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Abstract

Stochastic Gradient Descent (SGD) is a cor-
nerstone of machine learning, prized for its
efficiency in large-scale optimization. This pa-
per revisits SGD by introducing a general
weighted averaging framework that signifi-
cantly enhances its applicability. We estab-
lish asymptotic normality for a wide range
of weighted averaged SGD solutions under
minimal assumptions, providing a ground-
breaking necessary condition for the central
limit theorem in certain settings. This en-
ables asymptotically valid online inference,
empowering real-time confidence interval con-
struction. Furthermore, we propose an adap-
tive averaging scheme, inspired by optimal
weights for linear models, which achieves op-
timal superior non-asymptotic bounds. Our
theoretical advances and empirical validations
redefine SGD’s capabilities, offering transfor-
mative insights for statistical learning and
optimization.

1 INTRODUCTION

Stochastic Gradient Descent (SGD) is one of the most
popular optimization algorithms. It (along with its
variants) plays a crucial role in statistical and ma-
chine learning problems (Robbins and Monro, [1951;
Lai, [2003; Bottou et al., 2018)). To find the minimizer
of a convex function F', SGD produces a sequence of
iterates through an unbiased estimate of F’s gradi-
ent/subgradient. The algorithm is easy to implement
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and popular in applications for its effectiveness, mem-
ory and computational efficiency, and online property.

Theoretical properties of SGD have been extensively
studied in stochastic approximation theory and ma-
chine learning from asymptotic convergence to non-
asymptotic analysis (Kushner and Yin, [2003; Moulines
and Bach, 2011; Toulis and Airoldi, [2017; Harvey
et al.| [2019). After n iterations, optimal convergence
rates of optimization error are O(1/n) and O(1//n)
for strongly-convex and convex problems (Nemirovski
et al., 2009; [Lacoste-Julien et al.| |2012). It is shown
that SGD with a learning rate proportional to the in-
verse of the number of iterations is not optimal under
the wrong setting of the proportionality constant or
without strong convexity assumptions. The idea of us-
ing averaging to accelerate convergence is proposed by
Ruppert| (1988) and |Polyak and Juditsky (1992)). They
demonstrated that using a learning rate with slower
decays, combined with uniform averaging, robustly
leads to information-theoretically optimal asymptotic
variance. This averaging scheme, where all iterates
are averaged, is known as Polyak-Ruppert averaging
or averaged SGD (ASGD). However, it is not optimal
from a non-asymptotic perspective (Moulines and Bach|
2011} Needell et al.| [2014). Moreover, for non-smooth
objective functions, neither the final iterate nor ASGD
can achieve the optimal finite sample convergence rate
(see, e.g., Section 4 in [Rakhlin et al.,[2012). To address
these issues, various modified versions of ASGD have
been proposed, such as suffix averaging (Rakhlin et al.|
2012) and polynomial-decay averaging (Shamir and
Zhang] 2013) for non-smooth problems, exponential
weighted moving average (EWMA) for capturing time
variation, elastic averaging in parallel computing en-
vironments (Zhang et al., 2015), and a simple weight
proportional to O(n) for the projected stochastic sub-
gradient method (Lacoste-Julien et al.| 2012).

As mentioned earlier, employing a suitable averaging
scheme in specific settings can help enhance conver-
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gence and necessitates only a straightforward modi-
fication to the original SGD algorithm. This paper
delves deeper into the characteristics of averaging by
examining a comprehensive averaging scheme. Our
main objectives include understanding the variability
and statistical efficiency of a general weighted aver-
aged SGD, thereby providing inference foundations for
it. Under certain mild assumptions, we find the opti-
mal condition for the central limit theorem (CLT) of
weighted averaged SGD solutions. The condition is
optimal in the sense that it is sufficient and cannot be
weakened under certain settings. We also establish the
asymptotic normality of a generic weighting scheme
commonly seen in practice (with slightly stronger yet
more easily verifiable conditions on weights). The
theoretical results are applicable to a wide range of
existing algorithms, including the last iterate of SGD,
the polynomial-decay, and suffix averaged SGD. More-
over, statistical inference for weighted averaged SGD
is a valuable byproduct owing to its close relation to
ASGD. This means we can effectively utilize inference
methods, such as covariance matrix estimation (Chen
et al., [2020; |Zhu et al.| 2023) or asymptotic pivotal
statistics (Lee et al.,|2022; Zhu et al., [2024), originally
designed for ASGD in this context. We also refine the
functional CLT of SGD originally presented in|Lee et al.
(2022) under weaker assumptions.

Beyond asymptotic normality, we also investigate finite
sample convergence. When considering finite sample
MSE, it is challenging to identify a single averaging
scheme that is optimal for all objective functions. To
gain insights, we examine the linear model to derive
adaptively weighted SGD iterates that minimize the
finite sample MSE. Crucially, this adaptive weighting
algorithm preserves SGD’s online nature and retains
the CLT guarantee with optimal asymptotic covariance,
thereby enabling practitioners to conduct statistical
inference efficiently. Our numerical study indicates that
the adaptive weights derived from the linear model not
only achieve the optimal statistical rate but also exhibit
favorable non-asymptotic convergence across various
models.

Related Works. There has recently been increasing
interest in the statistical inference of SGD and other
stochastic approximation procedures. One line of the
work is to study the limiting distribution. Following
the celebrated asymptotic normality results of ASGD
(Ruppert, [1988; [Polyak and Juditsky, 1992), similar
asymptotic normality results are proposed for specific
algorithms in different settings such as non-convex
settings, linear systems, and online decision-making (Yu
et al.l 2021; Mou et al.| 2020; |Chen et al., |2021). Also,
various methods based on covariance matrix estimation
or bootstrap/subsampling are proposed to construct

asymptotically valid confidence intervals (Chen et al.
2020; |Zhu et al.,|2023; |Li et al., 2018; |Fang et al., 2018}
Liang and Su, 2019; [Lee et al., |2022). In addition to
asymptotic results, there are also many non-asymptotic
works related to inference, for example, non-asymptotic
normal approximation of SGD (Anastasiou et al., 2019)
and concentration analysis (Davis et al.| [2021; [Harvey
et al., 2019; [Lou et al., [2022).

In the broader context of stochastic approximation,
additional works have also highlighted the utility of
weighted averaging. Dippon and Renz (1997) derived
asymptotic normality for a fixed polynomial weighting
form. Mokkadem and Pelletier| (2006) studied averaging
in two-time-scale stochastic approximation algorithms.
More recently, |Boyer and Godichon-Baggioni| (2023)
considered the Weighted Averaged Stochastic Newton
Algorithm and introduced a condition on the weighted
averaging sequence ratio.

The remainder of this paper is organized as follows. In
Section [2, we introduce the main theorem for asymp-
totic normality along with statistical inference methods
that can be implemented in an online fashion. In Sec-
tion[3] we present two significant examples: polynomial-
decay averaging and suffix averaging, both of which
are applicable to our theorem. Additionally, we adapt
the suffix averaging process for online implementation.
In Section 4] we identify optimal weights for the linear
model and propose a novel adaptive weighting scheme
that achieves both optimal statistical rates and favor-
able finite sample performance. Numerical results are
provided in Section [f] Finally, Section [6] concludes the
paper and outlines directions for future research.

2 ASYMPTOTIC NORMALITY FOR
WEIGHTED SGD

2.1 Overview

In many statistical estimation and machine learning
problems, we need to estimate the minimizer of a convex
objective function F(r), mapping from R? to R, as
F(z) = Eeannf(z,€), where f(z,€) is a loss function
and ¢ is a random variable following the distribution
IT. Assuming the minimizer

2* = arg min F'(z)
z€R4

exists, the SGD updates the iterate as follows (initial-
ized at zy),

i =xi—1 — iV f(wi—1,&), 1 > 1, (1)

where &; are i.i.d from II, n; is the i-th step size or
learning rate, V f(x,&) is the gradient of f with re-
spect to the first argument, and z( is a starting point.
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Let Z, = Y., ®;/n be the uniform average. Under
suitable conditions, [Polyak and Juditsky| (1992) shows
that

Vi(z, —2%) B N(,V), (2)

where
V =AT'SAT A= ViF(a"),

In this paper, one of our goals is to establish the asymp-
totic normality for the general weighted average

3)

n
j’n = an,ixh (4>
=1

where wy, ;, 1 < i < n, denotes the weight of z; af-
ter the n-th update with 2?21 Wy, = 1. We propose
a general condition on {wy, ;}1<i<n for the weighted
averaged SGD to be asymptotically normal. Ad-
ditionally, we also provide easily verifiable conditions
for the asymptotic normality result with a modified
weighting condition. To be specific, we show that under
certain mild assumptions,

n
Vi(in—a*) B N(0,wV), where w = lim nz:(wn,i)2
is a prefactor caused by weighting, and V' is defined in
. We demonstrate that this result holds for many
existing averaging schemes, as well as the adaptive
averaging we present in Section

We now introduce some notation. Throughout the
paper, for t € R, |t] = max{i € Z : i < t} and
[t] = min{i € Z : i > t}. We use .%; to denote
the nested o-algebra generated by {&1,...,&}. Let
E; denote the conditional expectation E(-|.%#;), and
P; denote the conditional probability P(:|.%;). We

use 2 to denote convergence in distribution, and Lt
to denote convergence in probability. For a vector
a = (a1,...,ap)" let the norm |a| = (3F_, a?)'/2.
Define |A|p, |A], Amax(A), Amin(A), and (A),; as the
Frobenius norm, operator norm, the largest eigenvalue,
the smallest eigenvalue, and the j-th diagonal of a ma-
trix A. For a random variable, vector, or matrix X, we
write X € LP, p > 0, if || X||, := (E|X|P)'/? < 00, and
write || X|l2 = ||X]|. For notation simplicity, we use
C,C, K and Cy, Cs, ..., to denote different constants,
whose values may change in different equations.

2.2 Main Results

We begin by introducing several assumptions.

Assumption 2.1. F(z) is continuously differentiable
with V2F(x*) existing and strongly convex with param-
eter u > 0. That s, for any x1 and x2, the inner

product (VF(z2) — VF(z1), 22 — 21) > plzy —x2)?, or
equivalently

F(x3) > F(z1) + (VF(21),22 — 21) + %|x1 — 252

Assumption 2.2. The function f(x,§) is continuously
differentiable w.r.t. T for any &, o(x) = ||V f(z,8)| <
00, and V f(x, ) is stochastic Lipschitz continuous with
parameter Lo, i.e., for any x1 and xs,

IV f(21,8) — Vf(x2,8)] < La|z1 — x2].

Assumption requires strong convexity and the exis-
tence of the Hessian at the true parameter, which are
needed to derive the asymptotic normality of ASGD
solutions. These properties are also important for ob-
taining the desired error bounds on SGD iterates and
the asymptotic properties of the weighted averaged
SGD.

For Assumption|[2.2} recall that we use | -|| = (E|-[7)"/?
to denote the £P norm of a random vector, and the
expectation here is taken in terms of £ Assump-
tion ensures that Leibniz’s integration rule holds.
Consequently, the gradient noise ¢; = VF(z;-1) —
Vf(xi—1,&) is a martingale difference, i.e., E,_i¢, =
E(€n|-#n-1) = 0. This stochastic Lipschitz continuity
condition of the gradient guarantees the L-smoothness
of F and the boundedness of gradient noise moments.
Easily verified examples include linear and logistic re-
gression. Similar assumptions have been adopted in
the literature on asymptotics and statistical inference
of SGD (Polyak and Juditsky, [1992; |Chen et al., 2020;
Li et al.| [2022a; |Zhu et al., 2023} |Li et al.| [2024).

With the aforementioned assumptions in place, we will
now present our main results regarding the very general
condition of the asymptotic normality for weighted
averaged SGD solutions. Theorem allows general
weights w,, ; and any starting point zy. Recall @) for
A and S. We first introduce the expression of the
asymptotic covariance matrix of z,,:

Vo= ®,,59,;, where

i=1

n k (5)
(I)n,i =T an,k’ H (Id - T]jA)'
k=i j=itl

Theorem 2.3. Given SGD with step sizen; = ni~“
for somen >0 and 1/2 < a < 1, we consider the gen-
eral averaging scheme (4) with wy; > 0.
(i) Under Assumptions& and [2.2, the following con-
dition )
max |V, 2@, ;| — 0 (6)
1<i<n
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is sufficient for the central limit theorem: for any start-
ing point xg,

Vo235, — o) B N, Iy). (7)

(ii) Consider the special case where f(x,§) = |¢ —
Azz|? and assume that V f(z*, &) is not normally dis-

tributed. Then condition (@ is also mecessary for the
CLT (7).

Theorem ii) represents the first known necessary
condition for the CLT to hold for SGD solutions. The
proof relies on the Lévy-Cramér theorem, which char-
acterizes the factor closeness of Gaussian distributions.

Remark 2.4. In the appendiz Section [B-3 we provide
a more general version of CLT, which further allows a
broader range of the learning rate schedules n;.

As a specific example, by setting wy, , = 1 and w, ; =0
for 1 < i < n, Theorem implies the following
Corollary which asserts CLT for the last iterate
of SGD when 1/2 < o < 1. This yields a novel and
self-contained proof of the CLT for the last iterate. A
key step involves demonstrating the convergence of the
covariance matrix; the detailed argument is provided
in the appendix. Early versions of such CLTs were
first obtained in |Chung| (1954), while subsequent works
such as Sacks (1958); [Fabian| (1968); McLeish| (1976);
Borkar] (2008); |Toulis and Airoldi (2017) cover the case
a=1.

Corollary 2.5. Under Assumptions[2.1 and[2.2, the
last SGD iterate in with step size m; = i~ for
somen >0 and 1/2 < a < 1 is asymptotically normal:

n? (z, — z*) 2 N(0,1nVp),

where Vy is the unique solution to the Lyapunov equa-
tion AVy + VoA = S.

Remark 2.6. For a detailed discussion on the Lya-
punov equation and its connection to stochastic opti-
mization, we refer the reader to Theorem 1 in|Pflug
(1986).

Since it is usually implicit whether a specific weighting
scheme meets condition @, we introduce in Theorem
2.7 and Remark two more explicit ways to ensure
the CLT for a general weighted averaging scheme.

Theorem 2.7. Given SGD iterates in with step
size m; = ni~ for some n >0 and 1/2 < a < 1, we
consider the general averaging scheme @ where the
weight wy, ; satisfies the following conditions:

1. |wp | < Cn=t for some constant C.

2. w=lim, ooy 1y (wn,;)? exists.

3. piecewise Lipschitz: there exist functions {fn}
from [0,1] to R, a finite set {t1,ta,...,tn} C
[0,1] and a constant Ly > 0 such that wy =
T /1) (S5 Fu(K /) with Sy foll/n) =
and |fn(s1) — fn(s2)| < Li|s1 — sa|, for alln € NT
and all s1, so € [t;,tj41] where 1 < j < N —1.

Then under Assumptions[2.1] and[2.2, we have the CLT
Vn(z, — x*) EaS N(0,wV), where V is defined in

Remark 2.8. The asymptotic covariance of the
weighted average I, here is composed of a prefactor
w and the sandwich form A~'SA™'. In the context
of ASGD, where wy,; = 1/n, the prefactor w = 1,
which aligns with our results. We also show in the
appendiz that, this asymptotic covariance is exactly the
limit of nV,, = n®,, ;S®,, ; as defined in Theorem
indicating the consistency of our main results.

Remark 2.9. The piecewise Lipschitz condition (con-
dition 3 in Theorem@ requires that the majority of
the weights do not undergo drastic changes. It is satis-
fied by a variety of averaging schemes (see Sections@
and |Z), and a slightly stronger yet simpler alternative
18 |wn7i+1 - wm| < CN'TL72, é > 0.

2.3 Online Statistical Inference

The asymptotic normality result presented in Theorem
enables statistical inference for the weighted aver-
aged SGD, which includes tasks such as constructing
confidence intervals. We will explore two online meth-
ods, originally designed for ASGD, applicable in this
context.

Via covariance matrix estimation. One approach
to construct confidence intervals involves estimating
the limiting covariance matrix V and directly utiliz-
ing the asymptotic normality result outlined in The-
orem For example, the 95% confidence inter-
val for the j-th element z7 can be constructed as:

{(fn)J =+ 20.9751\/ % } , where zg 975 corresponds to

the 97.5% percentile for a standard normal distribution,
(%,,); denotes the j-th coordinate of Z,,, and V,, is the
estimate for the sandwich form matrix V = A=1SA~1,
The prefactor w can be readily computed for any spe-
cific averaging scheme, meaning that we only need to
estimate the sandwich form matrix V. It is important
to note that this sandwich form matrix V is the asymp-
totic covariance matrix of ASGD Z,,. There are several
established approaches to estimating the asymptotic
covariance matrix of ASGD in an online fashion, such
as the plug-in method, which estimates A and S sep-
arately, and the batch-means method, which employs
SGD iterates to directly construct v, (Chen et al.,
2020; |Zhu et al., |2023). As we are utilizing the vanilla
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SGD algorithm, these aforementioned approaches can
be applied to obtain a consistent sandwich form matrix
estimate V,,. Then, we can construct the asymptotic
valid confidence intervals.

Via asymptotically pivotal statistics. An alterna-

tive approach to constructing confidence intervals is to

use asymptotically pivotal statistics. One method in-

volves random scaling, where we studentize \/n (&, —z*)

using the random scaling matrix Vrs’n as described in
ers,n =

Lee et al.|(2022), i.e
AT RS

The following functional CLT in Theorem[2.10]concerns
weak convergence for the partial sum process Si =
Zle(xi —z*), which was originally proved in|Lee et al.
(2022). Note that the functional CLT only requires the
existence of the (2 + €)-th moment of the noise. This
moment condition is relaxed compared to Assumption
1.(v) in Lee et al.| (2022). By the continuous mapping
theorem, @D follows from .

Theorem 2.10. Assume |V f(z*, )|, < oo for some
p> 2. Let B(u) = (B1(u),...,Ba(u)) be the standard
d-dimensional Brownian motion, and = denote the
weak convergence in 1°°[0,1]. Under Assumptions [2.1]
and[2.2, we have the functional CLT:

{S1nu) V1,0 < u < 1} = VY3{B(u),0 < u < 1},
(8)

Consequently, the asymptotic pivotal convergence holds:

Va((@a); — )/\ Vesn)js 2 VU (9)

where

U= 13;1(1)/\//0 (B (r) — By (1)}2dr.

With @, one can construct confidence intervals based
on Theorem @ For instance, the 95% confidence
interval for the j-th element z} can be constructed
as: (&) £ Urs.0.075{wW(Vrs )i /n}/?, where 50975
is the 97.5% quantile for U. Note that the random
scaling matrix IA/,.SJL can be updated recursively, thereby
enabling the construction of confidence intervals in an
online fashion. Besides the random calling method, one
can also employ the parallel run method to construct a
t-type statistic using a small number of parallel runs of
weighted averaged SGD; we refer to |Zhu et al.| (2024)
for details.

3 EXAMPLES

In this section, we shall apply our results to two
widely used specific examples of averaging schemes:
polynomial-decay averaging (Shamir and Zhang), [2013)
and suffix averaging (Rakhlin et al.,[2012). The original
suffix averaging scheme is not recursive. Here we shall
modify it to an online fashion in which estimates can
be computed recursively. We will show that they are
not statistically optimal, with a constant prefactor that
is strictly greater than unity; see Corollaries and

[3.2] below.

3.1 Polynomial-decay Averaging

With a small number « > 1, the polynomial-decay av-
eraging (Shamir and Zhang} 2013) is defined as follows:
Given iterates {x;}°, &1 = x1, and for any n > 1,

1
N 17+

+1
Jjn:( )n—l 7

T, (10)
ytn Ttn

The recursion form in ((10) can be rewritten as the
weighted average T, = 2?21 Wy, ;x; with weights

ARt

Y +1IT(y+i+ DI (n+1)
n T(y+n+1)TGE+1)

where I'(z) = [; t""te~'dt. The weights w,; satisfy
condltlons in Theorem [2.71 Therefore we have the
following CLT in view of

: - +1)?
nlin;on;(wTL,i)Z = (;y +i =7

Corollary 3.1. Consider SGD with step size n; =
m~— forn >0, 0.5 < a < 1, and polynomial-decay
averaging T, defined in . Under Assumptions
and @, we have /n(z, — 2*) 3 N (0,7V).

3.2 Suffix Averaging

The k-suffix averaging in|Rakhlin et al.| (2012) is defined
as the average of the last [kn] iterates:

n

o1
CRS D

" (=

z, 0< k<1 (11)

For k-suffix averaging, the weight w, ; = 1/[kn] for
i > (1—k)n otherwise 0. The weight satisfies conditions
in Theorem with lim, oo Y (wn)? = 1/k.
Thus we have the following CLT:
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Corollary 3.2. Consider SGD iterates in with
step size m; = ni~“ forn >0, 0.5 < a <1, and T,
defined in . Under Assumptions and we
have /n(Z,, — x*) EaS N(0,x71V).

Remark 3.3 (Ounline algorithm for suffix averaging).
Since (1 — k)n depends on n, the k-suffix averaging
cannot be computed on-the-fly unless all iterations are
stored and the stopping time n is known beforehand. To
enable “on-the-fly” computation, we modify the suffix av-
eraging procedure to an online method. We employ the
concept of online batch scheme: divide the rounds into
blocks and track iterations within the current block (or
the most recent blocks). The block sizes are pre-defined
based on wvarious objectives and training parameters.
For a pre-defined sequence (am)m>0, we treat x,,, as
the start of the m-th block. Let m; denote the block
index for the t-th iteration, satisfying am, <t < Qm,+1-

In the online suffix averaging procedure, we partition the
rounds into exponentially increasing blocks, and main-
tain the average of the last two blocks. In particular, we
set am = [2™7 Y] +1,m > 0. Then By = {71}, B =
{z2},Bs = {x3,24},Bs = {ax5,x6,27,28},..., and
the end index of the m-th block is 2™. We have
my = [logyt], i.e., 271 <t < 2™, Given the
SGD iterates x1,xa, ..., the online suffix averaging pro-
cedure is defined as follows: &1 = x1, &2 = (x1 + x2)/2,
and fort > 3,

Ty =
1 ollogy t1—1 ¢
— 5 x E x
t — 2[logy t]—2 Z kTt k
k=2[log2 t1-2471 k=2llog2 t1-147
(12)

Note that 1/2 < (t — 2M°82t1=2)/t < 3/4 for t > 3.
Therefore, the online suffiz averaging is a form of robust
suffiz averaging with 1/2 < k < 3/4, i.e., the average
would always correspond to a constant-portion suffix of
all iterates. Thus the online suffir average Ty in
can be updated recursively.

4 NON-ASYMPTOTIC MEAN
SQUARED ERROR (MSE)

In addition to the asymptotic distribution and statisti-
cal convergence rates, it is also important to consider
finite sample performance when dealing with finite data
problems or when early stopping is desired. In this
section, we will examine the optimal weight for a linear
model in terms of finite sample MSE, building upon
the concept of best linear unbiased estimation (BLUE).
Furthermore, we will introduce a novel adaptive averag-
ing scheme based on insights from the mean estimation
model. This particular scheme is both statistically

efficient with optimal variance, and has a fast finite
sample convergence rate, outperforming existing av-
eraging schemes in the mean estimation model. For
(4), we can evaluate its non-asymptotic performance
through its MSE(Z,) = E|#, — 2*|%. To obtain the
MSE-optimal weights, we consider

min E| Z ciwi — x*|?, (13)
i=1

c=(c1, =+, cp):icT1=1

where 1 denotes the all-ones vector. Let ¥ = (E((z; —
z*)T(x; — *)))1<ij<n. The solution to the above
constrained optimization problem is

i1

= Ty (14)

c
The solution depends on the correlation between SGD
iterates and can vary across different models. In this
section, we shall study the linear regression model,
which can have a closed-form solution of the BLUE
weights. The latter can provide insights into the prop-
erties of an optimal weight in a generalized form.

Consider the following linear regression model:
b; = a;x* + ¢, (15)

where x* denotes the unknown parameter of interest,
€; are i.i.d. standard normal, and &; = (a;, b;) denote
the observed streaming data. To solve the above linear
regression problem, we consider the squared loss func-
tion F(z) = E(f(z,&)) = E(a;x — b;)?/2, and SGD
sequence with step size n; at the i-th iteration:

Xy = Tj—1 — niai(aimi,l — bl) (16)

Proposition 4.1. Consider the linear model in
and SGD sequence x; defined in with step size
m = al_2 and general n; > 0, i > 2. The unique
solution to the optimization problem is given by

2 -1 -1
aiy tn = ,
Cny = —H S Hli<i<n—1,
n
1 n
Cnn = ———, Where S,, = Z a?.
nSn i=1

The weights in Proposition are adjusted by the
learning rates 7;. However, one characteristic of these
weights is that the last weight is significantly larger
than the preceding ones. In comparison with the equal
weights scheme, our ¢, ; is intuitively attractive by
putting most weight on the last iterate.

A new averaging scheme: adaptive weighted
averaging. In the special case of the mean estimation
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model, where a; = 1,V > 1, then the weights are given

by:

Lant—pt 1

M, 1<i<n—1,cppn=—.
n N

(17)
When the number of iteration increases from n to
n+ 1, we have c¢pi1; = (n+1)"tne,;, 1 <i<n-—1.
Therefore the weighted averaged SGD z,, with above
optimal weights can also be recursively updated:

Cn,i =

PR Sl MY SO e .
n+1mn+ n+1 n n 1o (18)
The newly introduced averaging scheme, referred to as
adaptive weighted averaging, effectively decreases the
weight of earlier iterates in comparison to the newly ar-
riving ones. From the definition of the optimal weights,
the weights in minimize the finite sample MSE
among all possible weights for the mean estimation
model. On the other hand, it also satisfies the condi-
tion in Theorem which indicates that the corre-
sponding weighted averaged SGD satisfies CLT with
the asymptotic covariance matrix being the same as
that of ASGD estimates; see the following Corollary
Thus, the proposed adaptive weighted average
achieves both fast finite sample convergence rates and
the optimal statistical rate.

Corollary 4.2. Under the settings in Theorem[2.3, for
weights cy; in [17), we have \/n(&, — z*) B N, V).

j5n+1 -

Connection with uniform averaging. It is interest-
ing to compare the adaptive weighted average in
with uniform average (ASGD). The recursion of ASGD
Z,, takes the following form

n 1
T . 19
n+1xn+n+1xn+1 (19)

To build the connection between and (19), we
rewrite as
n 1

n+1xn+n+1xn+1+

Tp41 =

o @ )

(20)
Thus we can consider the proposed adaptive weighted
average as a modified ASGD with a correction term,
where the correction term reduces the weight of earlier
iterates and increases the weight of the latest iteration.
This modification bears a certain similarity with other
existing variance-reduced modifications on SGD where
a correction term is applied on stochastic gradients,
such as SGD with momentum (Nesterov, [1983; Kingma,
and Bal, 2015; |Cutkosky and Orabona; |2019)).

:inJrl -

5 NUMERICAL EXPERIMENT

In this section, we check the asymptotic normality
property of the general weighted averaged SGD and

investigate the non-asymptotic performance of various
averaging schemes in different settings.

5.1 Asymptotic Normality for Different
Averaging Schemes

To verify the asymptotic normality and the limiting
covariance matrix derived in Theorem we con-
sider three averaging schemes: polynomial-decay, suf-
fix averaging (as described in Section [3), and the
adaptive averaging scheme proposed in ((18). We fo-
cus on two classes of loss functions: squared loss
f(x,& = (ai,b;)) = (afx — b;)?/2 for the linear re-
gression model, and logit loss: f(x,& = (ai,b;)) =
log(1 + exp(—b;al'z)) for the logistic regression model.
In both models, we assume that the data & = (a;, b;),
are independent, where a; represents the explanatory
variable generated from A(0,1;), and b; represents
the response variable generated from two different dis-
tributions correspondingly. For linear regression, we
assume b; ~ N(al'z* 1), while for logistic regression,
b; € {1,—1} is generated from a Bernoulli distribution,
where P(b;|a;) = 1/(1+exp(—b;al z*)). For asymptotic
normality we are going to verify in Theorem For
squared loss, it is easy to derive that A =S =1, and
therefore V' = 1;. For logit loss, since the explicit forms
for A and S are difficult to obtain, we use Monte-Carlo
simulation to numerically compute V.

In simulations, we set d = 5 and the true parameter
r* = (1,-2,0,0,4)T for both models. We generate
SGD sequences with n; = ¢~ a = 0.505, and apply
different averaging schemes. The number of iterations
n = 100000. For the polynomial-decay averaging, we
choose v = 3 |Shamir and Zhang (2013), and for the
suffix averaging we choose x = 0.5 |[Rakhlin et al. (2012).
Then the prefactors w for polynomial-decay and suffix
averaging schemes are 16/7 and 2. For polynomial
decay and suffix averaged SGD, we plot the density of
the standardized error with and without prefactor w,
ie., wV=ty/n(z, — z*) and V-1/n(z, — z*). For
adaptive weighted SGD, the prefactor is 1 according to
Corollary so we only plot the density of the stan-
dardized error V~1y/n(Z, —z*). As shown in Figure|l}
under both the polynomial decay and suffix averaging
schemes, the standardized error—after being scaled by
the prefactor w from our calculations—approximately
follows a standard normal distribution. The same be-
havior is observed for our proposed adaptive weighted
SGD procedure. These findings support the conclusion
of Theorem affirming the asymptotic normality of
the weighted SGD solutions and the correctness of the
limiting covariance matrix we derived.
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Figure 1: Density Plot for the Standardized Error. Left: Linear Model. Right: Logistic Model.
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Figure 2: Left: Log-log Plots for MSE. Right: The Ratio of MSE Between Different Averaging Schemes and

Adaptive Weighted Averaging at Each Step.

5.2 Non-asymptotic Performance of Different
Averaging Schemes

In this section, we will show that the adaptive weighted
averaging scheme in has a good non-asymptotic
performance in different cases.

Linear model: optimal MSE. We first validate the
optimality in terms of finite sample MSE in the lin-
ear regression model, which is a generalization of the
mean estimation model. The linear regression model
we examine employs identical simulation settings as
described in Section Here the step size n; = i 708,
and all the measurements are averaged over 400 in-
dependent runs. We present coordinate-averaged
MSE at certain steps in Figure [2 and include more
detailed results in the appendix. We can see that the
adaptive weighted averaging outperforms other averag-

ing schemes. It indicates that adaptive weighted SGD
has the potential to beat ASGD in not only the mean
estimation model but also a more general optimization
problem.

Expectile regression: trend of optimal weight.
Expectiles, proposed by Newey and Powell| (1987), is
closely associated with the commonly adopted mea-
sures: Value at Risk (VaR) and Conditional Expected
Shortfall (CES), which have important applications
in finance and risk management (Efron,|1991; (Taylor,
2008). We discuss expectile regression as it has a non-
smooth loss function, F(x) = Eyn(|p — 1{y<a}|(y —
7)?),0 < p < 1. For the expectile estimation problem,
the optimal weights in Section [ do not have a closed
form solution. So we use Monte-Carlo simulation to nu-
merically compute the inverse of the covariance matrix
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Figure 3: Comparison of Different Weighting Schemes
under the Expectile Regression Model.

and obtain the oracle weights based on . We then
compare these oracle weights with all the weighting
schemes that we studied previously with p = 0.8 and
n; = i~ 959, The weights for each SGD iterate are
plotted in Figure 3 with the total iteration n = 50.
The most remarkable feature of the oracle weight is its
highest weight assigned to the last iterate. The adap-
tive weight we proposed in Section [4]is able to capture
this characteristic, while the other averaging schemes
fail to recover it. This observation shows that our adap-
tive weighted averaging scheme is also promising for
the non-smooth optimization problem as it aligns the
closest with the trend of the oracle weights.

5.3 Performance in High-dimensional Settings

We conduct further experiments on linear regression
with d = 100 and d = 500 to assess the finite sample per-
formance of weighted averaging in the high-dimensional
regime. Each coordinate of a; is drawn independently
from a zero-mean normal distribution with standard
deviation ¢ = 0.1, and «* is set as an arithmetic se-
quence from 0 to 1 with length d. Other experimental
settings and parameters identical to those described
previously. We evaluate the mean squared error (MSE)
at step n = 5000 for d = 100 and n = 100000 for
d = 500, averaging the results over 500 independent
replications. As demonstrated in Table [T, the adap-
tive weighting achieves the lowest estimation error and
exhibits enhanced stability compared to alternative
weighting schemes.

In the appendix, we also present the simulation results
of statistical inference, where the empirical coverage
rates of confidence intervals constructed by different
weighting methods are reported. See Section [D] for
details.

Table 1: Comparison of MSE Across Different Averag-
ing Schemes. Results are Presented as MSE (Standard
Deviation).

Method d =100 d = 500

Adaptive  0.0451 (0.018)  0.074 (0.102)
ASGD 0.0930 (0.077)  0.5977 (1.285)
Suffix 0.0505 (0.042)  0.1152 (0.294)
Poly-decay ~ 0.0458 (0.033)  0.1156 (0.336)

6 DISCUSSION

This article establishes the foundational asymptotic the-
ory for the general weighted averaged SGD algorithm
with a novel sufficient condition for the CLT. We pro-
vide a comprehensive study of the limiting distribution
of the weighted averaged SGD, systematically bridging
uncertainty quantification with online learning. Be-
yond asymptotic results, we examine the linear model
to derive an adaptively weighted averaging scheme de-
signed to minimize the finite-sample MSE, and propose
a recursive weighting algorithm that maintains the CLT
guarantee with optimal asymptotic covariance.

Several promising directions remain for future research.
Quantifying the non-asymptotic Gaussian approxima-
tion of the weighted averaged SGD is highly desirable.
This could be achieved by applying existing frameworks
of Berry-Esseen type theorems (Shao and Zhang) 2022;
Wei et al., 2025; |Sheshukova et al., [2025) and mean-
squared Gaussian approximation (Zhu et al., 2024). In
addition, the recent work of [Davis et al.| (2024) proved
the CLT for standard ASGD in certain non-smooth set-
tings. It would be valuable to leverage their approach to
generalize our results for the weighted averaged SGD.
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In the appendix, we provide the notations and technical lemmas in Section [A] the proofs of all main paper results

in Section [B—in particular, the proof of Theorem [2.3]in Section the proof of Corollary [2.5]in Section
and the proof of Theorem [2.7]in Section Supporting lemmas required for the proofs of the main results are
given in Section [C] and additional experimental results are presented in Section [D}

A NOTATIONS AND TECHNICAL LEMMAS

We first introduce some notation. For positive sequences a,; and b, ; with 0 <i < n (or simply a,, and b,,), we
write an,; S by, if there exists a constant C' such that a, ; < Cb,,; for all 0 < i <n. We write and ay; 2 by if
bni S Gni, and ay; < by ; if both ay,; S by and ap ;i 2 b

~

Before the proof of main results, we present some technical lemmas and defer the proof to section [C. The first
one is a lemma in |[Polyak and Juditsky| (1992):

[e3

Lemma A.1. Choose the step size as n; = ni~ withn > 0 and 0.5 < a < 1. For a real symmetric positive
definite matriz A, define a matrices sequence Y*: Y = I and for any k > i:

k
vi= [[ (T-n4).

j=it1
We also define Y;* and ¢7 as follows,
k=i

op=A7 -7

Then 30 < K < o0 such thatV j and i > j
97| < K,

1 n
Jim 5 2 lerl =0

Lemma|A.1 is a simple reduction of Lemma 1 in Polyak and Juditsky (1992). The term Y;* appears frequently
in the explicit form of weighted SGD solutions. The next lemma further investigates the order of some quantities
related to it. We defer the proof to section [C.

Lemma A.2. Let A > 0 be a constant. Define a real sequence {3/'(>\)f} with

1 ifi=k,
Vi k= b " (21)
(A H (1—2xn;) ifi<k.
j=it1

Then for all 0 < i < k, we have

1.

A
Yni| = exp { : 7”@ (it~ kl—“)} <exp {-Ani~*(k—i)}. (22)
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2. For 8,7 >0,
Zexp z 7Y < exp (5k1*“) k—(=De, (23)
which implies

k

DIVl < ke (24)

i=1
3. For any B8 > 0,

Zexp ) S exp(—B5' )i

Here and in the sequel, we treat xg as fixed. We also invoke Lemma 3.1 in [Zhu et al.| (2023), which have the
following conclusion: for some constant C,

lan — ¥ < C’n_o‘/Q, |, — Jc*||2 < Cn™*.

B PROOF OF MAIN RESULTS

B.1 Proof of Theorem [2.3]
Proof. We decompose the SGD iterates as follows,
vy —x" =21 — 2" = A(rioy — 2F) — iRy — i Dy — iV f(27, &), (25)

where
R; = VF(zi1) = A(zio1 — 2%), [|Ril| = O(|zi1 — 2*[*),
D; =V f(xi1,&) = VF(xio1) = V(2" &), [|Dil]> = O(|lziq — 2*?)
due to Taylor’s expansion and stochastic Lipschitz property. Notice that VF'(z*) = 0 here. Denote ¢; = z; — ™

the error sequence. The weighted averaged error sequence 8,, = >\, wy, ;0; takes the following form,

Zme I — 1;A)50 — 3 ®i(Ri+ Di+ V(2 &) (26)
J=1 i=1
=0 (g~ mA) P80 — Y @i(Ri + D + V(2" ). (27)

i=1

It is clear that \anl/ (I — mA)®, 1| — 0 by Condition (E) Notice that {D;} is a martingale difference
sequence. For any v > 0, there exists an integer K such that 2(K +1)~% < v. For any n > K, we decompose the
martingle difference error term by K,

[\% WZ‘I’mD 1> = IIV_l/zszmD 12+ 11V, 2 Z ©,,,i Dy |
=1 =1 i=K+1
Vi 2o PIDs P+ Y Vi 2Pl Dilf?
i=K+1

<

]~

.
Il
_

Vi PP+ Y VR PR+ 1)
1 i=K+1

A
M=

.
Il

|Vn71/2q)n7i|2ifa+(K+l)fa Z |V{1/2‘I)n,151/2|2~
1 i=K+1

A
M=

.
I
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Since K is fixed, Condition @ implies that there exists N > 0 such that for all n > N, the first term is smaller
than v. For the second term, notice that

Z ‘Vn—l/Q(Pn’isl/QF _ Z |Vn_1/2®n,i5®n,ivn_1/2|
i=K+1 i=K+1

= > |V, '®,:8%,,] < trace(Iy) =d
i=K+1

because Z?:l Vn_lq)n’iSq)n’i = I; and the largest eigenvalue of a positive definite matrix is bounded by its
trace. To see this, consider positive-definite matrices M; with >~ ; M; = Iy, since |M;]| is its largest eigenvalue
and trace(M;) equals the sum of all eigenvalues of M;, we have |M;| < trace(X;). Summing both sides
S IMG| <SR trace(M;) = trace(Y._, M;) = trace(Iz) = d.

Finally, we have

n
IV, 2 " D> S v+ dw.,
i=1
As a result, the martingale difference error term converges to 0.

The other error term also vanishes since

IV 72D @naRil < D1V 2 00l Rl
i=1 i=1

n

S LA ST
i=1
K n

§Z|anl/2@n)i‘i7a+ Z |anl/2q)n,i|ifa.
i=1 i=K+1

By the Cauchy-Schwarz inequality,

(D0 W Peuslim)? < ( D0 Vi 20ual®) Y i Sd(K + 1)1
i=K+1 i=K+1 i=K+1

Then we can use the identical argument as before to show that E|Vn_1/ 2 S @R — 0.

The main term that does not vanish is V{l/ 2 Yo @,V f(z*,&). To show it converges to the standard normal
distribution, it suffices to prove that the sequence satisfies the Lindeberg condition, i.e., for any v > 0,

dim Y E{|V, 200, V(@ 6Py g e e o) = O (28)
i=1

By Assumption [V f(z*,&)]? < co. Let M,, = maxj<;<p |Vn_1/2<I>n’Z—|2, we have
E{|V"71/2(I)n’ivf($*’gi)|2]]'\Vn_1/2‘1>n,i|2|Vf(z",£i)|22u}

< E{|V, Y20,V (2%, &) P Lar, v s (ar )20 )
<NV Y20, PE{V £ (2%, )12 Las, |9 f (e 60) 250

and E{|V f(z*,&)[*1 a1, |v f(a* &1)25v } — 0. The reason is that by Condition @), the indicators in @) go to 0.
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And the Dominated convergence theorem guarantees the expectation’s convergence to 0. Then it yields

n—0o0

lim ZE“V V20, iV (x ’gi)|2]llVJl/Z@n,Nf(x*@:)IZZV}
=1

n

<D WV PP lim E{V (2", &)*Lar, (95 e 60220}

=1

lm E{|Vf( ’gi)|2]]‘Mn|Vf(m*,£i)\22V} = 0

So holds and the conclusion is proved.

To show that implies Condition @, we construct a counterexample such that CLT does not hold when
Condition @ fails. Consider

f(.€) = 5l - A¥al? = SoT Az - €AYz + €7
where ¢ € R? is a mean zero random variable with E(¢¢7) = A=25A4~2. We have F(z) = (27 Az + E€T€)/2 and
x* = 0. The SGD iterates take the form
i = i1 — mi(Azio — A2E) = (Lg — pA)ziy + i AZE,. (29)

Let z; = Aéfi. The standardized weighted averaged SGD is formulated as

_1 n
B =y 'V, Py = mA) B axo + Vi 7Y Dz,
i=1

_1
where z is fixed. So we only need to consider the distribution of V,, 2 >"""_, ®,, ;z;. When Condition (E) fails,
there exists a subsequence nj such that

lim max \Vnk D, il =c>0.
k—o0 1<i<ny

Without loss of generality, we can assume the original sequence has this limit and the maximum is taken on
1 = 1. Since the matrix sequence Vn_l/ 2<I>n,1 is uniformly bounded in the operator norm, it also has a convergence

subsequence. So we can further assume that Vn_l/ 2<I>n71 converges to some matrix I'. Since matrix norms are
continuous, we have |I'| = ¢. We can choose the unit eigenvector of the largest eigenvalue of I' and denote it as v.
Since the CLT in condition [7] holds, we have

TV 2121 + O, = N(0,1), where ©, = o7 3V 2,2
=2

1 _1 _1
Moreover, vV, 2 ®,12 1L O, and 0TV, 2 D, 121 — cvT z1. Denote the characteristic function of vTV;, 2 D12
and O, as ¢, (t) and 1, (t), we have

and hence

wn(t) = ¢n(t) — EeitcvTz °

The limit of characteristic functions is still a characteristic function, which implies that ©,, has a limiting
distribution ©,. Finally, we have that the independent sum cv” zl + O follows a standard Gaussian distribution.
By the Levy—Cramer theorem (cf|Chow and Teicher (1997)), cv” z; must also be a Gaussian variable as well. This
contradicts condition [7] which requires CLT to hold for non-Gaussian z1. So we have proved the necessity. O
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B.2 Proof of Corollary

Proof. Define the polynomial p, ;(z) = n; HJ i+1(1 =n;x). To prove

llgflxn |Vn n,i| - 07

where V,, =30 | @, ;,5®,,; and @, ; =1, H?:iﬂ(ld —n;A) = pn.i(A), it suffices to show that

Pn, Z()‘mm(A))z 0
1<z<n Z 1pn z( max(A))2 ’
because
|¢)n,i| = Amax(q)n,i) = pn,i(Amin (A))7
and
)\min(vn) 2 mm mm (Z(I) ) Z )\min(S) an,i()\max(A))2v
=1
hence
1 1
Vo 2] < 5
\/)\mln z 1 DPn, z()\max(A))
By Lemma[A.2, we have
pn,i()\min(A))2 20« {2)\m1n(A)77 d—« 11— }
5 =<1 ““n%expy ——— (¢ -n
> ie1 Pnji(Amax(4))? l -« ( )

< i 2 €xXp {_)‘min(A)nn_a(n - Z)} :

It is clear that max<;<p i~ 2*n® exp {—Amin(A)nn~*(n — i)} — 0. So the CLT for the last iterate of SGD holds.
Then it suffices to show that 7, 'V,, — V. Notice that

Vn+1 - UEL+1S + Z (bn,i(]:d - 77n+1A)Sq)n,i(Id - 77n+1A)
k=1

= (Lg = a1 A)Va(Xg — g1 4) + 1241 S.
Let T',, = 0, 'V,. Plug I',, and AV + VA = S into the formula above, we have

ot —V
= (Ta = 41 A4)(Tn = V)Ta = g1 A) + 07l AVA+ (L — 0D Xa = n1 A)Va(Ta — g1 A).

For n large enough, the matrix norm of the last term of the left-hand side can be bounded as
|1 = 1 ) Xa = a1 AV (La = 11 A)| < nl(n+ 1) = 0|V

n
Snan® 1Yy (@S|

i=1
ne" 12772 H |(Ta — n; A)
=1 Jj=i+1
n" IZm H (1 = 1jAmin(4))?
=1 Jj=i+1
=n*"In™* =n71

where the last step is from Lemma Notice that n2 +1 Sn~t Hence there exists a universal constant C' such

that o
|Fn+1 - V| < (1 - 77n+1)‘min(A))2|Fn - V‘ + g
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Recursively updating the inequality we get

v I o Py Tl P,y

=1 " j=it1 e ot Jje
- s—Q a - W/\min(A) s n)\min(A)
<30y IT - ety Tl - Pl
i=1 J=itl J J=1 J
- )\min A
= no 1+H(1 n .a( ))2_>0
. J
j=1

The last step is also from Lemma @ So we have proved that 7, 1V,, — V. As a result,

n? (z, — x*) =t N(0,nV),

B.3 A CLT with General Weights and General Form of Learning Rates

In this section, we shall present a CLT with general weights and a general form of learning rates. Proposition [B.1
below provides an explicit bound for the MSE of x,,.

Proposition B.1. Let Assumptions[2.1 and[2.2 be satisfied. Define
Vp = (1= 20t + 202 L3) v 1 + 20202 (z*), n > 1, vg = |20 — 2. (30)

Then E|z,, — 2*|? < v,. In particular, if n, <n=?, B € (0,1), then v, <n~~.

~

Proof. Recall the decomposition of SGD (25) and take the norm on both sides,

The error sequence can be written as,

6; = 0i—1 — iV f(wi1,&)
=0i—1 — mVF(xi1) + nici.

By Rio’s inequality, since Ele;|d;—1 — 7 VF(x;-1)] = 0, we have
16:01% < 1651 — V(i) 1> + 0 [lesl|.
Further by Assumption [2.1] and we have

16:01% < [16i=1 — i VF (wi—1)|1? + 07 [les]|*
< (1= 2n0i) (16111 + 202 (||€} 11> + L3161 [%)
< (1= 2nip+ 207 L3) 1651 ||* + 2070 (2*).

Then by definition of v, we have E|6,|? = E|z,, — 2*|?> < v,. If n; <i~?, we have

i i

v S [ = ek +207@) Y57 [ (1 —eh™?)
k=1

j=1 k=j+1

i
v i i =28 _ -8
AY(C)O—"E:Y(C)JJ b =P

Jj=1

The last two steps are from Lemma [A.2! O
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Let A1 < ... < A4 be eigenvalues of A. For j > 1 define

by = Amas(Ta = 1;4) = max |1 = ;| = max((L = m i, [1=mia)). (31)

For small 7;, we have b; = 1 —n;A; < 1, which plays the role of contraction factor.

Theorem B.2. Consider the SGD . Let Assumptions and@ be satisfied. Assume that weights wy, ; in
(E) satisfy Z?zl wp,; = 1. Let v, be defined in (@) and xp = Hle b;. Assume that

n 2
Xk -
nh—En /\max E Vi—1 <§ |wn,k| Y 77]) =0 (32>

k=i

and
Tim Amax(V, —1/2) Z W] Z v = 0. (33)
Further assume @ Then we have the following central limit theorem: for any starting point xg,
Vo2 (7, —2f) BN, I).

Proof. Recall the decomposition in The same argument in can be applied here to show that
v, Y2 Zz 1P,V f(x*,&) converges to the standard normal distribution. And we still have
Vi Y20 1y — 1 A)®,, 1| — 0 by Condition (6). Recall the definition of

k
nz—nzzwnk H Id_njA)'

Jj=t+1

We can bound its operator norm by
n

|®y,i| < 771'2

k=i J

Xk

As a result,

V23" @, Dil2 < S|V 20, 2 Dy
=1 i=1

N max an Z|wnk| Uz—lﬁo

=

by condition Moreover,

IV, 2> @ iRill <[V V20| Rl

\'M:

i=1 i=1
n
S )\max(vnil/Q)|q)n,i|vi—1
=1
n
< Z )\max 1/2
i=1
n k Y
— k
= )\max<Vn 1/2) Z fnivifl —0
k=1 i=1 ™

by condition So the conclusion follows. O
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B.4 Proof of Theorem [2.7]

B.4.1 High level summary
We first present a sketch of the proof of Theorem

The error sequence d; = x; — x* takes the following form
0i = 0j—1 — i VF(xi-1) + mi€i, 2> 1, (34)

where ¢, = VF(x;-1) — Vf(x;-1,&). Since VF(z*) = 0, by Taylor’s expansion of F around z* we have
VF(z,) =~ Ad,, which inspires the idea to approximate the general SGD sequence with a corresponding linear

sequence as follows:
d; = (I = niA)0i_y + mies, 0y = do. (35)

The following lemma shows that the weighted average of the linear sequence ¢, exhibits the asymptotic normality.
Lemma B.3. Let 0, be defined in (35). Then under the settings in Theorem|2.7, for o = o Wy i0) we have

Vnd, B N0, wATISATY,
where w = lim, oo Ny 1y (wn )%, A= V2F(z*), and S = E([V f(z*, ][V f(z*, )]T).

To prove Lemma we decompose \/ES; into four terms:
B n n
\/ECS; = \/EZ wn,iAflq + \/ﬁz ’U.)nyiyoléo
i=1 i=1

n n
n n
+ \/ﬁ E Wn,,iQ; € + \/’71 E bz €,
i=1 i=1

_ n k -1 _ n k
where a;' = Zk:i Yiin — A7, b = Zk:iﬂ(wn,k — wn,;)Y;"n; and
k

vi= [ @-njA)k>iy =1
j=i+1

The last three terms in vanish as n goes to infinity. The first term /n Z?:l wmiA*lei is a linear combination
of martingale differences and the following lemma shows that it is asymptotically normal.

Lemma B.4 (Martingale difference asymptotic normality). Under the settings in Theorem @,

\/ﬁz wn i A e B N0, wA™1SA™Y).
i=1

Once Lemma, is established, we can prove Theorem using the linear approximation technique.
B.4.2 Detailed proof of theorem
Proof. Recall the error sequence of SGD iterates §,, = z,, — x*. It also takes the form

On =0pn—1 — M VF(xp_1) + nnen.

The weighted averaged error sequence is 6, = Y., wy ;6;. Since Y ., wy; = 1, we have 6, = &, — z*. We have
also defined the linear error sequence

Op = Op_1 — M AS, 1 +Mnen, 0 =20 — 27,

n
NG } : /
6n = wn7152
i=1
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We claim that Lemma [B.3]is true, i.e.,

Vol B N0, wATISATY),

then it suffices to prove that \/HS;L and \/ﬁgn are asymptotically equally distributed. Let s,, be the difference

between the nonlinear and linear sequence. It also takes the following recursion form:

Sp = 0p — 5; =0p—1 = M VE(2p-1) — (I =1, A) :L—l
= (I —=n,A)(0n-1 — 5;—1) = (VF(zn-1) — Adp—1)
=I—-n,A)sp—1 — N (VF(xp_1) — Abp_1).
Recall the definition of Y;™:
k
vi= T[] @-njd).k>iy =1L
j=i+1

We can use Y;" to rewrite s, as
Sp = Z Y;n’rh [A(Si_l - VF(Iz_l)]
i=1

Define the weighted average difference between the nonlinear and linear sequence:

n n i
gn = an,isi = an,i ZY]ZUJ[A(S]—I - VF(xJ—l)]
=1

i=1 j=1

Note that \/nd, = /18, + /nd, and \/nd, i N(0,wA=LSA~Y). To prove
by = Va(E, — 2%) B N(0,wA 1SA™Y),

it is suffice to prove y/n§, converges to 0 in probability.

|§n| < an,i Z |}fji|77j|A5j—1 - VF(xj—l)‘

i=1 =1
Sz > 1454 — VF(%‘—l)P?j(Z Y] |)
=1 i=j
1 « Ca ‘ a
< - 231 |A6;_1 — VF(x;—1)]i~*(1+ (j +1)%)
iz
1 n
< - 221 |Adj—1 — VF(z;-1)]
iz

1 n
S 52|5j71|2~
j=1

(37)

The second inequality is obtained by upper bounding w, ; and exchanging the order of summations. The third
inequality comes from Lemma A.2 in|Zhu et al.| (2023). The last inequality is from Taylor’s expansion around x*.

From Lemma 3.2 in [Zhu et al. (2023) we know that
Elgj-1* S (G- 17"

So there exists a constant C' > 0 such that

n

—E|6;-1* < — @G-y <
>, 7Bl 2. 7 2

<

J Jj=1
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By Kronecker’s lemma,
1 n
— ZEl(Sj_ﬂQ — 0.
Vi

As a result, for any fixed h > 0,
P(V/n|3a| > h) < ]P)(i En 16517 > h) < ——F En [6j-1]* = 0.
Vn = V/nh =

Thus we proved that 1/n3, converges to 0 in probability, and the theorem is proved.

B.4.3 Proof of Lemma [B.3 and Lemma [B.4

Proof of Lemma|B.3. By definition of the linear error term, we have

5 H I Th 50 + Z H I 7’] 771627

=1 j=i+1
where the matrix sequence V¥, k > i is defined as
k
vi=J[ @=mA),k>iv =1
j=i+1

Here we also use the convention that ],

ien 41X =n;A) = 1. Then the weighted averaged error sequence S;l takes
the form:

ZmeI—m 6O+ankz H 1_77] 771€z
j=1

=1 j=i+1
n o n
= ZmeOéo +Zan kY 1:€;
=1 k=i
_anzY060+anzZY 771€1+Z Z Wn k — wnzYnzez (39)
i=1 =1 1=1 k=141
n n
Z Lo+ Z Wy, Yy oo + Z wnz(z Vg — A e + Z Z (wn = wn ) Yimici
=1 i=1 =1 k=1 =1 k=i+1
:I+II+III+IV

By Lemma A.2 in |Zhu et al. (2023),
> FI S+
k=it+1
So we have,

hl'Il Ifzwnzyoéo‘ < hm *|\/72Yb| < hm 720

n—00 n—o0 \/M
i=1 \/>

Recall ¢ = >"7_, Y*y; — A~'. Then by LemmalfA.1 and the fact that [¢7| < K,

n
nh_)ngom\/»z:wnz Z Fp— A Ve ZHILII;OEM/HZ;LUMQS?QF

k=1

A

. 1 - n|2
Jim = > 167

i=1

K
S 5 2l =0,

i=1

IN
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The result shows that \/nII and /nIII converge to 0 in L? norm. For \/nIV, let al' = Y"1 _, . (wnk — wn i)Y 0.
By Lemma A.1 in |Zhu et al.| (2023)), we have

k
VF[ <exp(=A D m),
t=i+1
and
I & o 1
a1 S = > Vim S~
n 4 n
k=i+1
We also have
k
nh—>HoloZ|a | < hm Z Z | Wk — Wa 5|0 exp(—A Z Mt)-
=1 k=1+1 t=i+1
Now we claim that the term above goes to 0, i.e.,
k
i 3 3 oA 3 ) =0
i=1 k=i+1 t=i+1

As a result,

n
E[VaIV]> =ElVn ) ael
i=1
1 n
S =Y Inaf?
n =1
1 n n
< pnal = Y Jar 0.
=1 i=1

So the conclusion follows from the asymptotic normality of the first term, which is implied by Lemma [B.4}
\/ﬁz wn i A e B N(0,wA 1 SA™Y).

Finally, we only need to prove the claim that

k
nlggoz Z Wk — W ilmiexp(=A Y m) = 0.
=1 k=i+1 t=i+1

By the piecewise Lipschitz condition, we have that except for finite jumping points,

1

|wn,k - wn,k—1| S Llﬁ

We first assume that there are no jumping points and the inequality always holds. Then we need the following 3

steps:
Step 1: Define m¢ = 0 and for any k > 1,

Then our goal is to prove Y1 | S0 . [wn x — wni|ns exp(—=Amf) — 0. Recall that A = min(Amin(A4),1/(27)).
Let u = |1/A| + 1. Choose an N € N* such that Vk >i > N,

k
mf > ulog —.
i
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Since m¥ > n(k'=® —i'=*) /(1 — a), we can always find such an N.
Step 2: Let b =3 i1 [wnk — wn i exp(—=AmF). We decompose Y " | b7 into two parts:

n

Z Z Z (W1, — Wy, ;) exp(—Amk)
i=1 i+1

i=1 k=

Z |wnk_wnz|cxp Z i Z ‘wnk wnz|CXp( Am)

=i+1 1=N-+1 k=i+1

éIl"‘IQ

Step 3: Show that each term goes to 0 when n — oco. For the first term we have
al 1

Ry n S epcamt) s L3y 5 L

i=1 k=i+1 i=1

The second inequality is due to Lemma A.1 and Lemma A.2 in Zhu et al.| (2023). Now there exists a constant C
2. So for the second term we have

n n k—1 .

= 2 2 ()l = wnalje

i=N—+ k=i+ t=1
n

=N+

such that |wy ¢41 —

n

+1
k—1

it% —am (41)

1 t=1¢

_2

+1

=ne2 zn: zn: mﬁz 7)\m( k_m;e—l)

1=N—+1k=i+1

m¥
The second inequality is because t* < n®. Notice that :}’—; < % < e by step 2,

n n
a—2 E_(L=x)ymk & k—1
ILb<n E E mie(u )f'(mi—mi )

i=N+1k=i+1

n 4o
1
<no? g / mels MM dm
0

‘We have shown that

i=1

So the claim is proved under the condition of no jumping points. Then we deal with the finite jumping points
case. Without loss of generality, we assume there is one point 0 < k < 1 such that the Lipschitz condition holds
on [0, ] and [k, 1]. The case of multiple but finite points follows the same argument.

Let d,, = Wy, [kn] — Wn,|xn| and wy, ; = —dy, for i > kn and 0 otherwise. Notice that |wy, ;| < 1/n.We have

Wk — W i| < wn,k + w%,k — Wn,i — w;u| + |w%k - w;Lz|7



General Weighted Averaging in Stochastic Gradient Descent: CLT and Adaptive Optimality

and the term in the claim is a linear combination of |w,,  — wy, ;|. So we can plug in the triangle inequality where
[Wn,k + W), p — Wn,i — w), ;| has no jumping points, for which

n n k
Tim S 37 R+ 0 — g — 0 lexp(-A 3 1) =0

i=1 k=i+1 t=i+41

is proved. So we only need to verify the claim for |wy, , —wy, ;|. By Lemma A.1. in|Zhu et al. (2023) we have

k

t=i+1
By Lemma[A.2]
n n k
Somi > |wh = w) lexp(=X Y m)
i=1  k=it1 t=i+1

/\_Ua(i—l—l)l—a) Zn: eXP(—lA_"akl—a) (43)

i=1 k=[rn]
1 An _ )\77 _
< 11—« -« [
S - exp <1 — |kn | ) exp ( = Kn] > [kn]
- [n]®
~ n

So the claim limy, oo D270 ) 7 D sy W), — wy, ;| exp(—A Zf:iﬂ 7:) = 0 holds, and we complete the proof of
Lemma [B.3] O

Proof of Lemma[B.f. We further decompose the weighted sum of the martingale difference sequence as
VY wn AT e = /n Zwm — V(@ &) + VY wni ATV (2", &),
i=1 i=1
By Assumption
E|V f(2i-1,&) = Vf(a*, &) < L6
By the convexity of | - |? and Jensen’s inequality,
IVF(zi1) = VF@")? = B (VS (@im1,&) = V(@ &)
SEia|Vf(@io1,&) — V(&)
< L2641
Since VF (z*) = 0, we have
(Biilei = VF(@", &) < [VF(zio)| + Eina |V (@im1, &) = V(" &)%)F < L|si .
We know that E|§;_1|> < (i —1)72, so
Ele; — V(" &) S L2 (i —1)"°

Since |wy, ;| < Cn~1,

|61 Vf 7§z)|

S
Mz

]E|\sznz —VfE*a)P S

S=(—1) " + 5 =n

S|
'gsu

S
[
N
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which vanishes as n — oo. Then it suffices to prove the CLT for \/n ) |, w, A7V f(z*,&). Let Z; =

ATIV f(x*,€;) be a sequence of mean-zero variables with finite second moments, and denote the covariance matrix
as X, = > (Vnwy, )?A7SAL Since Y (Viw,,)? = w and |wy, ;| < Cn~!, we have

e 2 _ 4 9 “1agg—1y—1 1Z:]?

St Vi Zif? < ol (47184724 S A

Hence for any v > 0,

1
‘En 2\/Ewn,izi|221/ n—00

AN } < lim Z;E{' LT
=E{|Zi|’1| 2,25} — 0,

which converges to 0 because of the fact that 1|,2>,, — 0 and Lebesgue’s dominated convergence theorem. We
have verified the Lindeberg condition. As a result,

S0t waaZi B3 N0, Ly).
i=1

and since ¥,, - wA 1SA™L,

\/EZ mei 2) ./\/'(O7 UJAil;SAil).

i=1
Here we also illustrate that nV,, — A~'SA~! under the setting of Theorem Recall the SGD iterates
;=21 — (Azi_1 — A%fi) =g —A)zi1 + 2.

where Ez; = 0 and Cov(z;) = S. The weighted averaged SGD is formulated as
B =n7" (Ig— mA)P, 120 + Z D, 524,
i=1
with its covariance V,, = Z?:l ®, ;5®, ;. On the other hand,

n n
\/ﬁi‘n = \/EZ wnﬂ'AilZi + \/’le wn,iYOiaO
i=1 i=1

n n (44)
+ \/ﬁz Whiar 2z + \/ﬁz bz,
i=1 i=1
and we have shown that the last three terms on the left-hand side L? converge to 0. Hence
lim Cov(yv/niy) = lim nV, = lim Cov(vn Y wn ;A" z)=wA"'SA™".
O

B.5 Proof of Theorem [2.10]
B.5.1 High level summary and remark

We first present a sketch of the proof which outlines the main techniques. The high-level idea is to decompose the
partial sum process S, as
Sn = SL,n + SD,n + SR,n + Rn

Step 1 Prove the FCLT of the "linear partial sum process" St ;. It suffices to verify the finite-dimensional
convergence and the tightness condition.
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Step 2 Establish a uniform approximation of Sr, ,, to the target process S,,. In the decomposition, Sp n, Sgrn
and R,, are the error terms of martingale differences, Taylor expansion’s remainder, and the initial point. We
show that the maximum of each standardized error process converges to 0, and complete the proof.

In both steps, we leverage a sharp maximal inequality, Proposition 1 in (Wu, 2007), to bound the maximum of
the partial sum process.

Remark B.5. In|Lee et al. (2022), Assumption 1.(iv) and (v) require that o > 1/2 and E||&]|?P < oo for some
p>1/(1—a). So the condition is 2p > 2/(1 — &) > 4. In their proof of Theorem 1, the following expansion is
used:

m—1 m—1 p
O TPy = Y- TTwm 12l
J=1 jl,...,jp:1 =1

Therefore, it is clear that p € N. In conclusion, their moment condition is p > 3 and 2p > 6.

Our paper uses p instead of 2p in the moment condition. In this context, the condition in|Lee et al.| (2022) becomes
p > 6, while we greatly reduce it to p > 2 without requiring p € N. Another work|Li et al.| (2022b) also investigates
the FCLT in the setting of local SGD. However, their Assumption 3.2 requires sup,, E|V f(x,&) — VF(2)|P < o0
for some p > 2. This uniformly bounded p-th moment condition is also much stronger than our assumption, since
we only assume it is bounded at one point x*.

B.5.2 Detailed Proof

Proof. Recall for the decomposition of SGD iterates. Without loss of generality, we can assume z* = 0 here.
Let

n
Yn = Yn—1 — nnAyn—l - Unvf(ﬂﬁ*,fn), Yo = 0, SL,n = Zyn

i=1

Apn=Apn-1—MmAAp 1 —Dn, Apo=0, Spn,= Z Api,
i=1

AR,n = AR,n—l - nnAAR,n—l - nana AR,O = 07 SR,n = Z AR,i-

i=1

Then the error term due to the starting point goes to 0 as

PR R P R o< § I | —n. <
\/ﬁ llgzagxn |S1 SLJ SDJ SR»1| ~ \/ﬁ - | (Id T]]A)D ~

Bl

i=1 j=2

We prove the functional CLT in two steps. First, we prove the functional CLT for Sr,,. To this end, we need
to verify the following tightness condition: for any ri,7o > 0, there exists § > 0 and ng € N such that for all
n Z no,

p( max M > 7“1) < 1y (45)
|i17i2|§n5 \/ﬁ

Without loss of generality, we take r; = ro = r. Notice that the probability in can be upper bounded by

o K L
P( max M > r) < [[D( max M > f), (46)
i1 —in|<né vn = \u<istin vn 2

Let t; =1, t; = t;_1 + [nd] for 1 <1 < [1/6] and t1/5141 = n. By Markov’s inequality,

[51 [51 M1

|SLi —Sp.ul 7 29|Spi — Sp.4 | 29

IP’( WL = oLt >7)< E : il < E Stoiti — Spoa |l
2P, e T 25) < 0B, max TS < e 2B Sk = Swal

S

(47)
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We apply the powerful maximal inequality Proposition 1 in Wu/ (2007) to bound the expectation of the maximum
as

1/ 1/
(E Oglirgiﬂ 1SLti4i — Sp|?) T < (B onax ISt t+i — Sea]?)
d 24k 1/q
< Z [ Z E|SL ti425m = Sp 425 (m—1)|? ]

k=0
where d = [logs(|nd])]. Now we prove the following lemma:
Lemma B.6. ||ym+41 + .. + Ymtjllg S V-
Proof. When j < me, || S04 yily € S0 il S S50, 070/ S jlm + 1)70/2 < j171/2 = /7. When

j > m®, the high level idea is to decompose the sum to a linear combination of Z; = V f(z*, {), which is also
the sum of martingale differences. The relationship between y; and y; can be written as

%

yi= [ @ mAy, + Z 1‘[ (L= mA)mV f(a* ). 0<j<i, (48)

k=j+1 k=j+11=k+1

S0 Ym+41 + ... + Ym+; can be expressed as the following linear combination of independent random variables,

m+7J 7 m+7J i
oIl O=meymir+ D T O=mA)ims2Zinio+ o+ Mt Zimse
i=m+1k=m+42 i=m—+2 k=m+3

We then use Burkholder’s inequality since independent mean zero sequences are also martingale differences,

ym+1+ -+ Ymrslly < (@ = D¥mgallg + - + 1¥m4l13)-

where Y, j1 = ZZZ{H jem2 (L = M A)Ym41 and

m—+j

wm,jl - Z H I nkA 77m+lZm+l7 2 < l < j
1=m-+l k=m-+I1+1

Recall that [[ym1]]2 S (m+1)"%, so we have

m-+j i

[msal S et )=( X T[ = medl) S om 1) <25

i=m+1 k=m+2
Since [|Z,, |2 is finite, we also have

m-+j

msall2 (072 (3 I e =on

i=m-+l k=m-+I1+1

As a result,
[ym-+1+ oo+ Ymaslly S 27+ (G = 1DOQ) S

and the conclusion is proven. O

By the lemma, E[Sy, ;, 4ok — S 428 (m-1)|? S 2k4/2 Hence there exists a constant C' such that

P 152,60 — S1.ta C 2! “5 oka/2)1/qyq
oot Fhtal <O
(\h?}j}éné Vn —T) = 5(r\/ﬁ)q(kz:()(ﬂ; ) 1)
d
24 2qd/2( (21/q71/2)d7k)q'
R TGVOTRE

=0
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Since ¢ > 2, the geometric series Zk (21/ a=1/2)d=F converges. We also have 2¢ < nd. So there exists a universal
constant C' such that

Ll e L L RS )
P( s —ia|<ns Vn - T> = d(ry/n)e ora

We can choose

5 ”*’)2/@ 2)
C
to ensure that
i1 —iz|<né Vn

Hence the tightness condition holds.

Next, we prove the finite-dimensional convergence. In the proof of Lemma, and Lemma [B.4] we have shown
that

1 & 1 &~ .
Hﬁ;yi_ﬁ;A W, &) — 0.

Let Sy = Y7, Vf(z*,&). For all finite {t;}5_, € (0,1), it entails

k
Z 1S nt, 1/ v/t = Spnt;) //1t] — 0.
j=1

So the finite-dimensional convergence follows from the Donsker’s invariance principle on i.i.d sequence V f(x*,&;).
The tightness condition and the finite-dimensional convergence ensure the FCLT for Sy ,,.

Next, we show that

X |Sp.illl =0, |Sr,illl = 0.

1
\fH max ﬁ” 121%}(”

Recall that AD,n = Z?:l s H;L:H-l(]:d - ’I’}jA)DZ where Di = Vf(xi_l,fi) - VF(I’Z_l) - Vf(fﬂ*,fl) Again by
Proposition 1 in [Wu (2007), for n < 2¢ < 2n, we have

Il max |Sp.; max, 1Sp,lll
2(1 k
<Z{Z 15D ,26m = Sp 2% (m—1)|l }
k=0 m=1
Notice that
2k 2k
1D 26m = Sp2x -1l < D IAD 2t (m-ryill S D (25(m —1) +4)~*.

i=1 i=1

Here we use the fact that Ap , is the linear combination of a martingale difference sequence, and hence

n

1AD.A]1* < Zlm [T @—nAPED* <Y i I] 1a—nA)f =<2

i=1  j=it1 i=1 j=it1
Now we can further bound the polynomial series as
2k7

Y2 m—1) +i)7 S (2m)' 7 = (25 (m - 1))

i=1
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As a result,
d 247k 1/2
| mas 1Spll £ [ Do12Fm)' = - (25(m - 1))'~’]
k=0 m=1
d _297F 1/2
< Z [ (2km)2—2a _ (2k(m _ 1))2—20(}
k=0 m=1
d d
= Z [(2k2d—k)2-20 — Z gd(1—a)
k=0 k=0
Finally, we have
d
|| max [Splll £ — Z 9d1=a) < pl=a=1/214g, p = /2= log, n — 0.
\/ﬁ 1<i<n k:
Recall that the second term
Agrn = Zm H (Lo —n;A)R;.
i=1  j=i+1
So
= s Sl < = | Aryll
\f 1r£1a<X Ry 1r£1a<x Z R.j

1 n
<= |Ary
_\/ﬁi1| R,z|

S\FZZ%HRHH H (Ia —n;A)|
i=1 k=1 j=k+1
ZZ 2 H (Ia —n;A)|
=1 k=1 j=k+1

1
< i—a =nl/2=> 0.

B.6 Proof of Corollary

Proof. Recall the definition of 8, ;:

1 = j—1
Pl el

Ay +1T(y+i+ 1) (n+1)
n I'(y+n+1IT@E+1)

We propose another Lemma here and defer the proof to section [C.

Lemma B.7. The weight wy,; = 0, ; satisfies > o wp; =1, wy,; < (y+1)/n and

- - o (v +1)?
Jim nd (wns)® =5
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Now we only have to verify the smoothness condition. We first show that there exists a constant C = v(y+1)
such that for all 1 <i < n, ~
‘wn,i—i-l - wn,i‘ S Cn72~

Notice for any n € N*,

B _ (v +n)—n(y+1) Y(y+1) Yy +1)
|9n+1 n+1 ann - - S 9
’ ’ (y+n+1)(y+n) (v+n+D(y+n) = (n+1)?
and +1
|9n+1,n - 9n+1,n—1‘ = (1 - L)(Gn,n - en,n—l)
Y+n (49)
T+ 1) n

(v+n)(y+n—-1)y+n+1

Since n > 1, we have (0,41, — 0n+1,n-1] < [Ont1,n+1 — O n|- Similarly we can prove that |0,,41,i+1 — Ont1.4] <
10041041 — On.n| for any 1 <i < mn. So [0n11,i41 — Ont14] < (v +1)/(n+1)% for any 1 <4 < n, or equivalently,
[ W41 — Wn 4| < Cn2foralll<i<n.

Let fn(k/n) = nb, ;, it is clear that this f, meets the piecewise Lipschitz condition with >, f,(k/n) = n and
Ly =~(y+1). It is actually global Lipschitz with no exception. So all assumptions for Theorem are verified
and the CLT holds.

O

B.7 Proof of Corollary

Proof. Tt is obvious that for k—suffix averaging |wy, ;| < 1/n, w = 1/k and the piecewise Lipschitz condition holds
with only one exception. So the CLT holds by Theorem

O

B.8 Proof of Proposition 4.1

We should prove the following Proposition |B.8| a more detailed version of Proposition Instead of requiring
m = a1_2 in Proposition we first consider a general step size. Recall that we have the squared loss function
f(z,& = (a;,b;)) = (a;x — b;)?/2, and SGD iterates

r; = Tij—1 — niai(aixi_l - b7) (50)

Proposition B.8. The unique solution to the optimization problem

min E|Zci(xi —z*)?

c=(co, =+, cn):icT1=1 ‘=0

with x; defined in @ 1s given by

oD lel
‘T iTeTper
where
(xog — x*)? 0 0
0 o?ain? 0
D= 0 0 o?a3n3 0 :
0 0 0 o?a2n?
1 0 0
ma? —1 1 0 0
2.1 1 0
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More explicitly,

g
2 2 -1
( C) +ai—m
Cno = o — T
n, Sn 5
-1 2 —1
4 az —n. .
Cn,i nl g_l nz+1’1§2§n717
n
1
C =
o nnSn’
where Sy, = ( ? P+Y a?
O =14

Proof. The SGD error sequence x; — x* takes the recursion form

x;—axt=(1- ma?)(mi_l — ") + mia;(b; — a;x™)

Let
1 0 0
ma? —1 1 0 0
o= 0 nead —1 1 0
0 0 0 nnai -1 1
Then we have
Tog — x* To — T~
T —a* m by — a1x*)ay

To—xF | _
® =

*

N2(b2 — asx™)as

Ty — X (b, — anx®)ay

We further treat a; as fixed and denote © as the matrix in the left hand side above. Similar as the mean estimation
model, here the optimal weights solution is also determined by ¥ = (E(z;z,)): j>0, the “covariance” matrix of

(o, x1, T2, -+, Tn).
We further define
zg — X xo — ¥
m (b1 — arx*)ay x1 — z*
oo | mlbe—axtay | x| w-a |
(b, — anx™)ay Ty — T*
and
(xog — x*)?2 0 . 0
0 o*aini 0 0
D= 0 0 o’ams 0
0 00 oar2

Then ©X = @ implies that EOX X707 = OEX X707 = 0x07 = E®®T. By the fact that E(x;—z*)(z;—2*) = 0
for all i # j, we have E®®T = D. Thus we have a diagonalization of ¥ as @X.07 = D.

Using the Lagrangian multiplier method, we can obtain

-

the closed-form solution as

il

17811’
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and it remains to show that the solution
x11 B oD el
17¥-11  17eTD-1e1
is the form of Proposition Here we give the closed form of the matrix @7 D10,

e'D e =
1 + (mai-1)? mai—1 0 0 0
(xo—a*)? ) o2a3n? o2a?n? ) ) 5
na?—1 LI (n2a5-1) n2a;—1 0 - 0
oo afl "ol oo}
0 n2a5—1 LI (nza3—1)* - 0
G-Zagng 0.2a2n2 0.2a§7732’ I

nnaf,’—l

. . . o2a2n2

ana
0 0 o 0 nnas—1 1

oainy  ofaing

and the conclusion can be easily verified. O

The optimal weight of the initialization term ¢, ¢ in Proposition depends on ¢? and the initial error xg — z*,
both of which can not be observed. To solve this problem, we may consider the two-step estimation: first estimate
o and x* using ASGD or other averaged schemes with a small batch of SGD iterates, then plug them in to obtain
the optimal weights. Another approach is to modify the structure of © and equation Choosing 71 = af27 we
can exclude xy — x* from and reduce it to

1 0 e 0 z; — 2t m(by — a1x*)ay
a3 —1 1 e 0 Ty — x* n2(by — asx™)as
0 0 nua?—-1 1 Ty, — T* M (b, — anx®)ay

In other words, if we plug n; = al_2 in Proposition we have z1 = 7;b;a; and all SGD iterates will be free of
To — x*.

Denote © as this reduced matrix in the left hand side above, and we can perform a diagonalization of ¥_¢ =
(Exz;2;);5>1, the “covariance” matrix of SGD sequence without x¢, as follows

o?ain? 0 e 0
- - 0 cla3n? - 0
02 00T =D_o = 2
0 0 e aZaZn?

Instead of the optimization problem in proposition the decomposition of ¥_( enables us to solve a reduced
problem excluding the weight on x(

c=(c1, =, Cn

i E i(zs — 2*)[?,
mm):cT]l:1 |;c (z; — a™)]
and get the minimizer in the form of

Dy eTD-;e1

CcC = = = =~ .
17y7)1  176TD-}e1

The 02 terms in D_q cancel out. Finally, the weighting scheme with 7, = a;2 is

—1 2 —1
T+ as —n. .
Cn,i:nz gl nﬁ_lalSZSn*la
n
1
I =
S,

where S, = Y| af.
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B.9 Proof of Corollary

Proof. We define Z/, = Z?;ll ¢n,i%;. From Corollary m we know
n%(xn —z") = 0p(1).
Notice that

because ) )
n® 2 (x, —a*) = n%_fn%(mn — ") = 0,(1).

So \/n(Z, — 2*) and (&, — (1 — 1/nn,)z*) = /nd i " ¢n.i(z; — *) has the same asymptotic distribution.

Moreover, consider

n—1

n—1 n—1
1 1
VAEY enilwi — o) = Y — (@i —2")| < v 2 : n ”Z“E\x | S = T g2
n n
i=1 i=1

1

<.
Il

which vanishes as n — co. So &), = Z;:ll cn,;%; has the same asymptotic distribution as ASGD. Therefore the

conclusion is proved. O

C PROOF OF AUXILIARY LEMMAS

C.1 Proof of Lemma [A.2]

Proof.

1. Clearly it holds for j = i. If j < i, noticing that —z > log(1 — z) > —x — 22/2 for all x € [0,1/2], and the
set {k : A\ > 1/2} is finite, then we have

Yool = 1 |1—Ank|5exp(—x 3 nk),

k=j+1 k=j+1

and

log [Yonil= Y logll—Am| 2 =X D me—A% Y #f

k=j+1 k=j+1 k=j+1
which implies

i

Yool = Z 10g|1—)\77k|ZeXP<—>\ Z Nk — A2 Z nﬁ)iexp(—/\ Z m)

k=j+1 k=j+1 k=j+1 k=j+1
since Y, _ i1 n2 is uniformly bounded for all i and j. As a result,

%

Yonosl = H |1/\77k|><eXp(>\ Z 77k>

k=j+1 k=j+1

= exp ( —An Z k_a) < exp (—)\17/ ) u‘“du)
- i+

k=j+1

——”7@1Q—U+U1%}

{
— exp { A (G —it) + (’)(1)}
{ .
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Further, by Taylor series,

exp{ {2 - i) |

l-a
1
= exp {—/\nio‘(i —j) - iAnau*‘kl(i - j)2} (for some u € (j4,1))

exp {—Ani (i —j)}.

IN

2. Since exp (ﬁjlfa) 77 7% is ultimately increasing in j, we have

i i+1
Z exp (lef‘”‘) T < /1 exp (ﬁtlf‘”‘) %t
j=1

Bli+1)' e
x/ ety R . (52)
B

Using integration by parts, we have the following:

Bli+1)t (-
/ vy e du
B

Bli+1)1 = B+t~ (v—Da
5 +/ ety 1o gy,
B

= exp {6(@' + 1)1—“} (i + 1)—(7—1>a + (Bl + 1) = B)exp {B(i + 1)1—a} (i + 1)—(7—1)a—(1—a)

= exp (ﬂilfo‘) i—(=De,

_(-Da
eu 1—a

Therefore by (T)), we have
i - i B
2 Y3l apreXp{1 (i =i “)}J va
j=1 =1 «
_ AnB g, : B4, .
e S ($2550)

11—«

= j—(y=De

3. Let ¢(x) = exp(—Bz1~%). It’s a decreasing function of z. So we can bound the target term as

%0 o
= — e %ds (53)
/ﬂ(jl)l“’ Al —a)

<G —1)%exp(—B(j — 1))
= exp(—f5'~*)j".

C.2 Proof of Lemma [B.T

Proof. Since T'(y+i+ 1)I'(n+1) <T'(y+n+ 1I'(i + 1), we have

§7+1.

|9n,i n
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From the recursive form of polynomial decay averaged SGD, it is easy to see > .., 0, ; = 1. The last step is to

prove the limitation holds. Define

nml n nmn'
rn<x)=/0t (- Mt 2+ )(E+2) (24 n)

where the last equality is from integration by parts. It’s well known that (1 — %)" < (1-

— n+1

n’n!
I'z)= 1 = lim I'y(z).
(z) 60 zz+1)(x+2) - (x+n) oo (@)

So for any 7 > 0, there exists an N > 0 such that for all n > N,

nYn!
IR CE R R R Rl

As a result, for n > > N, we have 0 < "0H4D 1 < P(y)r and 0 < Y04"E) 4 < T(4)7, which implies

T(i+1)eY T'(n+1)iY

‘I‘(v—kn—f—l) F'(v+i+1) <or(m)r

T(n+1)i"  T(i+1)i7

Furthermore we have

W_F(v—ki—kl)]?(n—i—l)‘_‘ T (n+1)

‘I‘(v—kn—i—l) Ty +i+1)

nY Ty+n+DI'GE+1) P(y+n+1)|| T(n+ 1) L(i+ 1)
v
< oP(y)r n'I'(n+1)
F(y+n+1)
< 2T'(y)7.
Now we estimate the following summation

LS+ D = (6,

- - — N(Un,;

n = K n ’

N n . .

1 7—1—1 i Fy+i+1)T(n+1)
<— ]. nz —)7 = -
7nz|7+ |+Z| I+ = 1%:“ (n) Fy+n+1I'GE+1)

N(y+1) N —N
NoFl Ny (v +1)

n n
N
< 1)(— .
<G+ +7)

Let 7 — 0 and n — oo,

n

Jim =S [+ () = (6] = 0.

Since )
(7 4+ 12(2)? = n?(0n.0)?] = (7 + 1)

we have

n . n

Jim =S+ 12 = 2000?20+ 1) B ST+ () = n(6a)] = 0.

i=1 i=1

Lyn+l and

limy, 00 (1 — £)™ = e7* for any t. So I',(2) < I'(z). Meanwhile we have an equivalent definition of T'(z):

(55)

(58)
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Finally, notice that

n

i Y 12 = [ 1) = b+

n—roo n 2v+1

We have proved the limitation in Theorem [2.7 holds with

_(r+1)?

li 9
im n Tl

n—oo

D ADDITIONAL EXPERIMENT RESULTS

We conducted the experiments in R version 4.1.1 (2021-08-10) on a MacBook Air with a GPU Apple M1, 4
performance and 4 efficiency cores, and 8 GB LPDDR4 memory, equipped with macOS Big Sur version 11.5.1.

The choice of o = 0.505 follows the work of (Zhu et al.| [2023). A similar choice can be found in (Chen et al.,
2020) to make « slightly larger than 0.5. To verify our result when « is near 1, we also set a = 0.8. The choices

of parameters of polynomial decay averaging (v = 3) and suffix averaging (x = 0.5) are the same as the settings
in (Shamir and Zhang} 2013)) and (Rakhlin et al., |2012]).

We report MSE (Table |2 and |3) and standard deviations of squared errors (Table 4| and |5)) in the simulation of
the mean estimation model and the squared loss model. As is shown in Tables [4] and [5] the standard deviation of
adaptive weighted averaging is also the smallest among all averaging schemes.

Finally, we compare the empirical coverage rates of confidence intervals constructed by different averaging schemes
in Table [6. The nominal coverage level is 95%. For d = 5 linear and logistic regression, we perform statistical
inference for each coordinate of *, an arithmetic sequence from 0 to 1 with length 5, and report the overall
averaged empirical coverage.

Table 2: MSE for Mean Estimation Model.

a = 0.505
AVERAGE SCHEME n = 400 n = 800 n = 1200 n = 1600
ADAPTIVE WEIGHTS 0.00251625 0.00116611 0.00080357 0.00064877
ASGD 0.00254422 0.00118549 0.00080872 0.00066366
K-SUFFIX 0.00450813 0.00232837 0.00170125 0.00143947
PorynoMiAL-DEcay  0.00464877 0.00192599 0.00150453 0.00010830
LAST ITERATE 0.02771139 0.01643044 0.01495235 0.01226139
a=0.8
AVERAGE SCHEME n = 400 n = 800 n = 1200 n = 1600
ADAPTIVE WEIGHTS 0.00251625 0.00116611 0.00080357 0.00064877
ASGD 0.00308790 0.00139040 0.00091637 0.00071408
K-SUFFIX 0.00366752 0.00168517 0.00119971 0.00108589
PorLyNoMIAL-DECAY .00328634 0.00154893 0.00119466 0.00103280
LAST ITERATE 0.00472179 0.00250589 0.00214805 0.00168590
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Table 3: MSE for Squared Loss Model. Here a = 0.8.

SQUARED LOSS

AVERAGE SCHEME n = 2000 n = 4000 n = 6000 n = 8000 n = 10000
ADAPTIVE WEIGHTS 0.00052560 0.00025011 0.00016126  0.00012099 0.00009732
ASGD 0.00061791 0.00028463 0.00018354 0.00013391 0.00010643
K-SUFFIX 0.00104944 0.00046774 0.00029666 0.00022174 0.00018105
PoryNnoMIAL-DEcAY  0.00075921 0.00038657 0.00025183  0.00019944 0.00016392
LAST ITERATE 0.00121235 0.00071972 0.00046712 0.00041441 0.00033334

Table 4: Standard Deviations of Squared Errors for the Mean Estimation Model.

a = 0.505
AVERAGE SCHEME n = 400 n = 800 n = 1200 n = 1600
ADAPTIVE WEIGHTS 0.00378955 0.00179229 0.00121118 0.00103080
ASGD 0.00387207 0.00185897 0.00119596 0.00106196
K-SUFFIX 0.00592971 0.00372515 0.00247292 0.00227080
PorLynoMiAL-DEcay  0.00609187 0.00360348 0.00289309 0.00231915
LAST ITERATE 0.04230295 0.02266438 0.02185713 0.01771681
a=0.8
AVERAGE SCHEME n = 400 n = 800 n = 1200 n = 1600
ADAPTIVE WEIGHTS 0.00378955 0.00179229 0.00121118 0.00103080
ASGD 0.00486709 0.00217177 0.00139634 0.00108259
K-SUFFIX 0.00538974 0.00313332 0.00169102 0.00169910
PorLynoMiAaL-DEcay  0.00465715 0.00276466 0.00164636 0.00166781
LAST ITERATE 0.00672886 0.00371866 0.00338224 0.00253484

Table 5: Standard Deviations of Squared Errors for the Squared Loss Model. Here a = 0.8.

SQUARED LOSS

AVERAGE SCHEME n = 2000 n = 4000 n = 6000 n = 8000 n = 10000
ADAPTIVE WEIGHTS 0.00033900 0.00015772 0.00010264 0.00007903 0.00006308
ASGD 0.00046388 0.00018273 0.00011797 0.00008705 0.00007048
K-SUFFIX 0.00088597 0.00035209 0.00019249 0.00014681 0.00012083
PorLyNoMIAL-DEcAY 0.00047245 0.00025178 0.00015650 0.00013407 0.00010312
LAST ITERATE 0.00069180 0.00046476 0.00031687 0.00025734 0.00019574

Table 6: Empirical Coverage under the Linear and Logistic Models. Here o = 0.505 Following the Choice in [Zhu

et al. (2024)), and n = 500.

METHOD

LINEAR MODEL

Locistic MoODEL

ADAPTIVE WEIGHTS

ASGD
K-SUFFIX

POLYNOMIAL-DECAY

0.966
0.964
0.947
0.956

0.951
0.949
0.943
0.937
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