neye) T 2 +t+1 < (1+n9) = Ert it + 1. This concludes our proof of (46)).

T t42 <( +77670)L;t+t+1+t sh

t t 1
where we use t=1)

F Choice of parameters for other LR schedulers

1. Cosine annealing [21]]: There are 3 parameters namely, initial restart interval, a multiplicative
factor and minimum learning rate. The authors propose an initial restart interval of 1, a
factor of 2 for subsequent restarts, with a minimum learning rate of 1e — 4, which we use in
our comparisons.

2. Knee [14]: The total number of epochs is divided into those that correspond to the "explore"”
epochs and "exploit" epochs. During the explore epochs, the learning rate is kept at a
constant high value, while from the beginning of the exploit epochs, it is linearly decayed.
We use the suggested setting of 100 initial explore epochs with a learning rate of 0.1 followed
by a linear decay for the rest of the epochs.

3. One cycle [25]: We perform the learning rate range test for our networks as suggested by
the authors. For the range test, the learning rate is gradually increased during which the
training loss explodes. The learning rate at which it explodes is noted and the maximum
learning rate (the learning rate at the middle of the triangular cycle) is fixed to be before
that. We linearly increase the learning rate for the initial 45% of the total epochs up to the
maximum learning rate determined by the range test, followed by a linear decay for the next
45% of the total epochs. We then decay it further up to a divisive factor of 10 for the rest
of the epochs, which is the suggested setting. Note that the one cycle LR scheduler relies
heavily on regularization parameters like weight decay and momentum.

4. Constant: To compare with a constant learning rate, we choose 0.05 for the VGG-16
architecture and 0.1 for the remaining architectures as done in our other baselines[24} 21].

5. Multi step: For the multi-step decay scheduler, our choice of the decay rate and time is based
on the standard repositories for the architectures. ﬂ Specifically, we decay the learning rate
by a factor of 10 at the the epochs 100 and 150 for ResNet-110 and ResNet-50. In the case
of DenseNet-40-12, we decay by a factor of 10 at the epochs 150 and 225. For VGG-16, we
decay by a factor of 10 every 30 epochs. In the case of WRN, we fix a learning rate of 0.2
for the initial 60 epochs, decay it by 0.22 for the next 60 epochs, and by 0.23 for the rest of
the epochs.

“ResNet:https://github.com/akamaster/pytorch_resnet_cifar10,
DenseNet:https://github.com/andreasveit/densenet-pytorch,
VGG:https://github.com/chengyangfu/pytorch-vgg-cifar10,
WRN:https://github.com/meliketoy/wide-resnet.pytorch
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Figure 4: Reconstruction error for online tensor decomposition

G Online tensor decomposition

We follow the experimental setup in [9], where their proposed projected noisy gradient descent is
applied to orthogonal tensor decomposition. A brief description of the online tensor decomposition
problem is given below.

Consider a tensor 7" which has an orthogonal decomposition,

d

T = Zan,

i=1

(52)

where a;’s are orthonormal vectors. The goal of performing the tensor decomposition is to find the
orthonormal components, given the tensor. The objective function is defined to reduce the correlation

between the components:
“min E T(ui, us, uj, uj)
Vi, ||uil|=1 <7
i#]

(53)

2

-y, u;@‘*HF /7|2 in Figure , where ||.|| »
denotes the Frobenius norm. We tune the learning rate parameters L,,;, and L., to 0.007 and
0.01 respectively to obtain the convergence plot with PLRS. We compare against the plot in Figure
1.a of [9]. We note that the proposed Uniform LR produces faster and smoother convergence when
compared to the unit sphere noise proposed in the Noisy SGD algorithm. As mentioned in [9], the
plot may vary depending on the instance of initialization; however, it converges consistently across
all runs.

We plot the normalized reconstruction error, ‘

Additionally, we implemented stochastic gradient descent with additive noise in the neural network
setting. However, its performance was suboptimal even with extensive tuning of hyperparameters.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: We give a detailed account of our contributions in Section[I.2]

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss the limitations of our work in Section [5.4]

. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We give detailed and correct proofs for all of our theoretical results in the
Appendices, with a short sketch/description in the main paper.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide all the details to reproduce the empirical results of the paper in
Section

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide our code in the supplemental material.

. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide exact values of the hyperparameters and details of the experiments
in Section[5] Additional details on the hyperparameters of the benchmarks are provided in
the Appendix [F]

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We report the mean and standard deviation of test accuracy over three indepen-
dent runs for each experiment.

. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
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Justification: We provide details about the computational setup in Section [5}

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We discuss the impact of our work in Section[5.4]
Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: In Section[5] we cite the original source whenever a neural network architecture
or dataset is referenced.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We provide our code with documentation in the supplemental material and
also credit the codes which we use.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: We do not use LLMs as a core component of this work.
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