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Abstract

In many applications, agents/decision makers take part in systems with very complex dy-
namics and they respond by inevitably making incorrect modeling assumptions. In this
context, we define the concept of Agentic Subjective Q-Learning Equilibrium as an equilib-
rium concept where each agent uses local/partial information in their learning algorithm,
as if the partial information constitutes an approximate Markov model. A distinguishing
feature of such a setup is that the exploration policy used for learning impacts the per-
ceived model and there is a dual dependence of the induced cost on the agent policies: By
noting an equivalence with empirical model learning, it follows that an exploration policy
generates the sample path which induces a model (which depends on the exploration pol-
icy), and the model is used to obtain an optimal policy (for the learned model) either via
reinforcement learning or empirical learning. This then leads to the question on existence
of a fixed point equation involving learning and exploration. An agentic subjective learning
equilibrium policy is thus defined as a policy which is self-confirming: the model induced by
the policy has the policy as an optimal solution. We establish an existence result on equi-
libria critically building on continuous dependence of invariant measures on policies under
a suitable control topology. We then present an associated learning/convergence theorem
to ǫ-equilibria via policy revision dynamics. We show implications for symmetric dynamic
games (including mean-field games), weakly acyclic games (including potential games), and
generalized weakly acyclic games.

1 Subjective Equilibrium in Complex Environments

In many stochastic decision, game, and control problems, one does not know the true dynamics or the cost
structure, and may wish to use past data to obtain an asymptotically near optimal solution (that is, via
learning from past data). In many problems involving engineering and applied sciences, as well as social
sciences, economics, and health sciences, one may not know whether the problem studied can be formulated
as a Markov Decision Process (MDP), or a partially observable Markov Decision Process (POMDP) or a
multi-agent system where other agents are present or not. There are many practical settings where one
indeed works with data and does not know the possibly very complex structure under which the data is
generated and tries to respond to the environment.

This phenomenon arises also when autonomous agents are involved in the decision making process, mapping
data to decisions and outcomes via learning algorithms.

A common practical and reasonable response is to view the system as if it is a Markovian system, with a
perceived state and action (which may or may not define a genuine controlled Markov chain and therefore,
the MDP assumption may not hold in actuality), and arrive at corresponding solutions via some learning
algorithm. Such a setup has been studied in Singh et al. (1994), Szepesvàri & Smart (2004); Melo et al.
(2008), and including the recent studies Kara & Yüksel (2024) Chandak et al. (2024) Dong et al. (2022)
Kara & Yüksel (2023).

In this paper, we focus on consistency and equilibrium properties arising from such learning algorithms, and
in addition we consider a multi-agent setup involving such a complex system where each agent only has local
and partial information and a limited model information.
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Consider N Agents or Decision Makers, denoted with DM i, i ∈ N := {1, · · · , N}, with corresponding
policies γi ∈ Γi, i ∈ N , and (possibly subjective) evaluations of these policies leading to cost functions,
denoted with J i :

∏
i∈N Γi → R. A policy profile {γ∗,i, i ∈ N } would then be an equilibrium if

min
γi∈Γi

J i(γi, γ∗,−i) = J i(γ∗,i, γ∗,−i)

In our paper, each agent will aim to minimize a discounted cost criterion. However, the agents apply the
criterion in an agentic sense only implicitly via running a learning algorithm; an equivalent interpretation
is that the agents can also explicitly (via empirical learning and modeling) under a learned model, with its
corresponding cost and transition kernel, optimize a discounted cost criterion. Further discussion on these
interpretations will be provided later in the paper.

Accordingly, our analysis can thus be viewed in the context of subjective equilibria and the various
forms in which such a solution concept may appear. Different from the Bayesian subjective equilibria of
Kalai & Lehrer (1995), where subjective priors of agents are updated individually with common information
history and conditions for convergence are established under restrictive absolute continuity conditions due to
the best-response constraint, in this paper we consider subjectivity due to incorrect modeling assumptions.
Such an equilibrium may arise in cases of imperfect modeling information, or as a result of algorithmic
learning (as in reinforcement learning).

Relevant references on such a subjective equilibrium concept include Fudenberg & Levine (1993);
Adlakha et al. (2015); Weintraub et al. (2011); Wiszniewska-Matyszkiel (2017); Dudebout & Shamma (2012;
2014); Kalai & Lehrer (1995); Wiszniewska-Matyszkiel (2014). Fudenberg & Levine (1993) presents an equi-
librium concept, self-confirming equilibrium, where the otherwise possibly subjective beliefs are correct given
the realized data, where the data, as in Kalai & Lehrer (1995), is commonly shared with perfect recall and the
beliefs are on the opponent strategies. The notion of equilibrium introduced in Adlakha et al. (2015), called
stationary equilibrium, is based on the assumption that the players view the population states (which play
the role of the environment variables in this paper) as deterministic and constant. The notion of oblivious
equilibrium utilized in Weintraub et al. (2011) is analogous to the stationary equilibrium in Adlakha et al.
(2015). The notion of belief distorted Nash equilibrium introduced in Wiszniewska-Matyszkiel (2017) for a
deterministic system requires players’ (probabilistic) beliefs to concentrate on the actual deterministic play
path. The notion of empirical evidence equilibrium introduced in Dudebout & Shamma (2012; 2014) for
stochastic games (with finite state and control spaces) is also conceptually similar as it requires a consis-
tency between the objective and the subjective probabilities of the signal variable (environment variable in
this paper). There is also a separate body of work in the literature on dynamic games with a continuum of
players, which includes private as well as global state variables; see Wiszniewska-Matyszkiel (2014) and the
references therein.

To further motivate our approach, let us note that many recent theoretical contributions in multi-agent learn-
ing have focused on structured classes of stochastic games, such as zero-sum games (Sayin et al., 2021; 2022)
and n-player stochastic teams and their generalizations (Ding et al., 2022; Fox et al., 2022; Leonardos et al.,
2022; Mguni et al., 2021; Unlu & Sayin, 2023; Zhang et al., 2022). Furthermore, in some of the literature
on multi-agent learning, various information sharing structures are assumed, such as full state observability
(as assumed by (Daskalakis et al., 2020) among others) or action-sharing among all agents (as assumed by
(Littman & Szepesvári, 1996; Hu & Wellman, 2003) and (Littman, 2001)), which are appropriate in some
settings but are unrealistic in many large-scale, decentralized systems. One issue with designing learning
algorithms that use global information about the local states and actions of all players is that such algo-
rithms do not scale with the number of players (Wang et al., 2020). However, in large decentralized systems,
agents have limited information about the overall system; and policies, actions, and local states of other
agents may be unobservable or difficult to estimate using local data. Independent learners (Matignon et al.,
2009; 2012) Yongacoglu et al. (2024) are a class of multi-agent learning algorithms that are characterized
by intentional obliviousness to the strategic environment: in the independent learning paradigm, agents use
only local information and run single-agent learning algorithms, treating their environment as though it were
a fully observed (single-agent) MDP. Such intentional obliviousness is used to mitigate the computational
burden at each agent. Each independent learning agent makes a simplifying assumption about its environ-
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ment to obtain tractable, scalable algorithms in complex multi-agent settings. This approach motivates the
equilibrium concept we study and our analysis in the paper.

Contributions.

• We define the concept of Agentic Subjective Q-Learning Equilibrium, first introduced in
(Yongacoglu et al., 2024, Definition 16) under a more restrictive context, as an equilibrium con-
cept for reinforcement learning in complex environments where each agent uses partial information
in their reinforcement learning algorithm, as if the partial information constitutes a Markov model
(which in actuality is not). This is presented in Definition 3.1. We also present an equivalent
model learning interpretation, where the reinforcement learning converges to a solution which would
have been a solution to a Markov Decision Problem with empirically learned transition kernels and
cost functions if the agents were able to interpret what their algorithm is computing as an explicit
optimization problem.

• In our model, through its induced invariant probability measure, the exploration policy affects the
learned solution (and, equivalently, learned model) due to the general state space considered and
the resulting non-Markovian approximate state process. Accordingly, a distinguishing aspect of the
proposed equilibrium concept is that learning and best-responding are consistent under equilibrium.

• In Theorem 4.1 we present an existence result for Agentic Subjective Q-Learning Equilibrium. This
addresses an open question noted in (Yongacoglu et al., 2024, Section J.2) and (Kara & Yüksel,
2024, Section 3.5).

• In Theorem 5.1 we present an associated convergence theorem to equilibria. In the standard Borel
setup, we show that a revision policy is guaranteed to converge to an ǫ-Agentic Subjective Q-Learning
Equilibrium with arbitrarily high probability. We show that, while the existence result obtained is
very general, convergence to equilibria requires some further structure, notably the existence of
satisficing paths under a policy revision dynamics: We discuss several examples which satisfy both
existence and convergence; these include symmetric games such as mean-field games (with arbitrary
local and partial information as long as symmetry is preserved), single agent stochastic control, team
games, potential games, weakly acyclic games, and generalized weakly acyclic games.

2 Towards Agentic Equilibria: Convergence of Single Agent Q-Learning under a

Non-Markovian Asymptotically Ergodic Environment and Equivalence with

Empirical Model Learning

Consider the following general model with N agents,

Xt+1 = F (Xt, U
1
t , U

2
t , · · · , UN

t ,Wt), (1)

where Wt is an i.i.d. noise process, Xt is the X-valued state process and Um
t is the Um-valued action of

Agent m, m = 1, 2, · · · , N at time t. We assume that F is Borel measurable where X is a Borel subset of a
Polish space with metric d, and therefore the hidden state Xt, can represent a very general model. We will
use the notation Ut := U1

t , U
2
t , . . . , U

N
t . We assume that the action sets Ui are finite.

This hidden state, however, is not known to the agents, nor is the possibly very complex dynamical description
defined in the above by F and the noise Wt. The agents do not have knowledge even on the presence of
other agents. Each agent has access to some local information, but each agent perceives some state to be
Markovian or nearly Markovian under their perceived model. In particular, the environment involving their
perceived state is non-Markovian; but agents perceive it to be Markovian with a pseudo-state.

In particular, let

Y i
t+1 = ρi(Xt),

where ρi : X → Yi with Yi finite and ρi Borel measurable.
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As noted, each Agent i agent perceives Y i
t to be Markovian (due to modeling inaccuracies, bias, or compu-

tational limitations) and applies Q-learning with Y i
t as the state and applies: U i

t = γi
t(Y

i
t ).

Observe that the hidden state can be quite general and abstract and therefore the model above is very
general and captures many real-world applications, both in technical and engineering systems, as well as
with regard to applications in social sciences, economics and psychology.

In the following, we let the perceived state structure be so that it corresponds to a quantization of the state
variable Xt: The state space X is quantized such that for disjoint {Bi

k}Mi

k=1 with ∪Mi

k=1B
i
k = X, we define a

finite set Si = {yi
1, . . . , y

i
Mi

} and write

yi
k = ρi(x), if x ∈ Bi

k, k = 1, · · · ,Mi.

where ρi is the quantization map for Agent i.

To gain some critical insight and motivation, we review the case with a single agent in the following: In the
single-agent setting, the above setup leads to an instance where the non-Markovian dynamics is perceived
as a Markovian one. In this case, under mild conditions, the Quantized Q-learning algorithm Kara et al.
(2023) (see also (Kara & Yüksel, 2024, Theorem 2.1)) converges to a fixed point which is the solution of the
standard value iteration algorithm corresponding to an approximate MDP under ergodicity conditions on
the overall dynamics.

2.1 Convergence of Single Agent Q-Learning under a Non-Markovian Asymptotically Ergodic

Environment

Let there be a single agent who applies an exploration policy γ and collects realizations of state, action, and
stage-wise cost under this policy:

X0, U0, c(X0, U0), X1, U1, c(X1, U1), . . . .

Let T (dx1|x, u) denote the transition kernel of the model.

The agent updates his Q-functions defined only for state-action pairs in Y × U as follows: for t ≥ 0, if
(Xt, Ut) = (x, u) ∈ X × U, then

Qt+1(ρ(x), u) = (1 − αt(ρ(x), u))Qt(ρ(x), u)

+ αt(ρ(x), u)

(
c(x, u) + βmin

v∈U

Qt(ρ(Xt+1), v)

)
, (2)

that is, for any true value of the state, we use its representative state from the finite set Y when updating
the Q-function.

We assume that the learning rates satisfy:

αt(ρ(x), u) =
1

1 +
∑t

k=0 1{ρ(Xk)=ρ(x),Uk=u}

and that under the stationary exploration policy, each ρ(x) and u is visited infinitely often.

Theorem 2.1 (Kara et al. (2023); Kara & Yüksel (2024; 2023)). Let under any stationary exploration policy
γ, xt be a positive Harris recurrent Markov chain. Suppose that the exploration policy charges every action
at each state and the invariant measure under this exploration policy places a positive measure on every
(non-empty) open set. Then, Qi

t → Q∗,i almost surely, where

Q∗(x̂, u) = C∗(x̂, u) + β
∑

x̂1

P ∗(x̂1|x̂, u) min
v
Q∗,i(x̂1, v) (3)
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where for y, z ∈ Y,

C∗(y, u) :=

∫

X

c(x, u)π∗
γ(dx|x ∈ ρ−1(y)) =

∫

ρ−1(y)

c(x, u)π̂γ
∗(dx)

P ∗(z|y, u) :=

∫

X

T (x1 ∈ ρ−1(z)|x, u)π∗
γ(dx|z ∈ ρ−1(y)) =

∫

ρ−1(y)

T (ρ−1(z)|x, u)π̂γ
∗(dx). (4)

such that π̂γ
∗ is the invariant measure on the Xt process conditioned on the set ρ−1(y) with π̂γ

∗(A) =
π∗

γ (A)

π∗

γ (ρ−1(y)) for all A ⊂ ρ−1(y) and π∗
γ being the invariant measure under the exploration policy γ.

2.2 Equivalence with Empirical Model Learning under Markovian Modeling Assumption

Let the exploration policy γ given in the quantized Q-learning algorithm give rise to the invariant probability
measure π∗

γ . The limiting Q-function Q∗(y, u) in the discussion above corresponds to the optimal Q-function
of an approximate MDP defined over the quantized state space Y. The effective cost C∗(y, u) is the average
cost over the bin By weighted by the invariant distribution π∗

γ conditioned on bin By:

C∗(y, u) = Ex∼π∗

γ |x∈By
[c(x, u)] =

∫

By

π∗
γ(dx)

π∗
γ(By)

c(x, u). (5)

Observe that the above is, see e.g. (Kara & Yüksel, 2024, Theorem 2.1), equal to the almost sure limit of
the empirical expression on the right hand side below:

C∗(y, u) = lim
N→∞

∑N−1
k=0 c(Xk, Uk)1{Xk∈By,Uk=u}∑N−1

k=0 1{Xk∈By,Uk=u}

(6)

Similarly, the effective transition probability P ∗(y′|y, u) represents the probability of transitioning from bin
By to bin By′ under action u, averaged over the invariant distribution:

P ∗(y′|y, u) = Px∼π∗

γ |x∈By
[q(Xt+1) = y′|Xt = x, Ut = u] =

∫

By

π∗
γ(dx)

π∗
γ(By)

T (By′ |x, u). (7)

Likewise, by (Kara & Yüksel, 2024, Theorem 2.1), the above is the almost sure empirical limit of of the right
hand side below:

P ∗(y′|y, u) = lim
N→∞

∑N−1
k=0 1{Xk+1∈By′ }1{Xk∈By,Uk=u}

∑N−1
k=0 1{Xk∈By,Uk=u}

(8)

In our paper, each agent thus aims to minimize a discounted cost criterion. However, in view of the discussion
above, the agents apply the criterion, implicitly via running the learning algorithm above in (2), or explicitly
(via incorrect empirical modeling) with corresponding cost and transition kernel estimates (6)-(8). The
criterion to be minimized is then

J i(γi, γ−i) = Ei[

∞∑

k=0

βkC∗(x̂t, u
i
t)], (9)

where Ei denotes the transition kernels incorrectly modeled by (8).

An interpretation of the above result then is that one can first obtain the approximate model given with (5-7)
by forcing the data into a Markovian model for both the empirical cost estimate (6) and empirical transition
kernel estimate (8), and then solve the MDP as if this empirically constructed model is the actual one,
instead of running Q-learning whose limit is then optimal precisely for this learned/empirically constructed
model.
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• Suppose that under any stationary policy the induced Markov chain is positive Harris recur-
rent and the invariant measure places a positive value to each bin: this ensures that by the er-
godic theorem for Harris recurrent Markov chains (Meyn & Tweedie, 1993, Theorem 17.1.7) or
(Hernández-Lerma & Lasserre, 2003, Theorem 4.2.13), each bin is visited infinitely often almost
surely. This assumption may be relaxed under only unique ergodicity, though the initial state is to
be restricted in such a setup.

• For a deterministic stationary policy γ, where certain (y, u) pairs are not realized, empirical learning
still applies. However in this case if y 7→ u is realized with probability 0, C∗(y, u) and P ∗(y′|y, u)
are not well-defined in the above (6)-(8). In this case, the model, however, is such that when the
state is y, the action u would not be an admissible control action. Such a situation may violate
the continuity process in learning as policies converge; this will be discussed further in Section 4.
Accordingly, experimentation in actions is critical.

3 Agentic Subjective Q-Learning Equilibrium

Definition 3.1. A collection of policies γ = {γ1, · · · , γN } is an agentic subjective Q-learning equilibrium if:

• Each agent has an approximate state space Yi = ρi(X) with |Yi| < ∞ such that

X ∋ x 7→ ρi(x) = x̂ ∈ Y
i,

and fixed point Q∗,i

Q∗,i(x̂, u) = C∗,i(x̂, u) + β
∑

x̂1

P ∗,i(x̂1|x̂, u) min
v
Q∗,i(x̂1, v) x̂ ∈ Y

i, u ∈ U
i (10)

where for B = (ρi)−1(x̂) and B1 = (ρi)−1(x̂1),

C∗,i(x̂, u) :=

∫

X

ci(x,u)P (dx|x̂) =

∫

B

ci(x,u)π̂∗,B
γ (dx)

P ∗,i(x̂1|x̂,u) :=

∫

X

T (B1|x,u)P (dx|x̂) =

∫

B

T (B1|x,u)π̂∗,B
γ (dx). (11)

such that π̂∗,B
γ is the invariant measure of the xt process normalized for the set B with π̂∗(A) = π∗(A)

π∗(B)

for all A ⊂ B and π∗
γ is the invariant measure under γ.

• For all i = 1, · · · , N :

min
u∈Ui

Q∗,i(x̂, u) = Q∗,i(x̂, γi(x̂)) (12)

Equivalently, and alternatively, each agent finds γi : Yi → U
i by solving (9) under the empirically

learned model leading to (11).

In particular, the best response solves the approximate MDP’s fixed point equation (3) and the best response
leads to the invariant measure defining the empirical MDP. Observe that π̂∗ is an invariant measure obtained
under the exploration policy. These two have to be compatible.

In particular, each agent thus aims to minimize a discounted cost criterion: However, in view of the discussion
above, the agents optimize a discounted cost criterion either

• implicitly (with an agentic reinforcement learning motivation) via running the learning algorithm
above in (2), or

• explicitly (with a subjective modeling motivation) by optimizing the discounted cost (9) (for the
empirically learned model) with corresponding cost and transition kernel estimates (6)-(8).
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That is, with the policies applied under such an equilibrium policy, the algorithm above should preserve the
policies.

The discussion in Section 2.2 is then a justification on why we call this equilibrium subjective: Similar to
Arslan & Yüksel (2023); Fudenberg & Levine (1993); Wiszniewska-Matyszkiel (2017); Dudebout & Shamma
(2012; 2014), here the agents perceive and then fit the environment and data into a Markovian model, and
then arrive at their best response maps. If the response maps are consistent with the induced model in that
the agent policies generate the data fitted into induced models which then in turn generate the same policies
via best response maps of the agents, then we arrive at a subjective equilibrium.

However, so far, the discussion does not touch on the convergence, therefore the equilibrium should be viewed
only as a mathematical construction involving (15)-(11) and (12). The implication involving a collection of
agents who perceive their quantized states as actual states and run their Q-learning algorithm will be studied
further below.

4 Existence of Agentic Subjective Q-Learning Equilibrium

In this section, we establish the existence of such an agentic equilibrium as defined in Definition 3.1.

Assumption 4.1. Let the original Markov model (1) be such that the induced kernel T is so that the family
of conditional probability measures {T (dxt+1|x,u), x ∈ X,u ∈

∏
m Um} admit densities fx,u with respect

to a reference measure ψ and these densities are bounded and equicontinuous over x ∈ X,u ∈
∏

m Um.
Furthermore, under any collection of stationary agentic policies, the induced Markov chain is positive Harris
recurrent and admits a unique invariant probability measure.

Observe that for the case when X,Ui are finite for all i ∈ N , irreducibility of the induced Markov model
under any collection of stationary policies would satisfy Assumption 4.1.

In the following, we review a critical supporting result. Let S and Y be Borel sets in complete separable
and metric spaces. The set of stochastic kernels from S → Y, also called regular conditional probability
measures, is the set

ΓR =

{
γ : γ is a measurable function from S to P(Y)

}
, (13)

where P(Y) is endowed with the Borel σ-algebra generated by the weak convergence topology.

A mathematically versatile topology on such stochastic kernels is the following Young topology, see Young
(1937); Balder (1997; 1988); Florescu & Godet-Thobie (2012) for several properties.

Definition 4.1. [Young Topology on kernels at reference (input) measure µ.] (Yüksel, 2024, Definition 3.1)
Let µ be a σ-finite measure. A sequence of kernels γn → γ ∈ ΓS under Young topology at input µ, if the
joint measure (µγn) → (µγ) in the following sense: for every measurable and bounded g : X × U → R with
g(x, ·) : u 7→ g(x, u) continuous and

∫
µ(dx) supu∈U |g(x, u)| < ∞,

∫
µ(dx)

(
γn(du|x)g(x, u)

)
→

∫
µ(dx)

(
γ(du|x)g(x, u)

)
(14)

A key supporting result is the following (Yüksel, 2024, Theorem 4.1). If the setup involves a single agent
and if the randomized stationary policy space ΓS is endowed by the Young topology at input ψ (Yüksel,
2024, Definition 3.2), then the invariant measure induced by a policy is continuous (weakly and in total
variation) on ΓS . In our setup, since the policy spaces, under their respective finite models, for each agent
is finite dimensional, such agent-wise policy convergence implies the convergence of the joint control policy
from x → P(

∏N
m=1 U

m) both pointwise as well as under Young topology, as we discuss in the proof of the
theorem below.

Theorem 4.1. [Existence of Agentic Subjective Q-Learning Equilibrium] Let Assumption 4.1 hold. Then,
there exists an agentic Q-learning equilibrium, which is an equilibrium under the (subjectively quantized)
Q-learning dynamics as given above.
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Proof. We recall the Kakutani-Fan-Glicksberg theorem: (Aliprantis & Border, 2006, Corollary 17.55): Let
K be a compact non-empty convex subset of a locally convex Hausdorff space and let the set-valued map
φ : K → 2K have convex values and have a closed graph G = {(x, φ(x)), x ∈ K} (i.e., if xn → x, and if
φ(xn) → z, then (x, z) ∈ G). Then, φ admits a fixed point.

In view of the Kakutani-Fan-Glicksberg, we state the following:

• The policy profile {γm,m = 1, · · · , N} is in the product space
∏N

m=1 Γm and consists of stationary
and randomized policies γm mapping the agentic states x̂m to P(Um). This product space is finite
dimensional, convex, and compact valued under the product topology, where for each local state the
conditional probability is metrized under the weak topology.

• Given a policy profile {γm,m = 1, · · · , N} and its induced model via (4) the best response map

BR :

N∏

m=1

Γm ∋ γ = {γm,m = 1, · · · , N} 7→ BR(γ) ∈ 2
∏

N

m=1
Γm

,

defined as the optimal policies corresponding to the model (4) leading to (12), defines a best response
map BR which is convex valued: the Q-learning algorithm is the fixed point equation solution and
an optimal policy solves the dynamic programming equation with value given as (12): Thus, with

J
∗,i
β (x̂) = min

u∈Ui
Q∗,i(x̂, u)

we have that an optimal (possibly randomized) policy solves and thefore has full mass on the set of
actions which attain

min
u∈Ui

(
C∗,i(x̂, u) + β

∑

x̂1

P ∗,i(x̂1|x̂, u)J∗,i
β (x̂1)

)
x̂ ∈ Y

i, (15)

and therefore convex combinations of optimal policies are also best response policies.

• The map from policy spaces to invariant measure π̂ and model (4) is continuous, building on (Yüksel,
2024, Theorem 4.1)1: In particular, by a generalized dominated convergence theorem (Serfozo, 1982,
Theorem 3.5), the joint distribution

P γ−i
n (dx1|x) → P γ−i

(dx1|x),

converges weakly as γm
n (du|x) → γm(du|x) pointwise in x. That is the product of the control policy

measures induce a kernel X → P(
∏N

m=1 U
m) which converges weakly pointwise in x and thus the

joint policy γn(du|x) → γ(du|x) pointwise. By an application of the dominated convergence theorem
applied to (14), convergence is then also under the Young topology (see Definition 4.1). Accordingly,
under Assumption 4.1, we have that the invariant measures also converge (both weakly and in total
variation); that is πγn

→ πγ where πγn
is the invariant measure under γn and πγ is so under γ

(Yüksel, 2024, Theorem 4.1).

As a result, as policies converge their induced models (4) converge continuously in total variation,
and accordingly the value functions J∗

β(x̂) converge (Kara & Yüksel, 2020, Section 4).

Therefore, any weak limit of the best response policies is also optimal as they solve the optimality
equation (3) or (15). This ensures that the best response map is upper semi-continuous and the
graph G = {γ,BR(γ), γ ∈ Γ} noted above is closed.

Thus, existence of an equilibrium follows.

1While this is not in general correct for standard Borel spaces where multiple agents are concerned, due to the finite model

seen by each agent, the finite dimensional policies converge pointwise.
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Remark 4.1. Observe that in the above, we have a purely mathematical concept for equilibrium characterized
by the limit equations (11) and best response maps (12). We have not yet discussed the conditions for Q-
learning or empirical learning to converge to the limit and it is critical in the above proof that C∗,i and P ∗,i in
(11) are to be defined under every admissible stationary policy: Nonetheless, small perturbations in policies
lead to small changes in values and invariant measures (Yüksel, 2024, Theorem 4.1), and this discussion
motivates the algorithmically and practically consequential discussion in the following section. Consider an
exploration policy γ which is deterministic where for a given state realization x̂, the action u is not realized:
Then, if u is not an admissible state under the model induced by the deterministic policy, a construction can
be made where while under every small randomized perturbation of the policy γ, (x̂, u) would be an admissible
pair and also an optimal pair for the best response, in the limit of the deterministic exploration policy γ,
such a pair would be inadmissible: therefore the closed graph property would be violated.

5 Convergence of Policy Revision Processes via Subjective ǫ-Satisficing Dynamics to

ǫ-Agentic Subjective Q-Learning Equilibria

In this section, we present a learning algorithm, characterized by a policy revision process over play paths.
This approach builds on the analysis presented in Arslan & Yüksel (2017) (see also Germano & Lugosi
(2007) as a related work) for weakly acylic stochastic games which was subsequently generalized in view of
satisficing policy revision paths Yongacoglu et al. (2023). In this approach, the agents are allowed to use
constant policies for extended periods of time called exploration phases. As illustrated in Figure 1, the k−th
exploration phase runs through times t = tk, . . . , tk+1 − 1, where

tk+1 = tk + Tk (with t0 = 0)

for some integer Tk ∈ [1,∞) denoting the length of the k−th exploration phase. During the k−th exploration
phase, DMs use some constant policies π1

k, . . . , π
N
k as their (baseline) policies with occasional experimentation.

The main idea is to create a stationary environment over each exploration phase so that DMs can almost
accurately learn their optimal Q-factors corresponding to the constant policies used during each exploration
phase and update their policies; see Figure 2.

This paradigm has been adopted under two types of policy updates: (i) Best response dynamics with inertia
for weakly acyclic games Arslan & Yüksel (2017) considered for the case where each agent has access to
the global state but only local actions (requiring typically deterministic policies), and (ii) a variation of it
which is referred to as satisficing paths dynamics Yongacoglu et al. (2024; 2023) which assumes that the
agents have access to a variety of information states and the policies may be randomized. Arslan & Yüksel
(2017) established convergence involving pure strategies for finite games which are weakly acyclic (including
stochastic team) problems, via best-response or better-response dynamics with inertia. Yongacoglu et al.
(2023; 2024) introduced the paradigm of satisficing paths and showed applicability to two classes of stochastic
dynamic games: Two-player games and symmetric games. In particular, a policy revision process is called
an ǫ-satisficing one if the performance of the policy is within ǫ > 0 of the optimal policy:

Definition 5.1. Let ǫ ≥ 0 and T i be a policy update rule for Agent i ∈ N . The policy update rule T i is said
to be ǫ-satisficing if, for any π = (πi,π−i) ∈ ΓS, we have that πi ∈ BRi

ǫ(π
−i) implies T i(π) = πi.

A policy revision process is called ǫ-satisficing if it is associated with a collection of policy update rules
T = {T i}i∈N such that T i is ǫ-satisficing for each Agent i ∈ N .

Figure 1: An illustration of the k−th exploration phase.
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Definition 5.2. Let ǫ ≥ 0. A (possibly finite) sequence (π)k≥0 of stationary joint policies is called an
ǫ-satisficing path if, for every k ≥ 0 and i ∈ N , πi

k ∈ BRi
ǫ(π

−i
k ) implies πi

k+1 = πi
k.

Definition 5.3. Let ǫ ≥ 0 and let Π ⊆ ΓS be a subset of stationary joint policies. A game is said to have
the ǫ-satisficing paths property within Π if for every π ∈ Π, there exists an ǫ-satisficing path (πt)t≥0 and
an integer K = K(π), such that (i) π0 = π, (ii) πt ∈ Π for every t ≥ 0, and (iii) πK ∈ Γ

ǫ−eq
S (which is the

set of ǫ-equilibrium stationary policies).

The revision process is called subjective ǫ-satisficing, if the ǫ-optimality holds under the subjectively
evaluated criteria, as is done in our paper.

In view of this discussion, consider the following algorithm, which considers the satisficing paths paradigm.

Algorithm 1: Independent Learning with Local Information and Convergence to Agentic Subjective
Q-Learning Equilibria

1 Set Parameters

2 Πi ⊂ Γi
S : a fine quantization of Γi

S consisting of policies charging each action with positive
probability

3 {Tk}k≥0: a sequence in N of learning phase lengths

4 set t0 = 0 and tk+1 = tk + Tk for all k ≥ 0.

5 ei ∈ (0, 1): random policy updating probability
6 di ∈ (0,∞): tolerance level for sub-optimality

7 Initialize πi
0 ∈ Πi (arbitrary), Q̂i

0 = 0 ∈ RY×U, Ĵ i
0 = 0 ∈ RY

8 for k ≥ 0 (kth exploration phase)
9 for t = tk, tk + 1, . . . , tk+1 − 1

10 Observe yi
t = ϕi(xt)

11 Select ui
t ∼ πi

k(·|yi
t)

12 Observe ci
t := c(xi

t, µ(·|xt), u
i
t) and yi

t+1

13 Set ni
t =

∑t
τ=tk

1{(yi
τ , u

i
τ ) = (yi

t, u
i
t)}

14 Set mi
t =

∑t
τ=tk

1{yi
τ = yi

t}

15 Q̂i
t+1(yi

t, u
i
t) =

(
1 − 1

ni
t

)
Q̂i

t(y
i
t, u

i
t) + 1

ni
t

[
ci

t + βminai Q̂i
t(y

i
t+1, a

i)
]

16 Ĵ i
t+1(yi

t) =
(

1 − 1
mi

t

)
Ĵ i

t (yi
t) + 1

mi
t

[
ci

t + βĴ i
t (yi

t+1)
]

17 if Ĵ i
tk+1

(y) ≤ minai Q̂i
tk+1

(y, ai) + ǫ+ di ∀y ∈ Y, then

18 πi
k+1 = πi

k

19 else

20 πi
k+1 ∼ (1 − ei)δπi

k
+ eiUnif(Πi)

21 Reset Ĵ i
tk+1

= 0 ∈ RY and Q̂i
tk+1

= 0 ∈ RY×U

Figure 2: The response graph of a stochastic game.
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In the above, we have two iterations: In one, the limit of Ĵ i
t (·), is the (subjectively, under the induced model)

evaluated cost under the policy corresponding to the assumed model; and the limit of minai Q̂i
tk+1

(·, ai)

gives the subjectively computed optimal cost via the limit Q̂i. As in (Yongacoglu et al., 2024, Section 5 and
Appendix J), subjective ǫ-satisficing dynamics possess the same graph theoretic properties as (objective)
satisficing.

Theorem 5.1. [Convergence to Subjective Q-Learning Equilibria] If the Q-learning play path admits a
subjective ǫ-satisficing path, Algorithm 1 converges to policy profiles in an ǫ subjective Q-learning equilibrium
with arbitrarily high probability (by taking the exploration length satisfy Tk ≥ T, k ∈ N for sufficiently large
T ) from any initial policy profile.

Proof. Under Assumption 4.1, during exploration, a small perturbation leads to a small change in both
induced cost as well as the invariant measure used for exploration.

As all agents use constant policies throughout any particular exploration phase, each agent indeed faces an
ergodic environment in each exploration phase. Therefore, if the length of each exploration phase is long
enough and the soft-policy inducing experimentation probabilities are small enough, each agent can learn its
corresponding subjective Q-factors, Q̂i, in each exploration phase with arbitrarily high probability. Likewise,
the subjectively evaluated cost Ĵ i can also be learned with arbitrarily high accuracy.

This thus allows each agent to accurately, with arbitrarily high probability, compute Q̂i and Ĵ i at the end
of each exploration phase. By allowing each agent to update its policy πi

k with some probability ei ∈ (0, 1)
when not ǫ-subjectively satisfied, the resulting policy adjustment process approximates a satisficing reply
process.

This then induces a policy revision process for which equilibria serve as near-absorbing sets which are also
accessible (with a positive transition probability bounded from below uniformly over all initial policy profiles):
The result is then a corollary of the analysis in (Yongacoglu et al., 2024, Theorem 25), given the existence
of a subjective equilibrium under the subjective ǫ-satisficing condition.

Examples.

• Symmetric Games (Yongacoglu et al., 2023, Theorem 3.6) showed that symmetric normal form
games admit (ǫ-)satisficing paths provided that they admit ǫ-Nash equilibria. Furthermore, identical
quantization of information preserves the symmetry and also the existence of satisficing paths.
Therefore, existence of equilibria presented in Theorem 4.1 together with the satisficing paths lead
to the applicability of Theorem 5.1. In particular symmetric Markov games with symmetric local
state information (with identical quantization maps) satisfy such conditions.

• Mean Field Games Mean-field games constitute a significant special case of symmetric games.
In this context, Yongacoglu et al. (2024) developed a comprehensive analysis of convergence and
decentralized learning. The analysis in our current paper is in fact motivated by the study of
mean-field games, in view of an open question of equilibrium existence and convergence for agentic
subjective Q-learning equilibria (the mean-field case allow for tailored arguments on existence). Our
analysis in this paper shows that, mean-field games with only local state information as well as
mean-field games with local state and compressed mean-field information available at the agents do
admit satisficing paths to equilibria since the set of equilibria is non-empty.

• Team Games, Weakly Acyclic Games, and Generalized Weakly Acyclic Games If
the quantized games are generalized weakly acyclic, then convergence to equilibria holds as in
Arslan & Yüksel (2017). In particular, ǫ-satisficing paths exist for such problems as long as equi-
libria exist: For team problems involving agents with identical cost functions, if the quantizers are
such that the diameter of each bin is small enough, then ǫ-satisficing paths always exist since the
approximate MDP is near optimal when compared with the original MDP by Saldi et al. (2017;
2024).

• Single Agent Case In the case with single agent stochastic control, by definition satisficing dy-
namics to equilibria exist: the policy revision process is ǫ-satisficing. Note that the policy space is

11



Under review as submission to TMLR

compact, and the induced cost is continuous in the (quantized) policy space; accordingly for every
ǫ > 0 one can discretize the space of randomized stationary policies which leads to an ǫ perturbation
in the realized expected costs. Therefore, learning among a finitely many policies is feasible. This
does, therefore, also provide a recipe for policy learning in MDPs even though there are more efficient
algorithms for such a setting. Accordingly, iterative best responding is guaranteed to converge to an
equilibrium with high probability.

• A Remark on Subjective vs. Objective Equilibria Note that the analysis here is not with
respect to an exact ǫ-equilibrium, but only a subjective one. For Markov games with Borel spaces,
Saldi et al. (2024) showed that such a subjective equilibrium is in fact also ǫ-equilibrium under
high-rate quantization/state approximation and further technical conditions on the kernels which
would ensure that either the value functions are either sufficiently regular (such as in team games or
zero-sum games) or the transition kernels are sufficiently regular (such as admitting total variation
continuity).

6 Conclusion

In this paper, we introduced the concept of agentic subjective Q-Learning equilibrium, where agents apply Q-
learning under an incorrect state space modeling assumption. An equivalent empirical learning interpretation
is also presented. For such problems, a distinguishing feature is that the exploration policy itself impacts the
perceived model and therefore there is a dual dependence on the agent policies. We established an existence
result on such equilibria. We then presented an associated convergence theorem to ǫ-equilibria for a large
class of stochastic dynamic games.
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