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Abstract

Task arithmetic has emerged as a simple yet powerful technique for model merging,
enabling the combination of multiple finetuned models into one. Despite its
empirical success, a clear theoretical explanation of why and when it works is
lacking. This paper provides a rigorous theoretical foundation for task arithmetic by
establishing a connection between task vectors and gradients of the task losses. We
show that under standard gradient descent, a task vector generated from one epoch
of finetuning is exactly equivalent to the negative gradient of the loss, scaled by the
learning rate. For the practical multi-epoch setting, we prove that this equivalence
holds approximately, with a second-order error term that we explicitly bound for
feed-forward networks. Our empirical analysis across seven vision benchmarks
corroborates our theory, demonstrating that the first-epoch gradient dominates the
finetuning trajectory in both norm and direction. A key implication is that merging
models finetuned for only a single epoch often yields performance comparable to
merging fully converged models. These findings reframe task arithmetic as a form
of approximate multitask learning, providing a clear rationale for its effectiveness
and highlighting the critical role of early training dynamics in model merging.

1 Introduction

The pretrain-then-finetune paradigm has become a cornerstone of deep learning, enabling large,
general-purpose models to be adapted for countless specific tasks. However, this success comes
at a significant cost: storing a separate finetuned model for each task incurs substantial stor-
age overhead, a challenge that escalates with a growing number of specialized applications.
To address this, model merging has  SGD-Mayepochs _ ___ GD-Sigleepoch
emerged as a promising solution, offering a

way to combine multiple task-specific mod-
els into a single, unified model without a
proportional increase in size.

Onr

Among the various merging techniques,
task arithmetic [13] stands out for its el-
egant simplicity and surprising empirical . ,
effectiveness. This method constructs a . ____________ S !
“task vector” by taking the weight differ- Figure 1: Left: endpoint models are finetuned with SGD
ence between a finetuned model and its for more than one epoch. Right: endpoint models are
pretrained base, and then builds a multitask finetuned with GD for a single epoch. In this case, task
model by summing these vectors. Despite vectors are equivalent to negative gradients.

widespread usage, a comprehensive theoretical understanding of why and when task arithmetic works
has remained elusive. Prior work [33, 18, 12] has suggested that task vectors derived from shorter
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intervals of finetunings, although less performant in a task-specific sense, are better suited for merging.
However, a rigorous explanation for this phenomenon is still lacking.

In this paper, we bridge this theoretical gap by unveiling a foundational link between task vectors and
the dynamics of gradient descent. Our central thesis is that task arithmetic can be understood as an
approximation of simultaneous multitask learning. We establish this connection by first highlighting
that, under full-batch Gradient Descent (GD), a task vector finetuned for one epoch is precisely the
negative loss gradient, scaled by the learning rate. This fundamental insight implies that summing
these vectors is mathematically equivalent to a single GD step on an aggregated multitask loss, where
the scaling factor acts as an effective learning rate.

Building on this, we demonstrate that for multi-epoch finetuning, this equivalence still holds approxi-
mately, with a second-order deviation of O(n?). We provide explicit, uniform 2-norm bounds for
this error term in feed-forward networks, shedding light on its structure and the factors that influence
its magnitude. Our extensive empirical studies across seven vision benchmarks further validate this
theory, revealing that a large portion of the gradient norm is accrued during the first epoch and that
subsequent gradients remain well-aligned with this initial direction. This suggests that the early
finetuning dynamics largely dictate the model’s final trajectory.

A key implication of our findings is that merging models finetuned for just one epoch can achieve
performance comparable to, or even better than, merging fully finetuned models. This not only
offers a principled theoretical explanation for the empirical effectiveness of task arithmetic, but also
provides a clear rationale for merging models finetuned for shorter intervals. Our work offers a
novel perspective on model merging, re-framing it as a form of approximate multitask learning, and
highlights the critical importance of early training dynamics in the finetuning process.

Our key contributions are:

* Theoretical Foundation: We rigorously prove that a one-epoch GD task vector is a scaled
negative gradient and show that subsequent task arithmetic iterations diverge from joint
multitask training iterates by only a second-order term O(n?).

* Error Bounds: We derive explicit uniform 2-norm bounds for this second-order error term
in feed-forward networks, assuming bounded weights and activation functions with bounded
derivatives.

* Empirical Validation: We empirically confirm the dominant contribution of the first-epoch
gradient to the overall finetuning trajectory, both in terms of norm and direction, across a
variety of vision tasks.

» Explaining Shorter Finetuning: We provide a theoretical rationale for why shorter finetun-
ing periods (e.g., one epoch) are beneficial for model merging.

2 Task Vectors as Gradients

This section formalizes the relationship between task vectors and multitask loss gradients. For
analytical clarity, we model learning as standard full-batch gradient descent with a fixed step size
7, rather than stochastic or mini—batch variants. This assumption, common in theoretical studies of
convergence and generalization [2, 21], simplifies the derivations while preserving key insights into
the learning dynamics.

Vanilla task arithmetic (TA) [13] constructs a multitask model by:

(1) finetuning the base network separately on each task, and
(ii) adding the resulting task vectors, scaled by a coefficient «, to the original pretrained weights.

The scaling parameter « is typically selected via hyperparameter tuning. In the full-batch setting and
with a suitably scaled learning rate 7, we show that TA is exactly equivalent to one epoch of joint
training; thereafter, the two approaches diverge due to a curvature—controlled O(n?) term.

We first introduce the notation used throughout the rest of the paper.

Notations. Let T denote the set of tasks, with size |T'|. The pretrained model weights are Oy
For atask ¢t € T, let Gt(k) be the parameters obtained after £ epochs of finetuning on ¢. The task



vector is defined as Tt(k) =0

Finetuning on task ¢ minimizes the empirical loss

_ 1 &
Lt<9) = n7t Zg(xlﬁ Yiy 9),
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Ek) — Opase, 1.€., the parameter displacement induced by finetuning [13].

where n; is the size of training data for task ¢ and £ is the per—sample loss. We denote by 91%) the
parameters obtained after k& epochs of joint training on all tasks, i.e., by minimizing the combined

loss 3,7 L¢(0). The corresponding multitask vector is TlffT) = et Tt(k).

We are now ready to state our theoretical results.

Theorem 1. Let O(Tk) = Opuse + ¢ Zt cr Tt(k) be the model obtained using vanilla task arithmetics

with parameter . Let {9§k)}teT be produced by running k full-batch GD epochs with step size

n on each task, and let 91(\5;%1 be the model obtained from k GD epochs with step size an on the

aggregated loss ), Ly. It holds that
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Equation (1) states that, after a single epoch of gradient descent (GD), task arithmetic (TA) matches
multitask training exactly when the step size for finetuning each task is 7 and the step size for
optimizing the multitask loss is an, where « is the scaling coefficient applied to the multitask vector
when summing it to the base model in TA. Fig. 1 illustrates the intuition of the equivalence.

For later epochs (k > 1), the linear term in 7 cancels, and the difference between the two methods
reduces to a quadratic term ?C(-) plus higher—order corrections O(n?). Under our full-batch GD
assumption, expanding the updates in powers of 7 provides a principled, perturbative view of the

dynamics. Specifically, when 7 is small, the parameter difference H(ka)‘ — GE\IZ)T reveals that the leading
O(n) contributions vanish, leaving a curvature—controlled O(n?) term together with higher—order
terms. This expansion pinpoints the exact source of the TA-GD gap in the curvature term C/(+).

2.1 Dominance of The First Epoch

Beyond the first epoch, even without exact equivalence to task
gradients, task vectors remain effective because much of the
model’s finetuning trajectory is dictated by the gradient informa-
tion from the first epoch. We show this in the following controlled
experiment.

We compared the performance of TA obtained by merging models
either at full convergence or after just one epoch of finetuning
per task (Fig. 2). Remarkably, the multitask model obtained
by merging models finetuned for a single epoch performs com-
petitively to the one obtained by merging models finetuned to
convergence across all tasks. This phenomenon can be motivated
by our theoretical finding that early task vectors closely resemble
the true gradients, and also suggests that for the sake of multitask
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Figure 2: Task arithmetic accu-
racy: 1 epoch vs. converged.

model merging, performing one epoch of finetuning is often enough, being the task vectors better

approximations of the gradients.



Motivated by the strong performance of one-epoch merging, we next examine how much each epoch
actually contributes to the overall optimization. Fig. 3a plots the epoch-wise normalized gradient
V"Ll
Seo I95L
norms across training. Even in datasets where this dominance is less pronounced, such as RESISC45
and DTD, we speculate that the initial epoch still largely determines the training direction. As
depicted in Fig. 3b, the gradients from the first 5 epochs maintain a high cosine similarity (> 0.8)
with the first epoch’s gradient. Thus, the effectiveness of TA arises from the alignment between fully
trained and first-epoch task vectors, the latter being closer to true task-loss gradients. Fully trained
vectors favor task-specific performance, while first-epoch vectors prioritize gradient approximation.

Both yield similar multitask performance, but the single-epoch setting is more efficient.

norm .We observe that the first epoch contributes the largest share of total gradient
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(a) Normalized gradient norms after 5 epochs of finetuning. (b) Pairwise cosine similarities of gradients

from the first 10 epochs.

Figure 3: Analysis of first-epoch gradients.

It is worth noting that our theoretical analysis does not exactly apply when more advanced optimizers
(e.g. Adam) are used instead of GD. However, treating them as an approximation to GD preserves
the intuition. From this view, reducing task interference corresponds to minimizing gradient conflicts
in multitask learning.

2.2 Proof Sketch

In the following, we provide a sketch proof of Theorem 1; the detailed derivation is left to Ap-
pendix A.1. In this section we explain the main steps of the proof.

We start by presenting a key proposition that is the technical backbone for Theorem 1, which can be
regarded as a corollary. We then outline the roadmap for the proof of the proposition and the theorem.

The following proposition gives a term-by-term Taylor expansion of the multitask vector.

Proposition 1. Let {Gt(k) Yier be produced finetuning the base model for k full-batch GD epochs

with step size 1) for each task, and let 01(\/]% be the model obtained from k GD epochs with step size
an. It holds that

it = =1V Y Li(Ohase) 4)
teT
k—1
k = j 1 _
Tl =0 > VL(65) + 1*CUIMEZ) + O(P) Yk > 2 )
teT j=0

To better appreciate the relationship between a task vector and the gradient computed on the corre-
sponding task dataset, consider the single-task case, where the task vector is exactly the additive
inverse of the gradient, scaled by the learning rate 7).



Remark 1. From Proposition 1, it follows that, for a single task t, and after a single finetuning
epoch, v = —nV Li(Opase ), where 1 is the learning rate.

This relationship implies that, under the theorem’s assumptions, adding the task vector to the
pretrained model approximates the effect of single-epoch gradient descent.

Before diving into the proof of Proposition | and of Theorem 1, it is helpful to provide a roadmap.
Our goal is to compare the multitask training and vanilla task arithmetic, and show that they differ
only by a curvature—controlled (second-order) term or higher-order terms. To improve readability, we
divide the proof into the following two stages.

Stage 1: Decomposing Single-Task Error Vanilla task arithmetic builds its model by first finetun-

ing each task separately, then adding the resulting task vectors Tt = 9 — BOpase- To analyze the
discrepancy between the parameters obtained by TA and MTL, it is therefore useful to understand

how far the parameter point produced by the task ¢ after k£ epochs Ht(k) lies from the multitask point of

k-epoch HIS,],CT) We show in Lemma 1 that this distance is shaped by (i) a linear term (the extra gradient
step that task ¢ takes on its own), (ii) a quadratic curvature term, plus (iii) higher-order terms; we
assume the higher-order terms can be ignored for a sufficiently small step size.

All heavy computation is done once inside Lemma 1, and expressed into the variables 7¢, p¥, and
sk. These variables are useful to simplify the notation later and symbolize three distinct effects that
appear when comparing a single-task trajectory with the multitask one. We describe them below:

* r;(+) quantifies the mismatch between the two gradients at one step.

re(0) =a Y VLu(0) + (o= 1)VLi(0) = a Y  VLu(0) — VL,(0) (6)

t'#t tver

o p¥(-) represents the accumulation of those mismatches over many steps.

Ea

pf(ebase, 91&%, .. 01(\/% Z Tt Q(J) (7)

Jj=0

* s%¥(-) accounts for the extra bending introduced by curvature once the paths have parted.

¥ (Boaser - - O Zv%t 090 (07 (Boase - - - 05 ). (8)

Lemma 1. Using the notation introduced in Proposition I, it holds that

6 - 9(1) + D¢ (ebase) (9)
and for m > 2:

o™t = glmtD | pp ™ By, - - ., O
— P57 Gpases - - -, Opr ) + O() (10)

The proof for m = 1 is straightforward, the proof for m > 2 is done by induction and it is detailed in
the appendix (see Appendix A.1). We just provide here a concise and intuitive description to guide
the reader clearly through the base step of the induction m = 2. The proof is based on expanding the
single-task update around the multitask parameter using a Taylor approximation. After simplifying,
we identify two distinct terms. (i) A first-order linear term (p; ), which accumulates the differences
between task-specific gradients and the joint gradient from the previous epochs; (ii) A second-order
curvature correction (st) which captures the local curvature of task ¢’s loss surface around the
multitask trajectory. By rearranging these terms, we explicitly see the lemma’s structure emerge for
the second epoch, thus establishing the inductive base step.



Stage 2: Error Aggregation across Tasks Once we have the difference between the parameters
obtained by finetuning on single tasks and training jointly on all tasks, we are left to sum over all tasks
to obtain the difference between 074 and 6,,7. We proved that when summing over all tasks, the
linear term in 7 cancels out and the quadratic curvature terms sum up into the coefficient C' (Equation
3).

In particular, the proofs of Proposition | and Theorem | use Lemma 1 for the part relative to epoch
greater than or equal to 2. Epoch 1 is handled directly: a straightforward computation shows that
task arithmetic and multitask training produce the same parameter vector with a suitable choice of
learning-rate scaling. Both the task arithmetic and the multitask strategies take their first update in
exactly the same overall direction, so after one epoch, they land on the very same parameters. More
formally,

9%;) = Opase + @ Z Tt(l) = Obase — no Z VL, (abase)

teT teT
while, choosing an as learning rate for the loss >, . Ly :

91&"1)" = Opase — arf) Z Vf75(9base)-
teT

For epoch k > 2, w plug the equations obtained in Lemma 1 into the gradient sums that define the
multitask updates and then add over all tasks, the linear drift pieces cancel out, which means TA still
matches the multitask iterate to first order.

The only part that survives the summation is the quadratic curvature block singled out by the lemma,
and that block gives exactly the second-order gap stated in the theorem and proposition.

2.3 Bounding Second-Order Error Term C({ GM)T})

The error term C' ({HM)T ;L:l) defined in Equation 3 precisely captures the second-order discrepancy
between vanilla task arithmetic and true multitask training. To understand how large this discrepancy
can become in practical scenarios, we now provide explicit, uniform bounds on the 2-norm of
C. We achieve these bounds by introducing mild structural assumptions on the neural network
model. Specifically, we consider feed-forward networks with bounded weights, bounded inputs, and
activations with controlled first and second derivatives. Under these conditions, the error term C
can be explicitly bounded, as detailed in the following theorem. Very similar structural assumptions
(bounded weights and inputs, Lipschitz- or controlled-derivative activations) underpin the theoretical
analyses in several seminal works (E.g. [29, 3, 11]).

Theorem 2 (Uniform bound on the coefficient vector C' ({91(\%})) Assume the hypothesis of

Proposition I holds and let C ({9,%}% ;-‘:1) be the error term defined in Equation 3. We assume the
tasks are all classification tasks optimized with cross-entropy loss. We also add a few structural
constraints on the network itself. Specifically the model is a depth-L feed-forward network with
weight matrices W ..., W) For every layer, there exist positive constants s; such that
WOy < sp. The inputs are also bounded ||z||; < M,. Finally, we require the activation
Sfunctions to have bounded first and second derivatives, i. e., there are 84,74 > 0 such that
sup, |¢'(2)| < By and sup,|d’(2)| < vp. Setting I = Hszl s, we obtain the following.
(i) For general activations:
; h+2
h
lodesni-oll, < T (

3 ) 1T+ 1] s Gl

with H?

(ii) For ReLU activations (y4 =0, 84 = 1):
; T (h+2
HC({QI(\?I‘}?:I)HZ = 92 ( )

< 29 M2 87572 and G,

max

< V2M,upl

max max

> ‘OéT + 1| HReLUGReLU

with HELY < 332 MBTPPBJE ™3 and GXLY < V2 M, T

max Tmax



Remarkably, the bound splits into a task-dependent factor T’ oT — 1| and a network-
dependent factor controlled by {M,,II, B4,7,}. For ReLU activations, the constant improves
because the network Hessian reduces to 0.

(h+1)(h+2) |
2

The proof, of which the complete derivation can be found in A.2, consists of the following steps:

(i) We provide a bound over the ¢ norm of C ({91(\3[)T } ?:1):

T(h+1)2(h+2)

Il < T + 1] HJ,,, G

max max
where we define the uniform bounds:

* Hessian bound /1%, := rrtlszHVth(Hl(\?T)Hg

max

e Gradient bound G¢

max

= r??anVft(Hl(\ZnT)ﬂb

(ii) Then, we bound the Hessian bound H 7 and the gradient bound G¢ . as follows:

max max

o HY,.. <274 M2TI23 2L=2 (for general activations)

max — [

* Gl SV2M BT

max

where we assumed that ||z||2 < M,, |[W©) ||y < s¢, |¢/(2)] < By.
(iii) Finally, plugging H?. and G%

max max

cases stated in Theorem 2.

explicitly into the inequality reproduces exactly the two

3 Analysis and Discussion

Having formalized the relationship between task vectors and task gradients and bounded their
divergence, we now bridge this theory with empirical evidence. This section demonstrates how our
framework for understanding task arithmetic as a form of approximate multitask learning provides
a strong theoretical basis for several key empirical observations. We first analyze how shorter
finetuning intervals lead to better mergeability, then visualize the benefits of a more controlled
parameter space trajectory, and finally, we discuss why task proficiency does not necessarily correlate
with mergeability. Our analysis reveals that the dynamics of early-stage training are crucial for
successful model merging.

3.1 Empirical Advantage of Premature Task Vectors

We now discuss how the relationship between task vectors and task gradients manifests in empirical
multitask performance. Our theoretical analysis suggests that task vectors obtained from shorter
intervals of finetuning more closely resemble multitask gradients, making them better suited for
model merging. In other words, task arithmetic applied to such “premature” task vectors can more
effectively simulate the dynamics of multitask learning.

Prior work by Zhou et al. [33] provides experimental evidence consistent with this perspective. In
their iterative task arithmetic framework, they start from a pretrained base model, finetune each task
for a short interval to obtain task vectors, merge these vectors via task arithmetic to produce a new
base model, and repeat this process over multiple rounds. They demonstrate that, under a fixed total
finetuning budget, increasing the merge frequency (and thus decreasing the finetuning interval per
round) consistently improves multitask performance. This aligns with our claim that early-stage task
vectors are more aligned with multitask gradients and therefore yield better merged models.

The study further compares different merging methods across different budgets of finetuning, showing
that iterative task arithmetic continues to enhance performance even at larger budgets, whereas other
task vector-based methods quickly plateau, despite more per-task finetuning. This reinforces our
perspective that the beneficial properties of early-stage task vectors, namely their closer resemblance
to multitask gradients, are a key factor in successful model merging.

3.2 Parameter Space Trajectory

Most task arithmetic-based approaches perform aggregation in a one-shot fashion starting from the
pretrained model, which can result in overshooting the multitask optimum. To better understand



the potential benefits of more controlled update trajectories, we investigate how taking smaller,
gradient-similar steps influences the optimization path. This analysis further explores the effect of
merging early task vectors to better approximate the true multitask gradients.

05 Iterative task arithmetic [33], a setup where models are repeat-
'. edly merged using task vectors obtained after minimal finetuning,
leads to a gradual evolution of the base model. This serves as
% "1 @ Pretrinea .. a conceptual tool to visualize whether such updates can guide
; ;}im‘::};e“c ° the model toward lower-loss regions. Fig. 4 shows the 2D PCA
5 051 I projection of merged checkpoints produced by different merg-
E ® DARE ’. ing strategies. We observe that methods like TIES and Model
E 101 @ lterative TA ° Breadcrumbs converge to similar basins, while DARE, owing to
loth iter® | jtg stochastic pruning, diverges significantly. The trajectory com-
~151 posed of small merging steps appears to move toward a distinct
hd . - i i | and lower-loss region.
—3 —2 -1 0 1

Principal Component 1 This experiment illustrates how following directions better
Figure 4: Checkpoint projection aligned with multitask gradients can lead to improved gener-

of different merging strategies. alization in principle, even in the absence of shared data.

3.3 Task Proficiency is not Mergeability

Continuing our exploration of the parameter space trajectory, we now turn to a critical aspect: the
relationship between a model’s proficiency on a single task and its suitability for merging. While one
might assume that more specialized, higher-performing models would lead to better merged results,
our empirical findings suggest the opposite. As illustrated in Fig. 2, merging models finetuned to full
convergence often yields no gains compared to merging models finetuned for just a single epoch.

This outcome aligns with the observation from the previous subsection that highly specialized models
diverge further in parameter space [ 18], making naive aggregation less effective (see also Fig. 4).
From our gradient approximation standpoint, the longer a model finetunes on its task, the more its
task vector becomes a "noisy" surrogate for the true multitask gradient. In contrast, lightly finetuned
models remain closer to the pretrained base, resulting in smaller, more mergeable updates. This is
because, as we have shown, the first epoch’s task vector is an exact scaled negative gradient, and the
contributions from subsequent epochs introduce a curvature-controlled second-order error.

These findings aligns with prior work by Ortiz-Jimenez et al. [22], which attributes the effectiveness
of task arithmetic to weight disentanglement, showing that task vectors are more reliable when models
remain close to the pretrained initialization, i.e., in the tangent space, where functional components
are more linearly separable. Our work offers an orthogonal perspective based on optimization
dynamics rather than geometry. Both analyses converge on a similar insight: models that stay closer
to the pretrained base are more mergeable. We attribute this advantage to task vectors being more
faithful approximations of the task gradients, in contrast to their explanation based on geometric
disentanglement or reduced task interference.

4 Related work

Mode Connectivity and Model Merging: Mode connectivity studies how weights characterize local
minima. Frankle et al. [10] showed linear paths exist between models with shared initialization, and
Entezari et al. [9] demonstrated convergence to a shared basin post-permutation. Permutation-based
merging builds on this, with methods like optimal transport matching [24], Git Re-Basin [1], and
REPAIR [16]. More recent approaches explore embedding-space merging [20] and cycle-consistent
alignment [6]. Averaging techniques beyond simple averaging [25], such as population-based
merging [15], RegMean [14], and Fisher-weighted merging [19], optimize merging coefficients in
the weighted average. Post-merge performance has been shown to suffer from gradient mismatches
between individual models [7]. Choshen et al. [5] introduced a method of merging finetuned models
to produce an initialization superior to pretraining, leading to improved downstream performance
when subsequently finetuned on a target task.

Task Vectors: Task vector methods [13] represent task-specific updates as deltas from a shared
model, enabling arithmetic operations for transfer, forgetting, and composition. Extensions reduce



interference via sparsity [23], pruning [26, 8], masking [30], and optimization [27]. Some add test-
time adaptation via learned modules [28] or advocate disentangled finetuning in tangent space [22].
While these works enhance task vectors post-hoc, several works have explored how the duration
of finetuning affects model merging. Specifically, Zhou et al. [33], Lu et al. [ 18], Horoi et al. [12]
highlighted the advantage of merging early task vectors that are finetuned for short intervals, yet
exhibiting premature task-specific performance. Our work provides the first rigorous theoretical
foundation for this phenomenon.

Multitask Learning: Multitask learning (MTL) is a learning paradigm that aims to improve the
generalization performance of multiple related tasks by learning them jointly. Early foundational work
[4] established that MTL can enhance performance by leveraging shared representations and inductive
biases across tasks. Subsequent studies [32] have demonstrated that identifying and exploiting the
structure among visual tasks can lead to significant reductions in labeled data requirements while
maintaining performance. However, MTL presents optimization challenges, particularly due to
gradient interference between tasks. Methods like Gradient Surgery [31] address this by orthogonally
projecting gradients to mitigate conflicts. Similarly, Liu et al. [17] introduces strategies to balance
objectives and ensure convergence. Our theory and experiments show task vectors closely align
with task gradients, especially in single-epoch finetuning, suggesting that merging such models can
effectively approximate multitask learning.

5 Limitations and Future Work

Limitations: Our analysis is grounded in the full-batch Gradient Descent (GD) setting, while in
practice, task vectors are typically derived from models trained with Stochastic Gradient Descent
(SGD). The inherent noise and variance introduced by SGD complicate the theoretical analysis and
remain outside the scope of our current framework. Additionally, our closed-form bound on the error
term is derived specifically for feed-forward networks. Although these serve as foundational models,
they lack the architectural complexity and inductive biases of modern architectures such as CNNs
and Transformers, limiting the direct applicability of our theoretical guarantees.

Future Work: Several directions emerge for extending this work. A formal treatment of task
arithmetic under SGD would help bridge the gap between theory and practical training procedures.
Similarly, extending our theoretical bounds to more complex architectures (CNNs, Transformers,
etc.) could broaden the impact of our analysis. Further investigation into the second-order error term
C, including when it becomes negligible or whether it is approximable, could improve task arithmetic.
Finally, our findings suggest that early training dynamics are crucial for mergeability, implying that
merging strategies might benefit from aligning with initial gradient directions. This insight connects
to broader themes such as early stopping, flat vs. sharp minima, and the inductive role of pretrained
models. Exploring these links may yield a more unified understanding of how optimization dynamics
shape model merging.

6 Conclusion

In this work, we provide a rigorous theoretical foundation for task arithmetic, demystifying its
empirical success by connecting task vectors directly to gradients of the task losses. We start
by highlighting that a task vector generated from a single epoch of standard gradient descent is
exactly equivalent to the scaled negative gradient of the task loss, and therefore, applying task
arithmetic after a single epoch of per-task finetuning is equivalent to applying gradient descent
in the multitask learning setting. Our central finding demonstrates that for the more practical
multi-epoch scenarios, this relationship still holds approximately, with a quantifiable second-order
error term that we explicitly bound for feed-forward networks. Our empirical investigation across
multiple vision benchmarks corroborates this theoretical insight, revealing that the first-epoch gradient
overwhelmingly dictates the finetuning trajectory in both magnitude and direction. This leads to a
significant practical implication: merging models after just a single epoch of finetuning can achieve
performance comparable to merging fully converged models. By reframing task arithmetic as a form
of approximate multitask gradient descent, our work provides a clear rationale for its effectiveness
and underscores the critical importance of early training dynamics in model merging.
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A Proofs

A.1 Proofs of Proposition 1 and Theorem 1

In this section, we provide proofs for Proposition | and Theorem 1. For clarity, we restate both the
proposition and theorem. In the Appendix when summing the individual task losses over all tasks;
sometimes we index them by their label t € T', and other times we list them as¢ =1,...,7T . Both
notations denote the exact same aggregate over every task.

T|
H(k be a set of models obtained by finetuning the base model 0y, for k

Proposition. Let {

epochs on tasks T using GD with a learning rate 1, where finetuning task t € T minimizes the

7]

loss Ly(0) = Znt Z(xz-, yh 0). Additionally, let { Tt( )} . denote the corresponding set of task
t=

vectors, with each Tt = 9 — Opyse- Let T,f,,kT) be the multitask vector TA(,,I;) = er Tt(k). Finally,

let 9§,1T represent the model obtained by minimizing the combined loss ZQI L, for k epochs using
GD with a learning rate of an. It holds that

Tt = =1V Y Li(Brase) (11)
teT
=1y Z VL(647) + PCU{8E=2) + O () (12)
teT j=0

with

14

CH{o_) ZZVQLt o S o > VI O0) + (o — V00| (13)

teT £=0 m=0 | t#£t,t'eT

Theorem. Let O;IZ) = Opuse + 23:1 Tt(k) be the model obtained using vanilla task arithmetics.
Using the same notation of Theorem 1, it holds that

05, = 037 (14)
o5 = 64 + PO + O(°) fork > 1 (15)
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We recall that ng) is the model obtained by finetuning on task ¢ for £ epochs, and that both the
finetuning on different tasks and the training on the average loss start from a pretrained model Gy

To prove the statement of the theorem and of the corollary, we need an intermediate result. We
introduce the following notation:

7|
ri(0,0) =a ) VL;(0)+ (o« —1)VLi(0) = a»  VL;(60) — VLi(0) (16)
i j=1
k
PF (Boaser Orrts - O02) = > 7i(OF) (17)
=0
i J
5F (Bvases - - 001) = > V2L (055 [P] (Ovase, 0342 - - - O3] - (18)
j=0

Since « in this context is fixed, we will not emphasize the dependence on o and we will use the
notation r;(0) = r;(6, o). We need the following preliminary Lemma.

Lemma. Using the notation introduced in Proposition 1, it holds that
61" = 6417 + 1) Ohase) (19)
and form > 2

9£m+1) = 9/(‘,,7?+1) + 107" (Opases - - - » 91%)) - 7725;"_1(01,“, .. ,9,(‘,,77;71)) +0(n?) (20)

Proof. We first show that the statement is true for m = 1, and then prove the results for m > 2 by
induction. In this case, the base case is given for m = 2. In the induction step, instead, we prove that
if the statement holds for any given case m then it must also hold for the next case m + 1.

m = 1. First epoch For eachtaski =1,...,|T]|
92(1) = Opase — nvfz (ebase) while 91&/}1)" = Opase — Q) Z VZi(ebase)~
ieT
Consequently, it holds that

0} = 05t +1 | 0> VI (Ohase) + (& = 1) VL (Bhase)
i
= 91&/}% +nry (Gbase) = 0](\/}% + np?(ebase)~
m = 2. Second epoch
62 =6, —nVL,(6;")

= 9](\/}1)‘ + nri(ebase) - nvzz (9](\/:[[1)‘ + nri(ebase))

Tayl — 2
T O+ i (Onse) — VL) — LV L (BD)ri Orase) + O ()

2
= 05 — VL (Bhg) + 17 (Oase) — 5 V2L (Bhgt)ri(Bouse) + O(r")
Adding and subtracting na 3, VL (6411
017 = 050y — 1Y VL(057) +na > VLi(037) — 1V L (0412) +177i (Opase)
t teT

=057r nri (047
T L (00 ’
Y i(Omr)7Ti (Oase) + O(n°)
2
= 6511 + s (6Ag2) + 173 Bouse) — 5V Li(Bhi)ri(bhase) + O(n)
= 9]%” + TIP} (Obases - - - » 01(\/}%) - 7725?(9base) + 0(773)
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Inductive step Let us assume that

0" = 04t + 1ol Oraser -+ Ot ) = 1?87 (Braser -, Ohgt )+ O(n)
We can derive that
0"t = o™ — nVLi(0{™)
=05+ " (Braser - - 00 ) — 02T (Bnases - - - O 2) = VL (07) + O
9(m +np;” (ebasm cee 91(\/?"}71)) - 7725;% 2(ebasea cees 91&/[77;72))
- nVLZ' (9§4T + np;nil(abasea e 791(\4?71)) - 7725;n 2(9base7 ) 9&?72))) + 0(773)
=0+ p (Boases - - - O = 02872 (Bpases - - -, O
~ VL) — 5V L) (007 Oose - 07 ) = 175 B O
=00 4 npz (Boaser - - 000 = 1257 (Boases - - -, OGP
— VL (05) — VL0 T (Boases - - -, 05 ) + O(n)
= Ot + D Oases - ON) = 1257 (Boaser -, O ) + O(n)

Proof Proposition and Theorem. For the first epoch

= Opase + Z Tl-(l)

ieT

1
G
i€l

while, choosing an as learning rate for the loss >, . L;

9]5/}% = Opase — ary Z vzi(ebase)-
€T

So 61} = 653
For k£ > 2, notice that

G(k) = Opase — omZVZL MT

= teT
Now, using Lemma 1, we get:
—anZVZLt 9§,{T +p 0, b
j=0 teT
k—1
:—anZvZLt (051) + > ri(Oir)
= teT 7=0
k—1
—-n S VST + Lo 9T 0
= teT j=0 jeT

*7UZVL (J)

Namely:

14

= Hbase —no Z vzz (ebase)

— VLi(61)

%)

2

) +oar*)



0 = 05D 4l (Bpases -+ OG1) — 15 (Grases - -, O V) + O(17°)

= Oase — a0 YV > Li(051) + 00} Braser -, O51) = 0757 (Baser - -, Oz ) + O(7?)
7=0 teT

= bhase =1 VLi(O31) = 0787 (Boaser -, 00t )+ O(1r°)

J=0

we can rewrite the tasks vectors as
Kk k
Ti( ) = 91( ) BObase (22)

k—1
= 0> VL(6G) — 1258 (Bruser - 015 ) + O(?) (23)
7=0

Consequently the model obtained with TA is
k k
Q%A) = Opase + Z Ti( )

€T
k—1
= (i - k-2
= Opase — N Z Z VLl-(HI(V{%) —« Z nzsé€ 2 (Bpases - - - 01(\” )) +0(n?)
j=04ieT ieT
k — k—
=60 — > 0?8 Bhase, -, Oy ) +O().
ieT

A.2 Proofs of Theorem 2

In this section, we provide the proof for Theorem 2, which is restated for clarity.

Theorem (Uniform bound on the coefficient C). Let C ({9,5}%}?:1) be the error term obtained in

Theorem 1, with the condition of the theorem above. Additionally, we add that the tasks are all

classification tasks for which we used cross entropy loss. We also assume that the network is a depth-

L feed-forward network with weight matrices W) ... W L) with the property that there exist
L

constants s; > 0 such that |W©O ||y < sy. We abbreviate T1 := H s¢. We also assume that every
=1

input vector satisfies ||x||2 < M,. We assume that the activation functions have bounded first and

second derivatives: there are 34,74 > 0 such that sup, |¢'(z)| < By and sup, |¢"(2)| < 4.

For the ReLU activation we have 4 = 0.

(i) General activations.
i (h+1)(h+2)
ooyl < 755" 10T + 1] Hunax Gina.

with
Gmax S \/iMxHBﬁia Hmax S 2’7¢MI2H26$L72~

(ii) ReLU activations (4 = 0).

lcdeih ], < TW

1 f
laT + 1| §f2M;j I g5 —2.

Proof. We want to bound the 2-norm of the coefficient C' in Equation 3. Let’s start by noticing that

h ¢
CWOr o V)l < 1S V2Ll Y | S0 aVIu(6) + (o — VL) | |l

teT =0 m=0 |t/£tt'eT
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ZZHVQLt @s)l2) - | Z > aVLe(Oyr) — 1VL(04)

tGTZ 0 m=0¢t'€T
ZZ IV2Zo(650)12) - | Z S aVLe(O) — 1VL(04) |,
teT ¢=0 m=0t'eT

Let us denote by G4, the max of the gradient and by H,,, the max of the Hessian, the term C' can
be upperbounded by

h 4
HC({HJV[T(J')}?:I)HQ < Z Z Hyaz Z [aT + 1|Gmaz 24
teT £=0 m=0

TW@T 4 1) HoawGomas 25)

We are left with bounding H,,, 4, and G 4.

Let us start with Gy, the cross entropy loss on a sample (z,y) is L(z, y,0) = —log(a(fo(x)-ey)),
with o (-) being the softmax function and e,, being the one-hot vector of class y. We denote z = fjy (x)
we denote by

n

e e K

Yhop e e
The gradient of the loss wit respect to the output of the network z is:
g ="V:(=log(o(2) - ey)) =p—ey.

Hiogits = Vi (—log(0(2) - ¢,)) = diag(p) — pp"
K is the number of classes and P the number of parameters. Moreover we denote by Jy fo(x) €
REXP the Jacobian of the network with respect to the parameters, V2 fo is a 3-dimensional tensor in
REXPxP By chain rule we can obtain that:

p=o(z)=

VoL(z,y,0) = V.L(z,y,0) Voz =g Jofs(z) (26)
—_——
gT Jo fo(x)
ViL(x,y,0) = Vog" Jofo(z) + g7 V3 fo(z) (27)
= [HiogitsJo fo(x))" Jofo(z) + g7 V3 fo(x) (28)
= Jo fo(x)T Hiogits Jo fo(x) + g7 V3 fo(x) (29)

Bound on the Jacobian of the network We assume the activation has bounded first and second
derivative, more formally we assume the activation function ¢(-) is such that there exists 3, so that
sup,cr ¢ (x) < B, and there exists v, so that sup, g ¢” () < 4 . Notice that this covers both the
case of ReLU, the hyperbolic tangent or sigmoid activation function.

Indeed
for the points # € R where the derivative are defined: |ReLU’(x)| < 1 and ReLU”(z) = 0. (30)
For the sigmoid activation function
1 1
sup |o’(z)| < = and sup|o”(z)| < ——=. (31)

z€R 4 z€R ~6V3

Finally for the hyperbolic tangent

sup |tanh’(z)| < 1 and sup | tanh” (z)| <
xeR| (2)] meR| (z)| 3\[

Under the hypothesis of activation function with bounded first and second derivatives almost every-
where, plus the hypothesis that the input of the network lies in a bounded set, ||z|| < M, , and that
for each layer ¢ there exists s, so that |[IW*||a < s,. We obtain, by the chain rule:

(32)

L
176 fo(@)Il < M, [T su85 7"

=1
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We denote by II = HzL:1 s;. From this we can derive the following bound on the gradient of the
loss function

IVoLllz < llgllallJofo(x)ll2 < V2M,IIB; ™

Bound on the Hessian of the loss.

If the activation function is the ReLU function then the network is piecewise linear and V3 fy(z) =
is almost everywhere. So the Hessian of the loss becames:

sz(Qj? Y, 9) = J@f@(x)THlogitsJ9f0(x)~

The matrix Hj,g4;¢5 is the correct covariance of a categorical variable, it is positive semi-definitive, so
it is diagonalizable with non-negative eigenvalues. For any unit vector x € R",

n n 9
T 2
€ Hlogitsx = E bix; — (E szz) .
i=1 i=1

We can look for the eigenvector corresponding to the maximum eigenvalues in the space orthogonal
to the null-space. So, the maximum eigenvalues is given by:

n n
2
max T Hlogmx— max szmf — (szacl) . (33)
i=1

a:||z||2=1 wif|z]|2=1 7=

Now, for ||z||2 = 1, we can derive that

n n
ZPZ‘LE? - (szwz) sz szpszxj szx - ZP szpgxzxj
=1 =1

i#j
_sz 1—pz37 —szp3$$g<zpzl—pz$ + = szp]m +$
1#£] L?éj
= sz 1 _pz x; +szpj sz 1 _pz Z; +sz pz
i#]

n

1 < 1
ZQZPi(l_pi)xz‘Q < 2123312 =3

=1 i=1

So the maximum eigenvalue for Hiogits is 5 Consequently, when the activation function is ReLU:
M2H2 BQL 2

V3L ,0)]2 < 3

In the other cases we also have to include the terms coming from the hessian of the netwrok with
respect to the parameters.We have to bound that term.

Bound Hessian of the Netwrok We start by noticing the structure of the Jacobian blocks. We use
the following layer-wise notation:

RO = W= a® .= qﬁ(h(e)), a® .= 1.
Let © collect all scalar parameters and denote a single one by 6,,. We consider 6, is an entry of w)

withl <r < k.

The product splits at layer r:

9pra® = (DWW ® ... DY (8, W) =D

where DY) = diag(¢’(h(9)).
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For any parameter pair (6, 0;/) with 1 < r < ¢’ < k (the function implemented by the neural
network is continuous, therefore the mixed double derivatives are equal) :

Dy 39;a(k) = By (D(k)W(k) . D(T))(@OZW(T))G(T*U +

(4)
DEWE DI (g W) Dy oD 4
P q

=0
pEwE .. pr) 302, (39;[/1/@) a1

(B)

a@g’ aega(k) = (5'0;/ Ziﬁ_r) (5‘9;W(T))a(’“71) +

(4)
Zk(—?" 80;‘/ (BQSW(T))Q(T71)7

(B)
where
Ziey = DEWE ... D) DO — diag(¢’(h(£))).
We recall that
DOy <8, [10aWOa=1, WOy <5, [a"Dly < M,
k r—1 k
Define IT = [[ss, Mipor:=[[se, Mrga:= [] se-
=1 =1 f=r+1
Bound of the term (A)
k
502, Doy = Z [D(k')W(k) . (aqu(f)) ...DO L pEp k) (395_,W(15)) ... D(7')] =
l=r'
k
= pEwE ... (89NW(T,)) ...D) 4 Z DEWwE .. (9o D(Z)) .. D)
! l=r'+1
with
99, DY) = diag(¢” (h)))8p, h") =
= diag(qs”(h(e)))W(E)D(Z‘l) .. D(T’)am, W) g’ =1
Hence

196, DOl < 78" MuTLyrnce,
and therefore

k
||(A)||2 < M, [ﬁkir+1HT:T’HV'/+1:k + Z ’Yﬁzir,MxHT’+1:€]-
l=r'+1
Bound of the term (B)
09,9, W) =0
Bound Hessian
k
[0y Boga®ll, < M[B MMMl 3 487 ML ]
{=r'+1
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