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Abstract
Can a mere next-token predictor faithfully model
human intelligence? We crystallize this intuitive
concern, which is fragmented in the literature.
As a starting point, we argue that the two often-
conflated phases of next-token prediction — au-
toregressive inference and teacher-forced train-
ing — must be treated distinctly. The popular
criticism that errors can compound during autore-
gressive inference, crucially assumes that teacher-
forcing has learned an accurate next-token predic-
tor. This assumption sidesteps a more deep-rooted
problem we expose: in certain classes of tasks,
teacher-forcing can simply fail to learn an accu-
rate next-token predictor in the first place. We
describe a general mechanism of how teacher-
forcing can fail, and design a minimal planning
task where both the Transformer and the Mamba
architecture empirically fail in that manner —
remarkably, despite the task being straightfor-
ward to learn. We provide preliminary evidence
that this failure can be resolved when training
to predict multiple tokens in advance. We hope
this finding can ground future debates and in-
spire explorations beyond the next-token predic-
tion paradigm. We make our code available un-
der https://github.com/gregorbachmann/
Next-Token-Failures

1. Introduction
Long after its inception in the seminal work of Shannon
(1948; 1951), next-token prediction has made its way into
becoming a core part of the modern language model. But
despite its long list of achievements, there is a small but
growing belief that a next-token predicting model is merely
an impressive improv artist that cannot truly model human
thought. Humans, when navigating the world, meticulously
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imagine, curate and backtrack plans in their heads before
executing them. Such strategies are unfortunately not ex-
plicitly built into the backbone of the present-day language
model. This criticism has been floating around as an infor-
mal viewpoint (LeCun, 2024; Bubeck et al., 2023). Our
paper is aimed at crystallizing this intuitive criticism of next-
token prediction, and developing the core arguments of this
debate.

Let us start by making more precise, what it means to say
that human-generated language, or problem-solving, does
not follow next-token prediction. When formalizing this,
we hit an immediate roadblock: isn’t every sequence gen-
eration task possible autoregressively? Put differently, an
optimist would say, every distribution over a sequence of
tokens can be captured by an appropriately sophisticated
next-token predictor simulating the chain rule of probability
i.e., P(r1, r2, . . .) =

∏
i P(ri|r1 . . . ri−1). Thus, the au-

toregressivity in our systems is not antithetical to learning
human language, after all.

Although this argument is compelling, a pessimist would
worry, realistically, even with minor imperfections in the
next-token predictor, the accuracy may break down spec-
tacularly for long sequences (Kääriäinen, 2006; Ross &
Bagnell, 2010; LeCun, 2024; Dziri et al., 2024). Say, even if
every next-token error is as little as 0.01, the probability of
encountering an erroneous token exponentially compounds
along the way, and by the end of 200 tokens, blows up to
0.86.

This is a simple and powerful observation. Yet, this does not
completely capture the intuition that next-token predictors
may be poor planners. Crucially, this argument does not
carefully distinguish between the two types of next-token
prediction: inference-time autoregression (where the model
consumes its own previous outputs as inputs), and training-
time teacher-forcing (Williams & Zipser, 1989) (where the
model is taught to predict token-by-token consuming all
previous ground truth tokens as inputs). Framed this way,
the compounding of errors only pinpoints a superficial fail-
ure to execute a plan during inference. It leaves open the
possibility that we may have still learned a near-perfect
next-token predictor; perhaps, with an appropriate post-hoc
wrapper that verifies and backtracks, we can elicit the right
plan without compounding errors.
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Drawing this distinction allows us to articulate a much more
concerning possibility: is it safe to assume that next-token
based learning (teacher-forcing) always learns an accurate
next-token predictor? We identify this is not always the
case. Consider a task where we expect the model to wit-
ness a problem statement p = (p1, p2 . . . , ) and produce the
ground truth response tokens (r1, r2, . . .). Teacher-forcing
trains the model to produce each token ri by not only provid-
ing the problem statement p but also by revealing part of the
ground truth r1, . . . ri−1. Depending on the task, we first
argue that this can induce shortcuts that use the revealed
prefix of the ground truth answer to spuriously fit future
answer tokens. We call this the Clever Hans cheat. 1 Next,
while the later tokens (ri for large i) become easy to fit
by the Clever Hans cheat, in contrast, the earlier answer
tokens (say, r0, r1 etc.,) become harder to learn. This is
because they no longer come with any supervision about the
full answer — part of the supervision is lost to the Clever
Hans cheat. We argue that these two flaws would together
arise in “lookahead tasks”: tasks that require implicitly plan-
ning a later token in advance of an earlier token. In such
tasks, teacher-forcing would result in a highly inaccurate
next-token predictor that would fail to generalize to unseen
problems p, even those sampled in-distribution.

Empirically, we demonstrate that the above mechanism
leads to complete in-distribution failure in a path-finding
setup on a graph, that we propose as a minimal lookahead
task. We design our setup in a way that it is demonstra-
bly straightforward to solve that the failure of any model
is remarkable. Yet, we observe failure for both the Trans-
former (Vaswani et al., 2017) and the Mamba architecture,
a structured state space model (Gu & Dao, 2023). We also
find that a form of teacherless training that predicts multi-
ple future tokens (Monea et al., 2023) is (in some settings)
able to circumvent this failure. Thus, we pinpoint a pre-
cise and easy-to-learn scenario where, rather than properties
that are criticized in existing literature — like convolution
or recurrence or autoregressive inference (see §6), — it is
next-token prediction during training that is at fault.

We hope that these findings inspire and set future debates
around next-token prediction on solid ground. In particu-
lar, we believe that the failure of the next-token prediction
objective on our straightforward task casts a shadow over
its promise on more complex tasks (such as say, learning to
write stories). We also hope that this minimal example of
failure and the positive results on teacherless training can
motivate alternative paradigms of training.

1Clever Hans (Pfungst & Rahn, 1911) was a famous show horse
that could solve simple arithmetic tasks by repeatedly tapping with
his hoof until he reached the correct count. It turns out however,
Clever Hans did not really solve the problem, but merely stopped
tapping upon detecting certain (involuntary) cues from his coach.
Clever Hans’ answers were wrong when the coach was absent.

We summarize our contributions below.

1. We consolidate existing critiques against next-token pre-
diction and crystallize new core points of contention (§6
and §3, §4).

2. We identify that the next-token prediction debate must
not conflate autoregressive inference with teacher-
forcing. Both lead to vastly different failures (§3,§B).

3. We conceptually argue that in lookahead tasks, next-
token prediction during training (i.e., teacher-forcing)
can give rise to problematic learning mechanisms that
are detrimental to even in-distribution performance (§4).

4. We design a minimal lookahead task (§4.1). We empiri-
cally demonstrate the failure of teacher-forcing for the
Transformer and Mamba architectures, despite the task
being easy to learn (§5).

5. We identify that a teacherless form of training that pre-
dicts multiple future tokens at once — proposed in
Monea et al. (2023) for orthogonal inference-time ef-
ficiency goals — shows promise in circumventing these
training-time failures in some settings (§5, Eq 4). This
further demonstrates the limits of next-token prediction.

2. The Two Modes of Next-Token Prediction
Consider a set of tokens V . Let D be a ground truth distribu-
tion over sequences that consist of a prefix p and a response
r, denoted as s = p, r where p = (p1, p2, . . . , ) ∈ VLpref

and r = (r1, r2, . . .) ∈ VLresp . We assume sequences of
fixed length merely for simplicity.

For any sequence s, let s<i denote the first i − 1 tokens
of s, and si< the tokens following the ith token. Note that
s<1 is the empty prefix. With an abuse of notation, let
PD(si|s<i) denote the ground truth probability mass on si
being the ith token given the prefix s<i. Consider a next-
token-predicting language model LMθ (with parameters θ)
such that LMθ(ŝi = si; s<i) is the probability that the model
assigns to the ith output ŝi taking the value si, given as input
the sequence s<i. Note that the next-token predictor only
defines the probability for a single future token given an
input, but not the joint probability of multiple future tokens.
This joint probability is axiomatically defined analagous to
the chain rule of probability:

LMθ(r̂ = r ;p) :=

Lresp∏
i=1

LMθ (r̂i = ri;p, r<i) (1)

where r̂ = r denotes an exact token-by-token match.

To train the above model, two distinct types of next-token
prediction are used. First, during inference, for a given
prefix, we autoregressively sample from the model token-
by-token, providing as input the prefix and all previously-
generated tokens. Formally,
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Definition 1. (Inference-time next-token prediction via
autoregression) Autoregressive inference is a form of
inference-time next-token prediction in that to generate a
response r̂, we iterate over i = 1, . . . , Lresp, to sample the
next token r̂i with the distribution given by LMθ(r̂i ;p, r̂<i).
We denote this as r̂

ag∼ LMθ(· ;p).

There is also a second phase of next-token prediction, one
that is applied during the training process, called teacher-
forcing. Here, instead of feeding the model its own output
back as input, the model is fed with prefixes of the ground
truth response r<i. Meanwhile, the model is assigned as
supervisory target, ri, the next ground truth token. Then,
the model maximizes a sum of next-token log-probabilities:
Definition 2. (Training-time next-token prediction via
teacher-forcing) Teacher-forced training is a form of
training-time next-token prediction in that we find parame-
ters θ that maximize the next-token log-probability sum:

Jnext-token(θ) = E(p,r)∼D [log LMθ (r̂ = r ;p)]

= ED

[ Lresp∑
i=1

log LMθ (r̂i = ri;p, r<i)
]

(2)

The key property of the objective is that we extract the
model’s output, allowing the model access to the ground
truth response preceding the current token. This property
will be crucial to the failure we describe in §4.

3. Failure due to Auto-Regressive Inference
A broad criticism against next-token predictors is that in-
tuitively these models are not explicitly designed to plan
ahead, and during inference, they do not know how to re-
cover from their own errors. This discourse has been frag-
mented in literature. Furthermore, the umbrella term “next-
token prediction” is used interchangeably with “autoregres-
sive architecture”. Our goal is to analyze these intuitions
more systematically, and be careful about distinguishing
between the two phases of next-token prediction: teacher-
forcing and autoregression. A key insight we will arrive at
is that existing arguments capture only a part of the intuitive
concern that next-token predictors may not be able to plan.

The chain-rule-of-probability defense: We first outline
what is arguably the most tempting defense for next-token
prediction: the chain rule of probability always promises us
a next-token predictor that can fit our distribution.
Fact 1. (Every sequence distribution can be represented
by a next-token predictor) By the chain rule of probability
we have PD(r | p) =

∏Lresp
i=1 PD(ri | p, r<i). There-

fore, define a next-token predictor LM such that for every
valid value of i,p, and r, we have LM(r̂i = ri ;p, r<i) :=
PD(ri|p, r< i). Then, sampling r ∼ D|p, is equivalent to
autoregressively sampling r

ag∼ LM(· ;p).

The cleverness of this argument lies in the fact that it can
apply to any imaginable distribution. Thus, as long as the
next-token predictor is sufficiently expressive (by scaling
up the context, memory and compute), it can model both
natural language and problem-solving. Thus, it may seem
that next-token predictors are not antithetical to planning-
based tasks, after all.

The snowballing errors criticism: A skeptic would how-
ever raise the following concern. Regardless of the abun-
dance of computational resources, realistic models may still
predict the next token with a slight probability of error in
each step; these error probabilities may then exponentially
accumulate over time. This has been formalized in various
contexts, from that of autoregressive models LeCun (2024),
to that of the limits of Transformers in compositional tasks
Dziri et al. (2024), and in a different form, in much earlier
work in imitation learning and structured prediction Kääriäi-
nen (2006); Ross & Bagnell (2010) (see §6). We present a
minimal formalization of this below:

Failure 1. (Snowballing error due to autoregressive infer-
ence) Consider a model LMθ, prefix p and a unique ground
truth response r such that the next-token error obeys

∀i ≤ Lresp, LMθ (r̂i ̸= ri;p, r<i) ≈ ϵ. (3)

Then, for r̂
ag∼ LMθ(· ;p) the probability that the generated

response exactly matches the ground truth r obeys

P(r̂ = r) ≈ (1− ϵ)Lresp .

We argue that the snowball failure mode only indicates how
an autoregressive model can fail to execute a plan during
inference-time. It does not preclude the possibility that the
model may have learned a good plan that it simply fails to
execute during inference. Concretely, it may still be possible
that, at each step, the model has high accuracy of predicting
a next token that is consistent with a good plan (as assumed
in Eq 3). Depending on the setting, one can potentially
exploit this accuracy to elicit a good plan during inference.
For instance, one may be able to use a post-hoc wrapper that
verifies whether an error has taken place, then backtracks
and executes a different action. One may even simulate
backtracking using more elaborate techniques such as tree-
of-thought (Wei et al., 2022; Yao et al., 2023a; Besta et al.,
2024; Yao et al., 2023b), or using the model to give itself
feedback (Madaan et al., 2024; Huang et al., 2022; Shinn
et al., 2023) to elicit the plan that the model has learned.

Thus, the snowball failure mode captures what is primarily
a shortcoming of an autoregressive architecture. Likewise,
the chain-rule-of-probability defense captures only the ex-
pressive power of an autoregressive architecture. Neither of
these arguments address the possibility that learning with
next-token prediction may itself have shortcomings in learn-
ing how to plan. In this sense, we argue that existing ar-
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Figure 1. Illustration of a path-star graph. The prefix p represents
the adjacency list and the (central) start and goal node. The target is
represented by r. Under “standard” teacher-forcing, we condition
the model on prefixes of r to predict r. But in §5 we explore
alternatives where we train without a teacher (condition on r$ and
predict r) or train with a reversal (condition on and predict rrev).

guments capture only a part of the intuitive concern that
next-token predictors fare poorly at planning.

4. Failure due to Teacher-Forcing
Can a model trained to predict the next token, fail to predict
the next token with high accuracy during test-time? Math-
ematically, this would mean showing that a model trained
with the teacher-forcing objective of Eq 2 has high next-
token prediction error on the very distribution it was trained
on (thus breaking the assumption in Eq 3 of the snowballing
failure mode). Consequently, no post-hoc wrapper can sal-
vage a plan out of the model. The goal of this section is to
conceptually argue that this failure can happen for looka-
head tasks: tasks that implicitly require computing a future
token in advance before an earlier token.

As a running example for our argument, we design a path-
finding problem on a simple class of graphs. We view
this example as a minimal setting that captures the core
essence of what it means to solve problems with lookahead,
without irrelevant confounding factors. This task is also
demonstrably straightforward to solve, as we will see, thus
making any observed failures remarkable. Thus we view this
running example as a template for an intuitive argument that
can be made about teacher-forced models on more general
and harder problems that require lookahead.

4.1. Path-Finding on Path-Star Graphs: A Minimal and
Easy Lookahead Task

Consider a path-finding problem on a directed graph G with
a set of nodes {vstart, vgoal, v1, v2, . . .}. The graph is a
“path-star” graph with vstart as the central node, with at
least 2 paths (each of length l ≥ 2 edges) emanating from
it, with a unique path ending in vgoal. The task is to find
a path from vstart to vgoal. Correspondingly, we assume
that the distribution D is over sequences where the prefix p
represents a (randomly generated) graph, and the response
represents the path from the start to the goal. In particular,

we sample a graph G which is represented as an adjacency
list as adj(G) = e1, e2, . . . where each edge e = (v, v′)
is represented such that v′ farther away from vstart than
v. We then set the prefix as p = (adj(G), vstart, vgoal) so
the model knows what the graph, and the desired start and
goal states are. The ground truth response r corresponds to
the sequence of vertices r = vstart, . . . vgoal on the start-to-
goal path. We visualize this construction in Fig. 1.

The straightforward lookahead solution. Ideally, we want
the model to learn a mapping from the input p consisting
only of (adj(G), vstart, vgoal) to an output that is the full
path r. Two such solutions are possible. One idea is to plan
by examining all the paths emanating from vstart and choos-
ing the one that ends at vgoal. But a second, straightforward
solution exists: the model simply needs to look ahead at
the sequence “right-to-left” and observe that it corresponds
to the one unique path starting from vgoal and ending at
vstart. After internally computing the path from vgoal and
reversing it, the model can emit its response.

4.2. Outline of Failure Mechanism

While we will use the path-star example as a running exam-
ple, we make our claim more generally for problems that
require lookahead (such as story-writing, as we will dis-
cuss later). In such problems, we claim that teacher-forcing
prevents learning the true mechanisms, causing failure. In-
tuitively, in teacher-forcing, we decompose the learning of
p → r into multiple problems, one for each token ri. Specif-
ically, we make the model learn a mapping from the input
(p, r<i) — not just p — to the output ri. The additional
information r<i in the input, we argue, is problematic and
destroys the core challenge in what the model has to learn.
Specifically, our argument puts forth two debilitating mech-
anisms that would together emerge under teacher-forcing
(explained over the next two subsections). While, we will
empirically verify these mechanisms for path-star graphs in
§5, we also provide a discussion of how our ideas apply to
a text-based scenario at the end of this section.

4.3. The Clever Hans Cheat

First, and most importantly, by revealing parts of the answer
to the model as input, we allow the model to fit the data
by cheating i.e., by using trivial mechanisms that use the
extra information in r<i to produce ri. Such cheats must
especially be abundant for the later tokens (large i) for which
a larger prefix is revealed.

To illustrate this in our path-star example, without loss of
generality, consider a ground truth path that is of the form
r = vstart, v1, v2, . . . , vgoal. With a slight abuse of the
indexing notation, let r<i = vstart, v1, . . . , vi−1 be the
prefix of length i (so we index from 0 instead of 1). Ob-
serve that nodes from v2 onwards, until before vgoal, have
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Figure 2. Illustration of the failure of teacher-forcing on a path-star
graph. The left image marks the “easy tokens” which can be fit
by the Clever Hans cheat (Failure 2a), while the “difficult token”
cannot be learned (Failure 2b) due to lost supervision. The right
image shows how the model would behave during autoregressive
inference, under the absence of the “teacher”.

precisely one edge going “away” from vstart. Thus, con-
sider when the model is given as input, (p, r<i) where
p = (adj(G), vstart, vgoal), to fit the target vi. The model
first merely needs to scan the adjacency list adj(G) within
p for the one edge containing vi−1 in the first position. Then,
the model only has to predict the other node on that edge as
vi. Note though, this cheat cannot work on fitting the target
v1 given the input r<1 = vstart since vstart has many out-
ward edges — we will address this node in the next section.
We illustrate this difference between v1 and the remaining
tokens as the “easy” vs. “difficult” tokens in Fig. 2.

Crucially, the above cheating mechanism for fitting the easy
tokens does not require any lookahead. It is simple, and
implementable by an induction head-like module (Olsson
et al., 2022). Owing to this simplicity, we hypothesize that
these tokens will be quickly fit and ignored during training.
This destroys useful signal for the model to efficiently learn
the underlying “right-to-left” solution: the solution that
requires looking at all tokens in r, and then learning that they
are simply the unique path from vgoal spelled in reverse.

We emphasize two key aspects of this cheating behavior.
First, these shortcuts are unlike well-known shortcuts (see
Remark 5) that map from the original input prefixes p to the
ground truth r. What we identify is unique to the mapping
from the teacher-forced prefix (p, r<i) to ri. We name this
Clever Hans cheating. Another notable point is that this
does not come from a dearth of samples: even if we had
infinite training data at our disposal, the model can still fit
the easy tokens of all that data by Clever Hans cheating.

4.4. The Indecipherable Token

Perhaps, not all is lost. While the later tokens may be fit
using the Clever Hans cheat, we may still have some of
the earlier tokens (for small i), for which such cheats may
be unavailable. The supervision from these tokens may
eventually coerce the model into learning the true solution.

For example, in the path-star task, the model still needs to
learn to predict the first node v1, where it is not possible
to fit the training data by the Clever Hans cheat. If not
memorize this token on the data, the most general way to fit
this token is by actually solving the underlying task.

However, we argue that it is significantly harder for the
model to learn the correct solution now. Consider the mo-
ment in training when the Clever Hans cheat is perfected.
At this point, the model is deprived of information about
much of the full solution which was once present as super-
visory targets. The model is simply left with the task of
mapping the input p to an incomplete solution (e.g., the first
vertex v1 in the path-star graph). Recovering the plan in
this scenario must first of all be relatively harder from a
statistical point of view due to the incomplete supervision.
But more importantly, learning this task may become com-
putationally harder, or simply, intractable. We provide an
informal intuition of intractability for the path-star problem
below. But this intuition should extend to more general
problems as well — indeed, Wies et al. (2023) and other
literature on chain-of-thought echo similar negative results
about learning from limited supervision (see §H).

Intuitively, our learner has to find an end-to-end algorithm
that composes multiple subroutines. For instance, the
straightfoward solution consists of l steps: start from the
current vertex as vgoal, and find the preceding vertex in the
graph in each subsequent step. Each vertex in this path
can be thought of as “intermediate supervision” to learn a
corresponding “find-the-adjacent-vertex” subroutine from a
space of candidate subroutines.2 Even if we conservatively
assume that there is only a constant-sized space of candidate
subroutines C, the end-to-end search space is an exponential
space of |C|l algorithms composing l subroutines.

Now, after the Clever Hans cheat is in effect, the
only supervision for this search is the single-token loss,
− log LMθ (r̂1 = r1;p). However, this loss is an “all-or-
nothing” loss. Crucially, by the discrete nature of the task,
even if one subroutine is incorrect, the final answer r̂1 would
likely be incorrect on all inputs. For instance, imagine that
the first subroutine is incorrect and its output takes us to an
arbitrary location on the graph. Then, even if all subsequent
subroutines were correct (i.e., they are “find-the-adjacent-
vertex” subroutines), the final output would be arbitrary.
Thus, we have r̂1 = r1 precisely for the algorithm where all
l subroutines are correct, and r̂1 ̸= r1 for any other choice
of the algorithm. For such an all-or-nothing loss surface, the

2As an illustration of what these candidate subroutines could be,
imagine that the model can implement an induction head (Olsson
et al., 2022) Indk(p, v) that finds v in the adjacency list of p,
and outputs the token that precedes it by k positions. Then the
candidate space could be parameterized by k as {Indk(p, v)|k =
1, 2, . . . , }. For our specific tokenization, the correct subroutine at
each of the l steps is the induction head for which k = 2.
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end-to-end learner must necessarily brute-force search the
exponential space of algorithms. We encapsulate the overall
claim more generally below:

Proposition 3. Let C be a set of discrete-output candidate
subroutines. Consider learning a task such that (i) it re-
quires composing some l subroutines from C, (ii) the k
leading response tokens are sensitive in that even if one
subroutine is altered, the first k tokens are each completely
altered. Then learning the task with only supervision from
the first k ground truth tokens requires exponential time of
Ω(|C|l), barring the corner cases listed in Remark 1.

In §5, we will verify experiments to demonstrate that our
models indeed fail to learn the Indecipherable Token as a
result of Clever Hans cheating, and that conversely, they
succeed whenever the Clever Hans cheat is prevented.

4.5. Beyond the Path-Star Setting

Framing our argument more generally, and informally, we
argue that teacher-forcing can suffer the following failures
in order, especially in tasks that require advance lookahead.

Failure 2a. (Clever Hans cheating due to teacher-forcing)
Although there is a true mechanism that recovers each ri
from the original prefix p, there may be multiple other mech-
anisms that can recover each token ri from the teacher-
forced prefix (p, r<i). These mechanisms may be simpler
thus disincentivizing the model from learning the true mech-
anism.

Failure 2b. (Indecipherable token due to lost supervision)
After the Clever Hans cheat is perfected during training, the
model is deprived of a part of the supervision (especially,
ri for larger i). This makes it harder and potentially even
intractable to learn the true mechanism from the remaining
tokens alone.

As we demonstrate in the next section, the above failures
can cause the model to fail on the very distribution it was
trained on. This breakdown of planning abilities emerges
right from training, and is orthogonal to the Snowballing
Failure that is primarily an inference-time issue (See §B).

While the path-star problem provides a concrete, verifiable
setting of this failure, it can also help us speculate how
such failures could occur in more complex and nebulous
tasks. More generally, we expect this failure to occur when
there are right-to-left dependencies i.e., a later-appearing
token must be planned before an earlier-appearing token.
We provide an example below.

Story-writing. Imagine training on novels that take the
form of a conflict, followed by a backstory, followed by a
resolution of the conflict, utilizing the backstory. Although
the story explicitly reads as vconflict, vbackstory, vresolution,
implicitly, one must learn to decide on vbackstory before

all else. We however conjecture that the teacher-forced
model would suffer the Clever Hans cheat wherein it would
first learn to fit vresolution using simple deductive skills.
With this crucial part of the story lost as supervision, the
model can no longer decipher how the remaining pieces
relate i.e., how vbackstory must be planned in advance of
vconflict. We conjecture that the resulting model would
learn to generate uninteresting stories, interjecting arbitrary
conflicts and backstories on a whim, subsequently forcing
contrived resolutions upon them. While this hypothesis is
not straightforward to empirically test for, we provide a
more detailed conceptual illustration in §C.

5. Experimental Verification
In this section, we demonstrate our hypothesized failure
modes on the graph path-finding task. We show this in both
Transformers and Mamba to demonstrate that these failures
are general to teacher-forced models. First, we establish that
our teacher-forced models fit the training data but fail in-
distribution. Next, we design metrics to quantify the extent
to which the two hypothesized mechanisms (Failures 2a, 2b)
occur. Finally, we design alternative objectives to intervene
and remove each of the two failure modes, to test whether
the performance improves. We report additional experi-
ments in §F.4 for an arithmetic task, and in §F.1 quantifying
the Snowballing Failure 1. We describe our experimental
setting more precisely below.

Dataset. We denote by Gd,l(N) for d, l,N ∈ N, a path-
star graph consisting of a center node vstart with degree
d ∈ N, meaning there are d different paths emerging from
the center node, each consisting of l − 1 nodes (excluding
the start node). Node values are uniformly sampled from
({0, . . . , N − 1}) where N can be larger than the actual
number of nodes in the path-star graph. In every graph, we
use the center node as the starting node vstart and then pick
as vgoal, the last node of one of the paths chosen uniformly
at random. The order of the edges in the adjacency list is
randomized. We describe the tokenization in §G.1.

For each experiment, we generate the training and test
graphs from the same distribution D, all with the same
topology of Gd,l(N) with fixed d, l and N . Thus, any fail-
ure we demonstrate is an in-distribution failure, and does
not arise from the inability to generalize to different problem
lengths (Anil et al., 2022). We note that while the graphs are
all of the same topology, this is not a trivial memorization
problem for the model, since the graphs are labeled differ-
ently, and the adjacency list randomized — the model has
to learn a general algorithm. Throughout the experiments,
we fix the number of samples to 200k and fix the number of
node values to N = 100 across topologies to enable diverse
instantiations of the topology for training and testing.
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Models. We evaluate models from two architectural fami-
lies to highlight that the failures are not tied to a particular
architecture but stem from the next-token prediction objec-
tive. For Transformers, we use from-scratch GPT-Mini, and
pretrained GPT-2 large (Radford et al., 2019). For recurrent
models, we use from-scratch Mamba (Gu & Dao, 2023). We
optimize using AdamW (Loshchilov & Hutter, 2019) until
perfect training accuracy. To rule out grokking behaviour
(Power et al., 2022), we trained the cheaper models for as
long as 500 epochs. More details are in §G.2.

5.1. Observations.

Verifying in-distribution failure. For a given distribu-
tion, we evaluate all our teacher-forced models by autore-
gressively generating solutions, and comparing that solution
with the true one for an exact-match. We denote this ac-
curacy as Accag(LMθ) (see Eq 5) and report it for path-star
graphs of varying topologies in Fig. 3 and Table 2. As ob-
served, all models (even when pre-trained) struggle to learn
the task accurately. The accuracies are precisely limited to
the value when uniformly guessing a path from vstart i.e.,
≈ 1

d , thus establishing complete in-distribution failure. This
is so even when trained to fit sample sizes up to 200k to
100% accuracy, and despite the fact that the training and
test graphs have identical topology. Next, we quantitatively
demonstrate how this stark failure arises from our two hy-
pothesized mechanisms (Failure 2a, 2b).

Verifying Failure 2a (The Clever Hans cheat) We had
hypothesized that the teacher-forced model would cheat
to fit the training tokens (the ones that follow r1 in each
instance). Specifically, to predict node vi in the true path, the
model can exploit the ground truth node vi−1 that is revealed
as input. Rather than learning to plan, the model would
simply predict the node that is outwardly adjacent to vi−1.
To quantify whether this behavior emerges, we “teacher-
force” the model with a uniform random neigbhor v′1 of
vstart. We then test whether the model indiscriminately
applies the learned Clever Hans cheat here: does the model
religiously follow the path that emanates from the neigbhor
v′1, not necessarily ending in vgoal? We measure the exact
match of this path on a held-out set as Acccheat(LMθ) ( Eq 6).

Empirically, in §F.1, Table 1, we find Acccheat(LMθ) ≈
100% almost across the board (except for high-degree
graphs where training is challenging). This establishes that
to fit the training data, the teacher-forced model has ex-
ploited the Clever Hans cheat.

Verifying Failure 2b (The Indecipherable Token) Re-
call that the Clever Hans cheat only applies to all but the first
node v1 after vstart lying on the path. After the Clever Hans
cheat fits the rest of the path during training, we hypothe-
sized that node v1 may become impossible to learn since the

model is deprived of all information about the subsequent
targets. To quantify this behavior, we evaluate how well the
model is able to predict the difficult first node, v1. We mea-
sure this on the held-out set and denote this as Acc1st(LMθ)
(see Eq 7). As shown in Fig. 4 the model achieves a low
Acc1st(LMθ), approximately 1/d. Thus, the model indeed
fails to identify that v1 is the one on the path to vgoal and
instead randomly emitting one of the d neighbors of vstart.

Removing the Clever Hans cheat via teacherless training
(Monea et al., 2023). We now consider a training setup
where we prevent Clever Hans cheating (Failure 2a) and
examine how learning differs. Concretely, consider modify-
ing teacher-forcing by replacing the input r (which reveals
the ground truth) with an uninformative input r$, consisting
of the same special (“lookahead”) token $ repeated l times.
For supervision in the loss, we still use the original target
r. Thus, the model cannot fit the targets by looking at the
prefixes r<i and by predicting the next token vi via cheating.
Instead, the model only has access to the graph description
in p to lookahead and fit all the targets vi for i = 1, . . . , l.
Formally, we maximize:

Jt-less(θ) = ED

[ Lresp∑
i=1

log LMθ

(
r̂i = ri;p, r

$
<i

)]
. (4)

We denote a model trained this way by LM$
θ and perform

inference simply by conditioning on $ tokens i.e., to extract
r̂i, we feed the uninformative prefix r$<i as input, rather than
autoregressively feeding the output r̂<i as input. We denote
the resulting accuracy by Acc$(LM$

θ) (see Eq 9). This train-
ing and inference setup was proposed in Monea et al. (2023)
for the orthogonal goal of improving the computational effi-
ciency of inference. Our goal however is to evaluate whether
forcing the model to lookahead can dodge the Clever Hans
cheat, thereby allowing the correct mechanism to be learned.

We report the accuracy of these teacherless models in Fig. 3
and Table 3. Unfortunately, in most cases, the teacherless
objective is too hard for the models to even fit the training
data, likely because there is no simple cheat to employ
here. However, surprisingly, on some of the easier graphs,
the models not only fit the training data, but generalize
well to test data. This positive result (even if in limited
settings) verifies two hypotheses. First, the Clever Hans
cheat is indeed caused failure in the original teacher-forced
model. Secondly, and remarkably, with the cheat gone,
these models are able to fit the first node which had once
been indecipherable under teacher-forcing. This verifies
our hypothesis that the Clever Hans cheat absorbs away
supervision that is critical to learn the first token. At the
end of this section, we provide more intuition for how the
absence of Clever Hans cheat, allows the teacherless models
to solve this task.
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Figure 3. For different architectures, we report the accuracy of the standard teacher-forced model (Accag, Eq 5), teacherless-trained
model’s accuracy (Acc$, Eq 9) and accuracy of the model trained with reversed targets (Accrev, Eq 10) evaluated on path-finding a range
of graphs (with degree in the first subscript, and path length in the second).
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Figure 4. Acc1st(LMθ) (in percent %, Eq 7) for path-star graphs
of various degrees d ∈ {2, 3, 5, 10} for fixed path length l = 5
(left). Individual token accuracies (for v1, v2, v3) for the graph
G5,5 under teacherless training (Eq 4) with GPT2-large (right).

Removing the Indecipherable Token failure via path
reversal. Back in the teacher-forcing setup, we make a
slight change: we train the model to predict the reversal
of the true path r. Indeed, prior works (Lee et al., 2023;
Shen et al., 2023) have proposed reversal in the context of
addition tasks as a way of explicitly guiding the next-token
predictor to learn a simpler algorithm. Likewise, in our
“reversed” path-finding task, the model now needs to predict
vgoal first and make its way to vstart; the hope is that since
there is only one unique path emanating from vgoal, there
is no planning required. Thus we should never run into an
Indecipherable Token. Every next node can be learned as
the node that is inwardly adjacent to the previous node.

We display the results in Fig. 3 and Table 4. As expected, we
observe that reversing significantly boosts learning, allowing
even models trained from scratch to solve the task. This
verifies that for the standard model, indecipherability of the
first token was indeed a roadblock to successful learning.

5.2. Why the Failure of Teacher-Forcing is Remarkable.

The success of the reversed training (and of teacherless
training) make the in-distribution failure of teacher-forcing
particularly surprising. When viewed left-to-right, our prob-
lem requires complex planning — evaluating multiple paths

and selecting the right one — but when viewed right-to-left,
the problem is straightforward; the experiments on the re-
versed formulation confirm that the right-to-left solution is
not only expressible by our architectures, but also learnable
via gradient descent. Evidently, the left-to-right teacher-
forced model is unable to view the problem any differently
and falls into the traps outlined in §4.

Intuition for teacherless training. We hypothesize that
even teacherless training allows the model to implicitly learn
the right-to-left view. Concretely, the teacherless model can-
not use the trivial Clever Hans cheat to fit the data, since the
ground truth prefixes are not available during training. Nor
is it explicitly prescribed to fit the target right-to-left. Instead
the model is tasked with using only the graph description in
p to fit all the target nodes r (implicitly requiring a looka-
head beyond just the next token). Our key intuition is that, in
this paradigm, the model would first fit the target token that
is simplest to deduce using only information available in
the prefix p: this is the penultimate vertex rl−1 which is the
unique token that precedes the goal (and can be discovered
using a simple scan of the prefix). Once the model figures
this out, the model can similarly work backwards to fit each
node ri−1 using the previously-fit ri. (Also see Remark 2)

Our hypothesis is borne out in Fig. 4 where we see that
the later tokens achieve higher accuracy earlier, implying
that the teacherless model voluntarily learns right-to-left.
Thus, the teacherless objective provides an alternative train-
ing paradigm that forces models to look ahead, without
falling into the various short-sighted pitfalls of next-token
prediction, discussed in §4.

6. Related Work
We consolidate the arguments surrounding next-token pre-
diction that has been fragmented over various lines of works.
Part of our elaborate survey is deferred to §H.

Arguments in support of next-token prediction. Shan-
non (1948; 1951); Alabdulmohsin et al. (2024) demonstrate
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that language has enough redundancy to be conducive for
next-token prediction. Empirically, Shlegeris et al. (2022)
find that modern language models are surprisingly better
than humans at next-token prediction on the text dataset,
OpenWebText (Gokaslan & Cohen, 2019). But this does
not preclude the possibility that next-token predictors may
still be poor at planning. Furthermore, the above result may
be confounded by the ability of language models to store
more general knowledge than humans.

On the theoretical side, Merrill & Sabharwal (2024); Feng
et al. (2023) show that autoregressive Transformers that gen-
erate chains of thought have a larger expressive power. Most
relevant to us is the positive learnability results of Malach
(2023); Wies et al. (2023) which argue that complex multi-
hop tasks that are otherwise unlearnable, become learnable
via next-token prediction when there is a preceding chain-
of-thought supervision for each hop. Our negative result
does not contradict this. In our problem, learning the first
token requires an implicit chain of thought (the reversed
path) that we do not provide before the first token.

Arguments against next-token prediction. The most well-
formulated criticism is the snowballing failure mode, which
appears scattered in various forms in literature Dziri et al.
(2024); LeCun (2024); Kääriäinen (2006); Ross & Bagnell
(2010). As explained earlier, this is orthogonal to our failure;
indeed, in our setting the error happens “instantaneously” at
the beginning, rather than snowball over time.

Our main counterexample can be seen as formalizing an
emerging, informal intuition, often worded as “autore-
gressive next-token predictors are ill-suited for planning
tasks”. Indeed, Momennejad et al. (2023); Valmeekam et al.
(2023a;b;c) report failures on several planning tasks framed
as word problems (including path-finding in Momennejad
et al. (2023)) and Bubeck et al. (2023) on various arithmetic,
summarization and poem/story generation tasks. McCoy
et al. (2023) argue that, for such tasks, the performance
of the model must greatly depend on its frequency during
pretraining. However, we show that even when trained on
many samples from a distribution, the next-token predictor
can fail on the very distribution.

Our work extends and clarifies this discourse by introduc-
ing the Clever Hans cheat and the Indecipherable Token
failure. Next, we empirically report our failure modes in
both the Transformer (Vaswani et al., 2017) and the Mamba
structured state space model (Gu & Dao, 2023). Thus, what
we witness is indeed a failure of next-token prediction (and
not of the Transformer architecture as some existing criti-
cisms are framed). Importantly, existing literature pins these
failures broadly on the next-token prediction paradigm and
interchangeably, on the inability of the autoregressive archi-
tecture to backtrack. We emphasize the need to differentiate
between the two types of next-token prediction (teacher-

forcing and autoregressive inference) as they lead to distinct
planning-related failures and require distinct solutions.

Going beyond next-token prediction. Various works have
explored architectures and objectives that train the back-
bone to go beyond next-token prediction. This includes
non-autoregressive models (Gu et al., 2018), energy-based
models (Dawid & LeCun, 2023), diffusion models (Gong
et al., 2023), and variants of Transformers learning to pre-
dict multiple tokens at the same go (Qi et al., 2020; Monea
et al., 2023) or injecting “lookahead” data (Du et al., 2023a).
Teacherless training — proposed as “parallel speculative
sampling (PaSS)” in Monea et al. (2023) — provides an
arguably simple such approach that involves a trivial mod-
ification to teacher-forcing. Note that while research in
parallel decoding too is concerned with predicting multi-
ple future tokens (Stern et al., 2018), the goal is purely
inference-time efficiency — which is also the setting under
which Monea et al. (2023) propose teacherless training.

7. Conclusion
Next-token prediction lies at the heart of modern language
models which have demonstrated tremendous empirical suc-
cess in a range of general tasks. Theoretically too, we know
by the chain rule of probability that, next-token predictors
can express any imaginable distribution over tokens. It is
tempting then to view next-token prediction as a formidable
approach to modeling language and intelligence. Our work
crystallizes the core arguments around why this optimism
may be misplaced.

We emphasize not to conflate the two modes of next-token
prediction: autoregressive inference and teacher-forced
training. While existing criticisms primarily challenge au-
toregressive inference, they assume that teacher-forcing
learns a good next-token predictor. We challenge this very
assumption, finding that even in a straightforward task, there
is failure due to teacher-forcing — not due to autoregressive
inference or the architecture. This casts a shadow over more
complex tasks. For instance, as we speculate in §C, can
a model trained to predict the next token of thousands of
fiction novels, learn to generate plot twists?

An immediate way to circumvent this, as our reversal experi-
ments suggest, is to train with chain-of-thought supervision,
echoing Malach (2023); Wies et al. (2023). However, it
is unclear how that is possible in more unstructured tasks
like story-writing. To that end, our minimal counterexample
and the idea of teacherless training (Monea et al., 2023)
may inspire alternative paradigms to next-token prediction
in practice. Overall, we hope our analyses provide a solid
ground to pursue future debates on next-token prediction.

We point the reader to §A for a discussion of the limitations
of our study.
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A. Limitations
1. Our arguments are empirical and conceptual. We have not provided a formal proof for our arguments.

2. We have also not demonstrated failure for very large models such as Llama2 (Touvron et al., 2023) or Mistral (Jiang
et al., 2023).

3. Relatedly, it is unclear if the path-finding task becomes solvable with other pre-trained models which may have been
taught path-finding with step-by-step supervision (see Remark 1). The task may also be solvable via other workarounds
such as in-context learning or multi-modal learning (where the model visually processes the image of the graph). We
warn the reader that these are however only specialized workarounds for this task; our broader point is that there may
still be other novel tasks not seen during pre-training, or not solvable visually, for which similar failures may occur.

4. Nevertheless, beyond the minimal path-finding setting, we have not demonstrated or characterized the range of problems
where teacher-forcing-induced failure may occur. We only intuitively believe it should extend to other problem-solving
tasks and creative-writing tasks that require lookahead (see § C).

5. It is also unclear if this failure generalizes to run-of-the-mill text-generation tasks.

B. Teacher-Forcing Failure and Snowballing Failure are Distinct
We emphasize that, while both the Clever Hans failure mode and the Snowball mode are both indicative of the inability to
plan, these failure modes are also orthogonal to each other, and demand different solutions. We make this a bit more formal:

Proposition 4. In the path finding problem of §4.1, there exists a next-token predictor that experiences Failures 2a, 2b
due to teacher-forcing, but not the snowballing error Failure 1 due to autoregressive inference. Conversely, there exists a
next-token predictor that experiences the latter failure but not the former.

Proof. Consider the model learned via teacher-forcing on the graph problem. During inference, we saw that it suffers a
debilitating error right in the first step (with accuracy of 1/d for degree d of the start node). Thus, during inference the
error that is experienced is not from an accumulation over length. In fact, if only the first node is set correctly during
inference, a model with the perfect Clever Hans cheat, would achieve 100% accuracy rate. Such a model does not experience
snowballing errors.

On the other hand, consider a model, that in each step predicts the correct next vertex with a high accuracy of 1 − ϵ for
small ϵ. Such a model clearly has learned the correct plan, albeit with minor errors in each token. These errors however
can snowball during inference. Thus, this model has no failure due to teacher-forcing, but will fail during autoregressive
inference, if the path length is long.

Differing solutions. Based on the above simple illustration, we note that the two failures need different solution approaches.
Specifically, while snowballing errors may be fixable via “backtracking-and-planning” wrappers, teacher-forcing failures is
a pathology that cannot be solved post-hoc.

C. An Illustration via Story-Telling
Can a teacher-forced model merely trained on thousands of stories learn to write plot twists? Indeed, Bubeck et al. (2023)
report instances where models can fail to accomplish tasks involving creative-writing (e.g., poems). We speculatively extend
our discussion in §4 to reason about this scenario. Consider for example, teacher-forcing on the following story that follows
an often-used plot outline:

• Event 1 (Setup): Alex and Bob, who are friends, are trying to defeat the Evil King.

• Event 2 (Conflict): One day, surprisingly, Bob turns against Alex, and tries to thwart Alex’s plans, albeit unsuccessfully.

• Event 3: Alex thinks Bob is evil too, defeats Bob first.

• Event 4 (Backstory): Losing the battle, Bob reveals he is a double-agent. In his final words, Bob explains he was ordered to
defeat Alex.
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• Event 5 (Resolution): To preserve the King’s trust, Bob obeyed the command, but also deliberately failed at it. Bob then
relays critical information he extracted from the King’s inner circles.

• Event 6: Alex uses Bob’s insider information to defeat the King.

Evidently, this story requires a plan: Event 5 is a key plot resolution that the narrator must have planned before methodically
generating parts of the setup in Event 1 (introducing Bob as a friend) and the conflict in Event 2 (Bob’s turning against
Alex, and failing at it). While training, the model must thus treat the story as a whole, and tease apart these dependencies
between the events, some of which may be anti-chronological (akin to how, in the path-star graph, the model must learn that
the problem is straightforwardly solvable when viewed from right-to-left).

However, we hypothesize that a teacher-forced model would take a rigid chronological (left-to-right) view. First, it would
use the Clever Hans cheat to easily fit the plot resolution in Event 5: the model would use the facts of Event 4 and Event
2 (revealed as input) to fit the content of Bob’s final words. Thus, the content of Event 5 would no longer be available
as supervision to guide how the model fits Event 1 and Event 2. When the model tries to fit these earlier events, these
events would become Indecipherable Tokens — the model would simply learn to fit them as arbitrary events. Thus, we
conjecture that a model trained via teacher-forcing merely on raw, unannotated texts of stories — however many stories
they may be — would not learn to plan its stories, and would instead create arbitrary twists and turns during inference, and
improvize upon that.

D. Other Remarks
Remark 1. (Conditions under which first token becomes decipherable end-to-end) There are certain corner cases where
teacher-forcing can learn the (otherwise indecipherable) first token efficiently, without having to brute-force search an
exponential space of algorithms. We enumerate these below.

1. Lucky prior biases: If the model happens to have been exposed to certain relevant kinds of supervision during
pre-training, then the model will be biased towards a favorable part of the search space, and chance upon the right
algorithm much quicker.

(a) If the model had witnessed the same task but with the correct step-by-step supervision, then the prior would assign
high probability to the correct algorithm. (One can imagine that the the true end-to-end algorithm itself becomes
a readily available subroutine in this case.)

(b) Or, in the specific path-star example, if the prior bias assigns high probability to all l subroutines being identical,
then the search only needs O(|C|) time (where C is the set of candidate subroutines.)

Note that in such a case, one can still demonstrate intractability by constructing slight variations of the tasks that defy
such prior biases.

2. Small graph size. If the number of edges is very small (say |E|) in proportion to the training data, then the model can
learn alternative solutions that “memorize” the problem:

(a) Naive memorization: If the vocabulary has only |V| possible node ID’s, then there are only O(|V||E|) possible
adjacency lists the model can see. So, if the training data has at least Ω(|V||E|) datapoints, then, every test
example is seen with high probability during training. Here, the model merely needs to look up exact replicas from
training, and regurgitate the subsequent values from the training string.

(b) Node-ID-agnostic memorization: If the number of training data is Ω(|E|!), the model can still implement a form
of memorization, but this requires a cleverer strategy that is agnostic to the node ID’s. Concretely, for a fixed
assignment of node ID’s, there are only O(|E|!) ways to permute the adjacency list. Assume that the model sees
all such permutations during training (albeit with varying instantiations of the node IDs). During inference, the
model can first look up whether the test input corresponds to an existing permutation it had witnessed (possibly
with different node ID’s). For example 1 → 2; 2 → 3; 4 → 1 would correspond to 10 → 20; 20 → 30; 40 → 10.
Then the model merely needs to recall from its memory, the index where the target token is located in the input for
that permutation. The model can then look at the same index in the test input and output the node ID located there.
Thus, if the target token was 4 for the first sequence above, the model can output 40 for the other sequence.

Note that this doesn’t contradict Proposition 3 because the proposition only precludes learning the “true” path-finding
algorithm, not spurious memorizing solutions.
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3. Small path length. If the path length l is small, then either the search space of algorithms (which is about as large as
|C|l) becomes tractable.

(a) For example, if l = 3, the first node is the only intermediate node between the start and goal token. Here, the
model can easily learn the “right-to-left” solution that the desired node is the only node preceding the goal node.

Remark 2. (Mechanism implemented by teacherless model) The (hypothetical) solution that the teacherless model must
implement is a fairly difficult one to implement — yet the model surprisingly learns to implement it. Recall that our
hypothesis is that the teacherless model automatically learns to fit the targets in the reverse order, since the path from vgoal
is unique. This is indeed what we find in Fig 4, where the accuracies of the later tokens become higher earlier. Note though
that this is a fairly difficult computation to implement. First, when the model predicts vi, it must require the identity of vi+1.
However, this identity is not fed as input to the model, in the absence of the teacher. Thus the model must have computed
vi+1 and crucially, stored that in one of its its internal representations. Then, by induction, when predicting the first node
v1, the model must know the identity of all the other nodes in the path. In other words, the model must have (a) computed
and (b) stored the whole solution in its hidden representations before it outputs the first token. This is a substantial type of
lookahead that some of our models are able to achieve under teacherless training.

E. Experiment Notations
E.1. Verifying In-Distribution Performance

We simply compute exact match with the ground truth path as follows:

Accag(LMθ) := P(r̂ = r), p, r ∼ D, r̂
ag∼ LMθ. (5)

E.2. Quantifying the Clever Hans Cheat

Formally, let Unif(N (vstart)) denote a uniform distribution over the set of adjacent nodes of vstart. For any node v in the
graph, denote by path(v) the path emanating from v and going outwards, away from the start node. Notice that except for
v = vstart, this path is unique. We thus measure

Acccheat(LMθ) := P (r̂1< = path(v′1)) (6)

where p, r ∼ D, r̂1<
ag∼ LMθ(·;p, vstart, v′1)

v′1 ∼ Unif(N (vstart)).

E.3. Quantifying the Indecipherable Token Failure

To quantify the Indecipherable Token failure, in our path-finding task, we measure the accuracy in predicting the first token
after the start node.

Acc1st(LMθ) = P (r̂1 = r1) , p, r ∼ D, r̂
ag∼ LMθ(·;p). (7)

E.4. Inference in Teacherless Training

In teacherless training, we make use of an uninformative input r$ that simply corresponds to a series of dummy tokens
denotes by $. During inference, instead of autoregressing on the model’s own output, we use this uninformative input. We
formalize this below:

r̂
$∼ LM$

θ(·;p) where r̂i ∼ LM$
θ(·;p, r

$
<i). (8)

We then denote the accuracy of the model as follows:

Acc$(LM$
θ) = P (r̂ = r) p, r ∼ D, r̂

$∼ LM$
θ(·;p). (9)
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E.5. Reversed Training

Notationally, in reversed training we let LMrev
θ be the model trained to maximize Jnext-token with the targets (and the

teacher-forced inputs) set to rrev = rLresp , . . . r1, the reversal of r. We then measure the autoregressive accuracy by
comparing against rrev:

Accrev(LMrev
θ ) = P (r̂ = rrev) , p, r ∼ D, r̂

ag∼ LMrev
θ (·;p) (10)

F. More Experimental Results
F.1. Snowball Failure

To explicitly measure to what degree the model falls victim to the snowball effect, we train GPT-Mini on graphs of various
path lengths l. In order to remove the failure stemming from the difficult first token, we teacher-force the model for the first
token and then check how accurate the generations are for subsequent tokens. More concretely, we evaluate

Accsb(LMθ) = P (r̂1< = r1<) (11)

where p, r ∼ D, r̂1<
ag∼ LMθ(·;p, r1)

If Accsb(LMθ) is ≈ 1, then Failure 1 is not prominent in our task. If Accsb(LMθ) ≪ 1, then clearly teacher-forcing is
responsible for surpressing errors in generation, strongly hinting at the fact that Failure 1 is at play. We display the results in
Fig. 5 (left). We observe that the accuracy Accsb is barely affected even for graphs with very long paths L = 40.

As another metric, we proceed token by token during inference, and evaluate the probability of correctly predicting all
tokens up to the current one. We report this for G2,40 in Fig. 5 (right). Similarly, while the success probability does decay
for larger length (at an exponential rate), it remains very high due to the failure events being so unlikely. We thus conclude
that Failure 1 is not as prominent in this setting.
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Figure 5. Accuracy of LMθ when conditioned on the first difficult token (left) for graphs of various length. Probability of correct prediction
of LMθ as a function of current token position on G2,40, as we walk towards the goal.

F.2. Clever Hans Cheating Accuracies

In Table 1 we display the Clever Hans cheating accuracies Acccheat(LMθ). We observe that in almost all cases, all the models
achieve nearly perfect cheating accuracies. The only exception is the high-degree graph G20,5 where all models struggle to
even fit the training data.
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G2,5 G2,20 G5,5 G10,5 G20,5

GPT-MINI 99.7 100 100 99.8 0.0

GPT2-LARGE 99.8 99.7 100 99.8 0.0

MAMBA 97.6 98.3 99.5 95.9 0.0

Table 1. Evaluating Clever Hans cheating accuracies Acccheat(LMθ) (in percent %) for different types of graphs.

F.3. More Detailed Accuracies

We report more detailed accuracy values per model in the following tables. We display standard accuracy Accag(LMθ) in
Table. 2, teacherless accuracy Acc$(LMθ) in Table. 3 and reverse accuracy Accrev(LMθ) in Table. 4. In general we observe
that solving the task with standard next-token prediction is very tough and performance is limited to 1

d where d is the degree
of the graph Gd,l.

G2,5 G2,20 G5,5 G10,5 G20,5

GPT-MINI 49.8 49.1 19.1 8.1 0.0

GPT2-LARGE 48.9 49.2 19.4 10.3 3.5

MAMBA 48.5 48.7 20.2 9.3 0.0

Table 2. Autoregressive accuracies Accag(LMθ) (in percent %) for different types of graphs.

Teacherless training on the other hand works very well with GPT2-Large, allowing it to solve most graph tasks perfectly.
From-scratch models however also struggle to learn the task in this fashion (except for GPT-Mini on the simplest graph,
G2,5).

G2,5 G2,10 G2,20 G5,5 G10,5 G20,5

GPT-MINI 99.9 0.0 0.0 0.0 0.0 0.0

GPT2-L 99.9 98.8 0.0 99.0 97.8 0.0

MAMBA 0.0 0.0 0.0 0.0 0.0 0.0

Table 3. Autoregressive accuracy Acc$ when using a teacherless response.

Finally, reversing the sequence significantly simplifies the problem for all the models, allowing near perfect accuracies
across all graphs.

G2,5 G2,20 G5,5 G10,5 G20,5

GPT-MINI 99.7 99.8 100 99.8 0.0

GPT2-LARGE 99.9 99.9 99.6 99.8 99.9

MAMBA 98.5 96.2 99.1 99.5 0.0

Table 4. Autoregressive accuracy Accrev when reversing the response r.
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Figure 6. Test accuracies for 3-digit addition for standard, reversed and teacherless training.

F.4. Arithmetic Tasks

To further highlight that the identified failure modes are relevant for realistic tasks, we study the task of addition. We
consider 3-digit addition, where samples are of the form

x1x2x3 + y1y2y3 = z1z2z3z4

We use the natural encoding (i.e. use the digits themselves as encodings) and pad shorter numbers with leading zeros
to ensure fixed lengths. It has been observed in prior work Lee et al. (2023); Shen et al. (2023) that reversing the result
(i.e. z4z3z2z1) is very beneficial for training, leading to significantly more sample-efficient learning. Here we study if our
teacherless training strategy can lead to similar gains over the standard encoding, i.e. we encode the inputs as

x1x2x3 + y1y2y3 = $$$$

while keeping all other aspects of the training pipeline (such as the targets and the objective) the same as in standard training.
We again train a GPT-Mini-style transformer with AdamW using a learning rate of 5e-4. We display the resulting test
accuracies for both standard, reversed and teacherless training in Fig. 6, as a function of training iterations. Here we follow
previous works and at every iteration, sample with replacement from all the possible 3-digit configurations (aside from a test
set put aside before). We can indeed see that teacherless training leads to more sample-efficient learning compared to the
standard format, but to slightly less efficient learning compared to the reverse format. This again hints at the fact that some
form of CleverHans cheating is picked up when learning addition.

In this case though, it is more difficult to precisely characterize the form of the cheat in contrast to the path-finding problem.
One possible form of cheating may be that in addition, knowing the leading digits of the answer can provide information
about the subsequent digits. For example, when we add two single-digit numbers (picked uniformly at random), knowing
that the 10′th place is a 1 rather than a 0, tells us that the 0th place is more likely to be a smaller digit like 0.

G. Other experimental details
G.1. Tokenization

We tokenize the graph in the following manner: (1) we first tokenize the randomly shuffled edge list as “|v1 v2|v3 v4|...”
where the first vertex in each edge is the one closest to vstart, (2) then append start and goal node as “/vstart vgoal = ”
and (3) then append the full path repeating start and goal node, ”vstart vi1 . . . vil−1

vgoal”. Note that (1) and (2) make up
the prefix p, which the model does not learn to predict. Then, (3) is the target sequence that the model aims to learn. The
vocabulary size is thus given by N + 3, where we add entries for the special tokens “|”, “/” and “ = ”. When using the
pre-trained models GPT2 we use the tokenizer that was employed for pre-training, in this case the Byte-Pair tokenizer
(Radford et al., 2019).
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G.2. Models

When training Transformer models from scratch, we use a small model consisting of nlayers = 12 blocks with embedding
dimension edim = 384, nheads = 6 attention heads and MLP expansion factor e = 4, coined GPT-Mini. For pre-trained
models, we consider GPT2-Large with nlayers = 36, edim = 1280, nheads = 20 and expansion factor e = 4 (Radford et al.,
2019). To further evaluate purely recurrent models, we perform experiments with the recent Mamba model (Gu & Dao,
2023). We train the Mamba models from scratch with 12 layers and embedding dimension 784. We train all the models with
the AdamW optimizer (Loshchilov & Hutter, 2019). For models trained from scratch we use a learning rate of η = 0.0005
while for pre-trained models we use a smaller one of η = 0.0001. In both cases we use weight decay of strength 0.01.
Models from scratch are trained for up to 500 epochs in order to ensure convergence. Pre-trained models require less training
time and we usually fit the training data perfectly after 10 epochs.

H. More Related Work
Other arguments about next-token prediction. We note that the works of Kääriäinen (2006); Ross & Bagnell (2010)
capture a stronger notion of snowballing, wherein, once an erroneuous sub-optimal action is committed, the model is more
likely to commit more sub-optimal actions since it has wandered into territories that it was not trained on. Implicitly, the
error here is not evaluated as an exact match of the response (i.e., r ̸= r̂) but as a cumulative notion of error over all steps
(e.g.,

∑
1[ri ̸= r̂i]). In this setting, there is an additional cause of failure called exposure bias: the teacher-forced model has

only been trained on correct trajectories, and has not learned how to recover from poor trajectories. Nevertheless, even this
notion of snowballing assumes that that teacher-forcing has learned an accurate next-token predictor in the first place, which
our failure mode challenges.

A closely-related criticism (Bubeck et al., 2023; Dawid & LeCun, 2023; LeCun, 2024; Du et al., 2023a) is that to model
human thinking, we need to model two types of thinking as outlined in Kahneman (2011): a fast (System 1) thinking
process that is also guided by a slower (System 2) thinking process. Theoretically, Lin et al. (2021) show that there are
formal languages for which expressing some next-tokens may require super-polynomial time or parameter count during
inference. These arguments however only suggest that some tokens require more computation; not that they are specifically
problematic under left-to-right learning. However, Du et al. (2023a) informally note that some next tokens can be hard to
learn as they require a global understanding of what will be uttered in the future (but see Remark 3 below).

Remark 3. (Locally Unlearnable Token vs Indecipherable Token) We note that the “locally unlearnable” hypothesis of Du
et al. (2023a) is related to, but not the same as the Indecipherable Token failure. The hypothesis in Du et al. (2023a) is that
when we learn tokens left-to-right, some tokens simply cannot be learned since crucial information becomes available only
in subsequent tokens. This hypothesized failure may happen regardless of whether the supervision from subsequent tokens is
lost to a Clever Hans cheat. In contrast, in our path-star graph, the Indecipherable Token becomes unlearnable only because
of the Clever Hans cheat. For example, the (first) Indecipherable Token in the path-star problem is locally learnable by the
teacherless model (where, the crucial information is still only presented after this token). This token becomes unlearnable
only in the teacher-forced model where the Clever Hans cheat emerges.

We survey related arguments of next-token prediction, orthogonal to our main discussion regarding planning. Allen-Zhu &
Li (2023); Lv et al. (2023) report that language models that are trained on A equals B are unable to infer B equals A,
which Allen-Zhu & Li (2023) suggest is due to autoregressive left-right training. Du et al. (2023b); Welleck et al. (2020)
formalize the limitation that autoregressive models may potentially assign non-zero probability to infinite-length strings,
thus leading to non-terminating inference. Li et al. (2024) provide a Transformer-specific analysis of how self-attention
affects the optimization geometry of next-token prediction. Thrampoulidis (2024) provide an analysis of the implict bias of
optimization with next-token prediction for linear models.

Other limitations of Transformers Merrill & Sabharwal (2023) identify limitations of the representative power of
Transformer architecture when the arithmetic precision is logarithmic in the number of input tokens. Bender et al. (2021)
criticize GPT-like language models as simply parroting out training data with minor stochasticity, while Arkoudas (2023)
report that such models struggle with reasoning, even if not a stochastic parrot. Young & You (2022) study masked language
(T5, BERT) models (not causally-trained) and argue there are inconsistencies in the probabilities that they assign. E.g., when
conditioned on ‘white’, the probability of ‘rice’ may be higher ‘bread’ but the probability of ‘white bread’ and ‘white
rice’ are the opposite. Artetxe et al. (2022) empirically analyze the effect of bidirectional attention and bidirectional
supervision (as in masked language modeling) during pretraining on the ability of the model to do various things, including
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next-token prediction. Springer et al. (2024) argue that autoregressive Transformers compute sub-optimal embeddings that
can be improved by repeating the input text twice.

Finally, we note that (Ranaldi & Zanzotto, 2023) use the term Clever Hans effect to denote how models can pick up spurious
correlations between the position of a choice in a multiple-choice question, and the correctness of the answer. We note that
the above correlation is inherent to the distribution, and independent of teacher-forcing. We distinguish this from the Clever
Hans cheating which happens under the guidance of teacher-forcing.

End-to-end reasoning and chain-of-thought supervision. In our path-star graph, learning the Indecipherable Token
(the first node v1) can be thought of as a task whose end target is v1, but whose implicit intermediate targets (or “chain-of-
thought”) correspond to the unique path starting from vgoal headed towards v1 (although this is only provided as supervision
after the first token). In this terminology, we can rephrase our claim as the model failing to learn the end target once the
intermediate targets are lost to the Clever Hans Cheat.

Such limits of end-to-end learning have been echoed in literature on learning with chain-of-thought-type supervision. Recent
theoretical works have shown broad classes of tasks (e.g., any function efficiently computed by a Turing machine) where
prepending CoT to the end target allows efficiently learning tasks; yet, there are “multi-hop reasoning” tasks that are
unlearnable end-to-end (i.e., without intermediate supervision) either due to computational hardness (Wies et al., 2023) or
representational limits (Malach, 2023)). Earlier theoretical works Shalev-Shwartz et al. (2017); Shalev-Shwartz & Shashua
(2016) have similarly proven negative results for end-to-end learning in similar settings. Similar empirical arguments have
been made in neural network literature (Gülçehre & Bengio, 2016; Glasmachers, 2017) and also more recently, in language
models on complex reasoning and math problems (Nye et al., 2021; Ling et al., 2017; Cobbe et al., 2021; Piekos et al., 2021;
Zelikman et al., 2022; Recchia, 2021; Cobbe et al., 2021; Hsieh et al., 2023; Shridhar et al., 2022).
Remark 4. (Chain-of-thought before vs. after end target.) It is worth noting though that the above lines of work are
concerned with chain-of-thought that is present before the end target; in our setup, this supervision is presented only after
the end target. Surprisingly, some of our teacherless models manage to utilize even such hindsight chain-of-thought. This
success is not fully explained by existing positive results about chain-of-thought supervision, such as Wies et al. (2023);
Malach (2023), where supervision is provided before the end target.

Going beyond next-token prediction. Inference-time techniques like chain-of-thought (Reynolds & McDonell, 2021;
Wei et al., 2022; Kojima et al., 2022) and its variants (Yao et al., 2023a; Besta et al., 2024; Yao et al., 2023b) or those that
elicit feedback from the model (Madaan et al., 2024; Huang et al., 2022; Shinn et al., 2023) can be thought of as going
beyond conventional form of inference by allowing the model to think more before producing its final answer. However, the
backbone in these models are still trained by standard teacher-forcing. While other techniques (Burtsev et al., 2020; Xue
et al., 2023; Goyal et al., 20234) train the model to explicitly think more, even these boil down to next-token prediction
during training.

One may argue that reinforcement learning-based training (Ranzato et al., 2016; Wu et al., 2016; Bahdanau et al., 2017;
Paulus et al., 2018; Ziegler et al., 2019; Liu et al., 2020; Ouyang et al., 2022) is another way to build backbones that go
beyond teacher-forcing. However, it is worth noting that the gradients in these techniques boil down to teacher-forcing on
the model’s own generated answer. Furthermore, if we desire that the model be able to generate a solution that can plan
ahead of time, it is unclear how a model can go from a complete inability to plan (that may assign near-zero probability to
the true plan in an exponential space of solutions), to discovering the correct plan simply through preference-based feedback
(see (Havrilla et al., 2024) for related empirical evidence).

Another line of work — spanning language (Bengio et al., 2015; Goyal et al., 2016), imitation learning (Ross et al., 2011;
Ross & Bagnell, 2010; 2014) and structured prediction (Daumé III et al., 2009; Chang et al., 2015) — has been aimed at
addressing the Snowball Failure, under the assumption that the model has otherwise learned an accurate next-step predictor.
Broadly, the idea is to train the model on a mixture of the ground truth sequences and the model-generated sequences
themselves, as a way to ensure that the test-time and training-time distributions are as similar as possible. These techniques
however do not address the failure to learn a good next-step predictor in the first place.

As for reversal-based training, Lee et al. (2023); Shen et al. (2023) observe that addition tasks become much simpler when
the digits are reversed. Their argument is that this explicitly assists the model to learn a simpler algorithm. When it comes to
natural language however, Papadopoulos et al. (2024) find that reversing hurts the model’s perplexity.

Predicting future tokens. Some works (Gurnee et al., 2023; Meng et al., 2022; Pal et al., 2023) aim to recover future tokens
that an already-trained model may predict based on the internal layers of the current token. Note that the success of this
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does not imply that the model necessarily plans well. This only means that it is possible to recover what the already-trained
model wants to generate in the future (which may simply be a bad plan). Pfau et al. (2023) train a language model to predict
in reverse with the orthogonal goal of finding prefixes that elicit certain behaviors.

Shortcut-learning in language models. A line of work has empirically and theoretically analyzed how Transformer-based
language models learn superficial shortcuts to (partially) solve tasks such as learning multiplication (Dziri et al., 2024), logic
(Zhang et al., 2023), automata (Liu et al., 2023), recursion (Young & You, 2022), reading comprehension (Lai et al., 2021)
and multiple-choice questions (Ranaldi & Zanzotto, 2023) However, these shortcuts must not be confused with the Clever
Hans cheating induced by teacher-forcing as elaborated below.

Remark 5. Difference between Clever Hans cheating and known shortcut-learning failures in Transformers. First, these
aforementioned shortcuts exist independent of teacher-forcing: these are correlations between the prefix (such as the initial
digits of two multiplicands) and the final answer (the initial digits of the product) in the underlying training distribution. But
Clever Hans cheats arise only upon teacher-forcing: these are correlations between the prefixes of the answer itself to the
rest of the answer. Second, the above shortcuts only fail out-of-distribution (such as when the number of multiplied digits
is increased, where the failure is in length generalization (Anil et al., 2022)). In contrast, the Clever Hans cheat is more
severe as it causes in-distribution failure. Thirdly, the aforementioned empirical observations are specific to Transformers,
and the theoretical arguments rely crucially on properties of the Transformer (such as its non-recurrence and convolution,
or its self-attention modules). Our argument however only relies on the teacher-forcing objective with no reliance on the
Transformer architecture, and is demonstrated even for the recurrent Mamba architecture.
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