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Abstract

Bivariate partial information decomposition (PID) has emerged as a promising
tool for analyzing interactions in complex systems, particularly in neuroscience.
PID achieves this by decomposing the information that two sources (e.g., different
brain regions) have about a target (e.g., a stimulus) into unique, redundant, and
synergistic terms. However, the computation of PID remains a challenging problem,
often involving optimization over distributions. While several works have been
proposed to compute PID terms numerically, there is a surprising dearth of work
on computing PID terms analytically. The only known analytical PID result
is for jointly Gaussian distributions. In this work, we present two theoretical
advances that enable analytical calculation of the PID terms for numerous well-
known distributions, including distributions relevant to neuroscience, such as
Poisson, Cauchy, and binomial. Our first result generalizes the analytical Gaussian
PID result to the much larger class of stable distributions. We also discover a
theoretical link between PID and the emerging fields of data thinning and data
fission. Our second result utilizes this link to derive analytical PID terms for two
more classes of distributions: convolution-closed distributions and a sub-class
of the exponential family. Furthermore, we provide an analytical upper bound
for approximately computing PID for convolution-closed distributions, whose
tightness we demonstrate in simulation.

1 Introduction

Bivariate partial information decompositio (PID) is an information-theoretic framework developed
for answering a central inquiry in many neuroscientific and machine learning studies: how do
two sources, X and'Y, jointly process information about a target M ? PID answers this question
by quantifying the M -specific information contained in different interactions between X and Y.
Specifically, it decomposes the total information X and Y have about M into four components: (i)
the information about M contained uniquely in X, (ii) the information about M contained uniquely
in Y, (iii) the redundant information about M contained in both X and Y, and (iv) the synergistic
information about M which arises from the interaction between X and Y.

The PID terms offer novel insights for understanding interactions within complex systems, particularly
in neuroscience. For instance, PID has been used to understand the firing patterns of grid cells [} 2]
and to study the flow of information in the visual cortex [3]. The following list of works [}
3141150 161 [7, [8]] demonstrate the application of PID in studying diverse neuroscientific questions.

'Throughout this work we refer to bivariate PID as PID.
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Beyond neuroscience, PID has found applications in multimodal learning for interpreting model
predictions [9, [10], fair machine learning for defining and quantifying bias [[11} |12, 13| [14], and
understanding financial markets [[15]].

However, the primary constraint hindering broader adoption of PID is the difficulty of computing
and estimating the PID terms. BROJA-PID [16], a widely applied PID framework, requires solving a
constrained minimization problem over a set of probability distributions (see Sec. [2). This minimiza-
tion problem can pose a considerable challenge, particularly when the underlying distributions are
continuous. As a result, several recent works have been dedicated to providing numerical algorithms
that solve the aforementioned minimization problem exactly or approximately [3} (9,117, (18| 19} 20],
with more emphasis on the case of discrete distributions.

Despite significant progress in numerically calculating PID (typically through discrete approxima-
tions), very few works exist on analyticallyE] calculating PID. As of this writing, the only known
analytical PID expressions exist for jointly Gaussian M, X, and Y [21}122]. A fundamental property
of the Gaussian system is that one of the unique information (UI) terms in its PID is guaranteed to
be zero. This property greatly simplifies the computation of PID for Gaussian systems, as the rest
of the PID terms can be easily derived by solving desirable linear equations specified in many PID
frameworks (see Sec[2)), bypassing the need for optimizing over distributions (see Sec. [3).

In this work, we show that numerous systems of random variables M, X, and Y expressing a
particular “affine dependence structure” also exhibit the same fundamental property that at least one
of the UI terms is zero. Consequently, we expand significantly on the existing Gaussian PID result by
using this fundamental property to analytically compute PID for various systems of M, X, and Y
employing well-known distributions such as Poisson, exponential, gamma, beta, negative binomial,
multinomial, Cauchy, Lévy-stable and more. The main contributions of this work are:

1. We extend the Gaussian PID result to a much larger class of distributions, known as the stable
distribution family [23| 24]] in Sec. ] These results provide the first known analytical PID for
fat-tailed distributions.

2. We highlight a theoretical link between PID calculation and the fields of data thinning [25]] and data
fission [26] in Sec.[5} We utilize this link to derive analytical PID terms for two more distribution
families: convolution-closed distributions [25]] and certain exponential family distributions [26].

3. For convolution-closed distributions, we further derive an analytical upper bound on the objective
of the minimization used for computing BROJA-PID. We use this upper bound to approximately
compute PID for systems of M, X, and Y having a non-affine dependence structure. We show the
goodness of our approximation by a simulation study in Sec. [6]

2 Background

Notation: We denote the set of all natural numbers, real numbers, and positive real numbers as N,
R, and R, respectively. Vectors are denoted by bold-faced font and an arrow, and matrices are
denoted by bold-faced font. Define Ny = N U {0}. Let I; be the identity matrix of size d x d and
[d) ={1,...,d} ¥V d € N. We denote 1, and Oy as d-dimensional vectors having all elements as 1
and 0, respectively. For brevity, the probability notations of the form P(A|B) and P(A) are always
understood to be as P(A = a|B = b) and P(A = a), respectively. The general term ‘distribution’
is used to refer to both probability density function (p.d.f.) and probability mass function (p.m.f.)
(whichever is appropriate depending upon the context). The symbol A LI B|C' denotes that A and B
are conditionally independent given C, and similarly, A 1l B implies A and B are independent. The
L,-norm is denoted by ||(-)||, ¥ p € [0,00), and |(-)| denotes the absolute function.

PID Background: Suppose M, X,Y are random variables with joint distribution P(M, X, Y").
According to [16} 27]], three desirable equalities for a bivariate PID are as follows:
Ip(M;[X,Y]) =UI(M; X\Y)+ UI(M;Y\X) + RI(M; X,Y)+ SI(M; X,Y),
Ip(M; X)=UI(M; X\Y)+RI(M;X,Y),
Ip(M;Y)=UI(M;Y\X)+RI(M; X,Y). (1)

2Sectionprecisely defines the notion of “analytical calculating PID” adopted in this work.



Here, Ip(M; X) and Ip(M;Y") denote the mutual information [28] between M and X, and M
and Y, respectively, under the distribution P(M, X,Y"). Similarly, Ip(M; [X,Y]) denotes the joint
mutual information between M and [X, Y] under the distribution P(M, X,Y"). UI(M; X\Y) and
UI(M;Y\X) are the unique information about M in X and Y, respectively. SI(M;X,Y) and
RI(M;X,Y) denote the respective synergistic and redundant information shared between X and Y’
about M. The linear system defined in (I) contains four variables in three equations. Hence, only
one of UI, RI, or ST need be defined to evaluate all four PID terms. Proposing a suitable definition
of PID is the focus of much research [16} 127,29, 30, 31} 132} 133! |34, 135]] and all our theoretical results
are applicable for any Blackwellian PID [22,|36] or a PID definition satisfying the assumption (x)
of Bertschinger et al. [16] (see Appx. [B]for a formal justification). For example, our results are
applicable for the PID definitions proposed in [16} 22} 27, 29| 37]. In this work, we discuss our
results in the context of the BROJA-PID [[16} 38]], which is the definition of PID adopted in previous
works [3} 9} 20

UI(M; X\Y) = min Io(M;X|Y) orequivalently UI(M;Y\X) = min Io(M;Y|X), (2)
QeAp QEAP

where Ap={Q(M, X, Y):Q(M,X)=P(M,X),Q(M,Y) =P(M,Y)} and Io(M; X|Y) is the
conditional mutual information under the distribution Q(M, X, Y'). Note that the minimizing distribu-
tions for both problems shown in (2)) are the same [[16]], and consequently, both minimization problems
are equivalent. We refer the reader to [39] for a review on PID. In this work, we define “analytically
calculating PID” as analytically solving (Z) by providing an explicit construction of the minimizing
distribution Q*(M, X,Y") that minimizes (Z). Note that only the distributions Q*(M, X,Y") and
P(M,X,Y) are needed to compute the BROJA-PID terms.

We briefly describe two distribution families used in Sec.]and Sec. [5](see Appx.|[N]for more details).

Stable distribution family: Stable distributions are a family of distributions that naturally arise in
the context of generalized central limit theorems. Some well-known members of this family are
the Gaussian, Cauchy, Poisson, and Lévy distributions. A defining feature of stable distributions
is that the sum of two independent copies of a random variable X, denoted as X; and X5, has the
same distribution as a translated and scaled version of X [23}124,140]. In this work, we consider five
sub-classes of stable distributions:

(i) Continuous stable distributions are parameterized through four parameters: stability parameter
a € (0, 2], skewness parameter 5 € [—1, 1], scale parameter v € (0, 00), and location parameter
u € R. We denote its p.d.f. as pcs(«, 5,7, i) Note that all continuous stable distribution (except
Gaussian) are fat-tailed.

(ii) Independent component multivariate stable distributions describe the distribution of X consisting
of d independent random variables {X; };-l:l, such that each X; ~ pcg(a, 55,75, 1tj). We denote its
pdf as pcsflC(av /61 '?7 ﬁ)

(iii) Elliptically-contoured multivariate stable distributions are the distributions of continuous stable
random vectors whose p.d.f. has elliptical contours, e.g., the multivariate Gaussian distribution. We
denote its p.d.f. as pcs_gc(a, 3, fi). Here, X is a positive definite matrix, fi € R¢, and o € (0, 2].

(iv) Discrete stable distributions are the discrete analogues of the continuous stable distributions.
The p.m.f. of discrete stable distributions, denoted as Ppg(v, 7), are parameterized through two
parameters: rate parameter 7 > 0 and exponent 0 < v < 1. Discrete stable distributions do not have
well-known multivariate generalizations except the Poisson distribution.

(v) Multivariate Poisson distribution: We use the multivariate Poisson distribution proposed in [41}
42] 43| [44]], denoted as Poisson(d, d’, A), which represents each random variable in the random
vector N as a sum of independent Poisson random variables. Formally, N ~ Poisson(d, d’, A) if

N = ANY , where A = [A;...Ay]. Here, A; denotes a d X (Cll) submatrix having no duplicate
columns, where each of its columns contain exactly ¢ ones and (d — ) zeros [44]]. The vector

NY = [NY...NYNY, ... Ng_(d,_l)_“d]T

with mutually independent Nf’lu_ij ~ Poisson(X;, _i;) ¥ (i1,...,i;) € Af,j € [d'], where Af =
{(jh . 7ji):j1 <jJog<...<ji and j1,...,7; € [d]}, c.g., Ag = {(]., 2)7 (1, 3), (2, 3)} Note that
d <dand A = [A1 ... Aa—a—1ya)



‘We refer the reader to [23), 124, 140l 42, 144, 145|146, |47]] for more details on stable distributions.

Convolution-closed distributions: Convolution-closed distributions form a large class of distribu-
tions that are closed under convolution in some parameter §. Formally, we define the convolution-
closed distribution as follows: Let Fp denote a family of distributions, where each member dis-
tribution f(§) € Fp is indexed by a parameter 6 € D. Consider X; ~ f(d1), Xo ~ f(d2), and
X7 1L X5 for some 41,65 € D. Then, Fp is convolution-closed in the parameter § if

X1+ Xo~ f(61) * f((SQ) = f(61 + 52) V d1, 602 € D such that §; + 6 € D, 3)

where * denotes the convolution operator. Many well-known distributions can be considered
convolution-closed in some parameter [25], such as the Poisson distribution, Gaussian distribution,
gamma distribution, etc. Table 1 in [25] lists various examples of convolution-closed distributions.

3 A sufficient condition for computing PID terms analytically

The main focus of this work is to analyze the cases where (2) is analytically solvable. A sufficient
condition for solving (2) is to show that A p contains a distribution Q¢ (M, X,Y") with the Marko-
vian structure M — X — Y or M — Y — X. We briefly discuss the argument justifying this
sufficient condition. Consider the case where Qs (M, X,Y) € Ap and has the Markovian structure
M — X — Y. First, we note that UI(M; Y\X) = mingea, Io(M;Y|X) > 0 due to the non-
negativity of conditional mutual information [28]. Second, Y Il M|X due to the Markovian structure
of Qume(M,X,Y), which implies that I, (M;Y|X) = 0 (conditionally independent random
variables have zero conditional mutual information [28]). Hence, Qarc (M, X, Y") achieves the lower
bound of zero for the minimization problem mingea , Io(M;Y|X), showing that Qo (M, X,Y)
indeed minimizes (2). A similar argument can be made for the case when Qo (M, X, Y) has the
Markovian structure M — Y — X. Proposition[I]in Appx.[A]formalizes the above argument.

The above sufficient condition provides an easy way to analytically calculate the PID terms, as it
ensures one of the unique information terms is always zero. Consequently, the remaining PID terms
can be calculated by substituting zero for the appropriate unique information term in (I} and solving
the resultant linear system. Hence, if applicable, the above sufficient condition considerably simplifies
the calculation of PID terms by circumventing the need for optimizing over a set of distributions.
Surprisingly, many well-known distribution families allow intuitive constructions of P(M, X,Y),
for which the above sufficient condition is applicable. In the following sections, we provide theorems
that specify sufficient conditions under which the existence of these Markov chains in Ap can be
guaranteed for these P(M, X, Y').

4 Computing PID for stable distributions

In this section, we extend existing results for analytical PID computation of jointly Gaussian M, X,
and Y [21}[22] to the much larger class of stable distributions. Our results utilize two key observations
to provide the generalization of the Gaussian results: (i) We first identify that the analytical computa-
tion of PID for jointly Gaussian systems is due to their particular “affine dependence” structure; (ii)
We show that these particular affine dependence structures are not unique to Gaussian systems, but
rather extend to many members of the stable distribution family.

For jointly Gaussian M, X, and Y, the conditional distributions P(X|M)=N(aM + b,c%) and
P(Y|M)=N(cM + d, 0% ) are also Gaussian distributions, where their means are an affine function
of M and their variances are fixed with respect to M. This particular affine dependence of X and
Y on M is the key to the analytical calculation of their PID, as it guarantees existence of a Markov
chain Q¢ (M, X,Y) € Ap. Thus, we can apply the sufficient condition described in Sec. [3[to
compute the PID terms. We illustrate through an example: consider P(X|M)=N (M, %) and
P(Y|M)=N(M,c?) where 0% < 0%,and M ~ P(M) for some appropriate P(M ). Then, we can
explicitly construct Qo (M, X,Y) € Ap with the Markovian structure M — X — Y as follows:
Choose Qo (M, X,Y)=P(M)P(X|M)Qnrc(Y|X) where Qo (Y |X) is specified through the
addition of independent Gaussian noise, i.e., Y =X +e. Here, € ~ N(0,0% —0% ) and € 1L (M, X).
It is easy to verify that Qe (Y |M)=N (M, 0%), which implies that Q¢ (M,Y)=P(M,Y). By
construction, Q¢ (M, X)=P(M, X), and hence, Qr;c(M, X,Y) € Ap.



The above example is a special case of a well-known result where, for a scalar M, one can always
construct a lower signal-to-noise ratio (SNR) “Gaussian channel”, i.e. P(Y|M) in our example, by
adding independent Gaussian noise to a higher SNR “Gaussian channel” [22} 48]}, i.e. P(X|M) in
our example. Surprisingly, the technique of adding independent noise to construct Markov chains
contained in Ap can be extended to P(X|M) and P(Y|M) as members of stable distributions.
Theorems (1| and 4] generalize the above construction for P(X|M) and P(Y|M) as members of
univariate continuous and univariate discrete stable distributions, respectively. Theorems 2} [3 and 3]
consider the case of multivariate stable distributions (see Sec.[2). The key technique for proving
these theorems is that a Markov chain Qo (M, X,Y) € Ap can always be constructed by adding
appropriate independent noise to a higher SNR P(X |M) to obtain a lower SNR P (Y| M), similar to
our above example.

4.1 PID of univariate affine continuous stable system

Theoremﬂ] can be viewed as a direct generalization of Barrett’s Gaussian PID result [21]] to stable
distributions, showing one of the Ul terms is always zero. We begin by formally describing the
univariate affine continuous stable system that generalizes the Gaussian system of Barrett’s [21]].
Let the joint distribution of M, X, and Y, denoted as P(M, X,Y), satisfy the following properties:
(i) M ~ P(M) with support set M C R; (ii) P(X|M) and P(Y|M) are univariate continuous
stable distributions with an affine dependence on M, i.e., P(X|M)= pcs(«, Bx,vx,aM + b) and
P(Y|M)=pcs(a, Bysgn(ac),vy,cM + d), where a, b, ¢,d € R.

Theorem 1. Let M, X, andY be random variables whose joint distribution P(M, X,Y") is described
by a univariate affine continuous stable system. Without the loss of generality, assume lal/yx > lel/yy.
If1 — By > (vxlel/yyla))* (1 — Bx) and 1 + By > (vxlel/vy1a))® (1 + Bx), then Ap contains a
Markov chain of the form M — X — Y and UI(M;Y\X) = 0.

Proof. See Appx. E]for the proof. Here, lal/yx and I¢l/~y are the SNR analogues. O

4.2 PID of multivariate affine continuous stable systems

We analyze two multivariate generalizations of Theorem I]in Theorems [2]and 3] Namely, we consider
independent component multivariate stable distribution (where all the components of the random
vector are independent) and elliptically-contoured multivariate stable distribution (where the p.d.f.
is elliptically contoured, similar to multivariate Gaussian distributions). We construct two systems
employing these two sub-classes of multivariate continuous stable distributions and show that one of

the UI terms is always zero for these systems. For both cases, denote the joint distribution of M, X,

and Y as P(M, )_i, Y’), where the support set of M is M C R. The dimensions of M, f(, and Y are
1, dx, and dy, respectively.

System 1: The random vectors X and Y satisfy the following equations:
X=HxM+AxZx +byandY = HyM + AyZy + by, )

where Zx ~ pcs— 10(a, de,ldX,OdX) ZY ~ pes—1c(a,0ay,1ay,0ay ), Ax and Ay are
invertible matrices, H X, b x € R and Hy, by € R,

Theorem 2. Let System I describe the joint distribution P(M,X, 3?) of M, X, and Y. Without
the loss of generality, assume ||A;1ﬁy||,.@ < ||A)_(1Ijlx\ w Where k = o/a—1 ¥ o € (1,2] and
k =o00V a € (0,1). Then, Ap contains a Markov chain of the form M — X = Y and
UI(M;Y\X) = 0.

Proof. See Appx.for the proof. Here, HA;lﬁyHK and HA;(IP_'IXH,.i are the SNR analogues. [

System 2: The conditional distribution of X and Y conditioned on M are as follows: P(X|M )=
Pcs— EC(Ol Ex,HxM + bx) and P(Y|M) = pPCcsS— EC(a Ey,HyM + by) where EX and
3y are positive definite matrices, HX7 bX € R%x | and Hy, by € R,



Theorem 3. Let System 2 describe the joint distribution P(M, X, \?) of M, X, and Y. Define 2;{1/ :
and E;l/ * as the respective inverses of the matrices Z;? and Ei& which satisfy: ( E;éz)TE;éz =3y,
and (2;12)71232 = Xy. Without the loss of generality, assume ||2;1/2ﬁy||2 < ||E;(1/2FIX||2. Then,
Ap contains a Markov chain of the form M — X — Y and UI(M; Y\X) = 0.

Proof. See Appx.for the proof. Here, ||2;1/2ﬁy |2 and ||E;<1/2ﬁx ||2 are the SNR analogues. [J

4.3 PID of univariate affine discrete stable system

The univariate affine discrete stable system is the discrete counterpart of the univariate affine con-
tinuous stable system described in Sec.[d.1] The formal description of the univariate affine discrete
stable system is as follows. Let the joint distribution of M, X, and Y, denoted as P(M, X,Y),
satisfy the following properties: (i) M ~ P(M) with support set M C (0,00); (ii)) P(X|M)
and P(Y|M) are univariate discrete stable distributions with an affine dependence on M, i.e.,
P(X|M=m)=Pps(v,am + b) and P(Y|M=m)=Pps(v,cm + d), where a, b, c,d € (0, 00).
Theorem 4. Let M, X, andY be random variables whose joint distribution P(M, X,Y') is described
by a univariate affine discrete stable system. Without the loss of generality, assume a > c. If ¢/b > ¢/d,
then A p contains a Markov chain of the form M — X — Y and UT(M;Y\X) = 0.

Proof. See Appx.[[|for the proof. Here, a and c are the SNR analogues. O

4.4 PID of multivariate linear Poisson system

The Poisson distribution is the only the discrete stable distribution with a well-known multivariate
extension. Hence, we analyze vector-generalizations of Theorem [ only for the Poisson distribution.
We now describe the multivariate linear Poisson system: Let the joint distribution P(M, }Z, 3?) of
M, X, and Y satisfy the following properties: (i) M ~ P(M) with support set M C (0, 00); (ii)
P(X|M)= Poisson(dy, dx, Ax) and P(Y|M)=Poisson(dy, d},, Ay ), with:

- T .

Ax= P\{( Afx*(d/xfl)...dx] v>\i)f...ij = ’Yif...ijM] Vj € ldx]and (i1, ...,1;) € A?Xa

Ay = |\ ..o AY TN = MVl ' ;) € AT
Yy = [ Lo dy*(d/yfl)“‘dyjl s iy = Yig.dg Vj € ldy]and (i1,...,i;) € A}Y. (5)

Theorem 5. Let the joint distribution P(M, X,?) of M, X, and Y be described by the multi-
variate linear Poisson system defined above. Without the loss of generality, assume d'y > di.. If
Z(il,..‘,ij)eA?X vfflj > Z(il iy)eAtY 73;” V j € [dy], then Ap contains a Markov chain of

the form M — X — Y and UI(M; Y\X) = 0.

Proof. See Appx.|J|for the proof. Here, 7i*, ... ”Yﬁ(—(d;(—l).i.dx N S ”Yzi/y—(dg,—n...dy eRT
are the SNR analogues. O

5 Computing PID using data thinning and data fission strategies

Data thinning and data fission are emerging fields in machine learning and statistics dedicated
to studying the procedures of splitting a random variable X into /N different component random
variables. These splitting procedures provide an attractive alternative to the standard splitting of
datasets into training, validation, and test splits for performing cross-validation to select statistical
model parameters, as they enable users to perform cross-validation even for the extreme case of a
dataset containing a single datapoint. We refer the reader to the recent works of Neufeld et al. [25]
and Leiner et al. [26] for a more comprehensive discussion on data thinning and fission, respectively.

The fields of data thinning and data fission share an important theoretical link with analytically
calculating PID terms. Specifically, the tools developed for splitting random variables for data
thinning and data fission can be readily used to calculate PID terms analytically. To give an intuition,
suppose X contains more information about M than Y. Then, we can employ data fission and
thinning strategies to decompose X into two components, f1(X) and f2(X), such that fo(X)
follows the same distribution as Y. Then, f2(X) and Y convey the same information about M as they



are identically distributed and represent the redundant component of the PID terms. Similarly, f; (X)
contains the information uniquely contained in X about M. Thus, f;(X) represents the unique
information term. Theorems [6] and [7)utilize the data thinning and data fission proposed in [25] 26]]
to construct a Markov chain Qo (M, X,Y) € Ap for several systems of random variables M, X,
and Y. This allows us to use the sufficient condition discussed in Sec. [3|to compute their PID.

5.1 PID for convolution-closed distribution based on data thinning strategies of Neufeld et al.

Neufeld et al. [25] introduces data thinning for a large family of distributions known as convolution-
closed distributions (see Sec. [2). An attractive property of convolution-closed distributions is
that they provide a natural way to define a dilation/thinning operation. Formally, let X ~ f(4),
then we define X, as the e-dilated version of X if X, ~ f(ed) for some € € (0,1) such that
€d € D. Furthermore, if we assume (1 — €)d € D, then P(X | X)=P(X.|X. + X1_.), where
Xi—¢ ~ f((1 —€)d) and X, 1L X;_. (see lemma [19| for a formal justification). We denote
P(X X =2) = P(X| X+ X1_¢ = x) as G(ed, (1 — €)d, x). This dilation operation forms the
basis of data thinning, as it enables X to be split into its dilated components X, and X;_., such that
X =X+ X;_, where X, 1L X;_.. We utilize this dilation operation for analytically calculating
the PID terms of the following linear convolution-closed system:

Linear convolution-closed system: Let Fp be a convolution-closed distribution family as described
in Sec.[2| The joint distribution P(M, X,Y) of the random variables M, X, and Y describes a linear
convolution-closed system if the distributions P(X|M) and P(Y'| M) are defined as follows:

P(X|M=m) = f(6X)and P(Y|M=m) = f(6Y) such that 5:X . 6¥ ¢ DVm e M, (6)

m m m
where M is the support of M. Furthermore, we assume §-X = v} V m € M for some v € R*.

Theorem 6. Let the joint density P(M, X,Y') of random variables M, X, and 'Y be described by a
linear convolution-closed system. Without the loss of generality, assume v < 1. If

(a) (1—7)6Y € DYme M,

m

(b) P(X,|Xy + X1_n=2,M=m) = G(y0X,(1 — 7)d:X,x) does not depend on m, where
P(X5|M) = f(yo5,), P(X1—4|M) = f((1 = 7)d;,) and Xy 1L X1 |M,

then Ap contains a Markov chain of the form M — X — Y and UI(M;Y\X) = 0.

The proof of Theorem [6]is provided in Appx.[Kl Theorem [f] enables PID calculation for several
well-known distributions such as gamma, Poisson, beta etc. (see Appx. [C|for a (non-exhaustive) list).

5.2 PID for distributions based on data fission strategies of Leiner et al.

Leiner et al. [26] propose a “conjugate-prior reversal” strategy for splitting a random variable X into
two components, f(X) and g(X), for certain exponential family distributions. The distributions pro-
posed for performing conjugate-prior reversal provide natural descriptions of P(M, X, Y") (specified
in theorem 7)) for which PID can be calculated analytically. We briefly describe the distributions used
in the conjugate-prior reversal strategy. Let X ~ peyp1(X), where

Peap1 (X = 7301, 02) = H(01,02) exp(6] = — 03 A(x)), @)

for some appropriately defined H(,-), A(-), 0y and 6. Furthermore, define a random variable Y’
through its conditional density p(Y|X = z):

p(Y = y|X = x;03) = h(y) exp (" T(y) — 05 A(x)) , (8)

for some h(-), T(+), and 65, such that p(Y = y| X = x; 01, 0,) is a well-defined distribution. Then,
the decomposition terms f(X) and g(X) are Y and X, respectively, in the conjugate-prior reversal
strategy. Furthermore, the marginal distribution of Y is expressed as:

Pexp2(Y = 1y;01,02,03) = h(y)H(61,02)/H (61 +T(y),02+03) (see proof of Theorem 1 in [26]).

Theorem 7. Let M, X, and Y be random variables having the joint distribution P(M,X,Y).
Furthermore, the conditional distribution of X and Y conditioned on M are as follows:
P(X|M=m)=pezp1(X;01(m),02(m)) and P(Y|M=m)=peyp2(Y;01(m),02(m),03). Then,
Ap contains a Markov chain of the form M — X — Y and UI(M;Y\X) = 0.



The proof of Theorem[7]can be found in Appx.|[[] The proof essentially stems from observing that the
joint distribution Qe (M, X, Y)=P(M)P(X|M)Qnc(Y]X) lies in Ap, where Qpc(Y|X)=
h(y)exp (z7T(y) — 63 A(x)). A (non-exhaustive) list of well-known distributions for which the-
orem [7]is applicable is provided in Appx.[D} Leiner et al. [26] also discuss some more strategies
for performing data fission that do not follow the conjugate-prior reversal strategy. We provide the
corresponding results for computing PID for these remaining data fission strategies and for additional
miscellaneous distributions in Appx. [E]

6 Upper bound for convolution-closed distributions
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Figure 1: a and b, respectively, show the box plot of the difference I, (M, X,Y) — Ig, (M, X,Y)
and the corresponding values of I, (M, X,Y") for the 20 different function pairs across the 75
different P(M) distributions. The light-blue dots show the corresponding data points used for
making the box plots. ¢ shows the ratio of the median difference I, (M, X,Y) — I, (M, X,Y)
and the median value of I, (M, X,Y) in percentage, for each function pair.

Several numerical methods, such as [3} |9} 20]], approximately solve @) by considering a smaller
constraint set or minimizing an appropriate upper bound for calculating the PID terms. These
numerical methods employ general approximations that rely on weak assumptions on the underlying
distributions for solving (2)), as their goal is to estimate PID for a large class of distributions. However,
for specific applications, it is possible to make stronger assumptions on the underlying distributions
(e.g., assuming the Poisson distribution for modeling neural spikes). This section illustrates how our
theoretical analysis can benefit these numerical algorithms by providing more refined approximations
for solving (2) that harness these stronger assumptions. Specifically, we construct an upper bound for
the objective of (]ZI) for convolution-closed distributions and show that, under certain assumptions, the
upper bound can be analytically minimized over A p in Sec.[6.1] Note that these upper bounds are
applicable for more general cases than our theoretical results, as they do not require the sources X
and Y to have an affine dependence on M. Consequently, our upper bound is also applicable in cases
where both of the UI terms in the PID are non-zero, unlike our results in Sec.dand[5] We demonstrate
the tightness of our upper bound through a simulation study in Sec. [6.2]

Notations and assumptions: We consider the minimization problem mingea, Ig(M;[X,Y])
for deriving the upper bound, as it was shown to be equivalent to (2) in [16]. The distribution
P(M,X,Y) for which we will construct our upper bound is specified as follows. The random
variable M has support over M, the conditional distributions P(X|M) and P(Y|M) are members
of some convolution-closed distribution family Fp, and there exists some 5% . 8Y e D such that

bias’ “bias
P(X|M=m)=f(6X)and P(Y|M=m)=f(5)) where 6:X , 67 € DV m € M, with
(67}; - 53;&8)’ (6£ - 5£§as)7 (6375 - 67}7/1 - (5l§us - 522(15)) € D and 535 - 5(55&5:6%)(57};_52;13)7
6Y = @Y —5Y..), and 6% = e (56X — 5% Y for eV €2 ) c(0,1]Vm e M. 9)

The above assumptions ensure that X and Y can always be decomposed into new random variables
XY, nx,Y’, and ny (see (I0)). We utilize these decomposed random variables to construct
our upper bound. Hence, our upper bound is only applicable for systems satisfying (9). The
above assumptions describe a large class of systems. For example, in the Poisson case, our upper
bound is applicable for any P(M, X,Y) having P(X|M) = Poisson(f1(M)) and P(Y|M) =
Poisson(f2(M)), as long as fy(M) > fa(M) over M. In Appx.|C| we provide numerous examples
of systems for which (9) holds to illustrate the assumptions of (9).



6.1 Upper bound construction

First, we consider an arbitrary distribution Q(M,X,Y) € Ap. Therefore, we know
Q(X|M=m)=P(X|M=m)=£(0X) and Q(Y|M=m)=P(Y|M=m)=f(5Y). We use the di-
lation properties of convolution-closed distributions (Sec. [5.1)) to decompose X and Y into their
respective dilated versions: (X', Y"” nx) and (Y, ny). From the results of Appx. we know
that X = X' +Y"” +nx and Y =Y’ 4 ny. Furthermore, (X', Y"”, nx) are mutually conditionally
independent given M and Y’ Il ny|M. Hence, we can construct the following Markov chain for
any arbitrary Q(M, X,Y) € Ap:

M=[X Y'Y nx ny |"=>[X+Y"+nx Y4ny] =X Y]". (@0

We denote the joint distribution of (M, X', Y",Y' nx,ny)as Q(M, X", Y".Y' nx,ny). We ap-
propriately choose the dilation amounts for X and Y such that the respective conditional distributions
of (X", Y", Y’ nx,ny) are as follows:

Q(X/|M:m):f(5x _67}; - (6i§a5 _53;15))? Q(Y//|M:m) = f(57yn - 6132(15)’

Q(Y/|M:m>:f(637/1 - 61220,5)7 Q(nXlM) = f((sl?z{as)’ and Q(nY|M) = f((sg/ztas)' (11)

The distributions in (TT) are well-defined due to (). Appx.|M.1|formally shows that a @, defined as
above, exists for each ) € Ap. We use data-processing inequality and (T0) to conclude:

Io(M;[X',Y" nx,Y' ,ny]) > Io(M;[X,Y])VQ(M,X,Y) € Ap. (12)

Hence, (I2) provides us the desired upper bound for our objective I (M;[X,Y]). Furthermore,
the minimization problem mingea , I (M;[X',Y",nx,Y’, ny]) is analytically solvable, and the
minimizing distribution Q* has the structure:

Y' =YY" and (nx,ny) 1 (M, X’,Y/).

The corresponding distribution of (M, X,Y"), denoted as Q 4 (M, X,Y’), can be found by appropri-
ately manipulating Q*,as X = X’ +Y"” +nx and Y = Y’ + ny. The distribution Q 4 serves as an
approximate solution for the problem mingea, Io(M;[X,Y]) and, consequently, (Z). Note that if
multiple &%, and 6, . exist satisfying (9), we optimize over the pairs (6%, ., 6, ,) to further refine

bias bias bias’ “bias
our approximate solution of (2).

6.2 Simulation study for numerically validating the upper bound

We illustrate the tightness of our upper bound through a simulation study on the Poisson distribution
(a convolution-closed distribution). The reason for choosing the Poisson distribution is two-fold: (i)
Poisson distribution is easily approximated as a discrete distribution over finite support, enabling
calculation of ground-truth PID terms through numerical solvers such as [10} [17, [18]], which are
not readily available for continuous distributions; (ii) Many practical applications of PID have
been in neuroscience, and the Poisson distribution is frequently used for modeling neural spikes in
neuroscientific studies [49].

We compare the performance of our analytical estimate @ 4 (M, X,Y") with the numerical ground-
truth estimate Q x (M, X, Y) for the Poisson distribution. The simulation setup is as follows: We
choose a P(M, X,Y) such that P(X|M) = Poisson(f1(M)) and P(Y|M) = Poisson(fo(M)).
We chose 20 different pairs of non-linear f1(-) and f>(-) (enumerated in Table[T]in Appx. , such
that the assumptions in (9) are satisfied. The distribution P (M) is chosen to be a discrete distribution.
For each function pair, we compare Q4 (M, X,Y) and Qxn (M, X,Y") over 75 different distributions
of P(M) as shown in Fig. . The 75 distributions are further sub-divided into three groups of 25
based on the number of the outcomes of M, which are 2, 4, and 8. For each of the 75 distributions,
the values of M are randomly sampled from [1, 4] and the values of P(M) are randomly sampled
from a simplex of appropriate dimensions. We compare the mutual information I , (M; [X,Y])
calculated using @ 4 with the numerical ground-truth I, (M; [X, Y]) calculated using numerical
solvers (Fig. ). For calculating I, (M; [X,Y]), we approximate the Poisson distribution as a finite
discrete distribution by terminating its support at the smallest integer where its cumulative distribution
is greater than 0.99. We use the code provided in [S0] (under Apache 2.0-license) to numerically
solve (2) using this discrete approximation of the Poisson distribution. Fig. Ik demonstrates that the
analytical upper bound provided by Q 4 is very tight for the tested function pairs (within < 1% of



the numerical ground-truth for 16 function pairs) and serves as a good approximation for solving (2).
Furthermore, the tightness of our analytical upper bound suggests that () 4 might be an analytical
solution of (2) for a larger class of systems of M, X, and Y having non-affine dependence on
M. Similar results demonstrating the tightness of upper-bound for negative-binomial and binomial
distributions are presented in Appx.[M.4]

7 Discussion and Limitations

In this work, we analytically compute PID for large classes of distributions, greatly expanding upon
the analytical result for the Gaussian system. We provide the first known analytical PID for systems
employing Poisson, gamma, exponential, Cauchy, beta, Dirichlet, Lévy-stable, binomial, multinomial,
negative binomial, and uniform distributions. Furthermore, we generalize the previous Gaussian
PID result [21] in an additional way by showing the target M need not be Gaussian. Our stable
distribution results provide the first known analytical computation of PID for fat-tailed distributions
(all continuous stable distributions have infinite variance except the Gaussian distribution). A practical
utility of our analytical results is that they provide a large test bed in which the performance of
numerical PID estimators can be compared and evaluated. This test bed may benefit future works on
numerical PID estimation by enabling more comprehensive testing of PID estimators.

Our results on the Poisson, Cauchy, and binomial are of particular relevance in the neuroscientific
context. Poisson and Cauchy distributions are widely used to model neural spikes [49] and network
dynamics in the brain [51]. Binomial thinning is a frequently-used operator in neuroscience [49].
Our generalization of the Gaussian result could be helpful in refining approximations already used
in computing PID for neural data [3]], e.g., by relaxing the assumption of joint Gaussianity. As
continuous stable distributions have been shown to better model Magnetic Resonance Imaging
data [52} 53], our results may also be helpful in computing PID in this application.

We also connect the fields of data thinning and data fission with PID by using their decomposition
strategies for analytically computing the PID of systems based on convolution-closed distributions (see
Sec.[5). Conversely, our PID results also suggest decomposition strategies for data thinning/fission
purposes, e.g., our stable distribution results suggest that stable random variables can be decomposed
by adding independent noise (similar to the Gaussian case discussed in [26]). Convolution-closed
distributions are particularly promising for studying PID as they allow intuitive construction of upper
bounds that can be analytically minimized (see Sec. [6). These upper bounds can complement the
work on numerical estimation of PID by providing more refined approximations. Another promising
avenue is to combine our upper bounds with lower bounds (e.g., from [54]]) to create branch and
bound algorithms [55]] for solving (2). Overall, our analytical results greatly facilitate the computation
of PID, either by directly using the analytical expressions or by providing refined approximations for
numerical methods.

Limitations and Future Work: We study PID for univariate M, X, and Y and provide some vector
extensions. More vector extensions of our results are a promising direction for subsequent works.
Most of our analytical results require P(X|M) and P(Y'|M) to depend on some affine functions
of M. The existence of analytical solutions for the cases where P(X|M) and P(Y|M) depend on
non-affine functions of M remains an open question. The upper bound discussed in Sec. [6]can be
further refined with more careful analysis, and more rigorous testing of these upper bounds is required
to understand in which cases the upper bound is a good approximation for solving (2). We defer
the testing and refinement of these upper bounds for subsequent works, as our primary goal in this
work is to study analytical solutions of PID. Niu & Quinn [56] also propose a duality result between
the synergistic and redundant components in the Gaussian broadcast and multiple-access channels
utilizing the analytical PID expressions of the Gaussian system. It may be possible to derive similar
duality results for appropriately defined broadcast and multiple-access channels employing other
distributions (e.g., Poisson or Cauchy) with our theoretical results.

Broader Impact: Due to their theoretical nature, our results’ negative impact primarily depends
on how they are used and interpreted. Our theoretical results are applicable only under the specific
assumptions outlined in this work, and using these results without ensuring that the theorem’s
assumptions are satisfied can lead to incorrect scientific conclusions. We also caution reader against
naively using PID to draw causal inferences, as PID is inherently a correlational quantity.
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A Formal proof of the sufficient condition for solving (2) discussed in Sec. 3|

Proposition 1. For the minimization problem defined in @), if there exists a joint density
Quce(M, X,Y) € Ap, having the Markovian structure of the form M — X - Y orM - Y — X,
then Qpc(M, X,Y) minimizes (). Furthermore,

1. If Qe (M, X,Y) has the Markovian structure M — X — Y, then UI(M;Y\X) =
IQIWC(M;Y‘X) =0.

2. If Que (M, X,Y) has the Markovian structure M — Y — X, then UI(M; X\Y) =
1gye (M, X[Y) = 0.

Proof. Case 1: Qpc(M, X,Y) € Ap having the Markovian structure M — X — Y.

By the definition of the Markov chain, we know that M and Y are conditionally independent given
X. Denote Qo (M, X,Y) as the joint distribution of the Markov chain M — X — Y. Then,

IQIMC(M;Y‘X) =0, (13)

where Ig,,.(M;Y|X) is the conditional mutual information between M and Y given X under
the distribution Q¢ (M, X,Y"). Equation follows from a well-known property of conditional
mutual information which states that I(A4; B|C) = 0iff A 1L B|C 28]

Since Io(M;Y|X) > 0V Q € Ap, due to the non-negativity of conditional mutual information [28]],
we can conclude that mingea , Io(M;Y|X) > 0. The joint distribution Qarc (M, X,Y) having
the Markovian structures M — X — Y achieves the lower bound of 0 for the minimization problem
mingea, Io(M;Y|X) implying Qpc (M, X,Y) minimizes (2).

Case 2: Qpc(M, X,Y) € Ap having the Markovian structure M — Y — X.

A similar argument as case 1, with the random variables X and Y switched, would allow us to
conclude that the joint distribution Qasc (M, X,Y") specifying the Markov chain M — Y — X
minimizes (2. O

B Other PID definitions for which theorems are valid

Our theoretical results (Theorems hold for a wide range of PID measures. Particularly, our
results hold for two broad classes of PID definitions: PID definitions satisfying assumption (*) in
Bertschinger et al. [16] and Blackwellian PIDs (see Appendix B-C of Venkatesh & Schamberg [22]
for a deeper discussion on differences between these two families of PID definition). Some examples
of PID definitions satisfying assumption (*) in Bertschinger et al. [16] are the Williams & Beer’s PID
definition [27]], the PID definition proposed in Harder et al. [29], and I-PID proposed in Venkatesh
et al. [37]]. Similarly, an example of a Blackwellian PID is the §-PID discussed in Venkatesh &
Schamberg [22]]. Section III-F of Venkatesh et al. [37] further discusses a family of Blackwellian PID
definitions for which our theorems are also applicable. We now provide formal arguments showing
that our theoretical results are applicable for PID definitions that either satisfy assumption () of
Bertschinger et al. [16] or are Blackwellian

PID definitions satisfying assumption (x): We invoke the argument presented in the proof dis-
cussed in Section 4.2 of Barrett [21]] to show that our results hold for any PID definition satisfying
assumption (*) in Bertschinger et al. [16]. Barrett’s argument relies on the key observation that
the UI calculated using BROJA-PID upper bounds the UI calculated using any other PID definition
satisfying assumption () in Bertschinger et al. Entropy’ 14. Consequently, if one of the UI atoms of
the BROJA-PID is zero then the corresponding UTI atom of the other PID definitions must also be
zero due to BROJA PID upper-bounding them and the non-negativity of the PID atoms. Since the
remaining PID atoms are calculated using (I)), it must be the case that the PID atoms calculated using
any PID definition satisfying assumption (*) must be the same as the PID atoms calculated using
BROJA-PID whenever one of the Ul terms of BROJA-PID is zero.

Blackwellian PID: The defining feature of a Blackwellian PID is that the Ul atom is zero iff it is
possible to construct the Markovian structure between the random variables (i.e., M — X — Y
or M — Y — X), while preserving their pairwise marginals (see Venkatesh et al. [22] for more
details). In all our theoretical results, we show that the random variables in the analyzed system admit
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a Markovian structure, while preserving the pairwise marginal structure. Hence, the UI atom for the
systems analyzed in Theorems [T}{7is zero for any Blackwellian PID. Consequently, as the rest of
the PID terms are calculated using (I), it must be the case that the PID atoms calculated using any
Blackwellian PID must be the same as the PID atoms calculated using BROJA-PID in our results.

C Lists of Systems that can solved using Theorem [6]

In this section, we provide examples of systems of random variables (M, X,Y") employing well-
known distributions whose PID terms can be obtained through theorem [6] The following list is
modified from Table 2 of [23]]. Note that for the joint distribution P(M, X,Y) of the system of
random variable (M, X, Y'), we only specify P(M), P(X|M), and P(Y|M), as any P(M, X,Y)
having these marginals can be solved through theorem[6] We also discuss some possible extensions
of the corresponding systems for which the upper bound discussed in Sec. [6]is applicable. Note that
the extension of the systems provided are not exhaustive, and there exists more systems for which the
upper bound is applicable. In the following examples, we assume a > b.

1. System: The distributions of P(M), P(X|M), and P(Y |M) are as follows:
(a) M ~ P(M) having support (0, 00).
(b) P(X|M)=Poisson(alM).
(c) P(Y|M) = Poisson(bM).
The corresponding G(79;X, (1 — 7)dX, x) specified in theorem [6]is Binomial(x,) with
v =b/a,and a,b > 0.
Result: The Markov chain M - X —Y € Apand UI(M;Y\X) = 0.
An extension of the system for which the upper bound of Sec.[6]in applicable: The
distributions of P(M), P(X|M), and P(Y|M) are as follows:
(a) M ~ P(M) having support M.
(b) P(X|M)=Poisson(f1(M)), for f1(M) >0V m € M.
(c) P(Y|M) = Poisson(fo(M)), for fo(M) >0V m e M.
@) fi(m) > fa(m)V m € M and all the underlying distributions are well-defined.
2. System: The distributions of P(M), P(X|M), and P(Y|M) are as follows:
(a) M ~ P(M) having support (—o0, 00).
(b) P(X|M)=N(aM,ac?).
(c) P(Y|M) = N(bM,bo?).
The corresponding G(73:%, (1 — 7)8;X, ) specified in theorem [6]is N (2, v(1 — 7)o?)
with v = b/a, and a, b > 0.
Result: The Markov chain M - X - Y € Apand UI(M;Y\X) = 0.
An extension of the system for which the upper bound of Sec. [6]in applicable: The
distributions of P(M), P(X|M), and P(Y|M) are as follows:
(a) M ~ P(M) having support M.
(b) P(X|M)=Gaussian(f, (M), f1(M)), for f1(M) >0V m € M.
(¢) P(Y|M) = Gaussian(f2(M), fo(M)), for fo(M) >0V m € M.
@ fi(m) > fa(m)V m € M and all the underlying distributions are well-defined.
3. System: The distributions of P(M), P(X|M), and P(Y|M) are as follows:
(a) M ~ P(M) having support (0, 1].
(b) P(X|M)=Negative Binomial(a, M).
(¢) P(Y|M) = Negative Binomial(b, M).
The corresponding G(v3:X, (1 — 7)d:X, x) specified in theorem E] is Beta-Binomial(z,
~a, (1—7v)a) with y = b/a, and a,b € N.
Result: The Markov chain M — X — Y € Ap,and UI(M;Y\X) = 0.
An extension of the system for which the upper bound of Sec. [6]in applicable: The
distributions of P(M), P(X|M), and P(Y|M) are as follows:

(a) M ~ P(M) having support M.
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(b) P(X|M)=Negative Binomial(f1 (M), p), for f1(M) € NgVm € M and p € [0, 1].
(¢) P(Y|M)=Negative Binomial( fo(M), p), for fo(M) € NgVm € M.
(@ fi(m) > fa(m) ¥V m € M and all the underlying distributions are well-defined.
. System: The distributions of P(M), P(X|M), and P(Y|M) are as follows:

(a) M ~ P(M) having support (0, 00).

(b) P(X|M)=Gamma(a, M).

(¢) P(Y|M) = Gamma(b, M).
The corresponding G(735:X, (1 — 7)d:X, ) specified in theorem E] is obtained as follows:
G(y6:X, (1 —4)6:X ,2)=xZ, Z ~ Beta(b, (1 — b)) with ¥ = b/a, and a,b € (0, 00). Note
that we are following the Gamma(c, ) notation.

Result: The Markov chain M — X — Y € Apand UI(M;Y\X) = 0.
An extension of the system for which the upper bound of Sec. [6]in applicable: The
distributions of P(M), P(X|M), and P(Y|M) are as follows:

(a) M ~ P(M) having support M.

(b) P(X|M)=Gamma(f(M),S), for f1(M)>0Vme& Mand g > 0.

(¢) P(Y|M) = Gamma(f2(M), ), for fo(M) >0V m € M.

@ fi(m) > fa(m)V m € M and all the underlying distributions are well-defined.
. System: The distributions of P(M), P(X|M), and P(Y|M) are as follows:

(a) M ~ P(M) having support (0, 00).

(b) P(X|M)=Exponential(M).

(¢) P(Y|M) = Gamma(b, M).
The corresponding G/(73:X, (1 — )52, ) specified in theorem E] is obtained as follows:

G(yo:X, (1 —4)0X ,2)=xZ, Z ~ Beta(b, (1 — b)), and 0 < b < 1. Note that we are
following the Gamma(c, 3) notation.

Result: The Markov chain M — X —Y € Apand UI(M;Y\X) = 0.
An extension of the system for which the upper bound of Sec. [6]in applicable: The
distributions of P(M), P(X|M), and P(Y|M) are as follows:

(a) M ~ P(M) having support M.

(b) P(X|M)=Exponential(f;(M)), for f1(M) >0V m e M.

(¢) P(Y|M) = Gamma(f2(M), f1(M)), for fo(M) >0V m € M.

(d) fo(m) <1V m € M and all the underlying distributions are well-defined.
. System: The distributions of P(M), P(X|M), and P(Y|M) are as follows:

(a) M ~ P(M) having support [0, 1].

(b) P(X|M)=Binomial(a, M).

(¢) P(Y|M) = Binomial(b, M).
The corresponding G (75X, (1 — 4)8:X, x) specified in theorem E] is Hypergeometric(z,
~a, (1 —v)a) with v = b/a, and a,b € N.

Result: The Markov chain M - X - Y € Apand UI(M;Y\X) = 0.
An extension of the system for which the upper bound of Sec. [6]in applicable: The
distributions of P(M), P(X|M), and P(Y|M) are as follows:

(a) M ~ P(M) having support M.

(b) P(X|M)=Binomial(f;(M),p), for f1(M) € Ng¥Vm € Mandp € [0, 1].

(¢) P(Y|M) = Binomial(fo(M), p), for fo(M) € NoVm € M.

@) fi(m) > fa(m)V m € M and all the underlying distributions are well-defined.

. System: The distributions of P(M), P(X|M), and P(Y|M) are as follows:
(a) M ~ P(M) having support over a k-dimensional simplex.

(b) P(X|M)=Multinomialy, (a, M).

(¢) P(Y|M) = Multinomialy, (b, M).
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The correspondingG/(vd;x , (1 — 7)d:X | ) specified in theorem@is Multivariate Hypergeo-
metric (X, vy ) with ¥ = b/a, and a, b € N.

Result: The Markov chain M — X — Y € Ap and UI(M; Y\X) = 0.
An extension of the system for which tlle upper bound of Sec. [6]in applicable: The
distributions of P(M), P(X|M), and P(Y|M) are as follows:

(a) M ~ P(M) having support M.

(b) P(X|M)=Multinomialy,(f1 (M), B), for fi(M) € Ny ¥V m € M.

(¢) P(Y|M) = Multinomial( fo(M), B), for fo(M) € Ng ¥V m € M.

(d) fi(m) > fa(m)Vm € M, B is a valid probability vector, and all the underlying
distributions are well-defined.

D Lists of Systems that can solved using Theorem

In this section, we provide examples of systems of random variables (M, X,Y") employing well-
known distributions whose PID terms can be obtained through theorem[/| The following list is
appropriately modified from Appendix A of [26]. Similar to Appx.|C| we only specify specify P(M),
P(X|M), and P(Y|M) of the joint distribution P(M, X,Y’), as any P(M, X,Y) having the same
marginals can be solved through theorem[7] In the following examples, we assume a > b.

1. System: The distributions of P(M), P(X|M), and P(Y|M) are as follows:

(a) M ~ P(M) having support (0, c0).

(b) P(X|M)=Exponential(M).

(c) P(Y|M) = Geometric(M/(r+M)), where T € (0, 00).

Results: The Markov chain M — X — Y € Ap, and UI(M;Y\X) = 0. The corre-
sponding @ ;¢ (Y| X) required for constructing the Markov chain is Poisson(7X).
2. System: The distributions of P(M), P(X|M), and P(Y|M) are as follows:

(a) M ~ P(M) having support M.

(b) P(X|M)=Gamma(f;(M), fo(M)), where fi(m), fa(m) >0V m € M.

(c) P(Y|M) = Negative Binomial( f1 (M), f2(M)/(f,(a)+7)), where T € (0, 00)
Results: The Markov chain M — X — Y € Ap, and UI(M;Y\X) = 0. The corre-
sponding Qs (Y| X) required for constructing the Markov chain is is Poisson(7X).

3. System: The distributions of P(M), P(X|M), and P(Y|M) are as follows:

(a) M ~ P(M) having support (0, c0).

(b) P(X|M)=Beta(M,1).

(c) P(Y|M) is a discrete distribution with over support set {0, 1, ..., N}, with

I'(y +m)N!
PY=y|M=m)= mIM,
where I'(.) is the Gamma function.

Results: The Markov chain M — X — Y € Ap, and UI(M;Y\X) = 0. The corre-
sponding Qs (Y| X) required for constructing the Markov chain is Binomial(N, X).

4. System: The distributions of P(M), P(X|M), and P(Y |M) are as follows:

(a) M ~ P(M) having support (0, c0).

(b) P(X|M)=Beta(1, M).

(c) P(Y|M) is a discrete distribution with over support set {0, 1,..., N}, with
I'(y +m)N!
P(Y =ylM = =M

Y =yIM =m) =mp

where T'(.) is the Gamma function.

Results: The Markov chain M — X — Y € Ap,and UI(M;Y\X) = 0. The correspond-
ing Qo (Y| X) required for constructing the Markov chain is is Binomial( N, 1 — X).
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5. System: The distributions of P(M), P(X|M), and P(Y|M) are as follows:
(a) M ~ P(M) having support (0, c0)? for some dimension d.
(b) P(X|M)=Dirichlet(Mj, ..., M,).
(c) P(\?|1\7I) is a discrete distribution having support {y; € {1,...,N} V i €
4] ¥i—y yi = N}, and

r (Zle Mi) N 1 T (M; +Y;)

P(YM) = |
P (S Mot N) i LORY

where T'(.) is the Gamma function.

Results: The Markov chain M — X — Y € Ap, and UI(M; Y\X) = 0. The corre-
sponding Q¢ (Y |X) required for constructing the Markov chain is Multinomial (N, X).

E Miscellaneous PID Results

This section explores the analytical calculation of PID terms for five more systems of random variables
(M, X,Y) with joint distribution P(M, X,Y"). These five systems’ P(M,X,Y) employ well-
known distributions, but their respective analytical PID calculation does not result from Theorem [T}
Theorem Of note are the results of P(M, X,Y") employing exponential and uniform distribution,
which states that these systems will always have both unique information terms zero.

E.1 PID for the miscellaneous system M1.

Miscellaneous system M1: Let (M, X,Y") be a system of random variables with joint distribution

P(M, X,Y). The joint distribution P(M, X,Y") describes the miscellaneous system M1 if it satisfies
the following two properties:

1. M ~ P(M), and has support (0, c0).

2. P(X|M)=Exponential(yx M), and P(Y|M)=Exponential(yy M), where vx,vy €

(0, ).
Proposition 2. Let M, X, and Y be random variables whose joint distribution P(M, X,Y') describes
the miscellaneous system M1 defined above. Then, Ap contains a distribution Qo (M, X,Y),

which admits both Markovian structures, i.e, M — X — Y and M — 'Y — X. Consequently, both
UI(M;Y\X)=UI(M; X\Y)=0.

Proof. We prove proposition [2| by explicitly constructing a joint distribution Qro (M, X,Y) € Ap
that admits both Markovian structures, namely, M — X — Y and M — Y — X. A necessary and
sufficient condition for the distribution Q¢ (M, X,Y) to admit both Markovian structures is that it
should satisfy (T4).

Qme(M, X, Y)ZQMC(M)QMC(X|M)QMC(Y|X)ZQMC(M)QMC(Y\M)QMC(XW)(-M)

We now briefly outline the structure of the proof. The rest of the proof can be divided into three parts:
1. In the first part, we explicitly construct Qs (M, X,Y).
2. In the second part, we show that the Qs (M, X, Y") constructed in the first part lies in A p.

3. In the third part, we conclude our proof by showing that Qs (M, X,Y) satisfies (T4) and,
consequently, admits both Markovian structures.
Part 1: Specifying Qo (M, X,Y)

We specify Qo (M, X,Y) by individually specifying Q pro (M), Qrre(X| M), and Qpre (Y X).
We choose Qo (M) and Q pro (X | M) as follows:

Quc(M) = P(M), and Quc(X|M) = P(X|M). (15)
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The distribution Q¢ (Y| X) is specified through the following deterministic transformation:

y = Xx (16)
Ty

Part 2: Showing Qnc(M, X,Y) € Ap
For showing Qo (M, X,Y) € Ap, we first need to calculate Qo (Y| M):

Calculating Qprc(Y|M): By lemmal[l} if X ~ Exp()\), then aX ~ Exponential(¥/a). Since
Qe (X |M)=Exponential(yx M), we can use the result of lemmall|to calculate Qs (Y |M) as
follows:

Que(YIM) = Qe (“X‘ M) — Exponential (WWXM)
0% X

= Exponential (yy M) = P(Y|M). (17)

Then, from (I3)) and (I7), we can conclude:
Quic(M, X) = Que(M)Que(X|M) = P(M)P(X|M) = P(M, X), (18)
Quc(M,Y) = Quc(M)Quc(Y|M)=P(M)P(Y|M) = P(M,Y). (19)

Hence, Qnc(M,X,Y) € Ap.
Part 3: Showing Q¢ (M, X,Y) satisfies (I4)

It is trivial to see that by the construction of Qs (M, X,Y") given in Part 1, we have:
Quc(M, X,Y) = Quc(M)Quc(X|M)Qune(Y]X). (20)
By the chain rule, we have:

Qrc(M, X,)Y) = Quc(M)Quc(YIM)Quc(X|Y, M). 21

Hence, for showing that Quc(M,X,Y) satisfies (14), we only need to show that
Quc (XY, M) = Quc(X]Y).

Showing Qo (XY, M) = Qume(X|Y): Observe that Y = 7x/yy X by construction. Therefore,
we can equivalently express X = 7v/yxY . Consequently,

Quo (XY, M) =1[X =w/yxY]as X = w/7xY, (22)

where I[-] is the indicator function. Since R.H.S of the above equation does not depend on M, we
have:

Quc (XY, M) =1I[X = w/yxY] = Quc(X[Y). (23)
Combining (ZT)) and (23], we have:
Quc(M,X,Y) = Quc(M)Quc(YIM)Quc(X]Y). 24)

Combining (20) and (Z4), we can show that Q¢ (M, X, Y) satisfies (T4).

Conclusion: Combining the results of parts 2 and 3, we can conclude that the Q¢ (M, X,Y) €
Ap and contains both Markovian structure M — X — Y and M — Y — X. A unique
implication of Q¢ (M, X,Y") admitting both Markovian structures is that both I, (M; X|Y) =
Ig,,c(M;Y|X) = 0. Consequently, both minimization problems presented in (2)) are minimized
by Quc(M,X,Y) with UI(M; X\Y) = mingea, Io(M;X|Y) = 0 and UI(M;Y\X) =
mingea, Io(M;Y|X) = 0, completing our proof. O

Lemma 1. If X ~ Exponential(\) with A € (0, 00), then vX ~ Exponential(*/~) for v € (0, 00).

Proof. We denote the p.d.f. of the random variable X as px (-) and, by lemma statement, we know:

Ae~ %A x>0

0 otherwise (25)

px (X = x) = Exponential(\) = {
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Denote the p.d.f. of the function f(X) of the random variable X as py(x)(-). We want to derive
prx)(-) for f(X) =~X. Since, f(X) = X is an invertible function, we can use the change-of-
variable technique for deriving p(x)(-):

—1
Prco(f(X) = y) = px(X = 1 7(9)) 'dfdy(y)’ -

= Exponential(*/~). (26)

gem >0
0 otherwise

E.2 PID for the miscellaneous system M2.

Miscellaneous System M2: Let (M, X,Y) be a system of random variables with joint distribution
P(M, X,Y). The joint distribution P(M, X,Y") describes the miscellaneous system M2 if it satisfies
the following two properties:

1. M ~ P(M) and has support (0, c0).
2. P(X|M)=Negative Binomial(M, px ), and P(Y|M)=Negative Binomial(M, py ).
This system is adapted from the negative binomial decomposition listed in Appendix A [26].

Proposition 3. Let M, X, and Y be random variables whose joint distribution P(M, X,Y) describes
the miscellaneous system M2 defined above.

1. If px < py, then Ap contains a Markov chain of the form M — X — Y, and
UI(M;Y\X) =0.

2. If px > py, then Ap contains a Markov chain of the form M — Y — X, and
UI(M; X\Y)=0.

Proof. We only provide an explicit proof of condition 1. The proof of condition 2 follows the same
steps as the proof of condition 1 with parameters of X and Y switched.

Proof of condition 1: We briefly outline the proof structure. The proof can be divided into two parts:

1. In the first part, we explicitly construct a joint distribution Qe (M, X,Y') having the
Markovian structure M — X — Y.

2. In the second part, we conclude our proof by showing the Q¢ (M, X,Y") constructed in
the first part, lies in Ap.

Part 1: Specifying Qc(M, X,Y)

Since Quc(M,X,Y) is the joint distribution of a Markov chain M — X — Y, we have
Que(M, X,)Y) = Quc(M)Qrc(X|M)Qrce(Y|X). Taking advantage of this special structure
of Quro (M, X, Y), we specify Qaro (M, X, Y) by individually specifying Qe (M), Qric (X[ M),
and Qe (Y]X). We choose Qo (M), Qe (X|M) and Qe (Y]X) as follows:

Quc(M) = P(M),Quc(X[M) = P(X|M) and Q¢ (Y|X) = Binomial (X, p),

px(1—py)

where p = .
py (1 —px)

27)

Part 2: Showing ijjc(M, X, Y) € Ap

For showing Q¢ (M, X,Y) € Ap, we first need to calculate Qprc (Y| M):

Calculating Qprc(Y|M): Since Qpre(X|M) = Negative Binomial(M, px) and Qpre(Y|X) =
Binomial(XV, p), we can use lemma 2|for calculating Q(Y'|M):

Qrc(Y|M) = Negative Binomial(M, py) = P(Y|M). (28)
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Then, from and (28], we can conclude:

Quc(M, X) = Quc(M)Quc(X|M) = P(M)P(X|M) = P(M, X), (29)
Quc(M,Y) = Quc(M)Quc(YIM) = P(M)P(Y|M) = P(M,Y). (30)

Hence, Quc(M,X,Y) € Ap and consequently, by proposition [} UI(M;Y\X) = 0. This
concludes our proof. O

Lemma 2. Let X ~ Negative Binomial(N,px) and P(Y|X) = Binomial(X,p) with p =

%, py > px, py,px € [0,1], and N € Ng. Then, Y ~ Negative Binomial(N, py ).

Proof. First, in order for P(Y|X) to be a legitimate distribution, we need to ensure that p € [0, 1],
i.e., we need to show that:

0<p<l. (3D
Since px, (1 —py), (1 —px),py > 0as px,py € [0, 1], we can easily verify the first inequality:

_pxlopy) S g (32)
(1-px)py —

For verifying p < 1, we will use the assumption that py > px:

1 1
pPx SPY:Z;SZ;. (33)

Subtracting 1 from both sides of the above inequality.

<= 1= < (34)
py bx py px
Rearranging terms, we obtain:
1-— 1-—
Mgljpgl(aspzw), (35)
(1 —px)py (1 —px)py
For calculating P(Y), we borrow the result of proposition 13 in [26], which states that
if X ~ Negative Binomial(M,px) and P(Y|X) = Binomial(X,p), then P(Y) =
Negative Binomial (N, pi’i). Hence,
Px+pP—ppx
P(Y) = Negative B1nom1a1 px) Negative Binomial (N , px)
T —— px +p(1—px)
= Negative Binomial N , ) fy)
T G=px)py (1 —px)
= Negative Binomial (N , o (1 ox(—p7) )
— Negative Binomial (N, pXPy )
pxpy +px(1—py)
. . . PxPy
= Negative Binomial (N , > Negative Binomial (N, py ) . (36)
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E.3 PID for the miscellaneous system M3.

Miscellaneous System M3: Let (M, X,Y) be a system of random variables with joint distribution

P(M, X,Y). The joint distribution P(M, X,Y") describes the miscellaneous system M3 if it satisfies
the following two properties:

1. M ~ P(M) and has support (0, c0).
2. P(X|M)=Uniform(0,vxM) and P(Y|M)=Uniform(0,vy M), where ~vx,7y €
R\{0}.
Propositiond4. Let M, X, andY be random variables whose joint distribution P(M, X,Y') describes
the miscellaneous system M3 defined above. Then, Ap contains a distribution Qo (M, X,Y),

which admits both Markovian structures, i.e., M — X —Y and M — Y — X. Consequently, both
UIIM;Y\X)=UI(M;X\Y)=0.

Proof. We prove proposition E] by explicitly constructing a joint distribution Qo (M, X,Y) € Ap
that admits both Markovian structures, namely, M — X — Y and M — Y — X. A necessary and
sufficient condition for the distribution Q ;¢ (M, X,Y") to admit both Markovian structures is that it
should satisfy (37):

Qme(M, X, Y):QMC(M)QMC’(X|M)QMC(Y|X):QMC(M)QMC(Y‘M)QMC(X|Y)(é7)

We now briefly outline the structure of the proof. The rest of the proof can be divided into three parts:

1. In the first part, we explicitly construct Q preo(M, X, Y).

2. In the second part, we show that the Qo (M, X, Y) constructed in the first part, lies in
Ap.

3. In the third part, we conclude our proof by showing that Q ;¢ (M, X,Y) satisfies and,
consequently, admits both Markovian structures.

Part 1: Specifying Q (M, X,Y)

We specify Qnre (M, X,Y) by individually specifying Q pre (M), Quare (X | M), and Qe (Y X).
We choose Q pro (M) and Q pro (X | M) as follows:

QMc(M):P(M), andQMc(X|M):P(X|M) (38)
The distribution Q ;¢ (Y| X) is specified through the following deterministic transformation:
y="x (39)
X

Part 2: Showing Qnc(M, X,Y) € Ap
For showing Qarc(M,X,Y) € Ap, we first need to calculate Qpsc(Y|M):

Calculating Qpre (Y| M): Since Q pro(X|M)=Uniform(0,yx M), and Y = 7v/vx X, we can use
the result of lemma 3]to calculate Q¢ (Y |M) as follows:

Quec(Y|M) = Que @YX’ M> — Uniform (0, 3Y7XM) = Uniform (0, vy M)
X X

— P(Y|M). (40)
Then, from (38)) and @0), we can conclude:
Que(M, X) = Que(M)Que(X|M) = PONP(XIM) = POLX),  @41)
Quc(M,Y) =Quc(M)Qumc(Y|M) = P(M)P(Y|M) = P(M,Y). (42)

Hence, Qnc(M, X,Y) € Ap.
Part 3: Showing Q ;¢ (M, X,Y) satisfies
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It is trivial to see that by the construction of Q (M, X, Y) given in Part 1, we have:
Quc(M, X,Y) = Quc(M)Que(X|M)Que(Y]X). (43)
By the chain rule, we have:

Quc(M, X,Y) = Quc(M)Qune(YIM)Quec (XY, M). (44)

Hence, for showing that Qs (M, X, Y) satisfies (37), we only need to show that Q ps¢ (XY, M) =
Quc(X[Y).

Showing Qo (X|Y, M) = Qrpe(X|Y): Observe that Y = 7v/yx X by construction. Therefore,
we can equivalently express X = 7x/~,Y. Consequently,

Quic(X|Y. M) = I[X = v/ Y] as X = vx/ Y, (45)

where I[] is the indicator function. Since R.H.S of the above equation does not depend on M, we
have:

Qume (XY, M) =1[X =7x/vY] = Quc(X]|Y). (46)
Combining and (46)), we have:
Quc(M,X,Y) = Quc(M)Qrnc(YIM)Qre(X|Y). 47)

Combining (@3) and (7)), we can show that Qo (M, X, Y) satisfies (37).

Conclusion: Combining the results of parts 2 and 3, we can conclude that Qpc(M,X,Y) €
Ap and contains both Markovian structures: M — X — Y and M — Y — X. A unique
implication of Qarc (M, X,Y") admitting both Markovian structures is that both I, (M; X|Y) =
10, (M;Y|X) = 0. Consequently, both minimization problems presented in (2) are minimized
by Quc(M,X,Y) with UI(M; X\Y) = mingea, Io(M;X|Y) = 0 and UI(M;Y\X) =
mingea, Io(M;Y|X) = 0, completing our proof. O
Lemma 3. Let X ~ Uniform(0,a) for some a € R, then vX ~ Uniform(0,~a) for v € R and
a,y # 0.

Proof. We denote the p.d.f. of the random variable X as px (-). By lemma statement, we know:

L z€(0,q]
0  otherwise

px (X = ) = Uniform(0,a) = { (48)
Denote the p.d.f. of the function f(X) of the random variable X as ps(x)(-). We want to derive
prx) () for f(X) = ~X. Since, f(X) = 7X is an invertible function, we can use the change-of-
variable technique for deriving py(x(-):

df ' (y)

proo(f(X) =y) =px(X = f1(y)) ‘dy‘ = { 1/‘8@‘ yotie[f\;vlvscé] = Uniform(0, ya).

O

E.4 PID for the miscellaneous system M4.

Miscellaneous System M4: Let (M, X,Y) be a system of random variables with joint distribution

P(M,X,Y). The joint distribution P(M, X, Y) describes the miscellaneous system M4 if it satisfies
the following two properties:

1. M ~ P(M) and has support [0, 1].
2. P(X|M)=Bernoulli(M), and P(Y |M)=Bernoulli(M + p — 2pM), where p € [0,1].

This system is adapted from the Bernoulli decomposition listed in Appendix A [26].

Proposition 5. Let M, X, and Y be random variables whose joint distribution P(M, X,Y') describes
the miscellaneous system M4 defined above. Then, Ap contains a Markov chain of the form
M—>X—>YandUI(M;Y\X)=0.

24



Proof. We briefly outline the proof structure. The proof can be divided into two parts:

1. In the first part, we explicitly construct a joint distribution Qe (M, X,Y') having the
Markovian structure M — X — Y.

2. In the second part, we conclude our proof by showing the Qo (M, X,Y) constructed in
the first part, lies in Ap.

Part 1: Specifying Qo (M, X,Y)

Since Qrrc(M,X,Y) is the joint distribution of a Markov chain M — X — Y, we have
Quce(M,X,Y) = Que(M)Quc(X|M)Qune(Y]X). Leveraging the special structure of
Quic(M, X, Y), we specify Qure(M, X, ') by individually specifying Qurc: (M), Qarc(X|M),
and Qe (Y] X). We choose Qo (M), Qurrc(X|M) as follows:

Que(M) = P(M), and Qpc(X|M) = P(X|M). (49)
The distribution Q¢ (Y| X) is specified through the following stochastic transformation:
Y=X1-2)+2Z(1-X), (50)

where Z ~ Bernoulli(p) and Z 1l (X, M).
Part 2: Showing Q;c(M,X,Y) € Ap
For showing Qarc(M, X,Y) € Ap, we first need to calculate Qs (Y| M):

Calculating Q pro (Y| M): For calculating Q (Y| M), we use the result of proposition 10 in [26]], which
states that if X’ ~ Bernoulli(), Z’ ~ Bernoulli(p’), 2’ 1l X',andY’' = X'(1-2")+(1-X")Z/,
then Y ~ Bernoulli(6 + p’ — 2p'0).

Noting that Q p;(X|M) = Bernoulli(M) and Y = X(1-2)+ Z(1—X), where Z ~ Bernoulli(p)
and Z 1l X|M, we can calculate Qe (Y| M) as follows:

Qe (Y| M) = Bernoulli( M + p — 2pM) = P(Y|M). (51)

Then, from (@9) and (51)), we can conclude:
Qrc(M, X) = Quc(M)Quc(X|M)=P(M)P(X|M)=P(M,X), (52)
Qrc(M,Y) = Quc(M)Qumc(Y|IM)=P(M)P(Y|M) =P(M,Y). (53)
Hence, Quc(M,X,Y) € Ap and consequently, by proposition [} UI(M;Y\X) = 0. This
concludes our proof. O

E.5 PID for the miscellaneous system M5.

Miscellaneous System MS: Let (1\7[, X,Y) be a system of random variables with joint distribution

P(M, X, Y). The joint distribution P(M, X,Y") describes the miscellaneous system M35 if it satisfies
the following two properties:

1. M~ P(l\_/I) and has support over simplex of dimension d.
2. P(X|M)=Categorical(M, ..., M), and P(Y|M)=Categorical(¢y,...,¢4), where
¢; = (1 —p)M; +7/a.

This system is adapted from the categorical decomposition listed in Appendix A [26]].
Proposition 6. Let 1\7[, X, andY be random variables whose joint distribution P (1\7[, X,Y) describes
the miscellaneous system M5 defined above. Then, Ap contains a Markov chain of the form
M—>X—>YandUIM;Y\X) =0.
Proof. We briefly outline the proof structure. The proof can be divided into two parts:

1. In the first part, we explicitly construct a joint distribution @) Mc(l\7[, X,Y) having the
Markovian structure M — X — Y.
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2. In the second part, we conclude our proof by showing the Q ;¢ (1\71, X,Y) constructed in
the first part, lies in Ap.

Part 1: Specifying Q;c(M, X,Y)

Since @ Mc(M, X,Y) is the joint distribution of a Markov chain M — X — Y, we
have Qrre(M, X,Y) = Que(M )QMC(X|M)QMC(Y|X) Taking advantage of this special
structure of Qo (M, X,Y), we specify @ MC(M X,Y) by 1nd1v1dua11y specifying Qo (M),
Qure(X|M), and Qe (Y] X). We choose Qe (M), Qare(X|M) as follows:

Quc(M) = P(M), and Qe (X|M) = P(X|M). (54)
The distribution Q yr¢ (Y| X) is specified through the following transformation:

Y =X(1-2)+ 2D, (55)
where Z ~ Bernoulli(p), D ~ Categorical (4,...,%), and D, Z, and (X, M) are jointly indepen-
dent.

Part 2: Showing Q;c(M, X,Y) € Ap

For showing Qo (M, X,Y) € Ap, we first need to calculate Q 7 (Y |M):

Calculating Qe (Y |M): For calculating Qs (Y |M), we use the result of proposition 11 in [26],
which states that:

If X’ ~ Categorical(fy,...,60;4), Z' ~ Bernoulli(p'), D’ ~ Categorical (1/d,...,1/d), and Y’ =
X'(1-2")+ Z'D' with X', Z’, and D’ jointly independent, then Y’ ~ Categorical(¢}, ..., ¢/)
with ¢ = (1 — p')0; + P'/a.

Noting that Qs (X|M) = Categorical(My, ..., My) and Y = X(1 — Z) + ZD, with X,D, and
Z jointly conditionally independent conditioned on M, we have:

Qe (Y[M) = Categorical(¢1, .. . , ¢q), with ¢; = M;(1 — p) + g = P(YM). (56)

From (54) and (56)), we can conclude:
QucM, X) = Que(M)Quc(X|M) = P(M)P(X|M) = P(M, X), (57)
Que(M,Y) = Que(M)Quc(YIM) = P(M)P(Y|M) = P(M,Y). (58)

Hence, Quc(M, X,Y) € Ap and consequently, by proposition |1} UI(M;Y\X) = 0. This
concludes our proof. O

E.6 PID for the miscellaneous system M6.

Miscellaneous System M6: Let (M, X, 3?) be a system of random variables with joint distribution

P(M, X, 3?) The joint distribution P (M, X,Y’) describes the miscellaneous system M6 if it
satisfies the following two properties:

1. M ~ P(M) and has support N.

2. P(X|M)=Multinomialy, (X; M, Bx), and P(Y|M)=Multinomialy, (Y; M, By ).
Proposition 7. Let M be a random variable. Furthermore, assume X and Y are random vectors of
size dx and dy, respectively, such that P(M,X,Y) describes miscellaneous system M6.

1. If, minge(g,] pZY 2 mine(gy) pZX, then there exists a Markov chain of the form M — X -

Y in Ap, and UI(M; Y \X) = 0.

2. 1If, min;e gy py < mmle[dx] p:X, then there exists a Markov chain of the form M — Y -
X in Ap, and UT(M;X\Y) = 0.
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Proof. We only provide an explicit proof of condition 1. The proof of condition 2 follows the same
steps as the proof of condition 1 with parameters of X and Y switched.

We briefly outline the proof structure. The proof can be divided into two major parts:

1. In the first part, we explicitly construct a joint distribution Q ;o (M, X, Y) having the
Markovian structure M — X — Y.

2. In the second part, we conclude our proof by showing the Qo (M, )Z, 3?) constructed in
the first part, lies in Ap.

Part 1: Specifying Qo (M, X, Y’)

—

Since Qe (M, X,Y') is the joint distribution of a Markov chain M — X = Y, we
have Quro(M,X,Y) = Qure(M)Qure(X|M)Que(Y|X). Taking advantage of this special
structure of Qpre (M, )2,3?), we specify Qo (M, f(, \?) by individually specifying Qnrc (M),
QAIC(X\M), and QNIC(?|X). We choose Q o (M), QNIC(X\M) as follows:

Quc(M) = P(M), and Quc(X|M) = P(X|M). (59)

Specifying Q(?Dﬁ) Let k% = argminie[dx]pf(, and kj = argminie[dy]p}/. Then,
Q(Y|X)=Multinomialy, (Y', Zie[dx]\k; x;, p%‘/), where

Y dy —1
p* _ P}, Pdy —1 _ 27;/1 Piy (60)
= < ... < < .
Y Zie[dx]\k} p; Zié[dx]\k} p; Eie[dx]\’“} Pi

We first show the proposed Q¢ (Y|X) is a valid distribution. By condition 1:

min pZY > min plX 61)
i€[dy] i€dx
5 > o T leavicin) @
i€ldx]\k% i€[dy|\k3-
pY
:12%20,Vj€[dﬂ7 (63)

ieldx]\k% Pi
where the last inequality is due to px and py forming valid multinomial distributions.

Part 2: Showing QAIC(M,}Z,\?) € Ap

For showing Q¢ (M, X, Y’) € Ap, we first need to calculate QMC(Y'\M):

Calculating Qpre(Y|M): We use lemma 4] to calculate Q(Y|M). Note that Qe(X|M) =
Multinomialg, (M, Px ), hence we have:

Qo (Y|M) = Multinomial g, (M, By ), where ,

5., — Py Ticlaypws Pi Pay 1 Ziclax\w Pi 1 Ciclax\wk Pi Sy
ieldxI\kY P 2ieldxI\kY P Dieldx\kY p*
=Py =[Pl - Pi—1 1= Ticay P ] =By
=Q e (Y|M) = Multinomialy, (M, By) = P(Y|M). (64)
Then, from (39) and (64)), we can conclude:
Quc(M,X) = Que(M)Quc(X|M) = P(M)P(X|M) = P(M,X), (65)
Que(M,Y) = Que(M)Que(Y|M) = P(M)P(Y|M) = P(M.Y). (66)

Hence, Que(M,X,Y) € Ap and consequently, by proposition UI(M;Y\X) = 0. This
concludes our proof. O
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Lemma 4. Suppose X ~ Multinomial g, (n,px) and Y‘|X ~ Multinomial 4., (ZjeI Xj,q’),

where T C {1,...,dx}. Then Y ~ Multinomialg, (n,q*), where

{Zjezpj} i 1<i<dy
dy —1 . :

1- [Ejelpj} : [Zjil qy} , i=dy

*

4 = (67)

Proof. Without loss of generality, reshuffle the class indices of Y such that 7 ={i:1 <i < w},
where |Z|=w. Let O={%' € NIx 1. Z?j{l x; < n}. By the law of total probability,

P(Y=3) =) PX=x)P(Y=yX=x%) (68)

=) a1 a1 (69)
xeC il ) L2 vl
Remove from the sum all terms that do not depend on X. Note that y4,, = > jeT®j — fl:f ! y; and

d
quY = (1 — ijl qz) " are both functions of §. Let Y= ;1;/1—1 y; and gs= Zf;fl .

dy —1 H(,ixl p?i . (E . I)'
. . 1= 7 JEL I . =Y
PY =¥)= | [I 4> (1 — qo) ez ¥
TR |
i=1 Z' =1 xeC H,L 1 mz (ZjGI 37]‘ - ys) .

Form a multinomial coefficient outside the sum:
dy—1
P(Y =3) = (H?_Yl I — H1 q”l) (70)
(0 =y ) T2 P (S ez )!
e | (Z_jeI Tj — ys>!

Let 7% = {i:w < i < dx} be the set of indices that are not taken in the number of trials for Y.
Consider the sum over X € (' alone in (7T)). Separating terms that belong to Z and Z°,

)

(n —ys)! S ierTi—Ys | (Zjezxj) ;i
> 1177 i
HjeIxj'

%eC HjeIU z;! (Ejez Lj—Ys ) JEIO JET

Let¢" ={x' € Ngx =1, yhdx 1 T — Sty <n =0 yi}. NoteX € C = X € (', so we
can equivalently sum over elements in C”. Perform a change of variable with u = jez Tj — Ys and

define B = {z; € X:j € Z,} ;.7 ¥; = u+ ys}. Then the sum becomes

_ Z n*ys Hpj l—q‘,. Z ( Au+ys- ) pjwj (72)

X

(1 —gy)Zoes ™7, (71

lu!
zeC! HJGIO T3t jezo o,ep T Tim/ Sl
Note that the inner sum simplifies by the multinomial theorem:
u+ys
n-—- ys

O e | LAEAR P 7

zecr HLjez0 "™ jezo jez

u
TL - ys
=|>_» Z ILegoz;!-ul i —ad ow | (74)
JET zecr HLIELY Jezo j€T JET
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Reapply the multinomial theorem to the sum of X over C”:

Ys n—"ys
=D w D opi+Y pi—as Y. (75)
JjeL JEIO JET jeT
Ys n—1ys
= ij 1 —qupj . (76)
jez jez

Inserting into (71)), the marginal becomes

Ys n—yYs
N n! Hc.li/71 qyi

PY=y) = =l Zi i 1—gs i 77
( ¥) 1—[51;/171%!. (n — ys)! j;pj q jez;p] (77)

dy—1 i n=Ys

n! ;2 (Zjelpj ’ qz’)
T (- ! e p 7o
i=1 Y s): jE€T

= Multinomialg, (n,q") (79)
where G* is defined as in (67). O

F Proof of Theorem 1]

In this section, we provide the proof of theorem|[I] Since theorem ] provides the analytical PID terms
for the univariate affine continuous stable system defined in Sec. ] we briefly restate certain key
properties of the univariate stable distributions and the corresponding univariate affine continuous
stable system for convenience.

F.1 Univariate continuous stable distribution

Univariate continuous stable distribution are a large class of distributions that naturally arise in the
context of generalized central limit theorems. We refer the reader to Appx. for more details on
univariate continuous stable distributions. We now list certain key properties of univariate continuous
stable distributions that we make use of in the proof of theorem|[I}

1. If X is distributed according to a univariate continuous stable distribution, then the sum of
two independent copies of X, denoted as X7 and X5, follows the same univariate continuous

stable distribution upto a scaling and translation operation, i.e., a X1 + X5 4 cX + d for
a,b,c>0and d € R.

2. The p.d.f. of univariate continuous stable distributions is characterized by four parameters:
stability parameter denoted as « € (0, 2], skewness parameter denoted as § € [—1, 1], scale
parameters denoted as v € (0, c0), and location parameter denoted as p € R. We denote
the p.d.f. of a univariate continuous stable distribution as pcs(«, 8,7, ().

F.2 Definition of univariate affine continuous stable system

Let (M, X,Y) be a system of random variables with joint distribution P(M, X,Y’). The joint
distribution P(M, X,Y) describes the univariate affine continuous stable system if it satisfies the
following two properties:

1. M ~ P(M) having some support set M C R.

2. The conditional distributions of random variables X and Y conditioned on M can be
expressed through univariate continuous stable distributions with an affine dependence on M,
ie., P(X|M)=pcs(a, Bx,vx,aM+b) and P(Y|M)=pcs(a, Bysgn(ac), vy, cM +d),
where a,b, c,d € R.
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F.3 Formal proof of Theorem[l]

We first discuss and provide the provide the proofs of lemma [5] and lemma [6] that we will use for
proving theorem 1} In the following proofs, sgn(x) denotes the sign function:

1 x>0
sgn(x) = 0 =0 . (80)
-1 <0
Lemma 5. If X ~ pos(a, 8,7, 1), then for any n # 0 and k € R, we have
DX 4 ki~ pos(a, sgn(n)B, [nly,np + k) a#l
pos (@, sgn(n)B, [nly, np + K = 2/=Bynlog(lnf))  a=1
Proof. See the proof of proposition 1.4 part (b) in [23]. O

Lemma 6. If X1 ~ pcs(a, B1,71, 1) and Xo ~ pos(a, B2, vz, pio) are independent, then X1 +
X2 ~ PCS(Oéa 57 v ﬂ) where

5= Bivg + B2

Y g V=g, and = p.

Proof. See the proof of proposition 1.4 part (c) in [23]]. O

Theorem 1. Let M, X, and Y be random variables whose joint distribution P(M, X,Y) describes
a univariate affine continuous stable system. Without the loss of generality, assume 12|/ > lcl/y.
If1 =By > (0xlel/yy1a))® (1 = Bx), and 1+ By > (vxlel/yyja))* (1 + Bx), then Ap contains a
Markov chain of the form M — X — Y and UI(M;Y\X) = 0.

Proof. We first note that we can always assume lal/yx > I¢l/5y without the loss of generality because
if lel/yy > lal/yx, then we can always switch our nomenclature to refer to Y as X, and X as Y.

We now briefly outline the proof structure. We divide the proof into two cases lal/yx > I¢l/yy and
lal/vx = l¢l/yy. The proof for both cases follows essentially the same structure consisting of two
major parts:

1. In the first part, we explicitly construct a joint distribution Q¢ (M, X,Y") having the
Markovian structure M — X — Y.
2. In the second part, we show that the Q7 (M, X, Y') constructed in the first part, lies in A p.
Therefore, we can then apply the result of proposition[I|to conclude UI(M;Y\X) = 0.
Case 1: lal/yx > I¢l/qy
Part 1: Specifying Qo (M, X,Y)

We explicitly construct the desired Markov chain M/ — X — Y by constructing a larger Markov
chain M - X — X’ — Y’ — Y and then marginalizing the larger Markov chain to obtain the
desired Markov chain M — X — Y.

Denote the joint distribution of the Markov chain M — X — X' — Y’ — Y as
Que(M, X, X" Y'Y). We can decompose Qrc(M, X, X', Y, Y) by utilizing its Markovian
structure as follows:

Que(M, X, X" YY) = Quc(M)Quc(XIM)Que (X' X)Que (YX)Que (YY),
Consequently, we can specify/construct the distribution Qo (M, X, X', Y’ Y) by individually
specifying Qrro (M), Queo(X|M), Quo(X'|1X), Queo(Y'|X'), and Qe (Y]Y).

Specifying Qs (M) and Qpre (X |M): We choose Qo (M) and Q pro(X| M) as follows:

Que(M) = P(M) and Qe (X|M) = P(X|M), (81)

where P(M) and P(X|M) are marginal distributions derived from the original joint distribution
P(M,X,Y) (discussed in the theorem statement) over which the bivariate PID is being calculated.
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Specifying Qarc(X'|X): The distribution Q o (X' X) is specified by the following deterministic
transformation:

{ aX a#1
LX + (28xvx log(|Yal))/(7a) a =1

We will also derive the distribution Q(X'|M) before proceeding with our construction, as we will
need it later in the proof to show that the constructed Qo (M, X,Y) € Ap.

Deriving Qo (X'|M): Since Qpeo(X|M = m) = pes(a, Bx,vx,am + b) for a fixed m and
X' is scaled and translated version of X, we can use lemma3]to derive Q¢ (X’|M). The exact
expression of Qo (X'|M = m) is provided in (83).

X' = (82)

Quc(X'|M =m) = pes(o, Bxr,vx7, px+), where

X = { Zgﬁgﬁ%?i g i } = sgn(1/a) Bx = sgn(a)Bx,

a « 1
WX,:{|/|7X #1 _x

[Yalyx a=1 " TJa|’
Liam +b) a#1 b
. { L(am + b) + 26x7x log(/al)fra — 26xvx 108 Velfra @ =1 " g
= Quc(X'|M =m) = pcs(a, Bxsgn(a), %/, m + Y/a). (83)

Specifying Qs (Y| X'): In order to define Qo (Y| X’), we need to define an auxiliary variable e.
The random variable € ~ pos(e; a, 8,7, '), where

o SR - (- () ot

In order for € to have a legitimate continuous stable distribution, we need to ensure that 3’, 7/, and 1’
lie within their appropriate bounds as specified in Appx. It is trivial to see that ' € R.

Showing 4" € (0, 00). Under the assumption of the case 1, we know that:
> w

Manipulating the above inequality, we obtain:
- () - () - G () -
el = al ] |al ] |al
1
= ((W> - <7X) ) — 5 >0. (85)
] lal

Hence, (83) shows that 7" € (0, c0).

Lastly, showing that 5" € [—1, 1]. Note that the condition 8’ € [—1, 1] can be equivalently expressed

as | 8’| < 1. For showing that 8’ € [—1, 1], we will show that the inequality |3’| < 1 is equivalent to

the inequalities: (7xlcl/jalyy)® (1 — Bx) < 1 — By and (1 + Bx) (vxlel/jalyy )™ < 1+ By, where

the last two inequalities hold by the theorem assumptions:

(v /1el)” By — (0x/1a))” Bx (/1) By — Ox/1al)” Bx | _
(7 /1el)™ = (7x/1al)* (" /1e)™ = (xfla)® |7

Ov/ie) "By = (x/1al) Bx 86)
(/1e)® — (vx/|al)

Multiplying (7v/|e|)® — (¥x/]a])® on both sides of the inequalities in (86).
(x/1al)™ = (v/1e)™ < (7 /1el) By = (0x/1al)” Bx < (7/1e)® = (7x/1al) . (87)

a C
lal _ I

18| < 1= |sgn(a) ’<1:>

= -1<
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Adding (7x/|a|)” Bx on both sides of the inequalities in (87).

(x/1al)* + (x/1a)® Bx — (7 /1el)® < (/1) By < (/1) = (0x/1al)® + (7x/1al)” Bx,
= (14 Bx) (vx/1a)® = (/1™ < (W/1el)™ By < (7 /1el)™ + (x/1a))® (Bx — 1). (88)

Dividing (7v/|c|)* on both sides of the inequalities in (88).
(14 Bx) (xlel/jalyy ) =1 < By < 1+ (0xlel/jalyy ) (Bx = 1). (89)
Simplifying the inequalities in (89).

(1+ Bx) (xlel/jaly)® < 1+ By, (90)
By — 1 < (vxlel/jajy ) (Bx — 1). 9D

Multiplying —1 on both sides in (@T):
(rxlel/jalyy ) (1 = Bx) < 1= By. 92)

Hence, by above analysis we can conclude that the inequality | 3’| < 1 is equivalent to the inequalities:
(vxlel/jalry ) (1= Bx) < 1— By and (14 Bx) (7xlel/jalyy )" < 1+ By, which ensures 3’ € [—1,1].

As 8" € [-1,1], v/ € (0,00) and i/ € R, we can conclude € follows a legitimate univariate
continuous stable distribution. Furthermore, we define € 1L (M, X, X’), i.e., Pr(e|M, X, X') =
Pr(e) and Pr(M, X, X'|e) = Pr(M, X, X').

We now use € to specify Qaro (Y| X’) as follows:

Y=X+e 93)

We also derive the distribution Q (Y| M) before proceeding with our construction, as we will need it
later in the proof to show that the constructed Qo (M, X,Y) € Ap.

Deriving Qpno(Y'|M): We will use the distributions Qarc(X'|M) and Qe (€) to derive the
distribution of Qo (Y| M):

Q]\/[C(ley/lM:m) = ijc(X/ + 6:1/‘M:m)7

= / Quic(X'=k,e=y — k|M=m)dk,
k

=—00

_ / Qurc(e = ¥ — kM =m)Qarc(X'=kle = v/ —k, M=m)dk.
k

=—o00

Using the fact thate 1l M and e 1l X'| M, we have:

oo

QMC(Y, = y/|M = m) = / QMc(E = y’—k)QMc(X’zk\Mzm)dk. (94)

k=—o00

Since Qprc(€) and Qprc(X'|M = m) are univariate continuous stable distributions for a fixed
m (see (84) and (83)), equation (94) describes a convolution of two univariate stable distributions
for a fixed m. Convolution of two univariate continuous stable distribution is akin to summing
two independent random variable having the same univariate continuous stable distributions, and
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consequently Qpro(Y/| M) can be derived using lemma@ Hence,

QMC(YI‘M = m) :pCS(aaBa’?aﬂ)a where
i b, b d b d
p=m+-—F+p=m+-—+-——=-—=m+—,

a a C a C

= () ) - (@) G)-()) %

(7x/1a)” sgn(a)Bx + 7"’

Q=

T )
B (vx/lal)® sgn(a)Bx + (/1)) — (7x/1al)) (sgn(a) (W(/W‘j}i’gﬁig);éllzgzﬁx)
(/1) + (7/1e)® = (7/lal)*
_ (x/1al)® Bx + (7/1el)® By — (0x/1a))” Bx _ (/1) By
= sgn(a) ) = sgn(a) 1)
= sgn(a)fy. 95)
Specifying Qrrc(Y|Y'): Qe (YY) is specified by the following deterministic transformation:

v cY’ a#l
= ¥ + (2sgn(a)cByry log(le)/m o = 1
Finally, we construct the desired Qe (M, X,Y) from Qpc(M, X, X', Y’ Y) by marginalizing
X and Y.
Part 2: Showing Qnc(M, X,Y) € Ap

For showing that Qo (M, X,Y) € Ap, we first need to calculate Q o (Y| M).

Calculating Q(Y'|M): We use lemma [3 to calculate Q(Y|M) as from (©3), we know that

Quc(Y'|M) = pes(Y'; a,sgn(a)By,7v/|el, M + d/c) is a continuous stable distribution for a
fixed m, and Y a translated and scaled version of Y. The exact expression of Q¢ (Y |M = m) is

provided in (97).
QMC(Y|M = m) = pCS(a7 BYvﬁ/Ya ;ELY)v where

= | sgn(c)sgn(c)By a#1
By = { sgn(c)sgn(a)ﬁi a=1

(96)

= sgn(a)sgn(c) Py = sgn(ac)By,

. le % a#1

Ty = \c”’—"l a=1 T

— c(m+ 9) a#l

oy = { c(m + ) + 2se0(0)cBy vy lox(lel)r — 2en(@)eByy loglefn o =1 T

= Quc(Y|M =m) = pes(a, Bysgn(ac), vy, cm + d) = P(Y|M). 97)
From (8T)) and (97), we can conclude:

Que(M,X) =Que(M)Que(X|M)=P(M)P(X|M)=P(M,X), (98)
Quo(M,Y) = Quo(M)Quc(Y|M) = P(M)P(Y[M) = P(M,Y). 99)

Hence, Qrc(M, X,Y) € Ap and consequently, by proposition[l] UI(M;Y\X) = 0, concluding
our proof for case 1.
Case 2: lal/yx = l¢l/vy
The proof of case 2 is extremely similar to case 1. For case 2, we are able to directly construct the
distribution Qe (M, X,Y') without the need of specifying a larger Markov chain.
Part 1: Specifying Qc(M, X,Y)
Similarly to case 1, we specify Qo (M, X, Y) by individually specifying Qnrc (M), Qrre(X|M)
and Q¢ (Y] X). The distributions Q pro (M) and Q pro (X | M) are as follows:

Quic(M) = P(M) and Qo (X|M) = P(X|M). (100)
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The distribution Q¢ (Y| X) is defined using the following deterministic transformation:

Y:{ c/aX—Cb/a+d O{?él

EX + 2farfryx log (|oal) = Yo+ d a=1 (aon

Part 2: Showing ijjc(M, X, Y) € Ap

For showing that Qo (M, X,Y) € Ap, we first need to calculate Qs (Y| M).

Calculating Q(Y'|M): We use lemmato calculate Q(Y'|M) as Qpre (X |M=m) is a continuous
stable distribution for a fixed m, and Y a translated and scaled version of X. The exact expression of
Qurc(Y|M = m) is provided in (T02).

Quc(Y|M =m) = pcs(y;a,éﬁ,ﬂ),

_ cafam + L — 2 4 ¢ a#1

he { cafam + % — ¥ + d — 2¢/an3yx log (|5/a]) + 2¢/anfryx log (|/a]) =1
=cm+d,

7 = |e|rx/|al = |c|7v/le| = vy, (using the fact that ¥x/|a| = 7Yv/|c| by assumption)

B = Bsgn(7/a) = fsgn(ac),

= Quc(Y|M =m) = pes(a, sgn(ac) By, vy, cm + d) = P(Y|M). (102)
From (T00) and (T02)), we can conclude:

Quc(M, X) = Quc(M)Quc(X|M) = P(M)P(X|M) = P(M, X), (103)

Quc(M,Y) = Quc(M)Quc(Y[M) = P(M)P(Y|M) = P(M,Y). (104)

Hence, Qo (M, X,Y) € Ap and consequently, by proposition[I] UI(M;Y\X) = 0, concluding

our proof for case 2 and theorem I} [

G Proof of Theorem

In this section, we provide the proof of theorem 2] Since theorem [2] provides the analytical PID terms
for system 1 of the multivariate affine continuous stable system defined in Sec.[d] we briefly restate
certain key properties of the corresponding independent component multivariate stable distributions
and the corresponding multivariate affine continuous stable system for convenience.

G.1 Independent component multivariate stable distribution

Independent component multivariate stable distributions are a specific multivariate generalization of
univariate continuous stable distributions describing a collection of independent random variables,
with each random variable distributed according to a univariate continuous stable distribution. We
refer the reader to Appx. [N.3|for more details on multivariate continuous stable distributions. We
now list certain key properties of independent component multivariate stable distributions that we
make use of in the proof of theorem 2}

1. If X is distributed according to an independent component multivariate stable distribution,

then the sum of two independent copies of X, denoted as X; and X, follows an independent
component multivariate stable distribution up to a scaling and translation operation, i.e.,

a)_il —‘rbig ici+&f0ra,b,c> 0andd € R.
2. We denote the p.d.f. of the independent component multivariate stable continuous distribu-
tion as bcs-r1cC (0[, /87 ’?7 ﬁ)9 where

-

B=1[6 ... B4 withB;e[-1,1,5=[n ... 74" withv; € (0,00),
f=[m ... pa" €RY anda e (0,2).

In general, the p.d.f. of independent component multivariate stable distribution do not have
a closed-form analytical expression, and are expressed through their characteristic function.
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3. The characteristic function of a d-dimensional random vector X having independent compo-
nent multivariate distribution pcs—_rc(a, 8,9, i) is expressed as follows:

E %] = exp th —ifsen(t))®(a)) + & 7j | VEERL (105)

- -1 t<0
where ®(a) = { tan (7)o f L sgn(t) = { 0 t=0
E 1 t>0

4. The random vector X = [X; ... Xd]T having the distribution pcs_rc(a, 8,79, ji)
is essentially a collection of independent random variables {X,;}¢_,, where X; ~

pCS( HBJ?’Y]’IU’])‘

j=0

G.2 Definition of the system 1 of the multivariate affine continuous stable system

Let the random variable M ~ P(M) with support M C R. X and Y are dy-dimensional and

dy -dimensional random vectors, respectively. The joint distribution P(M, f(, \?) describes system 1
of the multivariate affine continuous stable system if it satisfies the following two properties

1. M ~ P(M) having some support set M C R.

2. The conditional distributions of random variables X and Y conditioned on M are expressed
as follows:

X=HxM+ AxZyx + by and Y=Hy M + Ay Zy + by, (106)

where Zx ~ pes—_ro(a, de,ldX,OdX) Zy ~ pcs- rc(@,04y,14,,04,), Ax and
Ay are invertible matrices, Hy, by € R and Hy, by € R%.

G.3 Formal proof of Theorem 2]

Theorem 2. Let the joint distribution P(M,X,Y) of M, X, and Y describe the system I of the
multivariate affine continuous stable system. Without the loss of generality, assume ||A;/1Ijly Il <
HA;(IFIX o Where £ = @fa—1V « € (1,2] and Kk = 0o ¥V « € (0, 1]. Then, Ap contains a Markov
chain of the form M — X =Y and UI(M; ?\X) =0.

Proof. We first note that we can always assume ||A_1ﬁy e < ||A_1ﬁX ||l without the loss of
generahty because if ||A 1Hy e > |A "H x ||,.. then we can always switch our nomenclature to
referto 'Y as X, and X as Y.

The proof of above theorem relies on the result of lemma [7| and the fact that the linear system

described in can always be reduced to the special case of the linear system used in lemmal[7]
We briefly outline the proof structure.

1. In the first part, we explicitly construct a joint distribution Qazc (M, X, ?) having the
Markovian structure M — X — Y.

2. In the second part, we show that the Q ;o (M, X, Y’) constructed in the first part, lies in Ap.
Therefore, we can then apply the result of proposition to conclude UI(M; Y’\X) =0.

Part 1: Specifying Q¢ (M, X,Y)

We explicitly construct the desired Markov chain M — XY by constructing a larger Markov
chain M - X — X’ — Y’ — Y and then marginalizing the larger Markov chain to obtain the
desired Markov chain M —- X — Y.
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—

Denote the joint distribution of the Markov chain M — X — X' — Y’ — Y as
Que(M, X, X", Y')Y). We can decompose Qo (M, X, X', Y’ Y) by utilizing its Markovian
structure as follows:

Que(M, X, X", YY) = Quc(M)QueXIM)Qare (X'1X)Que (Y IX)Quc (YY)
Consequently, we can specify/construct the distribution Q¢ (M, X, X’ , Y’ , ?) by individually

specifying Quro (M), QAIC(X|M2, QMC(X’|X), Que(Y'|X’), and Qo (Y]Y'). We specify
Qrc(M,X) = P(M,X) and Q(X'|X) using the following deterministic transformation:

X' = A (X—BX). (107)
Substituting in the above equation:

X' = A} (ﬁXM Y AxZy + by — BX) = AJH M +Zx. (108)

Specifying Q¢ (Y| X’): We define Y according to the following affine system:

Y' = AJ'Hy M + Zy. (109)

Observe that both X’ and Y’ can be described as an affine function of M satisfying the special
structure described in lemma [7| (see (I13)). Furthermore, Qrc(M) = P(M) by construction.
Consequently, Qnrc (M) satisfies the properties required by the distribution of M outlined in

lemma as P(M) in both lemmaand theoremfollow the same properties. Since || A7 Hy ||, <
HA)_(lﬁ x|l by the assumption in the theorem, we can apply the result of lemma [7|to construct
Q MC(?/ |)_(" ), where Hy and Hy would be replaced by A}lﬁ x and A{,lﬁy, respectively.

Lastly, we specify Q¢ (YY) through the following linear system:

—

Y =AyY +by. (110)

Finally, we construct the desired Q¢ (M, X, ?) from Q pro (M, X, X', Y, ?) by marginalizing
X" and Y.
Part 2: Showing Qo (M, X,Y) € Ap

For showing that Q;¢(M, X, Y) € Ap, we first need to derive Qo (Y |M).
Deriving Q(Y|M): Substituting (T09) in (TTO0) we obtain:
Y = Ay(Ay'Hy M + Zy) + by = HyM + AyZy + by. (111)
Inspecting the above equation, we can conclude:
Quc(Y|M) = P(Y|M). (112)
From (I12)), we can conclude:
Quo(M.Y) = Que(M)Quc(Y|M) = P(M)P(Y|M) = P(M,Y).  (113)
We know that by construction:
Que(M,X) = P(M,X). (114)

Hence, Qo (M, X,Y) € Ap and consequently, by proposition UI(M;Y\X) = 0, concluding
our proof. O

Lemma 7. Let the joint distribution of M, X and Y', denoted as P(M, X, Y'), describe the system 1
of the multivariate affine continuous stable system. Furthermore, assume Ax = 14,, Ay =14,

bx = 6d < and by = 6dy, where 1, is a d X d identity matrix and 6d is d-dimensional vector of
zeros. Then,
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1 If|[Hy ||, < |Hx||x where k = ¢/fa—1V a € (1,2] and k = 0o ¥ o € (0,1], then Ap
contains a Markov chain of the form M — X =Y and UI(M;Y /X) = 0.

2. If |Hx||x < |[Hyllx where k = afa—1¥ o € (1,2] and k = 0o ¥ « € (0,1], then Ap
contains a Markov chain of the form M —Y — X and UI(M;X/Y) = 0.

Proof. We only provide an explicit proof of condition 1. Condition 2 is essentially the same as
condition 1, with the parameters of X and Y switched. Consequently, the proof of condition 2 follows
the same steps as the proof of condition 1, with parameters about X and Y switched.

Proof of condition 1:

We briefly outline the proof structure.

1. In the first part, we explicitly construct a joint distribution Qs (M, X, S?) having the
Markovian structure M — X — Y.

2. In the second part, we show that the Q ;o (M, X, 17) constructed in the first part, lies in Ap.
Therefore, we can then apply the result of proposition to conclude UI(M; Y\X) = 0.

Part 1: Specifying Q¢ (M, X,Y)

We explicitly construct the desired Markov chain M — XY by constructing a larger Markov
chain M — X — X’ — Y and then marginalizing the larger Markov chain to obtain the desired
Markov chain M —- X — Y.

Denote the joint distribution of the Markov chain M — X X - Yas Qune(M, )Z, X’ , S?) We
can decompose Qe (M, X, X’,Y) by utilizing its Markovian structure as follows:

Que(M, X, X', Y) = Quc(M)Que(XIM)Que (X' |X)Que(YIX').

—

Consequently, we can specify/construct the distribution @ ;¢ (M, )1 X/ ,'Y) by individually specify-
ing Quc (M), Que(X|M), Que(X'X), and Que (Y [X).

Under the assumptions of lemma we can simplify the linear system describing P (M, X, Y_") shown
in (TOG) as follows:

X=HyM +Zyx and Y=Hy M + Zy. (115)

Correspondingly, we can write the characteristic functions of conditional distributions P(X|M =m)
and P(Y|M = m) for a fixed m by employing 1emma@

n
Ele X |M=m] = exp [ =Y [t;|" + it THxm |,
Jj=1

Ele® Y |M=m] = exp | — Y |t;|* + it THym |, (116)
j=1

where the characteristic function can be derived by realizing that for a given m, Hym and Hym
are constants being added to the random vectors Zx ~ pos—ro(@,04,,14,,04,) and Zy ~
pcs—1c(a,0q,,14,,04, ), respectively, and then using the result of 1emma]§l

Specifying Qprc (M) and QMC(X'|M): We specify Qo (M) and QMC()Z|M) as follows:

Quc(M) = P(M)and Qpe(X|M) = P(X|M), (117)

where P(M) and P(X|M) are marginal distributions derived from the original joint distribution
P(M,X,Y) (discussed in the lemma statement) over which the bivariate PID is being calculated.
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Specifying Q¢ (X/|X): We specify Q prc(X/|X) through the following deterministic transforma-
tion:

X' = Hy (HY)TX, (118)
where HY, is as defined in lemma , and k € [0, o).

We will also derive the distribution Q(X'|M) before proceeding with our construction, as we will
need it later in the proof to show that the constructed Qe (M,X,Y) € Ap.

Deriving Qo (X'|M): To derive Qo (X/| M), we represent X' as function of M and Z in a
similar manner to X in (IT3)), and then use the result of lemma@to derive its conditional characteristic
function E[et’ X'|M], and correspondingly the desired Q yr¢:(X'| M) .

We multiply ﬁy(ﬁ’};)T on both sides of equality in (IT3)) to obtain the following linear equation:

Fiy ()7 = Hy (BY)T (Hx M + Zx) = Hy (FY)Hyx M + Hy (6%)7Z .
Substituting (TT8) in the above equation, we obtain:

X' = Hy (H%)"X = Hy (HY)"Hx M + Hy (HY )" Zx. (119)
Using the result of lemma ie., ﬁy (ﬁlj()Tﬁ x = ﬁy, in the above equation we obtain:

X' =HyM +Hy (HY) Zx. (120)

From (120), we can observe that X' is an affine function of Z x for a fixed . Hence, we can employ

the result of lemma EI to derive the distribution of Q) Mc()_(" |M) (by deriving its corresponding
characteristic function).

Note that the j-th column of ﬁy(ﬁ];()T can be expressed as h’; Hy , where h’; is the j-th component
of HE,. Consequently:

dx

M:m}:exp —Z

j=1

E |:eit?,Ti,

——e - —
WHTE -+t Hym

dx
—exp [ =30 || [ETE + A Hym
j=1

dx
SO + it THym | (121)

Jj=1

At
Y

=exp | —

We substitute the value /} in (TZI) using the definition of Fi%; given in lemmal[10] We will divide the
substitution into two cases:

Case 1: k is finite, i.e., k € [0, 00). Then, we have h’; = In31* /| Eix |11+ %, which implies:

dx ‘hx|k:a
J

AR _ _ T PTG
]E|:€ M—m}—exp Hyt ZW—i_lt Hym
j=1 Xl1+k
IR
T
B HYt dx L o €Tﬁ
= &Xp _”I:I'XHQ—Hca Z’ J | +e ym
1+k  j=1
oo a | ka
Hyt Hx ko 2T
=exp | — H = otka = 41t Hym . (122)
Hx
1+k
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Case 2: k is infinite, i.e., k = co. Then, we have h; =0V j# j* and h’j* = 1/pX, which implies:

g </ — | ind e
E[e7% M—m]—exp<—’H$t ~ +itTHym>
j*
HIt)
exp | ———5 +it T Hym | . (123)
H
[F<].

Combining (122)) and (123), we can re-write E [eﬁTﬁ/ ‘ M= m} as:

B[ X | M = m] = exp (= f(k) [HEE] + i€ Hym), where
_ [ IExIR/jEorer K finite
fk) = { Vifx e kinfinite (124)

Specifying Qe (Y]X' ): We specify Q Mc(?pi’ ) through the following stochastic transformation:

Y =X +¢ (125)

where € follows a multivariate stable distribution. Furthermore, we assume that € is jointly inde-

pendent from (X, X’, M), i.e., € 1L (X, X', M). The characteristic function of € is defined as
follows:

dy o
B[] =exp | =17 + £(k) ‘HH‘ . (126)
j=1

In order for Qr¢(Y|X') to be a valid distribution, we need to ensure that the distribution of €
defined in (T26) is a legitimate multivariate stable distribution. We will utilize property [T for showing
that € follows a stable multivariate stable distribution. Property states a random vector is distributed
according to an independent component multivariate stable distribution iff every 1-dimensional
projection of this random vector follows a univariate stable continuous distribution. Hence, to show
that € is distributed according to a legitimate multivariate stable distribution, we will show that every
1-dimensional projection of € follows a univariate stable continuous distribution.

Let t € R%, then the characteristic function of the 1-dimensional projection of € along t,ie,tTe
can be trivially deduced using (126).

a) . (127)

+ (k) [T

(03
[e%

~en(-[f

Comparing the characteristic function of t 7€ described in (I27) with the standard characteristic
function of a univariate stable characteristic function defined in (323)), we can conclude t 7€ ~
pCS(Oé, ﬁ(t)a ,Y(t)a :U/(t))’ where:

-

|

-,

16 = € () = 0, and B(E) = 0. (128)

In order for t 7€ to have a legitimate univariate stable distribution, we just need to show that

y(t) > 0Vt € R%. Note that v(t) = 0 would correspond to the case where all the mass of
the distribution is centered at 0, which does satisfy definition 2] and is an example of a degenerate

univariate stable distribution. Let us analyze the function (t):

y(t) = , (129)

o |ETE
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Applying lemmaon the term ’ﬁg;f , we obtain:
Hy— t] o) Hy |2 1,2
[tITIHy ([ e (0,1]

Applying (I30) in (I29), we obtain:

® >{ B2 - FRIENIE g, o€ (1,2
=\ - SRR IS e (0,1]

(131)
Denote (t, o) as follows:
- tla — f(k)|IE) 2 Hy || 1,2
o) :{ 6l SOOI I, o (12 1)
Itls — fREITIHY S a<c(0,1]

In order to show ~(t) > 0V t € R%, it suffices to show that /(t,a) > 0Vt € R and v € (0,2].
Case 1: o € (1, 2].
For a € (1, 2], we have:

I(E,a) = HE Hy

" solf

[
[

¢

«
[e3%

(1- 70 iy

: ) . (133)

/o ofa1

Since, the above equation holds for any k € [0, 0o], we choose k = 1/(a—1). Substituting the form
f (k) from (124) in the above equation, we obtain:

T o[-t T S|/
H H
2O L o N PR 8
’ a S e(i+35) a S opa(s2)
X X
1+a£1 "‘/afl
el 1= oot :H€ 1—fen | (134)
a Lopel(E) -2 a ﬁX
X a/a—1
‘1/0471

> 0, and by condition 1 we know that ||ﬁy||a/a,1 < |Hx

[e3

Note that Hf

ofor = [Hyll), _, <
HI:I X ||‘j/a71. Hence, using these two previous facts and the above equation, we can conclude:

e

o, A
1€ a) =t] [1- —L= | =1 a) >0 (135)
—— Hy
>0 ot
>0
Case 2: a € (0,1].
N e e o a (a) || o e o «
1€ 0) = - s ] 8 =R -] ] ase
«a 1 o «a «a e8]

where (a) is derived using the monotonicity of L, norms in p, see [57]. More precisely, we use the
inequality [|t]|, > ||t||1 V a € (0, 1]. Simplifying the above equation, we have:

—

R HE fy | ) . (137)

oo

(1 s
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Since, the above equation holds for any & € [0, cc], we choose k = co. Substituting the form f (k)
from (124) in the above equation, we obtain:

«a ﬁ &
(1 - ”f”‘”) . (138)
o Hx[|%

ERed — — — —
Note that Ht > 0, and by condition 1 we know that | Hy || < [[Hx|loo = [|[Hy |S < [Hx||%.
Hence, using these two facts and the above equation, we can conclude:

I(t,a) > ||It

[e3

« ﬁY
W) >t [1- =72 | = i(ta) >0. (139)
« HX
>0 o
>0

From (133) and (T39), we can conclude that I(t,a) > 0V t € R? and a € (0, 2], which implies
v(t) > 0Vt € R% . Hence, € follows a legitimate multivariate stable distribution.

Finally, we construct the desired Q s (M, X, Y') from Qo (M, X, X/, Y') by marginalizing X'
Part 2: Showing Q¢ (M, X, Y') € Ap

For showing that Q¢ (M, X, Y) € Ap, we first need to derive Q pyc (Y| M).

Deriving Q(Y|M): We will derive Qa;¢(Y|M) by using the fact that € 1L X’|M, hence their
conditional characteristic functions would just result in multiplication.

E [eifT? M = m:| =K [eiGT(XI+€) M = m:| =K |:€iETX’+iETE M = m}

-E [eifTX’eifTE

M= m} @ g {eifTX'

M = m} E [eiETg

M = m] , (140)

where (a) is due to € 1L X'|M. Substituting the characteristic functions of X’ and € from (T24)

and (126), respectively, in (T40):

dy « « -
— exp —Z|tj|a+f(k)‘H$€’ exp(—f(k)’H}T/t‘ + it Hym)
j=1

dy «@ « 5
— exp —Z|tj|a+f(k)‘ﬁ$€’ —f(k)]HH‘ +itTHym
j=1

dy
=exp | — Y _|t;|*+ it Hym | . (141)
j=1

By comparing the characteristic function shown in (I4I)) with the characteristic function derived
using P(Y|M) shown in (T16)), we can conclude:

Quc(Y|M) = P(Y|M). (142)
From (142)) and (T17), we can conclude:
Quc(M.Y) = Que(M)Quc(Y|M) = PM)P(Y|M) = P(M,Y).  (143)
We know that by construction:
Quec(M,X) = P(M,X). (144)
Hence, Qyo (M, X, Y) € Ap and consequently, by proposition UI(M, ?\X) = 0, concluding
our proof. O
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Lemma8. Leta=[a; ... ag€RYandb=1[b; ... by € R then we have:

5" < { &bl ., o< 1.2 (145)
L ElIelS a € (0,1]
where ||()||p is the standard L,, norm.
Proof. Case1: a € (1,2]
Analysing the LHS of (T43)
el | (a) & ®) (& T L\ .
&Tb| = | aibi| = > Jaibil < (D Jal ) (Dbl = &llaBlloya .
i=1 i=1 i=1 i=1

(146)

where (a) is due to the sub-additivity of |(-)| operator, and (b) is due to Holder’s inequality [57].
Raising both sides of the inequality to « in (146) gives us the desired inequality. Since, o > 0 raising
both sides of the inequalities to power a does not change the direction of inequality.

&b| < |&IglIble,. - (147)

‘1/0471

Case 2: o € (0, 1]
Analysing the LHS of (T43)

a’Tb‘ -

d (a) & ® (& L
> aibi| <Y laibi| < (D ail ieglaxd}w = [|af1[[bl|o; (148)
i=1 i=1 i=1

where (a) is again due to the sub-additivity of |(-)| operator, and (b) is due to the fact that |a;b;| <
la;| max;cqq,.qy [bi| Vi € {1,...,d}. Raising both sides of the inequality to « in (T48) gives us
the desired inequality. Since, o > 0 raising both sides of the inequalities to power « does not change
the direction of inequality.

&’b| < | IB]. (149)

Combining (T47) and (T49), we obtain the desired inequality. O

Lemma9. Let Z ~ pos—r1o(a, 04, 14, 6d) be a d-dimensional random vector, A = [aij]?’jd:l IS

R"*4 be a n x d matrix, and b € R%. Then, the characteristic function of AZ + b is given by (150)

d
E [e“T(AZ“’)} —exp [ =Y |aTE] +it"B | ViR (150)
j=1
where a; is the i-th column of A.
Proof. Analyzing L.H.S of (T30)
E |:€1€T(A2+6)i| —E |:6i€TAZ+€TBi| —E {eifTAZeifTB} (151)

Using the fact that ¢t "B i3 constant w.r.t expectation over Z, and linearity of expectation, we have:
E [eﬁT(AZH;)} = eiETEE [exp (iﬁTAi)} )
— tThR [exp (iET & ... & Z)] :

= eiETBE [GXP (’L [ETE_i'l e ETﬁd] Z):| s
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Simplifying the term [t7&; ... t7ay] Z by substituting Z = [Z; ... Z4]", we obtain:

d
BT
=t PE |exp zE ta] ,
Jj=1

Using properties of exponentials, we obtain:

d
= ¢t PR H exp (ifTﬁij) ,
j=1

Using the fact {Z; }?:1 are jointly independent we obtain:

d
— ¢it’D H E [exp (iETﬁij)} ,

Jj=1

Using the fact that Z; ~ pcg(e,0,1,0) and the result of lemma [5| we know that fTéij ~
pos(a,0,[t7'a;],0). Substituting the corresponding characteristic function of t7'&; Z; using (323))

d N d

2T -,
=et bHeXp (—‘tTai ) —et'P exp g
j=1 j=1

d
=exp (- > [t7&| +it"b|. (152)
j=1
O
5 1 n1” 1 2 2T
Lemma 10. Ler H; = [hg A h&l)} e RY and Hy = {hg A hg;} € R?%. Define
ﬁlf as follows:
- 1 T
V= = [sgn(hgl))|hgl)|k‘ sgn(h((jll))|h((ill)|k] V ke [0,00).
HH1||1+k
Furthermore, define ﬁ‘fo as follows:
j* = argmax hgl) ,
je{l,...,di}
1
=[n .. hE]T, with h® =0V j € {1,...,di\{j"}, and h3® = e (153)
J*
Then, we have:
H,(HY)TH, = Hy V k € [0, 00) and Hy(H®)TH; = Hy, (154)

where ||(-)|| 1k is the standard Ly, norm [57)]. We can alternatively state (154) in a more compact
notation:

H,(H) H; = Hy V k € [0, 0], (155)

where the case of k = oo is to be understood as HY = H$®.

Proof. Case1: k € [0,00), i.e., k is finite,

ey
S AT I & Wy (D) [k Oyl |
L (H)THy = [sen(r{)IRV L sen(h() )|
{1 B Fws Jyed
dy
1 d
_ 1tk T, 1A
AT S|yl H, = H,.
4k \j=1
=||H, |1
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Case 2: k£ = oo,

dy
Lo @) = L1 .
Ho (HE)THy = Hy (> nenl | @ H, (ngenl)) © Hy ) = H,
j=1 e

where (a) is due to the fact that all elements of HS® are 0 except the j* element, and (b) is due to the
fact that h3g = 1/n8)). O

H Proof of Theorem

In this section, we provide the proof of theorem [3] Since theorem [3| provides the analytical PID
terms for the system 2 of the multivariate affine continuous stable system defined in Sec. [ we
briefly restate certain key properties of the corresponding elliptically-contoured multivariate stable
distributions and the corresponding multivariate affine continuous stable system for convenience.

H.1 Elliptically-contoured multivariate stable distribution

Elliptically-contoured multivariate stable distributions are another example of a multivariate general-
ization of univariate continuous stable distributions. As the name suggests, the defining features of
these distributions is that the corresponding p.d.f. has elliptical contours, similar to the multivariate
Gaussian distribution. We refer the reader to Appx.|[N.3|for more details on multivariate continuous
stable distributions. We now list certain key properties of elliptically-contoured multivariate stable
distributions that we make use of in the proof of theorem [3}

1. We denote the p.d.f. of the elliptically-contoured continuous stable distribution as
pes—rc(a, X, i), where X is a positive definite matrix, fi € R, and a € (0,2]. In
general, the p.d.f. of Elliptically-contoured multivariate stable distribution do not have a
closed-form analytical expression, and are expressed through their characteristic function.

2. The characteristic function of a d-dimensional random vector X having elliptically-
contoured multivariate distribution pcs— po (e, 3, fi) is expressed as follows:

. < — - a/2 - g
E [enTx] = exp (— (tht) + z’tTﬁ) VteRY (156)

H.2 Definition of the system 2 of the multivariate affine continuous stable system

Let the random variable M ~ P(M) with support M C R. X and Y are dx-dimensional and

dy -dimensional random vectors, respectively. The joint distribution P(M, X, \7) describes the
second system of the multivariate affine continuous stable distribution if it satisfies the following two
properties:

1. M ~ P(M) having some support set M C R.
2. The conditional distributions of X and Y are expressed as follows:
P(X|M) = pes—pe(a, Sx, Hx M + bx), and
P(Y|M) = pes—gc(a, Sy, Hy M + by), (157)

where X x and Xy are positive definite matrices, Hy, by € R%*, and Hy, by € R,

H.3 Formal proof of theorem 3|

Theorem 3. Let the joint distribution P(M,X,Y) of M, X, and Y describe the system 2 of the
multivariate affine continuous stable system. Define 2)_(1/ * and 2;1/ ® as the respective inverses of
the matrices E;Q and 232 which satisfy: (EXQ)TE;? =Xy, and (2¥2)T§]¥2 = Xy. Without the
loss of generality, assume ||2;/1/2ﬁy 2 <l E;/zﬁx |l2. Then, Ap contains a Markov chain of the
form M —- X =Y and UI(M;Y\X) = 0.
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Proof. We first note two important observations:

1. We can always assume ||2;,1/2Ijly Il < ||2;(1/2ﬁx |l without the loss generality because

if ||E;,1/ *Hy ||, > HE;/ Hy |2, then we can always switch our nomenclature to refer to
YasX,and X as Y.

1/2
X

2. Properties of positive definite matrices guarantee the existence of an invertible X~ and

=/ [58].

The proof of this theorem is a generalization of the proof used for the deriving a similar result for the
special case of the multivariate Gaussian distribution discussed in [22], which borrows known results
from Gaussian interference channels discussed in [48]]. This proof follows the same structure as our
earlier proofs.

1. In the first part, we explicitly construct a joint distribution Q¢ (M, X, Y/) having the
Markovian structure M — X =Y.

2. In the second part, we show that the Q s (M, X, 3?) constructed in the first part, lies in Ap.
Therefore, we can then apply the result of propositionto conclude UI(M;Y\X) = 0.

Part 1: Specifying Q /o (M, X, Y’)

We explicitly construct the desired Markov chain M — XY by constructing a larger Markov
chain M - X — X’ = X” - Y’ — Y, and then marginalizing the larger Markov chain to obtain
the desired Markov chain M — X — Y.

Denote the joint distribution of the Markov chain M — X — X' — X’ — Y —
Y as QMC(M,)E,X’,X”,?C?). We can decompose QMC(M,)Z7)Z’,)_§”7 ,\?) by utiliz-
ing its Markovian structure as follows: Q¢ (M, X,X’,X”,?’,?) = QAIC(M)QN[C(X|M)
QueX'|X) Quie(X"1X)Que (Y X")Que(Y|Y'). Consequently, we can specify/construct
the distribution Q¢ (M, X, X", X", Y, Y') by individually specifying Qnrrc(M), Qnc (X|M)

Que(X'1X), Que(X"|X"), Que(Y'|X"), and Qure (YY),
Specifying Q¢ (M) and Qs (X|M): We choose Qe (M) and Qs (X| M) as follows:

<

Quc(M) = P(M) and Que (X|M) = P(X|M). (158)

Specifying Qe (X/|X): Qare(X/|X) is specified through the following deterministic transforma-
tion:

X = (y)7X - by). (159)

We will also derive the distribution Q(X’|M) before proceeding with our construction, as we will
need it later in the proof to show that the constructed Qe (M,X,Y) € Ap.

Deriving Qe (X'|M): We use lemmato derive Qo (X/|M = m), as Qe (X|M = m) is an
elliptically contoured multivariate stable distribution for a fixed m, and (159)) defines a scaling and
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translation operation.

QueX'IM =m) = pes-po (o) (537 Bx 2L, (217 THim+ (2177 (bx —bx))
=R E T (21 T Hm)
=B B (21 Hm) |

23422)_(1/2)1“2;22)_(1/2’ (2)_(1/2)Tﬁxm> 7

I

b~

Q

illl

I

Q
/\/‘\/Q\/\ —

= Que(X'|M =m) = pos-pc (o, Tug, Kxm), (160)

where I, is a dx X dx identity matrix, and Ky = (EQI/Q)TI:I'X.

Specifying Qe (X”|X): Qe (X”|X!) is again specified through a deterministic transformation:

X" =Ky (KL)TX/, (161)

where Ky = (2;1/2)Tﬁy and I_{g( = 1/|Rx|2Kx. We also derive the distribution Q(X'|M)
which will be needed for showing that the constructed Q psc (M, X, ?) € Ap.

Deriving Quo(X"|M = m): We again use lemma |11| to calculate Quro(X”|M = m), as

Que(X/|M = m) is an elliptically contoured multivariate stable distribution (see (T60)) for a
fixed m, and (I39) defines a scaling and translation operation.

Quo(X/|M =m) = pes_pc (Olv (Ky (K%) )L (Ky (KX)), KY(Kk)TKXm) )
= pos-pe (o, Ry (Rx)") Ky (Ry)")T, Ky (Ky)"Kxm) .,
From lemma we know that Ky (I_{g()TI_{' « = Ky, which implies

Quic(X'|M =m) = pes-ge (o, (Ky (RY)) Ky (RY)™)T Kym). (162)

Specifying Q¢ (Y| X”): We specify Qo (Y’|X”) through the following stochastic transforma-
tion:

Y =X"+¢ (163)
where € follows a multivariate stable distribution. Furthermore, we assume that € is jointly indepen-

dent from (}Z, X/, X" M),ie., € 1L ()_i, X/, X" M). The characteristic function of € is defined as
follows:

~ /2 S

E[e579] = exp (_ (714,8) " + (ET(KY<K§(>T><KY<K§(>T>T€)Q/Q) . aed)

In order for Q¢ (Y’'|X”) to be a valid distribution, we need to ensure that the distribution of €
defined in is a legitimate multivariate stable distribution. Similarly to the proof of theorem[2} we
will utilize property (1| for showing that € follows a stable multivariate stable distribution. Property
states a random vector is distributed according to a multivariate stable distribution iff every 1-
dimensional projection of this random vector follows a univariate stable continuous distribution.
Hence, to show that € is distributed according to a legitimate multivariate stable distribution, we will
show that every 1-dimensional projection of € follows a univariate stable continuous distribution.

Lett € R4 | then the characteristic function of the 1-dimensional projection of € along 1?, i.e., tTe
can be trivially derived from (164).

B (o779 —exp (- (€700, 6) 4 (7R (RODRr R2)T)7) 7). 69
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Comparing the characteristic function of t 7€ described in ( with the standard characteristic
function of a univariate stable characteristic function defined in (323)), we can conclude t 7€ ~
pes(a; B(t),7(t), u(t)), where:

- (1/2

7(E) = (ETId,,E)“/ - (FT Ry (R Ry (RY)T)TE) L u(E) = 0, and 5(E) = 0. (166)

In order for t 7€ to have a legitimate univariate stable distribution, we just need to show that

y(t) > 0Vt € R%. Note that v(t) = 0 would correspond to the case where all the mass of
the distribution is centered at 0, which does satisfy definition [2] and is an example of a degenerate
univariate stable distribution.

By the assumption in theorem, HKY||2 = ||E;1/2ﬁy||2 < ||KX|\2 = ||E;<l/zﬁx||2. Hence, we can
use the result of lemma which shows that (Ky (K4)7)(Ky (K4%)T)T < I,,. Using the fact
that (I, — (Ky (K%)T)(Ky (K4)7)T) is a positive semi-definite matrix, we have:

T<IdY (
=71t > t T (Ky (K ) )( (* )NHTE vE e RY,

;»( T1,., 8 )/ ( )T Ky (BL)T) E)/ vieRd,

—

v (K)") Ky (KY))T) T2 07T e B,

I L 72 ;
=(f) = (tTIdY ) ( (Ky(KL) )(KY(K}()T)Tt> >ovEeRY.  (167)

Hence, we know that € follows a legitimate multivariate stable distribution. We also derive
Qe (Y/|M) which is needed for showing Qo (M, X, Y) € Ap.

Deriving Qe (Y'|M): We will derive Qs (Y’| M) using the fact that € 1L X”|M = m, hence
their conditional characteristic functions would just result in multiplication.

]E [eiET?/ M _ m:| _ ]E |:ei€T()2//+€) M _ m:| — ]E |:eiET)2/l+i€T€

2T~ ;7T = (a) DT~
:E[eitxezteM:m}: |:€th

M:m}7

M = m} E [eﬁTg

M = m} : (168)

where (a) is due to € 1L X”|M. Substituting the characteristic functions of X" and € from (T62)

and (T64), respectively, in
— — — — — =) O/2 - —
— exp (— (tT(KY(Kﬁf)T)(Ky(Kﬁ()T)Tt) +it TKym) x
v A (e el > el o/2
exp (= (E710,8) o+ (E7(Ry (RY)T) Ky (K))TE) )
- NY2 o
— exp ( (t TIdyt) it TKym> . (169)
By inspecting the characteristic function shown in (I69), we can conclude:
Quc(Y'|M =m) = pes—pc(o,1a, , Kym). (170)

Specifying Q¢ (Y[Y'): Lastly, we specify Qa7 (YY) through the following deterministic trans-
formation:

Y = (/7Y + by. (171)

Finally, we construct the desired Q o (M, X, Y’) from Qpre (M, X, X", X" Y, X?) by marginaliz-
ing X', X", and Y.

Part 2: Showing Qo (M, X, Y) € Ap

—

For showing that Q;¢(M, X, Y) € Ap, we first need to derive Q¢ (Y |M).
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Deriving Q(Y|M): We use lemmal|l1|to calculate Qs (Y|M = m), as Qe (X|M = m) is an
elliptically contoured multivariate continuous stable distribution for a fixed m (see (I70)), and (T71)
defines a scaling and translation operation.

QueX'IM =m) = pes-pe (@, (BY)TS2, (2% Rym + by ).

(@)

= pcs-Ec (04, Yy, (E¥Q)Tﬁym + By) ,

b 2 —1/2 T e
g PCS—EC (Oé, Sy, (Z# )T(Eyl/ Y Hym + bY) , (172)
= PCS—EC (mzy,ﬁym-i-gy) ) (173)

where (a) is due to the fact that (£/*)7 Sy = Sy, and (b) is due to the fact that Ky = 2, /*Hy .
Comparing (T73) with P(Y|M = m) shown in Appx. we can conclude:

Quc(Y|M) = P(Y|M). (174)
From and (I58)), we can conclude:
Quec(M,Y) = Quc(M)Quc(YIM) = PM)P(Y|M) = P(M,Y). (175
We know that by construction:
Que(M,X) = P(M,X). (176)
Hence, Qnro (M, X, S?) € Ap and consequently, by proposition UI(M; ?\X) = 0, concluding
our proof. O

Lemma 11. Let X ~ pes—gc(a, X, i) be a d-dimensional random vector, where X is a d X d
positive definite matrix, ii € RY, and o € (0,2]. Furthermore, let A € R™*? and b € RY. Then,

AX + b ~ pCS’—EC(Oé7 JAELAT7 A+ B)
Proof. Calculating the characteristic function of AX + b:
E [exp (i‘ET(AX + B))] =E [exp (iETA)Z + szB)] =E {exp (iETAX) exp (szB)} ,

Employing linearity of expectation to pull the term exp (zf TB) out of the expectation, as it is

constant with respect to X:
E [exp (i‘E T(AX + B))] — exp (z'f’ TE) E [exp (i€ TAX)] . 177)
Substituting t' = t 7 A in (T77):
E [eXp (zt?T(Af( + 6))} = exp (zﬁTB) E [exp (2(17) T)_i)} .
Substituting the formula of the characteristic function of an Elliptically-contoured multivariate stable
distribution (given in (T36)) for calculating E [exp (z(f’) TX)} as X ~ pes—po(a, 3, [):

- I o - N -
E [exp (i€7(AX + )| = exp (i€75) exp (- (€)758) "+ i€)7).
Re-substituting t' = t* A in the above equation
— = — — Q/2 —
— exp (it Tb) exp <— (tTAEATt) n itTAﬁ) ,

. N2 .
= exp (— (tTAEATt) +it T(Af+ b)) ) (178)
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By inspecting the characteristic function described in (I78)), we can determine that AX + b is
distributed according to an elliptically-contoured multivariate stable distribution, i.e., AX + b ~

PCS—EC (04, ASAT Afi+ B)- O

A € R%xd gueh that ﬁg = Aﬁl, and AAT < L, with A = ﬁg H})T, where B < C means

B — C is a positive semi-definite matrix, H} is as defined in lemma|l0} and 14, is da x dy identity
matrix.

Lemma 12. Let Hy € R% and Hy € R%. Then, |[Hy |y > |Ha|2 if and only if 3 a matrix

Proof. See the proof of lemma 5 in [48] for the special case ¢t = 1. O

I Proof of Theorem 4

In this section, we provide the proof of theorem[d] Since theorem [ provides the analytical PID
terms for the univariate affine discrete stable system defined in Sec. ] we briefly restate certain
key properties of the univariate discrete stable distributions and the corresponding univariate affine
discrete stable system for convenience.

I.1 Univariate discrete stable distribution

Univariate discrete stable distributions are the discrete analogues of univariate continuous stable dis-
tributions. We refer the reader to Appx.|[N.4]for more details on univariate discrete stable distributions.
We now list certain key properties of univariate continuous stable distributions that we make use of in
the proof of theorem [4}

1. If X is distributed according to a univariate discrete stable distribution, then X L yo Xy +
(1 —~*)"" o X5, where X, and X are two independent copies of X, v € (0,1], v € [0, 1],
and o denotes the binomial thinning operation.

2. The p.m.f. of discrete stable distributions are characterized by two parameters: exponent
v € (0, 1], and rate parameter 7 € (0, 00). We denote the p.m.f. of a univariate discrete
stable distribution as Ppg(v, 7). In general, discrete stable distributions do not have a “nice”
analytical form consisting of well-known elementary functions. Consequently, the univariate
discrete stable distribution are typically expressed through their probability generating
function.

3. The probability generating function of a discrete random variable /V having a stable discrete
distribution is given by (T79):
Py (z) = exp(—7(1 — 2)7). (179)

I.2 Definition of univariate affine discrete stable system

Let M,X, and Y be a system of random variables with the joint distribution P(M, X,Y). The
joint distribution P(M, X,Y") describes the univariate affine discrete stable system if it satisfies the
following two properties:

1. M ~ P(M) having some support set M C (0, c0).

2. The conditional distributions of random variables X and Y conditioned on M can be
expressed through discrete stable family distributions with an affine dependence on M.
Formally, P(X|M=m)=Ppg(v,am + b) and P(Y|M=m)=Ppg(v,cm + d), where
a,b,c,d € (0,00).

1.3 Formal proof of Theorem 4]

Theorem 4. Let M, X, and Y be random variables whose joint distribution P(M, X,Y') describes
a univariate affine discrete stable system. Without the loss of generality, assume a > c. If a/b > ¢/d,
then Ap contains a Markov chain of the form M — X — Y and UI(M;Y\X) = 0.
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Proof. We first note that we can always assume a > ¢ without the loss of generality because if ¢ < ¢,
then we can always switch our nomenclature to referto Y as X, and X as Y.

We briefly outline the proof structure.

1. In the first part, we explicitly construct a joint distribution Qprc(M, X,Y) having the
Markovian structure M — X — Y.

2. In the second part, we show that the Qro (M, X, Y) constructed in the first part lies in Ap.
Therefore, we can then apply the result of proposition to conclude UI(M;Y\X) = 0.

Part 1: Specifying Qo (M, X,Y)

We explicitly construct the desired Markov chain M — X — Y by constructing a larger Markov
chain M — X — X’ — Y and then marginalizing the larger Markov chain to obtain the desired
Markov chain M — X — Y.

Denote the joint distribution of the Markov chain M — X — X' — Y as Quc(M, X, X', Y). We
can decompose Q¢ (M, X, X',Y) by utilizing its Markovian structure as follows:

Que(M, X, X"Y) = Quc(M)Que(X|IM)Que (X' X)Qume(YX').

Consequently, we can specify/construct the distribution Qs (M, X, X', Y") by individually specify-
ing Quc (M), Que(X|M), Que(X'|X), and Qe (Y]X').

Specifying Qarc (M) and Qo (X |M): We choose Qs (M) and Qpre(X|M) as follows:
Quc(M) = P(M)and Que(X|M) = P(X|M), (180)

where P(M) and P(X|M) are marginal distributions derived from the original joint distribution
P(M,X,Y) (discussed in the theorem statement) over which the bivariate PID is being calculated.

Specifying Qo (X'|X): Qe (X'|X) is specified through a binomial thinning operation, specifi-
cally:

X' =X o(c/a)". (181)

Note that the above binomial thinning operation is valid as ¢ < a by the assumption in the theorem
statement. We also derive Qs (X'|M) as it is needed for showing Qo (M, X,Y) € Ap.

Deriving Qunc(X'|M): We use lemma [13]to derive Qe (X'|M = m) as Que(X|M = m)
describes a univariate discrete stable distribution for a fixed m, and X’ is a binomially-thinned
version of X. The exact expression of Qo (X'|M = m) is provided in (I82).

Quc(X'|M =m) = Pps(v, (¢/a)"!" (am + t/a)),
:PDs(V,Cm+Cb/a). (182)

Specifying Qe (Y| X'): Qe (Y| X') is specified through the following stochastic transformation:

Y =X+ (183)

where € ~ Ppg (v,d — ¢b/a). For Qo (Y]X’) to be a valid distribution, we need to ensure that €
is distributed according to a legitimate discrete stable distribution. In order to show e is distributed
according to a legitimate discrete stable distribution, we need to ensure that v and d — ¢b/a lie within
their appropriate bounds as specified in Sec. It is trivial to see v € (0, 1].

From the assumptions in the theorem statement, we know that

%zgﬁdz%:d—%za (184)
Hence, € follows a legitimate discrete stable distribution. Furthermore, we choose € 1l (M, X, X').
Finally, we construct the desired Qasc (M, X,Y) from Qo (M, X, X', Y) by marginalizing X'.
Part 2: Showing Qnc(M, X,Y) € Ap

For showing that Qo (M, X,Y) € Ap, we first need to derive Qe (Y| M).
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Deriving Q(Y|M): Note that e follows discrete stable distribution Ppg(v,d — ®¢/a) and

Quc(X'|M = m) is also a discrete stable distribution Ppg(X';v,em + b¢/a) for a fixed m
(see (I82)). Furthermore, € L X'|M. Hence, using lemma[T4] we have

QMc(Y|M = m) = Pps(l/, cm + bc/a — bc/a + d) = PDs(l/, cm + d) (185)
As P(Y|M) = Ppg(v,cM + d) (see Appx.[[2), we have:
Q(Y|M) = P(Y|M). (186)

From (T80) and (T86), we can conclude:

Que(M,X) =Que(M)Que(X|M)=P(M)P(X|M)=P(M,X), (187)
Quc(M,Y) = Quc(M)Quc(YIM) = P(M)P(Y|M) = P(M,Y). (188)
Hence, Qe (M, X,Y) € Ap and consequently, by proposition[]] UI(M; Y\ X) = 0, concluding
our proof. O

Lemma 13. Let N ~ Ppg(v, 7). Then, Ny = yo N ~ Ppg(v,v'71)V v € [0,1], where o is the
binomial thinning operation.

Proof. The probability generating function of N, denoted as Py (z), can be described using (T79):

Py(z) =exp (—7(1 — 2)"). (189)

For calculating the probability generating function of N, we use the following relationship between
the probability generating function of a random variable R and its binomially-thinned version R o p,
with p € [0, 1]:

Prop(2) = Pr(1 — p(1 — 2)) (see equation 3.3 in [24]). (190)
From (T89) and (T90), we can calculate the probability generating function of Ny as follows:

Py, (2) = Proy(2) = Pn(1 = y(1 = 2)) = exp (=7 (1 — (1 = 7(1 = 2)))")

=exp (=7 (v(1 = 2))") = exp (=77 (1 = 2)"). (191)
Inspecting the probability generating function of Ny in (I91), we can conclude that Ny ~
Pps(v,y"T). O

Lemma 14. Let N1 ~ Pps(V,Tl), N2 ~ Pps(V,TQ), and N1 AL NQ. Then, N1 + N2 =N~
Pps(n;v, 11 + 72).

Proof. The probability generating function of Ny and Nj, denoted as Py, (z) and Py, (2), can be
described using (T79):
Py, (2) = exp (=711 (1 — 2)*) and Py, (2) = exp (—72(1 — 2)¥). (192)

Calculating the probability generating function of N = N; 4+ No,
a b 14 14
Pr(2) = By, (2) 2 Py, (2)Pr, (2) 2 exp (=71 (1= 2)") exp (=72 (1 — 2)*)
=exp(—(m +7)(1—2)") (193)

where (a) is due to the fact that N7 1L No, and (b) is achieved by substituting the explicit forms of
Py, (z) and Py, (z) from (I92). Inspecting the probability generating function of Ny + N5 in @),
we can conclude that Ny + No = N ~ Ppg(ni;v, 71 + T2).

J  Proof of Theorem 3]

In this section, we provide the proof of theorem[5] Since theorem [5] provides the analytical PID terms
for the multivariate linear Poisson system defined in Sec. ] we briefly restate certain key properties
of multivariate Poisson distributions and the multivariate linear Poisson system for convenience.
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J.1

Multivariate Poisson Distribution

We use the multivariate Poisson distribution proposed in [42]]. For more details, see Appx.[N.5] We
list certain key properties of multivariate Poisson distributions that we make use of in the proof of
theorem

J.2

1. Under the definition of the multivariate Poisson distribution proposed in [42], each compo-
nent of the random vector is a sum of independent Poisson random, i.e.,

N = ANY, (194)
where A is an appropriate matrix of 0’s and 1’s. We can decompose A = [A; ... Ay,
where A, is a d X ((f) submatrix having no duplicate columns, and each of its columns
containing exactly i ones and (d — i) zeros [44], and N9 = [NY...NY N¥,...

N g NI gyl s With NF -~ Poisson(N;,..i;) V (i1, i;) € Af,j € [d'].

.2
Furthermore the random variables {Nl, ooy Na—@r—1).. .4} are mutually independent.

2. We denote the p.m.f. of the multivariate Poisson distribution as Poisson(d, d’, .K), where
d>d,and
> T
=M A A2 Aam@—)a (195)
3. For d = 1, we have that N is a collection of independent Poisson random variables,
and when both d = d’ = 1, we recover the scalar Poisson distribution: Pr(N = n) =

—Ayn
A~ Vn €N

4. Let N ~ Poisson(d,d’, A), where N is a d-dimensional random vector. Then the corre-
sponding p.m.f. of N is described below:

. T . . -
Letni’' = [n12 c Md=1)d - - - nd—(d’fl)...d} , and dj: be the dimension of i, then:

P(ﬁ:ﬁ)zeii‘jﬂ&n)\?i H ()\/\71)\72)"1172 y

N = L 7
i=1 reC \(i1,i2)€AY e

)\1 ’ e — -
X 11 <d;> x Q(a, i) | , (196)

1
W) =11 ﬂTn,,H I 7

=y =2 (ir,esig) €A T

with &} being the i-th row of the matrix A’ = [A5... Ay].

Definition of the multivariate linear Poisson system

Let the random variable M ~ P(M). X and Y are dx-dimensional and dy -dimensional random

vectors, respectively. The joint distribution P(M, X, Y‘) describes the multivariate linear Poisson
system if it satisfies the following two properties:

1. M ~ P(M) having some support set M C (0, 00).

2. The conditional distributions of random vectors X and Y are multivariate Poisson distributions,

i.e., P(X|M)=Poisson(dy,dy, Ax) and P(Y|M)=Poisson(dy, d}, Ay), with:

Ax= M0 TONX X apvie el and (iy. i) € AdX
X= M Adx—(dy—1)dx | 9Ny = Vi Jj € ldx] and (iy, ..., i;) € AJ¥,

T .
Ay = [/\{ Agy_(d,y_l)_“dy} AL =t L MIY € [dy]and (iy, ..., i;) € A

X X Y Y +
Here, ~{ v V(@ —1)ds T2 Vdy —(dfy —1)..dy e R™.
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Furthermore, let A x, and Ay be the corresponding A-matrices (defined in (I94)) associated with
P(X|M) and P(Y|M), respectively.

J.3 Formal proof of Theorem 5|

Theorem 5. Let the joint distribution P(M, )_i, Y") of M, X, and Y describe the multivariate linear

. ! - ! / X
Poisson system. Without the loss of generality, assume dy > dy. If Z(il ipyeatx Yiri; >

.....

Z(“ i)eaty %1 Vi€ [dy ], then Ap contains a Markov chain of the form M — XY

.....

and UI(M,Y\X) = 0.

Proof. We first note that we can always assume d’ > d% without the loss of generality because if
d'y < di, then we can always switch our nomenclature to refer to Y as X, and X as Y.

We provide an explicit construction of the Markov chain M — X 5X95Y9 5 Y having
the marginals P(M, X), and P(M,Y). Denote the joint density of M — X — X9 — Y9 Y
as Q(M,X,X9,Y9,Y). For Q(M) and Q(X|M), we choose them to be equal to P(M) and
P(X|M), ie. Q(M) = P(M), and Q(X|M) = P(X|M). Note that due to this construction,
P(M,X) = Q(M, X) holds trivially.

For Q(X9|X), we use the result described in lemma Note that the construction for
Q(X9|X) is not explicit but rather implicit. Let d i, be the dimension of Ax, then we explic-
itly choose: Q(X|X9, M) = dx(X = AxX9), and Q(Y9|M) =Poisson(dj _, 1,Ay). Note

that Q(X|M)=Poisson(dx, dX7 Ax) by construction, and we derive Q(X9|X, M) through the
Bayes theorem. Here, § K( ) is the Kronecker delta function [59]]. By lemma (17 u we know that

Q(X9|X, M) = Q(X9|X), and hence we have the Markov chain M — X — X9.
For choosing Q(Yg |X9 ), we rely on the result of lemmam Let us define the random vectors:
- T T
X;= (X0 and Y= [v2_, |
1.5 (il , 1.

dy ?

) . . dy
i) €AY (i1,--005) EAT?

ie., X; and Y, are random vectors containing all terms of the form Xiql and Ykg1 boo
- yees g

where (i1,...,4;) € A?l and (k1,...,k;) € A 2, respectively. Note that we can write

- - 01T _, T oo
X9= [Xf Xg,} , and we define Y9 = {Yf YC:” . Then, we construct Q(Y9|X9)
1 2

as a product of d4, multinomial distributions, described below:
QYI|X9) = H Q(Y;1X;),
= Multinomial(k;; N;, p;), and
N = = s AN T
X, ki =[y] 1% -1"y;] |
T
Bi= |Pl.j " Pdy—(j—1)..dy 1 — Z(ih...,z‘j)eA}lZ pil...iy} ,

Y
_ Yiy...i;
- X
Z(i17---7i;‘)6A71 Yiy i

V(il,...,ij) EA;-h.

By construction X9 consists of mutually conditionally independent Poisson random variables (condi-
tioned on 1), and the condition of lemmal[T8](specified in (219)) is satisfied by condition 1. Therefore,

using the result of lemmaﬂon the Markov chain M — X9 — Y9 (obtained by margmahzmg X),
we conclude that Q(Y9|M) = Poisson(1, d Ky Ay), where d,, is the dimension of Ay.

We specify Q(Y\Yg) through the following deterministic transformation Y = Ay Y to obtain the
Markov chain M — X — X9 — Y9 — Y. Marginalizing X and X9 in the above Markov chain,
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we get the following Markov chain: M — Y9 — Y. Now, since Y = Ay Y9 and P(Y9|M) =
Poisson(dz 1, Ay), P(Y|M) = Poisson(dy, d},, Ay) (by definition of the multivariate Poisson
discussed in Sec. . Since we have Q(M) = P(M) and Q(Y|M) = P(Y|M), we also have
Q(M,Y) = P(M,Y). Marginalizing X9 and Y¥¢ from the Markov chain M — X — X9 —

—

Y9 — Y results in the desired Markov chain M — X — Y having Q(M, X)=P(M,X) and

Q(M,Y)=P(M,Y), concluding our proof. O
Lemma 15. If N; ~ Poisson(\;) ¥ j € {1,...,d}, and all N;’s are mutually independent, then
P(Ni,....N;| Y20, Nj = N) = Multinomial(Ny, ..., Nj; N, /s a0 A/ A]).

Proof. See Section 3 of [60]. O

. T
Lemma 16. Let N; = {Nl(l) . .Ng)} , where N; ~ Poisson()\§-1)) Vje{l,...,di} and all
N;’s are mutually independent from each other. Define P(Ng |ﬁ1) = Multinomial (E, N, f)') where

d2

dl T
1 e 2 2 d 1 d
N=> NP k= [Nl()m N > N )ijilNa} ;
j=1

b Tom TSI oW T s d W

Jj=17"3

T
_ )\(12) )\(12) 1 Z;’il /\;_2)
)
> j=1" J=17
where {)\5-2)}?2:1 are some positive constants, i.e., )\;2) € (0, 00), such that Zfil )\5-2) < 251:1 )\5-1).

. T
Then, Ny = [Nl(z) . N(gf)} , where NJ@) ~ Poisson()\gz)), and all N]@) ’s are mutually indepen-

dent form each other.

I:roof. Lemma |16|is a straight-forward gfneralization of lemma Denote the probability of
N3 shown in the lemma statement as P(IN2). We will prove the above lemma by constructing a
Markov chain N; — N{ — Nj — N, with joint density Q(ﬁl, Ny, N, ﬁg), and showing that
Q(N3) = P(Ny) and Q(N|N;) = P(N5|Ny).

Specifying Q(N{|N1): We specify Q(N{|N) through the following deterministic transformation:

dy
N =1TN; =Y NV, (197)
j=1

Calculating Q(N7): We use the property that the sum of independent Poisson random variables
is a Poisson random variable with its rate parameter being the sum of the rate parameters of its

summands [61]]. Hence, Q(N;) = Poisson(Z:jlz1 )\‘51)).

Specifying Q(N3|N1): We specify Q(N4|N{ = n}) as follows:

Q(N}|N/ = 1)) = Binomial (Ng; nl, PP S5 /\5.1)) . (198)

Calculating Q(N3): We use lemmato calculate Q(V}). Note that Q(N7) = Poisson(Z?;1 )\;1)),

and Q(N4|N{) = Binomial (Né; nh, 52, /\§-2>/Zj;1 A;l)). Hence, by lemma we have:

dy ZdZ )\(2) do
. 1 =1 . 2
Q(N}) = Poisson E A; ) % 217;1) = Poisson E >‘§' . (199)
j=1 Zj:l j j=1
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Specifying Q(N4|N!): We specify Q(N2| N} = n)) as follows:

T
- . . - A A2
Q(N2|Né = 'I’L/Q) = Multinomial (Né; 71/2, |:Z:d21A(2) e W . (200)
=177 =17

Calculating Q(N5): We again use lemmato calculate Q(N>). Note that,

da
Q(N3) = Poisson Z)\f) , and
j=1

- . . - ©) A2 T
J=1"j J=1"
Hence, by lemma|[I3] we have:
. T
Np= [V® .. NP], where NI ~ Poisson(A(”) ¥ j € [da]. (202)
Hence, by (202), we know that Q(N,) = P(N5).
Calculating Q (N[N ):
Q(Ny = iy |N; = iiy) = > QIN{ =nj,Nj = nf, Np = fig[Ny = i) ),
n},n5H=0
@ < , ,
=) QW) Q(nh|n)Q(Hs k),
n’,n,L=0

where (a) is due to the Markovian nature of Q(Ny, N7, N}, N5). We drop the random variable nota-
T T

tion for brevity. Let n; = {ngl) ... ngﬂ ,and ny = {n?) o n((iz)] . Then, substituting

the exact form of Q(n/ |11 ),Q(nb|n}), and Q(1iz|n}) in the above equation:

N gl ) (ny)! ST ) OFSEP A
R P PR M ke T (St Y A
n},nH=0 Jj=1 Jj=17"J j=17"]

,(2)

@) my)! d AP\
I n.’ =nt _ J ,
jz::l J 2 da (2) ,H ZdQ )\(_2)

Hj:l(nj )'j:l j=1"j

where I[-] is an indicator function. Simplifying the above equation by using the fact that only non-zero

: s el Ndr (1) r_xdro(2)
term in the above summation is n} =) j=1 My and ny = > oL
@

J i

4 (1) d 524

(Zjl:l n; )! (ij_l )\;2)> 1
di 1 d 2 d 2 d (1)

(Z]‘:1 n§ ) - Zj2:1 ”5 )>! (Z_jil ”5 ))! Zjl:l Aj

( S 3@ Zikanf =ik nf? (Zfzin®)r e /@ ng?

d d d )

ALY II2 (™) 5 \ 252 A

J=1"
Collecting all factorial terms together, and rearranging some terms:

X

() _s~d2 ()

di (1 f S, nd 2,
(Ejzlng' )>! (1 2 ;12:1 /\5»2)> T
dy 1)
2 /\§

o d 1 d 2 d 2
(Siand? =3 L, (o)

(Z;‘iil >\§2) > 52, ng” 1d_2[ ( )\52) )”f)
d 1 d- 2
S A =i A7 A

55




d2 () n®

>;2
Substituting (Z?il AP [y ,\f,”) EEE R | (Z_‘filx\;z)/z?‘;l,\;”) " in the above equa-

=175 j=1 g
tion:

d ! dy (1) _§~d2 - (2)
= (Zj;l n§ )>! (1 2?2:1 )\§'2)>E]1 PR D= )
= dy 1 da 2 do 2 - P &)

(ijl n§ = >t n; )>!Hj:1(n§ 1 SN
d 2 @\ d ) ng?

2 J >

d 1 p 5
=1\ 2= )\; ) =1 \ 225 )‘§ :

(S, n): VI

J= i=1"y

= ] == ) X
d 1

(z?_lré”—z?i1n§2>)!nfi1<n§2>>!( St A

j=1"J
d (i (2) n(vz) (2) ’n,(v
2 J J
1_1[ (Zj_l )\j ) ( )\j )
dy 1 do 2
SAZLY ) ADE A
4 M52 )@

d 1 1 ont
(25 > A2\ :
= 1- X
) )! di A

d 1 d 2 d 2
(S - S P I P\ DX
n(?
d1 ( )\(_2) J
J
N , (203)
d 1
j=1 Zjl:l)‘;)

By inspecting (203), we can see that Q(N3|N;) = Multinomial(k; N, B) with,

d .
n 2 2) d 1 d
N=3 NV k=[NP NP T N -5 N (204)
Jj=1
B = /st a0 /st a0 1= S0P s ) (205)
Hence, by (203)), we can conclude that Q(N|N;) = P(Ny|N}) finishing our proof. O

Lemma 17. Let N be a d-dimensional vector and M be a positive random variable, i.e. M ~
P(M),P(M <0) =0. Let P(N|M) = Poisson(d,d’, A), where:

—

A=A\ oo ha Mz o Ay d]
Niy.oiy = Yiriy MIY j € [d] and (iy, . .. iq)) € Al (206)

Let N9 = [N{ ... N§N{y... Nl yg- Niw_iy.a)'s where P(N9M) =
Poisson(dy, 1,A) and N = ANY, where dy is the dimension of A, and A = [A;...Ay]
as defined in Sec. Then P(NY|N, M) = P(N9|N), i.e. M,N9 and N form the following

Markov chain M — N — NY.

Proof. To prove lemma all we need to show is that P (Ng \N, M) does not depend on M. Let us
to calculate P(NY|N, M). By Bayes Theorem, we know:

P(N?|M)P(N|NY, M)

P(NY|N, M) = 4 (207)
P(N|M)
Let us now write the expression for P(N|M) using (T96):
d d SN Mg
— . BN _IT KR ns ’y,le 7
PN=i|M) =@, @) AT | SSTT 11 ()
i=1 0 €C =2 (i1,...,i;) EAY =1 M

(208)
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Canceling M in the above equation for the terms inside the summation, we get:

_d d’ o iy
P(N=aM)=Q(E&)e " ATJ(vr™ [ ST TI 11 <1> - (209)
i=1

W eC I=2 (i1,...,i;) €AY 1=1 Vit

Absorbing all terms that do not depend upon M into B, we have

d’ n;17,]
Yix...i;
B= Z H H (j) .. (210)
B/ €C =2 (i1,...,i;) EAS 1=1"Yi
Then, we can rewrite (209) as:
TT & d TT A d d
P(N=ii|M -1 AH )" = Be VA pzia s T (o)™
=1 i=1

(@) ne )

Be 1A 2 Be 1A p1"d @11)

where, in (a) we further absorb H?Zl (7)™ into B since it does not depend upon M, and in (b) we
substitute Zle n; = 17R. Similarly, let us write out the expression for P(IN9|M):

P(NY =i M) = ‘“H [T G, M) (212)
j= 1(21, ,zJ)EA?

Collecting all the M terms, and absorbing all the terms that do not depend upon M into D, we obtain:
P(Ng:ﬁg|M) _ DeffTKMZ?zl Z(il ..... ij)ead (j"fl.,.ij)' 213)

Now let us analyze the term 17 AR9:

- 1

A1 -

TT A =g D S T ATT O ST 1 (O 21
1"AnY = (n9) A1 = (19) : = (n9) ,

Al J1,

where (a) uses the fact that 17 ARY is a scalar and hence is equal to its transpose, (b) uses the fact
A=[A; ... Ay, and (c) follows from the special structure of A, i.e., that each column only contains

3 ones and d — ¢ zeros, and the fact that Ale is akin to summing up the columns, hence A,-Tf =1,
Equivalently we can rewrite the above equation as:

&
1T ARY = (9m8,..0,) - 214
jz—:l(il,..%ey} ’ ’ ( :
Substituting (214)) into Z13):
P(N9|M) = De~ T A p 17 AR (215)
Now, let us write out the expression for P(N|N9, M). Since N = ANY9, P(N|NY) can be
represented as a Kronecker delta function with the condition N = ANY, ie.,
P(N =1i|NY = id9, M) = P(N = ii|NY = i) = 6 (i = Aii9), (216)
where dx (+) is the Kronecker delta function. Substituting 211)), 213) and ZT6) in (207), we get:
DeT"ANTTAR 5. (5§ = Afi9) (a) DMT AR5 (5 = AR9)

P(NYN, M) = SRS = S ,
Be—1TA\[17d BMI"#
) DMYTAR 5 (F = AR9) () Dog (i = Afi9)
B BMIT AR - B ’ @17
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where we obtain (a) by canceling the term e‘iTK, (b) by using the fact i = An? due to the delta
function, and (c) by canceling the term M ITAR Since the terms D, B and §k (ii = Ani?) do not
depend upon M, we can conclude P(N9|N, M) also does not depend upon M, i.e. P(N9|N, M) =
P(N9|N), or M — N — NY. O

. . LT
Lemma 18. Ler M ~ P(M) have support over (0,00). Define, X = [XIT XHTZJ and

- - 1T = -
Y = [Yl . Ygz} , where X; and Y j are random vectors of size q; € N and r; € N, respectively,

Vi € [dy], and j € [dy). Let the conditional distribution of X and 'Y conditioned on M be specified
as follows:

P (X\M) - ﬁp (XAM) , and P (3?|M) - ﬁp (?AM) , where
=1 =1

— - X - X .
P (XJM) = Poisson (qi,l,Ai ) A, = [’yi)l(MZ fyfgiMﬂT Vi € [dy], and
P (Y;1M) = Poisson (rj,l,Kf) A =P )T vjeld]. @18)
Ifdy > ds and @) hold
qi T4
SN =Y A vie [d] (219)
= j=1

then the distribution Q(M, X, Y_") defined in 220) lies in Ap.

Q(M,X,Y) = P(M)P(X|M)Q(Y|X), (220)

where Q(Y|X) is a product of dy multinomial distributions, i.e Q(Y|X) = H?il Q(Y,|X,), where
Q({CD@) = Multinomial(ﬁi; N;,p;) and

i i T
N; = Z%g, i = yzl o Yim, 2?21 Lij — Z;n:l yij] )

T
m; Y
= ’yi}; . ’Y‘Lm 1 o Ej=11 'Yij
225

”,7/ * "’Z 7L1
j= 171] E] 17” ZJ 17”

Proof. Lemma.follows from a straightforward application of 1emma. 6l For showmg Q( X, ?)
specified in (220) lies in Ap, we need to show that QM,X) = P(M, X) and Q(M,Y
P(M,Y). Q(M,X) = P(M,X) is satisfied trivially by construction of Q(M, X, Y).

Proving Q(Y, M) = P(Y, M):

For showing the second condition, we will explicitly show Q(Y|M) = P(Y|M) which, combined

with the fact that Q(M) = P(M) (by construction), will show Q(Y, M) = P(Y, M) completing
our proof.
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Calculating Q(Y|X): From the law of total probability, we have:

d1 d2
WS [ P&: = =) [[ Q¥ X, = %)
X i=1 =1
®) - &
- ZHP(Xz: _;|M)Q(Y1|Xz:iz) H P(XZZ)Q'M)
X =1 i=do+1
© - &
][ PEi=xM)QYiXi=x) | [[ |D.PXi=xm)
i=1 ®; i=ds+1 X;
=1
(d) da
E H > PXi =%|M)Q(Yi[X; =%,) | = [[Q(Y:IM), (221)
i=1| % i=1
=Q(Y:|M)

where (a) is due to the particular structure of P(X\M ) and Q(Y|X) specified in (218)) and (220),

respectively, (b) is just collecting the terms of P(X;|M) and Q(Y;|X;) into a single product, (c)
is due to spreading the summation of the components of X over their corresponding distribution
components, and (d) is due to the fact that sum over all probabilities of all possible X; is 1.

Note that for a fixed m, P (XJM = m) ~ Poisson (ni,L [yiim® ... %nimi]T), and
Q(?1|Xz> = Multinomial(Ei; N;, ﬁi)7 where

N; = sz], o= (Y Yime i T = 05 ViG]

T
v m; vy
S I S VR > K
X 5 g .
Zj;l Yij 2]717” Zjil Vij

Note that we can equivalently write p; as follows,

A T
Y 3 M’L my YMl
= ’y“M o ’Y7,7n,1 _ Z] 1 Yij
Pi |:Z:h 1 ,YU Mt Z;H 1 'Y” Mi 1 ZJ i B ’Y” Mz:| N (222)
In the setup of lemma \ choose di = ¢; and dy = 1, >\(2) = i YM'V j € [r;] and )\(1)

Yoy M'V j € [g;]. From 2T9), we know the condition Zd2 2) < 2?2:1 /\§- is satisfied by
assumption. Hence, we use the result of 1emmato conclude Q(Yi|M ) = Poisson(r;, 1, K/), with

—/

K =M o], with Ay =) M7 (223)

Comparing Q(Y;|M) specified in @ with P(Y;|M) specified in (I8), we can conclude
Q(Y;|M) = P(Y,;|M). Substituting Q(Y;|M) = P(Y;|M) in 221)), we obtain:

da
QY |M) = [ P(Y:|M). (224)
i=1
Comparing (224) with (2I8), we can conclude Q(Y|M) = P(Y|M), finishing our proof. O
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K Proof of Theorem

In this section, we provide the proof of theorem[6] Since theorem [6] provides the analytical PID terms
for the linear convolution-closed system defined in Sec. we briefly restate certain key properties
of convolution-closed distributions and the linear convolution-closed system for convenience.

K.1 Convolution-closed distributions

Convolution-closed distributions are a large class of distributions that are defined as follows:

Definition 1. Let Fp denote a family of distributions, where each member distribution, f(8) € Fp,
is indexed by a parameter 0. Consider X1 ~ f(81), Xo ~ f(02), and X1 L X5 for some 01,95 € D.
Then, Fp is convolution-closed in the parameter §, if

X1+ Xa ~ f(61) % f(92) = f(61 + 2) V 01, 02 € D such that 61 + 62 € D, (225)
where x denotes the convolution operator.

Convolution-closed distributions define a natural dilation/thinning operator. Formally, let X ~ f(J).
Then, we define X, as the e-dilated version of X if X ~ f(ed) for some € € (0, 1) such that e§ € D.
Furthermore, if we assume (1 — €)d € D, then P(X|X) can be defined as P(X|Xc + X(1_¢)),
where X;_. ~ f((1 —¢€)d) and X I X; . Denote, P(X|X = x) = P(X X+ X_¢) =
x) = G(ed, (1 — €)d, x).

K.2 Definition of linear convolution-closed system

Let Fp be a convolution-closed distribution family in parameter § € D, and M be a target/message
random variable having distribution P(M) over some support set M. Define the conditional
distribution of random variables X and Y conditioned on M as follows:

P(X|M=m) = f(65)and P(Y|M=m) = f(6)) such that 6:X ., 6¥ ¢ DVm € M. (226)

m»-m

Furthermore, we assume that there exists v € (0, 00) such that: ;X = 5, ¥V m € M. We denote
such a system of random variables (M, X,Y), having the joint distribution P(M, X,Y"), a linear
convolution-closed system.

K.3 Formal proof of theorem [6]

Theorem 6. Let the joint density P(M, X,Y") of random variables M, X, andY describe a linear
convolution-closed system. Without the loss of generality, assume v < 1. If

(@) (1—7)8Y, e DYme M,

(b) P(X,|Xy + X1—y=z,M=m) = G(y0;x,(1 — 7)d:X,x) does not depend on m, where
PX3 M) = FO85), P(X1|M) = F(1 —9)5%) and X, L X1 [M,

then A p contains a Markov chain of the form M — X — Y and UT(M;Y\X) = 0.

Proof. We first note that we can always assume v < 1 without the loss of generality because if v > 1,
then we can always switch our nomenclature to refer to Y as X, and X as Y.

We briefly outline the proof structure.

1. In the first part, we explicitly construct a joint distribution Qpsc (M, X,Y") having the
Markovian structure M — X — Y.

2. In the second part, we show that the Q prc(M, X, Y') constructed in the first part, lies in A p.
Therefore, we can then apply the result of proposition to conclude UI(M;Y\X) = 0.

Part 1: Specifying Qc(M, X,Y)
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Denote the joint distribution of the Markov chain M — X — Y as Quo(M,X,Y). We can
decompose Qo (M, X,Y) by utilizing its Markovian structure as follows:

Qrc(M, X,)Y) = Quc(M)Quc(X|M)Quc(Y]X).

Consequently, we can construct the distribution Qpre(M,X,Y) by individually specifying
Quc(M), Que(X|M), and Qe (YX).

Specifying Qarc (M) and Qs (X |M): We specify Qaro (M) and Qpro (X | M) as follows:

Quic(M) = P(M) and Qe (X|M) = P(X|M). (227)

Specifying Qs (Y| X): By assumption (b) in the theorem, we know that G (v5:%, (1 — v)0:xX , )

does not depend on m, and consequently, does not depend on 4% . Hence, we can simplify notation
of G(v0:X, (1 — 4)8:X,m) as G(v, (1 — 7), ). We specify Q(Y|X) as follows:

Part 2: Showing Qnc(M, X,Y) € Ap

For showing that Qsc (M, X,Y) € Ap, we first need to derive Qprc (Y |M).

Deriving Qo (Y |M): We use the result of lemma|19|to derive Qe (Y| M). As Queo(X|M =

m) = f(6:X) is a convolution-closed distribution for a fixed m, and Qurc(Y = y|X = ) =
G(7,1 —,z), the result of lemma|[19|shows that Qs (Y| M) can be expressed as:

Que(YIM =m) = f(y x %) = f(63%) & F@h) = POYIM =m),  (229)
where (a) is due to the assumption J;x = v8Y, (see Appx.[K.2).
From (227) and (229), we can conclude:
Quc (M, X) = Quc(M)Quc(X|M) = P(M)P(X|M) = P(M, X), (230)
Quc(M,Y) = Quc(M)Que(Y M) = P(M)P(Y|M) = P(M,Y). (231)

Hence, Qe (M, X,Y) € Ap and consequently, by proposition[l] UI(M; Y\ X) = 0, concluding
our proof for case 1.

O

Lemma 19. Let Fp be a convolution-closed distribution family convolution-closed in the parameter
d. Fora § € D, assume there exists € € (0, 1) such that €d, (1 — €)d € D. Consider the following
random variables:

X! ~ f(ed) € Fp, X{_.~ f((1—¢€)d) € Fp, and X ~ f(0) € Fp,
such that X! 1| X|__.. If P(X. = z|X = z) = P(X! = x|X. + X|_. = x), then we have
P(X.=z.)=P(X. =z = f(x;€d) or X, 4 X!, where 4 implies equality in distribution [57].
Proof. First let us derive the distribution of X’ = X{__+ X/. Since, X! 1l X]_., we can write
P(X’) as follows:
a b
P(X') = f(e0) % f(1 = 9) @ f(ed +(1=)3) = £(6) ¥ P(), (232)

where * is the convolution operator, () is due to the properties of convolution-closed distribution
(see Appx.[K.1), and (b) is due to the definition of X in the lemma statement. From (232)), we
can conclude P(X = z) = P(X’' = x), and by assumption we have P(X.|X) = P(X/|X') =
P(X]X!+ X(’l_e)). Hence, we have:
PX=z,X.=z.)=PX=2)PX.=z|X=2)=P X' =2)P (X! =2|X =2x),
=P(X'=2)P (X, =z X+ X|_ =2)
=P(X+X|_ . =zX.=uz.). (233)
From (233)), we can conclude that P(X,) = P(X!) = f(ed). O

€
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L Proof of Theorem/[7|

In this section, we provide the proof of theorem|[7]

L.1 Definition of p.;,1 and p..p2

We restate the definitions of pe;p1 and pe.po defined in Sec. @], which is used in the proof of
theorem|[7} Let X ~ peqp1(X), where

Deap1 (X = x;61,02) = H(61,62) exp(@fx — QQTA(JC)), (234)

for some appropriately defined H (-, -), A(-), 61 and 05. Furthermore, define a random variable Y
through its conditional density p(Y|X = z):

p(Y =y|X =2;01,60) = h(y) exp (z" T(y) — 03 A(z)), (235)

for some h(-), T(:), and 03, such that p(Y = y|X = z;6,,05) is a well-defined distribution.
Furthermore, the marginal distribution of Y is expressed as:

H(917 92)
01 + T(y), 0y + 93)

Pexp2(Y = 1y;01,602,05) = h(y) i (see proof of theorem 1 in [26]). (236)

L.2 Formal proof of theorem|[7]

Theorem 7. Let M, X, and Y be random variables having the joint distribution P(M,X,Y).
Furthermore, the conditional distribution of X and Y conditioned on M are as follows:
P(X|M=m)=pezp1(X;01(m),02(m)) and P(Y|M=m)=pezp2(Y;01(m),02(m),03). Then,
Ap contains a Markov chain of the form M — X — Y and UI(M;Y\X) = 0.

Proof. We prove theorem|[7]by explicitly constructing a Markov chain M — X — Y, having joint
distribution Qe (M, X,Y), and showing that Q prc(M, X,Y) € Ap.

Specifying Qarc (M) and Qo (X |M): We specify Qo (M) and Q pro (X | M) as follows:

Quc(M) = P(M), and Qrnc(X|M) = P(X|M). (237)

Specifying Qurc (Y| X): We specify Qnrc (YX) = h(y) exp(z"T(y) — 05 A(x)). Then, by 236),
we know that

h(y)H (01(m), 02(m))

QY =y|M =m) = pesp2(y; 01(m), 02(m), 05) = H G (m) £ 7). 0a(m) + Oa(m))” (238)
From (237) and (238)), we can conclude:

Quc(M,Y) = Quc(YIM)Quc(M) = P(Y|M)P(M) = P(M,Y), (239)

Quc(M, X) = Quc(X[M)Que(M) = P(X|M)P(M) = P(M, X). (240)

Hence, Qo (M, X,Y) € Ap and consequently, by proposition[l] UI(M;Y\X) = 0, concluding
our proof. O

M Additional proofs and details for Sec.[6]

In this section, we provide the proofs of certain statements made in Sec. [6] as well as additional
details regarding the simulation study presented in the same section.

M.1 Generating Q for every Q € Ap

Our goal in this section is to show that there exists a () (as described in Sec. @) for every QQ € Ap,
where the corresponding P(M, X,Y) is as defined in Sec. @ We first briefly restate the assumptions
on P(M, X,Y) described in Sec.[] The distribution P(M, X,Y’) has the following properties: the
random variable M has support over M, the conditional distributions P(X|M) and P(Y|M) are
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members of some convolution-closed distribution family Fp, and there exists some &7, ., 03,5 € D
such that:
P(X|M=m)=f(6X)and P(Y|M=m)=f(5)) where 6,67 € DV m € M, with
6X — o8 = €Y — oY ) for some (V) € [0,1]Vm € M,
oY =@ (gY — 5y, forsome €2 € [0,1]Vm e M,
0X = B (6X — 5% ) for some €2 € [0,1] ¥V m € M, and
(Om = Opias)s (O = Giias)s (G — O = (Oias = Obias)) € D- (241)

AsQ(M,X)=P(M,X)and Q(M,Y) = P(M,Y ) due to Q € Ap, we have:
Q(X|M=m)=f(5X), and Q(Y|M=m)=f(5)) where 6\ ,6Y € DV m € M. (242)

m’ - m

M.1.1 Explicitly constructing a Q) for every Q € Ap

We show existence of a @ for every @ € Ap by explicitly constructing a @ for each Q € Ap.

We define two vectors to simplify our notations:

A=x Y]", B=[X' Y nx Y ny], (243)

where X and Y are the random variables defined above. (X', Y" nx), and (Y’ ,ny) are the
corresponding dilated versions of X and Y as defined in Sec.[6] Note that the joint distribution
of (M, X", Y" nx,Y' ny)isQIM, X", Y" nx,Y' ny). We reiterate the two main properties of

Q(X',Y" nx,Y’' ny), mentioned in Sec.|6}, that we want to prove:

1. The marginal conditional distributions of (X', Y" nx,Y’ ny) given M are as follows:
QX'[M=m)=f (85— — (Opias —Ohias))s QY"'|M=m) = f(6, — bhias)s
QY'|M=m)=Ff(8,, — 8yiqs), Qnx |M) = f(8750s), Qry |M) = f(8piq5)-

2. The random variables (X', Y ny) are jointly conditionally independent given M. Simi-

larly, the random variables (Y, ny ) are also conditionally independent given M.

We construct B from A by specifying the conditional distribution Q(EL& M). Note that given the
values of A and M, we can always use Q(ﬁ\.&, M) to construct the random variables B. The goal
of this remaining section is to show that the corresponding distribution Q(ﬁ, M) (specified through
Q(BJ|A, M)) satisfies the above two properties. We first explicitly state the structure of Q(B|A, M).

Specifying Q(B'L/i, M):

We first impose the following structure on Q(B|A, M) as follows:
Q(ﬁ"&7 M) = Q(Xl7 YH? nx |Xa M)Q(Y/7 le|Y7 M)a (244)

where Q(X',Y" ,nx|X, M) and Q(Y',ny|Y, M) are the conditional distributions through which
we specify Q(BJ|A, M). Since Q(B|A, M) is a product of two well-defined distributions, it is a
valid distribution. Let us now analyze the joint distribution Q(M, A, B). By chain rule, we have:

Q(M,A,B) = Q(M,A)Q(B|A, M). (245)

Substituting the fact that (M, A) = (M, X,Y) and using the structure of Q(B|A, M) specified

in (244), we have:

We now specify the two components of Q(B|A, M).
Specifying Q(Y', ny|Y, M):




Using the chain rule on Q(Y”, ny|Y, M), we obtain
Q

Y ny|Y,M) = (Y’|Y M)Q (ny|Y Y', M). (247)
Choose:
Q(Y/|Y:ya M:m) = G(Eg)§r}rfw (1 - Gg))érﬁay)v where 5%2653)(63; - 5117/;(15) Vme M7 and
Qny|Y=y,Y'=y,M=m) = dx(ny =y —y'). (248)

Here, 6 () denotes the Kronecker delta function [59]. Marginalizing (X, X', Y, nx ) from (246),
we obtain:

QM. Y)Y ny) = QUM)QY [M)QY',ny|MY) = QUM)Q(Y.Y',ny |M).  (249)
Consider the distribution Q(Y, Y, ny|M). Then, we know:
QY [M=m) = f(6,,),
Qny|Y=y,Y'=y'M=m) = dx(ny =y —y'), and
QY'=y|Y =y, M=m) = G(e 8}, (1 - €2)or,y). (250)

Comparing the above equation with the structure of Q(Y,Y”, ny|M) specified in proposition
we can conclude that (Y’, ny) are just dilated versions of Y. Consequently, using the result of
proposition 8] we have:

QY'|M=m) = (6, — 0)ins)s Qny | M) = £(8tsas), and Y’ 1L ny | M. (251)

Specifying Q( X', Y" nx|X, M):

We similarly decompose Q(X’,Y" nx|X, M) using the chain rule as follows:

QX" Y, nx|X, M) = Q(nx|X, M)Q(X'| X, nx, M)Q(Y"|X,nx, X', M). (252)
We choose:
Qny|X =z, M=m) = G((1 — e2)5X €3 555, ), where 02X = ) (5X — 5% YV m e M,
QX'|X=x,nx=zp, M=m) = G((1 — D) (0% — 6:5,.), €D (05X — Gpias), T — s ), Where
6X —gX =Y — oY, )¥me M, and
QYY" X=x,nx=2n,, X' =2/, M=m) =6g(nx =2 —12' —z,,). (253)

Here d () denotes the Kronecker delta function [59]. Marginalizing (Y,Y”, ny) from (246), we
obtain:

QUM X, X', Y", nx) = QOMNQ(XIM)Q(X', nx, Y'IM, X) = Q(M)Q(X, X', Y, x| M).
Consider the distribution Q(X, X', ny,Y"|M). Then, we know:

Q(X|M=m) = (5% and

Q(ny| X, M),Q(X'|X,nx, M), and Q(Y"|X,nx,, X', M) are as defined in 253).  (254)
Comparing the above equation with the structure of Q(X, X', nx,Y"” | M) specified in proposition@,

we can conclude that (X', Y" nx) are just dilated versions of X. Consequently, using the result of
proposition[9] we have:

Q(XIIM:m) = f(éirf - 51)7/1 - (651('@5 - 613215))7

Q(NXlM) = f(él;)gas>7

Q(YH|M) = f(azv/z - 55/1'(15)7 and

(X', Y"” nx) are jointly conditionally independent conditioned on M. (255)

This concludes our construction of Q(EL&, M). We obtain our desired Q(M, X', Y" nx,Y’' ny)
by marginalizing A out of Q(M,A, B). From @25I) and (253) we know that
QM, X", Y" nx,Y’ ny) satisfies the two main properties specified earlier. Since we did not
make any specific assumptions on () aside from the fact that it lies in A p, the above construction

can always be used to construct (X', nx,Y"” Y’ ny) from (M, X,Y) using the Q(]:D;L&, M). Note
that due to the particular construction of Q(B|A, M), we have:
X=X 4+nx+Y"andY =Y’ +ny. (256)
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M.1.2 Propositions required for constructing Q

We describe two important propositions that we use to show the existence of a Q) for every Q € Ap.

Proposition 8. Suppose the random variables M andY have the joint distribution Q(M,Y") such
that

QM) =P(M) and Q(Y|M=m) = f(6Y)Vm € M, (257)

where M denotes the support of M and f (8Y)) € Fp for some convolution-closed distribution family
Fp. Furthermore, there also exists a ). . € D such that

bias
or = @Y — ... for some €2 € [0,1] and (8Y, — 6%,,.) € DY 'm € M. (258)
Consider two dilated versions of Y, denoted as Y' and ny, defined as follows:
QY'Y =y, M=m) = G(e?sY (1 —2)sY y), andny =Y - Y. (259)

Then, we have
LY U ny|M
2. The conditional distributions Q(Y'|M) and Q(ny | M) are specified as follows:
QUY'|M =m) = f(e2)8)) = [ (0}, — Ohias) and
Qny|M=m) = f((1 = e)d),) = f(8);0,) ¥ m € M. (260)
Proof. We essentially modify the argument given in theorem 1 of [25] to prove the
above proposition. Consider the conditional distribution of Y, Y’, and my conditioned

on M, denoted as Q(Y,Y’,ny|M). Then, by chain rule, we have Q(Y,Y’ ny|M) =
QY IM)QY'|M,Y)Q (ny|YY M). By the assumptions in (257) and (239), we know that

QY|M=m) = f(6),),Q(Y'|M=m,Y =y) = G(e2)5},, (1 — €2))5},.y), and
Qny|Y=y,Y'=y' M) = dx(ny =y —y/), (261)
where dk (+) is the Kronecker delta function [59].

Observation 1: Our first key observation is that the distribution Q(Y”, Y, ny|M =m) is completely
specified through the distributions Q(Y'|M) and Q(Y'|Y, M), as ny is completely determined by
Y"and Y and Q(ny|Y,Y’, M) is specified through a Kronecker delta function.

Similarly, consider a new pair of random variables Y/, n3°* such that Y,/ Ll n}**|M and the

new
respective conditional distributions of Y/, and n}* are specified as follows:

Qnew(Vyew| M=m) = f(e26)), and Qpew (N [M=m) = f((1 - €{2)5}) ¥Vm € M.
(262)

We will now show two key properties for the random variables (Y., n3°", Y, .., + n§°?) that will
form the crux of our argument:

Property 1: Qnew( new +n7}Lfew_y‘M:m) = 7(Y:y\M:m).

Let us now calculate the conditional distribution Q(Y;/,,, + ni? = y|M):
Qe (Vi + 15 =300) = [~ QW = b =y = k{3). 263)
k=—o00
Using conditional dependence of Y., and nf*?, we have Qew (Y, o, = k, n3Y =y — k|M) =

Qnew( new — k|M)Qnew( yU=y— k|M)

Qnew(ynew + nnew = y|M) = A Qnew( new k|M)Qnew( y= =Y - k|M) (264)

=—00

Note that the R.H.S of the above equation defines a convolution of Qe (Y., | M) and Q(n3¥| M),
hence:

Qnew(Ynew + nnew = y|M) Qnew( new k‘M * Qnew( v = =Yy - k|M) (265)
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where * denotes the convolution operator. Substituting (262) in the above equation:
Qnew(Vriew + 13 =y|M=m) = f(e)6,,) * F(1 = €2)0,). (266)

Using the properties of convolution-closed distributions:

Qnew (Yiew + 13 =yl M=m) = f() 6, + (1 - e2)d),) = £(5,,). (267)
Hence, by comparing above equation with (261)) we have:
Qnew(YView +1y™ = y|M =m) = Q(Y = y|M = m). (268)

Property 2: Q(Y,p0 =V |V} + 1% =y, M=m) = G(¢'26Y,1 — 26Y )

By definition of G(eg)éfi, (1- eg))(ﬁ;, z) given in Sec. we have:
G(eg)&%, (1 - 6(2))5Y Z) = Pr(ZG(Q) |Z6(2) + Zl—e(z) = Z), where

m m)

Pr(Z ) = f(eD00),Pr(Z,_») = f(1—2)or), and Z ) IL Z,_ 2. (269)

In the following steps, we slightly modify the notation of G(egg)é,};,(l — eg))ég,z) to
G(z.; es,%)dxl, (1- eg))(% , ) to make our notations more explicit as follows:

G(Zs(z) ; 65,21)53/ (1 — 61(7%))5;;, Z) = PI‘(ZE(Q) =zZ.@ ‘Z€(2) -+ Zl_e(z) = Z) (270)

m?

We use the definition of the conditional distribution to express G (652)53,2, (1- e(m2))53;, z) as:

Pr(Z6 =z @9, Lo+ 24, (= Z)
Gz €00, (L—€eD)oy,, 2) = T 271
(z.@ ( )Om» 2) Pr(Zo + 2, @ = 2) 271)

Pr(Z. = Zegs))Pr(Zeg) + Zl—ess) = Z‘Zesz) = Zeg))

= . (272
Pr(ZsS,%) -+ Zl—egi) = Z) ( )

Using the fact that Pr(Zeg? + Z1755{‘;> = Z|Ze$3) = 255,2)) = Pr(Zke%) =z — Z€§3>)’ since
Zeﬁl‘? AL Zke;f):

PI‘(Ze =z (2))PI‘(Zl_ 2 =2 —Z2 (2))
= e = =2 (273)
PI‘(Zegz) + Zl—eﬁ,zz) = Z)

Note that by properties of convolution-closed distributions, Pr(Z ) + Z, ) = z)) = f(z; sy,
where f(z;0Y) is to be understood as the distribution f(3Y) evaluated at z. Substituting (269) in the

rrm

above equation:

Pz 0 e 00 (2 = 2.3 (1= €)oY

- 7L | e
Now, note that by (262)) and (267), we have:
Qnew(Ynew=2|M=m) = (2,226},
Qo130 =2 — [ M=m) = f(z — 2. (1 — 2)3¥,), and
Qnew(View +n¥" =2|M=m) = f(2;0,) (275)

Hence, combining the above equation with (274)), and renaming z_c2) as y and z as y, we have:

= Qnew (Yriew_:y/|M:m)Q’ﬂ€w (nT}L’ew:y — y/‘M:m)
Qnew (Yview + ny :ylM:m)

G oy, (1= D)o, y)
(276)
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Noting the fact that Qe (NF =y — y'|M=m) = Qnew (Ve + 13 =y|M=m, Y., = V')

duetoY),, L ni|M and abbreviating notation pertaining to y’, we have:

= Qnew (Yrieui‘M:m)Qnew (Yoew + ny“=y|M=m)

G2y (1 —)sY .77
( ( ) v) Qnew(Yyew + ny“" =y|M=m) @77
Using Bayes rule in the above equation provides us with our desired property:
G(€5721)57¥, (1 - Ggr%))az:m y) = Qnew (Y'r;ew ‘M:m7 Y’riew + nr{}ew:y) (278)
Furthermore, by comparing (239) with the above equation, we have:
Qnew (Y e =V Yo + 13 =y, M =m) =Q(Y' =¢'|Y =y, M =m). (279)

Observation 2: Note that the distribution Q(Y},,,,, 3", Y., + n§**|M) is also completely deter-

mined by specifying Q(Y,.,, + 15| M) and Q(Y,. ., |Y, cr + 15, M) since n¥ is completely
determined by Y., + ny** and Y, .
By property 1 and (Z79), we know that

Qnew(View + 1y | M) = Q(V[M), and Qnew (Vi Yrew + 137, M) = Q(Y'|Y, M). (280)

Therefore, combining the above equation with observations 1 and 2,we have:

QYY" Y, ny|M) = Q(Yyew, Yoew + 0y, 0y | M). (281)
Consequently the distribution Q(Y”, ny |M) = Qnew (Yo, 75V |M). Since, Y., 1L niew|M,
we also have Y’ L ny | M. Furthermore, by (262),
Qnew(yéeﬂM:m) = Q(Y/|M) = f(egr%)(szrfl) Vm e M, and
Quew(ny|M=m) = Q(ny|M) = f((1 — €2)s¥)¥Vm e M. (282)
By ([258). we know that €\ 6 = 6Y — 6 and (1 — ¢'2)6Y, = 6Y,,.. Hence,
QUY'|M) = f(el2sY) = f(0Y, — 6fis) Y € M, and
Qny M) = f(1 = €7)dy,) = F(0h105) VM € M. (283)
O

Proposition 9. Suppose the random variables M and X have the joint distribution Q(M, X), such
that

Q(M) = P(M) and Q(X|M=m) = f(6X)¥Vm € M, (284)

where M denotes the support of M and f(5:X) € Fp for some convolution-closed distribution family
Fp. Furthermore, there also exist 5% . € D, and 6% € DV m € M such that

bias
O = Obias = € (O, = Giiqs) for some ) € [0, 1],
6% = B (6X — 5% ) for some €2 € [0,1], and
(O = O = (Gias = Ohias))s (O = Oias)s (5 — Oias) EDYmMEM.  (285)
Then consider three dilated versions of X, denoted as X',Y", and nx, defined as follows:
QX" Y" nx|X, M) =Q(nx|X, M)Q(X'|X,nx, M)Q(Y"|X,nx, M, X"), where
Qnx|X=u, M=m) = G((1 - )5, )6, @),
QUX'|X =z, nx=2ny, M=m) = G((1 = €3)) (07 = Gixas)s €’ (5% = 0pias)s @ — 1), and
Y'=X-X —nx. (286)

Then, we have

1. (nx, X', Y") are jointly conditionally independent conditioned on M.
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2. The conditional distributions Q(X'|M), Q(Y"|M), and Q(nx | M) are specified as follows:

Q(X/‘M) = f(éé - 67}7/1 - (6i))§as - 613;15))’
Q(Y”‘M) = f(dé - 51320,5)7 and
Q(nx|M) = f(6p5as)- (287)

Proof. The proof essentially consists of recursively applying the proof of proposition[8] Consider
a new auxiliary random variable Z = X — nx. Then, the distribution Q(X,nx, Z|M) has the
following properties:

QXIM) @ £(5%), Qnx|M=m, X =2) € G((1 — €®)5X, D5, 2), and

m? m m?

QZ|X=z,nx=Tpny, M =m) =0x(Z =2 — 1), (288)

where 0 (+) is the Kronecker delta function, and the equalities (a) and (b) follow from (284)
and (283), respectively. Note that the distribution Q (X, nx, Z| M) has exactly the same structure as
Q(Y,Y’ ny|M) described in ([261), hence Z and ny- are just dilated versions of X. Consequently,
from the result of proposmon we know that Z Il nx|M, and the conditional distributions Q(Z| M)
and Q(ny | M) are described as follows:

QUnx|M=m) = f((1 = e7)dy), and Q(Z|M=m) = f(e)57,). (289)
From (@83), we have ¢\ 6% = 6% — 6% and (1 — €))6X = 6. Consequently,
Q(nX|M:m) = f((sl;)gas)? and Q(Z‘M:m) = f(éﬁ - 6l§as)‘ (290)

We alternatively express Q(X'|nx, X, M) as follows:
QX' |nx =wny, X=2,M=m) = G((1 = {})) (05, — 5ias), €t (O, — G7ias), T — Tny). (291)

Note that the distribution Q(X'|nx ==, , X =2, M =m) only depends on X and nx through their

difference X — nx. Hence, substituting Z = X — nx in the above equation:
QX' Inx=tny, X=2,M=m) = Q(X'|Z=x — 2, M=m)

G(( 6m )(5£ - 615;13)7 65711) (6r§ - 6151{@3)7 T — TLX), (292)

= Q(X'|Z=2,M=m) = G((1 - €)) (5, = Siias) €t (G5 = pias): 2)- (293)

Hence, consider the following distribution Q(Z, X', Y"'| M), where from (290) and (293), we have:

Q(Z|M:m) = f((SX - 6i))§as)
Q(X/|Z =z, M= m) = G((l - 6(1))(5 - 6177,0,5) egrlz)(éi - 61;)7215)7 Z) (294)
)

Furthermore, by (286), we have Y = X —nx — X’ ©
Hence,

Z — X', where (¢)isdueto Z = X — nx.

QYY" Z=2z,M,X'=2) =6 (Y =2 — x). (295)
Comparing (295) and (294) with (261), we can again conclude that X" and Y” are just dilated
versions of Z. Hence, again using the result of proposition 8] we have X’ Ll Y| M, and

QX' |M=m) = f((1 = €)) (05 = 65%as)), and Q(Y"'|M=m) = f(el}) (67 — Gias))-  (296)

m

and (1 — el))(6X — §Y,

bias

From (283), we have e\ (6% — 65
(6% . — 6y .). Consequently,

bias bias

) =% o) ) = 5% - o -

bias

Q(XI|M:m) = f((sé - 67}; - (6l§as - 612;115)7 and Q(Y//|M:m) = f((ST{L - 6820,5)‘ (297)
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Hence, by (290) and (297), we can conclude that the conditional distributions Q(X'|M), Q(Y"|M),
and Q(nx|M) are specified as follows:

QXM =m) = f(6r — 0, — (Opias — Opias));
Q(Y”|M) = f(év)é - 622(13)) and
Q(nx|M) = f(0pas)- (298)

Showing joint conditional independence of (ny, X', Y") given M:
Consider the distribution Q(nx, Z, X', Y"|M). Using the chain rule, we have:
Q(nX7 Za X/a Y”‘M) = Q(nXa Z‘M)Q(X/7 YN|M7 nx, Z)>

2 Qx| M)QZIM)QX', Y| M, nx, Z),

9 Qnx|M)Q(ZIM)Q(X",Y"|M, Z), (299)

where (b) follows from nx L Z|M. For showing (c), observe that Y = Z — X, and hence we
can write Q(Y"|M, Z,ny, X’) = Q(Y"|Z, X'). Furthermore, by analyzing Q(X'|nx, Z, M), we
can conclude:

QX'|Inx,Z,M) =Q(X'Inx,X —nx,M)=Q(X'Inx,X,M) =Q(X'|Z,M).  (300)
Marginalizing Z out of (299), we obtain:

Qnx, X', Y'M) = Q(nx|M)Q(X',Y"|M) = D35 Qnx|M)Q(X'|M)Q(Y"|M), (301)

where (d) follows from X’ 1L Y| M. By (301)), we know that (nx, X", Y") are jointly conditionally
independent given M, concluding our proof. O

M.2 Analytically optimizing the upper bound

Proposition 10. Let Q(M, X', Y" nx,Y' ny) be the distribution derived from a distribution
Q € Ap using the construction scheme specified in Appx.[M.1| Then, the minimization problem
specified in (302) is analytically solvable with the optimizing Q* given by (303).

Qnenn Io(M;[X",Y" nx,Y' ny]), (note that Q is a function of Q) (302)

Q* (M, X", Y" nx,ny,Y") = Q*(M)Q*(X'|M)Q*(Y'M)Q*(nx)Q* (ny)Q*(Y'|Y"), with
Q*(M) = P(M)7 Q*(X/|M:m) = f(éﬁ - 57}:7, - (6l§as - 5?}2&9)) ( ) (5bzas)
Q*(Y"|M=m) = f(6,, = Opias), Q" (ny) = f(b4as)s and Q*(Y'|Y") =1[Y" =Y"],  (303)
where 1[] is the indicator function. Note that for the minimizing Q*, we have (nx,ny, (M, X', Y"))
are jointly independent and Y’ =Y.

Proof. First note that by the construction scheme defined in Appx. M1} we know that there is a
unique Q for every Q € Ap. Hence, we can interpret () as a function of @, and consequently the
minimization problem in (302)) is well-defined. Using the chain rule of mutual information, we derive
the following lower bound for I (M; [ X', Y" nx, Y’ ny]):

Io(M; (XY nx,Y' ny]) = Io(M; (X", Y"]) + Io(M; [nx, Y ny]|[X,Y']) (304)

(@)
=I5(M;[X"Y" nx,Y' ,ny]) > Ig(M;[X",Y"]), (305)

where (a) is due to the non-negativity of conditional mutual information. Furthermore, note that
by properties of ) derived in Appx. we know that X’ 1l Y"|M V @Q € Ap. Consequently,
the term I (M; [ X', Y"']) does note vary as we choose different Q) from Ap as the corresponding

Q(M, X', Y") = Q(M)Q(X'|M)Q(Y" M) and the terms:
Q(M) = Q(M) = P(M)aQ(X ‘M:m) = f(éﬁ - 5% - (6[{1{@3 - 62;(18))’ and
QY |M) = f (63, — Obias) (306)
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do not vary for all Q € Ap (see Appx.[M.I)). Therefore, we have:

I(M; X Y"]) < Ig(M;[XY" nx, Y ny]) ¥ Q € Ap, (307)
where we forgo the subscript @ for Io(M;[X",Y']) to indicate that the term 5 (M;[X",Y"])
does not vary over Ap. Hence, if we show that the distribution Q*(M, X', Y" nx,Y' ,ny)
specified in (303) achieves the lower bound in (307), then Q*(M, X', Y" , nx,Y’, ny) should
minimize the value of I5(M;[X',Y" ,nx,Y’ ny]) over the set Ap. We now calculate
I« (M;[X",Y" ,nx,Y’' ny]). By the chain rule of mutual information:

Ig- (M;[ X", Y nx,Y' ny]) = IQ*(M; [nx,ny, X", Y"]) + Ig- (M;Y'|Inx,ny, X, Y").

Using the fact that Y’ = Y, we know that I5.(M;Y'|nx,ny,X,Y") is zero. A sim-
ple justification follows from the fact Ig. (M;Y'|nx,ny, X,Y") = H(Y'|nx,ny, X,Y") —
HY'|nx,ny,X,Y" M), where H(.|.) is the conditional entropy function [28]. Observe that
both conditional entropy terms are zero as Y’ = Y/, and condition entropy of a random variable
conditioned on itself is zero. Therefore, we can simplify the above equation as:

I (M;[X"Y" nx, Y, ny]) = I5.(M; [nx,ny, X', Y"]). (308)
Applying the chain rule of mutual information again, we obtain:
IQ* (M, [X/, Y”, nx, Y/, ny]) = IQ* (M, [nx, ny]) + IQ* (M, [‘X/7 YN”TL)(, ny). (309)

Using the fact that (nx,ny) 1 (M,X’Y"), we know that I(M;[nx,ny]) = 0 as mutual
information between independent random variables is zero [28]. Consequently,

To-(M; (X', Y" nx, V' ny]) = Tge (M; (X7, Y " Inx, ny ) 2 Io.(M;[X,Y")), (310)
where (b) again follows from the fact that (nx, ny) 1L (M, X', Y"), and, consequently, conditioning

(M, X', Y") on (nx,ny) has no effect. From (310), we see the proposed Q* in (303) does indeed
achieve the lower bound specified in (307), and consequently minimizes

The final step remaining in our proof is to ensure that the proposed QQ* corresponds to a valid
Qfp(M,X,Y) lying in Ap, i.e., there is some Qf; (M, X,Y) € Ap that generates ()* using the
construction scheme outlined in Appx. We know that the relationship between the random
variables for (M, X", Y"” nx,Y’ ny) having the joint distribution Q) and (M, X,Y) having the
distribution @ can be expressed as follows: X = X' +Y” +nx andY =Y’ + ny. Hence, we use
these relationships for calculating the conditional marginals Q7 5 (X |M) and Qf; 5 (Y| M) of the cor-

responding distribution Q3,5 (M, X,Y") for the proposed distribution Q* (M, X', Y" nx,Y’ ny):
Qup(XIM =m) = Q" (X" +Y" +nx|M = m)

© Q1 (X|M = m) « Q*(Y"|M = m) * Q" (nx|M = m)

= f((sig - 51)7/1 - (651('115 - 6I)Y7;CLS)) * f((s’}r/L - 613;@5) * f(él;)z{as)
d
(:) f((sfr)ri - 67}7; - (555115 - 513;(18) + 67}7/1 - 613;0,5 + 61550,5)
= f(6;n) = P(X|M =m). (1D
where * denotes the convolution operator, and (c) follows from the fact that (X', Y, nx) are jointly

conditionally independent given M under Q*, and (d) follows from the properties of convolution-
closed distributions. Similarly, calculating Q; 5 (Y| M = m):

Qup(Y|M =m) = Q" (Y +ny|M =m)

= Q (Y"|M =m) * Q" (ny|M =m)
= f((sz‘rfz - 613;&9) * f((slz;as)
= f((sgv/z - 513/1'0,5 + 657,{0‘5)

= f(0n) = P(Y|M =m), (312)
where (e) follows from the fact that Y’ 1L ny |M under Q*. It is easy to see that Q}; (M) =
QM) = P(M). Hence, we have Qj;z(M,X) = PM)P(X|M) = P(M,X) and
Qb p(M,Y) = P(M)P(X = Y|M) = P(M,Y), which implies Q}, (M, X,Y) € Ap, con-
cluding our proof. O

70



M.3 Additional details regarding simulation

The list of different function pairs used in the simulation study are listed in Table[I] The function
pairs were chosen with the only requirement being that they satisfied the assumptions in (@). For
constructing the analytical estimate () 4(M, X,Y), the corresponding &;% _ and d}; . were chosen as
follows:

bias bias

1. For each distribution and function pair, we first determine the range of possible values for

X Y
5blaé and 5bza5

2. For 6}, ,, we choose the range as [0, min,,c 1 fa(m)), where M is the support set of M for
that distribution. Note that we cannot choose &7, > min,, e f2(m) as the corresponding
conditional distribution Q*(Y’|M) = Poisson(f2(M) — 6;,,) (required for the optimal
Q* from which @ 4 is constructed, see Appx. would have a negative rate parameter,
which is not allowed. Within this range, we choose 10 different, uniformly spaced values
for 6

3. For each chosen value of &Y., the corresponding range for &;%,. is then chosen as

[0, min{min,e o f1(m), mingea(fi(m) — fa(m) + 83,,)}. Note that choosing the
upper limit of &5, as min{minyem fi(m), minmea(fr(m) — fa(m) + 8,,)} ensures
that the distribution Q*(X'|M) = Poisson((f1(M) — &,.) — (f2(M) — &},.)) and
Q*(Z | M) = Poisson(f; (M) — bws) (required for specifying the optimal Q* from which
Q4 is constructed, see Appx.[M.I|and Appx.[M.2) have positive rate parameters. For each
value of 6);,., we again choose 10 different values of 5%, within the above specified range.
In total, we chose 100 different pairs of (5;, ., 6,

bias’ bzas)

bias*

bias

For each pair of (0;% ., 010

), we calculate the analytical Q 4 (M, X,Y) as follows:

First, we construct the opt1mal Q* distribution using the structure provided in proposmon. 10l The
exact specification of Q* is described below. We simplify the structure of Q* by using the fact that
Y/ Y//

Q" (M, X" Y nx,ny,Y")=Q"(M, X" Y nx,ny),
= Q" (M)Q*(X'|M)Q*(Y'|M)Q* (nx)Q" (ny), with
Q" (M) =P(M),
( '|[M) = Poisson(f1(M) — fo(M) = (6pias — Ghias));
Q*(nx) = Poisson(d;s,,),
(Y”|M) = Poisson(fo(M) — 6%5,.),
Q*(ny) = Poisson(4};,.). (313)

Then, we use the property that X = X'+ Y’ 4+ nx,and Y = Y’ 4 ny, and use that to appropriately
modify Q* to obtain @) 4 as follows:

 We calculate a new distribution Q*(M, X’ + Y'Y nx,ny):
Q*(M7X/+Y/,Y/,nx,ny) Q ( ) ( )Q*( )Q*(XI+Y/|M)X

Q*(Y |X’+Y/ M).

Q"

(M)Q*(nx)Q* (ny)Q*(Z|M)Q*(Y'|Z, M),
(314)

where Z = X' + Y and alternatively also Z = X — nx (as X =X'+Y' +ny). First
note that Q*(Z|M) from Appx.[M.2) has the form f(,% — &y,,,), which for the Poisson case

is Poisson(fy (M) — 6% ). Furthermore, we can recognize that Q*(Y' = y|Z = 2, M =

bias

m)=Q*Y' =y |X'+Y' =2 +y, M =m) =G(y; e 1 —elM) o +y’), which for
the Poisson case can be written as Binomial(Z, p,,,) where p,,, = f2(M)=830./f, (M) 555,

* Now define S7' = {z,, € &%,z € Z,,, : Tpy + 2 = x}, where A" and Z,, are

nx?

the corresponding support sets of the distributions Q*(nx|M = m) and Q*(Z|M = m),
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respectively. Then, using the fact that X = Z 4 nx, we have:
Q" (M=m,X=x,ny,Y") = Q*(M,Z +nx,ny,Y’) = Q" (M = m)Q*(ny)x
Y Qnx =20 )QN(Z =2M =m)Q*(Y'|Z = 2,M = m), (315)

(Tny,2)EST

where we know that for the Poisson case:

Q*(M) = P(M), Q" (ny) = Poisson(0},,,), Q"(Z|M) = Poisson(f1(M) — djq,),

fQ(M)_ég;as> 316
R =6, . (316)

* Using a similar procedure, we derive Q4 (M, X,Y) from Q*(M,X,Y' ny) as Y =
ny +Y'. Define S = {yn, € V', 2 € V), : Ynx + ¢ =y}, then:

nx’

Q*(nx) = Poisson(d;s,,), and Q*(Y’|Z, M) = Binomial (Z

QA(M,X,Y:y):Q(M,X,nerY'): Z Q*(MaXay/:y/anY:an)'
(Iny 73/)682"
* After analytically calculating @ 4 for all 100 bias pairs of (875, 01:,s)> We chose Q 4 corre-
sponding to the pair (87, ., 03;,.) Which results in the smallest value of the corresponding

Ig,(M;[X,Y]).
Index f1(M) fa(M) | Index  f1(M) fa(M)
1 3M 3log(1 + M) 11 MeM M
2 1.5M3 0.5eM 12 3M?—-2M M +log(M)
3 0.5M* 0.25¢M sin?(Mn/s) | 13 8sin(M/10)  2v/M
4 ™ 4M sin®(Mr/s) 14 2cosh(M) 6 sin(M/s)
5 M? M 15 5M 5v M
6 M3 M? 16 eM sinh(M)
7 5M 5sin(M/s) 17 2cosh(M) sinh(M)
8 M? + M3 2M 18 2.5M? +5M 0.5M3+ M
9 M M? cos?(Mn/16) 19 1.5cosh(M)  0.5M3
10 8(M — cos(Mn/g))  2sin(Mn/s) 20 8M + 3 ™

Table 1: Table[]lists the 20 different function pairs used in the simulation study described in Sec.[6]
for comparing the analytical estimate of the minimizing distribution of (2)) proposed in Sec. [6| with
the corresponding ground-truth numerical estimate. The index in Table[T|maps the corresponding
function pair to the results shown in Fig.[I] To illustrate, the number 1 on the z-axis of all the plots
shown in Fig. E] corresponds to the function pair with index 1 in Table E}

M.4 Additional results and analysis

We report the tightness of the upper-bound for systems employing binomial and negative-binomial
distributions in Fig.[2(a). We find that the results for binomial and negative-binomial remain consistent
with the Poisson study performed in Sec. [6]and the upper-bound continues to remain tight. We also
performed further analysis to understand how our upper-bound performs when both of the UI terms are
non-zero. We sub-selected the trials in the 20 pairs (analyzed in Section[6) that had both UI, > 0.01
bits and U1, > 0.01 bits, and report the corresponding median error of these sub-selected trials in

Fig. ().

N Distributions

We provide brief descriptions of the distribution families and the corresponding distributions used in
this work. We also provide citations to relevant works for the reader interested in learning more about
these distributions.
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Figure 2: (a) shows additional results of simulation study performed in Section 6 of the manuscript
for the distributions: Negative Binomial and Binomial. The experimental setup is the same as
described in Section[6] with the differences being that only 10 function pairs were tested, the number
of outcomes of M was restricted to 2 and 4, and the support of M was appropriately modified for
Binomial and Negative Binomial distributions (see caption of Table [2]below). The function pairs
tested are provided in Table[2] (b) and (c) show the unique information atoms of the systems having
non-zero unique information in both X and Y tested in the simulation study presented in Section [6]
of the manuscript. More specifically, of the 20 pairs analyzed in Section [6] we only selected trials
that had both UI, > 0.01 bits and UI,, > 0.01 bits. (d) provides the corresponding median error

for the subselected trials (originally shown in Fig[Tk in the manuscript for all trials) for the systems
shown in (b) and (c).

Negative Binomial Binomial
Index  fi(M) f2(M) I (M) f2(M)
1 0.5M? M [0.5M7] M
2 0.1M3 0.25M2 [0.04M3) |0.1M?]
3 4M M sin?(Mn/16)+2 4M | M sin®(M/16) +2]
4 5M 10 |sin(M™/16)| +2 5M |10 |sin(M7/16)| +2]
5 0.05(M*+M?* M [0.05(M? 4+ M3)] M
6 ™ 0.5M7 cos®(ME)+2 || TM [0.5M7 cos® (&Z)+2]
7 M — cos(M=/g)  2sin(M7/16)+2 [2(M — cos(M7/g))] |12 bm(M"/4o)+2'\
8 2M 0.004Me™/? 49 2M 10.004Me™/? 45
9 0.5(3M?2 —2M) M + log(M) [0.1(3M?2 — 2M)] | M + log(M)]
10 18 sin(M/18) 5vVM 19 sin(M/40) |3v/ M)

Table 2: For negative binomial the outcomes of M were uniformly randomly sampled from the
interval [5, 10], and for the binomial experiment the outcomes of M were uniformly chosen from the
set {5,6,...,14}. The symbol | -| denotes the rounding to closest integer operation. The corresponding
system models of binomial and negative binomial can be found in Appendix [C] (systems 3 and 6,
respectively) of the manuscript.
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N.1 Common distributions used in this work

We employed various well-known distributions in this work. We refer the reader to [62} [63] for a
review of these distributions. We use the most commonly used notations in literature to represent
these distributions. Regardless, we provide explicit definitions of our notations for these distributions
to remove ambiguity.

Poisson Distribution Poisson distribution is a discrete distribution having support over all non-
negative integers. The p.m.f. of the Poisson distribution is described by a single rate parameter
A € [0, 00). We define the Poisson distribution with the rate parameter A = 0 as a degenerate point
distribution with all its mass at 0. We use Poisson(\) to denote the p.m.f. of a random variable X
distributed according to the Poisson distribution. The exact definition of the p.m.f. of X is provided

below:
7AAm

P(X = z) = Poisson(z; \) = ¢ vV € Np.

x!
Gaussian Distribution Gaussian distribution is a continuous distribution having support over R.
The p.d.f. of the Gaussian distribution is described by its mean p € R and variance o2 € [0, 00). We
define the Gaussian distribution with the variance o2 = 0 as a degenerate point distribution with all
its mass at ;.. We use N'(p1, 02) to denote the p.d.f. of a random variable X distributed according to
the Gaussian distribution. The exact definition of the p.d.f. of X is provided below:

1 (@—1)?
p(X =z) = N(z;p,0%) = We_ %2 Yz R

Negative Binomial Distribution Negative binomial distribution is a discrete distribution having
support over all non-negative integers. The p.m.f. of the negative binomial distribution is described
by two parameters: the number of successes r € N, and the probability of success p € (0,1]. We
use Negative Binomial(r, p) to denote the p.m.f. of a random variable X distributed according to the
negative binomial distribution. The exact definition of the p.m.f. of X is provided below:

r—1
P(X = z) = Negative Binomial(z; r, p) = (LH_T >(1 —p)*p" ¥V € Ny,
x

_ _ |
where (ET7—1) _ @tr=1D!
x a!l(r —1)!

Geometric Distribution Geometric distribution is a special case of negative binomial distribution
with r = 1. The p.m.f. of the geometric distribution is described by a success probability p € (0, 1].
We use Geometric(p) to denote the p.m.f. of a random variable X distributed according to the
geometric distribution. The exact definition of the p.m.f. of X is provided below:

P(X = z) = Geometric(x; p) = p(1 — p)* V x € Ny.

Beta-Binomial Distribution Beta-binomial distribution is a discrete distribution having support
over {0,..., N} forsome N € Ny. The p.m.f. of the beta-binomial distribution is described by three
parameters: N specifies the support, o € (0,00) and 5 € (0, 00). We use Beta-Binomial(N, «, 3)
to denote the p.m.f. of a random variable X distributed according to the beta-binomial distribution.
The exact definition of the p.m.f. of X is provided below:

x4+a,M—z+f)

N\ B
P(X = z) = Beta-Binomial(x; N, o, ) = <x) ( Bla.7) Vne{0,...,N},
I'(a)l
where B(«, 8) = m is the beta function and I'(+) is the Gamma function.

Gamma Distribution Gamma distribution is a continuous distribution having support over (0, c0).
The p.d.f. of the gamma distribution is described by its shape parameter o > 0 and rate parameter
B > 0. We use Gamma(q, 3) to denote the p.d.f. of a random variable X distributed according to
the gamma distribution. The exact definition of the p.d.f. of X is provided below:

i
I'(a)

p(X = z) = Gamma(z; o, 8) = 2 e PV 2 € (0,00),

where I'(+) is the Gamma function.
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Exponential Distribution Exponential distribution is special case of the Gamma distribution with
« = 1. The p.d.f. of the exponential distribution is described by its rate parameter A > 0. We use
Exponential(\) to denote the p.d.f. of a random variable X distributed according to the exponential
distribution. The exact definition of the p.d.f. of X is provided below:

p(X = z) = Exponential(z; \) = Ae "V z € [0, 00). (317)

Beta Distribution Beta distribution is a continuous distribution having support over [0, 1] or (0, 1)
depending upon the values of its parameter. The p.d.f. of the beta distribution is described by two
shape parameters: o > 0 and 5 > 0. We use Beta(a, 3) to denote the p.d.f. of a random variable
X distributed according to the beta distribution. The exact definition of the p.d.f. of X is provided
below:
Lla+8) .1 -1
p(X =xz) =Beta(z;0,8) = —————~z% (1 —x Vze(0,1),
(X =) = Beta(r; . /) = o= (1) (0,1)

where I'(+) is the Gamma function. The end-point 0 is included in the support of the beta distribution
if & > 1 and the end-point 1 is included in the support of the beta distribution if 5 > 1.

Dirichlet Distribution Dirichlet distribution is a multivariate generalization of the beta distribution.
The p.d.f. of Dirichlet distribution is described by d-shape parameters: {1, ..., aq}, where o; €
(0,00) Vi € [d]. We use Dirichlet(ay, ..., a4) to denote the p.d.f. of a d-dimensional random
vector X distributed according to the Dirichlet distribution. The exact definition of the p.d.f. of X is
provided below:

p(X = X) = Dirichlet(X; ay, . .., aq) =

d
[[imi Dles) i
where T'(-) is the Gamma function, and € = [#; ... 4], witha; € [0,1] and Ele x; = 1.

Binomial Distribution Binomial distribution is a discrete distribution having support over
{0,..., N} for some N € Ny. The p.m.f. of the binomial distribution is described by two pa-
rameters: the total number of trials, IV, and the success probability, p . We use Binomial(N, p) to
denote the p.m.f. of a random variable X distributed according to the binomial distribution. The
exact definition of the p.m.f. of X is provided below:

P(X = z) = Binomial(z; N, p) = (g);f”(l -p)"*Vne{0,...,N}, (318)

e () =

Multinomial Distribution Multinomial distribution is a multivariate generalization of the binomial
distribution. The p.m.f. of the multinomial distribution is described by two parameters: the total
number of trials, V, and the success probability vector, p. We use Multinomialy (N, B) to denote the

p-m.f. of a d-dimensional random vector X distributed according to the multinomial distribution.
The exact definition of the p.m.f. of X is provided below:

d
- N! v
P(X = X) = Multinomial,(X; N, p) = - prl,
[licy @it i
where, p=[p1 ... Ppd ]T is a d-dimensional probability vector,ie. 0 <p;, <1, V1 <i<d
and ijl pi=1lLandX =21 ... x4 ]T is a d-dimensional categorical vector, i.e. z; €

No, Vlgigd,andzglzlmi:n.

Hypergeometric Distribution The p.m.f. of the hypergeometric distribution is described by three
parameters: the total number of success states in the population S € Ny, the total number of failure
states I’ € Ny and the number of draws n € {0, ..., S + F'}. We use Hypergeometric(S, K,n) to
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denote the p.m.f. of a random variable X distributed according to the hypergeometric distribution.
The exact definition of the p.m.f. of X is provided below:

P(X = x) = Hypergeometric(z; S, K, n)

S F
_ %”;)’3) Vz € {max{0,n — F},...,min{n, S}},

n

A Al
where (B) = m for some A, B € Ny and B < A.

Multivariate Hypergeometric Distribution Multivariate hypergeometric distribution is a mul-
tivariate generalization of hypergeometric distribution. The p.m.f. of the multivariate hyperge-
ometric distribution is described by the following parameters: the total number of object types
d € Ny, the size of population of each type {n1,...,nq} with n; € Ny, and the number of draws

n € {0,..., 2?21 n;}. Define i = [n1  ...ng|. Then, we use Multivariate Hypergeometric (11, n)
to denote the p.m.f. of a d-dimensional random vector X distributed according to the multivariate
hypergeometric distribution. The exact definition of the p.m.f. of X is provided below:

P(X = %) = Multivariate Hypergeometric(X; i, n),

d (n;
(Zi:l "L)
where (g) = % forsome A,B € Npand B < A, and X = [z1 ... a:d]T with z; €

{0,n;} and Zle x; = n.

Uniform Distribution Uniform distribution is a continuous distribution having support over (a, b)
where a,b € R. We use Uniform(a, b) to denote the p.d.f. of a random variable X distributed
according to the uniform distribution. The exact definition of the p.d.f. of X is provided below:

1
p(X = z) = Uniform(z;a,b) = vV € [a,b].

a1l

For uniform distribution, we abuse notation by not ensuring a < b for representing the interval [a, b].
In the context of uniform distribution, the notation [a, b] is to be understood as [a, b] if @ < b and
[b,a] if a > b.

Bernoulli Distribution The p.m.f. of the random variable X distributed according to the Bernoulli
distribution is denoted as Bernoulli(p) for p € [0,1]. The exact definition of the p.d.f. of X is
provided below:

P(X=0)=p, and P(X =1)=1—p. (320)

Categorical Distribution The p.m.f. of a random variable X distributed according to the categorical

distribution is denoted as Categorical(py, ..., pq) for p; € [0,1] Vi € [d] and Zle p; = 1. The
exact definition of the p.d.f. of X is provided below:

P(X =i)=p;Vie][d]. (321)
N.2 Univariate Stable Distribution Definition

We employ the definition of a univariate stable distribution discussed in [23]]:

Definition 2. A random variable X is said to have a stable continuous distribution if, for two
independent copies of X, denoted as X1 and Xs, and positive constants a > 0 and b > 0, (322)
holds for some ¢ > 0 and d € R.

aXi +bXo 4 cX +d, where 4 means equality in distribution [57]]. (322)
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Continuous stable distributions are typically expressed through their characteristic functions, as the
analytical form of many continuous stable distributions is not known. The characteristic function
of a random variable X having a continuous stable distribution is typically parameterized by four
parameters: stability parameter denoted as . € (0, 2], skewness parameter denoted as § € [—1, 1],
scale parameter denoted as y € (0, 00), and location parameter denoted as 1 € R. The exact form of
the characteristic function is given in (323).

E [e"¥] = ¢(t; o, B, 7, ) = exp (it — [7v¢|*(1 — iBsgn(t)®(ax))) (323)

T -1 t<0
where ®(a) = tan () a1 sgn(t) = 0 t=0
Zlog(|t]) a=1" 1 t>0

We further denote the p.d.f. of X having the characteristic function defined in (323) as
pes(X;a, 8,7, ). Some well-known examples of continuous stable distribution are the Gaus-
sian/normal distribution, Cauchy distribution, and Lévy distribution. All univariate continuous stable
distributions have infinite variance except the Gaussian distribution, and their tails follow a power
law behavior [23]. Univariate stable distributions have been widely used to model many financial and
physical phenomena. Chapter 2 of [23|] provides a list of applications where stable distributions have
been used. For a more in-depth treatment of stable distributions, we refer the reader to [23].

N.3 Multivariate Stable Distribution Definition

A multivariate stable distribution is defined similarly to a univariate stable distribution described in
Appx. We employ the definition of multivariate distribution given in [23]].

Definition 3. A non-generate d-dimensional random variable X is said to have a multivariate stable
continuous distribution if, for two independent copies of X, denoted as X1 and X, and positive
constants a > 0 and b > 0, [(B24) holds for some ¢ > 0 and d e R4

a}_{l + ng 4 X + &', where 4 means equality in distribution [57)]. (324)

A main source of complexity while analyzing multivariate continuous stable distributions is the
wide range of dependence structures this family of distribution admits [23]. We refer the reader [46,
45| for a more general treatment of multivariate stable distributions. In this work, we focus on
two special classes of multivariate stable distributions: independent component multivariate stable
continuous distribution denoted as pcs—rco(«, B ., i) and elliptically contoured multivariate stable
distribution denoted as pcs—po (o, 2, fi). Similarly to the univariate continuous stable distribution,
both independent component and elliptically contoured multivariate stable distributions do not have
explicit general analytical forms and are expressed through their characteristic functions.

The characteristic function of a d-dimensional random vector X having independent component
multivariate distribution pcs—rc(a, 8,9, i) is expressed as follows:

d
E [eith] =exp | — Z Iyiti|(1 —iB;sgn(t;)®(a)) +it T | Vt e RY, (325)

j=1
where ®(a) and sgn(-) are as defined in (323), 8 = [61 ... Bd]T with 8; € [-1,1], ¥ =
i ... 74" with v; € (0,00), i = [p1 ... pa]” € R%, and a € (0,2]. One can also alterna-
tively think of the random vector X = (X1 ... Xd]T having the distribution pcs—ro(«, ,é, ¥, i)

as a collection of independent random variables {X;}9_,, where X; ~ pos(, 85,75, 115)-

The characteristic function of a d-dimensional random vector X having elliptically-contoured multi-
variate distribution pcs—_gc(a, X, [i) is expressed as follows:

e S N2 -
8 [o7%] <o (- (i758) "+ i67R) view (326)

where X is a positive definite matrix, fi = [¢1 ... ud]T € R and o € (0, 2]. Note that allowing

3 to be positive semi-definite will violate the fact that X should be a non-degenerate d-dimensional
random variable. We also list an important property of multivariate continuous stable distributions
used in this paper.
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Property 1. A d-dimensional random vector X has a multivariate stable continuous distribution
if and only if every 1-dimensional projection has a univariate continuous stable distribution, i.e.,

ETX ~ pCS(av B(E)7 7(5)7 H’(E)) v E € ]Rd'
Proof. See the proof of P.1. in [46]. O

N.4 Univariate Discrete Stable Distributions

Discrete stable distributions form the discrete analogues of the continuous stable distributions. We
employ the following definition for a univariate discrete distributions taken from [24]:

Definition 4. A random variable X is said to have a discrete stable distribution with exponent
v € (0,1] if for two independent copies of X, denoted as X, and Xs, (322)) holds for all v € [0, 1].

yoXi+(1—9)"" 00X, L X, (327)

where & means equality in distribution [57)], and o implies a binomial thinning operation defined as
follows: yo X = Zjil Nj, where Nj ~ Bernoulli(vy), and all Ns are jointly independent.

Similar to univariate continuous stable distributions, univariate discrete stable distribution do not have
explicit analytical forms, and are typically expressed through their probability generating functions
and/or characteristic functions . The characteristic function of a discrete random variable N having a
stable discrete distribution is given by (328):

E [eitN} = exp (T(e“ — 1)") = o¢(t;v,7), and Py (2) = exp(—7(1 — 2)7), (328)

where Py (z; v, 7) is the probability generating function of N, i = /=1, 7 > 0,and 0 < v < 1. We
further denote the probability mass function of N as Ppg(N = n;v, 7). Pps(N;1, \) is a standard
Poisson distribution with mean A [24]. All discrete stable distribution asymptotically follow a power
law distribution [64].

N.5 Multivariate Poisson Distribution

To our knowledge, there are no well-known multivariate generalizations of univariate discrete stable
distributions, except for the special case of the Poisson distribution. In this section, we describe a
popular multivariate extension of the Poisson distribution.

An intuitive way to define multivariate Poisson distribution is to represent each random variable in the
multivariate Poisson distribution as a sum of independent Poisson random variables [41} 142} 43 144].
To illustrate, let us construct a bivariate Poisson random vector N = [Ny NQ]T, where

Ny = N{ + NY{,, Ny = NJ + N{,, (329)
and NY, N§, and N{, are mutually independent Poisson random variables with rates A1, A, and A2,

respectively. Here, the dependence between N; and N, is expressed through NY,, with covariance
between IV and Ns being equal to 15 [47]. For dimensions d > 2, the Poisson random vector:

N = ANY, (330)
where A is an appropriate matrix of 0’s and 1’s. We can decompose A = [A; ... Ag], where
A;isad x ((f) submatrix having no duplicate columns, and each of its columns containing exactly

i ones and (d — i) zeros [44], and N9 = [N{...N§ N{,... N&_y ;... Ni_ i,y g7, with
Np 4, ~ Poisson(X;,..i;) V (i1,....,45) € AY,j € [d']. Furthermore, the random variables
{N1,...,Ng_(ar—1)...q} are mutually independent. An intuitive way to think about this multivariate

Poisson distribution is to interpret { N/ }¢_, as the “main effect”, {N7
covariance effects” and so on until {N7 , 1}, .i.)e ad, as the d’'-way covariance effect in an
ANOVA-like fashion [44]]. For a more detailed discussion, see [43] 44} 47, 142]. Note that d’ < d. In

this work, we denote the d-dimensional random vector N having a multivariate Poisson distribution

}ir ia)end as the “two-way

with parameters A= [)\1 D WD SR )\d,(d,,l)md]T specifying up to d’-way covariance effects

(where d’ < d), as N ~ Poisson(d, d’, A). Note that for ' = 1, we have that K is a collection of
independent Poisson random variables, and when both d = d’ = 1, we recover the scalar Poisson

distribution: Pr(K = k) = < 2" v k € No.
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Deriving the p.m.f. of the Multivariate Poisson Distribution

Let N ~ Poisson(d, d’, .K), where N is a d-dimensional random vector. Then the corresponding
p-m.f. of N is described below:

. T . . -
Letn'= [nlg c Md—1)d - - - nd,(d/,l)_“d] , and djz be the dimension of i/, then:

P(N=fi)= dTAH)\"L S TI (/\>\>\>n .
11 Mo

n’eC \(i1,i2)€AS

A\ i Mig.ig

>l <dd> x Q(ii, i) | , (331)
(i1,-0s0qr ) EAS, Hj:l Aij

where C' = {fi’ € Ng™ : (&))"’ < n; Vi € [d]}, and

d
- - 1
Q(l’l,l’l/) = H (ni — ilTn’ ] H H nd .U

i=1 J=2 (i1,.. ,'LJ)EAd 110025 "

with &, being the i-th row of the matrix A" = [Ay ... Ag].
Proof of N ~ Poisson(d, d’, A) having the p.m.f. described in (331).

We know that N = Aﬁg, where A = [A;...Ay]. Let the dimension of N9 be dg, and Sz =

{n9 e Ngﬁg :k = AkY}. Then, using the fact N = ANY, the p.m.f. of N can be expressed using
the p.m.f. of NY in the following manner:

P(N=i)= Y P(N’=i). (332)

nIeSy

Since NY is just a collection of mutually independent Poisson random variables, we can write
P(NY = 119) as a product of scalar Poisson distributions, i.e.,

~ /\Z_ll»;f’j
P(NY = H [T e 7 (333)
G=1 (in,0.0viy) €A

Substituting (333) into (332), and collecting all 1% terms we obtain:

P(N=ri)= —ITAZH I (334)

G9€Sg §=1 (i1,...,i; ) EAZ Preety

Decompose the matrix A = [A; A’], where A’ = [Ay...Ay] and 09 = [(d])T @'7]T, where
ﬁf = [n{...nY)" and i’ contains the rest of the elements in 1i9. Using the fact that &Y € Sz =
n = AnY we have: 1 = A1n1 + A’fi’. Combining this with the fact that A is an identity matrix,
we obtain:

A=0f + A =0df =i - A'd =nf =n, — (&)1, (335)
where &, is the i-th row of A’ and i € [d]. Substituting (333)) into (334):

T a! gl...ij

. A”l(

N T >\’le
P(N=i)=c""% > | T] (ns — @R H 11 o (336)

n’'eSy/ ileAd J=2 (iy,.. 7’LJ)€A(1 RN

where the summation constraint is transformed to Sgr = {ii’ € N o@)Ta < n; Vi e [d}.
The equivalence of the summations over the sets Sy and Sk can be derived by considering that
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Q

nd =n; — (&)Th’, and n? > 0. Collecting all the factorial terms, we get:

d
SCEIS | 1 o)

= i, Ligyens T

Substituting (337) into (336)), we obtain:

d’

P(N=fl)=c 78 3 | T] an@"" H 11 )\Z?I_;;f Q(d,@').  (338)

n'€Sy |i1€A¢ I=2 (i1, i5) €AY

Taking the term [ | /\Z’i out of the summation as it does not depend upon 1i’, we obtain:

i1 €A1

/

PN=f)=c "SI 2 S I TSI 11 A" Qi /). (339)

i1€AY 0'€Sy |i1eAd I=2 (1,005 ) €AY

Notice that (a/)T1i’ contains all the elements of @i’ which have i in their subscript. Hence, expanding

—@)Ta’ I . .
the term [ [, . Ad /\il(al) " and distributing over the product, we obtain the desired form:

71 Vg

n’eC \(i1,iz)€AS

X H <dd> x Q) | . (340)

(i1,0-iqr ) EAS, Hj:1 Aij
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The three main results of this work are clearly enumerated in Section |1| (Intro-
duction) that demonstrate the main claim of the work which is analytically computing partial
information decomposition for numerous systems employing well-known distributions.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We have provided a discussion on the limitations of this work in Section
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: A formal proof of each theorem is provided in the Appx. [F}-[L] with clearly
stated assumptions. A formal justification of the arguments used in Sec. [o]is provided in
Appx.[M] Section[3|discusses the general proof technique used in proving our main theorems.
We also provide informal discussions on the constructions used for proving theorems [T} [7]in
their respective sections, namely Sec.d and Sec.[3]

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The details of our simulation results are provided in Section 6] followed by
more details in Appendix [M.3] We have also provided the exact code used for running the
simulation study.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
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In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: We have provided our code with the supplementary materials.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We have provided all simulation details in Section 6 and Appendix L.3.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification:We have provided a box-plot of our results accompanied by the actual data
points used for computing the box-plot in Figure I} The factors of variability are clearly
stated in Sec.

Guidelines:

* The answer NA means that the paper does not include experiments.
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8.

10.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: We did not feel the need to provide information on the compute resources
required to run our simulation, as our main results are of theoretical nature. Furthermore, all
our simulation results can be reproduced on any ordinary personal laptop and do not require
any special compute resources.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
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. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted is mainly theoretical in nature and we believe it does
not violate the NeurIPS code of ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.
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eration due to laws or regulations in their jurisdiction).

Broader Impacts
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societal impacts of the work performed?
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Answer: [Yes]
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New Assets
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Answer: [NA]
Justification: The paper does not release any new assets.
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* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
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limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
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Crowdsourcing and Research with Human Subjects
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well as details about compensation (if any)?

Answer: [NA]
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or other labor should be paid at least the minimum wage in the country of the data
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Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
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Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
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Answer: [NA]

Justification: Our work does not involve crowdsourcing nor human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
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