OPT2025: 17th Annual Workshop on Optimization for Machine Learning

Policy Gradient Methods Converge Globally in Imperfect-Information
Extensive-Form Games

Fivos Kalogiannis FKALOGIANNIS @ UCSD.EDU
UC San Diego, CSE
Gabriele Farina GFARINA @MIT.EDU
MIT, EECS

Abstract

Multi-agent reinforcement learning (MARL) has long been seen as inseparable from Markov games
[30]. Yet, the most remarkable achievements of practical MARL have arguably been in extensive-
form games (EFGs)—spanning games like Poker, Stratego, and Hanabi. At the same time, lit-
tle is known about provable equilibrium convergence for MARL algorithms applied to EFGs as
they stumble upon the inherent nonconvexity of the optimization landscape and the failure of the
value-iteration subroutine in EFGs. To this goal, we utilize contemporary advances in noncon-
vex optimization theory to prove that regularized alternating policy gradient with (i) direct policy
parametrization, (ii) softmax policy parametrization, and (iii) softmax policy parametrization with
natural policy gradient updates converge to an approximate Nash equilibrium (NE) in the last-
iterate in imperfect-information perfect-recall zero-sum EFGs. Namely, we observe that since
the individual utilities are concave with respect to the sequence-form strategy, they satisfy gra-
dient dominance w.r.t. the behavioral strategy—or, policy, in reinforcement learning terms. We
exploit this structure to further prove that the regularized utility satisfies the much stronger Polyak-
Lojasiewicz condition. In turn, we show that the different flavors of alternating policy gradient
methods converge to an e-approximate NE with a number of iterations and trajectory samples that
are polynomial in 1/¢ and the natural parameters of the game. Our work is a preliminary—yet
principled—attempt in bridging the conceptual gap between the theory of Markov and imperfect-
information EFGs while it aspires to stimulate a deeper dialogue between them.

1. Introduction

Beyond its classical role in economics, game-theoretic environments now benchmark and improve
Al planning: self-play language games can enhance LLM reasoning [7], and cross-domain bench-
marks probe strategic reasoning [8]. Despite extensive work on policy optimization for imperfect-
information games [19, 27, 34, 41, 46], polynomial-time convergence guarantees remain elusive,
motivating the question:

Do policy gradient methods provably converge to an equilibrium in
imperfect-information EFGs using a polynomial number of iterations/samples?

(5%)

To answer, we need to face the two obstacles that imperfect-information games raise against
optimization, the failure of value iteration—which we sidestep by solely using policy gradient up-
dates—and a highly nonconvex policy optimization landscape—which we prove that is benign.

© F. Kalogiannis & G. Farina.
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1.1. Contributions

We answer (%) in the affirmative by developing a policy gradient method (A1t -EntRegPG). Our
algorithmic approach leads to last-iterate convergence to a regularized NE of the EFG. We, namely,
contribute, (1) a novel exploration scheme that makes convergence with a polynomial number
of samples possible (2) proof of the gradient domination property for the utilities in imperfect-
information EFGs (3) a demonstration that REINFORCE is an unbiased gradient estimator of util-
ities in EFGs (4) regularized alternating policy gradient with direct softmax parametrization and
alternating natural policy gradient steps converge in to a Nash equilibrium in imperfect-information
EFGs.

1.2. Overview of Techniques

Our algorithmic guarantees are based on one idea: cast equilibrium computation as constrained
two-sided PL optimization over policies. With suitable regularization the utility becomes hidden
concave, each utility satisfies a proximal PL (pPL, a form of strong gradient-domination) inequality,
and alternating gradient descent/ascent converges.

Hidden concavity = PL.. Utilities in EFGs are concave in sequence-form; with a suitable reg-
ularizer they become strongly concave. Enforcing a positive lower bound on reach probabilities
makes the map from sequence-form strategies to behavioral policies a uniform-Lipschitz bijection.
Writing the loss as f(z) = —H(c(z)) with u = ¢(x) and H p-strongly convex in u (hidden strong
convexity), we have H(u) — H* < ﬁHVUH (w)||?. If ¢! has Lipschitz modulus L1, the chain

12
rule gives the PL inequality f(z) — f* < 5—;1 |V f(z)||?; analogous arguments yields the pPE..

Convergence To show convergence of regularized alternating gradient descent ascent we utilize
a Lyapunov function argument similar to that of [51].

2. Preliminaries

Definition 1 (IIEFG) A two player zero-sum imperfect information extensive-form game, I, is de-
fined by the tuple (T, H,S, A, B, r). A special chance player, ¢, models uncontrollable randomness
while,

* T is a rooted game tree of height D(T),

o H :=Hi UHo UH, is the set of T ’s nodes, referred to as histories. Each history, h, belongs to
exactly one of the sets H1, Ho, H. depending on the player responsible for taking action at h.

S = 51USs is a finite set of information sets (infosets). The infosets partition histories, H;, of the
acting player i into sets of nodes that are indistinguishable. We will note S := max{|S1|, |Sa|}.

A= {As}ses,, B := {Bs}ses, are the action sets of player 1 and 2, respectively. Each infoset
s € S has a corresponding set of actions As, and respectively Bs. Further, we will denote
As = |As|, A:=max, As and B, := |Bs|, B := maxg Bs.

* 7 :H — [0, 1] is a payoff function mapping leaves of T to a payoff for player 1; player 2 gets the
opposite payoff.
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Sequence-Form Strategies A player’s behavioral strategy is a probability distribution over ac-
tions at each of their infosets. In sequence-form, the strategy of player 1 is defined as:

it (s,a) == pit(o1(s))mi(als) Vs € Si,Va € As,

where 01(s), 02(s) denote the last infoset-action pair (s',a’),s € Sy and (¢',V'),s € Sy player 1
and 2 encountered when descending from the game tree’s root to history h. The set of sequence-
form strategies, M, My are convex polytopes and for player 2, the expected utility is given by the
bilinear form:

VI (i) Rug
where R is the matrix representation of payoft function r.

Definition 2 (e-NE) For an € > 0, a policy profile 7, 73 is an e-approximate Nash equilibrium of
T, if Vm and mo,

* * * *
VT e < YT < YL e

The bidilated regularizer. Introduced in [32], the unweighted bidilated regularizer is defined us-
ing the entropic regularizer ¢(-) multiplied by the total reach probability of each insfoset. Since it
depends on both players’ policies we write R (71, m2), R(7e, m2) which are defined as Rq (71, m2) :=

Enr D25 ©(m1(-|h))] and Ra (71, m2) := Baer [22), ¢(ma(-|h))] -

Policy parametrization We consider direct policy parametrization and softmax policy parametriza-
tion. The parameters of directly parametrized policies will be denoted as z € R4, A = 3 s As and
y e RE B = > Bs accordingly. While, parameters of softmax policies will be denoted x, # with
xERAL A=Y ,Asand 0 € RB, B =" _ B,. This choice of parametrization is an important step
towards getting provable guarantees for policy gradient methods in imperfect-information EFGs
using function approximation (e.g. neural networks).

For technical reasons related to the variance of stochastic gradient estimation and controlling
moduli of relative smoothness, we make the following assumption.

Assumption 1 For an € > 0, both players’ policies, for every infoset and action, satisfy

mi(als) > €, Vs € S1,Va € Ay ma(bls) > €, Vs € Sa, Vb € Bs. (e-trunc.)

3. Main Results
3.1. Efficient Exploration Strategy

We propose a novel approach to exploration. Each player is expected to reach every subsequence
with probability ﬁ The rule is simple:

Assumption 2 (Efficient Exploration) Both players follow the following exploration strategy:

* At the start of each game, the player flips a biased coin that shows “heads” with probability .

 [fthe coin shows “heads”, the player selects a sequence uniformly at random and then executes
it.

* After this sequence, or if the coin shows “tails”, the player resumes play according to their policy.

Remark 3 [t is noteworthy that using this exploration strategy, one can exercise direct control over

the modulus of gradient domination. Whereas, policy gradient literature [1, 9, 35, 52] needs to

make an assumption on the boundedness of the distribution mismatch coefficient.
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3.2. Gradient Domination Properties

We demonstrate that even though the utility of each player is highly nonconvex w.r.t. the policy, it
satisfies the following gradient domination property.

Definition 4 (pPE-condition [25]) Assume F : RY — R defined as F(z) := f(x) + g(x). Let
f : RY = R be an (-smooth function and g : R — R be convex. Define

Dy(z,) := ~2¢min {<Vf<m>, 2= 2) + L Blelle) +g() - g<x>} |

for a choice of Bregman divergence B(-||-). We say that F satisfies the pPL condition with modulus
a > 0 if, for every x € X,

1
IDy(.0) > 0 (Fla) — FY).
where F* = min, F(z). When g is the indicator function of a set X we write Dy (x, ().

Lemma 5 (pPL for EFG; restated from Thms. 42 to 44) Let an imperfect-information EFG, T,
perturbed with the pair of bidilated regularizers (R1, R2) with a coefficient T > 0. Then, each
player’s utility satisfies the pPL. condition with a modulus

1
_ 1 1 1 1 1
a=TX p0|y <77A7Ba 2D(7-)a51|7|32|a|7.[|> .

3.3. Convergence of Alternating Regularized Policy Gradient

Having established the required background and notation, we are ready to present our main results.
In Theorem 8 we show the convergence of simple alternating regularized policy gradient to an
approximate NE in the last iterate. Moving to Theorem 10, we prove a similar result for softmax-
parametrized policies. Finally, we analyze alternating regularized natural policy gradient through
a mirror-descent lens, demonstrate its relationship to multiplicative weight updates of the policies,
and prove its convergence to an approximate NE in the last iterate (Theorem 11).

Throughout, 7, n, denote the stepsizes and V7 denotes the (REINFORCE) gradient estimate
of the utility w.r.t. to a player’s parameters accounting for both regularization terms. In order to
estimate the gradient of the regularized game, the players need to exchange information about their
regularizers. During each rollout, the trajectory’s reward is increased by the sum of the opponent’s
local regularizer at every information set encountered from the root to the terminal node (chance
nodes excluded).

Definition 6 (REINFORCE) Let & denote a trajectory of infoset and actions sampled by implement-
ing policies 71,72, § := (5(1), A(k), - - - ). We define REINFORCE, (@w, @11) to be the stochastic

gradient estimators:

Ke¢ Ke
Ve =r¢ Z V., log T, (a(k) |s(k)) and YV, =r¢ Z V. logm, (b(k) |S(k)). (REINFORCE)
k=1 k=1

Lemma 7 (Appendix F.1) Stochastic gradient estimator REINFORCE is unbiased and of bounded
variance for both direct and softmax parametrized policies.
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Direct Policy Parametrization The first result we present is the a simple policy gradient scheme
with alternating updates and a Euclidean regularizer. The parameter updates of alternating regular-
ized policy gradient takes the following form,

T41 = Proj [xt — 0 Vi (4, yt)]
© X (A1lt-RegPG)

Yt+1 = Proj [?/t + 1y Vi (T41, ?/t)} .

where Proj y_, Proj,,_ denote the Euclidean projection of the parameters to the truncated simplices
dictated by (e-trunc.). We state our first convergence theorem which settles question (%) and defer

its formal statement to the Appendix G.1.

Theorem 8 (Informal; restated from Thm. 49) With direct policy parametrization and the Eu-
clidean bidilated regularizer, alternating policy-gradient algorithm attains a last-iterate e-Nash
equilibrium in

11
T =poly ( =, =, A,B,2PT) |8,],|Sa|, |H| ) iterations,
€

using batches of poly (%, %, A, B, 2P |81, S, \7—[!) trajectory samples at each step.
Remark 9 We note that the exponential dependence on D(T) is still polynomial in the game size
as the height has itself logarithmic dependence in size of the game.

Softmax Policy Parametrization We move on to convergence under softmax parametrization
and entropic regularization. This choice of parametrization is an important step towards getting
provable guarantees for policy gradient methods in imperfect-information EFGs using function ap-
proximation (e.g. neural networks). The projection to X, © p guarantees that Equation (e-trunc.)
18 satisfied,

Xt+1 :P;OJ [Xt — 0V (xt; Qtﬂ
R
(A1lt-EntRegPG)
Ory1 = P(;OJ [9t + 1y Vg (Xt+1, Gt)}
R

Theorem 10 (Informal; restated from Thm. 50) Alternating policy-gradient algorithm with soft-
max policy parametrization and the entropic bidilated regularizer, converges in expectation in the
last-iterate to an e-Nash equilibrium after a number of iterations T, that is

T =poly (1,1, 4,B,2°7),|51|,|S|, ] ) irerations,

11

using batches of poly (g, A B, 2D(T) 1841, |Sa], |7—[|) trajectory samples at each step.
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Natural Policy Gradient Finally, we consider the natural policy gradient algorithm [23] which
is an adaptation of natural gradient [2]. This algorithm is of particular interest due to its intimate
connection to the TRPO, PPO [44, 45] policy optimization algorithms. Natural policy gradient uses
a Fisher information matrix induced by the policy as a preconditioner for policy gradient updates:

F\ (. 0) =Y d¥s)> m(als)Vlogmy(als) [Vlog my(als)] "

We cast natural policy gradient steps as mirror descent steps with a Mahalanobis norm induced by
the Fisher information matrix (for a more nuanced discussion on this connection see [39]).

1 2
= in (V, V(xe,0),x — — x—
Xt+1 aige)rgiﬂ Vi (xes00), x Xt>+2nx X = Xt lF, (xe.00)

. 1
0111 = argmin (VoV (xes1,60;), 00 — 0) + . 16 = 01 (xer s 00
Y

0€OR

The update scheme can be equivalently written as:
2

Fy (xt,0t)
2

Xt+1 = arg;nin th — Pl (Xt 00) Vi V (Xt 6r) — x’
XEAR (Alt-EntRegNPG)

9t+1 —=arg min Hﬂt + nng(Xt_A,_l, et)VQV(XH_l, Qt) - 9‘

0ebr Fo(xt+1,0t)

More importantly, we note that in policy space, the update scheme of natural policy gradient
takes a very simple form which, as expected, reads, for player 1 (® is element-wise multiplication):

T141(:]8) o< e (c[8)' T @ exp (1.QF (s, )

m14+1(¢]s) ~ arg min KL (7['(’3) Hfl,tﬂ("«?))
TI'EH{%

To see why the second approximate equality holds, we note that the Mahalanobis distance over
the parameters induced by the Fisher information matrix of the softmax policy, is a second-order ap-
proximation of policy KL. The derivation and an extensive discussion are deferred to Appendix G.3
(also, see [21]).

Theorem 11 (Informal; restated from Thm. 51) For an appropriate tuning of n,,n, > 0, the
last-iterate of alternating regularized natural policy gradient (A1t -EntRegNPG) converges in
expectation to an e-approximate Nash equilibrium in a number of iterations T' that is:

€

11
T = poly ( ,;,A,B,sz, 1811, 1Sa], |”H|> .

4. Conclusion

We studied three different policy gradient methods for imperfect-information perfect-recall zero-
sum EFGs under a unifying optimization principle. We managed to provide the first global last-
iterate convergence guarantees of independent policy gradient methods to an e-approximate Nash
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equilibrium. Furthermore, our analysis requires a number of iterations and samples that is poly-
nomial in 1/e and the parameters of the game. To do so, we exploited the favorable properties
(PL-condition) of the otherwise nonconvex optimization landscape. We departed from the usual
route of regret analysis in EFGs and opted for more conventional convergence analysis arguments.
We hope to motivate further exchange between theoretical MARL research and the theory of EFGs
as we strongly believe in the potential this communication fosters.
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Appendix A. Further Related Work

Gradient Domination in Nonconvex Problems. Contemporary machine learning is arguably
propelled by large-scale optimization of systems of astounding size to perform increasingly elabo-
rate tasks. The corresponding objective functions are by no means convex in terms of parameters,
which precludes theoretical guarantees of even reaching local optimum in a reasonable number of
iterations [37]. Yet, practice indicates a different reality and theory is gradually catching up. It
has painstakingly been demonstrated that the nonconvexity of various ML optimization problems is
seriously benign—significantly often, stationarity implies global optimality. Cases in point, gradi-
ent domination is exhibited for the loss functions of overparametrized neural networks [31, 43], the
linear quadratic regulator [16], value functions of Markov decision processes (MDPs) [1, 4], matrix
completion [17], dictionary learning [47], and more. For a thorough discussion of gradient domina-
tion and other regularity conditions we refer the reader to [11, 12, 25, 28, 29, 38, 40] and references
therein. With the latter in mind, one could make the case that when game theory researchers seek
equilibrium computation in general nonconvex games [3, 5] they set the bar too high. Still, the study
of benign nonconvexity seems of great importance and rather underexplored [36, 42, 49, 51].

Relevant MARL for MG works In MDP and MG literature, policy optimization seems to come
in two flavors—an online learning [18] approach and a stochastic optimization one. In the current
work, we opt for the second approach.

The approach of [52] is particularly similar to ours. Yet, we highlight that they make a rather
strong assumption; they assume that the probability of playing each action in the support of the
regularized Nash equilibrium is lower-bounded by a constant independent of the regularization co-
efficient 7. In turn, we circumvent such an assumption by exercising direct control over the mini-
mum probability of playing any action by projecting the parameters of the softmax parameters onto
a convex polytope. Also, we provide guarantees for natural policy gradient iterations.

Theory of Policy Gradient Methods The policy gradient method [48, 50]

* [1] prove the convergence of directly parametrized policy gradient. They use the convergence
result of gradient descent for smooth nonconvex function along a gradient domination lemma
to demonstrate a O(1/€2) convergence rate to optimality. Later, [53, 54] use the hidden
concave structure of the problem to improve the convergence rate to O(1/e).

* [35] provide the first non-asymptotic convergence rate result for the policy gradient method
using discounted entropy regularization (the analogue of bidilated entropy regularization).
The proof of convergence uses a novel nonuniform PL condition.

* [6] analyze natural policy gradient (NPG) with discounted entropy regularization. Natural
policy gradient can be seen as a form of preconditioned gradient descent. Natural policy
gradient effectively boils down to policy multiplicative weight updates using the ()-functions
as feedback. The analysis of convergence uses a linear dynamical system.

12
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Appendix B. Optimization Lemmata

Definition 12 (Stationarity Proxies) Assume a function F' : f + Ix(-) such that f : X — R is
(-smooth relative to ||-|\g and Ix(-) is the indicator function of the set X. We define the following
stationarity proxies,

* gradient of the Mahalanobis proximal mapping (MPM),

2

A,(a) 1= p2||o = proxp, (@),

with proxp,,(-) := argmin,, {F(z') + § || - — |30
* Mahalanobis gradient mapping (MGM),

AY(@) =0 lz =¥y, -

where z+ := arg min,c y ||z — pM_1Vf(x)Hi/I,
* Mahalanobis forward-backward mapping (MFBM),

D(z,p) = —2png161/n{<Vf(az),x/ —z)+ 5w — x/Hi/I + Ix(2') — Ix(2)},

Lemma 13 The following properties hold true for the proximal point and the Mahalanobis Moreau
envelope,

P VE(2) = Yo — &)
. dist(0,0F(2)) < [ VE(@)llpg-

+ F(#) < F,(2) < F(x)

Proof The first and last items follow easily from the definition and standard arguments [10]. The
middle one uses the optimality condition of # := prox,p(z),

1
0ed <F(:&) +-M(z — az)) ,
p
from which we conclude,

1 . .
;M(l’ — ) € OF (2).

Finally, we conclude that min,_ cop(s) [EX = p% |z — &3 - [ |

Definition 14 (pPE, KY)) Ler f : X — R be an L-Lipschitz continuous function with (-Lipschitz
continuous gradient. Then,

13
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* Proximal Polyak-FL.ojasiewicz (pPL): f is said to satisfy the proximal Polyak-Lojasiewicz
condition if 3o > 0 s.1.

%Dx(m,é) > alf(x) - f(a*)]

* Kurdyka-tojasiewicz (KL): fis said to satisfy if Ia s.t.

| . )
min so||? > 2a[f(z) — f(z¥)], VreX.
T [£(z) = f(a*)]

The definitions for the Mahalanobis analogues of pPL. and KL follow straightforward extension.

Lemma 15 Let f be an (-smooth function relative to ”H12v[ defined over the convex set X. If f
satisfies the (Mahalanobis) Kb condition with modulus piy, it also satisfies the (Mahalanobis) pPL
condition with a modulus of pipp1 = %.

Proof First, we define F'(z) := f(z)+ Ly (z), with Iy(-) being the indicator function. We highlight
that since Iy (-) is convex and f is /-smooth (relative to ||- Hi/l), then F' is (-weakly convex (relative
to ||-|2;). This means that the proximal point of the function F/p is well defined for any p > £.

Now, assume a point z € X" and Z := proxp, p(x). By assumption, for any £ € X, it holds true
that,

lsalP > al7(@) — 1

where s; € OF(Z). The latter implies that for the gradient of the Mahalanobis-Moreau envelope of
F, it holds that,

3 IV @) s > 0l (@) = 1)
— a +alf(#) - f(a)]
> alf@) - 11-a (3 0wn + e -alk)

where (1) follows from the fact that F' is an ¢-weakly convex function, and for every v € OF (x).
To see this, we write that due to weak convexity (relative to ||| ,),

F(&) > F(@) + (0.0~ 2) — ¢ o~ 513
= F(@)+ 0,8 =) + o — 2l — 2L o~ 212
> F(@) +min (V7,0 =)+ £ o =yl } - 5L e - 21y
— Fo) - 5-D(a.p) ~ 52 o -l

Collecting the terms,

1 f—l—p 2
(2 + 042p2> IV Ey ()l +

«

3 D(.0) > alf(x) - £

14
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A direct generalization of [25, Lemma 1], implies that for the MFBM and a choice of p;,p2 > 0
such thatp; > po, then D(z, p1) > D(x, p1). As such, we write,

(1 C+p

e’

2 202 > HVFUP(x)Hi/[ﬂ + %D(:C,Zp) >alf(x) — f].

We can pick p = 4¢ which then yields,

1 12
<2 + ;) IV Fy ey (@) |30 + %D(%M) > alf(z) - f7].

Observing that a < £ in general, we re-write:

IV E @ + §D40) > alf@) — ]

Now, from [14, Lemmata 4.1 & 4.2], we know that,

16D(,40) > ||V Fy (@) 341

which we plugin in the former inequality to finally conclude that,

SD(a,40) > (7))

Remark 16 The latter lemma provides a bound that is significantly tighter than the one implied by
the analysis found [25, Appendix G] which connects the moduli of the Kt.and pPE.conditions.

B.1. A Variation of the Descent Lemma

The following lemma is a consequence of the three-point identity of the Mahalanobis norm and the
smoothness of f.

Lemma 17 ([22, Lemma 1]) Let f : X — R be an (-smooth function relative to ||-||\;, and a point
re X C R<. Also, define the vector v € R< and y € X to be

y := Proj (CL‘ — th_lv) .
X, M,

)

Then, the following inequality holds true:
fy) < f(2) +{(Vf(z) — v,y —2)

(o DY a2 (e L) a2y, - 2y 12
- — — —x —4+—)lz—=z ——ly — zllm, -
9 o)W T HIME TG TS, M, 9 1T Flim

15
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Lemma 18 Let X C R? be a closed convex set, and let f : X — R be an (-smooth function relative

to ||-||ng, for some £ > 0. Suppose n > 0 with n < é For any © € X and any vector v € R?,

define x* = Projy zp, (¢ — nv) . Then the following inequality holds:

fx )<f()—*Dx(w 1/n) + *HVf(fv)—leQVIt—L

Proof First, we define T := Proj y <$ —iMIVf(x ))

* Invoking ¢-smoothness relative to ||-||y, of f for x, 7 and assuming p > 0 with p > /,

F(24) < F(@) + (VS (@), By — ) + ¢ s — 2l
F@)+ (V@) 7 — o) + 5 o = allyy,
/(@) ( ~T) = 2 llay — alldy,)

fx) = ;pDMt (z,p). 2)

* Invoking Theorem 17 with x = x,y = T4, 2 = z, v = V f(z)
_ ¢ 1\, _ 9
f@y) < flx) + 27, 174 — [\, - (3)

* Again, invoking Theorem 17 but withx =z, y = x4, 2 = T4, v,
flay) < f@4) +(Vf(@) v,z —T4)

F(5-o)1 R e = A N
——— |z —= -+ — ]z —= ——|lz+—7 .
“

Combining the previous inequalities as 1/3x(2) and 2/3x(3), and letting 1/p = n < %
yields,

1@ < @) = gDt 1/m) + (5= o ) I o,

16
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Adding (4),
L2
o) < 560) = 10t 1/m) + (5 = o ) I~ iy,

+(Vf(z) —v, 24 —24)

E 1 2 E 1 _ 2 1 — 2
g gy e e (5 gy ) I = ol =g e =l

2
n 5¢ 1 _
< 1)~ Iora i+ (G - g ) I el
+ 21V @) — ol + o Nl — 742
2 M 2p M
¢ 1 1 _
+ (5~ 50 o —alin = g low -, ®
n 5¢ 1 _
~ @)~ Boxtet/m+ (G - g ) I el

n
+ 2195 (@) = vl

¢ 1 )
+ 2 2 2+ — z|lng,

< f(@) = gDl 1/m) + V(@) ~ vy, ©

* (5) follows from the application of Young’s inequality on
(Vf(@)—vat —z") = <Mt_1/2Vf(:n) — v, M2t — T+> ;

* (6) follows by dropping the non-positive terms; non-positivity follows from the choice of the
step-size, n < é.

B.2. Min-Max Optimization

Lemma 19 Let f : X x Y be an (-smooth function, p > 0, two points y,y' € Y, and a point v € X.
Then, the following inequality holds:

Da(, p5y) — Dae(, p33)] < Bhmax (M HE ||y — /||

Proof We define z, 7’ € X to be:

1
T = Proj (x - M;lvxﬂx,y)) ;
X, M, P

1
7' := Proj <x — Mt_lv$f(xay/)) .
X M, p

17
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By the definition of Dy (z, p; y') we write:

55Dz, pry) = (V(2,y).2 = T) — § o — Ty, ;
LD (o, piy) = (Vf(a,y) 5 —T) = § o = 7Ry, -

Considering the difference Dy (z, p;y) — Dx(x, p;y') we see that:
1
5, DX (@ P ) = D, 59|
—r - 1Y _ —r12
- ’<vxf(x7y) - fo(x,y/),a:/ - JZ‘> - 5 (HI‘ - x”i/lt - Hl‘ - x/HMt>‘
<|(Vaf o) = Vaf (@9) 7 3| + 5| (N = 7, — =73y,

< (Vad (@,9) = Vol (2,9). 7 = B)| + £ [7 -7,

< Vet (@) = Vet @9y 7~ fHMt + 27 -7,

< Vet @) = V@) s + 55 [Vof @) = Vel @) g

< 7*“‘“(1\/[’71) |Vaf(2,y) = Vaf(z,y H + 7A"‘a"(Mf NIVaf(,y) = Vaf (2,9
< 7&“‘“2 ly—v']1”-

We note that:
* The first inequality follows from the triangle inequality.

* In the second inequality, we applied the reverse triangle inequality.

The third uses the Cauchy-Schwarz inequality.

Finally, the second to last uses Theorem 25 while, the last one, invokes the ¢-Lipschitz conti-
nuity of the gradient.

Lemma 20 Let f : X x ) be an {-smooth function such that for any v € X, f(x,-) satisfies the
proximal-PE condition with modulus o > 0. Then, the function ®(x) = argmax,cy f(v,y) is

{,-smooth, with
b, =¥ (1 + g) .
«

Proof We effectively need to show Lipschitz continuity of the maximizers y*(-) := argmax,
and the proof will follow from Danskin’s lemma and f’s own ¢-smoothness. So, we write by the
quadratic growth condition,

© @) — v @I < Fey @) — Foy @) g

18
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We denote Dy (-, p; ) := —2pargmin, ., {(-V f(z,y),z —y)+5 |ly — z||*} and by the proximal-
PL condition, we write,
1
fla,y*(2)) = fla,y"(2) < 5-Dy(y. b2). 8)

2
I

Now, we aim to bound Dy (y, £; ) by ||y*(z) — y*(2')||“. We observe that,

Dy(y*(x), ;x) = 0.
Hence,
Dy(y*(2), &) = Dy(y*(2'), &2) — Dy(y*(x), &)
<20% & — a||? )
where the last line follows from a slight sharpening of the proof of Theorem 19 (for the function

h(y,z) = — f(x,y) and M = I). Finally, piecing inequalities (7), (8), and (9) together,

12
ly* (@) =y @) < = [la =] (10)
What is left to do is to observe the following, due to Danskin’s theorem and /-smoothness of f,

[Va®(2) = Va@(2')|| = [|Vaf(z,y" (@) = Vo f (@, 5" (")
< L[z, v (@) = (@ y* (@)

52
<Ll =2+ —[la = 2]
«

The latter inequality follows from (10) and completes the proof. |

Lemma 21 ([24, Lemma D.3]) Let f : X x Y be an {-smooth function. Additionally, assume that
f(-,y) is po-pPL forally € Y and f(x,-) is p,-pPL for all x € X. Then, it holds true that:

®* := min max f(z = maxmin f(z,vy).
min may f(z,y) s xeXf( ,Y)

Lemma 22 ([24, Lemma D.4]) Let f : X x Y be an {-smooth function. Additionally, assume
that f(-,y) is p-pPL for all y € Y and f(x,-) is p,-pPL for all x € X. Then, the function
®(x) := maxycy f(x,y) is pp-pPL.

B.3. Regarding the Mahalanobis Distance

Throughout, we will refer to a positive-semidefinite matrix M € R%*? and its Moore-Penrose
pseudo-inverse MT € R%*¢. Although in general a PSD matrix cannot define a distance, restricting
z,y € RY such that (z — y) € ker(M)™L, then ||z — y|3; := (z —y) M(z — y) satisfies all
properties of a metric. As we shall see, this seemingly arbitrary assumption is satisfied for every
pair of consecutive updates of natural policy gradient steps. The matrix rank-deficient matrix we are
interested in is policy gradient Fisher information matrix, and for softmax policy parametrization, it
is rank deficient in the direction 1 € RY. Further, the gradient V f(z) as
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Proposition 23 Assume that 0y = 0. Also, let v/ 1 = 0, Vt € {1,2,3,...}. Then, setting 0,1 =
0, — nM' v, guarantees that,

(011 —6,)"1 and 6]1=0, Vt.

Proof Since, 0;,1 = 0; —nMT'uv;, we see that 9;11 = (Ht—nMTvt)Tl =0and (6441 —0;)"1=0.
[ |

Proposition 24 Let © C RY be a convex compact set. Assume that 6y = 0. Also, letv] 1 = 0, Vt €
{1,2,3,...}. Then, the following minimization problem has a unique solution,

2
min H <9t — nMTvt) — HH .
0€0,5.t.(0—0:)T1=0 M

Further, it is equivalent to the minimization problem,

. 1 9
0—0)+—160-06 ,
9€®,s.t.1(1911—%t)71:0 {<Ut t> 277 H tHM}

Proof It is clear that, for 6,y € ©,071 = x "1 = 0 the function ||8]|3;, |6 — x|/31 is strongly
convex in . Hence, both problems attain a unique minimum.
For the first problem, the first-order optimality conditions for the write,

<9+ _ (0 _ nMTvt> 09— 9+> >0, V9e€0,0'1=0.
Noting that, (67 — (6; — nMTv;)) "1 =0and (§ — ) "1 =0,
<M9+ — M6 + v, M (6 — 9+)> >0, V9e€0,01=0

But, since the matrix M is PSD and the last inequality is a condition on the sign of the inner-product,
it can be written equivalently as,
(MO — MO + vy, (0 —67)) >0, V9€0,0'1=0.

The final inequality, is exactly the first-order optimality condition for the second minimization prob-
lem. .

B.4. Alternating Mirror Descent using a Changing Mahalanobis DGF
B.4.1. SUPPORTING LEMMATA

Lemma 25 () Let v, vo be vectors in R% and X C R% be a compact convex set and a scalar n > 0.
Also, let points x, x5 € X such that:

zf = Proj (z — nM; v1);
XM

x;' := Proj (ZL‘ — th_lvg) .
X M,

Then, it holds true that:

|2 =23 [|yg, < 7 llor —vallpg, 1 -
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Smoothness Relative to the Mahalanobis Distance

Proposition 26 Let f be a function (-smooth relative to the {o-distance. Then, it is %&Md-smooth
relative to the Mahalanobis distance induced by a positive definite matrix M.

Proof We will merely demonstrate that if f is /-smooth (relative to /-distance) it is also the case
that:

l

F() = F(@) = (VF(@).y = 2)| < 5z~ vlly,
min(My)
For one direction we use vector norm equivalence to write:
l
fy) = f(@) +(Vf(2),y —2) = 5 llz =yl
¢ 2
> fle)+(Vf(lx),y—2x) — ———— ||lx — .
F@) Y F@)y =) = g5y e =il
Correspondingly for the opposite direction:
l
fy) < f@) +(Vf(x).y —2) + 5 llv =y
¢ 2
< flzx) +(Vf(x),y —x)+ e~ ||z — .
F@) Y @)y =) + gy e = il
|
B.4.2. CONVERGENCE OF ALTERNATING DESCENT-ASCENT
Through, we consider this section, we consider the iteration following scheme,
. 1 2
xpp1 = argmin  (V f(z, y1), ¢ — x) + . |z —ztlln,, ¢
zeX Nz ’
(Alt-GDA)

. 1
Y¢+1 = argmin {<_vf($t+1ayt)ay — ) + G ly — ytH%\/lyt} :
yey Ty ’

We make a standard assumption on the gradient estimators and their second moments.

Assumption 3 (Unbiased Gradient Estimators and Bounded Second Moments) For all iterations
t, the gradient estimators G, (x¢,yi) and Gy (¢, yt) satisfy

E [g2 (2t yt)] = gz(2t, Y1),

E [gy(xt,yt)] = gy(ﬂft,yt),

and
B {1ga (o0, )] < 02,

E [llgy (0 90)|2] < o2

9o(t,yt) — Vaf (@, yr)| < s Qy(l’tvyt) - Vyf(xt,yt)H < 5y-

In turn,
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Theorem 27 Let f : X x YV — R an {-smooth function and bounded in the interval A ;. Further,
assume X, to be two convex sets with Euclidean diameters, diam(X), diam()). Moreover, as-
sume that f satisfies a two-sided pPL condition with moduli yi,. for all y € Y and p, for any v € X.
Additionally, let (g, §y) be an inexact stochastic gradient oracle satisfying Assumption 3.

2
* When M., = 1, after T iterations of (Alt-GDA) with a choice of stepsizes n, = 95# and
Ny = ﬁ, it holds true that:

E®(zr) — ®* + & (E®(zr) — Ef (21, y7))

2 2 2 eoll02 col?62
Sexp( MzuyT>Af+cl%+cléw+ e T

96043 Po  Ha | Pell popd]

where, Ay := maxXzex yey f(x,y) — mingex yey f(x,y) and ¢y, co € O(1).

* For a general positive definite choice of M.; (Mahalanobis metric), after T iterations of
2

(Alt-GDA) with a choice of stepsizes 1, = W and 1, = 5£+ it holds true that:

E®(zr) — ®* + 15 (E®(xr) — Ef (21, y1))

2 2 2 2 2 2 2
Hoa fbyy c10;, Cléw col )\maxay col )\max(sy
<exp| ——"=T | Ar+ + + +
( 960AZ . 03 ) / Kz Haz Mx,ug Mx/h?,

max

)

where, Ay := maxgex yey f(2,y) — mingex yey f(2,Y), Amax 1= maxy )\max(Mttl) and
c1,c2 € O(1).

Proof To prove convergence we will use the Lyapunov function L(z,y) := U(x,y) + cW (z,y)
with U(z,y) = E[®(x) — ®*], W(z,y) := E[®(z) — f(z,y)] and ¢ > 0. Intuitively, U(z,y)
measures z’s success in achieving the unique minmax value ®*, while W (z, y) measures y’s success
in achieving to be a best-response to its corresponding . We begin with some preliminary work to
ultimately setup a recursion on L.

Descent on & In order to guarantee descent, by Theorem 20, Theorem 26, and Theorem 18, it

. 1 .
suffices to pick 7, < S (M 1) Then, we can write,

E®(wy11) < EQ(wy) — EDY (@, 1/m:) + 1B || Va®(a1) = Vo (e, y0)l 7y
+ 21,02 + 21,02
Equivalently, subtracting ®* from both sides yields,
E®(rr11) - 9 < ED(ar) - @ — “TED (w1, 1/me) + eE | Va®(ar) = Vo (w0, 0) 341
+ 2773303 + 2771(5:%.
Further, a simple re-arrangement reads,

E®(x41) — E®(zy) < —%ED?\;(%’ /1) + 1B ||V ®(2r) — Vo f (2, yt)”?\/[;%
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+ 277_%(73 + 277m5§.

Requiring that 7, < m, (Theorem 26 and Theorem 18), we write:

Y,

n
Ef(@e1, ye41) = Ef (eg1,me) + gyEDy(ytv 1/ny; 2e11) — yd® — nyo,,

Invoking Theorem 22, multiplying by —1, and adding ® (1) will yield,

E[®(z141) = f(@t41, Ye41)] < <1 - %) E[®(x141) = f (@41, 90)] + 0y6° + nyo,

= (1= B E@(w) — (o) + F o) = Flar,m) + Oar) - Oa)

+ 1y0° + 1y 0.

As a reminder, ® is a pPL function relative to the Mahalanobis distance induced by M, by Theo-
rem 22.

Upper bound on the descent of f(-,y) From the smoothnes of f:

31 2 Mpo?  Tngo2

Ef(@ei1,00) 2 Bf (20, 31) = 5B |Gy, (@) [y 1 — =5 — =5+
3 On..g2 .62

> Ef(we,ye) — —ngD;{(mh 1/Ne:ye) — 77; x %

Re-arranging to isolate f(x¢, y¢) — f(@t41, Y1),

97]900'925 + 777:053'
2 2

3
Ef(zt, yt) — Ef (i1, 9¢) < %EDX(%, 1/ e) +
Putting the pieces together for ®(z;) — f(z, yi), we get:

E[®(z141) — f(@t41, Yt41)]
< (1= P B [0() — f(o0, )

+ (1= P E [~ EEDY (@1, 1/m.) + B [ Va®(1) = Vo f (2,30l

6 6
_ HyTly 3 .

+11y8y + 10y + 1 (L= 252) (F 0z + 5 02)

Decrease in the Lyapunov function We consider the Lyapunov function L(z,y) := U(x,y) +
cW(x,y) withU(z,y) := E[®(z) — *], W(x,y) := E [®(z) — f(z,y)] and shorthand notation
U = Ul(x,yt), We = W (x4, y¢). Here Uy measures primal suboptimality via the PL condition on
®, while W, captures the dual gap ®(z;) — f(z¢, yr).

Upr1 4+ Wi

+c<1—%)EWt
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e (1- B E |- HEDY @1, 1/ne) +neE | Vo® () = Vaf (21,30 341

+c (1 — My677y) S%E [Dx (e, 1/02; yt)]
+ cny6§ + cnyaz + one (1 — B2 (12—3 o2+ % (53) + 21207 + 21,07
< Ui = WEDY (o0, 1/m2) + B |Va® () = Vaf (31,90 Ry
+c (1 - %) EW;

wo (1= ) B[R 0y, 1) + 0 [V Ba1) — Vo) 21

+e (1 - “yg}y) B%E (1D (e, /005 9¢) — D (e, 1/ma)| + D (e 1/na)] (1)
+ 1,0 + enyos + eny (1= 252) (8 02 + 1.62) + 20,02 + 20,07

<U, — %E’D;}é(gjt’ 1/ng) + B || Ve ®(2r) — Vi f (24, yt)||12\/1;’}5
+c (1 - %) EW,

+c(1- B E |- TEDY (31, 1/n.) + noE [Va(ar) = Vol (21334

6 6
3Ny _ .
o (1= 20) ZEE [SAnan M DE Iyt — y* @) + Dy (o )| (12)

+ cnyéz + cnyaz + cny (1 — %) (12—3 o2 + % (53) + 20,02 4 21,02
< Uy = "EDY (01, 1/m0) + o dmox (M D EE [y () = el
Yo (1 . %) EW,

e (1= P E |- DY @t 1/me) + e dmax(MEDE y* (20) = il

6 6
HyMy\ 3Nz . .
e (1 - B) ZEE [3hnan (M D lye =y @) + D3 (e, 1/m0)|

+ cnydz + CUyUZ + one (1 — B) (& o2+ g 65) + 20,02 + 21,02

* (11) uses the fact that a < |a — b| + b for a = Dy (x4, 1 /023 ye), b = Dgé(a?t, 1/7;). This de-
composition isolates the term |Dx —D$% |, which can then be controlled using the Mahalanobis
continuity lemma in y.

* (12) uses Theorem 19 and Danskin’s theorem; this yields a bound |[Dy—D% | < SAmaX(M;%)EQ lye—
y* ()%

27z Amax (M;,% )62

Ut+1 + CWt+1 <U; — %ED%(I}, 1/1733) + " Wy
qg

+c(1—%)EWt

2N Amax (M 1) 02
n a; ( :c,t) Wt

My Tly Nz &
1-— E |——ED 1/n,
+c( 6 ) [ 6 (@ 1/m) + Hag
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3 6 Amax (M 1) 02
o1~ ) g [,
Hag

+enyy + enyoy + one (1= B5%) (F 07 + 5 67) + 20007 + 20263
< w1U; 4+ cooa Wy
+ cnyéz + cnyaz + cng (1 — %) (123 02 L 62) + Qnma + 277m52
We then collect the coefficients in front of U; and W; in the previous inequality into o and o,

respectively, so that the Lyapunov recursion can be written compactly as U1 + cWi1 < w1 U +
ctooWy + noise. Le.,

1 1
w1 =1 — Uz (3 —c (1 - My677y> 3 +c (1 - Mgﬂ?y) 3),
1

6
2nx)\max(M;7%)€2 _ ,uyny ( ) 117}90 max xt)EQ
Clhqs 6 '

wy =1+

For oy, letting ¢ = 1/10

1 pyy\ 11 Py
—1_ ,_7(1_971/), 7(1_ﬂ)3
1 “"”’”(3 10 6 /3710 6

6 - 3

For w9, we distinguish two cases relevant to our algorithms, M; = I and a general choice of
M,.

=1 - ,Umnx% - ,anx% (1 -

e For M; = 1, it holds that Aax (M:tl) = 1, and pigg = fiy. So we write

=1 + 207,.4° eyl + (1 _ Myny) 111, 0?
Hy 6 6 Hy
2 2
—1_ —20+“ym’2—11(1—w)
Hy 674 6
EQ
T (—20+32—11)
Ky
Let 1y 192. Then, choosin = L yield .
77?3[2 - . s g 77y Y yle S nw — 96043 "

* For a general choice of My, let Aypax 1= max{)\maX(M;%), )\max(My*})} and iy, < min{jiqg, by}

wy =1+ 20%&%62 _ Py + <1 — ,Lty77y> anfm}(ﬂ
Hy 6 6 Hy
Amaxzl? Tiy> Ty
=1- af% (—20+ My Ty 5 — 11 (1 — ,Uy"7y>> .
oy 6)\maxnm£ 6
Similarly, we need to set
2
Hy Ty
—— = 192.
)\maxnx€2
This in turn yields g, = s5——; and 7, = W

max
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Remark 28 In fact, M, is allowed to be positive semidefinite as long as the gradient throuhgout
the iterations is in the kernel of M.
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Appendix C. Further Preliminaries on IIEFGs

C.1. The Behavioral and Sequence-Form Strategies

Lemma 29 Under Assumption 2, the transforms c;* : My — X, c5* : My — Y., are Lipschitz
continuous. Le., for any 1, 11}, it holds true that,

_ _ 2| H | Amax
Jert ) - )| < 2Ry
and for any s, i,
_ _ 2|H|v/ Bmax
ez ) — ez )] < 2Py )

Proof We will first observe the difference in cfl in the (s, a)-th entry of the the vector-valued
mapping:

pa(s, a) #&(z;?):: <Au(87a) ui(s7a)> N <ﬁ4§5aa) ui(s,a)>
(

pls) 1 pls) — pals)
- (m ity

111(s) f11(s) (
_((s,a)  pi(s,a)\ | pa(s) — pa(s)
‘<m@ m@>+ 4

As a reminder, for all s € S it holds that pq(s) > I;-YTI by Assumption 2. Proceeding towards the
desired inequality,

e (1) — et ()|

s, a) "(s,a "(8) — pi(s 2
50 o L) W CEVCIIN
22 |\Une T we ) mene
p1(s, a) Mlsa /1(8)—u1(5)> ’2
<2 +2 ( s,a
5 G- e n 3 (M) wes
2
wi(s,a) u13a> ( —,u1(8)> 2
<2 +2 11 (s)
S () X I ()
2|H|? 2|H|?
<Y S s - s 2"22 (s)”
s€8S1 acAs SES1 aEAs
2|H 2Amax|H
= * u&Hﬁ%Z(ui(s)—m(s)f
v SES]
2|H|? 9 2Amax|H|? ’
=2 =]+ R Y disia) = a(sia) | (13)
7 sEST a€As
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We need to upper bound the second term by some quantity proportional to ||u; — g ||. We first note
that by the triangular inequality,

> h(als) = pa(als)

a€As

Z ’Ml als) — p1(als )‘

a€As

<V Amax |13 (18) = w1 ()]

where the last inequality is due to the fact that ||z||, < v/d|z|,Vz € R As such, we can note
that,

> (Z ph(als) — p(als > <> (\/TaxHul 1(-|8)H)2

SES] \aEAs SEST

= Amax Z Z (M/1<87a) _'u’l(s’a))Q

SEST a€A;
= AmaX H,Ull - ,UIHZ .

Plugging this inequality into (13) yields the desired bound. |

C.2. Value, Action-Value, and Advantage Functions

On notation. In this subsection, we will use the following shorthand notations,

* 01(h), o2(h) returns the last history before h where player 1 (player 2, resp.) took an action,
* h € s signifies that history h belongs in the infoset s,

e W =1 h,h' =7 (h,a) signifies that 1’ is a successor/child node of h, (h,a);

e h €&, (h,a) € ¢ signifies that h, h, a belongs in the game trajectory £ from the root to a

terminal node.

Occupancy measure For a policy pair 7 := (71, m2), we define d™ : S — [0, 1] to be a finite
measure over all the infosets—summing over all infosets s € S yields the depth of the game tree
D(T)—where for any infoset s € S,

= pe(h) (h)p3* (o2(h)).

hes

The value function of each infoset is defined as,

V7(s) i=Eeon | S m(B)I{N =7 s} ) Jhes:hee
h'eg

:Zhe OIS (6171(h))#g2 (o)) Z pe(R )" (a1 (B))ug? (oo (B'))ri ().

h':3hEs,h' = Th
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Also, the action-value function reads:

Qf(s,a) =Beur | 3 r(R) (ha) e g
he& ' =1 (h,a)
1 . |
T PRE)L{3h e s: (ha) eg}ZP )1{3h € s: (h,a) € £} ;;; r(h)
h'=7(h,a)

We define the advantage function to be:
A (s,a) := Q1 (s,a) = V\"(s).

Finally, let a policy pair 71,72 and 7 := (71, m2). Let 71 be parametrized by some vector 6. We
compute the policy gradient for 6,

ovyr 0
Mso 0054

B x o Ologmi(d]s) /
—ZZH(@P (f)Twﬂ{ahGS (h,a’) € &}

-y <m(5> pr(g L e s (hd) e 5}> (]2 1o8 (@ ]s)

£ o ™ (a’|s) 895,a

=22 D)+ >0 () Pw(f)ﬂ{ah - 313a(h;@') =t ﬂl(a/\S)M

/
¢ o K e€, Wee, m(@ls) s
—h/ET(hﬂa‘) hl%T(hva)

N IR AR LRSS §f P G

/
Wet, 7r1(a ’S> aes,a
_h/<7'(h a)
™ 610g7’(1( ‘ ) ™
+d"( ZTF (a'|s) 0, ———Q"(s,d)
81
Zm P8R ). (14)

Where we have used the following fact,

S| S | s ) €8 Oloemilels)
£ o

/
Wet, 7T1((I |S) ags,a
h' <1 (h,a)
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1{3h € s:(h,d) €&} dlogm(a'ls)

=3y > () m(a’|;) mi(a'|s) 90, .

a £ h'eg, ’
R <7 (h,a)
=:C(s)
dlogm(d']s)

— ZC(s)m(al|5)Tw

!

5) Z - (a/|s)610g m1(a's)

893,(1
= C(5) =2 S ma(d)s)
050
0
= C(s)aewl =0.

Further, for direct policy parametrization, we get,

oV

ami(s.0) =d"(s)Q"(s,a).

For the softmax policy parametrization, (14) yields,

8V1 _ 8log7T1( 1) e
0.0 ZW Ts,aQ (s,a’)

Zm ) [1{a" = a} —m1(d']s)] Q7 (s,a')

als) [Q"(s,a) = V™ (s)]
=d"(s)mi(als)AT(s,a).

C.3. Properties of the Bidilated Regularizer

Introduced in [32], the bidilated regularizer offers an alternative to the commonly used dilated reg-
ularizer [20]. It can be seamlessly used along () feedback by dropping the need of importance sam-
pling which would be necessary for the dilated regularizer when the gradient is estimated through
trajectory roll-outs. The purpose of this refined regularizer was introducing a distance generating
function in the sequence-form space that would not necessitate importance sampling.

C.3.1. STRONG CONVEXITY MODULUS

Lemma 30 For a choice of strongly convex function 1, and a weighting scheme {w; s}ses,, {w2.s}ses,
and let gy > 0 be the modulus of the weighted dilated regularizer. Then, the corresponding bidili-
ated regularizer is strongly convex,

s += min ().

I”HI
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Proof These calculations were used in the proof of [32, Lemma D.1]; we repeat them for com-
pleteness. For an appropriate choice of weights {w; s}ses,, {w2.s}ses,, the weighted bidilated
regularizer is defined as,

RY (W, 15?) - Zul o1(s (Zu h))) wi,s(mi(-]s))

hes

Ry (Wi, u5?) = Zu 2(s)) (Z uc(h)M?(Ul(h))> wa s (m2(+]s))-

hes

We can slightly refine [32, Lemma C.1] in order to compute an explicit lower bound on the
convexity modulus of different weighted bidilated regularizer depending on the choice of ). From
the fact that R (p]*, p5?) is linear in pi5* and the definition of the Bregman divergence, we conclude
that,

(VR Ra ) SR+ R 59,0705 )
2 B (Ml |11t 1 )-I—an (lh th ;g )—I—BRw (Mg HMQ T )—I—BR«p (MQ 12575 17 )

By [33, Lemma D.2] we know that,
By (10 1°) 2 g im0 B G )

As such, for the strong convexity modulus of the weighted Rif relative to the choice of norm appro-
priate for 1, we write,

Qpij = | mln fre(h) -

H] ’H
|

By [13, Corollary 1], we know that there exists a weighting scheme, such that the Euclidean
dilated regularizer is 1-strongly convex w.r.t. the £2-norm. The procedure assigns weights to nodes
in a bottom-up fashion.

* At each leaf node s, the weights are set to

wy s = 1.
* For an internal node s, let s, So/, . . . denote its child nodes under actions a, @', . . .. For each
action a, compute
Wis, = E Wy g
S,ET(S’U')
* The node’s weights are then set to
wi,s = 2max Wy, .
a
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Corollary 31 (Euclidean Regularizer) There exists a choice of weights, with maxg w1 s, MaxXs W s =
0(2°M), and under the assumption that min, ys(s) > +, the bidilated Euclidean regularizer has
a strong convexity modulus w.r.t. the lo-norm, au;,

v
afiel .= H min te(h).

[26, Theorem 2] states that a recursion defines weights with max; w1y s, max, wo s = G)(ZD (T))
such that the entropic dilated regularizer is strongly convex w.r.t. the {2-norm.

Corollary 32 (Entropic Regularizer) There exists a choice of weights, and under the assumption
that ming p2(s) > ~, the bidilated entropic regularizer has a strong convexity modulus w.r.t. the
lo-norm, any;,

n v
gt = ] min pe(h).

C.3.2. LIPSCHITZ MODULI

Here, we concern ourselves with the Lipschitz continuity of the regularizers and that of their gradi-
ents.

Euclidean regularizer

Lemma 33 The weighted Euclidean bidilated regularizer is £-smooth with

t:=0 (zD<T >D(T)s) .

Proof We write the bidilated regularizer as
R (w1, m2) i= (f(m1,m2), 9(m1)) -
For a fixed 7o, we have
VﬂlR‘fUd(m, 7o) = J¢(my, TFQ)Tg(Tfl) + Jg(ﬁl)Tf(m, 732),
where, f(m1,m2), g(m1) € R™ with f(m1,m0) = 32, pe(R)u5? (o2(h))p o1 ((h)) and gs(m1) =
wi g || (-|s)].
HVWIR({“CI(m, m9) — Vi, RS () 9) H

< | p(m) = T @) lg@D + 37D l9(m1) = g ()]
+ [Ig(m1) = Ig@) || 1F @Ol + (| Ig (7)) [| (1) = F(7D]]
< (Up/S1+ LyLy +Egl”gfllx||f(7T1)|| + Lg) || — |
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* For g, we see that L, := 2max, ws and {, := 2max, ws by the properties of the weighted
ly-norm and the fact that 71 (-|s) lies in the simplex, ie., ||71(-|s)||2 < 1. Also, the weight
w1, only scales the local quadratic term.

* For f, it is easy to see that Ly, ¢y < D(T) since f is a multilinear function of non-negative
variables bounded by 1. Also, it holds that max,, , || f(m1)| < /D(T).

Concluding,
‘vaﬁucl(m’m) — Ve RS (7] ) ’ < 64 maxw,D(T)/S1 ||m — = -
S

Symmetrically,

‘Vﬂ_zngud(ﬂ_h 7T2) _ VWQRSUCI(WDTI-&) ) < 64msa,xw;D(T)\/§Q H7T2 — Wé” .

Now, we need to bound the Lipschitz modulus of Vng“Cl(m, m2). Similarly, we write,

RSy, ma) = (f(m1,7m2), g(m2)) -

|V RS 4, m2) = Vo RSNt m2) | < (95 (m,7m2) = T (et )| g ()]

< 2m3xw2,sD(7') | — |-

Symmetric arguments yield the bounds for VoR1, VyRo.
Entropic regularizer

Lemma 34 The weighted entropic bidilated regularizer is £-smooth with

(=0 (2D<T>D(T) max{ (1 + log Amax), (1 + log Bmax)}5> :

Proof We write R as the inner product of f(m,) := d™ 7 and g := [my(b|s) log mg(b|s)]s,. For
notational convenience, we suppress dependence of f, g on my.

R2(7Tx) = <f(7rxa m9),9) -

We now bound the Lipschitz modulus of the gradient using the chain rule:

V3 Ra(my, ma) = VxRa(mys mo) | < |

32003 5(m) = 32 () I ()|
(37003570 = 3200 T gl + 3500 TTp () = 32 ) I p ()| |) N
(13700195 (m) = I |+ 35 o) [ 13700 = I 0N gl

< (D(T) + %D(T)(SlAmaX)?’/z) mgxwgﬁx/log Brax HX — X/H )

<
<
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For the Lipschitz modulus of V, R (7y, 7g), we re-purpose the lengthy calculations found in the
proof of [35, Lemma 14], we consider y = xo + au for some u, y € R4, o € R,

< méiX W1,s log Amax HUHZ )

dg(x + au)
do

o0

hence, (since ||z]|, < /St ||zl o0)

|

or, Ly = log Amaxy/S1. Similarly,

d*g(x + au)

do2 < mSanLs 1OgAmax\/S>1Hu”27

2

d?g(x + au
and, as such,
d2
' g(;((j;au) < 3m8axw175(1+10gAmaX)\/S>1HuH2’
2
or, {y = 3max; wi,s(1 + 1og Amax)v/S1. -

Appendix D. Regarding the Policy Parametrization
D.1. Definitions

Direct policy parametrization. Both players parameterize their policies (or behavioral strate-
gies), 71 : S — Aand 7wy : Sy — B, using a concatenation of |S;| and |Sy| probability vectors
over the (potentially truncated) probability simplex A(As), A(Bs) for all s in S; and Sy respec-
tively. The parameter space of player 1 is denoted by X' := [] . S A(As), while the parameter
space of player 2 by V := [[,cs, A(Bs).

Softmax policy parametrization. Softmax parametrized policies have a well-known definition.
The parameters of the corresponding policies are denoted y,6 with y € R4, A = > s As and
cRE B = >~ Bs. For each infoset s, the policy is

exp(es,b)
Zb’ eXp(957b/)

Now, since we want to have control over the minimum eigenvalue of the Jacobian of softmax(-),
we restrict the parameter space to the following convex polytopes,

eXp(Xs a)
my(als) = ==———— or my(bls) =
X( ‘ ) Za/ eXp(XS,a’) ( ’ )

Xp = {x eRN A= A, x]1=0, Vs €81, |xsi — xsjl < 2R, Vi,j € [As]};

Op = {9 €R®,B=Y"B,: 0]1=0,Ys € 8,0, — 05| < 2R, Vi,j € [BS]}.

34



PoLICY GRADIENT CONVERGES IN IMPERFECT-INFORMATION EFGS

D.2. General Properties under Parameter Constraints

Lemma 35 Let J := J oimax(0) € R¥ be the Jacobian of the softmax map. Its matrix form is:
J = diag (softmax(6)) — softmax()softmax(6) .

Further, the vector 1 is an eigenvector of J with a corresponding eigenvalue of 0. The rest of the
eigenvalues are

Ai € |minsoftmax;(6), max softmax; ()
i€[d] i€[d]

Proof For brevity, define o := softmax(6), and let diag(v) be the d x d diagonal matrix “whose
diagonal entries are given by v € RY,

J = diag(c) — oo .

First, we observe that the all-ones vector 1 € R? is an eigenvector of J with a corresponding
eigenvalue of 0,

J =diag(0)l — 001
=o—o(0")1

=c—0=0.

By Weyl’s inequality for two Hermitian matrices, A, B, we know that their eigenvalues indexed in
a descending order A1 (A) > --- > A\yg(A) satisfy,

Aitj—d(A+ B) < Xi(A) + Xj(B) < Xigj—1(A+ B).

\i(diag(0)) = oF while \g(—00 ") = —[|o||3 € [~1, 1] . Hence,
e AL (J) > min;eq 0;(0) — by takingi =dand j =d — 1;

. a% < Amax(J) < max;epg 0i(¢)) — by taking i = 2,5 = 1 for the LHS and i = 1, j = 1 for
the RHS.

Lemma 36 ([54, Lemma 5.3]) The softmax map is 8-smooth.

Lemma 37 The softmax map softmax : R — R? has an %d:‘}/ 2_smooth gradient.

Proof Again we use o := softmax(#) for brevity. We compute the second order derivatives:
0? 0 [0

0 = — o

00;00, " 00y "

= 0i(6ik — o) (0ij — 05) — 030 (0 — O%).

dij — 05)]
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Every term is a function of 6 and it is true in general that

|£(0) g(0) h(0) — F(8") g(0') h(8)] <
£(0) = £ g@O)11(O)] + [g9(8) — g(6)| [ 11(O)] + [n(6) — h(6")] 1 £(6")] |9(6")].

As such, we can write,

0? 0?

. _ Y _
m%w) agjaekaz(e) §3H9 9“

Lemma 38 Assume 0 € R? with € Op :={0 e R*: 071 =0and |0; — 0;| < 2R, Vi, j € [d]}.
Then, the following bounds hold true,

1

o minie[d] softmaxi(é?) > W’.

1

b maXie[d} SOﬂ]maXZ‘(e) 2 W

Proof

Minimum probability lower bound. W.l.o.g. we minimize the first coordinate. We write,

et _ 1
Sefi 1+ Doisq el

By observing that,

=01 < max P01

J

We can lower bound the value as,

et 1
>
>oie% T 14 (d— 1) max;{ei =01}

It suffices to maximize the quantity max;j gce,{0; — 61} as the RHS quantity is non-increasing
in max;1 gco,{0; — 01}. Le., the largest difference between two coordinates of a vector in the
sphere is 2R. The minimum is achieved when ¢; — 61 = 2R and 0; = 0;,,Vj, k > 2.

Maximum probability lower bound. Similarly, w.l.o.g, it suffices to maximize softmax; (6) for
0 € Opg.

et

et e

01

e

¥ 4 (d — 1)e2i i/(d=1)
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where the inequality follows from the convexity of €%. For any 6 € © g the point () = (61, .. d i,
is also in O due to the convexity of the set (it is a linear polytope). We can simply optimize the
objective,

1
Yab 1+ (d— 1)eba
s.t. la —b] < 2R.

Due to the objective function’s monotonicity in b — a, the program can be simplified even more into,
min b —a
a,b
s.t. |a — b < 2R.

Finally, it is clear that the last objective is minimized for a — b = —2R. Lettinge < (d — 1)72

|
In this vein, if we want to bound the minimum probability of the softmax parametrized policy by
e > 0 for some R > 0, we need to set R < 1/2log ( (1 5)>. Then, it is also the case that
maxgee, ; softmax;(6) > m >1—¢c—e(d—1)%

Proposition 39 Let p be a probability vector in A and define 0(p) to be the set of 0 such that
softmax(0) = p. For any two 6,0 € 0(p), there exists a ¢ € R such that § = 0’ + c1.

Proof By assumption, softmax(#) = softmax(#’) = p. For every entry 1,
ofi o0

P T

Letting Z := Y % e, 7' := 5%, we observe,

697; Z/ .
60/ -z
—pn Z/
0; =0, + log , Vie{l,...,d}.

Hence, any two 6, 6’ that map to the same probability vector are translations of each other in the
direction of 1. |

Proposition 40 Let p € A% be a probability vector and the set, 0(p) , of vectors 6 € R? such
that softmax () = p. For the vector §* := arg mingcg(, HHH it holds true that,

176 =0.
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Proof The set 6(p) takes the form 0(p) := {(#; = logp; +¢) | c € R} = {6y + c1 | ¢ € R} for
an appropriate choice of 6. Picking an arbitrary 6y € 6(p) to use as a reference, we can write the
problem of minimizing ||6||, as,

in |0]|*> = min ||0 1/|2 = min ||6,||% + (6. c1 1/|%.
mm)H | rggﬁl\l 0 +cllf; rcrgﬂr{lH ol|” + (0o, c1) + [|c1]]

0eb(p
By the first-order optimality conditions, ¢ = —50(—; 1. Plugging back this for 6*, we see 6* =
fo — 31(0] 1). We see that, 176* = 176 — 461 = 0. |

Lemma 41 Assume a fixed 0 < R < oo and define the set O to be Op := {# €¢ R : 71 =
0and |0; — 0;] < 2R, Vi,j € [d]}. Then, softmax(©p) is a convex set.

Proof
For any p € A% for which e 2% < % < 2R Vi, j € [d], there exists § € Op such that
J
softmax(f) = p. To see this, we apply the logarithm on the inequalities,

—2R <logp; —logp; < 2R. (15)

A vector y with entries y; := log p; clearly implements p. By (15) we see that subtracting x =
max; log p;

;mink 98Pk from all entries yields a softmax-equivalent vector x; := logp; — r with

—R < x: < R. Conversely, for any § € Op, e 2 < softmax;(0) - 2R

softmax; () —
Now, the set defined by the inequalities p € A4~ e 2F < b < e?R is clearly a linear

J
polytope and as such, convex. |

Appendix E. Gradient Domination

In this section we prove the gradient domination properties of the utilities of the game with different
policy parametrizations. Further, for clarity, in place of VY we will use V;(x,y); and in place of
V™ we will use Vi (x, 6).

E.1. Direct Policy Parametrization pPL

Lemma 42 The utility of the game regularized with the weighted bidilated Euclidean regularizer
with a weighting scheme defined in ?? C.3.1, satisfies the pPL condition for directly parametrized
policies,

T ming, ,uc(h)73 N 1
Pt — < —
7miny, pe(h)y? N 1
- vtz 70 — < —
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Proof We write the utility function of the regularized game,

Hﬁud(ﬂhMQ) — </~L17RM2> - TR?UCI(,Ud?NQ) + TRSUCI(MthQ).

For player 1, we know that the function H. $Ud is strongly convex with an appropriate weighting
scheme {w1 4}, (correspondingly {ws s} for player 2),

eucl

T
HEN iy i) > HEYpa, o) + <VMH$“CI(M1, pi), py — u1> + = Ml - 123

Strong convexity implies the KL condition for ;. In turn, using the bound on the Lipschitz conti-
nuity modulus of the map u; — =,

. 1
H' (1, i) — min HX (g%, pg) < 5 lIsll3 - (16)
H1 27_(1%1;01 (ﬁ)
Now, we know that afi! = %"“(h) (Theorem 31). The conclusion follows from Theorem 15.

E.2. Softmax Policy Parametrization pPL

Lemma 43 The utility of the game with softmax-parametrized policies satisfies the two-sided pPL con-

dition,
7 miny, pe(h)y? X 1
_ <!
101[H[3(1 + (A — 1)e2R)? Vr(x,0) — Va(x5,0)] < QDXR(X7£a 0)
Tminh /J’C(h)ﬂ)/g * 1
— < _ .
OHP( + (B = Dezyz V700 0) = Ve (. 0] < 5Der (0,6),

where £ is the smoothness constant of the softmax-parametrized utility function.

Proof The main challenge in proving this lemma is the fact that the softmax mapping is not a
bijection; this is manifested with a rank-deficient Jacobian of the mapping.

Concretely, from (16), we know that the Kt.-condition holds for the policies. What remains to
show is that the KE.-condition also holds for the parameters x (and 6).

For some R > 0, let X := softmax(Xg) be the convex set of softmax-parametrized policies
where X := {0 eRA A= DA XSTI =0,Vs € S1, |xs,i — Xs,j] < 2R, Vi, j € [As]}. By
overloading notation, let V' (m,, my) be the loss function of the minimizing player as a function of
policies my, mp and V (, 6) the utility as a function of parameters x;, 6.

Now, we note that the subgradient s € O, (V (7, mg) + Lx,(my)) that minimizes [|s|| is such
that s 1 = 0. So when picking a norm-minimizing s, it suffices to look at the set of subgradients
that are perpendicular to 1. Further, the chain rule applied on V (my, mp) + Ly, (my) yields,

Oy (V(my, mo) + L (i) € J(X) (VaV (7, m9) + On L () - (17

Moreover, we note that by the symmetry of J(),
I300)s)* = sTI0) T I(0)s
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> A (300 TI00) lsll?

min

2
> (A @00) " Nlsl (18)
From inclusion (17) we infer that:
min Jw]| = min o]
weax(V(ﬂX,W9)+IXR(7TX)) ’UEJ(X)(VWV(WX,T(g)-f—aﬂIXR(T(X))

Theorem 38 provides the bound A, (J(y)) > 7 and the conclusion is proven.

1
THB-1)F

E.3. Mahalanobis-pPL

Lemma 44 The utility of the game with softmax-parametrized policies satisfies the two-sided Ma-
halanobis pPL condition,

T miny, pie(h)y? x 1
— < —
101)\max(M_1)‘H’3(1 + (A _ 1)€2R)2 [VT(X79) VT(X 79)] — 2DXR(X7€7 0)
T ming Mc(h)73 * 1 .
101)\max(M_1)’H‘3<1 _|_ (B _ 1)€2R)2 [VT(X7 0 ) - ‘/T(X7 9)] S 2’D@R(97£) X)

Proof We invoke (18) and the fact that [jw||3;-1 > A (M) |wl|? for any (w,v) = 0, Vv €

ker (M™1). Also, we use Equation (c-trunc.) and Assumption 2 to bound A}, (M™'). In detail,
we know that,

3 1 A—1 2R\2
P+ (A= De™ min lwll* > V(x,0) — V(x*.0).
7 miny, pe(h)y weD (V (my,mo)+1xp (7))

When M := F(x, ), it is true that %E < Amax (F(x,0)) < 1.

The spectrum of the Fisher Information Matrix With the same arguments used in Theorem 35,
we can conclude that,

* Amin(F(x,0)) = 0;
* Mo (F(x,0),) > d(s) ming my(als);
* dX’G(S) minsﬂ 7-‘-X(CL|5) S )\maX(F(Xa 9)5) S dX’Q(S) maxg, 7TX(CL|5) —+ 1.

Hence,

e )T

min

(F(x,0)) > mingq d¥%(s)my(als):

o e e < N (F(x,0)) < 1.

Moreover, dX:(s) > % by Assumption 2.
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E.4. Weak Gradient Domination

We now conclude this section with a proof of the weak gradient domination condition.

Lemma 45 (Utility Weak Gradient Domination) Ler [ be an IIEFG satisfying satisfying Assump-
tion 2. Then, it holds true that,

/ 1
. /
‘r7r1,7r2 — min V7r1,7T2 S max <§ 77r1 V7r1,7r2 , M — 7T1> 3
™ 200 =

, 1
/
max V™™ — VT2 < max <VW2V’”’”2; T — 7T2> ’
- 20@ mh

for oy = — 15— and oy = —L5—.
V2|H|Z A V2|H|2 B

Proof We use [15, Prop. 2] by using the fact that the diameter of the treeplex is at most +/2|H|| A|

and the fact that the Lipschitz of 7' — 7 is M. Then, we use the fact that max, <1 yex (Vf(2), 2 —y) =
Minyeq, (f+1x () |11

Appendix F. Gradient Estimators

In this section, we demonstrate that the well-known stochastic gradient estimator, REINFORCE,
can be used yield an unbiased estimate of bounded variance of the gradients of the non-regularized
and regularized imperfect-information game.

F.1. A Policy Gradient Theorem

i(1)
The length of trajectory £ is noted as K¢ and it is bounded by the game-tree’s height, D(7). We
define KC to be the set of all trajectories and note that it is finite. After a policy profile, (7, m2), is
fixed, the probability of each trajectory ¢ € K taking place is the product of the probability of each
consecutive action,

We define a trajectory £ to be a sequence of consecutive history-action pairs, £ = ((h(l), atV ), (h2, al%))) .. ) .

Ke
B (€) = [ [ mige (afg) 1),
k=1

where i(k) denotes the player that takes an action at timestep k.

Lemma 46 Under the assumption of (e-trunc.), it holds true that the gradient estimator (REINFORCE)
is unbiased,

E¢ori,m [@x} =V,V(mi,m), and Eeor m [64 =V, V(m, m);

and also, its variance is bounded:

o 2] A%, D(T)?
EfNﬂ'lﬂTQ |:Hvx - VIV(T(:DT‘-Q)H :| S ag()7
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Eeoryma [H%y . vyV(m,m)H2] < Bfnang(Tﬂ

where A, B denote the maximum available number of action in any infoset for player 1 and 2
respectively.

Proof We first show that the gradient estimator is unbiased. Indeed,

ViV (m,m2) =V ZQ PTm(E)
cek

=D Ve P
e
=Y 1PV log P (€)
ek
Ke
= Z re PTUTL(E) Z (Vm log (k) (agé‘}z) \h(k)))
ek k=1
F ke
=B m e Y Valogmgy (afg) [h)
k=1
Ke
= Eeori o | T¢ Z V. logm (a(k) |5(k))
k=1

= Eeorms [690]

The proof for ﬁy uses an identical argument. We will now proceed to show that the variance of
the (REINFORCE) gradient estimator is bounded:

w[fp--2 e[ =[]
- )
=E¢ [||re Z V. logm (a(k)\s(k))
k=1
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1
— — k) 4 — 4k
D(T)E¢ ;;ﬂ{s sWoa=ua }W%(a\s(’f))
:KE )
= D(T)E 1{s = s
(T) f ;; {5 S }7T1(G|S(k))
¢
T)E¢ ZZH{s:s(k)
k=1 s,a
—Apm Y prme ZZﬂ{s—sk)}
€ Eek k=1 s,a
2 2
< ADT)”
€

Lemma 47 The variance of (REINFORCE) for softmax-parametrized policies is bounded as 09 , §
2D(T)>

Proof We see that Vg logmy(als) = esq — ma(:|s). From then on, ||Vglog my(als)|| < v/2 with

probability 1. Then, the proof follows arguments similar to the previous one. |

Policy gradient of the bidilated regularizer We define the policy gradient estimator of the bidi-
lated regularizer, V,R1, as:

VR = qum ) Zv log 1 (a(®)|s™) +vam (s™)).

k=1

We will demonstrate that this gradient estimator is, in fact, both unbiased and enjoys a variance
that is bounded. We start with a preliminary proposition about an alternative expression of the
regularizer.

Proposition 48 For a policy profile w1, wo, the bidilated regularizer, R, can be alternatively defined
as:

Ke
1(m,m2) = Y PR | D w(m(s™))
k

ek

Proof

1(m,m) = Y uit(o(s)) (Z Mc(h)u?(ff(h))> P(mi(s))

s€S hEs
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— Z P72 (s)ih(i(s))
SEST
Ke 1
=Y E {Z 1{s = s®)}p(m(s))
8631 |
— K ZZ]I{S—S Y(mi(s))
3631
— E¢ Z Z 1{s = s}y (mi(s))
|k se€Sy
= K¢ Z¢(”l(3<k)))]
k

=2 BT (i ¢(m (8“”))) :

e

With the latter expression, proving the desired properties is easier.

VeRi(m1,m2)

=V, > P (iw(W1 (s<’“))>>

ek

=D (Vo P™(9) (iw(m(s““)))) + D P (vx fj (m (s“f))))

gexk gex

Ke
=D (BT (V2 log T (€)) (Z ¢ (m (s<k>>))

ek k
K¢ -
Y P () (Z Vi (m (s“‘”)))
ek k

w2
For w1, let us denote 7¢ = ZkKé ¥(mi(s))),

@1 =re Y PTVR(E)V, log P ()
Eex

= Z Te IP’E VI logIP’E
geK
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Ke
=" rePe Y (Valog g (aig) 1))
ek k=1
-k
= EmeﬂrQ T¢ Z V. log (k) (agg) |h(k))
k=1
F K
=Eemymy |Te Y Valogm (a®]s®)
k=1

For w9y, we write,

Ke
wy = Z P () Z Voo (m (s™))
k

ek
Ke
=B | > Vv (m(s™))
k
We will use similar arguments for the variance in the case of the (REINFORCE) gradient estimator.
~ ~ 2
E [val ~E |[V.Ri] ]
M1~ 2
< [[%ri]

2 Ke 2

Ke Ke
<E 2] Y v(m(s®) | Y Valogm (a®|s®)|| +2|> " Vo (m (s*)))
k k=1 k

191 '192
For 19, similar to Theorem 46, we see that
A202  D(T)?
€

Whereas, for 1o,

E[dy] < E | K i Hvxgb(m (s(k)))Hz
k

- K
<E|Kg) L
i k
< D(T)’L3,.
Finally, we note that when Assumption 2 is followed, then (REINFORCE) is also an unbiased esti-

mator of bounded variance (same bounds as previously) of the perturbed version of the game. The

reasoning is the same (when a player is exploring the gradient of the probability of an action is zero)
and as such we omit it.
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Appendix G. Convergence Analysis
G.1. Direct Policy Parametrization

Theorem 49 With direct policy parametrization and the Euclidean bidilated regularizer, alternat-
ing policy-gradient algorithm attains a last-iterate e-Nash equilibrium in

* ming, fre

1 . .
T= EPOly <%a |H|’Av B, 2D(T) ﬁa |81’7 ‘S2|) uerations,

using batches of poly (%, %, |H|, A, B,2P(T), m, |S1], |82|) trajectory samples at each
step.

Proof The proof follows as an application of Theorem 27. In a central role lies Theorem 42, which
provides a two-sided pPL condition for the regularized game under direct policy parametrization,
while in a supportive one the smoothness lemmata of the value function and the Euclidean bidilated
regularizer when the policy is directly parametrized.

First, we relate equilibria of the regularized, truncated, exploration-perturbed game to equilibria
of the original game. An ¢-NE of the regularized game is an ¢ -NE of the unregularized game where

¢ = O(e +752P) 4 eSmax{A, B} + '7).

The term contains the optimization error ¢, the regularization error (controlled by 7), the truncation
error (controlled by e through the minimum action probability), and the exploration-induced error
(controlled by ). To make each contribution O(e) we choose

* 7 =0(e),

i €
=9 (maxie{1,2} \5i|2D(T))’

e=06 (maxie{lg} \§,| max{A,B}) :
We now instantiate Theorem 27. By Theorem 42 the utility of the regularized game satisfies the
two-sided pPL condition with moduli

(T minyey pe(h) 7 )

,U;cvﬂy = ‘H|3

Combining the smoothness of the value function with that of the Euclidean bidilated regularizer
(Theorem 33 ) yields an overall smoothness constant

¢ = 02" D(T)V/]8]),

up to polynomial factors in S|, |Sa|, A, B. The stochastic gradients used by A1t -RegPG are given
by the REINFORCE estimator together with the gradient estimators for the bidilated regularizer; by
Theorem 46 and the analysis of Appendix F.1 they are unbiased and have bounded per-trajectory
variance

A2D(T)?

B[SO - v,v|? < 2201 E[[V{) - v,V <

B2D(T)?
€ € '
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A~

If each update averages a mini-batch of M i.i.d. trajectories, V, = ﬁ ZM 1 @xm) and ﬁy =

m=

& Z%:l %Z(,m), then the averaged estimators have variances
o2
M Y
with per-trajectory bounds o7 < A*D(T)?/e and 05 < B2D(T)?/e. Substituting these into
Theorem 27, the stochastic error terms are controlled (up to absolute constants) by o2 /(M p1,.) and
14 O‘Z /(M piy ,u?/) Requiring each to be at most € leads to the condition

2 g2 2 2 ) p2 2
M > max &, 0y2 = maX{A D(7) ,KB D(C) }
. Efz [y €€ Uy €€ Kby

~

Var(§x) < Var(V,) <

i

A8

Using the explicit forms of ., p, from Theorem 42 and the per-trajectory variance bounds from
Theorem 46, this can be summarized (up to game-dependent constants) as choosing

1 V4
M=0 .
(max{eaT’y?” 657‘3’}’9}>

Writing S := max{|S1|,|S2|} and using the tunings v = O(e), 7 = @(e/(SQD(T))), and ¢ =
O(€/(SAmax)) from above, together with

3 . .
_ o(9D(T) _ (T ming pe(h)\ o/ ming pe(h) 4
0= 6(PTIDTIVE),  pe =y =6 v )= @(52D<T>|H|3 ),

a direct substitution yields the explicit bounds

D(T) 2 G2 43 |7y(3
M>6 2 P(T)SA|H| 7
minyg, pe(h) €8

AD(T) 3.G9/2 4 R2 |79
M>e 2 D'(T) S92 A B* |H| '
miny, pe(h)3 el

For small ¢ the second constraint dominates, so it is sufficient to choose

Mo 94D(T) D(T)3 59/2 A B2 |fH‘9
miny, pe(h)3 el ’

which spells out the precise dependence of the mini-batch size on €, A, B, D(T), |S1|, |S2
and miny, p.(h).

Under these conditions, Theorem 27 prescribes the concrete stepsizes

H],

[l bl

1 = My 72 (minpey pe(h))?
50’ TT0600 T 960-1012|H|6 3

Ty =

owing to the symmetric pPt. moduli j4; = p1,, from Theorem 42. The resulting duality-gap decay is

2
exp (— gg&% T), so driving the deterministic term below e requires

T

2 A 21013 |H|2 3 A
_ 960 e _ 960 - 1013 |H| logif

g - )
Hapy € 7349 (minpey pe(h)® €
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where A is the payoff range appearing in Theorem 27. Substituting the smoothness estimate from
Theorems 31 and 33,

_ o 9P ,
£=6(2"MD(T) max /ISH).

yields the following dependencies on the game parameters:

L] fr— 1 .

My = 6(2D(T)D(T) max; ,/|si|> ’

° 77-77 — @ 7276(minh€’H N’C(h))2 3 .
116 (22D D(T) max; 1/15:])” )

. . 3
T @<23D<T)D(T)3(max“/si|) e 1) ‘

7399 (mingey pc(h)) €

3 €

Finally, substituting the choices of v, 7, ¢ from above into the expression for T" shows that " scales
as 6% times a polynomial in the remaining game parameters, as claimed in the statement of the
theorem. u

G.2. Softmax Policy Parametrization

Theorem 50 Alternating policy-gradient algorithm with softmax policy parametrization and the
entropic bidilated regularizer converges in expectation in the last-iterate to an e-Nash equilibrium
after a number of iterations T’ given by

? minpeyy pe

1
T = g poly (|, 4, B, 2", et 811, 152

using batches of poly (1 L |#H], A, B,2P(T) %, |S1], |S2 ]) trajectory samples at each step.

ey’ » ming, i (h

Proof The theorem follows as a corollary of Theorem 27. By Theorem 43, the regularized game
under softmax parametrization satisfies the two-sided pPL condition with moduli

_of _mminen pe(h) 7 _ of 7 minner pe(h) 7
Mz = 2 | Hy = 2 |
|H[|3(1 4 (A —1)e2F) |H|3(1 4+ (B — 1)e?)

up to absolute constants. An e-NE for the regularized game is also an ¢’-NE for the unregularized
game where

¢ = O(e + v+ 752P7) max{log A, log B} + eS(max{A, B} — 1)2>.

Then, we need to tune:
* 7 =0();

_ € .
*7=0 max; e 21 |Si|2P(T) max{log A,log B} )’
€{1,2}

= €
e =0 (maxie{la} \Sﬂ(max{A,B},l)z).
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We recall the smoothness parameter of the softmax-parametrized regularized utility function is
¢ =6(2PDD(T)H] + 128 max {maxuw;.} (1+ log A )VSD(T)),
ie{1, s

by combining the Lipschitz bounds on the utility and the weighted entropic bidilated regularizer
(Theorem 34). Then, from Theorem 27 we tune,

1 ag 03 1
-0 p=0 4. T = log— ) ,
My ®<£>7 n ®<€3> @<a$a§ 0g6>

where / is the smoothness constant for the utility and o, o, are the softmax pPE moduli of the two
players. Invoking Theorem 43 for player 2 yields

PN 7 minpey pe(h)y3
Y HPB(1+ (B - 1)e2R)? )

and therefore, prior to relating R to the truncation level €,

o o T mimen pe(h)?4°
’ H]5(1 + (B — 1)e2R)* 3

Finally, using the explicit relationship between R and the minimum action probability (so that (1 +

(B — 1)62R)4 can be expressed as a polynomial in 1/¢) and simplifying constants leads to the
following convenient. And, subsequently,

. — 1
"y ®<20(T>(1+1og3),/|32D(ﬂ)’

. e (miny, pe(h))?e?
e 1% maxsc (1,2} 1877372 D(T)2 372 max{log Ajog B} (B—1)F 250(7) )

Finally, plugging the explicit expressions for o, , from above into the generic bound T =

o) (aéf; , 1Og%> yields the precise parameter dependence
Ty

C (BHP (A (A-DSR) 1+ (B-1)e2R) 1
= @< 73 (minpepy pre(h))3 0 e )

Using the relationship between R and the minimum action probability to upper-bound (1 + (A -
1)e*f) and (1 + (B — 1)e*f) by polynomials in 1/ and then substituting the tunings of v, 7, & we
obtain an explicit dependence on the game parameters. Writing S := max{|S; |, |S2|} and using the
smoothness estimate /gofmax together with the truncation relation &, a straightforward calculation
yields

T—6 23D(T) D(T)3 |H|2S%1/% (max{ A, B})'? max{log A, log B}°
a e!8(minpey pe(h))? '

As in the direct-parametrization case, we now quantify the effect of stochastic gradients. For
softmax-parametrized policies, Theorem 47 shows that the REINFORCE estimator (combined with
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the estimator for the entropic bidilated regularizer) is unbiased and has bounded variance per-trajector
with 02,07 < © (D(T)? 4 727 (7)) = O (D(T)?). We will control the stochastic error using
mini- batches

Substituting these into Theorem 27 with the softmax pPL moduli from Theorem 43,

_of T minnen pe(h) 7 _of T minnen pre(h) 7’
Iu’$ - 2 b ,U’y - 2 )
|H[|3(1 4 (A —1)e2F) |H|3(1 4 (B — 1)e?l)

the stochastic error terms are controlled by

& <o (T [P (1 +
My, — MTmlnheH pic(h
(o2 Co (2D(TPeHP (1+(A B —1)e2R)*!
Mpgp2 ~ M3 (mthH uc(h))379 '

Requiring each to be at most € gives the condition

o (Dm? I (1+(A—1>e2R)2> 7

eTminpew pe(h) 3

M=
A o (D(T)2£|7-L|9 (1+(a-1)e2r)’ (1+(B1)62R)4>

e7? (minp ey pe(h))® 9

The second term dominates for small €, so it suffices to enforce

M > @(D(TW [HP (1L+ (A= 1)e2R)* (14 (B - 1)62R)4> |

€73 (minpey pre(h))3+°

To relate the dependence on R to the truncation level, we use Theorem 38, which implies that if the
minimum action probability under the softmax parametrization is at least ¢, then 1-+(A—1)e?® < %,
and1+ (B—1)e*? <1 so

(1+(A— 1™ (14 (B - 1)e*P)! < eiﬁ

Combining this with /-smoothness from above yields the bound

M2®< D(T)*¢|H[° >

€73 (minpey pe(h))? 77 €°

Finally, we denote S := max{|S1|, |S2|} and substitute the terms ~, 7, , together with the definition
of /, a direct calculation shows that it is sufficient to choose

1 24P(T) D(T)? |H|°S19/2(max{A, B})'2(max{log A, log B})*
M == @ TQ . 3 ‘
(minpey pe(h))
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G.3. Natural Policy Gradient

G.3.1. THE FISHER INFORMATION MATRIX

F(X) = By oBamr,(1s) |V 108, my(a]3)[Vy log my(als)]T]

The matrix F(x) is a blog diagonal matrix with its (s, s)-block being the matrix:
F.(x) = 4% (s) (diag(my(s)) = m(s)my(s)T)

Its pseudo-inverse, F1,is again a block-diagonal matrix, with an (s, s)-block,

Fi(0) = sy (dem ()~ mom(s)7) -

Interestingly, the matrix Z := FiJ softmax (X ) 1 a block-diagonal matrix with entries ml‘ As|x| A
on diagonal (s, s)-block.

The spectrum of the Fisher Information Matrix With the same arguments used in Theorem 35,
we can conclude that,

* Anin(F(x,0)) =0;
e 2T

min

(Fs(x,0)) > dx’g(s) min, my (als);

. %5 < Amax (FS(X’ 9)) <L

Hence,

e\t

min

(F(x,0)) > ming 4 dx’9<3>7rx(a’3);

. 1 1 <
ming T < Amax (F(x,0)) < 1.

While, d¥?(s) > ﬂﬁmﬁiih'fc(h) by Assumption 2.

Theorem 51 Alternating natural policy-gradient algorithm with softmax policy parametrization
and the entropic bidilated regularizer converges in expectation in the last-iterate to an e-Nash equi-
librium after a number of iterations T, that is

? minpey He

1
T'= g poly (% [, A, B, 22T, e 1S, ’SZD ’

Proof This theorem is again an application of Theorem 27, now in its Mahalanobis form. For
natural policy gradient, the updates are mirror-descent steps with a Mahalanobis metric induced
by the Fisher information matrices, so we run Alt-GDA with M, ; = F,(x¢,6;) and M, ; =
F9 (Xt7 et) .
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By Theorem 44, for a general positive-semidefinite metric matrix M the game satisfies a two-sided
Mahalanobis pPL condition with moduli

_— 7 mingey pe(h) v
Ay = O 2 )
Amax(M~1) [H]3 (1 + (A — 1)e2R)

Y 0o T mingey pie(h) 73
Oy = - 5 |-
Amax(M~1) [H[3(1 + (B — 1)e2R)

When we specialize M to the Fisher information matrices, the spectrum bounds in the previous
subsection together with Assumption 2 and the truncation assumption imply

2 mi h 2 - h
N (B (.0) 2 0 () 2 T2

and hence, over the image of the Fisher matrices,

» 1 _ [#]”
)‘maX(Fx 0 9))’ )‘maX(Fe (X’Q)) a 0(72 minpey Mc(h)5> '

Substituting these bounds for Ayay (M 1) into the expressions above yields Mahalanobis pPt. mod-
uli

Ay =

' _@<T<mmhem<h>>%5e> 5 :@<T<minhem<h>>2v%>.
H5(1+ (A —1)e2R)* ) Y IH[5(1+ (B — 1)e2R)?

The Mahalanobis version of Theorem 27 prescribes stepsizes (up to constants)

VA B a: B 1
e @<z/> ’ e @<£'3A%nax> ’ ' @<amag ez )

where /' is the smoothness constant of the objective under the Mahalanobis metric and Ay =
max Amax (Mftl) We use the same Euclidean smoothness constant {sf;max as in the softmax-parametrized
policy-gradient case. By the “Smoothness Relative to the Mahalanobis Distance” lemma,

2
El esoftmax < ¢ softmax ’ H |

- Afin(My) ™ y?mingey pe(h) e’

so overall ¢ and Ay« contribute polynomial factors in |#H|, 1/7, 1/ miny, u.(h), and 1/e.

As in the softmax-parametrized policy-gradient case, we relate equilibria of the truncated, reg-
ularized, exploration-perturbed game to equilibria of the original game. An e-NE of the perturbed
game is an ¢ -NE of the unregularized game with

e — O(e + v+ Tig%%}é} |8;12PT) max{log A, log B} + Eig{li};} |S;|(max{A, B} — 1)2)7

so, as before, we choose
* 7 =0(e);
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_ € .
*7=0 max;c 1 21 |Si|2P(T) max{log A,log B} )’
€{1,2}

"e=9 (maxie{l,z} \si|<€max{A,B}71)2>'
Combining these tunings with the expressions for &, &, the effective smoothness ¢/, and the
generic iteration bound T' = ©(¢" /(&) log(1/¢)) yields

T-6 <2GD<T>,D<T>3|%21si3a/ﬁ<max{A, B}>24<max{logA,1ogB}>6>

€36 (minheH Mc(h))g
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