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ABSTRACT

The Transformer architecture has revolutionized artificial intelligence, yet a principled theoretical
understanding of its internal mechanisms remains elusive. This paper introduces a novel analytical
framework that reconceptualizes the Transformer’s discrete, layered structure as a continuous spa-
tiotemporal dynamical system governed by a master Partial Differential Equation (PDE). Within this
paradigm, we map core architectural components to distinct mathematical operators: self-attention
as a non-local interaction, the feed-forward network as a local reaction, and, critically, residual con-
nections and layer normalization as indispensable stabilization mechanisms. We do not propose
a new model, but rather employ the PDE system as a theoretical probe to analyze the mathemat-
ical necessity of these components. By comparing a standard Transformer with a PDE simulator
that lacks explicit stabilizers, our experiments provide compelling empirical evidence for our cen-
tral thesis. We demonstrate that without residual connections, the system suffers from catastrophic
representational drift, while the absence of layer normalization leads to unstable, explosive train-
ing dynamics. Our findings reveal that these seemingly heuristic “tricks” are, in fact, fundamental
mathematical stabilizers required to tame an otherwise powerful but inherently unstable continuous
system. This work offers a first-principles explanation for the Transformer’s design and establishes
a new paradigm for analyzing deep neural networks through the lens of continuous dynamics.

1 INTRODUCTION

Since its inception, the Transformer architecture has become the cornerstone of modern artificial
intelligence, achieving revolutionary success across a wide range of domains, including natural lan-
guage processing, computer vision, and scientific discovery. However, in stark contrast to these en-
gineering achievements, our theoretical understanding of its internal working mechanisms remains
remarkably limited. This paradox constitutes one of the most profound scientific puzzles in contem-
porary Al: we possess a powerful “engine,” yet we know little about the “physical laws” governing
its operation. Existing interpretability studies are largely confined to localized, phenomenological
observations of discrete components such as attention heads and feed-forward networks. This is akin
to cataloging the gears of a precise clock without uncovering the fundamental principles that ensure
its stability and accuracy. Such a gap between theory and practice is not only an academic curiosity
but also a fundamental limitation preventing us from designing the next generation of models that
are more efficient, robust, and trustworthy.

To bridge this gap, we advocate for a paradigm shift: to reconceptualize the Transformer from a
discrete layered computational structure into a continuous spatiotemporal dynamical system.
The pioneering work on Neural Ordinary Differential Equations (Neural ODEs) has already demon-
strated the potential of this perspective by interpreting the depth of residual networks as continuous
temporal evolution. However, the ODE framework, by its very nature, can only capture single-
dimensional (time/depth) dynamics. This is insufficient for understanding Transformers, whose core
innovation—self-attention—operates in the “space” dimension, enabling complex non-local inter-
actions across sequence positions. Information processing in Transformers is a high-dimensional
evolution across both time and space, requiring a more powerful mathematical language.
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The natural language for describing spatiotemporal evolution is Partial Differential Equations
(PDEs). From heat diffusion to fluid dynamics, PDEs are foundational tools in physics and engi-
neering for modeling the dynamics of complex systems. Our central insight is this: a well-designed
Transformer architecture can be understood as a stable numerical discretization of an un-
derlying spatiotemporal system governed by PDEs. Importantly, the aim of this work is not to
propose an alternative model, but to employ the PDE framework as a theoretical probe, systemat-
ically analyzing the discrepancies between the idealized continuous system and the actual discrete
architecture, thereby uncovering the mathematical necessity of its key design components.

To this end, we construct the first unified PDE-based analytical framework for Transformers. Within
this framework, the flow of information is abstracted as a continuous information field u(x,t),
whose evolution is governed by a unified master equation:

ou
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Here, self-attention corresponds to non-local interaction, the feed-forward network to local re-
action, positional encoding and its coupling to diffusion, while layer normalization and residual
connections jointly serve as essential stabilizers. Our deepest insight arises precisely from an-
alyzing the differences between this idealized continuous model and its discrete implementation:
components often regarded as mere engineering “tricks” are, in fact, indispensable mathematical
stabilizers ensuring that this inherently unstable continuous system can be solved effectively.

The main contributions of this paper are as follows: First, on the theoretical level, we propose for
the first time a unified PDE-based framework for analyzing Transformers, offering a first-principles
physical interpretation of the necessity of core components such as residual connections and layer
normalization. Second, on the empirical level, we design a series of theoretical probe” experiments
that quantitatively validate the role of these architectural components in maintaining representational
stability and training dynamics by comparing the continuous ideal model with its discrete implemen-
tation. Third, on the methodological level, we pioneer the use of continuous dynamical systems as
analytical tools for discrete deep learning models, providing a novel and insightful paradigm for
model interpretability and theoretical analysis.

The remainder of this paper is organized as follows: Section 2 presents our theoretical framework
and derives key mathematical results. Section 3 describes our experimental design, validates the
central hypotheses, and analyzes the functionality of each component. Section 4 discusses the theo-
retical implications, practical value, and limitations of our framework. Finally, Section 5 concludes
the paper and outlines future research directions.

2 RELATED WORK

Our work synthesizes insights from three primary domains: the continuous modeling of deep net-
works, the theoretical analysis of Transformer components, and the information-theoretic interpre-
tation of neural computation.

2.1 CONTINUOUS DYNAMICS IN DEEP LEARNING

The idea of treating neural networks as continuous dynamical systems gained significant traction
with the introduction of Neural Ordinary Differential Equations (ODEs) by (Chen et al.| (2018).
This seminal work established that Residual Networks (He et al.l 2016) could be viewed as a dis-
crete approximation (Euler’s method) of a continuous transformation. This perspective elegantly
frames network depth as a time variable, offering benefits like memory-efficient training and adap-
tive computation.This paradigm was extended by others, such as Ruthotto & Haber| (2020), who ex-
plored deep learning through the lens of partial differential equations (PDEs) for image processing.
However, the dominant ODE-based models are inherently limited to a single temporal dimension
(depth), making them unsuitable for architectures like the Transformer. The Transformer’s self-
attention mechanism, introduced by |Vaswani et al.| (2017), operates across a spatial dimension (the
sequence length) at every layer. Our work bridges this critical gap by employing PDEs that can
simultaneously model both the temporal evolution through layers and the spatial interactions within
them.
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2.2 THEORETICAL ANALYSIS OF TRANSFORMER COMPONENTS

A significant body of research aims to deconstruct the Transformer’s success by analyzing its con-
stituent parts.

Attention Mechanisms and Interpretability Early work sought to interpret attention weights as
indicators of feature importance (Clark et al.l |2019). However, this naive view was challenged by
studies demonstrating that such weights can be misleading (Jain & Wallacel,[2019; |Serrano & Smith),
2019). A more recent research direction, mechanistic interpretability (Olah et al.| 2020; |Bereska
& Gavves| 2024)), attempts to reverse-engineer the specific algorithms learned by models. Work by
Elhage et al.|(2021)) and [Wang et al.|(2022) has successfully identified learned “circuits” for specific
linguistic tasks within Transformers. Our work complements this bottom-up approach by providing
a top-down, systems-level explanation for why the architecture supports such stable computations.

Normalization and Residual Connections Layer Normalization (Ba et al.l 2016 and residual
connections are crucial for stable training, yet their theoretical roles are still being uncovered. Anal-
yses often focus on their optimization benefits, such as ensuring well-behaved gradients (Xiong
et al., |2020; | Xu et al., 2019) or enabling training of deeper networks (Veit et al., 2016; Balduzzi
et al., |2017). However, removing these components causes catastrophic performance degradation
(Nguyen & Salazar, [2019; [Wang et al.| 2021)), suggesting a more fundamental role. Our framework
recasts them not merely as optimization aids, but as essential mathematical stabilizers that ensure
the well-posedness of the underlying dynamical system.

2.3 INFORMATION-THEORETIC PERSPECTIVES

The Information Bottleneck (IB) principle (Tishby et al., 2000) offers a powerful lens for under-
standing learning as a trade-off between compression and prediction. [Tishby & Zaslavsky| (2015)
applied this to deep networks, postulating that training consists of an initial fitting phase followed
by a compression phase. This hypothesis has been debated, with [Saxe et al.| (2019) arguing that
compression is not a universal phenomenon but rather depends on specific architectural choices and
activations. Our work contributes to this discussion by providing a dynamical systems explanation
for the unique information flow within Transformers, which appears to favor a “delayed compres-
sion” strategy to preserve representational capacity for complex reasoning.

In summary, as noted by surveys like Rogers et al.| (2020), existing research often analyzes Trans-
former components in isolation or through a single theoretical lens. Our work provides a unified
framework that integrates these perspectives, using the language of continuous dynamics to explain
the architectural necessity of its core components from first principles.

3 THEORETICAL FRAMEWORK

This section establishes a rigorous mathematical foundation for the Transformer architecture. We
begin by formalizing the continuum hypothesis, which bridges the discrete, layered structure of
the model with continuous dynamics. We then construct the governing partial differential equation
(PDE) that models the evolution of the underlying information field and define the dynamical oper-
ators corresponding to the Transformer’s core components. Finally, we present the main theoretical
results derived from this framework, revealing the mathematical necessity of key architectural design
choices.

3.1 MATHEMATICAL FOUNDATIONS: FROM DISCRETE LAYERS TO A CONTINUOUS FIELD

Our theory is predicated on a core paradigm shift: viewing the Transformer’s depth not as a sequence
of discrete steps, but as a continuous ’time’ dimension.We first define the mathematical space in
which our continuous analysis takes place. A Transformer’s computation unfolds over a domain
that has both spatial (sequence position) and temporal (network depth) characteristics.

Definition 3.1 (Computational Domain). The Transformer operates over the spatio-temporal do-
main D = Q x [0, T], where:
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o Q) C R" is the spatial domain representing normalized token positions. For a 1D sequence,
Q=10,1].

* [0,T)] is the temporal domain representing computational depth, where T is the total effec-
tive depth.

The central object of our analysis is the information field, u : D — R<. The vector u(x,t) € R?
represents the d-dimensional feature representation at a spatial position x € €2 and adepth ¢ € [0, 7.
The field is initialized at ¢ = 0 by the input embeddings:

u(x,0) = E(z) + P(x), (2)

where E(x) and P(x) are the continuous analogues of the token and positional embeddings, re-
spectively.

The Continuum Limit. A standard L-layer Transformer employs a residual update rule:
HAY = gO 4 Fo(H (5)), where H¥ is the matrix of hidden states at layer ¢. This discrete
process is formally equivalent to a forward Euler discretization of a continuous evolution equation
with a time step of At =T/ L.

Theorem 3.2 (Continuum Limit Convergence). Ler {H (e)}fzo be the sequence of hidden states
generated by an L-layer Transformer. Assuming the family of discrete operators {Fy} satisfies uni-
form regularity conditions (e.g., Lipschitz continuity and smoothness with respect to {, see Appendix
A.1), then as the number of layers L — oo (and thus At — 0), the discrete trajectory, when properly
interpolated, converges uniformly to the solution u(x,t) of the continuous system:

ou

5 F(u,t). 3)
This convergence provides the theoretical justification for modeling a sufficiently deep Transformer
with a PDE.

3.2 THE MASTER EQUATION OF TRANSFORMER DYNAMICS

We posit that the complex dynamics within a Transformer can be described by a unified PDE, which
we term the master equation. This equation, illustrated in Figure [T} decomposes the computation
into four fundamental operators.

ou

— = A(u) +R(u)+ D(u) + S(u) . 4)

ot N—— ~—— N ~—~——

Interaction  Reaction  Diffusion  Stabilization

Transformer Component Operator Physical Process Mathematical Nature
Self-Attention A(u) Non-local Interaction Integral Operator
Feed-Forward Network (FFN) R(u) Local Reaction Nonlinear Pointwise
Positional Coupling D(u) Diffusion Second-order Elliptic
LayerNorm / Residuals S(u) Stabilization Global Dissipation

Non-local Interaction Operator A(w). The continuous analogue of self-attention is a non-local
integral operator that aggregates information across the entire spatial domain:

A(u)(z,t) = /QKan(u(as,t),u(y,t)) - (Wyu(y,t))dy — u(z,t). (5)

Here, the kernel Ky is determined dynamically by query-key similarity, and W7, is the value pro-
jection matrix.

Local Reaction Operator R(u). The Feed-Forward Network (FFN) is modeled as a local, point-
wise reaction term that performs a nonlinear transformation at each position independently:

R(u)(x,t) = FFN(u(x,t)) — u(x,t), (6)
where FFN(z) = Wao (W12 + by) + bo.
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The Master Equation: Unified PDE Framework for Transformer Dynamics

ou/ét = Afu] + #[u] + D[u] + S[u]
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Figure 1: A conceptual illustration of the Unified PDE Framework for Transformer Dynamics. The
central Information Field, u(x,t), evolves over computational depth (time) under the influence of
four fundamental forces: non-local Interaction (A) analogous to self-attention, local Reaction (RR)
from feed-forward networks, spatial Diffusion (D) for context propagation, and a global Stability
Control (S) mechanism corresponding to normalization layers. This framework reinterprets the
Transformer as a physical system governed by a master PDE.

Implicit Diffusion Operator D(u). A central insight of our framework is that the coupling of
positional encodings with the FFEN induces an emergent diffusion effect, smoothing the information
field without explicit convolutional operations:

D(u) = Vg« (Degr(u, ) Vau) . (7

The effective diffusion coefficient Deg depends on the gradient of the positional encodings and the
Jacobian of the FFN:

Dege(u, ) < |VgP(x)|* - Tr(VFFN(u)) - 02,(z). (8)

Stabilization Operator S(u). Layer Normalization provides a global dissipative force that stabi-
lizes the system. It can be approximated as a control term that drives the field towards a zero-mean,
unit-variance state:

)u(ﬂ:? t) — ll’u(t)

S(u)(e,t) = —(z,t 220 1 e

; €))

where p,,(t) = [, u(y,t)dy and o2(t) = [, |[u(y,t) — p,(t)||*dy are the spatial mean and
variance of the field at time ¢.

3.3 MAIN THEORETICAL RESULTS

This PDE formulation allows us to derive several key theoretical results that explain the necessity of
the Transformer’s design.

Theorem 3.3 (Conditional Stability). A Transformer dynamical system governed by the master
equation is exponentially stable if the dissipative strength of the stabilization operator S is suffi-
ciently large to counteract the energy growth from the interaction and reaction terms, A and R.
Formally, stability is guaranteed if the dissipation rate exceeds a threshold determined by the Lips-
chitz constants of A and R.
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Theorem 3.4 (Necessity of Residual Connections). Let the representation fidelity at depth t be
p(t) = sim(u(-,t),u(-,0)), where sim is a similarity metric like cosine similarity. In a system with-
out a residual structure (i.e., not formulated as a time derivative), p(t) decays exponentially, leading
to catastrophic forgetting of initial information. The residual formulation inherent to our PDE en-
sures that under stable conditions, p(t) is bounded below by a positive constant, thus preserving
input information.

Theorem 3.5 (Three-Stage Information Processing). Viewed through the lens of the Information
Bottleneck, the dynamics of u(-,t) exhibit three characteristic phases. Let X be the input and 'Y be
the target. The mutual information dynamics follow: (i) Extraction: 1(Y ;u(-,t)) increases rapidly
while 1(X;u(-,t)) is preserved. (ii) Equilibrium: A balance is reached between extraction and
compression. (iii) Compression: Redundant information I(X;u(-,t)) decreases while I(Y; u(-,t))
saturates.

3.4 DISCUSSION

Our framework extends the Neural ODE concept to the spatio-temporal domain, providing a more
suitable mathematical language for analyzing attention-based architectures like the Transformer. It
establishes a direct link between architectural components and specific terms in a dynamical equa-
tion, offering a first-principles explanation for their necessity. Furthermore, it connects the macro-
scopic behavior of the network to information-theoretic principles, explaining phenomena like de-
layed compression from a dynamical systems perspective.Limitations of this framework include the
reliance on a mean-field approximation (ignoring batch-to-batch fluctuations), the assumption of
static parameters (disregarding the dynamics of training), and a simplified treatment of multi-head
attention. Despite these simplifications, the framework provides unprecedented insight into the de-
sign and function of the Transformer architecture.

4 EXPERIMENTS AND RESULTS

To provide solid empirical support for our theoretical framework, we design a comprehensive experi-
mental protocol with a dual validation strategy. First, we directly compare the dynamical trajectories
of a standard Transformer with those of our proposed PDE simulator to validate the core continuum
hypothesis. Second, we systematically analyze the differences between the two to reveal the indis-
pensable functional roles of key architectural components such as residual connections and layer
normalization. Within this methodology, the PDE framework acts as a theoretical probe, allowing
us to quantitatively dissect the internal working mechanisms of Transformers.

4.1 EXPERIMENTAL SETUP

The purpose of our experiments is not to design a higher-performing model, but to employ the PDE
simulator as a theoretical reference for validating the hypothesis of “depth as continuous time.” We
compare a standard Transformer baseline—a six-layer encoder model with residual connections,
layer normalization, hidden dimension of 128, four attention heads, and a feed-forward expansion
of 512—with a PDE simulator (theoretical probe), which discretizes the master equation using
operators A, R, D, S and learns parameters end-to-end, but deliberately omits explicit residual con-
nections and layer normalization to expose the dynamics of a “bare” continuous system. Experi-
ments are conducted primarily on the ListOps benchmark (sequence length 1000) to test long-range
dependencies and structured reasoning, with additional validation on MNIST (flattened images) and
20 Newsgroups (text classification) for generality. Evaluation spans three dimensions: (i) dynamical
alignment, measured by MSE, cosine similarity, and spectral similarity (via FFT); (ii) information-
theoretic measures, including entropy, effective dimensionality, mutual information, and representa-
tional sparsity; and (iii) training stability, assessed through gradient norm evolution and cross-layer
representational fidelity.

4.2 VALIDATION OF THE CONTINUOUS DYNAMICS HYPOTHESIS ACROSCOPIC TRAJECTORY
ALIGNMENT

We first validate the core hypothesis that the layerwise evolution of a Transformer can be accurately
captured by continuous PDE dynamics. As shown in Figure [2] the top row presents the hidden
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Figure 2: Information flow comparison: Transformer vs. PDE evolution. Top row: hidden state
heatmaps across Transformer layers. Bottom row: corresponding PDE simulator states across time
steps. The high degree of visual similarity supports the continuous dynamics hypothesis.

Transformer-PDE Alignment Analysis

Figure 3: Quantitative alignment results on ListOps. The metrics include mean squared error
(MSE), cosine similarity, and spectral similarity. All three indicate strong agreement between Trans-
former dynamics and the PDE simulator, providing robust support for the depth-as-time hypothesis.

state heatmaps across Transformer layers, while the bottom row shows the corresponding time-step
states from the PDE simulator. The striking visual resemblance demonstrates that both systems
share highly similar evolution patterns. To further quantify this alignment, Figure 3] reports results
on the ListOps dataset: a mean squared error (MSE) of 0.031 indicates strong numerical agreement,
a cosine similarity of 0.970 demonstrates near-perfect directional alignment, and a spectral similar-
ity of 0.967 confirms high coherence in the frequency domain. Collectively, these results provide
compelling evidence for the depth-as-time hypothesis. In particular, the 97% cosine similarity high-
lights that despite the discrete and complex computations within Transformers, their macroscopic
information trajectories nearly coincide with those of a continuous diffusion process. The summary
bar chart in Figure [3 further illustrates the consistency across all three metrics in a compact visual
form.

4.3 FUNCTIONAL ANALYSIS OF ARCHITECTURAL COMPONENTS
4.3.1 RESIDUAL CONNECTIONS

Figure [] illustrates the role of residual connections through correlation-based trajectory analysis.
The heatmaps on the left compare information flow across layers for both the Transformer and the
PDE simulator, while the rightmost plot shows the evolution of feature correlations. The Trans-
former exhibits consistently high representational fidelity, with correlations to the input remain-
ing above 0.98 across all layers (LO: 1.00 — L5: 0.98). By contrast, the PDE simulator—which
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Figure 4: Residual connection analysis. Heatmaps visualize the representational evolution of
Transformer (top) versus PDE simulator (bottom). The rightmost plot quantifies correlation with
the input, showing that the Transformer maintains high representational fidelity (> 0.98) while the
PDE simulator undergoes substantial representational drift. The accompanying table summarizes
layer-wise correlation trajectories, confirming the necessity of residual connections for stable deep
information propagation.

Model LO L1 L2 L3 L4 L5

Transformer 1.00 099 098 098 0.99 0.98
PDE Simulator 1.00 093 091 0.89 0.87 0.85

Gradient Flow: PDE vs Transformer Gradient Flow: PDE vs Transformer

Figure 5: Gradient flow stability analysis. Comparison of PDE simulator (solid lines) and Trans-
former (dashed lines). The PDE model exhibits unstable gradients with magnitudes up to 10~! and
frequent oscillations, while the Transformer maintains stable gradients around 103, confirming the
stabilizing effect of layer normalization as predicted by our theoretical framework.

lacks residual connections—displays pronounced representational drift, with correlations dropping
rapidly from 1.00 at LO to 0.85 at LS. This drift provides direct empirical evidence of residual con-
nections as an indispensable mechanism for preventing catastrophic information forgetting. These
results strongly validate Theorem 3.5, demonstrating that residual connections act as an “informa-
tion highway” that preserves access to the original semantic content across the entire depth of the
network.

4.3.2 ROLE OF LAYER NORMALIZATION

Figure 5] highlights the stabilizing role of layer normalization by comparing gradient flow between
the PDE simulator and the Transformer. The PDE simulator, which lacks explicit normalization,
exhibits gradients nearly an order of magnitude larger (10~! scale) and highly volatile fluctuations
across training. These instabilities manifest as frequent gradient spikes, directly indicating viola-
tions of stability conditions. By contrast, the Transformer maintains smooth and bounded gradient
magnitudes around the 10~ scale, ensuring stable convergence throughout training.

This contrast provides direct empirical validation of Theorem 3.3: the global stability operator S[u]
implemented by layer normalization is mathematically necessary to recalibrate activation statistics
and suppress runaway energy growth. Without such normalization, the PDE simulator fails to satisfy
the condition v > +,, leading to gradient explosion and unstable optimization. These findings con-
firm that layer normalization is not merely a heuristic optimization trick, but a principled mechanism
for ensuring dynamical stability in deep architectures.
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Information Bottleneck Effect: PDE vs Transformer Information Bottleneck Effect: PDE vs Transformer
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Figure 6: Information bottleneck dynamics: Transformer vs. PDE The Transformer demon-
strates a delayed-compression strategy with stable intermediate mutual information and efficient
task-oriented refinement, whereas the PDE simulator exhibits over-compression, leading to prema-
ture information loss. The contrast highlights the essential role of residual connections, layer nor-
malization, and self-attention in shaping the optimized information-processing pathway of Trans-
formers.

4.4 INFORMATION BOTTLENECK DYNAMICS ANALYSIS

The information bottleneck theory provides a powerful lens for understanding how deep networks
process information. In this section, we analyze how Transformers manage information flow and
verify our theoretical prediction that their dynamics exhibit a distinctive delayed compression strat-
egy. Rather than applying uniform compression across layers, Transformers preserve rich interme-
diate representations, which we hypothesize plays a key role in supporting structured reasoning and
long-range dependency modeling.

4.4.1 TRANSFORMER VS. PDE STRATEGIES

To further substantiate our framework, we conduct a comparative analysis of Transformer and PDE
simulators, revealing two fundamentally distinct information-processing strategies. As shown in
Figure [6] the Transformer exhibits a delayed compression strategy: intermediate layers maintain
stable entropy and high mutual information I(X;7}), thereby avoiding premature information loss
and preserving the representational richness required for complex reasoning. Its trajectory in the
information plane follows an efficient retain — extract — optimize pathway, demonstrating a con-
trolled and gradual refinement of task-relevant information. In contrast, the PDE simulator adopts an
over-compression strategy: mutual information drops sharply in early layers, leading to aggressive
information loss and a suboptimal trade-off between representation capacity and performance. This
discrepancy arises from the role of critical architectural components: residual connections provide a
high-speed channel for preserving input information, layer normalization stabilizes activation statis-
tics to prevent representational collapse, and self-attention selectively aggregates relevant signals
while enhancing information quality. Together, these results validate our theoretical insight that the
superior performance of Transformers emerges not from isolated components but from the synergis-
tic effect of their coordinated design, which yields an optimized information-processing dynamic.

5 CONCLUSION

This work aims to bridge the chasm between the immense empirical success of the Transformer
architecture and the relative poverty of its theoretical understanding. We introduce a new analytical
paradigm, reinterpreting the Transformer’s discrete computational layers as a continuous spatio-
temporal dynamical system governed by a Partial Differential Equation (PDE). Our core methodol-
ogy is not to build a replacement model, but rather to employ this PDE framework as a theoretical
probe. By systematically analyzing the divergences between an idealized continuous model and
the actual, discrete Transformer architecture, we reveal the necessity of its core design principles.
Our research leads to a clear and profound conclusion: the components within the Transformer
that appear to be engineering heuristics are, in fact, mathematical and dynamical stabilization
mechanisms necessary to tame a powerful but inherently unstable continuous physical system.
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6 REPRODUCIBILITY STATEMENT

To ensure the reproducibility of our work, we have made our theoretical derivations, experimental
setup, and code publicly available.

Theoretical Results. All central theorems presented in Section 3 are accompanied by detailed
proof sketches and supplementary derivations in Appendix A. Specifically, proofs for the Contin-
uum Limit Convergence (Theorem 3.2), Conditional Stability (Theorem 3.3), and the Necessity
of Residual Connections (Theorem 3.4) can be found in Sections A.1, A.2, and A.3, respectively.
Further mathematical details on the emergent diffusion operator and the continuous formulation of
multi-head attention are provided in Section A.4.

Experimental Setup. The experimental protocol is described in Section 4. The configurations of
our baseline Transformer and the PDE simulator, including hyperparameters, are detailed in Ap-
pendix A.1 (Table 3). The datasets used are all publicly available benchmarks (ListOps, MNIST, 20
Newsgroups), and the evaluation metrics are standard in the field, as summarized in Appendix A.1
(Table 4).

7 LLM USAGE STATEMENT

In accordance with ICLR guidelines on the disclosure of Large Language Model (LLM) usage, we
clarify that no LLM contributed substantively to the conception, methodology, or analysis presented
in this paper. LLMs (e.g., ChatGPT) were used exclusively as auxiliary tools for writing assistance,
language refinement, and stylistic editing. All technical content, theoretical contributions, exper-
imental design, and analysis were conceived, implemented, and validated entirely by the authors.
The role of LLMs was limited to improving clarity of presentation and does not rise to the level of
authorship or contribution under ICLR policy.
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A DETAILED EXPERIMENTAL SETUP

Model Configurations and Tasks. Our experiments compare two core entities: the standard
Transformer and the proposed PDE simulator. The baseline model is a standard Transformer en-
coder that incorporates residual connections and layer normalization. It is configured with 6 layers
for the main experiments and 4 layers for information bottleneck analysis, with a hidden dimension
of 128, 4 attention heads, and a feed-forward network of dimension 512. In contrast, the PDE simu-
lator implements our discretized master equation (3.1), maintaining a comparable parameter scale to
the baseline model but deliberately omitting explicit residual connections and layer normalization.
Instead of standard architectural components, the simulator learns the parameters of the PDE’s core
operators (e.g., A, R) via end-to-end backpropagation, enabling a direct probe into the underlying
dynamical mechanisms posited by our theory.

Evaluation Metrics. Metrics are summarized below:
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Table 1: Overview of Datasets and Tasks Used for Experimental Validation

Dataset Domain Purpose and Description

MNIST Image Classification Each 28 x 28 image is flattened into a sequence
of length 784 to evaluate basic information-
processing dynamics.

20 Newsgroups Text Classification Standard benchmark used to assess the model’s
ability to handle complex semantic relationships
and linguistic structures.

ListOps Long-Range Reasoning Canonical dataset for testing long-range depen-
dency. Sequence length of 1000 is used to probe
capabilities in structured reasoning and distant in-
formation propagation.

Table 2: Overview of Evaluation Metrics Used for Model Comparison

Metric Category Purpose and Description

Representation Similarity

Cosine similarity and Pearson correlation are used to assess macro-
scopic dynamical alignment between the models.

Attention Fidelity

KL divergence is used to validate the fidelity of our non-local interaction
operator compared to baseline attention maps.

Frequency-Domain Align-
ment

Spectral similarity analysis via FFT is employed to examine how well
the learned dynamics preserve signal continuity.

Information-Theoretic
Measures

Entropy, effective dimension, and mutual information (MI) are calcu-
lated to dissect the models’ information-processing strategies.

Training Stability

The evolution of gradient norms is monitored during training to evaluate
the dynamical stability of each model.

Al

Fidelity of the Attention Mechanism

SUPPLEMENTARY VALIDATION OF THE CORE HYPOTHESIS

We validate the effectiveness of the non-local interaction

operator A[u] by directly comparing the attention distributions produced by the Transformer and
those simulated by the PDE-based framework. The comparison reveals high similarity across multi-
ple dimensions: the average cosine similarity exceeds 0.982, the Kullback—Leibler (KL) divergence
remains below 0.018, and the spatial alignment of attention patterns exhibits strong structural corre-
spondence. These results confirm that our non-local operator faithfully captures the core dynamical
characteristics of the self-attention mechanism. The consistent attention patterns indicate that the
PDE framework successfully models the dynamic interactions across token positions inherent in

Transformer architectures.

Spectral Analysis

To further validate the physical plausibility of our PDE-based modeling, we

conduct a spectral analysis from a signal-processing perspective, as shown in Figure[§] The left panel
compares the amplitude spectra, while the right panel presents the cumulative energy distributions.
The amplitude spectrum analysis demonstrates that the Transformer and PDE curves exhibit strong
overlap in the low-frequency domain, while their high-frequency components decay in a similar
manner, consistent with the expected behavior of diffusion processes. Most of the signal energy is
concentrated in low-frequency components, reflecting the smoothing effect inherent to both models.
In terms of cumulative energy, the two curves almost perfectly coincide, confirming that the energy
distribution across frequency bins is preserved. This low-pass filtering behavior is precisely what the
diffusion mechanism predicts. Importantly, this frequency-domain alignment not only validates the
numerical consistency between the Transformer and PDE simulator but also confirms their shared
physical mechanism of information smoothing and propagation.

A2

IN-DEPTH ANALYSIS OF INFORMATION BOTTLENECK DYNAMICS

Quantitative Validation of Delayed Compression. Figure[0|provides a comprehensive four-panel
analysis of the information bottleneck dynamics in Transformers. The top-left plot shows the evo-
lution of information entropy: entropy remains nearly constant across the first three layers (Layer 1:
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Transformer Attention PDE Attention
o 11 o]

Figure 7: Qualitative comparison of attention distributions for a sample input. The similar patterns
between the standard Transformer (left) and our PDE simulator (right) validate that our PDE inter-
action term faithfully captures the core self-attention mechanism.

Spectral Analysis: Transformer vs PDE

Amplitude Spectrum Cumulative Energy Distribution

Transformer 10 Transt
PDE PO

Amplitude
Cumulative Energy Ratio

4 5 0 4
Frequency Bin Frequency Bin

Figure 8: Spectral analysis: Transformer vs. PDE. Left: amplitude spectrum comparison shows
strong overlap at low frequencies and similar decay in high-frequency components, indicating
diffusion-like smoothing. Right: cumulative energy distributions nearly coincide, confirming consis-
tent energy allocation across frequency bins. These results validate both the numerical and physical
alignment of Transformer and PDE dynamics.

3.722, Layer 2: 3.723, Layer 3: 3.722), with a notable drop at the output layer (3.659), correspond-
ing to a 1.7% compression. This directly validates Corollary 3.7, which predicts that compression
is postponed to the output stage. The top-right panel shows effective dimension ratios stabilizing
around 0.39, after an early adjustment at Layer 1, indicating an efficient representational strategy
that balances expressivity with efficiency. The bottom-left panel tracks mutual information: input
information I(X;T;) is preserved at a high level (0.048 £ 0.001), while task-related information
I(T;;Y) remains stable at approximately 0.0016. Finally, the bottom-right information-plane tra-
jectory reveals a three-stage process: preserve (constant I(X;T;)), refine (oscillation in I(7};Y)
from 0.00163 — 0.00172 — 0.00158), and optimize (final adjustment at the output). Taken to-
gether, these results confirm the empirical validity of the delayed compression hypothesis, showing
that Transformers strategically avoid premature information loss and instead delay compression to
enhance reasoning capacity.

Microscopic Analysis of Compression Mechanisms  Figure[I0|provides a three-dimensional per-
spective on how compression is concretely realized within the Transformer. The sparsity analysis
(left) shows a steady decrease in activation sparsity across layers, dropping from 0.99% at Layer 1
to 0.59% at the output, indicating increasingly dense and compact representations. The activation
magnitude evolution (center) reveals a strong amplification effect, with the average magnitude rising
from 0.631 at Layer 1 to 0.856 at the output, suggesting that key features are selectively strength-
ened during the forward pass. Finally, the inter-sample representation diversity (right) highlights a
“preserve—compress—differentiate” strategy: while diversity converges slightly in intermediate lay-
ers (0.000115 — 0.000114), it recovers at the output layer (0.000134), ensuring that representations
remain discriminative. Together, these results reveal that the Transformer employs a delayed com-
pression strategy, balancing compactness and expressivity through coupled dynamics of sparsity
reduction, magnitude amplification, and diversity recovery.
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Figure 9: Information bottleneck dynamics in Transformers. A four-panel analysis verifies the
delayed compression phenomenon. (Top-left) Entropy evolution remains stable across intermediate
layers and compresses only at the output. (Top-right) Effective dimension ratios stabilize around
0.39, indicating efficient representational use. (Bottom-left) Mutual information shows high input
retention and stable task relevance. (Bottom-right) The information-plane trajectory reveals a three-
phase preserve—refine—optimize strategy.
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Figure 10: Microscopic analysis of compression mechanisms. Left: activation sparsity decreases
across layers, indicating denser representations. Middle: activation magnitude steadily increases,
amplifying salient features. Right: representation diversity contracts slightly in intermediate layers
before recovering at the output, confirming a “preserve—compress—differentiate” strategy.

B THEORETICAL APPENDIX: PROOFS AND DERIVATIONS

This appendix provides detailed mathematical derivations and proof sketches for the main theoretical
results presented in the main text.

B.1 PROOF OF THEOREM 3.2 (CONTINUUM LIMIT CONVERGENCE)

Proof Sketch. The objective is to show that as the number of layers . — oo, the trajectory of a
discrete Transformer converges to the solution of the continuous PDE.

Let H¥) € RN >4 be the matrix of hidden states at layer £. We define a continuous-time, piecewise
linear interpolant w” (-, ) from the discrete states:

ul(z,t) = KD (@) + (- 7)) (R (@) — R (2)), (10)
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where 7 = Lt/T is the normalized depth, and h'”) (z) represents the hidden state at position « in
layer ¢. The residual update rule H*Y = H® + At F,(H"®) with At = T/L implies:

(e+1) ©)
= AtfH = F(HY), (1)

Our proof relies on two standard regularity assumptions on the layer-wise operators Jy:

1. Uniform Lipschitz Continuity: There exists a constant Lz > 0 such that for all layers ¢
and all hidden states U, V., || F,(U) — F,(V)|| < L#||U — V|.

2. Temporal Consistency: The discrete operator F, converges to its continuous counterpart
Fas L — oo, ie., sup, || Fe(U) — F(U,LAL)|| — 0.

Let u(-,t) be the exact solution to the PDE 0;u = F(u,t). By applying a continuous version of
Gronwall’s inequality to the error term e(t) = ||u”(-,t) — u(-,t)||, we can bound the global error:

[l (,6) — ul- 1)) < (cu sup |y = B + €. At) (LT, (12)

where C1, Cy are constants related to the interpolation error. As L. — oo, both At — 0 and the
consistency error term go to zero. Therefore, u” converges uniformly to the continuous solution
u. O

B.2 PROOF OF THEOREM 3.3 (CONDITIONAL STABILITY)

Proof Sketch. We use a Lyapunov stability analysis. Consider the system’s total energy, defined as
the squared Ly-norm of the information field:

1
B0 = 5 [ lula.0)]3de. (13)
Q

The system is exponentially stable if this energy decays exponentially over time. We analyze the

time derivative of E(t):
dE ( Jdu
o7 w, —
dt — Jo' ot

We bound the contribution of each operator:

Vdz — /Q (u, A(w) + R(u) + D(u) + S(w))de. (14)

« Interaction (A): Due to the row-stochastic nature of the attention mechanism in its discrete
form, the integral operator is norm-contractive up to a learnable projection. By Cauchy-
Schwarz, (u, A(u)) < Lal|lul||?, giving [(...) < 2L4E(t).

* Reaction (R): Since the FFN is Lipschitz continuous with constant Lz, we have
J{u,R(u))de < 2LRE(t).

« Diffusion (D): The diffusion operator is inherently dissipative. Using integration by parts
(Green’s first identity), we find [(u,V - (DVu))dx = — [ D||Vu||?*dz < 0.

* Stabilization (S): This is the key dissipative term. The Layer Normalization operator
pushes the activations towards a state with zero mean and unit variance, effectively remov-
ing energy. This can be shown to provide strong dissipation: [(u,S(u))dx < —2vE(t),
where v > 0 is the effective dissipation rate.

Combining these bounds, we obtain the differential inequality:

dE
i <2(La+ Lr —7)E(t). (15)
For the system to be stable, the dissipation must overcome the energy growth. If we choose the

stability threshold A\, = L 4+ Ly and ensure v > )., then % < —dE(t) forsome § = 2(y—A.) >

0. By Grénwall’s inequality, this implies F(t) < E(0)e~%, proving exponential stability. O
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B.3 PROOF OF THEOREM 3.4 (NECESSITY OF RESIDUAL CONNECTIONS)

Proof Sketch. We analyze the representation fidelity, defined by the cosine similarity p(t) =
u(-,t),u(-,0

I\fi(-(,t)\)l~lh(t(-»2>>)\\ )

Case 1: Non-residual Architecture. A non-residual network applies a full transformation at each
layer, o+ = gg(v(@). The Jacobian of this transformation, Jg, is generally not close to the
identity matrix. After L layers, the final representation is a highly nested composition v(&) =
Gr_10---0Go(v(?)). This deep composition causes the final representation to become decorrelated
from the initial input, a phenomenon related to the vanishing/exploding gradient problem. The angle
between v(X) and v(®) will tend towards 7/2 in high dimensions, causing p(t) — 0 exponentially
fast.

Case 2: Residual Architecture. The PDE formulation d;u = F(u) is the continuous limit of the
residual update rule. The solution can be formally written as:

u( 1) = u(-0) + / Flu(-5))ds. (16)

This explicitly preserves an identity path to the input. Using the triangle inequality on the norm
lu(-, t)] < ||lu(-,0)] + | fg F(...)ds||, we can lower-bound the fidelity:

o) = (-, 0)1% + (u(-,0), fy F(...)) o Nl 0l — |l Jo FC-
()] - [, 0) T w0 ISy FCL
Under the stability conditions from Theorem 3.3, the norm of the update term || fot F(.) is

bounded. This ensures that p(t) remains bounded below by a positive constant, preventing catas-
trophic forgetting. O

a7)

B.4 SUPPLEMENTARY DERIVATIONS

Derivation of the Implicit Diffusion Operator. The emergent diffusion mechanism is a key in-
sight. Consider the Taylor expansion of the FFN applied to a representation that includes positional
information, u(x,t) + P(x):

FEN(u + P(x)) ~ FEN(u) + Jeen(u) P(x) + O(||P(2)]|?), (18)

where Jppy is the Jacobian of the FFN with respect to its input. The effective transformation on u
includes terms that depend on the spatial gradients of P(x). A more detailed analysis shows that
the interaction between the spatial variation of P(x) and the feature-space transformation of the
FFN produces second-order spatial derivative terms. These terms can be collected and shown to be
equivalent, at a macroscopic level, to a diffusion process V - (D.gVu). The effective diffusion co-
efficient Deg is thus proportional to the strength of the positional signal’s gradient, |V, P(x)|?, and
the sensitivity of the FFN, captured by the trace of its Jacobian. The local attention variance o2, ()
modulates this effect, as high variance indicates more information mixing, enhancing diffusion.

Dynamical Interpretation of the Information Bottleneck. The three-stage information process-
ing can be understood through the lens of our PDE. The Fokker-Planck equation mentioned in the
main text should be interpreted as a conceptual model for the evolution of the *distribution* of rep-
resentations, driven by the deterministic dynamics of our PDE (the drift term) and stochasticity from
data sampling (the diffusion term).

* Phase 1 (Extraction): The dynamics are dominated by the non-local operator A(w). Its in-
tegral nature allows for rapid, long-range aggregation of information, efficiently increasing
the mutual information with the target, 7(Y; u).

* Phase 2 (Equilibrium): The local reaction operator R (u) becomes dominant. It performs
feature refinement and non-linear transformations without significant information gain or
loss, leading to a plateau.

* Phase 3 (Compression): The stabilization operator S(u) drives the system to a more com-
pact state by dissipating energy associated with redundant features. This controlled removal
of information reduces I(X; u) while preserving I(Y’; u), leading to better generalization.
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Continuous Formulation of Multi-Head Attention. The master equation readily extends to
multi-head attention. Instead of a single interaction operator A, we have a weighted sum of op-
erators, one for each head h:

H
Amulti-head(u) = WO Z Ah(u)a (19)
h=1

where Wy is the output projection and each Aj, is an integral operator with its own dynamically
computed kernel K, (-,-) and value projection Wy . This formulation models each head as a
distinct “channel” for information propagation. In the continuous domain, these kernels can be
interpreted as a family of basis functions operating on the information field, allowing the model
to simultaneously probe and integrate different types of spatial dependencies (e.g., local, periodic,
long-range), explaining the enhanced expressive power of the multi-head mechanism.
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