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Abstract

In this paper, we investigate one of the most fun-
damental non-convex learning problems—ReLU
regression—in the Differential Privacy (DP) model.
Previous studies on private ReLU regression heav-
ily rely on stringent assumptions, such as constant-
bounded norms for feature vectors and labels. We
relax these assumptions to a more standard setting,
where data can be i.i.d. sampled from O(1)-sub-
Gaussian distributions. We first show that when

€= O~(1 / %) and there is some public data, it is

possible to achieve an upper bound of O(NdT;) for
the excess population risk in (g, §)-DP, where d is
the dimension and NN is the number of data samples.
Moreover, we relax the requirement of € and public
data by proposing and analyzing a one-pass mini-
batch Generalized Linear Model Perceptron algo-
rithm (DP-MBGLMtron). Additionally, using the
tracing attack argument technique, we demonstrate
that the minimax rate of the estimation error for
(¢, 6)-DP algorithms is lower bounded by Q(NdT; ).
This shows that DP-MBGLMtron achieves the op-
timal utility bound up to logarithmic factors. Ex-
periments further support our theoretical results.

1 INTRODUCTION

Privacy preservation has become a critical consideration,
posing a significant challenge for machine learning models
that process sensitive data. To address this issue, Differential
Privacy (DP) [Dwork et al.l|2006]] has emerged as a widely
used approach, providing verifiable protection against iden-
tification and resistance to any auxiliary information that
attackers might have.
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Stochastic Optimization (SO) and its empirical counterpart,
Empirical Risk Minimization (ERM), represent some of
the most fundamental challenges in machine learning and
statistics, which are especially susceptible to privacy leaks
when involved with sensitive data. Therefore, significant
efforts have been made to develop differentially private algo-
rithms tailored to these challenges, specifically referred to as
DP-SO and DP-ERM. Although there is an extensive body
of research on DP-SO and DP-ERM [Bassily et al.| 2014,
Wang et al.| 2017}, [2023b, [Feldman et al.| 2020, |Song et al.
2020, |Su and Wang], 2021}, |Asi et al., [2021], Bassily et al.}
2021bl |Kulkarni et al.,[2021}, |Hu et al.} 2022} Zhang et al.}
2025/ |Su et al.| 2024} 2023]), the majority of existing studies
primarily focus on convex loss functions. This focus inadver-
tently neglects the crucial role of nonconvex optimization,
which is essential for the development of advanced machine
learning models. Recent progress has introduced algorithms
for DP nonconvex optimization [Zhang et al.| 2017, Wang
et al.,[2017,/2019} Wang and Xu, 2019a,|Zhang et al.| 2021}
Bassily et al.} [2021a, [Wang et al.| 2023cl [Wang and Xul
2024]]. However, unlike the convex loss function, DP-SO
with non-convex loss is still far from well-understood due
to its intrinsic difficulties (see Section 2] for details).

ReLU regression, a fundamental non-convex model, is
widely recognized for its effectiveness in deep learning
applications and serves as a foundational step toward un-
derstanding multi-layer neural networks [Du et al.| 2018]].
Despite the extensive studies in the non-private setting that
have been conducted, the theoretical exploration of ReLU
regression in the DP model remains relatively limited. Par-
ticularly, in DP ReLU regression, we have an /N-size dataset
D = {(x;,4:)}N,", where each data point consisting of a
feature vector x; € X C R%and a response variable y; € )
is i.i.d. sampled from a ReLU regression model. Specifically,
each pair of (x;,y;) is a realization of the ReLU regression
model

y = ReLU(x " w.) + 2, (1)

where ReLU(-) := max{-,0}; z is a zero mean random-
ized noise; w, € R% is the optimal model parameter.



The objective of the problem is to develop a DP model
Wpriv that minimizes the excess population risk, defined as
L(Wpriv) — L(w,), where the risk function £(w) is given
by:

1
L(w) = 5B y)np[(ReLUX W) — )7 ()

Recently, Shen et al.| [2023]] explored DP ReL.U regres-
sion in both well-specified and misspecified settings, yet
the problem remains largely unexplored, with numerous
challenges yet to be addressed. Specifically, their methods
rely on stringent assumptions, including bounded norms
for feature vectors and labels, with ||x|l2 < O(1) and
ly]| < O(1)—assumptions that do not hold even for typical
Gaussian distributions. Even when ||x||z < O(+/d) such as
Bernoulli or uniform distributions, the bound in|Shen et al.
[2023] is only sub-optimal (see Remark 4 and Theorem(7]for
details). Moreover, their proposed differentially private pro-
jected gradient descent (DP-PGD) requires at least O(N?)
gradient computations, rendering it inefficient.

In this paper, we revisit the problem of DP ReLU regression
and offer (nearly) optimal guarantees for excess population
risk under more standard assumptions where the data can be
i.i.d. sampled from O(1)-sub-Gaussian distributions. Our
contributions can be summarized as follows:

1) We provide the analysis on the Differentially Private Gen-
eralized Linear Model Perceptron algorithm (DP-GLMtron),
which utilizes a one-pass training strategy where data points
are permuted and sampled without replacement. To make
the gradient norm bounded, instead of using a fixed clipping
threshold, we incorporate adaptive clipping by estimating
from additional public data points. This allows the noise to
be set adaptively based on the excess error in each iteration.
We demonstrate that our (g, §)-DP method can achieve an

excess population risk upper bound of O(NdT;)

2) Key concerns with the analysis of DP-GLMtron include
that its upper bound only holds with a small privacy bud-
log(N/9)

get ¢ = O(y/ ==§) and its reliance on additional pub-

lic data for the adaptive clipping mechanism. To address
these limitations, we modify DP-GLMtron to introduce a
new method—DP-MBGLMtron (DP-Mini-Batch General-
ized Linear Model Perceptron)—which divides the data
into mini-batches and performs one pass of the mini-batch
GLMtron. We show that DP-MBGLMtron can achieve the
same excess population risk upper bound as DP-GLMtron,
even with larger privacy budgets and without available pub-
lic data.

3) To illustrate the tightness of our analysis, we derive a
lower bound of the estimation error for any (e, §)-DP al-
gorithms. Specifically, our analysis uses a tracing attack
argument, illustrating that estimators with overly precise
estimates would compromise privacy guarantees. According

to this property, we can establish that any such algorithm

. . . 2 . . .
must incur an excess population risk of (%), indicating

that the upper bound is optimal up to logarithmic factors.

2 RELATED WORK

Private Convex Optimization. Differentially private con-
vex optimization has been extensively studied over the past
decade|Chaudhuri et al.|[2011]], Jain et al.|[2012]], Kifer et al.
[2012]], Bassily et al. [2014], Jain and Thakurta [2014],
Wang et al.| [2017]], [Feldman et al.| [2020]. Existing ap-
proaches in this field can broadly be categorized into three
main categories: output perturbation, objective perturba-
tion, and gradient perturbation. Output perturbation ensures
differential privacy by adding calibrated noise to the final
model parameters [Dwork et al.| [2006], (Chaudhuri et al.
[2011], Kifer et al.| [2012]], [Zhang et al.| [2017]], Wu et al.
[2017]]; Objective perturbation modifies the optimization
objective itself by injecting noise into the loss function be-
fore solving the problem, thereby inherently privatizing the
optimization process (Chaudhuri et al.|[2011]], Kifer et al.
[2012], Talwar et al.|[2014], Iyengar et al.| [2019]]; Gradi-
ent perturbation privatizes iterative optimization algorithms
(e.g., stochastic gradient descent) by perturbing the gradi-
ent updates at each iteration Bassily et al.|[2014], Wang
et al|[2017]], Jayaraman et al.|[2018]],[Wang and Xu|[2019a],
Bassily et al.| [2019]]. All of these approaches have been
demonstrated to achieve the asymptotically optimal bound

O(%) for smooth convex loss.

Private Nonconvex Optimization. In the domain of DP-SO
and DP-ERM with convex loss functions, excess popula-
tion risk has traditionally been the main metric for utility
evaluation. However, in non-convex settings, utility assess-
ment methods generally fall into three categories: first-order
stationarity-based, second-order stationarity-based, and di-
rect measurement of excess population risk. First-order
stationarity-based methods [Wang and Xul [2019a, [Zhou
et al.,[2020, [Song et al., 2021} Bassily et al., 2021a} |Zhang
et al.| 2021} Xiao et al.| 2023} Wang et al., 2023al Tao et al.,
2025 evaluate utility by analyzing the ¢>-norm of the gradi-
ent of the population risk function. While widely adopted,
these methods face notable challenges. For example, |Agar{
wal et al|[[2017]] showed that as the sample size increases
indefinitely, the gradient norm approaches zero. However,
a vanishing gradient does not necessarily indicate that a
differentially private estimator converges to, or is near, a
local minimum. Second-order stationarity-based methods
[Wang and Xu, [2019a}2021]] assess both the gradient norm
and the minimal eigenvalue of the Hessian matrix of the
population risk function. These approaches work well in
specific settings where any second-order stationary point is
a local minimum, and all local minima are global minima,
such as in problems like matrix completion and dictionary
learning. The third category directly uses excess population



risk to evaluate utility [Shen et al., 2023} Wang and Xul
2019al], which aligns with the focus of our work.

One of the concurrent works, |Ding et al.l addresses the same
private ReLU regression problem with similar assumptions,
but our work differs significantly in several key aspects,
including threshold estimation, privacy amplification tech-
niques, theoretical bounds, and data assumptions. Specifi-
cally, Ding et al.|uses a threshold estimation method based
on Liu et al| [2023b] and a tree aggregation mechanism
for privacy amplification, whereas we leverage statistical
properties and minibatch sampling. Additionally, the theo-
retical results in Ding et al./include an upper bound with a
term I dependent on unknown intermediate parameters wy,
while our results depend only on the problem parameters
d,n, and e, making them more natural. Furthermore, the
lower bound in |Ding et al.|is algorithm-specific and relies
on intermediate models, whereas our lower bound is gen-
eral, depending solely on d, n, and €, and achieves nearly
optimal rates. Finally, [Ding et al.|assumes the eigenvalue
decomposition of the data covariance matrix is well-defined,
which our approach does not require.

3 PRELIMINARIES

Notations: We use boldface lower letters such as x, w for
vectors and boldface capital letters (e.g., A, H) for matrices.
Let ||A]|2 denote the spectral norm of A. For two matrices
A and B of appropriate dimension, their inner product is de-
fined as (A, B) := tr(A " B). For a positive semi-definite
(PSD) matrix A and a vector v of appropriate dimension,
we write ||v||3 := v Av. The outer product is denoted by
Q.

In this paper, we will employ the definition of classical DP
Dwork et al.|[2006] for privacy guarantees.

Definition 1 (Differential Privacy [Dwork et al.|[2000]). A
randomized algorithm A is considered (e, 0)-differentially
private (abbreviated as (g,0)-DP) if, for any two datasets
D and D’ that differ by a single element, and for any event

S in the output space of A, the following condition holds:
PlA(D) € S] <ef -PlA(D') € S|+ 46

In the following, we will introduce some definitions related
to the model. We first consider the ReLU regression model
to satisfy the following condition, which is commonly re-
ferred to in the literature as the "noisy teacher" setting |Frei
et al.| [2020] or the well-structured noise model [[Goel and
Klivans, [2019], has been extensively studied in prior re-
search [Zou et al., 2021}, [Varshney et al., 2022} [Shen et al.|
2023].

Definition 2 (Well-specified Condition). Assume that there
exists a parameter w, € R? such that Ely | x| =

ReLU(x"w.), and the variance of the model noise can
be denoted by o* :=E [(y — ReLU(x ' w..))?] .

Moreover, we give some assumptions on the data to ensure
the analysis of algorithms.

Assumption 1 (Data Covariance). Define H := E[xx "] as
the expected data covariance matrix and assume that each
entry and the trace of H are finite.

Assumption 2 (Fourth Moment Conditions). Assume that
the fourth moment of x is finite and there exists a constant
« > 0 such that for any Positive Semi-Definite (PSD) matrix
A, the following holds:

Elxx'Axx"] < a-tr(HA) - H.

Remark 1. For normal Gaussian distribution, it can be ver-
ified that Assumptionholds with o = 3Zou et al.| [2021]].
Moreover, when the data follows a sub-Gaussian distribu-
tion—more precisely, when x = H*%z, where z is a sub-
Gaussian random vector with variance o2—Assumption
remains valid with o = 1602 [Wang and Xul, 2019b, |Varsh{
ney et al., 2022, [Zhu et al., [2023] 2024] |L1u et al., [2023b),
Ding et al., [2024].

Definition 3 ((H, C5, a, b)-Tail). A random vector x satis-
fies (H, Cy, a, by )-Tail if the following holds:

e da > 0 s.t. with probability > 1 — by,

)13 < E[lIx13] - log>*(1/bx), 3)
e We have,
(%, v)[? 1/2
max Elexp((=5==—)"%%)] <1,
villvi=1 : ((CSIIHHz) )

That is, for any fixed v, with probability > 1 — by:
((x,v))* < CZ|[H[2|[v|]* log®* (1 /bx).

Definition 3| has been extensively employed in recent stud-
ies on differential privacy analysis for sub-Gaussian data,
as seen in [[Varshney et al.| 2022} |Liu et al., 2022, 2023al].
In this work, we assume that each sample x satisfies the
(H, Cs, a, by )-Tail condition, while the inherent noise z
satisfies the (02, O3, a, by )-Tail condition. Furthermore,
based on Assumption [2| it directly follows that ||x||3 <
atr(H) - log®*(1/by) with probability at least 1 — by, as
shown in Equation (3).

Assumption 3 (Symmetricity conditions). Assume that for
every u,v € RY, iz holds that:
Exx" - 1[x"u>0,x"v > 0]
=E[xx' -1[x u<0,x v < 0],
E[(x"v)*’xx" - 1[x"u> 0,x"v > 0]]
=E[(x"v)*’xx" - 1[x'u<0,x"v <0].
Remark 2. Here, we impose the assumptions that both
the second and fourth moments of x exhibit symmetry. As-
sumption [3|is satisfied when x and —x follow the same
distribution. This condition naturally holds for symmetric

sub-Gaussian distributions, including symmetric Bernoulli
and Gaussian distributions.



4 DP-GLMTRON ALGORITHM

Before presenting our analysis on DP-GLMtron, we first
recall the proposed DP-PGD algorithm in [Shen et al.}|2023].
The central principle of DP-PGD in ensuring privacy pro-
tection involves adding noise to the gradient and execut-
ing a projection operation post-model update. This pro-
cess ensures that the model parameter w remains bounded,
thereby keeping the gradient within manageable limits as
well. However, this method leaves several unresolved issues.
Primarily, their algorithm assumes that the data are bounded
with ||x]|2 < 1, which enables the control of the gradient
VL(w) = (ReLU(x"w)—y)x-1[x"w > 0] via the model
w its subsequent projection. If the data exhibit O(1)-sub-
Gaussian properties, then we can see ||VL(w)|| < O(d)
(with high probability), which means the Gaussian noise
added in each iteration has a scale of £2(d?), making a large
estimation error (see Remark [4] for a detailed comparison).
Additionally, it is noticed that at each iteration, DP-PGD
requires computing a full gradient. This process is highly
costly and inefficient, particularly in settings involving large
datasets or high-dimensional data.

To address the above-mentioned challenges, we consider
the DP-GLMtron method built upon the Generalized Linear
Model Perceptron (GLMtron) algorithm of [Kakade et al.,
2011]] with a one-pass strategy. The fundamental distinction
between SGD and GLMtron lies in their respective update
rules. Specifically, it takes the following rules:

SGD: Wi =W¢_1—10" lt
I = (ReLU(x/ wy_1) — ya)x:
GLMtron: w; =wy_1 —17)- (ReLU(xtth_l)

where x/) w1 > 0]

- yt)xt~

The algorithm begins from an initial point w and iterates
fromt = 0tot = N — 1 with a step size 7. In contrast
to the typical update rule of SGD, GLMtron diverges by
modifying the derivative of the ReLU function in its update
mechanism. The exclusion of this derivative in GLMtron’s
framework not only simplifies the computational process
but also enhances efficiency. Furthermore, [Kakade et al.,
2011]] demonstrates that this specific omission significantly
contributes to GLMtron’s ability to efficiently identify a
predictor that closely approximates the optimal solution.
Building upon these foundations, we now present the de-
tailed implementation of the proposed DP-GLMtron. The
process starts with a random permutation of the dataset to
amplify privacy via shuffling [Feldman et al.| [2022]. In con-
trast to|Shen et al.| [2023]], our method adopts the one-pass
DP strategy without data replacement, ensuring that the time
complexity is linear in N and each iterate of model w, is
independent of data x;. See Algorithm [I]for details.

A critical step in our approach involves determining the
clipping threshold prior to the iterative updates for w;. An
excessively low clipping threshold can result in the loss of
important gradient information, leading to high bias McMa4{

Algorithm 1 DP-GLMtron

1: Input: Samples: {(x;,y:)} ", Clipping Norm: &, DP
Noise Multiplier: f, Learning Rate: 7, Public Data
D' = {x,y})}™,, Parameters T, A

2: Randomly permute {(x;, yz)}f\iol

3: Initialize wg < 0

4: fort=0,...,N —1do

5: sy < DP-Threshold({(x}, y)}1™ 1, w, T, A)

6:  Sample gy ~ N (0,I4%4)

70 wipg < wy —n(clip,, (x/) (ReLU(x/ wy) —y¢)) +
2fsi8t)

8: end for

9 return w + & SN 1w,

han et al.[[2017], Amin et al.|[2019]]. Therefore, we employ
an adaptive clipping by estimating additional public data
points /Andrew et al.|[2021]], |Varshney et al.| [2022]. Specifi-
cally, Algorithm@] sets the initial threshold sg, which seems
to be a threshold that will be iteratively refined to find the
approximate maximum. The loop runs for [log,(T/A)]

iterations, covering a range of possible maximum values
scaled by the parameter Y and the discretization width A.
In each iteration, the Algorithm E] counts the number of
samples for which the value | ReLU(x, w;) — y;)| is less
than or equal to the current threshold s,. If the private count
is less than the sample size of public data m, the thresh-
old is updated for the next iteration to double of its current
value. If the count meets m, the Algorithm [2]exits the loop.
When determining the clipping threshold, the model updates
via the classical Gaussian mechanism. Finally, Algorithm ]|
returns to the average of the iterates.

Algorithm 2 DP-Threshold

1: Input: Estimating Samples: {(z},y})}/>,, Current
Model: w, DP Noise Multiplier: f, Domain Size: T,
Discretization Width: A

2: S0+ A

3: fori € {0, .. ﬂogg( /A )]}
4w« |{|ReLU(x w)—y;| <s;:5€A{0,...,m}}
5. if Estimating samples are public then
6: Upriv —Uu

7:  else

8: Upriv < u + N(0, [log,(T/A)]f?)
9: endif

10:  if upg, < m then

11: Si41 2x%x8;

12:  else

13: break

14:  endif

15: end for

16: return sy, < S;




Theorem 1 (Privacy Guarantee). DP-GLMtron satisfies
(€, 8)-DP with a noise multiplier set to f = Q(log(N/5 ) if

5:O(\/M)and0<6<1.

Remark 3. Note that the privacy budget is limited to

e = 0(y/ W) because of privacy amplification via
shuffling in Feldman et al.| [2022]. If there is no shuf-
fling, plainly using the Gaussian mechanism will make
f= Q(M). Thus, privacy amplification can improve
a factor of O(v/N). However, this highlights a key limita-
tion in DP-GLMtron: as the dataset size N increases, the
algorithm is constrained by a smaller privacy budget ¢.

Theorem 2 (Utility Guarantee). Let D = {(x;,y:)} "
be sampled i.i.d. with x; ~ D satisfying (H, Cs, a, bx )
Tail, and the distribution of the inherent noise z satisfies
(02, Cy, a, by )-Tail with by = P{)l}(N) Let x be the con-
dition number of the covariance matrix H and denote
R2 = atr(H) - log®*(1/by).

Initialize parameters in DP GLMtron as follows: stepsize
n= min{ﬁ, log(‘l}l = C2R2K2 . df2} where c1,co > 0 are
log(N/9)
evVN
size T = CoR,(|w*||u + 0)log® N, granularity A =

global constants, noise multiplier f = Q( ), domain

7”%1]1‘(}1[\?)_0’ public datasize m = Q(log N/3) V%(Nlog N))

Then, the output W of DP-GLMtron achieves the following
excess risk wp. > 1 — 1/Poly(N) over randomness in data
and algorithm:

[w.llfy | o%d
¥ < NY*IH v w
LW S Poly(N) N

d2 log N'log(1/9)
N222

L(w) -

- C2k%(0?

Remark 4. Theorem [2]provides a utility guarantee for the
DP-GLMtron algorithm, balancing privacy and performance.
The excess risk is composed of three key components: The
first component, dependent on ||w.]||?;, diminishes poly-
nomially in N. The second component corresponds to the
inherent model noise, achieving the optimal rate (up to a
constant factor) for non-private ReLU regression as estab-
lished by Wu et al.| [2023]]. The third component is of the
order O(+% N 2) For N = Q(d), the bound implies nearly
optimal sample complexity, further supported by the lower
bound derived in Section[6] disregarding constant factors.

Compared to [Shen et al.| [2023], our analysis here relax
the data assumption ||x||2 < 1. If we assume that ||x||s <
O(V/d), via the same analysis as in|Shen et al.| [2023], we
can show the utility bound will be O( dj\‘,/g L (55) i),
which is worse than the one in Theorem

+ wlf)-

S ADVANCED
DP-MINI-BATCH-GLMTRON

A key concern with the DP-GLMtron algorithm is its limited
practicality where the privacy budget ¢ is small, potentially
restricting its utility in real-world applications (see The-
orem [I] for more details). Furthermore, Algorithm [T] may
require additional public data to estimate the threshold. To
overcome these challenges, we introduce DP-Mini-batch-
GLMtron (Algorithm 3) in this section.

Specifically, the algorithm first operates by randomly par-
titioning the training samples {(x;,v:)}~ ', and setting
the number of iterations 7' = N/(b + m), where b and m
are batch sizes and estimating sample size for determining
the threshold. It is worth noting that, in this approach, a
separate public dataset is not required to estimate the clip-
ping threshold. Instead, we divide each batch of data and
use a portion of it as the estimation data for the threshold.
Therefore, in each iteration, the algorithm processes a mini-
batch of data with size m and computes the DP-Threshold
~¢ using estimating samples {(x}, y.)}/,, and updates the
clipping parameter s;. In contrast to DP-GLMtron, we need
to protect the counting numbers during the estimation pro-
cess as we are using private data. Noise g, is sampled from
a Gaussian distribution and added to the gradient step for
privacy preservation. The model weights are updated using
step[9} where I, is the averaged clipped gradient. After
iterating 7" times, the final weight estimate w is returned as
the average of all weight updates.

Theorem 3. Algorithm DP-mini-batch-GLMtron with noise
inlog(;/é)% satisfies (¢,8)-DP. Further-

multiplier f >

more, if ¢ < log(1/0), then f > 7”81.5(1/6) suffices to
ensure (g,9)-DP.

Theorem [3| addresses the limitations of the DP-GLMtron
algorithm, particularly requiring a small privacy budget ¢,
which can severely limit its utility in practical scenarios. By
processing a subset of data in each iteration, the algorithm
effectively reduces the sensitivity of the overall computa-
tion. This reduction allows for less noise to be added while
maintaining the same level of privacy, thus improving the
utility of the model.

Theorem 4. Let D = {(x;,y;)}1\ " be sampled i.i.d. with
x; ~ D satisfying (H, Cs, a, by )-Tail, and the distribution

of the inherent noise z satisfies (02, Co, a, b)-Tail with by, =
1
Poly(N)*

Initialize parameters in DP-MBGLMtron as follows: batch
size b = % — m, estimating sample size m = %,
appropriate stepsize 1 = O(%), number of iterations
T = O(klog(N)), domain size T = CoR.(||w*|lmg +

o) log?* N, granularity A = IWlato g noise multi-

Poly(N)
plier [ = 7W. Then, the output W achieves the



Algorithm 3 DP-MBGLMtron

1: Input: Training Samples: {(z;,v;)},", Learning
Rate: 1, DP Noise Multiplier: f, Expected x Norm:

atr(H), Parameters T, A

2: Initialize wg < 0 and sg < A

3: SetT « N/(b+m)

4: fort=0...7T — 1do

50 Sett(t) «+ (b+m)t

6: v <« DP-Threshold(D;, wy, f,T,A), where
D; = {(XT(t)+j7yT(t)+j)};n:_Ol

70 sy = y/2atr(H)Cylog®® N -, and add s, to the

list s

8:  Sample gy ~ N (0,I4%4)

9 Wy — Wy — nlyyg — 2f§t"gt, where l;,1 =
% Zf;é clip,, (Xr(t)+m+i(ReLU(X:(t)+m+th) -
y'r(t)-i-m-i-i))

10: end for

. — 1§71
11: return w := 1 ) ;" Wy

following excess risk with probability > 1 — 1/Poly(N)
over the randomness in data and algorithm:

[w.|lfy | o%d
* < IWHIH v«
LW S Py TN

d*log N log(1/6)
+ N2g2

L(w) -

To prove the utility, we have the following utility for the
DP-Threshold algorithm.

Theorem 5 (DP-Threshold). Suppose that DP-
Threshold is applied to m estimated data with
certain parameters {wy, Y, f,A}, Algorithm [2| sat-
isfies (¢/2,0/2)-DP with f > 27”%(61/6)%. Given
A = f/2log(Y/A)log(log(T/A)/bx), then with
probability at least 1 — by, Algorithm 2| outputs a private
threshold s, such that

o {|ReLU(x;] W) — i < Spriv 1 € {0,...,m}} >
m— A,

* {|ReLU(x/ w) — 35| < max{~ A} : i €
{0,...,m}} <m— A

Remark 5. We provide further details regarding the thresh-
old here. Suppose A = (flog N). With probability at
least 1 — 1/Poly(N), at least m — A data points satisfy the
condition| ReLU(x, W) — ;| < Spriv. According to Defini-
tion [3} and considering that w; is independent of X, (4) 5,
we have the following with probability > 1 — 1/Poly(V):

e 6y 45 (RELU((r 1) 5) T We) = Xr(ay )| < 5t

by setting s; = O(R,v; log® N) for all iterations. More-
over, recalling that A is the granularity of the search for the

- C3%(0” + || W)

approximate maximum threshold and Algorithm 2] will ter-
minate once most of the samples fit under the current guess
for ¢, meaning ~; will not exceed the current value plus the
granularity A. That is, v; < Cylog® N (V/k|wy — w*||m +
o+ A)and A = ”;,V(;yi}]‘v?’. The choice of A reflects the
granularity needed as the current weight approaches the
optimal one. Therefore, with probability > 1 — 1/Poly(V),
both events hold: 1) the threshold is not required for any
data point in its batch, and 2) the above condition on -, is
satisfied in each iteration.

6 LOWER BOUND

In this section, we demonstrate that the minimax rate of
the excess population risk for (e, §)-DP algorithms is lower
bounded by Q(N[.lf;), indicating that the bound mentioned
above is optimal up to logarithmic factors. To show this, we

consider the following class of distributions for (x, y):

P(o,d, W) = {P(x,y)|w € W, x ~ Uni([-1,1]%),

1 — ReLU(w "x))2 4
fw(y|X): \/%0' exp(i (y 620.2(“7 X)) }a

where W = {w € RY|[|w|s < 1}, and fi (y|x) is the
density function of y given w and x. Thus, for any (x,y) ~
P € P(0,d, W) we have y = ReLU(w 'x) + z, where
z ~ N(0,0%), and the covariate x satisfies Assumption
with o, 5 = O(1) and Assumption |3} It also satisfies
(14, C2, a,b)-Tail with some a,b = O(1).

Our lower bounds will be in the form of private minimax
risk. Let P be a class of distributions over a data universe
X. For each distribution p € P, there is a deterministic
function w(p) € W, where W is the parameter space. Let
p: W xW — Ry be a semi-metric function on the
space WWand ® : R, — R, be a non-decreasing function
with ®(0) = 0[T| We further assume that D = { X}, are
n i.i.d observations drawn according to some distribution
p € P,and W : XV — W be some estimator. In the (e, §)-
DP model, the estimator W is obtained via some (¢, §)-DP
mechanism Q. The (e, §)-private minimax risk is defined
as:

Mnp(0(P),®op) := inf supE, o[®(p(Q(D),w(p))],

QEQ: 5 peP
where Q. s is the set of all the (¢, §)-DP mechanisms.

To prove the lower bound, we aim to use the tracing at-
tack argument in [Cai et al., [2021]]. Specifically, a tracing
attacker attempts to construct an attack to detect the ab-
sence/presence of a sample x in a target dataset D by look-
ing at the (private) estimator M (D) for the dataset. If one

'In this paper, we assume that p(w, w’) = ||w — w’||s,, and
®(x) = x? unless specified otherwise, where Yx = I, is the
covariance matrix of x. Here, we do not omit Xx to make our
results consistent with previous results.



can construct a tracing attack that is powerful, given an accu-
rate estimator, an argument by contradiction leads to a lower
bound: suppose a differentially private estimator computed
from the target data set is sufficiently accurate, the tracing
adversary will be able to determine whether a given sample
belongs to the dataset or not, thereby contradicting with
the differential privacy guarantee. The privacy guarantee
and the tracing adversary together ensure that a differen-
tially private estimator cannot be "too accurate". In detail,
for a dataset D and a target sample (X, y), we consider the
following tracing attack:

Tw((x,), M(D)) = (M(D) — w, (y — ReLU(w

&)

x))x - 1(w'x > 0)).
We will first show that if (x,y) € D, then the attack value
is small; otherwise, it will be large.

Lemma 6. Consider D = (Y, X) = {(x;,y;)}}_, bei.id.
sampled from P € P(c,d, W) with the underlying w. For
every (g,0)-DP algorithm M satisfying By, x|w||M (D) —
w||3 = o(1) for all w € W, then we have the following:

1. For eachi € [n], denote D), as the dataset obtained by
replacing (x;,y;) in D with an independent copy, then
we have

ETw((xi, i), M(D;)) =0,
E[T((xi, 9:), M(D))| < 0 /E[M(D) — w3,

2. There exists a prior distribution of w for w supported
on W such that

Z ExEy xjw[Tw((xi,4:), M(D))] > Q(0?d).
i€[n]

Remark 6. Lemma [6] establishes a connection between
the accuracy of a DP estimator and the potential for
privacy breaches via tracing attacks. Specifically, when
(x;,y;) is independent on D}, we can control the vari-
ance of Ty ((x;,v:), M (D?!)), which is upper bounded by
a\/ E[M (D) — w/|j3,_. Moreover, if they are dependent,
then from part 2 we can see there exists w such that
Tw((xi,y:), M(D)) > Q(%) These results show that
when ||M (D) — w/|[3,_is small enough, then the attacker
can distinguish D} and D, making DP failed. Specifically,
we have the following result:

Theorem 7. For 0 < ¢ < 1 and § < N~(+% for some
u > 0, we have

inf Epwp,~ L(M(D)) - L(w)] >
Mln s [S)up D~p ,M[ ( ( )) ( )]
0'2d2

1 .
= inf SupEDNPNJ\,{[HM(D)_W”%x}ZO(W)'

4 MeQ. s peEP

Remark 7. Theorem|7]shows that under differential privacy,
if the estimator M is too accurate, it may inadvertently
leak information about the presence of specific data points.
Therefore, the mechanism must maintain the error rate of
O(NdT;), which aligns with our previous upper bound, thus
confirming the tightness of our results.

7 EXPERIMENTS

In this section, we present experimental results to validate
our theoretical findings. Due to space constraints, the de-
tailed experimental setup and implementation details are
provided in Appendix [A]

Datasets and Models. We conducted experiments using
three regression datasets: California Housing [Pace and
Barry, [1997]], Gas Turbine CO and NOx Emission DataSet
[lgasl 2019]], and Wine Quality [[Cortez et al., 2009]. The
information of three datasets used in our experiments is
summarized in Section [/} For each dataset, the data was
randomly split into an 80% training set and a 20% test set.
All numeric attributes were standardized to have a mean of
zero and a standard deviation of one. The target variables
were normalized by dividing them by the maximum abso-
lute value of the target variable across the entire dataset. The
model used for the experiments was ReLU regression, and
evaluations were performed under three different privacy
budgets with § = 1+, e = {0.05,0.2,0.5}. See Appendix
[Al for more details.

Table 1: Summary of Dataset Statistics.

Dataset Samples  Attributes
California Housing 20640 8
Gas Turbine CO and NOx Emission 36733 9
Wine Quality 4898 11

Implementation Details. We implemented DP-SGD, DP-
GLMtron, and DP-MBGLMtron for regression tasks, tun-
ing hyperparameters to ensure fair comparisons. Specifi-
cally, we set the learning rate to 0.01 for DP-SGD and DP-
MBGLMtron, while DP-GLMtron used a higher learning
rate of 0.05 to account for its single-pass training strategy.
Each model was trained for 500 epochs to allow sufficient
training progress, with DP-MBGLMtron utilizing a mini-
batch size of 32. To ensure the robustness of our findings,
every experiment was repeated five times, and the average
performance was reported along with standard deviations
where applicable. The experiments were conducted on an
NVIDIA A6000 GPU. Throughout the training, we moni-
tored the training loss, validation loss, and gradient norms to
track convergence and model stability under varying privacy
constraints.

Experiment Results. We evaluated the implemented algo-
rithms using two criteria: training loss and test loss, both
measured against the number of training epochs. We report
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Figure 1: Training loss over epochs for DP-SGD, DP-GLMtron, and DP-MBGLMItron on three regression datasets: California
Housing, Gas Turbine, and Wine Quality, under varying privacy budgets (¢ = 0.05,0.2,0.5)

the training loss here, with additional experimental results
provided in Appendix [A] From Fig.[T] we can see across
all datasets and privacy budgets, DP-MBGLMtron and
DP-GLMtron consistently outperform DP-SGD, achieving
lower excess risk and faster convergence. These results indi-
cate that the minibatch approach in DP-MBGLMitron is par-
ticularly effective under strict privacy constraints, improving
both stability and performance in differential privacy set-
tings. The minibatch strategy in DP-MBGLMtron allows
for more frequent gradient updates, which helps mitigate
the negative effects of privacy-induced noise and stabilize
training. In contrast, DP-SGD struggles with convergence,
particularly at smaller privacy budgets (e.g., ¢ = 0.05).
In Figures [Ta{{Tf] the excess risks remain high or do not
decrease as effectively as with DP-MBGLMtron and DP-
GLMotron, highlighting DP-SGD’s limitations in maintain-
ing performance in the ReLU regression model.

8 CONCLUSION

In this work, we revisited differentially private learning in
the ReLU regression model under standard assumptions of
i.i.d. data from O(1)-sub-Gaussian distributions, presenting
nearly optimal guarantees for excess population risk. We
introduced and analyzed two algorithms: DP-GLMtron and
DP-MBGLMtron. DP-GLMtron leverages adaptive gradient
clipping derived from additional public data, achieving an
excess risk upper bound of O(NdT;) To mitigate its limita-
tions regarding privacy budgets and public data dependence,
we proposed DP-MBGLMtron, which uses mini-batching
to eliminate the need for public data and supports larger
privacy budgets without compromising performance. Addi-
tionally, we established a matching lower bound through a
tracing attack, confirming the tightness of our theoretical
results. Empirical evaluations on regression tasks further
validated our theoretical insights.
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A ADDITIONAL EXPERIMENT

Datasets Information. The information of three datasets used in our experiments is summarized in Appendix

Table 2: Summary of Dataset Statistics.

Dataset Samples Attributes
California Housing 20640 8
Gas Turbine CO and NOx Emission 36733 9
Wine Quality 4898 11

Experimental Results. Across all datasets and privacy budgets, DP-GLMtron and DP-MBGLMtron consistently outperform
DP-SGD. The two methods converge faster and stabilize at test loss, suggesting that they are more effective at maintaining
performance while adhering to privacy constraints. The trend holds consistent across varying privacy budgets (¢ =
0.05, 0.2, 0.5), further highlighting the robustness of our approaches.

Computing Infrastructures. The information of training configuration used in our experiments is summarized in Table 3]

Table 3: Hardware and Software Configuration.

Components Details

Operating System Ubuntu 16.04.6

CPU AMD EPYC 7552, 48-Core Processor
CPU Memory 1.0TB

GPU NVIDIA RTX A6000
Programming Language Python 3.9.12

Deep Learning Framework Pytorch 1.12.1

To better illustrate our theoretical findings, we have added an additional experiment using synthetic data that satisfies our
assumptions. In this setting, we could observe that the excess risk is closely related to the privacy budget in the table[d]

B ADDITIONAL DEFINITIONS

Definition 4 (zCDP [Bun and Steinke|[2016]]). A randomized algorithm A is p-zCDP if for any pair of data sets D and D’
that differ in one record, we have D,(A(D)||A(D")) < pp for all p > 1, where D,, is the Rényi divergence of order p.
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Figure 2: Test loss over epochs for DP-SGD, DP-GLMtron, and DP-MiniBatch GLMtron on three regression datasets:
California Housing, Gas Turbine, and Blog Feedback, under varying privacy budgets (¢ = 0.05,0.2,0.5)

Definition 5 (Sub-Gaussian random variable). A zero-mean random variable X € R is said to be sub-Gaussian with
variance o*(X ~ subG(0?)) if its moment generating function satisfies E[exp(tX)] < exp (#) forallt > 0. Fora

sub-Gaussian random variable X, its sub-Gaussian norm || X ||, is defined as || X ||y, = inf{c > 0 : Elexp (f—;)} < 2}
Specifically, if X ~ subG(c?) we have || X ||, < O(0).
Definition 6 (Sub-Gaussian random vector). A zero mean random vector X € R® is said to be sub-Gaussian with variance

a? (for simplicity, we call it o*-sub-Gaussian), which is denoted as (X ~ subGg(0?)), if (X, u) is sub-Gaussian with
variance o? for any unit vector u € R,

C DP-GLMTRON
C.1 PRIVACY GUARANTEE

To guarantee the privacy of DP-GLMtron, we should first ensure that each step of DP-GLMtron is private.

c
o’

Lemma 8. Each update step of DP-GLMtron (Algorithm 1) ensures (£¢, do)-differential privacy, provided that | =
where ¢ > \/210g(1.25/0¢), and s; denotes the clipping norm.

Proof. We first consider {w,}~ ;!.



e DP-SGD DP-GLMtron DP-MBGLMtron DP-TAGLMtron

0.05 9.14 8.26 5.19 7.77
Train 0.2 6.40 547 4.40 4.90
0.5 5.77 4.83 4.38 4.55
0.05 9.74 8.74 5.63 8.06
Test 0.2 7.38 6.25 4.82 5.14
0.5 6.82 5.63 4.81 5.25

Table 4: Excess Risk (lower is better) under different privacy budgets.

Each update step (excluding the DP-noise addition) is of the form:
W1 < Wy — nclip, (xt(ReLU(x;rwt) —Yt)),
where clip,, (v) = v-max{1, Hjﬁ} Consequently, the local L sensitivity of w, ; is determined by analyzing the variation
in the ™ iteration data sample, as follows:
Az = [[Wipy — Wepal|
. T .

= || clip,, (x;(ReLU(x;  we) — y;)) — 7 clipg, (xe(ReLU(x/ wy) — 1)) |

< 20| clip,, (x¢ (ReLU (x; we) — y))l|

= 2nsy.

Moreover, denoting &’ = £o/+/8N log(2/do) and ¢’ = §p/(2N), according to Lemma 2.3 in[Karwa and Vadhan|[2017]], we
could know that {s;}¥ is (¢, 8")-DP.

O

Lemma 9 (Feldman et al.| [2022]). For a domain D, let R®) : f x D — SO fori € [n] (where S\ is the range space of
R ) be a sequence of algorithms such that R (z1.;_1,-) is a (o, d9)-DP local randomizer for all values of auxiliary
inputs z1.;—1 € S x .. x SV Let Ay : DN — SM) x ... x S be the algorithm that given a dataset z1.n € DV,
samples a uniformly random permutation T, then sequentially computes z; = R(?) (21:i-1, Tx(s)) for i € [n], and outputs
z1:N. Then for any § € [0, 1] such that g9 < 10g(m), A is (e,0 + O(e®dgn))-DP where ¢ is:

€0 log(1/9) N eco
Vn n

We are now prepared to prove the privacy of DP-GLMtron, utilizing the lemmas discussed above.

e = O((1— e )

Firstly, we reformulate the update rule into a sequence of one-step algorithms as follows:

R (ugur, (%,9)) 1= Wis1 = Wy(uo:) — nelipy, (Xn(e) (ReLUX] Wi (0:4)) = Ymiry)) — 2050 f 91,
where u denotes auxiliary inputs, and 7 (¢) represents the sample at the ¢-th iteration after randomly permuting the input

data.

From Lemma each R+ (ug.q, -) is a (9, dp)-DP local randomizer algorithm, where g < log(ﬁ(z/ls\))' The output of
DP-GLMtron is derived through post-processing of the shuffled outputs u;,; = R(¢+1) (ug.t, (x,y)) fort €0,...,N — 1.

Therefore, by Lemma@ Algorithm DP-GLMtron adheres to (£, + O(e?6, N ))-DP, where:

~

olog(1/D) e
JN N

Assuming g9 < %, we can infer the existence of some constant ¢; > 0 such that:

E=O((1— e )

~

F< (1 - ey LB e

< N I



~

<ep - ((680/2 _ 6—60/2) % + (50 — 1)%)
< (((1+20) — (1 - 2o/ B 4 (@14 220) - 1)) ©®

-~

. '60(% log(1/3) _ 2,

N N

By setting f = V21oa(1:25/%0) 5, Lemma we ensure that each update step of DP-GLMtron independently satisfies

€0
210g(1.25/50)
f

(€0, 90)-DP, based on standard Gaussian mechanism. Replacing ey = , we obtain:

~

o \/210g(1.25/30) log(1/3)

g S C1 (7)
VN
To satisfy overall (e, §)-DP, set 5 = g, and 6g = ¢ - eELN for some constant co > 0. From this, we have:
~ 21 -1.25 - eEN/6) - log(2/5
ooy V/2108(er 135 ENJB) -log(2]0) "

B VN

. o 4/ lo o) . ~
For any ¢ < 1, setting f = c3 - ! i(\J/VN/é) > c3 : g(]\;/j)ﬁl e1/9 for a sufficiently large c3 > 0O ensures that € < e.
Additionally, to fulfill Lemma@s assumption, g9 < % must be satisfied, which is attainable by setting € = O(4/ %).

This implies that for f = Q(%), DP-GLMtron achieves (¢, )-DP as long as e = O( W), thereby completing

the proof.

C.2 UTILITY GUARANTEE
Here we first provide several auxiliary results that will be used in our DP-GLMtron utility bound.
Assumption 4 (Moment symmetricity conditions Wu et al.| [2023]]). Assume that
(A). Foreveryu € Hi, it holds that
Exx" - 1[x"u> 0] =E[xx" - 1[x"u < 0]
(B). Foreveryu € H and v € H, it holds that
Exx" - 1[x u>0,x"v>0]=Exx'-1[x"u<0,x"v<0].

(C). For every u € H, it holds that
E[x®  1[x"u> 0] = Ex®*- 1[x"u < 0]].

(D). Foreveryu € H and v € H, it holds that

E[(x"v)*xx" - 1[x"u>0,x"v > 0] =E[(x'v)*’xx" - 1[x 'u<0,x v < 0]
The following results are direct consequences of Assumption 4}
Lemma 10 (Wu et al.|[2023])). The following results are direct consequences of Assumption[d)

1. Under Assumption{|(A), it holds that: for every vector u € H,

Exx" 1[x'u>0] == -Exx']=: = H.

DN | =

1
2



2. Under Assumption[d](C), it holds that: for every vector u € H,

1 1
Ex®* . 1[x"u>0]] = 3 E[x®4] =: 3 - M
Lemma 11 (Rudelson and Vershynin| [2013]]). Hanson-Wright Inequality: For any X ~ N(0,X), the following holds for
t>0
P(IX[* > Te(E) + 2VE|[S|r + 2t 20 ) < "

Lemma 12. Let Py := 1 — nl[x] w;_; > 0]x;x,, where each x; € R, Vt € {j,..., T — 1} has been sampled i.i.d. from
D and w,_, € R? is the weight parameter for iteration t — 1. Let z € R? be a vector independent of all P, ’s. Then for
b>0andn < R%, we have with probability > 1 — b :

HPT71PT72-~-PjZ||2 § 6_nM(T_j)||Z||2.

S =

Proof. Note that

( I[;: D[”PTflPsz cee PjZ||2] = ( H;: D[(PTflPT72 ce PjZ)TPT71PT72 . sz]
X,Y)~ Xy)~
ol 1@ D[ZTPJT .Pl Pl Pp Pp ... P,z
X,y )~
= E [z2'P]...P/_ E P;_Pr_1]Pr_5... P,z
(meD[ J T 2(xT,1,yT,1)~D[ r-1Pr-1]Pr_s J ]
We undertake a focused examination of the expectation ( E : D[P¥71PT71L considered independently.
XT—-1,Y17—-1)~
" Z]JF)AND[PLlPT—l] = END[(I = n[xp_yWr—o > O)xr_1xp_ 1) (I = nl[x7_;wr_o > 0)xp_1x7_4) "]
n n 2
=I--H--H
5 5 +n°M

<I-nH+7n*R2H,

where the first equality is a direct result of Lemma[I0]and the last inequality drives from the ?? and Definition 3] As a result,
we have

E [|Pr-1Pr—2...P;z[* ]| < E Dupax(I—20H +7*R2H)||Pr_s...P;z|?]
(x,y)~D (x,y)~D

= Amax(I=20H+7n*R2H) E [|[Pr_s...Pjz|?]

(x,y)~D

<A -n@2-nR)p) E [|Pr_s...Pjz|?
(x,y)~D

<(1- E [|Pr—2...P;z|?

<( nu)(x’y)w[l\ T—2...P;z|’]

< repeat the same procedure

< (1= )T z]?

< e—WM(T—j)||Z||27

With Markov Inequality, for b > 0 indicating Pr{Z > %} < b, we have

E Pr_,... P.z|?
(w)ND[H T-1 i2l%]
B

Pr{|[Pr_;...P;z|> < }>1-b.

Therefore with probability at least 1 — b :

1 .
[Pr—... Poz|* < s g



Lemma 13. Let 1) be stepsize such that n <

. Ad 1
min{ AT 3f\/3}’ where c1,co > 0 are global constants and

[ = 4CyR, -1og> N - (\/|[H]2||W. || + /k0). Furthermore, let f = f. 5 x be a function of €, 8, N. Then, with probability
>1- ﬁ, llx¢((x¢, W) — ye)|| < Tforall0 <t < N — 1;wy is the t™ iterate of Algorithm DP-GLMtron.

Proof. We begin by examining the base case when ¢t = 0 and the norm of the "gradient" can be expressed as:

lxo (ReLU (3¢ Wo) — o) || = [|x0(ReLU (g - 0) = o)l
= [I%oyoll
< flxoll [xg W + 20|
By the distribution of x and Definition[3] w.p. at least 1 — by, we have:

%ol < R log®(1/b2),

and by the triangle inequality |xg w. + 20| < [|xJ W || + [|zo|, w.p. at least 1 — by,, — by, we have:

g w.| + |20l < Cor/THIT3]Iw. || log® (1/bw. ) + 0Cz log® (1/b,).
Since each b is 1/ poly(IN), the lemma holds.
Now let us assume that the Lemma is valid for the (¢ — 1)-th iteration. Proceeding with this assumption, we turn our attention
to the ¢-th iteration:
¢ (ReLU(x; w¢) — yo) || = || (max(0, %, w¢) — s ).
It is obvious that when x,' w; < 0, the norm of gradient simplifies to ||x;y; ||, which aligns closely with base case.
If xtT Wi, xtT w, > 0, then we will have

||Xt(maX(07XtTWt) —y)ll = HXtXtT(Wt — W) + X 2|

< Il (1 (we — W*)|| + [lzel)
< Ry 1og®(1/b,)(Cov/[H|l2||wi — W || log® (1/bw, ) + 0C5 log®(1/bs))
= CyR, log®* N mnwt — Wl +0),

where b,,, by, , b, is 1/ poly(N).

If x/ w; > 0and x;/ w, < 0, then we will have:

[ (max(0, x, W) — )| = [|xex, Wi + xp2¢|

< [lellCllx/ (we = wa) | + 1wl + [z
< Ry log®(1/b:)(Co v/ [[Hll2[[wi — w [ log®(1/bw, ) + [[w. || + 0C2 log"(1/bs))
= C2R 10g™ N(V/[Hl2[[w: — w. || + [lw.]| + o),

€))

Given that the threshold s;_; has not been exceeded in iterations, we can observe the following decomposition at iteration
-1

t wi — W, = w1 — w, — n(clip,, | (xe—1 (ReLU(X,_1Wi—1) — y¢—1)) + 2511 f8i—1)

=wi 1 — W —n(xe1(ReLU(X, Wy 1) —ys-1) + 250 -1/ge-1)

=Wi_1— Wy — n]l[xjwt,l > 0] - xtx;rwt,l + n]l[x;rw* > 0] - xtx;rw*

+nzeXe + 20s1-1f8e—1
= w1 — W, —l[x] w1 > 0] xex] (W) — W) (10)
+n(Lx, we > 0] — 1[x] wy—1 > 0]) - XX/} W + 02X — 20511 f1—1
= (I—nlx; wi_1 > 0]x,x, ) (W1 — W)

+ n(]l[Xt w. > 0] — H[Xt Wi1 > 0])XtXt Wi +12eXs — 20841 f8i—1.



We introduce the following notations for clarity
P, =1 nllx/ w, 1 >0xx;, w = (1[x] w.>0]—1L[x; w1 >0])x;%x, W, v;=2z% —20fg ;.

Then the expected inner product w.r.t H can be reformulated as follows.

E [lwi—w*[&]= E [[Pi(wir—wo)+nua+nvialgl= E [[Pi(wi1 —w.) +nuy +nvef]
(x,y)~D (x,y)~D (x,y)~D
= E [IPi(wi—1 —w.)|} E Sk E _1llf
WE Py =W+ B Tl = B lves
(quadratic term 1) (quadratic term 1) (quadratic term 1)
+2 E [ut,lH(Pt(wt,l — W*))] + 2 E [thlH(Pt(Wtfl — W*))} +2 E [lltleVt,ﬂ .
(%,y)~D (x,y)~D (x,y)~D

(crossing term )

Y

where the cross terms involving z and g; have zero expectation, attributable to the fact that E[z | x;] = 0 and E[g; | x;] = 0.

For the second quadratic term in Equation (TT), we observe the following
(L[x/ w, > 0] — 1[x;/ wi_1 > 0])2 = 1[x/ w,_1 > 0,x, w, < 0]+ 1[x/ w,_1 < 0,x] w, > 0]
Then, we have

E [(quadratic term 2) ]

(xy)~D
= ( IE;] D((]l[X:W* > 0] — ]l[xz—wt,l > 0])2(xtxjw*)—r(xtx:w*))
x,y)~
=, IE;: D((]l[x:wt,l > 0,x; W, < 0]+ 1[x; w1 < 0,x/ w, >0]) - (W, %)% %/ %)
x,y)~
= 2( IF;J D(]l[xg—wt,l >0,%x] w, < 0] (w]x)?-x/ %),
X,y)~

where the last equation follows from Assumption[3] Similarly, for the crossing terms in Equation (IT), we have

E [ (crossing term) |

(x,y)~D

= (ngD[(IL[x:W* > 0] — 1[x; w1 > 0])2 - (xex) wa) T (T —nl[x; wi_1 > 0] - x:x,) ) (Wi_1 — W)

= 2(X,END[1[xtth,1 > 0,%x; Wo < 0] ()] W) T(I =[x w1 > 0] %% ) (W1 — W)

= Z(X,!]END[]I[X;'—Wt,l > 0,%x; w, < 0] (xx] W) (Wi_1 — w, —nl[x] w1 > 0] %%, (Wi_1 — W)

= Z(X,@]END[]I[X;'—Wt,l > 0,x; W, <0]- (W] xex] (Wi — w,) — nl[x] wiy > 0] - w, x,x] %%/ (Wi_1 — w.))]

= 2( ]% D[]l[x;rwt,l >0,x; W < 0] (1 —nx/ %) - w]x;-x] (W1 — wa)].
x,y)~

By applying the indicator function and considering 7 < 1/R2, we deduce that
(1-— nxtht),xtT(wt_l —w,) >0 and w, x; < 0= E (crossing term) < 0

By invoking Assumption [3] it indicates that
1
E(l[x; w; 1 > 0] - x;%x; ) = §H

Moreover, if n < ﬁ, it holds that

( H*)3 D[P¥_1PT—1] = [% (X —nl[xg_wr— > Oxr_1x7_ 1) (X — nlixj_yWr_o > Oxp_1x7_ ;)]
xX,y)~ xXy)~

n n 2
=I--H--H
5 5 +n*M



gI—nH+n2R§H§I—gH.

Combining the above results, the update of ( E [||w; — w*||%] holds that

Y~

* nH *112 2, 2 2 92 2
E Wi — W 2 Sl—i E Wi_1 — W +U TI'H—'— E 4 s TrH
(x’y)ND[H ¢ ] < (1= )<x,y>~D“| -1 ] n° Tr(H) <x,y)~p[ n?s?_ | f2 Tr(H)

Considering that the Equation (9) and the adaptive clipping algorithm, we have

st < Ry Clog? N(v/[H][[|we — |l + [wl| + 0 + A).

As aresults, the update of ( Il*; D[||wt — w*||%;] can be reformulated as
X,y)~

N
E wy —wh|Z] < (1— &
(x,y)ND[H ¢ ] = (1= )(x,y)ND

+ o%n? Tr(H) + 16 R2C3 log™ Nn? f2 Tr(H) (k|| w; — W ||f + |[wa|? + 02 + A?%)

ny a *
= (1= (5 =160 F*C3 REmIog™ N'Te(H))) E[jwiy — w i

+n’0? Tr(H) + 167° f*C5 B2 log"* N(0® + A% + |w.||*) Tr(H),

(Ilwe—1 — w*[|f]

where A = % and we use the fact Iy < H = |H||[|wi—1 — w*||* < kllwi—1 — W*|3

therefore it

If 2 > 16n2fQC§R§mlog4“ N Tr(H), it means the step size 7 satisfies that p < 64f202R251l:3g4“ NI
2 T

holds that
E [llwe — w*|]
(x,y)~D
<(1- %)( H‘} Slwe—1 = w* || &) + n°o® Tr(H) + 160° f2C5 R2 log™® N(0” + A% + |[w.[|*) Tr(H)
X,y)~

* 2 a
< (1= np/4) [wo — w3 + ﬁ(U%’Z Te(H) + 167°f2C3 B3 log™* N(0” + A% + [|w.||?) Tr(H))

2
< 67"“t/4||W*||%1 + ﬁ(UQGQ Tr(H) + 160 f2C3R2 log*® N(o? + A% + ||w.|]?) Tr(H)).

Since s; < R,C5log®® N(/[H||w; — w*|| + |w.| + ¢ + A), the bound on ( IE; D[s?] will be
x,y)~

E [s{] 4C3RIlog™ N(rk E _[[|we — w'|[f] + 0 + [lw. > + A%)

(x,y)~D (x,y)~D
2 p2 1. 4a — A ||k (12 20
<4C5R:;log™ N(k(e ™/ ||lw*|lg + — Tr(H)
1
n 32na? C2R2 log™® N (02 2 2 2 2 2
3R 10g™" N(0® + ||w.[|” + A%) Tr(H)) + 0= + [[w. | + A7),

which is decreasing with ¢t (w.p. > 1 — m).
Thus, if we define I s.t.

I'? = max{Upper-Bound( E [s3]),...,Upper-Bound( E [s%])}

(x,y)~D (x,y)~D

= Upper-Bound( E [s?
pp ((x’y)w[ o))
= 4C22Ri log4a N(/@'( I[? D[Hwo — w*||%1] +o?+ ||W*H2 + AQ).
X,y)~



Lemma 14 (Generic bounds on the DP-GLMotron iteratesWu et al| [2023])). Suppose that Assumption 3| holds. Considering
the DP-GLMtron algorithm, we have the following recursion:

o At =< At,1 — g(HAtfl + Atle) + 772M o Atfl + 7720'2H + 4772F2f21
s A=Ay - 2(HA 1+ A H) + 77742/\/1 oAy 1 +nPo?H + 49T f21

where Ay :=E(w; — w,)(w; —w,) , >0

Now consider the recursion of A; given in Lemma@ Note that A, is related to A;_; through a linear operator, therefore
A; can be understood as the sum of two iterates, i.e., A; := B; + C;, where

B, < (Z—-%-T(2n))oB_1; C, 2 (Z—-1%-T(2n))oCiy +1?°0°H + 492 f21; (12)
Bo = (WO - W*)®2 Co =0
and 2 2 212 £2
B, =(Z-3 -T(%))oBi; Ci=(T—-3-T(2)oCi1+n°c®H+ 4T f°L; (13)
BO = (WO - W*)®2 CO =0
where
{ (I — g . T(Qn)) oA;_1=A;_1 — g(HAt—l + At_lH) + ’IZZM oA;_q;
Z-2-TH)oAr1:=A 1 —3(HA 1+ A H)+ T MoA;
Besides, since our DP-GLM-tron is run with constant stepsize n and outputs the average of the iterates:
| Nl
Wy = i Wy (14)
t=0
Then, the following lemma holds:
Lemma 15. Suppose that Assumption[3|hold. For W defined in Equation (14), we have that
NoIN-1 .
— ®2 k—t
EH, (Wy —w,)"%) < Z Z W«I— §H) H Ay,
t=0 k=t
NoIN-1
E(H, (Wy — w.)®?) > (1— TH)"H, A,).
2n N2
t=0 k=t
Proof.
Elw; — W | wi_1] =E[(I — nl[x; w;_1 > 0]x:x; ) (W1 — W) | Wi1] + 200 fE[g_1 | wi_1]
+0-E[(1[x, w. > 0] — 1[x] w1 > 0])xx, W | wi1] + nE[zi%; | wi_1]
=E[(T - nl[x; wi—1 > 0]xx) ) (Wio1 — W) | Wi1]
—(I— JH)(wioy — W)
The remaining proof simply follows|Zou et al.| [2021]. O

From the decomposition presented in Equation tj and Equation |i we know that Zivz oAy = Zivz o Bt + Zi\; 0 Ct.
With this foundation, we can now bound the bias and variance terms separately.

Variance error

2 4 1—\2 2 _
For t = 0 we have Co = 0 < 117;%14— 1’7_7,1%H L

2 2 r2
We then assume that C;_; < 11];7;1%2 I+ ‘i’irn 152 H~!, and exam C, based on Equation li

C: 2 (ZT—n-T()oCi1+n°o’H+4n’T?f21
—Cyy — g(Hct_1 £ CiH) + 7PM o Cyoy + 120%H + 4n2T2 21



no? Apr2f? no? Anl? f2

< I _ H I
—1f77R2 +17nR2 LS gy i R
477F2f2
2 p2 2 2 2712 p2
R H I H + 49212 f21
R (1 R2 + s )+n o"H+4n° T f
no? AnD2 2

I+ H .

=<
T 1-nR:  1-nR:

For the simplicity, we define 3 := 02H + 4T'2 f2I. By the definitions of 7" and 7, we have:
Ci=(Z-3 T(277)) 0 Ci1 +7°%
- ’ T(2)) o Cot + (M~ {M)0 Gy + 1S
< (Z—5-T(2n) o Ciot + 1Mo Croy +1°%,

where the last inequality is due to the fact that M is aPSD mapping. Then by the iteration of variance, we have for all ¢ > 0,

no? 4nT2 2 no’R2 H a2 f2R2

< 1
Moct_Mo(lfnR% 1—nR2 )_1777R§ 1—nR2

Substituting the above into the previous result, we obtain

n = 77332 2 2 02 2
C; (I—§~T(2n))oct_1+1_n§2-(oH+4FfI)+nE
N = USRE' 2 2,2 2/ 2 2 02
:(I—ET(Q ))OCt 1+W-(0H+4Ffl)+n(aH+4FfI)
N F 772 2 2 £2
:(I—E'T(Q ))Oct 1+1_77Rg26'(0'H+4FfI).
It follows
2 t—1 "
Co=< 1 3@~ 1 T(2n)F o (0?H + 4T 1)
1—nR2 P 2
Y 7
_ . ek 2 2 02 ~ Ne\k
kg da S H) (" H + 402 (1 - JH)
[
7P o
I A— I— 2H)*(o?H + 42 f21
S o B H AT
2 2 £2
no Neevey | A0S [/ 1
= . I-(I--H L (I-(1-2H)) -H

Consequently, the variance error can be represented as follows, in accordance with Lemma 3]

variance error < ]{[2<I— I—fH ZCt
L Ny N 102 Myt
SnN2<I_(I_§H) 7t_ow'(1—(1—§H))>
NN - Al f2 URE Y -1
- - ) DI PR LR

0.2

n n
< (1 *T]R%)Ng_ (I_ EH)Na (I - (I - 7H)N)>



4T f? N\ N N\ N 1
——I-(I--H I-(I--H)") H ).
Therefore, by integrating the I" and f, the variance error follows that
. do? T2f? _ do?  d?log®(N/6)
variance error < ~ TN tr(HY) < -~ * N2 CC3R% (02 + | Wi + A?).

Bias error

Now we consider the bias error, which depends on the initial error regardless of noise. According to Lemma T3] the bias
error of average iterate follows that

N—1N-1 N N

Np\k—t 1 N\ N 1
bi <§ E (I--H HB,)<—({I-(I--H EB < tr(By).
ias error 22 tﬂNQ 5 ) ,By) ﬂN2< ( 9 ) ,t:O t>_;nN2 r(B;)

Considering the recursion of By, we have B, < B;_; — g(HBt,l +B;1H)+ 772/\/1 oB;_1, which indicates the recursion
of B, follows that

B; <B;; —nHB,_; + n’R2HB;_,
=(I- gH)Btfl

The last inequality derives from the choice of step size. Consequently, the bias error will be

N 2
1 dlog=(N/é)
bias error < tz; e tr(B:) < Z; ) tr(By) < n—NHw*”? < vz C2k?||w. )%
Combining the previous variance error, we complete the proof.
D DP-MBGLMTRON
For DP-MBGLMTtron algorithm, we perform the following update
b—1 95
. t
Wil € Wi — (5 > clipy, (rpmi(ReLU (K] 4 iWe) = Yramti)) + f -0

i=0
D.1 PRIVACY GUARANTEE

Lemma 16. Algorithm DP - mini-batch-GLMtron with noise multiplier f satisfies #-zCDP, and correspondingly satisfies

(e, d)-differential privacy when we set the noise multiplier f > 27”1%(;/6)%. Furthermore, if ¢ < log(1/6), then f >

M suffices to ensure (g, d)-differential privacy.

We first show the step of gradient estimation is 57=-zCDP.

W
Notice the update of ¢ has sensitivity one and the variance of DP noise is [log, (B/A)]f?2, hence, each step is W-
zCDP.

If we take at most [log,(B/A)] f2 operations, we will have the aggregated privacy accumulation
privacy guarantee of gradient estimation.

5 f2 , which completes the

Now we turn our attention to the update of w and consider the step without the Gaussian noise.

b 1
b clip,, (xm(ReLU(wat) — Yii))-
=0

Wil — W —



where clipp(v) = v - max{1, ”5” }. Therefore, the local Lo sensitivity of the w1 due to a sample difference in the

t-th batch is Ay = 27°t. Meanwhile, we know the variance of DP noise is 2"stf , the above step is W—ZCDP since
AZ 1

P T

According to the previous results and composition theorem, we know each iteration step is f%-ZCDP. In our algorithm, every
individual data point, denoted as (x;, y; ), where 4 is an index belonging to the set of all indices NN, is included in precisely
one mini-batch, which indicates the algorithm traverses the complete dataset exactly once, thereby ensuring that each data
point is processed in a single iteration. Hence, according to the parallel composition of zCDP, DP-mini-batch-FLMtron is
72-2CDP.

Recall that p-zCDP is implies a (u, p1p)-RDP. We aim to optimize for any 1 > 1 and verify that the noise scaler f prescribed
in the theorem satisfies (g, d)-Differential Privacy.

log(1/0)

It is noted that (u, up)-RDP implies (e, §)-Approximate Privacy where e = pp + for all 4 > 1. The minimum

value of ¢, denoted as &,,;,,, which equals p + 21/plog(1/4), is obtained when the derlvatwe of € with respect to y is zero,
yielding . = 1 + +/log(1/6)/p.

For a given ¢, we seek to minimize f (which scales as 1/,/p), such that the computed maximum allowable p ensures that
€min(p) < €. Since emin(p) is a monotonically increasing function of f and forms a second-order polynomial in /p with its
vertex corresponding to the maximum at €,,,;,,(p) = £, we obtain the following relation:

L (Viog(1)5) + & — \iog(1/8))* =

f? log(1/6) + e + /log(1/6))?

2

As the derived f satisfied (e, §)-DP, it is deduced that f > 27”%(61/6”6, which ensures the algorithm’s compliance with
(e, §)-Differential Privacy.

D.2 UTILITY GUARANTEE

Similar to DP-GLMtron, we also provide several auxiliary results that will be used in our utility analysis.
Lemma 17. Ifn < W,T(ﬂ =t-(b+s)andP; := (I— Z [ () tmpi W1 = 0]%, (4 )+m+iXI(t)+m+i)’

thenvVt, E [P/P;=<1-nH
(x,y)~D

Proof. Note that

E [P/P
e ¢ FY
" b—1 n b—1
:(x gwp[(l ) ]]'[ T(t)+"1+lwf 12 O] T(t)‘f‘m"rix;r(t)-&-m—&-i)—r(]: “ Z ]]'[ T(t)+7n+zwt 12 0] T(t )+m+ix;r(f,)+m+7;)}
’ =0 1=0
27’ b—1
=1- ?(x)gwp[izo ]]-[X;r(t)+m+iwt—1 2 O]Xr(t)+m+ixj(t)+m+7:]
772 b—1b—1
+b72(x y)ND ]]‘ T(f)—i-m-‘rth 12 0] Xrt)+m+iX -r(t)+m+z : ]]-[ T(t)+m+JWt 12> O] T(t)+m+jx;r(t)+m+j]

where we know E(1[x] w;_1 > 0] - x;x] @ x:x;]) < E(x;x] ® x:x]) = M, it indicates that
e

(ﬂ«;D[PjPHI—nH+ (M +b(b— 1)HH) (%)
X,y)~

N
<T-nH+ 5 bR2H + b(b — 1)||H|H)

(
=1 yH(1 - J(B2 + (b— 1)|H])).



With the assumption of stepsize n < m, we complete the proof. O
Lemma 18. Ifv; = %Zf;é Zr(8)+m4iXr (£ fm+i — %gt, and T(t) =t - (b+ s), then Vt
4f?

E [vev, z:+— E [$2]1,
(x,y)N'D[tt] b b2(y) [t]

where 35 := Z ZJ 0<ZT (t)+m+iXr(t )+m+z’)(Zr(t)+m+jxf(t)+m+j)T-

Proof. Note that

S 25f 1A 2 f
E M= E [(= . s Y _ _
(x,y)ND[VtVt ] (x y)NDK b pard 2 (t)+m+-i X7 (t)+m+i b gt)( b ; Zr(t)+m+iXr(t)+m4i b gt) ]
b—1 b—1
1 1 482f2
= E 7 Zr m+iXr mi)\ T Zr maiXr i T + E t
(x,y)wDKb ; () +meiXr () +m+i) (3 ; ()4 m+iXr(t)+mti) ] (x,y)wo[ 2 B8t 7l
b—1b—1
1 412
= E — . . . X T 2 I
(x,y)ND[b2 2 j=O(ZT(t)+m+7,XT(t)+m+Z)(ZT(t)+m+]XT(t)+m+j) 1+ > (x,y)wD[St] ,

where we have utilized the fact that ( I[*)I D[(zT(thHxT(thH)(zT(thﬂ-xT(thﬂ-)T] = 0 for i # j that stems from

X,y

the independence of samples and the fact that ( IE)J D[gj] = 0 has been sampled independently at each step. O

x,y
Considering no clipping, the ¢-th update is given by:

b 1
2nsif
Wit1 =W — o ZXT(t +m+i (RGLU( T(f)+7n+1wt) - y‘r(t)-l—m—i—z) - Ttgt,

where 7(t) =t - (b + s). Hence, we could derive the following

b—
n
Wil — -3 Z X1 (1) pm i We > O (o) bt iX (1) fmgs) (Wi — W)
i=0
77 b— n ot 2nl'a
+ Z X amiWe > 01 = 1] ()4 Wi > 01X (1) fm i X (1) g W + b D FrlepemiXe()tmei b o
pard i=0
Pi(wi_1 — W) +nuy + nvy,
where we denote
. b—1
P, =1~ b Z L% )i Wi—1 > OJXr(6) et iX (1) 4 )
i=0
w=g Z X ) pm W > 0 = L[ o Wit > 0D X (1) gom 44X, (1) 4 mop i Wo
b—1
1 2nl'a
Vi = 3 Z Zr(t)+mAi X7 (t)+mti b 8t
i=0

Let us consider the expected inner product w.r.t H:
lwe —w*[lfz] = E HIP (Wit = W)+ + Vi)
(x, y)~D (x,y)~

— P _ . E B 9
(x’y) D[|| t(wt 1 w )”H] ( X,y ) [||nut 1HH]+( ) [ant 1||H]



+2 E [ut_lH(Pt(wt_l — W*))] +2 E [Vt—lH(Pt(Wt—l — W*))] +2 E [llt_lHVt_l}.

(xy)~D (x,y)~D (x,y)~D
Notice that ( I[? [u;] = 0 and is independent, thus it holds that
x,y)~D
E _ * 12 — E P - . 2 E B 2
Bl IR = IR s =l il B el
+ Efju (H(Py(wi —w.))] + [(Py(Wi1 — w.)) Huy_q].
(x,y)~D (x,y)~D
Recall that u;, = £ S0 (1[x Xy iWe > 0l = L]0 Wit > 00X (1) g X 1) g W it fOllOws
b—1
(X7END[H77ut—1||%{] D Zo T(t)+m+zw* > 0] —1[x I(t)—i—m—i—iwt—l > O])XT(t)+77L+iX7——r(t)+m+iw*)TH
b—1
Z ‘r(t)+m+iw* > 0] - ]]'[X;r(t)+m+iwt*1 > 0])XT(t)+m+iX;r(t)+m+iw*)]'
=0
According to Lemma [I0] (where each z is independent and symmetric), the following conditions hold when i # j:
(X,END[(IL[X:(t)JFm”W* >0] - IL[XI(t)erHwt,l > 0])X7(t)+m+ix;r(t)+m+i
‘ (]‘[X;r(t)+m+jw* >0] - IL[3’(:rr(t)+m+j"vt71 > 0])XT(t)+m+jX'—rr(t)+m+j] =0.
It implies that
7’]2 b—1
(X,END[”Wutfl”%ﬂ =72 (x,£~D[Z%(1[XI(t)+m+iw* > 0] - Il[x;r(t)_i_m_i_iwt,l > 0])?
) (w;rXT(t)+m+iX:(t)+m+iHXT(t)+m+ix-—zl——(t)+m+iw*)]
2 b—1
n
= b2 (x EN’D[Z(H[ T(t)+m+zwt 1> 0 X (t)+m+zw* < O] + ]1[ (t)+m+zwt 1< 0 XT(t)+m+zW* > O])
' =0

: (W*Txr(t)+m+ixj(t)+m+iHXT(t)+m+ixj(t)+m+iw*)]

b—1
212
= 2 (x END[Z(MXI(thHWFl > O?Xj(t)+m+iw* < 0])
' i=0

T T T
(w, XT(t)+m+iX'r(t)+m+iHXT(t)+"l+iX'r(t)+m+iw*)]’
where we use the following fact in the second equality
(]l[x;r(t)—i-m—i-iw* > 0] - ]l[x;r(t)—i-m—i-iwt—l > 0])
= (]l[x:(t)+m+iwt,1 > 07X‘—l|'—(t)+m+iw* < 0]+ Il[xj(t)+m+iwt,1 < O’X:rr(t)+m+iw* > 0]).

Now we move on to the crossing term in Equation (I3).

E [pu_H(Py(wi1 —w.))]+ E [n(Py(wi1 —w.)) Hug ]

(x,y)~D (x,y)~D
1 b—1
xy)N b t)+m+zw* > 0] - ]I[X;r(t)+m+iwt—1 > 0])XT(t)+m+iX7T(t)+m+iw*)TH
z:O
n b—1
A= 3 > B Wit > O 4m X7 ) mi) (Wit = W)
=0

O“
H

n
+ (- b Z ]l[x;r(t)-i-m—i-iwt—l > O]XT(t)+m+iX7T(t)+m+i)(Wt—l ~w,)) H
=0



@‘
,_.

1
(g (]]'[X;l-—(t)+m+iw* > 0] - ]]'[X‘—ll'—(t)+m+iwt*1 > 0])XT(t)+m+iX:rr(t)+m+iw*)]'

2

I\
=3

Similarly, for any ¢ # j, Lemma[I0|holds that

(x END[(MXI(thMW* > 0] - ]]'[X;r(t)+m+iwt—1 > O])XT(t)+m+ix;r(t)+m+i

1x T(t)+"l+]wt 1> 0fx T(t)+m+jx7——r(t)+m+j] =0.

Therefore, the crossing term can be represented as

Q‘

—1

1
=T gﬁ [(5 D A s iWe > 0] = Ly Wit > 0]))
=0
(WX ()t Xs (1) e (Wit = W) 4 (Wemt = W) THX () X () g 1 W)
b1
n
- bﬁ((Z(l[XI(t)+m+iW* > 0] - ]]'[Xj(t)+m+iwt*1 >0]) - (H[X:(t){»m{»iwt*l > 0]))
=0

: Q(WIXT(t)+m+iX'—rr(t)+m+iHXT(t)+m+iX;r(t)+m+i(Wtfl - w.))l

Notice that

b—1

- (Z(l[xj(t)erJriw* > 0] - ]l[x;l'—(t)erJriwt*l >0]) - (H[X;r(t)+m+iwt*1 > 0]))
ot

= (]l[x;r(thHWt,l > 0] - ]I[X;r(t)+m+iwt71 > 0] - ]l[xj(t)+m+iw* >0])
s

H[X:(t)+m+iwt*1 > OaXTT(t)+m+iW* > 0].

-
Il

Combining the Lemma([I0] the crossing term holds that

9 9 b—1
crossing term = " g~D[bi2 Z(]l[ T(t)erHwt 1> 0,x], r(t)+m+iWs > 0])
’ =0

: (W*TXT(t)+m+ix;r(t)+m+iHXT(t)+m+iX;r(t)+m+i(Wt—l —w.))l.

Let us add ( IE, [[[mu;—1]/%] and the crossing term together
~D

)

E  [|lnus_1||%] + crossing term
(x,y)~D

T T T T T
- b2 (x y)ND[Z(]‘[XT(t)-i-m-i-iwt—l > 07X‘r(t)+m+iw* < OD : (W* XT(t)+m+iX7—(t)+m+iHX7—(t)+m+iXT(t)+m+th_1)].
’ i=0
It is clear that ( IE;Z D[||77ut_1 ||%;] + crossing term < 0. Moreover, according to Lemmaand Lemma we have that
X,y )~

E _[IPi(wimr —wolfl+ E [lnveilil

(x,9)~D (x,y)~D
<A-np) E_| I + oy (HX) -0+ E | 245?_1f2}T (H)
=TI e I T IR O U TR
Therefore, the update of ( ]I*)Z D[”Wt — w*||%;] in Equation holds that
X,Y)~
n? 245t f?

E 1-— . —wr|? L Tr(HZ) -0 E
Bl =W < (=) Bl = w ]+ THE) -0+ Bl



Considering the adaptive clipping algorithm, we have
st < RpCalog® N(V/[H[[lwe — wa| + [|w.|| + 0 + A).
Similar to one sample case, the recursion of ( I[? D[Hwt — w*||%] will be
X,y )~

E W — W 1-— w1 — w2
LE v w S (=) B flwes - IR

2 2 2
77 Ty (H) + 16R2C2 1og4aN772f

2f2

+ Te(H) (k]| wi — w2 + [wa]|? + 02 + A%)

=(1—(gu— 169

2 2
"; Tr(H)+16772f

15 3R klog" N Tr(H))) E Slwer = w ]

(x,y)~

+

CQR2log4“N(U + A? + ||w.||?) Tr(H).

Notice that T"- (b 4+ m) = N, thus if we have & > 167 b2 C’2 R2klog™ N Tr(H), it equals to

212 2 da
(ﬁ _m)? > 32nfCsR:klog NTr(H),
T %
which implies that
E wy — w||?
LBl = w )
2 2 2
<= B lwe - wo )T T 16 L G2 0g™ N(o® + A%+ [w. ) To(E)
X,y )~
t 112 2 nPa® 2f2 21 _4da 2
< (L =nu/2) lwo —w HH+1TN( 5 Tr(H) + 16035 C5 R log™" N(0® + A% + || w.[|*) Tr(H))
—npt )2 % |2 2 n’o’ of? op21 da 2
<e M w HH+TT(TTT(H)+1677 15 C3 R 1og™ N (0% + A% + [[w.]|?) Tr(H)).

Substituting the above to the ( IF)I [s?], similarly, we will have the following results
x,y)~D

I'? = max{Upper-Bound( E [sZ]),...,Upper-Bound( E [s%])}
(x,y)~D (x,y)~D

:Upper-Bound(( E [5(2)])

= 4OFR2Iog" N(x | E__[[[wo—w' [ +0° +[[wa | +4%).
Before presenting the utility guarantee, we first need to redefine certain notations and properties.
We denote the recursion:
n?
1

(Z-TmbH))oA 1 =A; 1—*(HAt 1+ A H)+ ( M+( 1)ZH2)OAt,1
(16)
~ 2
(Z—-TmbH)oA 1 =A; 1~ §(HAt71 +A, 1 H)+ %Hz oA, =(I- gH)At(I — gH),

where Zo A = A, Mo A =E[(x" Ax)xx ] and M o A = HAH for a symmetric matrix A. For simplicity, we will use
(Z—T)and (Z — T) in place of the complete notation.

It can be readily understood that the following properties are satisfied:

Lemma 19 (Zou et al.|[2021]]). An operator O, when defined on symmetric matrices, is termed a Positive Semi-Definite
(PSD) mapping, if A = 0 implies O o A = 0. Consequently, we have:

1. M and M are both PSD mappings.



2. M — MandT — T are both PSD mappings.

3. T —nT andT — T are both PSD mappings.

4. If0 < n < 1/\q, then T exists, and is a PSD mapping.

5. If0 <n < 1/(atr(H)), then T~' o A exists for PSD matrix A, and T~ is a PSD mapping.

Proof. The subsequent proofs are summarized from Jain et al.| [2018]],|Zou et al.|[2021]], and are included herein for the
sake of completeness.

1. For any PSD matrix A > 0, by definition, we have

MoA =E[xx"Axx"] >0,
Mo A =HAH > 0.

2. For any PSD matrix A > 0,
(M—M)oA =E[xx"Axx'] - HAH = E[(xx | — H)A(xx — H)] = 0.

Also, we have 7 — T = 2—2/\/1 — Z—ZM > 0, which indicates M — M and 7 — T are both PSD mappings.
3. For any PSD matrix A > 0, we have

2 2
_(_n _n Mo
(T —nT)oA=(1- JHAL-TH) + ZM - LM =0
(Ifn%)oA:(Ing)A(I—g ) = 0.

4. The proof adheres to Lemma B.1 in|Zou et al.[[2021]].

5. For any finite PSD matrix A, we have:
o0
T loA= nz (Z —nT)
t=0

It is evident that if the right-hand side exists, it must be PSD, owing to the fact that Z — n7 is a PSD mapping.
Demonstrating that the trace of Y ;o (Z — n7)" o A is finite would suffice to establish the conclusion.

iI nT) Ztr (Z—-nT) oA) ZtrAt
t=0 t=0

By Equation (T6), we have:
2

—1
+ % tr(E[XXTAt_lxxT] + bTHAt_lH)

2
< tr(Ay_q) — ptr(HA,_1) + % tr(Ay_q o tr(H)

natr(H)  nb-1) tr(H))
2 4b
< tr(Agy) — gtr(HAt,l)

tr(A¢) = tr(Ai—1) — ntr(HA_;)

tr(H)A,_,H)

<tr(Ai—q1) —n(l— tr(HA;_1)

< (1= ) tr(Aea),

where we use ) < 5— @ +2(ll);—1) ) in the penultimate inequality.

Hence, we have ), o tr(Ay) < 2:;7/{?) < 00, which complete the proofs.



Now we are ready to provide the evolution of A;.

Consider the gradient norm not exceeding the clipping norm:

20l f
(XT(t)-‘rm-H (RQLU( T(t)+m+zwt) yt,i)) - b gt — Wi

_ n
Wi — Wy =Wi_1 — g

=Wi_1 —

'Mwa

Il
s

SalES]

(L% (1)t iWie—1 > O] - X (1) fom X (1) i We—1

n 2T f
—1[X7T(t)+m+iw* > 0] XT(t)+m+iXI(t)+m+iw*) + b Z FXr(t)+mts — T 8

b
n
=(I— b Z H[XI(thHWH > O]XT(t)+m+iX;r(t)+m+i>(Wtfl — W)
i=1
RS RS 2t f
+ b Z(]l[ :(t)+m+iw* >0] - H[X:(t)+m+iwt*1 > O])XT(t)+m+iX7T(t)+m+iW* + b Z A () +m+i — T 8t

i=1 i=1

Let’s consider the expected outer product:

( I[;Z D(wt — w,)®? = [(quadratic term 1) + (quadratic term 2) + (quadratic term 3)
X,y)~ (17)

+ (crossing term 1) + (crossing term 2)],

where
. b
(quadratic term 1) = (x -3 Z T(t)+m+iwt_1 > O]XT(thHxTT(thH)@ o(wi_1 —w,)®?
i i=1
b
(quadratic term 2) = (— DZ T(t)+m+lw* > 0] —1[x I(t)+m+iwt_1 > 0])XT(t)er_i_ixI(t)HnHW*
i=1
b
T T T T
: Z(]]'[Xr(t)+m+jw* > 0] = LX) g We—1 > OD)Wo X (0) b+ X (1) 4mt 5
j=1
7?2
(quadratic term 3) = bﬁ(x DD Z 24X 7 (1) 4mti — 2L f&t) Z 24X (£)+mA+i 2T fg) "
j=1
b
. n
(crossing term 1) = b x IE;ZND 2:(]1[xj(t)+m+iw>k > 0] — ]l[XTT(t)+m+th_1 > 0])
i=1
. b
T )T ( T
X () +me4iXr (1) £ i W (Wim1 = W) 9 Z T(t)+m+jwt—1 > OJXr(6)4m+5 %7 (1) 4mt5)
n n "
(crossing term 2) = - % Z Xyt i Wit > 0% () pm i X ) gmsi) (Wem1 — W) T

(,
b
n
i Z(R[XI(thHW* > 0] - ]]'[X:(t)erJrjwt*l > O])XT(t)—i-m-i-jX‘—ll'—(t)erJer*‘
(18)

We will consider the above separately.



According to Assumption 3] (where each z is independent and symmetric), the following conditions hold when 7 # j:

(x END(IL[XI(t)-s-m-s-iW* > 0] - ]]'[X;r(t)—&-m—&-iwt*l > 0])X7(t)+m+ixj(t)+m+i

(1fx T(t)+m+jw* > 0] —1[x I(t)+m+jwt—1 > O])XT(t)+77l+jx;r(t)+m+j =0

19)

(x EN,D(H[XT(t)+m+iW* > 0] - ﬂ[x;r(t)+m+iwt—1 > 0])X'r(t)+m+ixj(t)+m+i

T T
U () g g We-1 > 01X e () pmt X r (1) gy = O-
Substituting the above into the quadratic term 2 and the crossing terms, we will obtain

E uadratic term 2
e (q )

b
n
= (5)2( E;:ND(Z(M r(8)dmai W > 0] — IL[ (@) 4mai Wi—1 > OD - (x ‘—ll'—(t)+m+iw*)2 'XT(t)+m+ix;r(t)+m+i)
’ =1

M- 1

_ (M2
= (]2, E

)~ (R[X:(twmﬂwtfl > 07X'—1|'—(t)+m+iw* < 0]+ ]]'[X'—rr(t)erJriwt*l < OVX‘—rr(t)erJriw* > 0]) (20)

i=1
T
' (X‘r(t)+m+iw*)2 *Xr(t)+m+iXr (t)+m+z)

b
n

= 2(5)2 B 1 g iWee1 > 0% (W < 0] (6 ()W) - X () meti X, ()
1=1

where the first equality comes from
(1[x, Wi > 0] — 1[x; wy—1 > 0])? = 1[x, wi—1 > 0,x; Wi < 0] + 1[x/ w1 < 0,%, w, > 0].

For the crossing terms, we know

( crossing term 1) + ( crossing term 2)
2n b
= ?(x y)ND[Z(]]-[X:(t)+m+iw* > O] - ]]-[X:(t)—&-m-&-iwt—l > O]) ’ (Xr(t)-‘rm-‘rz T(t)+m+zw* (Wt 1 W*)T
’ i=1
+ (W1 — W*)W*TXT(t)-i-m-i-iX:(t)-&-m-&-i)]
b

2 T T T
§ : T(t)+m—+i ¥ * T(t)+m-+i t—1 : T(t)+m—+i t—1

b2 (x, y)~D 4

T T
Xt iWe X2 () i (Wem1 = W) = X ) 4meti X7 () )

2
= 2;72 (x,9)~D 2 Z 1[x T(t)+m+2wt 1> 0, XT(t)+m+1W* <0]- -—zl——(t)+m+iw* 'X:(t)+m+¢(wt—l - W) 'XT(t)+m+iX:rr(t)+m+i]‘
1)
Now, we turn our attention to the first quadratic term
b
(quadratic term 1) = (x,;E)ND(Wt*I —w,)®? — %(Z LI, ()i Wit > 0% ()t Xy (1) 4mps) © (Wem1 — W)@
) i=1
- %(Wtfl —w,)%o (Z; L] () i Wi—1 > 0% (1) fom 44X, (1) )

b
77
b—Q Z]l X () fm4iWe—1 > O]X‘r(t)-‘,-m-i-l T(t)+m+i)

) (Z ]l[x-—zl'—(t)erJert*l > O]XT(t)+m+jx;r(t)+m+j) o (Wi—y —w.)®?

J=1



(%, £~D(Wt*1 - W*)®2 - gH © (Wtfl - *)®2 - i(wt*1 - W*)®2 oH
2 1

T GM 4 (b= 1) TH) (wi oy — w.) .

Applying Equation (2I)) and Equation (20) to the expected outer product, we have the following recursion

2 1 2
A, At,l—g(HAt,l—kAt,lH) "b(2M+(b—1) H2) oA, +

0 o 4T3 f?
b
2772 T
— E
* b2 (xy

T T T
\ D Z L[y g i W1 > 0%y gy W < O] X Wi X () o i W1 X () fmeti X (4) i)
i=1

2 1 1 2 4 2F2 2
j At,1 — g(HAtfl + Atle) + %(5/\/1 + (b - 1)ZH2) o Atfl + %0'2H + UTQJCI

The indicator function shows 1[x; w;_1 > 0,x,/ w, < 0] - x;] W, - x/ w;_; < 0 in the last inequation.

Consequently, analogous to the one-sample case, we can decompose A; as follows

B, < (I-nT(n,b,H))oB,_y; = (T=nT(n,b,H)) 0 C_y + L o2H 4 LS
B0: (WO_W*)®2 C =0

L 22)

Lemma 20. Suppose that Assumption 2]and Assumption[3|hold. For W defined by previously, we have that

s+T s+T
x £~D<H’ (Wor1,r — ws)® Z Z H)""H, A,).
’ t=s+1 k=t
Proof. We first focus on the expectation of w;
" b
(x, E,\,D[Wt W | Wi 1] (x y)N’D[(I 3 Z )+m+zwt 1> O]XT(t)—O—m—l-'L T(t)erH)(wt 1 — W*> | Wi 1]
' i=1
. b
(x y)ND[g Z(H[X:(t)erHW* > 0] —1[ ) +m+iWt—1 > ODXT(thHXI(t)erHW* | wi—1]
’ i=1
U™ 2nsf
t
+ (x,END[g ZEtXT(t)+m+’i Ty 8 | W1
0 b
= T y)ND 9 Z t)+m+zwt 1> 0]x 7(t)+m+i :(t)+m+7,)(wt 1= W) | wii]

=1- §H)(Wt_1 — Wy).

Applying the aforementioned recursively, we deduce that, for ¢ > s

, >s, E [wi—w,|w]=T-1H)*(w, —w,),
(x,y)~D
which also implies that

E W, —
<x,y>~D[( i

W) ® (ws — w,)] = (I— gH)t S E(w, — w,)®2 = (I gH)H ‘A,



s+T

Then, we consider the tail-averaged mini-batch SGD algorithm and we denote W, 1 7 — W, = % tmsp 1 Wt — Wyt
s+T s+T
E W —W* (W — W) ® (Wi, — W,
LE (e 7 X X B e - w)
1
=5 O E [(wi—w)®(wp—wo)]+ ) El(we —w.) @ (Wi — w.)])
T sk ov~D t<k
1
< (0 B (wi—wa) @ (wy - wa) + S E[(we - wl) @ (wi - w,)))
isx U~ t<k 23)
1
— Sa- ZH)t FAL DAL 2H)k D)
t>k t<k
1 Npp\k—t Ny \k—t
=" A(I--H I--H A
T2 Z( #( B )T 9 ) t)
t<k
s+T s+T
== > Y@a P(I- gH)’HAt).
t=s+1 k=t
Then we consider the excess risk of tail-averaged mini-batch:
s+T s+T 77 n
E(H, (Worng —w.)®) < (H, = - >0 Y (A(T- JH)* 4 (- 2H)’HAt»
()~ t=s+1 k=t
s+T s+T . s+T s+T
= gm0 20 DA JH) ) b 3T S TH, (- JH) A
t=s+1 k=t t=s+1 k=t
1 s+T n
< ﬁ : Z <I_ (I_ §H)TaAt>-
n t=s+1

Variance Error

Lemma 21. Suppose Assumptions hold. Suppose n < min{Ri%, m}. Then for every t we have

4 2 1 F2 2
C, < 4o T+ 2677 f
4b —2nR3 —n(b—1)[[H[l2 " b(4b — 2nRE —n(b —1)|[H2)

H L

Proof. We proceed with induction.

_ _ 4n 1602 f2 -1
For t = 0 we have Co = 0 = g iy L+ st B

We then assume that C;_ holds for Lemma[2} and exam C; based on Equation (22)

4 21’\2 2
C: < (I— 5T (n,0,H)) 0 Cy_ 1+? o2H + "b Iy
2 2 2 4 21’\2 2
-C,_ 177(HCt L+ CH) £ ( M+(b71) H2)oCt_1+7]§ H+ ”be I
- 4no? 16mT2 f2 H-!
~ 4b—2nR2 — (b—l)IIHHz b(4b — 2nR2 —n(b — 1)[H]|2)
( 4no? 1692 2 I
N4 —2nR2 — g6~ DIEL T b(db — 2B — (b — D],
2R2 2(b—1)||H 4no? 16nT2 f2
L z+77( )IH][2 no H4 nl?f

% B G mm oo DHR T b= 2R — - D[H])"



2 2 212 £2
no A1 f
H I
+ b + b2
47702 167]F2f2 1

=< I+ H
4b—2mRE —n(b—1)[[Hll2  b(4b = 2nRE — (b — 1)[|H]}2)

O

For the simplicity, we define 3 := "—;H + 4Fbif2 Iand pp == (4b —2nR2 — n(b—1)||H||2). By the definitions of 7 and T,
we have

Ci=I-nT(n,b,H))oCiy + 7’

n n N n? 2
= (- 5H)C(I- JH) + (M — FHH) 0 Ciy + 03 (24)
2R2
< (1- gH)cH( - gH) + 772sz 0 Cy_y + 173

Then by Lemma[21] we have for all ¢t > 0,

4no? 16002 f2 4no? 1602 f2
HoC, < Ho (M7 g4 10" gy | dno” gy | 160777,
o by o by,
Substituting the above into Equation (24, it holds that
2 p2 2 2 £2 2 2 ¢2
n n n“R; 4no 16nl- f 9,0 ar=f
C:=2(I--HC,_,(I--H H I —H I
¢ = (I= SH)Cru( 2)+2b(/ib * )+ (5 H+ ——1)
2 2 2 212 £2 2
U U nio® (s — 2nR3) oo A7 2 (py — 2nR7)
<I--H)C,,(I--H H I
< (1= JH)C (1 1) + T + ,
which implies that
2 9 R2 t—1 AT2 £2
C, < 0" (uy — 20R5) (I— QH)k(azH + f I)(I— QH)’C
by 2 b 2
k=0
2(up — 2R2) AT f2
< n (/tb URL) . (I _ QH)k(O_QH + f I)
b,ub =0 2 b
no?(uy — 2R3) Mepty o 4022 (s — 20R3) LN A—
=2 . (I-(I--H)"+ 5 (I-(I--H)") -H "
by 2 b s 2
Consequently, the variance error can be represented as follows, in accordance with Lemma [20;
1 s+T
variance error = T Z I—(I- gH)T7 Cy)
t=s+1
1 no(w—2R2) A N T U
<— % I-I--H I-I--H
<o S a-a- I a- a- Ty
t=s+1
nT? b2 up M) 2 ’ 2
o?d  T?f2tr(H) _ o%d d?logNlog(1/8) 5 o, o 2 9
SW+TSW+ N2 O3k (07 + Wil + A%).

Bias Error According to Lemma[20] the bias error of tail average iterate follows that

s+T " s+T 1
. T
bias error < ol t;ﬂ(l - (I- §H) ,By) < t:zs;rl T2 tr(By).



Considering the recursion of B, we have

2 1 1
B, <B,_; — ﬂ(HBt,1 + BHH) + %(5/\4 +(b—1)7H) o B,y

=B; 1 —nHB; 1+ — (R2 + (b= 1)[[H|2)B;-1

b
=(I- §H)Bt71'

The last inequality derives from the choice of step size. Consequently, the bias error will be

dlog?(N/6)

N2g2 . C2ZK2||W*||%I

N

N N

1 1

bias error < 3 5 r(Be) < 3t (1= ) 6(Bo) S v lwalr S
t= :0

Combining the previous variance error, we complete the proof.

E LOWER BOUND

Proof of Lemmal6l We will denote 7; = Tw((x,v:), M (D)) and T/ = Tw((xi,y:), M(D})). Since we have
y — ReLU(w 'x) = zand x - 1(w "x > 0), and M (D)) — w are independent, we have

E[T]] = E(y — ReLU(w ' x))E(M(D}) — w,x - 1(w'x > 0)) = 0. (26)
Moreover, we have
E[T)] < \EIT?] < o\[BIM(D) — Wi}, = o\ /E|M(D) - w[3_. @7)

For the second part, we have

d N
Y E[T] =) EM(D); Y (yi — ReLU(w 'x;))1(w'x > 0)x; ;
j=1 i=1

i1€[n]

For each j we have

N
Olog fw(Y|X o}
]; — ReLU(w ' x;))I(w'x > 0)x;; = o’EM(D); ggw(ju = 028—WjIEy7X|WM(D)j.
Thus we have
d
Z ZO’ 8W]EYX‘WM(D)j.

i€[n]

Recall the following Stein’s lemma:

Lemma 22. Let Z be distributed according to some density p(z) that is continuously differentiable w.r.t. z and let h be a
differentiable function such that E|W' (Z)| < oco. We have

hZ2)p' (Z)
E[h' (Z)] = E[— .
(7)) = B )
Consider the following prior distribution 7 for w: let v1, - - - , vg be i.i.d. sampled from the truncated A/ (0, 1) with truncation

—land1,andletw; = L\/jﬁ thus w € W. Denote g;(w) = Ey, xw M (D);. For each j € [d] by using the above lemma
we have
) o) —w;m (W)

B 91() = Ex g Bl (wlw;) 2 By(— 22

i (W;)

mj(W;)

E(lg;(w) — wj|

)-



i (w;)

5 (wj)

Since 7; is a truncated normal distribution, we can easily get — = —dw ;. Therefore, it holds that

e d d
E”Z Wj Wj —E(|g;(w) wﬂ&wjip :Ew[dzwﬁ] 721@#(\%(“,) — wj|dw;])

7j=1 7j=1

d
> A{EAY 82— \ /BBy x| M(D) - w3
j=1

AsE, [Z] L W3] = W(1), in total we have

ST EIT] > O(0*d{1 — [ExBy, x| M(D) — w3}

1€[n]

We have the proof under the assumption that E;Ey. x|w[|M (D) — w]|3 = o(1). O

Proof. We first prove the following lemma, whose proof is the same as the proof of Lemma B.2 in|Cai et al.| [2021]].

Lemma 23. Foralli € [n], if M is (&,6)-DP then for every T > 0

E[T;] < E[T}] + 2eE[|T}|] +25T+/OC P(|A;| > t). (28)
T

By the above lemma, we have

N 00
Ey xjw Y Ti < 2nsa\/]Ey7X|w||M(D) — wl|2_ + 2ndT + n/ P(|T3| > 1). (29)
i=1 T

For the last term, we have

B(IT3| > 1) = B(|(y: — ReLU(w )| [(M(D) — w2 (w” 2, > 0))] > 1)
< P((yi — ReLU(W " x;))||(M (D) — w,x;)| > 1)
< B(|(yi — ReLU(w T x,)) V)| > ¢)
42
< 26XP(*$)-
Choosing T' = ﬁo\/m we have
N

0(0°d) <Ey.xjw Y T,

i=1
< 2n50\/Ey7X‘w\|M(D) — w|[2, + O(ond/dlog(1/5)).
Thus we have the result when § < N~(+%) for large enough .

Next we will show that £(M (D)) — L(w,) > 1||M(D) — w.||%_. Specifically, we will show for any w, £(w) — L(w,) >
3llw — w.[|%_. Under the well-specified condition, we can easily see that

L(w) — L(w,) = E[ReLU(x'w) — ReLU(x ' w,)]?

E(x'w-1[x'w >0 —x'w, 1x w, >0])?

=Ew xx'w-1x'w> 0] +E[w,xx"w, - 1[x"w, > 0]

—2E[w ' xx"w, - 1[x'w > 0,x w, > 0]].

According to Assumption 4] it further implied that

E(ReLU(x"w) — ReLU(x " w,))?



T

=Ew'xx"w-1[x"w < 0] + E[w, xx"w, - 1[x"w, < 0]]

- QE[WTXXTW* Ax'w < 0,x"w, < 0]

= E(ReLU(—x"w) — ReLU(—x ' w,))%.
Moreover, we have:
(x'w—x"w,)?=x"wlx'w>0 —x"w,1[x w, >0 +x wix'w <0 —x'w,l[x w, <0])?
<2(x"wlx'w > 0] — x"w,1[x w, > 0])? + 2(xTw]l[xTw < 0] —x"w,1[x"w, <0])?
= 2(ReLU(x"w) — ReLU(x ' w,))? + 2(ReLU(—x"w) — ReLU(—x w,)).
Then taking an expectation on both sides we obtain that
E(x'w — x"w,)? < 2E(ReLU(x'w) — ReLU(x ' w,.))? + 2E(ReLU(—x ' w) — ReLU(—x " w,.))?

= 4E(ReLU(x "w) — ReLU(x ' w.))2.

The proof is completed.
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