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Abstract

Independent Component Analysis (ICA) is a foundational tool for unsupervised rep-
resentation learning, yet its high-dimensional theory remains largely limited to single-
component recovery. We develop an asymptotically exact mean-field theory for multi-
component online ICA, capturing the coupling from simultaneous learning and orthogonal-
ization. In the high-dimensional limit, the overlap matrix between estimates and true com-
ponents obeys a closed ODE system. This reveals an initialization-driven phase structure:
a decoupled regime, where estimates align with distinct components and evolve nearly inde-
pendently, and a competition regime, where overlapping initializations induce orthogonality-
driven conflicts and delayed convergence. Explicit learnability and competition boundaries
show larger higher-order moments and competition shrink the stable learning-rate win-
dow and induce a staircase in component recovery. Experiments on synthetic data and
hyperspectral remote sensing data validate the predicted trajectories and phase behavior.

1. Introduction

ICA is a foundational feature learning framework for recovering latent independent com-

ponents from linear mixtures [1-4]|. After whitening, the remaining structure is necessarily

non-Gaussian, so ICA relies on nonlinear score functions extracting information from higher-
order moments [5—7]. In streaming settings, ICA is naturally implemented via stochastic
gradient updates [8, 9], placing it within the broader theory of high-dimensional SGD [10-16]
and making it a natural testbed for exact theories of high-dimensional online learning.
Despite substantial progress, a rigorous high-dimensional theory of online ICA remains
largely limited to the single-component setting [9, 17-19]; however, practical ICA estimates
many directions at once. This is not a straightforward extension: orthogonalization couples
the updates, so the dynamics depend not only on the marginal evolution of each component,
but also on competition between estimates, their initialization geometry, the step size, and
the higher-order moments of the data.

This paper develops an asymptotically exact high-dimensional theory of multi-component
online ICA. Our contributions are:

1. We give an exact mean-field theory for the joint training dynamics of multiple ICA
components: the joint empirical measure converges to a deterministic weak-form PDE,
and the component overlaps obey a closed ODE system.

2. We reveal an initialization-dependent phase structure: a decoupled regime, where esti-
mates align with distinct components and evolve nearly independently, and a competition
regime, where overlapping initializations induce orthogonality-driven conflicts and slow
learning.



3. We derive explicit learnability boundaries and competition conditions in terms of data
moments, learning rate, and initialization, showing when larger higher-order moments or
competition force smaller learning rates and longer convergence times. Furthermore, we
demonstrate that our theory remains valid in a practical ICA experiment: hyperspectral
remote sensing.

Notation. We denote conditional expectation with respect to the filtration {Fj}r>0 by
Eg[-] := E[- | Fx], where Fj, is the o-algebra generated by all randomness up to iteration k,
including the initialization and the samples {ys}s<x. For a matrix A; € R™*" indexed by
iteration ¢, we denote its (4, j)-th entry by A;; ;, and its i-th row and j-th column by Ay ;.
and Ay . ;, respectively. sgn(z) is sign function and Tr(-) is the trace operator for matrices.

2. Problem setting

2.1. Data model

We consider a high-dimensional online ICA model with ambient dimension n and a fixed
number p of latent components, with p finite as n — co. At each iteration k, we observe

1

Uci + ay, 1

Yk \/ﬁ k k ( )

where U = [u1,...,up] € R"*P contains the unknown components to be recovered, and
cr = (Cka,---» c/w))—r € RP contains the latent source coefficients. The component vectors
are deterministic, mutually orthogonal, and normalized as ||u;|| = /n. The coefficients

{ck;} are independent across both i and k, have zero mean and unit variance, and are
non-Gaussian; their distributions may differ across components and are distinguished by
higher-order moments. The Gaussian term aj, ~ N (0,I — 2UUT) serves only to whiten
the observations, Ej [ykykT] = I, so second-order statistics are uninformative. Consequently,
the components are identifiable only through the higher-order non-Gaussian structure.

2.2. Online ICA via projected SGD

We estimate the components with a strictly online projected-SGD algorithm, processing
one sample at a time without mini-batching. Let X € RP*™ collect the estimate vectors
Xy i, row-wise, satisfying ||y ;|| = v/n for all i € {1,...,p}. Given yy, the SGD step is

- T 1 T
X=X+ T f (X u - Totxi), :
k k \/ﬁf NI ~o(Xk) (2)
where f is applied entrywise to the normalized projections ﬁX Y and extracts higher-
order non-Gaussian structure. The map ¢ is applied entrywise and is the gradient of
the regularizer ®(z) = [ ¢(z)dx, allowing structural priors such as sparsity to enter the
dynamics; 7 is the learning rate. We then project back onto the row-orthogonal constraint,

X}.+1 = Orthogonalize(X}), (3)

where Orthogonalize(-) returns mutually orthogonal rows, each with norm y/n. For con-
creteness, we analyze Gram—Schmidt orthogonalization [20]. The resulting decoupling and
competition regimes, however, are not artifacts of this choice: they persist under both
sequential and symmetric orthogonalization schemes, as shown in Appendix H.
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3. Main results

We begin by defining the central object of our analysis: the joint empirical measure of the

estimates and the ground-truth feature vectors. For each coordinate index o € {1,...,n},

let a‘:,(f) = X}, o and al®) = U,,.. We define ;! as a probability measure on R x R by

(@, u) = %Zé(m 2w a®), (4)
a=1

where 5(:3—:520‘), u—u®) denotes the Dirac measure at (:Egga), @(®). The following theorem

characterizes the time evolution of p, which is our main theoretical result.

Theorem 1 (Informal) Define k = [tn] witht > 0. As n — oo, the empirical measure
process {Mfm | }>0 converges weakly to a deterministic measure-valued process {j}i>0. For

any bounded test function o € C3(R?P), the limiting dynamics satisfy
t . 1/t ,
(@, ki) = (p, po) + /0 <Vm80 Ws, ,Us>d5 + 2/0 <Tr(Ast<p) ,M3>d8, (5)

where the coefficients wy and Ay depend on the macroscopic variables

Q; = / zu' dedu, R, = / zp(x) " ppda du. (6)
R2P R2P

Appendixz B derives the explicit coefficients wy and A¢, while Appendixz C' presents the
formal theorem statement together with the assumptions and complete proof.

Theorem 1 yields the following two corollaries, which are useful to track the time-
evolutions of the joint density P, and overlap matrix @, respectively.

Corollary 1 If yi; admits a density P,(x,w), then P, satisfies the strong form of the PDE:

0P,

ot

In Appendix D, Figure 2 and 4 demonstrate that the PDE in Corollary 1 accurately
tracks the empirical evolution in simulations.

1

Corollary 2 For ¢(z) = 0, choosing appropriate test functions in the weak formulation
immediately yields a closed system of ODE’s for the limiting overlap matriz Qy:

th 7—2 T

W = —?T(CﬂQt — TT(Mt)Qt —+ 7 ‘Ilt , (8)
where Cy, My, ¥, are defined in Theorem 1. Above, we define the matriz operator T (Ay) =
tril(A; + A]) — diag(A;), where tril(-) extracts the lower-triangular matriz by zeroing out

all strictly upper-triangular entries of Ay, and diag(Ay) is the diagonal part of Ay.

The overlap matrix Q; captures all the learning dynamics of interest. Therefore, in the
rest of this paper, we analyze the learning dynamics through the lens of Q.
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Figure 1: Learning dynamics in decoupled and competition regimes. Lines denote ODE pre-
dictions, and markers denote Monte Carlo simulations with error bars indicating
two standard deviations across 20 runs for the overlap matrix Q; € R?*2. In (a),
initialization with Qo ;; = 0.3 yields decoupled dynamics at 7 = 0.01, 3; = 0.95,
B2 = 1. In (b), competitive regime with Qo ; = 0.3; Q1,2 and Q22 compete for
the second component, Q12 wins, at 7 = 0.001, 81 = 0.2,82 = 1. In (c), we use
the same initialization as (b) but different higher-order moments: first estimate
competes across both components, Q1,2 wins, at 7 = 0.001, 31 = 0.95, 3> = 1.

Example 1 While Theorem 1 holds for any nonlinearity satisfying the stated assumptions,
we focus on f(z) = 2> and p = 2 as an analytically tractable example. We adopt a data
model used in the literature [21] that allows control of higher-order statistics through a single
parameter. Specifically, the data samples yy are generated using coefficients of the form:

ki = Biek1+1/1 — B? k.2, where e ~ Rademacher, ey o ~ U(—/3,v/3) for B, B2 € [0,1].

Remark 1 In the setting of Example 1, the ODE (8) for Qi can be written explicitly in
terms of the moments of c¢;. The resulting system is derived in Appendiz E.

Figure 1 confirms a strong agreement between our theoretical ODE (8) in Corollary 2
and empirical simulations across all evaluated initial conditions. Furthermore, this figure
highlights two distinct regimes, defined by the initial overlap matrix Qg as follows.

1. Decoupled dynamics. If each row and column of the initial overlap matrix Qg has
a single dominant O(1) entry, with all others negligible, then each estimator locks onto one
ground-truth component. Consequently, Q; becomes permutationally diagonal, and the
coupled p X p dynamics reduce, to leading order, to p independent 1-D ODEs.

2. Competition dynamics. If some row or column of Qg contains multiple O(1) entries,
Gram—Schmidt coupling remains active at leading order and the p x p ODE system does
not decouple. Multiple estimators may chase the same component, or one estimator may
chase multiple components, producing competition, reorientation, and slower transients.

A diagonal initial overlap matrix (Figure 1(a)) yields a decoupled phase, where each
estimate locks onto a distinct true feature without interference. In contrast, uniform initial-
ization induces competition (Figure 1(b)): both estimates initially target the same compo-
nent, and after one aligns strongly, orthogonalization forces the other to unlearn it before
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recovering the remaining feature. This coupling requires a smaller learning rate 7 and
slows convergence. Changing the data moments under the same initialization changes the
competition pattern (Figure 1(c)): one estimate first aligns with both components before
specializing, while the other captures the remaining feature asymptotically.

In Appendix G, we demonstrate that our ODE predictions accurately characterize the
learning dynamics for a practical ICA experiment, hyperspectral remote sensing, even at a
moderate spectral dimension of n = 200.

4. Steady state analysis

We can derive insights from the ODEs describing the learning dynamics; steady-state analy-
sis of (8) reveals a nontrivial interplay between 7, initialization, and higher-order moments.
We derive explicit learnability boundaries, show staircase behavior in the number of recov-
erable components, characterize the competition boundary, and quantify the instability it
induces; details are deferred to Appendix F.

Learnability boundary and staircase behavior. Figure 6(a) shows the theoretically
predicted learnability boundaries in the decoupled regime for different values of 7 in the
(mg4,mg) plane, where my and mg denote the fourth and sixth moment of the component.
As T increases, the stable recovery region contracts, while in the limit 7 — 0 the boundary
approaches the vertical asymptote m4 = 3, indicating that the transition is controlled solely
by the sign of the fourth cumulant k4 = my4 — 3. The explicit boundary derivations and
statements are in Appendix F.1. Figure 6(b) demonstrates that crossing these learnability
boundaries produces discrete transitions in the number of recoverable components as a
function of 7. Competition shifts the staircase toward smaller learning rates, implying that
recovering more components requires more conservative learning rates.

Competition boundary and instability. The theoretical competition condition we
derive and give in Appendix F.3 defines a separatrix in the overlap matrix’s phase plane,
visualized in Figure 7(a) by the red dashed lines, which partition the space into distinct
basins of attraction. This boundary governs the dynamics in Figure 1(b): initialization
determines which component first estimator learns. For the second estimate, Figure 7(b)
initially points toward the second component, but as the first estimate reshapes the vector
field, the second estimate is redirected toward the first component (Figure 7(c)), forcing
it to unlearn before recovering the remaining feature (Figure 7(d)). In Figure 6(c), as the
offdiagonal-to-digonal ratio of overlaps increases, the max stable learning rate required for
full recovery decreases significantly. This reduction in admissible 7, together with stronger
competition between components, leads to a sharp increase in convergence time.

5. Conclusion

This work presents an asymptotically exact high-dimensional theory for multi-component
online independent component analysis. We showed that the joint empirical measure con-
verges to a deterministic nonlinear PDE, yielding a closed ODE system for the overlap
dynamics. The resulting theory reveals two regimes,decoupling and competition, and yields
explicit learnability boundaries linking learning rate, initialization, and higher-order mo-
ments. These boundaries predict staircase-like recovery behavior and quantify how compe-
tition reduces the stable learning-rate region and slows convergence. Synthetic simulations
and hyperspectral remote sensing experiments validate our theoretical predictions regarding
learning dynamics and phase transitions.
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Additional notation used in the Appendix

For vectors xj;, the first index k denotes the iteration (time), and the second index i €
{1,...,p} denotes the component. For any vector a, we write a(® for its a-th entry.
Throughout the Appendix, ||-|| denotes the standard Euclidean (¢2) norm for vectors, while
| - |2 and || - || denote the spectral and Frobenius norms for matrices, respectively.

We let diag(A;) be the diagonal matrix whose diagonal entries coincide with those of
the matrix A; or diag(v;) for the diagonal matrix formed by the entries of the vector vy.
We define the matrix operator T (A) := tril(A + AT) — diag(A), where tril(-) extracts the
lower-triangular matrix by zeroing out all strictly upper-triangular entries of A. The first
derivative of a function f is denoted f’.

To simplify notation in sections B and E, the expectation E.[-] over the random vari-
ables ¢; and e; ~ N(0,1), is abbreviated as (-).

Finally, we use standard asymptotic notation to describe scaling. We use Big O notation,
O(g(n)), to denote that a term scales at most at the same order as g(n). Conversely, we
use Little o notation, o(g(n)), to denote terms that are asymptotically smaller than g(n).

11



Appendix A. Related Work

Independent component analysis. ICA originated in blind source separation [1] and
was formalized through independence, mutual information, and cumulant-based contrast
functions [2], including fourth-order cumulant-tensor methods [22]. This line of work
led to Infomax and neural learning rules [5, 23|, online mutual-information and natural-
gradient algorithms [3, 24], higher-order algebraic and cumulant-based contrasts [25, 26],
and negentropy-based fixed-point methods, most notably FastICA [4, 6, 7, 27-30]. Despite
this extensive literature, the high-dimensional streaming theory of ICA remains largely
restricted to the single-component setting: prior works establish diffusion limits [17], finite-
sample guarantees [9], scaling limits without orthogonalization-induced coupling [18], and
recent analyses of FastICA and online SGD for recovering one non-Gaussian direction
[19]. Complementary batch results characterize computational-statistical tradeoffs in large-
dimensional ICA [31], but do not describe online learning trajectories. The closest multi-
component dynamical analysis [32] studies an online Hebbian ICA algorithm [29] locally
near metastable fixed points. In contrast, we provide a full-trajectory high-dimensional
limit for orthogonality-coupled multi-component online ICA, yielding an empirical-measure
PDE and closed overlap ODEs that capture both transient competition and steady-state
learnability.

High-dimensional dynamics of SGD. Our work is also connected to recent advances
in deriving closed dynamical descriptions of stochastic gradient methods in high dimen-
sions. Depending on the model and scaling, these descriptions take the form of deter-
ministic ODE or PDE systems for order parameters, homogenized stochastic processes, or
empirical-measure limits [11, 14, 16, 33, 34]. Empirical-measure approaches trace back to
the mean-field theory of interacting particle systems [35, 36], and have recently been used to
analyze SGD and online-learning dynamics in linear regression [37, 38|, streaming PCA and
subspace tracking [39-42], contrastive learning [43], high-dimensional GANs [44, 45], and
neural-network training [46-49]. We bring this perspective to multi-component ICA, where
the central challenge is resolving the orthogonalization-induced interaction between learned
directions. This interaction produces an initialization-dependent transition between decou-
pled learning and competition, a phenomenon that cannot arise in the single-component
setting.

Appendix B. Explicit derivations of drift and diffusion coefficients

This section provides a detailed derivation of the drift and diffusion terms, which char-
acterize the conditional mean and variance of the increments xji1; — x;,;. To facilitate
the derivation, we transition from the compact matrix-form update to a row-wise vector
representation. For clarity, we first derive the explicit expressions for the two-component
case (p = 2), when ¢(x) = 0 before generalizing to an arbitrary number of components p
and an arbitrary ¢(z).

The complete online update for p = 2 is defined by first computing the stochastic
gradient increments:

- T 1
Ty =Ty + \/ﬁf(\/ﬁy;;riﬂm) Yk 9)

12
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- T 1
Ty = Tpo + \/ﬁf<\/ﬁy1;r$k,2> Y- (10)

Using these increments, we immediately apply the Gram—Schmidt procedure:

Tp1 = Tp1, (11)
~T ~
= - Ly oTk,1 _
Lk2 = Tk2 — ERE Lk,1- (12)

Finally, we normalize both vectors to obtain the final updated iterates:

Tp 1
Tpi11 = ———V/n, (13)
(|
)
T = = \/ﬁ 14
T &) =

We proceed by explicitly analyzing the second component first, as it exposes the key cross-
interaction terms that come from the Gram-Schmidt orthogonalization step in (12), which
are necessary for the general inductive step.

The remainder of this section is organized as follows: In Appendix B.1, we derive the
dynamics for the second component. We then provide the derivations for the first component
in Appendix B.2, followed by the analysis of the cross terms in Appendix B.3. Finally,
in Appendix B.4 we derive the additional regularization terms and in Appendix B.5, we
generalize these results to the case of p components and provide the final explicit expressions
for the drift and diffusion terms in Equations (101), and (102).

B.1. Dynamics of the second estimate

First, for notational convenience, we define the stochastic gradient increments as

gk, = ﬁf <\/15’yz;r$k1> Yk, (15)
gk2 = %f (\}ﬁy;;rﬂﬂm) Y- (16)

Then, substituting the update expressions into the orthogonalization step (12) yields the
explicit form below for xj, »:

13



(2 + gr2) (o1 + gr1)

5%,2 = (Tk,2 + Gk2) — Tr1+ gk1)s
( ) foes gl )
=0
/?’\—\
(s + gra) (wkgwk,l +wg’ggk,1 + g];rgwk,l + g;;r,ggm) (1 + o)
= (@2 k2) — k1 k1
@x1l” +llgrall? + 22 19k ’
=n
(33112916,1 + 9;2@@1 + 9;2916,1)
= (Tp2 + Gr2) — — ’ : (k1 + Gr1)- (17)

n(1+[lgrill?/n + 22 \gk.1/n)

We used the orthogonality condition m,Ika,l = 0, which holds by construction from the
previous update step, as well as the normalization ||zx1[> = n. Next, we expand the
denominator to first order in 1/n. Higher-order terms involving products of three or more

gradient increments contribute only at order 0(%) and are omitted from the expansion:

T T T
L 29k,1 + Gk 2Tk 1 + G 29k,1
n

Tpo = T2+ Gr2 —

Ll 1

T T
Ly 0Gk,1 + i 2%k,1 T
- — 2@y 1gk1/1 )Tk

n
‘15;7291@1 + 9112331@,1 1
— gr1+ol—). (18)
n
We define the orthogonalized increment as Ak}g = :%k’g — xp 2. Thus, we arrive at
- Tl oGk + 9L 0Tk + 9L 29k
Ao =gr2— Tyl
n
513;291@1 + g]—lg—,zwk,l T
- - ( - 2%1%,1/”) Tk
T T
Ly 09k,1 + G 2%k,1 1
— " g1 +o o) (19)

Following orthogonalization, the update is rescaled to norm +/n, and the corresponding
normalization factor is expanded around xj o:

14
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F
Lrt1,2 = ||53 ‘ k2 s
k.2
n =
= L:(wkz SAVE) R
[Tk2 + A2l
= = = 1
— (1 |Anall /20 - efuAraf)(ena + Ara) +o( 1), 0
= = = 1
Tp41,2 — T2 = Ak72 + (—||Ak72||2/2n - $;2Ak72/n)$k72 + O(n) . (21)

Recall that x,(f 2 denotes the j — th entry/element of x; ;. With this convention, we obtain

V=9

>

T T T
G)  Tg29k1 +gk72$k71 Jrgk,ng,l
k2

/)
n 1

(4
Ty

T T
Ty 09k1 T G 2%k 1
+ n

(207 1 /n) )

T T
Ty o9kl + 9p 2Tkl (j

- g
n k,

. (22)

After the normalization step, the entry-wise update satisfies

2 o —alh = AY) — | Agal P2} /2n — 2l (@] A ) /n. (23)

Taking expectations yields the first moment of the entry-wise update for the second com-
ponent:

Exl|Ap2l?lzyy o Exla] A

Er [%&21,2 - JU%] =Eg [Agg] - on == n ’
z j (7) n (@)m 1Ala)
ko Bl o (SioasBEA)
k[ k:,2] m n . ( )
Consequently, it remains to compute
ExAY)  ExllApe|?) (25)

It follows from (22) that the analysis of the above terms require evaluating the following
expectations:

Eclgl))l, Eulgtd), Eilglagril, Exlgrignal: (26)

In the following Subsections B.1.1 through B.1.3, we derive the expressions for these individ-
ual terms. Building on these results, we derive the expressions in (25) in Subsections B.1.4
and B.1.5. Finally in Subsection B.1.6, we state the final expression for (24).

15



B.1.1. DERIVATION OF Ek[g,(fz)]
(J)

For the gradient 9i; we have

) = =1

1 .
Jrviens) o
1 ()

= \;ﬁf<\/ﬁ<\1f(ck 1Uq +Ck2u2) +ak>wk’,i> Y

T <Ck1Qk:zl+Ck2ka2+ \/ﬁakivkz> y;ij)~ (27)
Recall that we defined the cosine similarities between the estimates x;; and the true com-

T .
ponents wy, for i,l € {1,...,p}, by Qi1 = m’“’;ul. We define ezji = \}(a;mk i — a,g])x,(gz))

Thus we arrive at

j T - a,(vj)q:](fj). .
glg:{z) = %f Ck,le,i,l + Ck,2Qk,i,2 —+ 62‘771 + 7’2 y]E;j) (28)

In the limit n — oo, the contribution of any single coordinate is negligible compared to the
contribution of all coordinates. We therefore apply a first order Taylor expansion of f(-)

around the leading-order term ¢y 1 Qg i1 + ck2@k2 + e\ﬂ
() ()
CL1U Cr oU .
gl(cjz) = ff(ck 1Qk,i1 + ek 2Qri2 + e\]> ( k\l/ﬁl + k\Q/ﬁ? T a,i”)
i Uy o (el g )
- / . . ) 1 ,

+ \/ﬁf <Ck,1Qk,z,1 + Ck,2Qk,z,2 + ek,l> \/ﬁ \/ﬁ + \/ﬁ + ay
1

" O() | (29)
n

Y

Lemma 1 For the random vector < ?3) , its covariance matriz takes the form:
Ay

Y 1- Qz,m - Q%,i,z = (Ugj)Qk,z‘J + ugj)kaivg)
COV(( I(Cf))) = 1 | . (30)
@ VG (Ugj)Qk,m + ugj)Qk,m) 1

Sk

Proof We first compute the cross-correlation between ekj and a(] ), Substituting the
definition of ekjl., we have
Ek[ekjla,(g)]: Zak $(a) ]) ) (31)
a#j

16



LEARNABILITY AND COMPETITION IN HIGH-DIMENSIONAL MULTI-COMPONENT ICA

Recalling that the vector ay follows the distribution ay ~ N (O I— (ulul + ungT)) we
substitute the off-diagonal covariance terms into the expectation:

(4) (@) (a)  (5) (@)
el = - (W D | o B (32)
’ vn n ’
Recognizing the parameters Q. ;1 = a:k, U1 and Q2 = wliug, this simplifies to
ExleY o] = 1 (quk ORS .2> Lol L) (33)
ki k \/ﬁ 1 5y 2 5y \/ﬁ

Next, we determine the variance of ekji.For notational convenience, let :13,(;] ) denote the

vector xy; with the j-th entry set to zero. This allows us to express the sum as
2
Bl =B |+ Salel) | | =2 (@) e
a#j
Evaluating the expectation using the covariance matrix of ay yields

1 1 7
Byl(ef)] = - <<:c,ij)f (1= Jwrad + ) "”E”‘]))

n

(w,g_j))TululTSB,(f Z]) (a:,(c_j))Tugu;zc;_ij)

_ 1 ()\2 i i
, d — d : . 35
n Z(l‘kvl ) n n ( )

Applying 3, (2\%))? = [kl = O(1) = n — O(1), and Lulaf? = Quim — O(2) for
m € {1,2}, we obtain

Ek[(eﬁ)Q] = %(” - an,i,l - nQi,m) +0 <;> ) (36)
=1- Qi,m - Qi,i,Q +0 (;) ~ (37)

Finally, we note that the variance of a,(gj ) itself is normalized such that:E [(a,(j ))2] =1-0(3).
Thus, omitting the terms of O ( ) yields the covariance matrix:

L | (38)
~Tn <Ugj)Qk,i,1 + Ugj)Qk,zﬂ) 1

1 . .
\j 1= Qi1 — QRao - <U§J)Qk,z‘,1 + ugj)Qk,z‘z)
()| e

By Lemma 1, the cross-covariance between ezji and afcj ) is O(n~?). Therefore ezji

and ag ) may be treated as independent up to O(n_l/ 2) accuracy in when evaluating any

17



term whose overall contribution is already O(n~'/2). Moreover, we introduce an auxiliary
random variable e; ~ N (0, 1) and represent ezji as

e;{i = \/1 - Qi,i,l - Qi,i,z €i- (39)

It follows from (29) that ]E[g,gj Z) | can be written as

)

(4) (4)
Ek[gz(fz] = \/ﬁE f(ck,le,i,l + ck2Qri2 + 6;&) ( NG + NG + akj))]

(4 ,.()

T . a; T i

+ %E f/<ck,1Qk,i,1 + ck,2Qk,i2 +e¥i) k\/ﬁk

(4) ()
Craly | CR2Up () 1
X( Vi Ve ”k) ro):
T T 1
- i+ 2 A
where

(4) .(4) ) ()
i\ Y T [ cpau Ck2U j
Ly :=Ey | f (Ck,le,i,l + ¢k 2Qki2 + eéﬂ-) ki ( WL R2T2 am) :

vn Vn vn g
20 1
— \/?% <f (Ck,le,i,l + ck2Qk,i2 + 61’\/1 ~ Qi1 — in) > +0 <\/ﬁ) : (41)

18
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(4) ()
i Cr1U CroU i
Ly =E, [f (Ck,le,i,l + ck2Qki2 + e;?i) ( k\l/ﬁl + k\Q/ﬁz + a,(j))] :

=Ex | f (Ck,levzyl + ¢k 2Qki2 + \/ 1- Qi1 — QR
(4) (4)
1 ; ; ; Cp1U C2U ;
NV (Ugj)Qm‘J + uéj)Qk,i,Q) a;(.f)>( NG + 7 + a,(j)) ,

(9)
u
= ﬁ <<Ck,1f <Cle,i,1 +c2Qki2 + € \/1 - Q%J’l - Qi,m) >

— Qk,i,1<f, (Cle,m + c2Qki2 + € \/1 - %11 - Qi,m) >>
(4)
Ug 2 2
+ NG ckaf (Cle,¢,1 +c2Qki2 + € \/1 — Qi1 — ka)
— Qk,i,2<f, (Cle,m +c2Qki2 + e \/1 - %11 - Qi,m) >>

to (%) | (42)

Henceforth, to streamline the notation, we introduce

Pyl = f(CIQkJ’l + CQQK‘,L2 + 61 \/1 - szlal a Qz’1’2), <43)

Yo = f(lek,Q,l + CQQk,Q,Q + e9 \/1 — 272’1 - i,zz)- (44)

More generally, for i € {1,2} we write

Vi = f(lek:,i,l + cQQk,‘,’i,Q —+ €; \/1 — Q%,ivl - Q%,i,Z) . (45)

Throughout, 7/ denotes the derivative of f evaluated at the same argument as in 7;. Finally,
we arrive at

Ek[g,(jg} = ;(:cé’i (Vi) + u(1j) <<C1%‘> - Qk,z’,l<7@{>> + u(zj) <<02%‘> - Qk,i,2<7z{>)> +o <le> .

)

(46)

19



B.1.2. DERIVATION OF Ek[gllgk,g]

Now, we consider the cross term Ek[g,;rlgk,g]. Substituting the definitions of g 1 and g o
into the expectation yields

2 [yl xpa ETE 1
mulatiana] =5 (B7) 1 (52) i (7).
:ﬁEk ](cy)xl(j% (4 ,,.)
n

,a , QT
(71""71 \/’ﬁ )(72_‘_72 \/ﬁ )

X (Ci,l + C%z + Z al(ca)al(ca)>] ;

a=1
LN [ — o Paihady el
ok Y12 T 172 n 72N NG
@) (@) ()
+ 717 \/ﬁ )(Ci,l%—c%g%—;ak a, )] . (47)

We begin by noting the following expectations:
Eg {(a,(j))ﬂ =1+o0(1), Eg {a,(g)eyi} = o(1), ZEk [(a,&a))ﬂ =n+O0(1).
a=1
Following these, we can expand the expectation as follows:
I o
Ey [gk,1gk,2] =—E; |[mretnre——+1n
n n n
(4,.G
/ akj 1:](6],%
+ %M
n
(J )
72 (a))) o) o a
+—Ex || 72 + N
n n n

DN (o
+1m _— ) (Z(aka )2>] (48)

Since the contributions from the auxiliary terms are of order o(1/n), we obtain the final
expression:

Exlgi19k,2) = 7°(1172) + o(1). (49)
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B.1.3. DERIVATION OF Ek[gmggg]

Substituting the definitions of g1 and gy 2 yields

-
y T 1 Y Tk,2 1
T2 . (al(s ))2$§cjixl(€];
= —Ex||mret+tnre————
n n
(),.(7) (7) ,.(4)
ap @y, A T,
T 2>yky;;1- (50)

We define the matrices K = ckc,I and A = akag. Their expectations are given by

uuT
Er[A]=1— =, and EJK]=TI. (51)

Consequently, we arrive at the following for yky,;r:

UKU Uca arc' U
T k k
= — 4+ A + + .

Substituting this into Equation (50) yields the final form of the desired expectation:

)

T

1
Eklgr,1912] = ;Ek[’YmA] +o <n> ;
T

= 7:<7172> <I— UZT> +o (;) :

T

= (my) I +o (i) : (53)

[\

n

B.1.4. DERIVATION OF Ek[&(j;]

Taking the expectation of (22), we arrive at the following:

2 a1 xgcagEk [91&11)] L) >a—1 xl(cal)Ek [gl(cog]
n k 1 n
L e B (942 S (2))%E
+ 230(]) i

) (
3 + 2z, -
TosBrl)") o Elgho] ) Erllagni]
- o k1

n n n

Ex[AY) = Eilgp)] — 2))

Exlg l(cc,kl)gk:,Z

n 2

21



Moreover the expectations Ek[(g,(jl)) |, Ex [g,(ﬁg/,(€ %] and Ej [g,;r’lgkyz] were found to be inde-

pendent of index (j), they can be taken outside the summations, yielding

= (i : DI x;iaz?Ek[g;ia)] S o B[]
Ex[AY)] = Exlgl)] — o)) 2 ) S
T:o
T2(V7) ®p 2Tk *(my2) n
+2x(3) 3 + 331(@;7”3
9512;]%72<’Y%> 95;?172<7172> ROk 72{(y172)
B n2 B n2 k.1 ’
B @] ) 2o I(C?Q)Ek[gi(cal)] () 2a-1 xl(cal)Ek[gl(CQQ)]
= k[gk,z] L1 n —Ti1 n
T1 T2
©)
11z ()
T ) () = (55)
n n
We evaluate the a-summation terms labeled 77 and T3 separately:
L 0) S T
1= k: 1 )
n
4. n ()
LT o 1 a), ! U /
= an Z xl(w) (\/51312;,1)(70 + %((Cl’m = Qr11(M))
Uga) ’
+ %(<C271> — Qr12{Mm)) |
_ xk \T Qr2,1n _ '
- n3/2 < \/’ﬁ (<Cl’}/1> Qk,l,l <71>)
Qr,22m ,
+ 7«0279 — Qr1.2(Mm)) |
x;ggT |
= Qr2,1({c1m) — Qr,1,1(M))
+ Qr2,2({cam1) — Qk,1,2<7/1>)> : (56)
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(Qk,1,1(<01'72> - Qk,2,1<7;>)

+ Qr1,2(({c2v2) — Qk,2,2<7;>)> - (57)

Finally, we arrive at the following for the final expression of Ey [1% %]

By - 247
L /
+ % (\/ﬁxi(cj,;ﬁﬁ + % (<0172> - Qk,2,1(72>>
(9)
+ % (<C272> - Qk,2,2<’72>) )

7 , ,
— n (Qk,l,l (<0172> - Qk,2,1<72>) + Qk,1,2 (<0272> - Qk,2,2<72>) )

xl(cjiT / /
- (Qk,Q,l <<0171> - Qk,1,1(’71>) + Qr2,2 <<0271> - Qk,172<71>> )

x0)

B.1.5. DERIVATION OF Ek[||5k,2||2]

Following Equation (22), we can obtain the squared form as follows:

T T 2
2 ; j Ty oGk,1 t Gp 2Tk,
ALY = (o) + ) ( e )
T T
N G) [ Tr,29k1 + i 2Tk,1 1
— 22\ g, ( - ) +o (n) . (59)

Recalling that Eg [gk,lg,;'—g] is diagonal (as derived in subsection B.1.3) taking the expecta-
tion yields
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7o (@RaBelgia90] + 7R Erl(917)%)

Ec[(AF))? = Exl(g})) -2 -
. 1 . . a
iy (Bl Do) +Ely D)
Lﬁ,_, Lﬁ,_,
+ 2Ex[gy; 1g,(C Zx,(cal):céoa ) . (60)
=0

Substituting our previous results (49) and (53) into the expression, we arrive at

(9)\2

) 29 () n a9 n T (@
[(A](C;) I TQE;Y§> L kl( k2 2<’Y271>{2 + kl 2(43)/ ) (ngl) ((2) + (42)),
7_2 2 g:() x(])TQ 1 i T2
_ 08 Tt (0 (03 - o3)) (61)

Finally, this allows us to directly compute the expectation Eg[||Ay2|[%] as follows:

=0
0 ) Dy
1Akl = Ea[Y_(AF)) = 7(33) — 2 o ,
a=1
2 n -
+ (07 = () D (@),
a=1
7,2
= 7y3) + —({(1f) = (43)),
6 +o (1) - (62

B.1.6. FINAL EXPRESSIONS FOR THE SECOND COMPONENT

Recall that we obtained the following in (24); we restate the equation here for convenience:

Exleg)o — 2] = ExlA7)) - Ekw&k,ﬂmx,&{;/zn—xzz(zxkg D) e (63)

Having determined the first two terms involving the expectation of Ak,g in Subsections
B.1.4 and B.1.5, we now proceed to compute the last term:
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n (a) (a)
n 1 a LpaT (7172) T 1 (o, - U /
iy ;3(— (e + T () - Qran i)

a=1

(a)

u ’

2 (lean) = Quanla))
o)

L (Quaa () = Qraa(is) + Quaallenre) — Quaa(hh)

<Qk 21((c1m) = Q1)) + Qra2((cam) — Qk,1,2<7l1>)>>' (64)

(@), (@)

Realize that the terms involving Y, x; 5z, ; = 0 because of the orthogonality constraint
of the previous iteration step, thus we arrive at the following for the corresponding term:

51 o 2 (a N1 o7 a
951%5 le(c,gEk[Al(cQ)] = xéjén\f(f Yo ka 2m§fz)

> o=1 wg);)ug “

= () - Qk,2,1(7))
N wacm - Qk,z,2<'v'z>)> ,
~ o)t T (;ﬁ 05)+ EL (o) = Q)
n Q\Q/’%n((cz’72> ~ Qk,2,z<vé>)>,
=) 7 (1”<v;> + L ((e) = Quaa )
C\?;f ((ex2) — Qk,m;»). (65)
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Having derived the expression above, we finally substitute all our previous calculations
(58),(62) and (65) into (63) to get

()

. a1 7 (Y172)
Eelady s — o) = - ——
(g, u :
Y T T
(4)
u /
+ ﬁ <<0272> - Qk,2,2<72>>>
(4)

.’Ek 17T

<Qk,1,1 (<C1’72> - Qk,2,1<7;>) + QK12 <<0272> - Qk,2,2<7é>)>

x;ggT

n

<Qk,2,1 ((CWl) - Qk,1,1<71>) + Qk2,2 ((02’71> - Qk,1,2<71>>>

- 9”1%% (\/15<Vé> 6\2/251 (<0172> - Qk,2,1<7;>>
L2 (fexm) - Qk,2,2<v;>)> (1) (66)

The diffusion term, the second moment of the incremental update for the j — th element,
can be stated as follows:

o) (B loe) + LB (D7)

n

Eel(ey), 5 — 20))% = Exl(93)?] — 2

9 1 9 . 9 .
o (e B+ 2 (0]
ey 1)
1 2 T 2
_ ) sl e + o )
N n
2 1 ¢ (2> 27%(73) : *(ye)
o (el PR 20 ),
2/~2
-0 (1), (67
n n

Combining the preceding results, we arrive at the final expressions for the second estimate
L 2:
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29 2 - &)
Eg [%&21 2~ 9”%] = lefW + f(\lf ;(g%W ) + %((Cwﬁ - Qk,2,1<7§>)
W) e
+ %«Cz’m - Qk,2,2<’7§>)> - 2’22 2(v3)
29) -
S (Qk,1,1(<6172> — Qr21(73)) + Qra2({c2y2) — Qk,2,2(7§>)>
m(J)T
S (Qrza((erm) = Quua (i) + Quzal(ean) — Qriai)))
- w,?% T2 (200 + L (fern) = Quaati)
£ 9220 - : 1 68
T2 ((ern) = Qezzta))) +o ) (68)
2 2
B2, ~ 20 = T2 1 <;> . (69)

B.2. Dynamics of the first estimate

For the initial estimate, where Gram-Schmidt orthogonalization is not applicable (a%kl =
Z1.1), we substitute the update expression directly into the normalization step. Applying a
first-order Taylor expansion to the resulting normalization factor, we obtain

L1+ gk
1+ llgial?/n+ 2] g/

-

lgrall? Ty 19k,1

— :Bk’li
2n n

2 T
gk,1 T 19k,1 1
— gk gl —gk1+o<>. (70)
n n

Lp41,1 =

= X1 — T, + 9gk1

1
’ 2n )

Consistent with the analysis of the second estimate, the expectation of the entry-wise update
of the first estimate satisfies

E [5’7;]421,1 - xl(cji]
: Er.[|gr,1| ) Erlz) 1951] VTLgk1. /1
= ) —o) PG ST g g PRy o (1) g
——

P Py P Py

where the terms labeled P, P>, P3 and P, evaluated separately. Leveraging the results
established in Section B.1 for the expected gradients, it follows that:
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Pr=Efg)) = T (o) () +uf” (lerm) = Quan(n)) +uf (eam) = Qrazin)), (72)

S B0 2l
=g = el - Rl (73)

() Exlllgr ]
1

u a)T a), ! o ’ o ’
2}@@(¢ﬂwww9«wm—Qmﬂm»+@R@wn—@@wmg,

+ =B ((em) — Qeaa(m))

> a1 xéaf“(za)

n

({cam) — Qk,172<71>)>,

r Qrian Qk,1,2n
+ =« n

em) = Qrrin) + ({eam) = Qr201)) )

(1) + Qraa(len) = Quia (i) + Quaz(fern) = Qeaz(n)) ). (74)

= S (00, (75)

Combining these results yields the final formulation for the first estimate in the following;:
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1 oo ) , () ,

— Ln (7x,§{1<v1> + %«cwﬁ — Qr11(m)) + %(@Qm - ng(fh)))
i)
L1

(4) w9 (4)

= 7 () = Quanbi)) + 2 lem) = Quaa(n)) - P2
29
_ %7— <Qk,1,1(<6171> Qr11(n)) + Qr12({eam) — Qk7172<7’1>)) To <;> ‘
(76)

Proceeding analogously to the derivation in Section B.1, only the leading-order term sur-
vives, consistent with the previous analysis we arrive at

i <i> . (77)

B.3. Derivation of the Ek[(x,(gil 5 — :c,(j;)(:n,(jll 1 1:,(3)1)]

, 72(y?
Ek[(xl(cj—i)—ll 1‘1(3,1)2]: ibl>

Following the expressions in (23) and (70), expectation of the cross term satisfies

Ek[(xl(ng)rlZ 331(@],))(1’1(@21 1 _"’3], )]
N N g0 A2
=B | (A - 5 )

T T
G G lgrill® Gy Tk Ty 19k,1 1
X (gkj’1 xk ™ xkl R . > +o ~ (78)

Furthermore, substituting Equation (22) into the expression above yields

Eil(@l), 5 — 2P} (@d), | — i)

)
_ G) ) Teagk2 T TGkt Tih o
= Eg [(gkzj,Q kjl n T (mk,Qka))
() ( j T Zlgk 1 1
x <9k],1 Tp1 7n : > +o (n , (79)
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Ek[(xlg]-&)-l 2 xl(c ))(xl(ﬂj-i)-l 17 xi%]

E)) (J)

k
= Bilg)ot)] — g 1910)] -

I ) 40
Elgy) (] g1.2)] +

[g,i{i(wg’lgm + w;ggk,l)]

“E[(x)195.1) (%1 29k.2)]

7)2
1
+-3 —E[(@)19k2 + T4 2Gk,1) (@4 1Gk,1)]- (80)

We leverage the results we obtained for the expectations over the gradients in the previous
sections, thus we can simplify the expression as

Ek[(xl(cj—l)—l 9~ 1312:]%)(951(@21 1 xl(cj%)]

)

22 ©)
Lr1 Tri,
= Exlgl9)) - —Elglhel )] - (2 Elgyloi)) + 2 YE L)
) 0,00 1 i(c l(c " ), (@)
- T’E[gkzj,lgk 2 Z gk,z]
2 Elgi i3] + Zx V2 Elg(7). (81)
Recall that E[ggi ],E[g,(cj% | and IE[gl(€ ig,(f%] were found to be independent of j, thus these
expectations get out of the sum operator. We also recognize that » . _, x,gal)z = n and

>y x,(cal) x,%) = 0, and arrive at the following:

Exl(@f),, — 2D @), | — 2))
(3)2 (j)

T Ty
= T TEL ) TR G002 00) 4 20)r2 o)
n n n
()2 ()2
€T T
—%T <7172>+%T2(71’Y2>- (82)

Observe that all the other terms other than the first, is of order O (#) Consequently, we
arrive at the final expression:

1Y
By [y, — 2, , -~ 2] = 2102 <> | (83)

—_

3

B.4. Regularization Term

Regarding the regularization term (—T¢(x)), we first define the macroscopic variable Ry, ; ;
as

T ,
Ry j = —————. (84)
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We derive the additional regularization terms by redefining the gradient expressions in (15).
The resulting updates are given by

- T 1 T

Tp1 = Tp1 + \/ﬁf<\/ﬁy1;r$k,1) Yk — E(Zs(mk,l)u (85)
=gk,1— - d(Tk,1)

~ T 1 T

Tpo = Tpo+ %f %yk T2 | Y — E‘b(wlﬁ) . (86)

=gk,2— 7 $(Tk,2)

Using our result (71) from Section B.2, we obtain the following expression for the first
estimate:

Exlllgre1 — Zo(xra)||]

. , o , .
Ek[$1(5+)1,1 - ﬂfz(ﬁ] = Ek[g,(ﬂ — —¢(zp1)Y] - x;(fi

n ) 2n y

P Py
G) Ek[wzg(gk,l - %QS(xk,l))]

T
k1 n
Ps
T T
NooT VT (gr1 — FO(Tp 1)) 1
— Eel(9f]] — Lol LT o(2). 6D

Py

Terms Py, P», P35, Py will be calculated separately in the following. For notational clarity
and to avoid the repetition of lengthy baseline expressions, we use (Ej)pase as a generic
placeholder for the terms present in the unregularized dynamics. It should be understood
that the specific content of (Eg)pase varies depending on the quantity being evaluated,
representing the respective unregularized expectations derived in Section B.2 and B.1. This
allows us to isolate and highlight the new contributions arising from the regularization term:
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P = (Ek)base - ( ) (88)
") 20)
B S 2
Py = (Ex)base — 5,37 [p(zr)[]” + TE[gk 16(@k,1)],
(4)
k.1

(Ek base + Z < :ck 1)( )

+ uy )¢($k,1)(a) <<01%‘> - Qk,i,l(%))

a 1
+ ug )¢($k,1)(0‘) <<02%‘> - Qk,z‘,2<%{>)> +o0 (n> ,
(4)
z 1
= (Ek)base + :él 7-2<'71>R]€,171 +o0 <n> ,

1
= (Ek)base +o (n) ) (89)
x(])
P (Ek)base + ka 1¢(xk 1)
(Ek)base + 1’; %Rk 1,1, (90)
1
Py = (Ek)base +o0 <n> . (91)

Finally, we arrive at the following result for the first estimate:

T 1
Eifa), , — 2] = (Bohse — () + x,g>Rk,1,1+o(n). (92)

Following Equation (24), we compute the regularization induced contributions for each term
separately for the second estimate as follows:
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- » S ) — T(aka) @]
Er[A] = Brlgy — - dlan)V)] - af) S0t
(Ex)base— = p(wp,2) @) (Er)paset2 l"(J)TRk 2,1+o0(1/n)
) X 2 B9 — T (p2) )]
kl n

(Ek)base+ L) 7Ry, 1 2+0(1/n)

S e B0 — To(@r,1)@)?]

+ 29512 i n2
(Ek)base+o(1/n)
) Sazt (P ERl(04 = F6(@ra) @) (045 — Fo(2r2) )
+ 2z n2
(Ek)base+o(1/n)
B - Zo(@na)Y)
n
(Ek)basz;o(l/n)
P IEl(g) — Zo(@n2) ) (98] - Zo(mra)V)
n
(Ek)base+0(1/n)
) Exl(gr2 — Zo(zr,2) " (gry — Z(xp,1)Y)]
—Tr n ’
(Ek)base+0(1/n)
T 1 ¢ 1
=(Ek)base — Eqﬁ(wk,z)( D4 x(J)TRk,Q,l + Eml(c{iTRk,Lz +o0 <n> , (93)
(4 ¢,.(9) (4) (4) () (4)y2
x zpy (@ o Brlgga9r1] + 251 Ekl(952)7])
E[(AF3)%] = Exl(g3)] -2 -
2 a 2 «
a5 (Bal(oy)) Y @) +Elgf )] (@f))?
Lﬁ,_/ Lﬁ,_/
+ 2B (g 0900) D wiald ) - (94)
N

=0

As established in the evaluation of Ek[A( )] the second-order gradients exclusively con-
tribute to the baseline dynamics (Eg)pase and higher-order terms. Consequently, the term

Ek[(A,(g ;)2] does not introduce additional regularization components at order O(1/n), lead-
ing to

33



Ek[(zé{%y] = (Ex)pase +0 (1> : (95)

) n
j o 2 (a , o T o 1 (a
3753,; < Z mﬁ;,Q)Ek[A](g,Q)]>/n = 2 x](g;’Q) <(Ek)base - ﬁ(b(xk,Q)( ) + ﬁ«fé’l)TRk,Q,l

1 1
+ *:E,(Cal)TRk,m +o () > ;
n ’ n

(G n
_ k.2 ()T o 1
= (Ex)pase — ;xkﬂ Ed)(xk,Q)( )+ o <n> ,
©)
z 1
= (Ek)base - %TRkQQ +0 <n> . (96)

Finally, for the second estimate’s incremental update we arrive at

.
Ek[ﬂﬁgﬁl 95— JU/E;]%] (Ex)base — Eﬁf)(mk@)( )+ $(J)Rk 2,2+ 90;2 i(Rk 12+ Ri21)
1

B.5. Generalization to multi-component case (p > 2)

To generalize our results to p component vectors, we express the terms in vector-matrix
notation, furthermore we define the following vectors first in RP:

= [r1s -5 Crpl | (98a)
[ugj o U (98b)
= [a), ) (98¢)
@i = [Qrits- - Qriypl (98d)

(cr17vi) — Qi1 (7))

P = : ,  where ~;:= f(ckTqi +eiv/1— q;qi> . (98e)

(ChpVi) — Qu,ip(Vi)

Having derived the explicit dynamics for the initial two components, we observe a consistent
pattern in the interaction terms. By proceeding inductively, we generalize the formulation
to an arbitrary [ — th component, obtaining the following expression for the drift term:
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2 (1 T
Ey [951(54211 _wl(cjg] - (Qxl(cj (7 +Z$kz %'Yl>> +guT¢‘l
=1
T T,
_*xqul@b_ me< Yt q T/’z)

T )
+ x Rk”—l- ZI]“ R}Hl—i-Rk“) E(;S(:z:k’l)(ﬂ

i (i) . (99)

Furthermore, the diffusion term satisfies the following;:

. . 72 1
Eul(efr — P e ~ o0 = b o (1) (100)

For more convenient notation, we express everything in matrix form as in the main text.

Define the matrices W := [¢1, ..., 9], Q = [q1, .. ,qp] , (M) =g 1/1] and lastly (C);; =

(7i7;)- Finally, we arrive at the following expectations for A(j )= ac,(gll a:,(cj ),

EAY)] = _;71 (tril(Ck +Cy) - diag(Ck))ﬂh(f)

- % (tril(Mk M) - diag(Mk))ac(j)

+ = (0il(Ry + R]) - diag(Ry) )2l — Zo(ay)
T o7 40) 1
+n\11k u +o(n), (101)
DADT]_ T 1
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Appendix C. Formal statement and proof of Theorem 1

Theorem 1 Suppose that the initial empirical measure pj converges weakly to a determin-
istic measure gy asn — 00, the function f and its first derivative are at most of polynomial
growth, and ¢ is Lipschitz. We further assume that all moments of u; and ci are bounded,
as well as the moments of the initial estimates xo;. Then, as n — oo, the empirical mea-
sure process {/ﬂfm | }>0 converges weakly to a deterministic limiting measure-valued process

{p}1>0. Using the limiting process, we define
Q: ::/ zu' pdzdu, R, ::/ zp(x) " ppda du. (103)
R2p R2p

Then, for any bounded test function o that is three-times continuously differentiable on R?P,
the limiting dynamics can be written in the weak integral form

t t 1
(0, e} = <so,uo>+/ <V$¢Tws,us>ds+/ 7<Tr(AS vi¢),us>ds, (104)
0 0 2

where (p, ) = [ o(x,uw) g dedu. We define the coefficients wy and Ay as

2
wp = —% T(CHz — 7T (Mp)zx + 7T (R)z + 7 ¥ u—7¢(x), (105)
A, =T2C,, (106)

where
W= B, [ef ()| - Qdiag(f/ ()|, Mii= QWi Cri=Eeye| f(v0)f(v))],
. T\ /2 :
v = Qe + (dlag(I - Q:Q, )) e, with e~ N(0,I)
and ¢; denotes the mean-field scaled ¢y, in (1)(k = [tn] with t > 0).

The formal proof of Theorem 1 utilizes the meta-theorem by [11]. This theorem provides
sufficient conditions for a sequence of measure-valued processes {(pf")o<k<7}n to converge
to a limiting partial differential equation (PDE) . Below, we restate these assumptions
C.1-C.10, generalizing the original scalar formulations to our multi-component vector and
matrix notation. We subsequently verify that each condition is satisfied within our setting.

C.1. Assumption 1

The Markov Chain {(Xy, U)} k>0 is exchangeable.

In our multi-component online ICA setting, the state (X, Uy) forms a Markov chain,
where the iterates are X = [T 1,... ,whp]—r € RP*™ and the fixed true components are
Ui = [u1,...,up] € R"*P. We formally include the trivial update Uy, = Uy, for com-
pleteness, even though the true components are fixed. We show that the complete update
step; comprising the online update, orthogonalization, and normalization preserves joint
exchangeability over the n spatial coordinates (the columns of X} and the rows of Uy).
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The complete algorithm at each iteration k operates as a sequence of distinct, determin-
istic transformations: the online update, Gram-Schmidt orthogonalization, and normaliza-
tion. Because each procedure takes the output of the preceding step as its direct input, the
overall update can be formally expressed as a composite mapping.

Without loss of generality, we can assume that the initial state (Xo,Uy) forms an
exchangeable Markov chain (see Remark 3 of [11]). To establish exchangeability, we must
demonstrate that the online update rule is equivariant to permutations of the n spatial
coordinates. Let 71 € R™ ™ be an arbitrary permutation matrix, 77| = I. Thus, permuted
matrices satisfy

U™ =[ruy,...,7u,] =7U, X[ = [mxpy,...,mxpy) = Xpmw! . (107)

We first demonstrate that the online update preserves exchangeability by showing equivari-
ance to spatial permutations:

1 1 1
= (Xkﬂ'T + % f(WXkﬂ'T(%ﬂ'Uck + ﬂak)> (%ﬂ'UCk + 7rak)T
T
— ¢(XkﬂT)> T,
n
= Xpm '+ T (leﬂ'Tﬂ'UCk + LX;ﬂr—rﬂ'ak) (Lc,c U'n' + a,l—TrT)ﬂ
N Vi N
-
—op(X
n¢( ),
T 1 1 1
=X, I+ — 7 f(EXkIUck + ﬁX’“I“’“> (%ck U vajn ) w
T
- 7¢(Xk)7r—rﬂ-a
n
Tl 1 1 T
=X+ — f(-XUcp + —=X —U — Lo(X)I
k+\/ﬁ (n k Ck+\/ﬁ k%)(\/ﬁ ck+ar) ——O(Xp)I,

= X+ 7= F( =X ul - Lo (108)

Above, we exploit the fact that the regularization ¢(-) acts entrywise on the matrix. Con-
sequently, it is equivariant with respect to spatial permutations applied to the columns:
H(Xpm") = ¢(Xy)mw . Furthermore, for the Gram-Schmidt process we have

Xk = ['%k,lu v 7ék,p]—|—7

p—1 4
~ = wk) mkv] ~ mk, wkm] ~
= [®h1y-. ., Thi = T Z Hw; T T  Ehp — Z Hi i & 4, (109)
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To demonstrate exchangeability, let us consider the ¢ — th row vector, yielding

i1 Ty
_ ﬂ-Tiki _ ﬂ_T Wiﬁkz‘ _ Z (7'l'113k,1)~ (Tl'wa) (ﬂ'jjkj)
| T 72 ’
3:1 ’
TZy;) (TTkj)
—7T ﬂ-wkz Z T( z) ( . ]) (ﬂ'wk’j)
7w ;
jzl k:.] kh]
i—1 (~T A
;. T q
= ik,i - Z ( {T—Z p 7])ik,j- (110)
x L
J 1 k,] 7.7

Thus, the Gram-Schmidt process used to obtain X}, from X, also preserves exchangeability.
Finally, to show that the normalization step is exchangeable we write

71'5%"
T X =T (% \/ﬁ> ;
|72 4|

7 wEL,;

S S L SEN

:T =z
A /a:kﬂ.wTTm:k,i

Thi_ o (111)

[E

Because the full update is a composition of these sequentially applied steps, demonstrating
that the online update, orthogonalization and normalization are individually exchangeable
is sufficient to conclude that the overall process forms an exchangeable Markov chain.

C.2. Assumption 2

The initial empirical measure py(x,w) converges weakly to a deterministic measure fug.
Our Theorem 1 is explicitly conditioned on this assumption.

C.3. Assumption 3

There is some finite constant C' such that

sup<,u ,zp::r +Zu>§0.

=1 7=1

Our theorem assumes that all moments of the initial ground truth and estimate vectors
are bounded; consequently, Assumption 3 is satisfied directly.
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C.4. Assumption 4

Let Ag) = w,(ﬁl — w,gj). There exists a deterministic function G : RP x RP x R"*"2 — RP
for some r1,r9 > 0, such that for each T > 0:

G 1 (j)H C(T)
sy [ia - 02| < 52 (2
where v > 0 is some positive constant. In the above expression,
g = 6@ ,uY), ep), (113)
and OF is a matriz in R™*"2. The [, m-th entry of ®} is defined as
(®Z>l,m = (MZ? (Pl,m(xv u)>a (114)

where @y (x, ) is some deterministic function.

In our setting, we use the overlap matrix Q; and matrix R; as our macroscopic variables.
We define ¢(z,u) = 2Dul™ to obtain (QF)rm = (uf, 2Wul™) and p(z,u) = O ¢(z)™)
to obtain (R});m = (u, 0 ¢(x)™). Thus, we define © as follows:

e} = [Qr|Ry]. (115)

We refer to the derivation of the expected incremental update (drift) in Appendix B, re-
stating Equation (101) for convenience:

Er[A)] = —;Z (tril(Cx + CT) - diag(Cy) ) 2
- %(tril(Mk + M) - diag(Mk))a;,(j)
+ = (wil(Ry + RY) — ding(Ro) )’ — Zo(af)
+%t112 ud 4o (i) (116)

We define the coefficient G as
Gl = —% (tril(C’k +ol) - diag(ck)):c,@
- T(tril(Mk + M) - diag(Mk)>az,§j)
+ T(tril(Rk +R])— diag(Rk))m}j) — ro(x)
+ 7@ ul), (117)

Consequently, Assumption 4 is satisfied.
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C.5. Assumption 5

There exists some deterministic function A : R™*"™2 — RP*P sych that, for each T > 0,

max E H o [AU)A(J)T] EYW ] < CfT), (118)
kE<nT n P nl+y
where v > 0 is some positive constant, and
A = A(O}). (119)

We refer to the derivation of the second moment of the incremental update (diffusion)
in Appendix B, restating Equation (102) for convenience:

NDANT] _ L 2 1
B (AP APT] = 720 + o). (120)
Then we define the coefficient as follows:
A(Q7F) = T*Cr(Q}). (121)
The diffusion term is independent of the matrix R; therefore, we define it solely in terms

of the @ matrix. Consequently, Assumption 5 is satisfied.

C.6. Assumption 6
For any T > 0, there exists a finite constant B(T') such that

n—oo

lim P (l?%?z}i% |©% || max > B(T)> =0, (122)

where || - ||maz i the maz-norm of the matriz.

Vs every entry (QF);, is bounded by definition: (Q});; € [—1,1]; R}’s every entry is
bounded by the assumption on ¢(z) being Lipschitz: [(R}); ;| < ﬁ(LHmMH +/n|p(0)]) =
L +|¢(0)|. Consequently, Assumption 6 holds.

C.7. Assumption 7

Define (©})em(h) = (U}, wem(x, w) M h), where N is the projection operation defined as the
projection of x© onto the interval [—b,b] : x Mb = min{|z|,b} sgn(x). For any b > B(T') and
T > 0, we have

lim sup sup max E Hg xk ,uld) er) — g(azg), w9 er(h)m b)H =0, (123)
h—oo n
and
lim sup sup Imax E|A(Q}) — AQy(h)Mb)||z=0. (124)
h—oco N

Assumption 7 holds by the same reasoning applied to Assumption C.6.
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C.8. Assumption 8
For each T > 0, there exists C(T') < oo such that

()12 < 27
max E[|G"|") < O(T) and  max E[|Ax[}] < O(T). (125)

We first establish several supplementary lemmas needed to prove these bounds.

Lemma 2 For ¢ > 0, the vector vy satisfies the following bound on its q-th absolute
moment, where Hy and Ly are positive constants depending on q:

E [Joi|] < Hy(1 + Lyg). (126)

Proof We begin by recalling the growth assumption on the nonlinearity: |f(z)| < B(1 +
|z|?) for constants B > 0 and ¢ > 0. We first establish that v; is zero-mean. By the the
zero-mean properties of the components ¢; and e;, we have

Eeelv] = Beelc1Qit + -+ 6Qip + eiy/1— Q3. — Q2] = 0. (127)

Next, we compute the second moment. Conditioning on ¢; and applying the tower property
yields

Ec,e['UiQ] = Ec,e[(lei,l + ...+ Cin’p + 61'\/1 — z2,1"' — QZ )2]’

= Ec[Ee[(ClQi,l + ...+ Cinm + ei\/l — 12’1... — Q%’p)2|c17 Co.eny Cp“,

= Ec[<lei,1 + ...+ Cin,p)2 + 1- 22,1"' - le,p]a
=1 (128)

To bound higher-order moments, we appeal to a Rosenthal-type inequality [50] in the form
given by [51], which states the following: for a sequence of independent random variables
Xi,...,X, with zero mean satisfying E[|X|?] < co for some g > 2, there exists a positive
constant H,; depending only on ¢ such that

n a n n a/2
E (> X;| | < Hymax ZE[\X]-|‘1],<ZIE[X2]> : (129)
j=1 j=1

j=1

We apply this inequality by decomposing v; into a sum of n = p+1 independent, zero-mean
terms: X1 = c1Qi1, .., Xp = ¢Qip, and X1 = €;4/1 — 2271 —---. Each summand

satisfies Ec ¢[X;] = 0, and finiteness of all g-th moments follows from the assumption that
the moments of ¢; are bounded and e; is Gaussian. We observe that
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p+1 p+1 q/2
> X =, <ZEC,6[X2]> =1. (130)
j=1

j=1
Thus, we arrive at the following:

p+1
Eee [[vf{] < Hymax § Y Ecell X7, 1. (131)
j=1

It remains to control the sum of individual ¢-th moments. Expanding, we obtain

p+l
ZEc,eHXj’q] = EC,6[|X1|q] +o Tt EC,e[’Xp+1|q]v
j=1
q

ei/1- @ - Q3|
< Eeelleal’|Qual] + o + Beelleil?| /1 - Q2 - - @2,

= |Qua [ Beellrt) + .+ [\ 1 - @2y - @2,

= \/ 1- g:l sz,oz‘ < 1’

- Ec,eHClQi,l’q] + ...+ IEc,e[

q

l,
Ec.elleil?): (132)

Since the overlaps satisfy |Q; ;| < 1 and ‘\/1 — Q% — pr

each factor involving () can be bounded by unity, giving

p+1 P
ZEc,eHXj’q] =[Qi1|"Ecellcr]"] +... 4+ 4|1 — Z sz,a Ec,ellel?],
= N—— 1 N—_——
=Z1,4 =Ze 4
< g+ Zog+ o+ Zey. (133)
Substituting this back into the Rosenthal bound yields
Ece [[0|] < Hmax{Zi 4+ Zog+ -+ Zeg, 1}. (134)

To obtain a cleaner expression, we define L, == Z1 4 + Z24 + --- + Zo 4 and we relax the
maximum using the inequality max{a,1} < 14 a for a > 0:

Hymax {Lg, 1} < Hy(1+ L), (135)

which establishes the claimed bound and finalizes the proof:

Ee.e[[vil"] = E[|vi]"] < Hy(1+ Ly). (136)
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Lemma 3 Forq > 0, the entries of the matriz Cy satisfy the following elementwise bound,
where B is the growth constant of the nonlinearity f and Ry and Ray are positive constants
depending on q:

|Ci7j‘ < 32(1 + 2Rq + qu). (137)

Proof We bound the absolute value of each entry by applying Jensen’s inequality followed
by the growth condition |f(x)| < B(1 4+ |z|?):

= |Ec,e[f Uz)f( )Ha
f

(o ( Uj

< Ec,e[‘f(vi) (Uj)Ha
(
2

< Eeel[ f (0l f ()],
< Bee[ BY(1+ [l ) (1 + [ug] )],
= B2(1 + Ecelvil? + Ec.elvj]? + EfJv;|v;]%]). (138)

Expanding the product and taking expectations termwise, we invoke Lemma 2 to substitute
Ecc[|vi|?] < Ry, where we define R, := H,(1+ L,). This yields
|Cijl < B2(L + 2Ry + Ec.el|vs|*[v;|%)). (139)

To handle the remaining cross-moment, we apply the Cauchy-Schwarz inequality:

1/2 1/2
Eee[luil0sl1] < (Beeloi®) " (Eeelost) (140)

Since Lemma 2 applied at order 2q gives E. ¢[|v;|?9] < Ry, for all 4, both factors are bounded

by R;éz. Consequently, we arrive at

Ec.e[[vil|vj]7] < Rag. (141)
Substituting back completes the proof:
Cij| < B*(1 4 2R, + Ray). (142)

Lemma 4 Forq > 0, the entries of the matrix Wy satisfy the following elementwise bound:

q—1
‘\Ili,j‘ SB\/2(1+R2q)+K(1+qu ), (143)

where B and K are the growth constants of the nonlinearity and its derivative, Ry and R
are positive constants depending on q.
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Proof In addition to the growth condition on f,we recall the assumed bound on its
derivative: |f'(z)] < K(1 + |z|97!) for some ¢ > 0 and K > 0. We begin by applying
the triangle inequality:

Wi )] = [Eeeleif (v)] — QjiEeelf (v))]],
< |Beeleif (0)]] + |QjiBe.elf (v5)]] - (144)

For the first term, we apply the Cauchy—Schwarz together with E. e[c7] = 1. For the second
term, we use |@;;| < 1 and Jensen’s inequality:

)

(Wil < /Eeeled Beelf(0))2) + Qi [Ecelf/ (v))]

<V Eeelf(v3)?] + Eel | (v5)]]. (145)

We now substitute the growth bounds |f(x)| < B(1+ |z|?) and |f'(z)| < K(1+]|z|?"!), and
use (14 a)? < 2(1 4+ a?) for a > 0 to simplify

W3] < \JBeelBA1+uj19)2) + Beof | K (1+ [os]7)

]

- \/qu[B?(l + |vj[9)?] + Ec,e[K(l + Ivj\q”)],

< \/2B2(1+ Eeellv ) + K (1 + Ecelluy77 ). (146)

For the second term, we apply Jensen’s in the form E[|X|971] < (E[|X?])(¢~1/4, Substi-
tuting the moment bounds from Lemma 2 then yields the claimed result:

g—1
|0, S ng/2(1+R2q)+K(1+qu ). (147)

Lemma 5 Forq > 0, the entries of the matriz My satisfy the following elementwise bound:

M ] gp<B,/2(1+qu) +K(1+R;q1)>, (148)

where B and K are the growth constants of the nonlinearity and its derivative, R, and Ry,
are positive constants depending on ¢ and p is the number of components (the dimension
of the matrix M; € RP*P)
Proof Expanding the matrix product and applying the triangle inequality, we bound each
entry as a sum of p terms. Using |Q;;| < 1 and substituting the elementwise bound on ¥
from Lemma 4, we obtain
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p
M5 < 1Qial[ Wi,

=1

p
< Z ‘\IIZJ‘:
a=1

<y (B\/M+K<1+quql>>,
a=1
—p (B\/MJFKQ +R;"1)) : (149)

where the final equality follows since the summand is independent of the index [, which
concludes the proof.

|

Lemma 6 For each coordinate j, the following bound holds for k < nT':
Eflla | < Ai(T), (150)
Efllz|'] < As(T), (151)

where A1(T) and A9(T) are finite constants depending on T .

Proof Recall that A,(g ) — 5'31(5421 — asg ), Expanding the squared norm of the next iterate
yields

Bl =] = Bl + AP) @ + AP,
— Efllz|2) + BB AL 2] + 2Bl EAL,

, . AT N GW) 1
~ BlJa |7+ BT (B AP AP T+ 28 TE " 4o (1),

, () )
= Efl={’ || + E[Ts (ﬁ)] vl E 00 (1). o

We now bound each of the terms on the right-hand side separately. For bounding the cross
term we expand it by substituting the expression for G, We let C = tril(C +CT) —
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diag(C), and similarly for M and R for notational simplicity, then using (117) we arrive at

|

1
—E
n

e
LT }

. 2 . _ .
E[ x - m,g])T<—%Cm,(€j)—TMm,(€J)

+ TR:L',(Cj) + 7 W, ul?) — Tgb(m,(cj)))

IN

1 {12 : S ) -
. <2E[||m,i”|||0mz”m + rE (e || M|
+ 7Bz | R |

+7Ewwéﬂuuwﬂ|u+TE[HwS)H|r¢<wk><f>u>. (153)

Since ¢ is Lipschitz, we can establish the element-wise bound on R matrix as |R; ;| =
:E;gr’i(b(wk,j
|#

)

| < Slzrilllloan)ll = J=llé(zr,)]l where |¢(2)] < Liz| + |¢(0)|. Thus |Rij| <
ﬁ(LmeH ++/n|¢(0)]) = L+|4(0)|. Here, we emphasize the distinction between x;; € R™
and :I:g ) € RP. The former represents the i-th estimate vector, which has a norm of /n,
while the latter is a p-dimensional vector constructed from the j-th elements of all estimate

vectors. Furthermore, we can obtain the following bounds:

ElllzI1Ca ] < Elllz? 1€ 2llz 1] = ENIC]l2ll2)12], (154)
Ellz ||| M2 ] < B[ M ]|z 7] (155)
Elllz ||| R |l] < Bl Rl|2]l” |, (156)
Efllz " 119, wD ) < B[]l || [uP]], (157)

For a p X p matrix with element-wise bound |A4;;| < «, the spectral norm satisfies ||Alj2 <
|Al|r < pa. First we note that since C = tril(C + CT) — diag(C), its entries take the form

Cii, L= J
0, 1 < 7.

Applying the triangle inequality together with the element-wise bound on |C;;| from Lemma 3,
and analogously for M and R yields
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ICij| < 2B%*(1 + 2R, + Ryy), (159)
L) < 2p (B\/za R+ K(14 Ry )) , (160)
|Rij| < 2(L +16(0))). (161)

Finally, substituting these results into the elementwise bounds leads to the following:

[ |[|C2|] < B[],
< E[2pB(1 + 2R, + Ray)l|2|%],
= 2pB2(1+ 2R, + Rog)E[l|2} %],

Ef|= | 15727]] < 27 (B\/2<1 Ry - K(1+Ry" >) EflzV 2],
El|z || Rz ] < 2p(L + |6(0))E[|z 2],

q—1 . .
By/2(1+ Rog) + K(1+Ry" ) | E[J]] [u@]],

(B\/erK (1+ R, >\/E e 2] Bt 2],
PP+ B[
(B\/m+1{( o RS )>Ewwk u J—;Euu e

Elzl) ¢(z “>>H<E[Hw;>u (]I,

< \E| ||a:k Elllo()]2],

E[|a | ]+E[II¢>(% )| |
= 2

[ @] [u9]] < p

<p
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where we apply the inequality vab < “T‘"b to eliminate the square roots. Combining these
bounds and substituting them back into (153) yields

(E [mﬁjﬁ%} ‘ < % (;2(232(1 + 2R, + Ray))
+ 72p<B1 [2(1 + Rag) + K(1 + qu%))
+2r(L+ \¢<o>\>)1€n|w,9’u21

g=1 29 wl
(B\/m+](( o R Bl I+ Bl

2
E[lf” (%] + E[l ¢(=) 17
2 9y

:\*@
M\“wsm 3‘@

+
( (2B%(1 4 2R, + Ry,))
+7(2p + )(B 2(1+R2q)+K(1+R;ql)>
T i)
+27(L + [#(0)]) + 2p>EH|wk 7]

n %@3@ PR Ry )l

+t3 I[“1[||</5( )2 (162)
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Furthermore, the Lipschitz assumption on ¢ yields E[Hqﬁ(mg))Hﬂ < 2L2E[H:c,(€j)||2] +
2p¢(0)? Consequently, we arrive at the following bound:

LIE Uﬂ\gﬁ(;<ﬂ¥u+aR-+R%»

+7(2p+ %) (Bw [2(1 4+ Ryy) + K(1 + R;ql)>

+27(L + |¢(0)]) + é)[w &

™D 2t ,
+ %(B\/ 2(14 Ryg) + K (14 Ry ))E[[[ul? ]

+2 (2L2E|lz %] + 2p6(0)2),
2

.
— % ( 5 (2B%(1 + 2R, + Ra,))

+7(2p+ %) (B\/z(l + Raq) + K(1 +R§ql)>

+w@ﬂww+é+énﬁUm%]

+ %(B\/m+ K(l + R?))EHWO)H?] + %qu(O)z. (163)

The second term in Equation (152) can be bounded directly using Lemma 3 as follows:

A c
[Tr(~E)] = E[Tx(r> ")),
’7'2 P
= ZE[Z Ciil,
=1
2
< %sz(l + 2R, + Ray). (164)

Combining the bounds on all three terms, we arrive at a recursion of the form a1 <

agJ1 + Jo, where ap, = El[||z ])|| ]. Unrolling the recursion and summing the resulting
geometric series yields
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ak+1 < agJy + Jo,
= (ag—1J1 + J2) 1 + Jo,
=agJFT + B+ S+ TR TP,

= agJiT 4 T A1 (165)
— QoJq 2 :]1 1
k

—1
ap < CL()J{C + Jy Jl , (166)

Ji—1

. R Jk -1

Ell«|?) < E[|2§ |20} + 2L (167)

Jp—17

where we can define J; and Jy as

2 1 q—1
Jy = 2% (TQ (232(1 +2R, + RQq)) + T<2p + 5) (B, [2(1 + Ryg) + K(1+ R,° ))

T

F2r(L+190)) + 5

+ T2L2> 11,
2p

.
- (q;f’p) +1, (168)

2
Jy = %pBQ(l + 2R, + Ryy)

+2 (5713(3 21+ Rag) + K (14 By [ + ;qu(O)?) ,

_ Z(Q;LT,P)‘ (169)

Recall that the initial moments of the estimates (xo;) and all moments of the true com-
ponents (u;) are assumed to be bounded by the assumptions of our theorem. Thus, for
k < nT, we use the classical limit (1 4+ a/n)" — €2 to conclude that (1 + V/n)"T < V7
uniformly in n, arriving at

| s (Vans) Tz ()
Ell= 1) < Bllef | (LT )" 4 (HOTD) (ot 1)1

n

< Ay(T), (170)

where A1(T) is a finite constant depending on 7. We have established (150); the proof of
(151) is analogous. This completes the proof. [ |
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For the squared norm of g,(j ), we can write the following expression:
) 4 . - - . . )
ng(q])HZ _ Lm(J)TCTCw(J) + Tzw(J)TMTMm(J) + P2uDTE T gy )
T ZB(J) RTR (]) +T2¢( ) (z)(wé:]))
+ 7 sc(j) CTM:c(j) Sm](j) CTwu) —2r m,(f) YR 2N
3 (J) CT Rz (J) _ 972 (j)TMTRw(J) +272x§j)TRT‘I,u(j)
+7 :c(] CTqb( ) + 27293(7 MTqS( )
— 222 TR g2V — 27 uwww(mg)). (171)

Taking expectations and applying the triangle inequality, we have to establish bounds on
every term. We start by obtaining

2
Elz"C" Cx] < E[|C|3 |l|? < <2p32<1 +2R, + qu>> E[l|lz{ 1%, (172)

2
~ ~ ~ a=1 .
Elz'M ' Maz] < E[||M|3 |||?] < 4p* <B\/2(1 + Rag) + K(1+ Ry )) Elll= I,

(173)

2
a=1 .
E[uT‘I/T‘I’u]SE[H‘I'II%IIuP}épZ(B 2(1+ Ryg) + K (14 Ry )) Efu]?), (174)

Elz" RT Ra) < E[|R|3 |z|%] < 4p*(L + |6(0))*E[[=|?], (175)
Ellp(z)17] < 2L%E[|2|?] + 2p6(0)>. (176)

The same bounding logic can be applied to the cross terms by substituting the spectral
norm bounds we obtained in the previous sections. All these terms, Wlth the exception of

E[ch,(cj)HQ], are independent of n. Having established that maxj<,r E[Hmk )|| ] < Ai(T) in
Lemma 6, we can conclude:

@2 <«
IQ%EII% 2 < C(T). (177)

The second condition of Assumption C.8 requires bounding the Frobenius norm of Ag, we

obtain
IAKIE =74 (Cij). (178)
(2]

Applying the element-wise bound we obtained from Lemma 3 yields

E[l|AxllF] = 422 ((Ck)is)7;

=1 j=1
< 7mp?BY(1+ 2R, + Ray)?, (179)
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which is again a finite constant independent of n and k. Consequently, we conclude that

E||Al%2 < O(T). 180
mmax, [Akl7 < C(T) (180)

C.9. Assumption 9

For each T > 0, there exists C(T) < oo such that maxkgnTIE[HA,(cj)HA‘] < C(T)n2, and for
any i # j:

C(T)

S 2

. (181)

B[ (A —Eal) (A ~Edaf)] ‘

makanTE [

First, by Lemma 6, the bound makanTIE[HA,(j)H‘l] < C(T)n~? follows from the same

argument used to verify Assumption C.8. For the latter condition, we expand the product:
i DT j j DT A G 0T j

B (A - Edal) (A —Edaf) | = Bidal AP - EalTEGAY), (182)

From Equation 53, the cross terms are of order O(1/n?) when i # j. Combined with the

definition of A;(gj), this yields E[A,(,f)TAS)] = O(1/n?). Following the definition of g,(j), we

arrive at

(i) O T (AU) () g."'gy 2
Ek“Ak-—EﬁAk])(A; —EAA;]H::—A—ET—7+CKUn). (183)
Finally, taking the outer expectation on both sides yields
(AT 5)
i DT j j G.' G
E [ Ec[ (A —EdAl) (AP —Edaf)]|| <E|| - T+ 0(1/n?) ] . (184)
For the right hand side, we can establish the following bound as
g(i)Tg(j) [g(i)Tg(j)]
E|| ==t 4+ 0(1/n%)|| <B4 0(1/nf),
E[llg;” I?/E[IG¢ I
< v — +0(1/n%),
(42 (42
E E
B CATVERC 4l DY

In the verification of Assumption C.8, we showed that for some C(T") < oo we have

@2 «
%%MWkH_C@) (186)

Consequently, Assumption 9 is satisfied directly from Equation 185, which establishes our
claim:

maxi<,rB|[Bx [ (A — B [AP) (AP - B al)] (187)

52



LEARNABILITY AND COMPETITION IN HIGH-DIMENSIONAL MULTI-COMPONENT ICA

C.10. Assumption 10

For each b > 0 and T' > 0, the following PDE (in weak form) has a unique solution in
D([0,T], M(R?P)) for all bounded test functions p(x,u) € C3(R?P):

t
(@, pe) = (@, po) +/O <VI¢ G(x;,u;, ©; 1 b),uf> di
1 [t A
+ 2/0 (Tr(A(z;, ug, ©; N0 Vi), py) di. (188)

The sufficient conditions for this uniqueness assumption are:

10.1 (|Jul|?, po) < L and {(||z||?, o) <V, where L,V are two generic constants.

10.2 For any «, &, u, and ©, we have ||G(z,u, ®)—G (2, u, O)| < L(1+(|O||r)|[(z—)|.

10.3 |G(z,u,0) - G(z,u,0)| < L(1 + [lul| + [[z[))[|© — O

10.4 |G(z,u,0)| < L(1+ |[u| + |z|)(|O]F + 1).

10.5 For any © and ©, we have |[A2(©) — A2(©)| < L|© — O||5.

10.6 A2(©) < L(1+ ||O||r).

Given our definitions of G and A, the verification of conditions (10.1)-(10.6) follows
from standard algebraic arguments and is omitted for brevity. In particular, to satisfy
Assumption 10.4, we required the function ¢(z) to be Lipschitz. Following that we verified
assumptions C.1-C.10 hold in our setting, the deterministic measure y; is the unique solution
of the following partial differential equation:

t

t 1
(s 1) = (0, pro) + / <sz0T Qs,us> ds + / 3 <Tr(As Vap) ,us> ds. (189)
0 0

Furthermore, if p; admits a density P(x,u), the following strong form PDE holds:

0P,

ot
In the theorem, the used time-embedding k = |tn] with ¢ > 0 and the considered assump-
tions are consistent with the prior mean-field literature [11, 18]. Furthermore, we note
that the Lipschitz assumption on ¢ is a byproduct of our proof technique, whereas our
experiments show that our results remain accurate beyond the Lipschitz class.

= Va(GiP) + 5 Tr(A VAR . (190)

C.11. Derivation of Corollary 2

By selecting an appropriate test function ¢ in (104), we can derive a closed-form system of
ODEs. Specifically, we consider the case ¢(x) = 0, which consequently enforces R; ; = 0.
We provide additional total and marginal trajectories for the limiting PDE under ¢(x) = 0
in Figure 3, where our theory demonstrates close agreement with numerical simulations.
To explicitly obtain the macroscopic evolution for the indices (7, j), we instantiate the test
function as

Ol (T, W) 1= TyUpy,. (191)
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Then the weak pairing recovers the overlap matrix:

(Pl f12) = / gt pe(dz, dw) = Qpom. (192)

Moreover, since ¢y, is linear in , we have V2, = 0, so the diffusion term in (104)
vanishes. Therefore, the evolution reduces to

d
i@t = [ wne(de, duw) (193)

This follows directly from (99) by setting ¢(x) = 0 and R; ; = 0, yielding the ODE in
summation form:

d 1 j
5@ = —7° <2Qlj )+ Qi <%"Yl>> +ru) — QLR W
i<l
— >0 Qii (@ v+ Q). (194)
i<l

Expressing the above expression in matrix form using the previously defined matrices
C}, M; and ¥, yields the final closed-form ODE for the matrix Q:

2
£Q=-TT(C)Q - TT(M)Q + ¥/, (195)

where the matrix operator 7 (-) is defined in the formal statement of Theorem 1.

Appendix D. Evolution of the limiting density

For completeness, we provide the joint and marginal probability densities. Figure 2 and
Figure 3 demonstrates that the strong-form PDE in Corollary 1 accurately tracks the em-
pirical evolution of the joint density in simulations. Corresponding marginal density plots
are given in Figure 4 and 5.
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10!
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(a) t=0 (b) t =100 (¢) t =200

Figure 2: Evolution of the joint probability limiting density for p = 2. Comparison between
theoretical predictions (contours) and Monte Carlo simulations (heatmaps) for
Pi(x1,x2,u1,u2) at times ¢t = 0,100,200. Here, we use the setting of Example
1. We set 81 = 1 for ¢q while 85 is set to 0 for cs. In simulations, component
vectors u; and up are drawn from sparse distributions: P(u = 1/,/p;) = p; and
P(u = 0) = 1 — p; with sparsity levels p; = 0.5 and pa = 0.3. This choice enables
a clear visualization of the convergence behavior, with the components evolving
toward three distinct regions in the (x1,x2) space. We employ ¢(x) = 0.1 sgn(x),
corresponding to L regularization commonly used in practice to induce sparsity.
Here, n = 5000, and 7 = 0.01.

100

[

10-!

X2
Simulation

102

1073

X1 X1 X1

(a)t=0 (b) t =100 (¢) t =200

Figure 3: Evolution of the joint limiting probability density for p = 2. Comparison between
theoretical predictions (contours) and Monte Carlo simulations (heatmaps) for
Py(z1,29,u1,u2) at times ¢ = 0, 100, 200. The setting corresponds to sparse com-
ponent vectors u; and ugy for ¢(x) = 0. Here we use the setting of Example 1.
For c¢1, we set 81 = 1, for ¢y, we set B2 = 0. In simulations, component vectors
are drawn from distributions (P(u = 1/,/p;) = p; and P(u = 0) = 1 — p;) with
sparsity levels p; = 0.5 and po = 0.3. This choice enables a clear visualization of
the convergence behavior , with the components evolving toward three distinct
regions in the (x1,x2) space. Here, n = 1000, 7 = 0.01
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(a) Marginal density of the first component z; at times ¢t = 0,100, and 200.
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(b) Marginal density of the second component xo at times ¢t = 0, 100, and 200.

Figure 4: Evolution of the limiting marginal densities, corresponding to the total density
in Figure 2. The setting corresponds to sparse component vectors u; and us, for
¢(x) = 0.1sgn(x). Here we use the setting of Example 1: we set 51 = 1 for ¢y,
and set B2 = 0 for co. In Monte Carlo simulations, component vectors are drawn
from distributions (P(u = 1/,/p;) = p; and P(u = 0) = 1 — p;) with sparsity levels
p1 = 0.5 and p2 = 0.3. The dashed dark blue curves correspond to the PDE
prediction, while the light blue histograms represent Monte Carlo simulations.
Here n = 5000 and 7 = 0.01.
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(b) Marginal density of the second component z9 at times ¢t = 0, 100, and 200.

Figure 5: Evolution of the limiting marginal densities corresponding to the total density in
Figure 3. The setting corresponds to sparse component vectors u; and us, for
¢(x) = 0. Here we use the setting of Example 1. For c¢1, we set 81 = 1, for
co, we set f5 = 0. In Monte Carlo simulations, component vectors are drawn
from sparse distributions (P(v = 1/,/p;) = p; and P(u = 0) = 1 — p;) with
sparsity levels p; = 0.5 and p2 = 0.3. The dashed dark blue curves correspond
to the PDE prediction, while the light blue histograms represent Monte Carlo
simulations. Here n = 1000 and 7 = 0.01.

Appendix E. Derivation of the ODEs for cubic nonlinearity: f(z)= +x3

For the cubic nonlinearity f(z) = 22 and p = 2, we explicitly derive the system of coupled
ODEs. We begin by computing the expectations with respect to the random variables c¢; ;
and e; for ¢ € {1,2}. For notational brevity, we omit the index ¢ and focus on the positive
case; the derivation for f(z) = —a3 follows immediately by symmetry. We start with the
expression for ~;:
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3
Vi = (ClQi,l +c2Qip +e1y/1 = 1271 N 122) ’

= (@Qu)* + (€2@e2)’ + (ery/1 — Q2 — @)
+3(c1Qi,1)(c2Qi2) + 3(c1Qi1) e m
+3(c2Qi2)*(1Qi1) + 3(02Qi,2)261m
31— Qs = @8) 10w+ 3{er 1=~ @) e
+6(c1Qi1)(eQiz)ery/1— Q2 — Q2. (196)

For the derivative 7; we obtain the following:

2
% =3 (ClQi,l + Qi ey /1 -QF ) — 222> : (197)

Let m;; = (c!) denote the j-th moment of the variable ¢;, also recall that (¢;) = 0 and
(c?) = 1, this yields the following expectations:

(vi) = 3( ?,1 + Q?g +1- QZZ,I - ?2) =0, (198)
(c1i) = Q) 1mia +3Q7 Qi1 +3(1 — Q71 — Q72)Qin = Q3 1 (m1a — 3) +3Qi1,  (199)

(cami) = @} y(maa — 3) + 3Qi 2. (200)

Furthermore, we require the expectations of the squared terms 71-2 and cross term 172,
which we calculate as follows:

(vi) = Q?,lml,G + Q?,Qmm +15(1 — Q%,l - Q%,Q)S + 15@%,2(1 - Q%,g)mu
+ 15@111,1(1 - Q%,l)mlA +45(1 — Qil - %,2)2(62%,1 + Q%g)
+ 90@%1@%,2(1 - Qil - Q%,z) + 20@?,2@?,17”1,37’12,3 ) (201)

(v3) = Qg,1m1,6 + Qg,2m2,6 +15(1 — Q%,l - Q%,z)g + 15@3,2(1 - Q%,2)m2,4
+ 15@%,1(1 - Q%,l)m1,4 +45(1 — Q%,l - Q§,2)2<Q%,1 + ng)
+ 90@%,1@%,2(1 - Q§,1 - Q%Q) + 20Q§,2Q§,1m1,3m2,3 ) (202)
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3
(n2) = <<01Q171 + Q12+ e \/1 — %’1 - %2)

X <C1Q2,1 + Q22 + €2 \/1 - Q3 — Q§,2)3>7
= Q1 (Q%,lml,ﬁ + Q3 9m13maz + 3(1 — Q§,1)Q2,1m174>
+ Q7 , (Q%,sz,e + Q3 1m3maz + 3(1 — Qg,z)Qz,zmu)
+3Q7 Q12 <Q§,2m2,4 +3Q3,1Q22m1 4
+3Q35Q21m13ma3 +3(1— Q5 — Q%,Q)QQ,Q)
+3Q7 2Q1.1 <Q§,1m1,4 +3Q32Q2,1ma24
+3Q3,Q22m13ma3 +3(1— Q3 — Q%,Q)Qm)
+3Q1,1 (1 - Q- Q%,z) (Q%,lmlA +3(1 - Q%,I)Q2,1>

+3Q1,2 (1 - Q%,l - Q%,z) (Qg,zmu +3(1 — Q%,Q)Q2,2) . (203)

To streamline the presentation of the ODEs, we define the following functions repre-
senting the expectations of 7;7;:

F(Q11,Q21,Q1,2,Q22) = (1172), (204)
W(Qin,Qiz) = <%2> (205)

We also define the function D for notational convenience, which appears in the drift coeffi-
cient of the second estimate:

D(Q1,1,Q2,1,Q1.2,Q22) = Q1.1Q5 1 (m1.4 — 3) + Q1203 5(ma 4 — 3)
+Q21Q% 1 (m14 — 3) + Q22Q7 5(maa — 3). (206)
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Finally, for the drift and diffusion terms we arrive at the following final expressions:

l‘gj)T2

wy = T<3$éj) + ugj)Qg,l(TmA —-3)+ uéj)ngz(m2,4 — 3)) — W(Q2.1,Q22)
- :Egj)TZF(Ql 1,Q21,Q12,Q22) — xgj)TD(Ql,la Q2,1,Q1,2,Q22)
— 2T (3+Q21[m14 ]+Q§,2[m274—3]>,

:chj)TQ

= T(Ul Qz 1(m14 —3) + Uéj)Q%,z(”DA - 3)) - W(Q2,1,Q22)
(J) 7 F(Q11,Q21,Q12,Q22) — l‘gj)TD(Ql,l, Q2,1,Q1,2,Q22)
- xé (@8 .1Ima = 3]+ Qi almaa — 3]). (207)

Consequently, for the first estimate we get

wy = T(“@Q? 1(mia = 3) +u5 Q5 (mz 3))

xg]) 2

W(Q11,Q12) — a7 (Qf1(m1,4 —3) + Qf 5(maa — 3))- (208)

Combining these results, we arrive at the following system of coupled ODEs for f(x) = +x3:

%Qm =7Q} 1 (m1a—3) — Ql S W(Q1,1,Q12)

—TQ1,1 (Q%J(W 4— ) +Qf o(maa — 3))7 (209)
%Ql,Q =7Q} 5(mas —3) — Ql 2 W(Q1,1,Q1.2)

—7Q12 (Qil,1(m1,4 —3) + Q1 o(maa— 3))7 (210)
d

2
-
Q21 =7Q3 (M4 —3) — 5@2,1 W(Q2,1,Q22)

—?Q11F(Q1.1,Q21,Q12,Q22)
—7Q1,1 D(Q1,1,Q2,1,Q1,2,Q22)

—7Q21 <Q3,1(m1,4 —3) + Q5 (maa — 3)>7 (211)

dt

2
%QQ,Q = 7(Q3 5(ma4 — 3)) — %Qm W(Q2,1,Q22)

~72Q12F(Q11,Q21,Q12,Q22)
—71Q12D(Q1,1,Q2,1,Q1,2,Q22)

—TQ22 (Q3,1(m1,4 —3) + Qy(may — 3))- (212)
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Consequently, it follows directly for f(x) = a3

d . T2
Dt Qi mia— )~ W (Qur, Q)
FT1Q1,1 (Qil(mlA -3)+ Q%,2<m2,4 - 3)>, (213)
d 72
2;’2 = +7Q7 5(maa —3) — Ql’; W(Q1,1,Q1,2)
F1Q1,2 (Qil(mm -3)+ Q%,Q(m2,4 - 3)); (214)
d T2
3?’1 = £+7Q3(m14 —3) — ?Qm W(Qa2,1,Q2,2)
—72Q11 F(Q1,1,Q21,Q12,Q22)
F1Q11 D(Q1,1,Q2,1,Q1,2, Q2,2)
Q21 (Q4(ms = 3) + Qb y(maa - 3)), (215)
d 2
3;’2 = +7Q3 5(ma4 — 3) — %sz W(Q2,1,Q2:2)

— Q12 F(Q1,1,Q21,Q1,2,Q22)
FT1Q12D(Q1,1,Q2,1,RQ1,2,RQ22)

F1Q22 (Q§,1(m1,4 —3) + Q3 (may — 3)>. (216)

Appendix F. Steady state analysis

We derive insights from the ODEs describing the learning dynamics. Specifically, steady-
state analysis of the limiting ODEs reveals a nontrivial interplay between the learning rate
7, initialization, and the higher-order moment structure of the components. By analyzing
the equilibrium % = 0 in (8), we give general conditions for learnability and competition.
In the rest of this section, we first study the learnability boundary, then show a staircase
behavior in the total number of learned components, derive a condition (a boundary) for
competition to occur, and finally, we demonstrate the instability induced by competition.

F.1. Learnability boundary

We first consider the decoupled regime, where @Q; remains nearly diagonal (up to some
permutations and negligible off-diagonal entries). Consequently, for the steady state of the
overlap matrix denoted by Qs, the equilibrium condition for (8) reduces to

2
T .
(I - Q2) ~ T diag(Ee, o [12(0)])Qs = 0. (217)
Equation (217) holds for any nonlinearity f, under our assumptions given in Theorem

1. However, since the boundary depends explicitly on f, a closed-form condition in terms
of the learning rate and the higher-order moments is intractable. To obtain an explicit
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Figure 6: Steady-state analysis reveals learnability boundaries, staircase behavior, and
competition-induced instability. In (a)—(b), component moments my, mg decrease
with the component index. (a) Learnability regions for different learning rates,
with scattered points showing the moments of cy,...,c1p; curves denote phase
boundaries. (b) Number of recovered components versus 7 for decoupled and
competition regimes with p = 10; vertical lines mark the theoretical boundaries
from Figure 6(a). In (c), as the off-diagonal /diagonal initialization ratio increases,
the largest learning rate recovering all components, Tyax, decreases, while con-
vergence time increases.

criterion, we revisit the cubic f(x) = +23; which reduces the dependence to finitely many
moments, yielding an exact learnability boundary.

For the remainder of this analysis, we adopt f(z) = —z° as an example case. For the
cubic branch, the steady-state condition Q; = 0 in (213) yields a seventh-order polynomial
in Qj ;. By substituting ¢ = Q?’ ; for the diagonal entries—consistent with the first regime—
the dynamics reduce to the form Q;; = Q;;P(q), where P(q) = £¢° + n¢> + (g + w is a
cubic polynomial with o = 15. A non-trivial steady state, representing the learning phase
where Q # 0, exists if and only if P(q) = 0 admits at least one positive real root.

For a cubic polynomial P(q) = £¢% +n¢® + (g + @ = 0 where @ > 0 , to have at least
one positive root, we have to consider two cases : £ > 0 vs. £ < 0.

3

Casel ; £ > 0 Since P(0) = w > 0 and limg_,»c P(q) = oo, the curve begins positive
and ends positive. For a positive real root to exist, the local minimum must dip below the
g-axis. The stationary points are found where P’(q) = 0:

—_ 2 _ 3
T VBZ & (218)

3P +2ng+ (=0 = Guin =

(Requires n? — 3¢¢ > 0 for real turning points).
For roots to exist, the value at the minimum must be non-positive:

P(Qmin) S 0. (219)
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Figure 7: Phase portraits of the coupled 2 x 2 system in Figure 1(b). First row dynam-
ics (Q1,1,Q1,2) evolve independently in (a), with markers representing specific
timestamps: ¢t = 0 (orange), t = 2700 (green), and ¢ = 5000 (yellow), and the
dashed red line represents the theoretically predicted competition boundary in
(236). In (b), (c), and (d), we plot the second row dynamics (Q2,1,Q2:2) at the
corresponding times, with black markers indicating the ODE-predicted state. As
the first row evolves, it progressively tilts the stability landscape of the second
row. Vector field colors in (b-d) match the first-row temporal states for visual
alignment.

Substituting gmin into P(q) yields the condition that the cubic discriminant A must be

non-negative.
A =02t — 463 — anPw — 2762w +186nCw > 0 . (220)

We also require that this real positive solution lies between our physical meaningful space.
We analyze this by transforming the system into the reciprocal function y = 1/q.
Let R(y) = ¢*P(1/q). The coefficients reverse order:

R(y) = @y’ + ¢y’ +ny + € . (221)
The slope of the reciprocal function is

R'(y) = 3wy® + 2Cy + n, (222)
R(1)=3w+2(+7n. (223)

The condition 3w + 2¢ +n < 0 implies R'(1) < 0. Since w > 0, R(y) — 400 as y — oo.
A negative slope at y = 1 indicates that the local dip (and thus the root y*) must occur at
a value greater than 1:

1
y'>1 = —>1 = ¢ <1. (224)
q
Thus, the condition defines the region where the positive root is confined to the interval
(0,1).

Case 2: ¢ < 0 In this regime, since P(0) = w > 0 and lim;o P(q) = —oo, the
Intermediate Value Theorem guarantees the existence of at least one positive real root
q* > 0.

63



To ensure this root lies within the meaningful interval ¢* € (0,1), we examine the
reciprocal polynomial. Since R(y) — oo as y — oo, the condition R(1) < 0 is sufficient to
ensure that the root y* (where R(y*) = 0) satisfies y* > 1, which implies ¢* < 1.

The condition R(1) < 0 translates to:

wHC+n+E<O (225)

However, Case 2 is physically inadmissible in our context. Given that £+n+(+w =
(mg — 15) + 15 < 0, it follows that mg < 0. Since the sixth moment mg represents an even
power expectation, it is non-negative by definition (mg > 0). This contradiction eliminates
Case 2, leaving Case 1 as the sole determinant of our learnability boundary.

Finally, we arrived at the following learnability boundary. Define

T

€ := (mg — 15) — 15(ms — 3), 1= (mq —3) <15—i>, com 2maz3) g

Then, learning occurs if
22 —4€¢3 — AP — 278%w? + 18n¢w > 0 and 3w+20+n<0. (226)

The simultaneous satisfaction of these inequalities defines the learnable region, a subset
of the (7,my4, mg) space. To isolate the role of 7, Figure 6(a) illustrates cross-sections in
the (mg4, mg) plane for various values of 7. As 7 increases, the learnable region becomes
increasingly constrained, persisting only for a narrow set of moment combinations. Con-
versely, as 7 — 0, the constraint relaxes and the stability boundary approaches a vertical
asymptote my = 3, so that the boundary is controlled solely by the sign of the fourth
cumulant, k4 = my — 3, (alternative characterization of non-Gaussianity to raw moments

52, 53]).

F.2. Staircase behavior

Figure 6(b) shows that, as the component moment pairs (ma4,mg) cross the learnability
boundaries, the number of recoverable components changes in discrete steps with the learn-
ing rate 7. The thresholds in Figure 6(b) match the boundary crossings in Figure 6(a),
confirming that the mean-field theory captures the phase transitions. Competition shifts
the staircase to smaller values of 7: although the discrete structure persists, stable recovery
requires more conservative learning rates. Thus, learning more components requires smaller
7, with the precise thresholds determined jointly by the data moments and the initialization
regime.

F.3. Competition boundary

To analytically characterize the precise conditions for the competition regime, we return
to the example case of p = 2. We begin by analyzing the dynamics of the first row of
Q € R?*2 namely Q11 and Q1 2, as these govern the evolution of the second row (Q2,1 and
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(Q)2,2). The first row satisfies the ODE system:

d 2
3;’1 = T<<0171> - Q1,1<’Vi>) - %Q1,1<ﬁ>
= 7011 (Quiltern) = Quiti) + Qualien) = Quai)),  (227)
d 2
2;’2 = T<<C271> - Q1,2<’Yi>) - %Q1,2<’ﬁ>

—7Q12 (Q1,1(<C1’Y1> — Qui(m) + Qi2({cam) — Q1,2<’Yi>))~ (228)

To understand the boundary between the basins of attraction for the two components,
we analyze the relative growth rates of the order parameters Q1,1 and @Qq2. Dividing the
update equations for @11 and Q12 by Q1,1 and Q12 respectively yields the logarithmic

derivatives. Physically, the term % represents the relative growth rate of the component,

rather than its absolute speed: '
d Q1
dt ln(Ql,z) - Ql,i .
This normalization allows us to compare the competitive advantage of one component over
the other, independent of their current magnitudes. To find the separatrix, we examine the
evolution of the ratio between the two components. We compute the difference between
their relative growth rates:

(229)

d Qi2) Q12 B Q1,1
%ln <Q1,1> B Q2 Qi1 (230)
Substituting the explicit expressions for gii and %
Qi1 ({cim) N,
Ql,l _T< Ql,l <’YI>>
2
—7(Quillern) = Quiti) + Quallern) = Quabi))) = 63, (281)
Q2 _(lem)
QI,Q B T< QI,Q <71>>
2
- T<Q1,1(<0171> — Q1,1(1)) + Q1 2({eam) — Q1,2<’Y/1>)> - %Wf)- (232)

Subtracting these two equations eliminates the second and the third term, yielding

Q2 Qi1 _ . ((Cz’m <01’Yl>> '

Q2 Qi1 Q1.2 Q11

The separatrix is defined as the boundary where the ratio between the components is
stationary (%(QLQ /Q1,1) = 0). Setting the difference to zero yields

(233)

~ ((02’71) <0171>> _0 — (cam) _ {eaam) (234)

Q1.2 Q11 Qo Qi1
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We can express this boundary in terms of the nonlinearity f(-), by substituting the
definition of ~; for clarity, as

Ec,e[clf<vl)] _ Ec,e[CQf(Ul)]
Q1,1 Q1,2 .

(235)

This equation remains valid for an arbitrary nonlinearity. For f(z) = +22, once the
learnability conditions hold, the learned component is selected by initialization through a
boundary in the (Q1,1,@1,2) phase plane. Specifically, Equation (235) yields the theoretical
competition boundary:

(m14 —3)

=+
Q1,2 (21— 3)

Q1,15 (236)

where m; 4 denotes the fourth moment of component ¢;. This relation defines an implicit
cross-shaped separatrix, which can be observed in Figure 7(a) as the red dashed lines,
partitioning the phase space into distinct basins of attraction. While the general competition
condition holds for complex nonlinearities like tanh(z), the contribution of all higher-order
moments of ¢; yields more intricate boundaries, whose analysis lies beyond the scope of this

paper.

F.4. Instability induced by competition

The degree of coupling in the initialization governs both the efficiency and the permissible
learning rate of the recovery process. In Figure 6(b), we already observed that coupled
initialization shifts the staircase curve toward smaller values of 7 relative to the decoupled
case, indicating that the competition regime necessitates more conservative learning rates
to recover all components. Figure 6(c) demonstrates this effect directly. As the ratio
off-diagonal to diagonal entries in the initial overlap matrix increases (transitioning from
decoupled to fully coupled regime) the maximum permissible learning rate Tyax required
for full recovery decreases significantly. This required reduction in learning rate, along with
component competition, results in a sharp nonlinear increase in convergence time. The close
agreement between our theoretical predictions and these empirical trajectories confirms that
the high-dimensional dynamics are fundamentally constrained by an initialization-induced
trade-off. Stronger initial coupling necessitates smaller learning rates, which in turn prolongs
the time required for all components to converge.

F.5. Further analysis of the decoupled regime

In the decoupled initialization regime with p = 2 and cubic nonlinearity, we further analyze
the stability of the fixed points using Jacobian analysis, numerically. In this regime, Jaco-
bian matrix is diagonal with all off-diagonal entries equal to zero. Thus, the eigenvalues
are simply the partial derivatives of the functions governing the ODEs, evaluated at the
fixed points. Choosing a representative entry ()11 we evaluate the partial derivative of the
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governing function (hy; = Q1,1) for the first component:

1 Oh1 5 T OW(Q11,Q12)
— = =-3 -3)—=(W 0 — o ods
9011 Q1 1(m14—3) 5 (Q1,1,0) + Q1,1 2011 s
+5Q7 1 (m14—3) , (237)
where
ow ,
IW(Q11,Q1.2) = —90Q% ym14 4+ 6Q3 ym16 + 180Q5 | + 60Q3 ymy 4 — 180Q% |,
Q1.1 v , , , ,
Q1,2=0
(238)
and
W(Q1,1,0) = QS ymag + 15(1 — Q7 1)® + 15Q7 1 (1 — QF ))m14
+45(1 - Q7 1)*(Q7 1)- (239)
Finally, for the partial derivative expression we arrive at
1 ahLl 7T 75T
T30 " le?(—ml,e + 15my4 — 30) + Q1 1 (M4 — 3)(—— +5)
157
- 3Q%,1(m1,4 - 3) - 9 (240)

We numerically determine the fixed points by identifying the roots where the evolution

equations vanish. To assess stability, we evaluate the sign of the partial derivative ggllll at

these points. Consequently, a fixed point is stable if

Oh1
8@1,1 Q1

<0. (241)

Appendix G. Multi-component online ICA for hyperspectral remote
sensing

To validate the predictive power of our theory in a practical setting, we conduct an exper-
iment on hyperspectral remote sensing [54]. Specifically, we use the Indian Pines hyper-
spectral dataset [55], where each pixel is represented by a 200-dimensional spectral vector.
Given this dimensionality, the system operates near the high-dimensional regime, allowing
for a robust test of our theory. Following the pre-processing steps detailed in section G.1, we
extract canonical signal profiles by averaging the ground-truth masked vectors within each
class and these spectral signatures serve as the latent components that we then mix for the
ICA problem. As illustrated in Figure 8(a), the ODE predictions accurately characterize
the learning dynamics. Figure 8(b) and 8(c) provide a comparison between the learned
masks and the corresponding ground-truth masks, obtained via the post-processing steps
described in Section G.2. The empirical trajectories remain well within the theoretically
predicted regions, affirming our theoretical results.
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Figure 8: Multi-component ICA on the Indian Pines dataset. In (a) ODE predictions ac-
curately track the empirical dynamics for 7 = 0.01, 5; = 1, and B3 = 0.6. The
shaded regions indicate two standard deviations across 20 runs. In (b), learned
spatial masks align with the underlying true classes 1 and 2; ground-truth anno-
tations are shown as black&white insets (top right).

G.1. Pre-processing

We utilize the Indian Pines hyperspectral dataset, denoted as a tensor J) € REXWXB where
B = 224. We use the corrected version of the dataset, in which water absorption and high-
noise spectral bands have been removed to ensure signal quality, resulting in an spectral
dimension of n = 200. The data are flattened into a matrix Yiuw € RY*", where N is
the total number of pixels, and centered by subtracting the mean, yielding Y.. To whiten
the data, we compute the empirical covariance matrix 3 = %YCTYC and perform Singular
Value Decomposition (SVD):

x=V,SV,. (242)

where V; is an orthogonal matrix containing the singular vectors (representing the principal
components of the data), and S is a diagonal matrix of the corresponding singular values
(representing the variance along each component). The whitening matrix is constructed
as W = S~1/2V.T. The whitened dataset is obtained via the linear transformation ¥ =
Y W', ensuring that the covariance of Y is the identity matrix I.

We derive a set of ground truth vectors u; from the labeled hyperspectral classes. Let
C; denote the set of pixel indices belonging to class ¢, and y; denote [ —th row of the matrix
Y. We compute the class centroids in the whitened space:

1 -

Mec;
Since raw class centroids may be correlated, we enforce orthogonality to satisfy the ICA
independence assumption. For this, we construct the matrix U = [uy, ..., u,| and apply
QR decomposition. The resulting orthogonal components are then re-scaled to maintain a

norm of y/n. Having established the independent ground truth components, we construct
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the data as described in (1). For p = 2, we select Classes 6 and 13, corresponding to Grass
Trees and Wheat in the Indian Pines scene, as our two ground-truth components. In the
setting of Example 1, we set 81 = 1 for Class 13 and 82 = 0.6 for Class 6, with learning
rate 7 = 0.01.

G.2. Post-processing

After obtaining the learned components which we reshape back to the spatial grid to yield
activation maps A € R¥XW*2_ Gince online ICA recovers the independent components only
up to permutation and sign, we align each learned component with a ground-truth class
by computing a matching score against the centroid-derived targets. To enable qualitative
assessment of recovery, the activation maps are plotted using a globally shared color scale.
The corresponding ground-truth binary mask is then displayed as a localized inset overlaid
directly on the learned activation map to facilitate direct visual comparison.

Appendix H. Competition in other orthogonalization schemes and

nonlinearities
Lo Theory 10 Fmm
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0.6 '% 811 0.6 T
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Figure 9: Competition is also visible across other nonlinearities and orthogonalization
schemes. In a) our limiting ODE and the simulations are plotted with f(x) =
tanh(x) with Gram-Schmidt process, with 7 = 0.01. In b), QR via Householder
transformations, with 7 = 0.001, Qo ;; = 0.3 In ¢) Léwdin orthogonalization was
used with 7 = 0.001 and Q07171, Q07172, Q07271, Q07272 = 0.35, 0.45, 0.4, 0.5. In all of
the above simulations n = 1000, 81 = 0.2, 83 = 1 were used, with 10 Monte Carlo
averages, 2 standard deviation error bars for simulations.

The identified regimes of decoupling and competition are not unique to specific con-
figurations; rather, they are observable across other orthogonalization schemes and non-
linearities. In this section, we provide supplementary plots of the learning dynamics to
demonstrate that our results are not restricted to Gram-Schmidt orthogonalization or to
cubic nonlinearities.
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Orthogonality may be enforced through several methodologies: sequential schemes such
as QR decomposition (utilizing Householder or Gram-Schmidt), symmetric approaches via
Lowdin (polar) orthogonalization, Cayley-transform updates, or Riemannian retractions
on the Stiefel manifold.[56-59]. We simulate two orthogonalization schemes, specifically
QR with Householder, which is a sequential method, also Lowdin orthogonalization, where
estimate vectors are orthogonalized concurrently rather than sequentially as in the QR
approach. In Figure 9(b), and Figure 9(c) we can clearly observe the competition between
components, as one of the estimates is first forced to unlearn, then eventually wins the
competition.

Next, given that our Theorem 1 holds for any nonlinearity satisfying the underly-
ing assumptions, we can evaluate other score functions and directly compare theoretical
predictions with empirical simulations. Using Equation (8), we analyze the case where
f(z) = tanh(x). Under the competition regime initializations, we obtain the results shown
in Figure 9(a). We observe strong agreement between our theoretical ODE trajectories and
empirical Monte Carlo simulations, further validating that our theory and regime identifi-
cation hold for arbitrary nonlinearities.
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