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Abstract

We introduce Separable Operator Networks (SepONet), a novel framework that
significantly enhances the efficiency of physics-informed operator learning. Se-
pONet uses independent trunk networks to learn basis functions separately for
different coordinate axes, enabling faster and more memory-efficient training
via forward-mode automatic differentiation. We provide a universal approx-
imation theorem for SepONet proving that it generalizes to arbitrary opera-
tor learning problems, and then validate its performance through comprehen-
sive benchmarking against physics-informed DeepONet. Our results demon-
strate SepONet’s superior performance across various nonlinear and insepara-
ble PDEs, with SepONet’s advantages increasing with problem complexity, di-
mension, and scale. Open source code is available at https://github.com/
HewlettPackard/separable-operator-networks.

1 Introduction

Operator learning, which aims to learn mappings between infinite-dimensional function spaces, has
emerged as a powerful tool in scientific machine learning for modeling complex physical systems (30;
25 245 126). This approach has been successfully applied to climate modeling (155 36), multiphysics
simulation (295 13§ 1335 275 120), inverse design (32} 19), and various other fields (1451125 425 [10). Deep
Operator Networks (DeepONets) (30) stand out due to their universal approximation guarantee (4)
and robustness (31). Physics-informed deep operator networks (PI-DeepONet) (43)) further enhance
this approach by incorporating physics constraints, eliminating the need for ground-truth output
functions. However, PI-DeepONet training is memory-intensive and time-consuming, particularly
due to the computation of high-order derivatives across multiple PDE configurations.

To address these inefficiencies, we propose Separable Operator Networks (SepONet), inspired by the
separation of variables technique in solving PDEs and recent work on separable PINN (6). Our key
contributions are:

* We introduce SepONet, a physics-informed operator learning framework that significantly enhances
scaling efficiency in terms of training time and GPU memory usage, enabling extreme-scale learning
of continuous mappings between infinite-dimensional function spaces.

* We provide a theoretical foundation for SepONet through the universal approximation theorem,
proving its capability to approximate any nonlinear continuous operator with arbitrary accuracy.

* We validate our theoretical results through benchmarking SepONet against PI-DeepONet on a
range of 1D and 2D time-dependent PDEs, demonstrating SepONet’s efficiency in largr-scale
learning of nonlinear and inseparable PDE:s.

D3S3: Data-driven and Differentiable Simulations, Surrogates, and Solvers @ NeurIPS 2024.
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Figure 1: Separable operator network (SepONet) architecture for 2D problem instance. A coordinate
grid of collocation points (X(?; y0d)) can be evaluated efficiently by separating the coordinate axes,
feeding them through independent trunk networks, and combining the outputs by outer product to
obtain multiple basis function maps. Meanwhile, the branch network processes input functions and
outputs coefficients, which are then used to scale and combine the trunk network basis functions by
product and sum. Spatiotemporal derivatives of the output predictions are obtained efficiently by
forward automatic differentiation due to the independence of trunk networks.

Our results show up to 112x training speed-up for 1D time-dependent PDEs with minimal memory in-
crease. Notably, SepONet operates efficiently with less than 1GB of GPU memory in scenarios where
PI-DeepONet exhausts 80GB. Furthermore, SepONet scales efficiently with problem dimension,
enabling accurate prediction of 2D time-dependent PDEs at scales where PI-DeepONet fails.

2 Separable Operator Networks (SepONet)

In this work we propose separable operator networks (SepONet), which learns basis functions
separately for different coordinate axes as shown in Fig. [} SepONet approximates the solution

operator of a PDE system parameterized by u for any given pointy = (y1;:::;Yq) as:
X ¥ L 5 g
G (U1 i ya) = K nk =b (E(U) t7 (y1) t°,(y2) t,(ya) 5 (D
k=1 n=1

where is the Hadamard (element-wise) vector product and is the vector dot product. Here, E is
the encoder mapping the input function U to its point-wise evaluations and x = b (E(u))x is the
k-th output of the branch net, as in DeepONet. However, unlike DeepONet, which employs a single
trunk net that processes each collocation point y individually, SepONet uses d independent trunk
nets, tn :R ¥ R"forn=1;:::;d. In particular, nx = t" . (Yn)k denotes the k-th output of the
n-th trunk net. Importantly, the parameters of the n-th trunk net n are independent of all other trunk
net parameter sets. This allows for efficient, parallelized computation of high order derivatives via
forward-mode automatic differentiation. The parameters of SepONet, = ( ; 1;::::; 4), are then
updated using backpropagation. For detailed information on the operator learmng problem definition
and SepONet implementation, please refer to Appendix [A]and Appendix [B] respectively.

Universal Approximation Property of SepONet We present the universal approximation theorem
to show that proposed separable operator networks can approximate any nonlinear continuous
operators that map infinite-dimensional function spaces to others.

Theorem 1 (Universal Approximation Theorem for Separable Operator Networks). Suppose that

is a Tauber-Wiener function, g is a sinusoidal function, X is a Banach space, K = X, K; R%
and K,  RY are three compact sets in X, R9* and R9, respectively, U is a compact set in C (K),
G is a nonlinear continuous operator, which maps U into a compactsetS C (K; K3), then for

any > 0, there are positive integers n, r, m, constants ¢, ¢, 2, ¥, ¥ 2 R, points 13 2 R%,
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Proof. The proof can be found in Appendix C.2. O

Remark. Here we show the approximation property of a separable operator network with two trunk
nets. By repeatedly applying trigonometric angle addition formula, it is trivial to separae
(yiy2;ii5¥a) 2 Ky Kz 1t Kgand extend Eq2) tod trunk nets.

3 Numerical Results

This section presents comprehensive numerical studies demonstrating the expressive power and
effectiveness of SepONet compared to PlI-DeepONet on various time-dependent PDEs: diffusion-
reaction, advection, Burgers', and (2+1)-dimensional nonlinear diffusion equations. We set the
number of residual pointd, = N9 = N, for problem dimensionl and integeiN . N will be

referred to as the numEeLOf training points. The number of initial and boundary points per axis is
settoN; = Np= N = ¢ We evaluate both models by varying the number of input functions
(N¢) and training pointsN) across four key perspectives: test accuracy, GPU memory usage,
training time, and large-scale learning capabilities. The main results are illustrated in Fig. 2 and
Fig. 3, with complete test results reported in Appendix D.4. PDE de nitions, training details, and
problem-speci ¢ parameters are provided in Appendix D.1 and Appendix D.2.

Test Accuracy Both PI-DeepONet and SepONet demonstrate improved accuracy when increasing
either the number of training pointdl{) or the number of input functiondN¢ ), while xing the
other parameter. This trend is consistent across all four equations tested.

GPU Memory Usage The models' GPU memory usage patterns differ signi cantly, particularly
evident in the advection equation case. When varyipgrom 82 to 128 (xing Ny = 100),
P1-DeepONet's GPU memory consumption rises steeply from 0.967 GB to 59.806 GB. In contrast,
SepONet maintains a low, constant footprint between 0.713 GB and 0.719 GB. Similar patterns
emerge when varyiny; from 5 to 100 ( xing N, = 1282): Pl-DeepONet's usage escalates from
3.021 GB to 59.806 GB, while SepONet remains stable.

Training Time  Training time scaling mirrors GPU memory usage patterns. For the advection
equation, ad. increases fron8? to 128 (xing N¢ = 100), PlI-DeepONet's training time rises

from 0.0787 to 8.231 hours, while SepONet remains steady between 0.0730 and 0.0843 hours. When
varyingN; from 5 to 100 ( xing N, = 1282), PI-DeepONet's time increases from 0.3997 to 8.231
hours, whereas SepONet maintains times between 0.0730 and 0.0754 hours. This demonstrates
SepONet's superior scalability in training time, a crucial advantage for large-scale applications.

Large-scale Learning The Burgers' and nonlinear diffusion equations demonstrate SepONet's
capabilities in extreme-scale scenarios. For the Burgers' equation, PI-DeepONet reaches its limit
atN. = 642 with a 13.72% relativé, error, while SepONet achieves 7.51% erroNat= 128

(Fig. 2(c)). The nonlinear diffusion equation further highlights this difference: PI-DeepONet fails due
to memory constraints, whereas SepONet ef ciently hanblles 128% andN; = 100, achieving

a 6.44% error (Fig. 3(d)). Additional SepONet scaling results upde 5122 andN; = 800 for
Burgers' equation are provided in Appendix D.3.

4 Conclusion

In conclusion, Separable Operator Networks (SepONet) present a promising solution to the challenges
faced in operator learning. By balancing data ef ciency and computational resource management,



Figure 2: Performance comparison of PI-DeepONet and SepONet with varying number of training
points (N;) and xed number of input functiond\; = 100).

Figure 3: Performance comparison of PI-DeepONet and SepONet with increasing number of input
functions (N7 ) and xed number of training pointd\ = 1289, whered is the problem dimension).
Note: Pl-DeepONet results for the (2+1)-dimensional diffusion equation are unavailable due to
memory constraints.

SepONet offers a novel approach that addresses the limitations of both DeepONets and PI-DeepONets.
Its basis function construction method, grounded in universal approximation theory, enables accurate
modeling of complex, nonlinear systems while maintaining computational ef ciency through forward-
mode automatic differentiation. While SepONet demonstrates signi cant advantages, future research
directions include adapting the method for irregular geometé8s41; 8), exploring nonlinear
decoder implementationd(@), and investigating neural scaling laws in physics-informed operator
learning. These advancements will further expand SepONet's applicability and effectiveness across a
broader range of physical problems.
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A Preliminaries

A.1 Operator Learning for Solving Parametric Partial Differential Equations

Let X andY be Banach spaces, with X andK; Y being compact sets. Consider a nonlinear
continuous operatdg : U I S , mapping functions from one in nite-dimensional space to another,
whereU C(K)andS C(K3). The goal of operator learning is to approximate the operator
G using a model parameterized bydenoted a& . Here,U andS represent spaces of functions
where the input and output functions have dimensihnandds, respectively. We focus on the scalar
case wherel, = dg = 1 throughout this paper without loss of generality, however, it should be noted
that the results apply to arbitrady, andds.

In the context of solving parametric partial differential equations (PDESs), consider PDEs of the form:
N(u;s)=0; I (u;s)=0; B(u;s)=0; )

whereN is a nonlinear differential operatdr,andB represent the initial and boundary conditions,

u 2 U denotes the PDE con gurations (source terms, coef cients, initial conditions, and etc.), and
s 2 S denotes the corresponding PDE solution. Assuming that foughy there exists a unique
solutions 2 S, we can de ne the solution operat@: U ! S ass = G(u).

A widely used framework for approximating such an oper&anvolves constructings through
three maps (22):
G G=D A E: 4)

First, the encodeE : U ! R™ maps an input functiom 2 U to a nite-dimensional feature
representation. Next, the approximagor R™ | R' transforms this encoded data within the nite-
dimensional spacB™ to another nite-dimensional spad® . Finally, the decodeb : R" ! S
produces the output functiafy) = G(u)(y) fory 2 K.



A.2 Deep Operator Networks (DeepONet)

The original DeepONet formulatior3(Q) can be analyzed through the 3-step approximation frame-
work Eq. (4). The encodeE : U ! R™ maps the input function to its point-wise evaluations

networks (usually multilayer perceptrons), the branch net and the trunk net, serve as the approx-
imator and decoder, respectively. The branchmet R™ | R" parameterized by processes

(u(x1);:::;u(xm)) to produce a feature embeddifig; »;:::; ). Thetrunknet :RY! R’
with parameters , takes a continuous coordinate= (yi;:::;Yq) as input and outputs a feature
embedding 1; 2;:::; ). The nal DeepONet prediction of a functiamfor a queryy is:
X
G (u)y) = k k= b (E(U)) t (y); (5)
k=1

where is the vector dot product and=( ; ) represents all the trainable parameters in the branch
and trunk nets.

Despite DeepONet's remarkable success across a range of applications in multiphysics simulation
(3; 33; 27), inverse design32), and carbon storagd4), its supervised training process is highly
dependent on the availability of training data, which can be costly. Indeed, the generalization error of
DeepONets scales with the number of training input-output function @0r2(; 28). Generating

a large number of high-quality training data is expensive or even impractical in some applications.
For example, in simulating high Reynolds numbRe) turbulent ow (37), accurate numerical
simulations require a ne mesh, leading to a computational cost scalingReti{(19), making the
generation of suf ciently large and diverse training datasets prohibitively expensive.

To address the need for costly data acquisition, physics-informed deep operator networks (PI-
DeepONet) 43), inspired by physics-informed neural networks (PINN3J)( have been pro-
posed to learn operators without relying on observed input-output function pairs. Given a dataset
of Ny, input training functionsN, residual poingsN, initial points, andNy, boundary points:

D= u® iN:fl; yd) szrl: y!) J.Nz'l; y) ].'\‘:hl , Pl-DeepONets are trained by minimizing an
unsupervised physics loss:
Lphysics( jD): L residual ( jD)+ | Linitial ( jD)+ bLboundary ( jD); (6)
where
_ X X , , 2
I—residual ( JD): N(U(I);G (u(l))(yp))) ;
NeNe j=1
: XX | My 2
Linta ( jD) = L6 W)y") 7
NeNi j=1
_ R Ko _ D (D 2
L boundary (D)= B(U(I);G (U(I))(yb ) -
Nt Np

i=1 j=1

Here, | and , denote the weight coef cients for different loss terms. However, as noted in the
original PI-DeepONet pape#dd), the training process can be both memory-intensive and time-
consuming. Similar to PINNs3@), this inef ciency arises because optimizing the physics loss
requires calculating high-order derivatives of the PDE solution with respect to numerous collocation
points, typically achieved via reverse-mode automatic differentiatipn This process involves
backpropagating the physics loss through the unrolled computational graph to update the model
parameters. For PlI-DeepONet, the inef ciency is even more pronounced, as the physics loss terms
(Eq. (7)) must be evaluated across multiple PDE con gurations. Although various wsrks, ©)

have proposed different methods to improve the training ef ciency of PINNSs, little research has
focused on enhancing the training ef ciency of PI-DeepONet. We propose to address this inef ciency
through a separation of input variables.

A.3 Separation of Variables

The method of separation of variables seeks solutions to PDEs of the $@yin =
T()Yi(y1)  Yq(yq) for aninput pointy = (t;yi;:::;Yq) and univariate functions; Yy;:::; Yy.



Suppose we have a linear PDE system
M [tls(y) = Lailyals(y)+  + Lalyals(y); (8)

whereM [t] = d% + h(t) is a rst order differential operator df andL 1[y1];:::; Lq[yq] are linear

second order ordinary differential operators of their respective varighles; y4 only. Furthermore,

assume we are provid%l Robin boundary conditions in each variable and separable initial condition
e _ Nd ; ; -

s(t = 0;y1;::5¥d) = =1 n(yn) for functions ,(yn) that satisfy the boundary conditions.

Then, leveraging Sturm-Liouville theory and some massaging, the solution to this problem can be

written

X Yd
s(y) = s(tysiinya) = AT Yo (W) ©
k n=1
wherek is a lumped index that counts over in nite eigenfunctions of elacbperator (potentially
with repeats). For example, given2 f 1;:::;dg, L, YX(yn) = X YK for eigenvalue K 2 R. TX(t)
depends on all the eigenvalu€s corresponding to indek. Ay 2 R is a coef cient determined by
the initial condition. More details can be found in Appendix E. The method of separation of variables
applied to a heat equation example can be found in supplemental materials.
One may notice the resemblance Between the form of the DeepONet prediction Eq. (5) with Eq. (9),
provided = Ax and , = TX(t) id:l YX(yi), with appropriately orderekl. We leverage this
similarity explicitly in the construction of SepONet below.

B SepONet Implementation Details

Suppose we are provided a computation donkain= [0; 1]° of dimensiord, and an input function.
LetN, = N¢ for given integeiN . To make predictions alony d collocation points, Pl-DeepONet
must directly sample al ¢ points: fy( gl = fy{";:y{)gh] wherey® 2 K, for anyi. By
contrast, to compute predictionsd¢ = N 9 collocation points, SepONet only needs to saniple

points along each coordinate axis, e‘fgyf)giN:l S fyéi)giN:1 g, for a total ofdN samples.

For shorthand and generality, we will denote the dataset of input points for SepORet=as

fyg) il ;yg) g E chy,({) = fy,ﬂi)giN:”l represents an array bdf, samples along the-th coordinate

axis for a total of 2:1 N, samples. The initial and boundary points may be separately sampled
from @K ; the number of sampledl( andNy) and sampling strategy are equivalent for SepONet
and PI-DeepONet.

B.1 Forward Pass

The forward pass of SepONet, illustrated b+ 2 in Fig. 1, follows the formulation Eq. (1) except
generalized to the practical setting where predictions along a grid of collocation points are processed
in parallel. The formula can be expressed:

) , X g
G (Y ;yd) = A
k=1 n=1
10
X 1 ) 2 ©) d ©) ()
= b (EWk o )k 4 (v s
k=1

where is the (outer) tensor product, which produces an output predictive array along a meshgrid of
Ni Ny N4 collocation points. Notably,rf:;)k =t" (yﬁ) )k represents a vector &f, values

produced by tha-th trunk net along th&-th output mode after feeding @41{) points. After taking

with the predictions of the branch net = b (E(u)). While not shown here, our implementation

also batches over input functiofua(‘)gi'\':fl for N¢ functions. Thus, foronlfN;s + N3+  + Ng
inputs, SepONet produces a predictive array with siype N; Ng.



B.2 Model Update

In evaluation of the physics loss Eq. (6), SepONet enables more ef cient computation of high-order
derivatives in terms of both time and memory use compared to Pl-DeepONet by leveraging forward-
mode automatic differentiation (ADL6). This is fairly evident by the form of Eq. (10). For example,

to compute derivatives along all inputs of timeth %xis

@G =y X 9% oA @me ¢

k k (11)
@&‘) k=1 ném ) @M
n #T
. 1 Nm
@m;k © — @IS’I)k ..... @lgﬂ:k ) . (12)
@x e e
he 10
where @@r;n* is a vector of derivatives of the-th trunk net'sk-th basis function evaluated along

allinputs to them-th coordinate axis. One may notice that Eq. (12) can be written as a Jacobian-vector
product of the “Jacobian” of thém; k)-th trunk net outputs with respect to aﬁ? inputs with a

h@ mik ! 0 — @ r$11)k " r(ﬂ’;\‘km :
@Yy - @ yr(%) ..... y EnN m)

tangent vector of 1's: 1. This is equivalent to forward-mode AD.

Consequently, the derivatives along theth coordinate axis across the entire grid of predictions can
be obtained by pushing forward derivatives of theh trunk net, and then reusing the outputs of
all othern 6 m trunk nets via outer product. By contrast, PI-DeepOnet must compute derivatives

Myhyd) for each input-output pair individually, where there is no such advantage and it is more

prudent to use reverse-mode AD. Fundamentally, the advantage of SepONet for using forward-
mode AD can be attributed to the signi cantly smaller input-output relationship when evaluating
along coordinate gridBN:* *Na 1 RN: Na compared to PI-DeepON&N: Na'1 RN1 Na

For a more detailed explanation of forward- and reverse-mode AD, we refer readérs3t). (

Once the physics loss is computed, reverse-mode AD is employed to update the model parameters

=( 10 d)

C Universal Approximation Theorem for Separable Operator Networks

Here we present the universal approximation theorem for the proposed separable operator networks,
originally written in Theorem 1 and repeated below in Theorem 8. We begin by reviewing established
theoretical results on approximating continuous functions and functionals. Following this review, we
introduce the preliminary lemmas and proofs necessary for understanding Theorem 8. We refer our
readers to4; 44) for detailed proofs of Theorem 2, Theorem 3, Theorem 4. Main notations are listed

in Table 1.

C.1 Preliminaries and Auxiliary Results

De nition (Tauber-Wiener (TV?_/,)) If a functiong: R! R (continuous or discontinuous) satis es
that all the linear combinations iN:1 Gg( ix+ i), i2R, i2R,¢2R,i=1;2:::;N,are
dense in everg[a; b, theng is called a Tauber-Wiener (TW) function.

Remark (Density inC[a; b]). A set of functions is said to be densedfa; I if every function in
the space of continuous functions on the intefaabl can be approximated arbitrarily closely by
functions from the set.

De nition (Compact Set) Suppose thaX is a Banach spacd/ X is called a compact set iX ,
if for every sequencia-xngﬁ:l with all x, 2 V, there is a subsequent€g,, g, which converges to
some element 2 V.

Theorem 2((4)). Suppose thaf is a compact setiR", S is a compact seti€(K),g2 (TW),

X
f(x) a(f)gti x+ i) < (13)

i=1

10



Table 1: Notations and Symbols

X some Banach space with nokmkx
RY Euclidean space of dimensioh
K some compact set in a Banach space
C(K) Banach space of all continuous functions de nedonwith normkf ke k) = maxxzx jf (X)]
Cla; b the space of functions i€[a; b satisfyingf (a) = f (b)
\% some compact set iG(K)
u(x) some input function
U the space of input functions
G some continuous operator
G(u)(y) ors(y)  some output function that is mapped from the corresponding input funatinnthe operato
S the space of output functions
(TW) all the Tauber-Wiener functions
andg activation function for branch net and trunk nets in Theorem 8
fX1;X2;::7;Xmg  m sensor points for identifying input functian
r rank of some deep operator network or separable operator network
n;m operator network size hyperparameters in Theorem 8

holds for allx 2 K andf 2 S. Moreover, eaclt; (f ) is a linear continuous functional de ned @&

Theorem 3((4)). Suppose that 2 (TW) ; X is a Banach Spac& X is a compact set) is a
compact setilC(K ), f is a continuous functional de ned dd, then for any > 0, there are positive

integersN , m pointsx1;:::;Xm 2 K, and real constants;, i, j,i =1;:::;N,j =1;::0;,m,
such that 0 1
X X0
f (u) 6 @ Gux)+ A< (14)
i=1 j=1

holds for allu 2 U.

Theorem 4 (Weierstrass Approximation Theoredd]). Supposé 2 C[a; bj; then for every > 0;
there exists a polynomial p such that for alin [a; b, we havgf (x) p(x)j < :

Corollary 4.1. Trigonometric polynomials are dense in the space of continuous and periodic functions
Cl0;2 1:=ff 2CJ[0;2 ]jf(0)= (2 )g.

Proof. For anyf~2 CJ[0;2 ], extend itto & -periodic and continuous functidnde ned onR. It
suf ces to show that there exists a trigonometric polynomial that approxinfatéthin any > 0.
We construct the continuous even function®ofperiodg andh as:

g():f()+2f( ) fO) 2f( )

Let (x) = g(arccosx) and (x)= h(arccosx). Since; are continuous functions dn 1; 1], by
the Weierstrass Approximation Theorem Theorem 4, for any0, there exist polynomialp andq
such that

and h( )= sin( ): (15)

J () pi< 7 and j (x) a()i< 4 (16)
holds for allx 2 [ 1;1]. Letx = cos , it follows that
i9() plcos )j< 7 and jh() glcos )i< 4 7)
for 2 [0; ]. Because, h andcosine are even an@ -periodic, Eq. (17) holds for all 2 R. From
the de nitions ofg andh, and the facfsin j 1, sin’ 1, we have
fFO+fC )2 2 _ fFO) O )2 - .
5 sin p(cos )sin© < a and 5 sin g(cos )sin < 7
(18)
Using the triangle inequality, we obtain
f( )sin? p(cos )sin® + g(cos )sin < > (19)

11



Applying the same analysis to

f(+5)+f( +5) f(+5) f( +3)

)= 5 and nh( )= 5 sin( ); (20)
we can nd polynomialg ands such that
fo+s sin? r(cos )sin? + s(cos )sin < 5 (21)
holds for all . Substituting with > gives
f( )cos r(sin Ycos  s(sin )cos < 5 (22)
By the triangle inequality, combining Eq. (22) and Eq. (19) gives
f() r(sin )cod  s(sin )cos + p(cos )sin> + g(cos )sin < (23)
holds for all . Thus, the trigonometric polynomial
r(sin )cos s(sin )cos + p(cos )sin?> + g(cos )sin (24)
is an -approximation td . O

Remark. If p(x) is a polynomial, it is easy to verify thafcos ) is a trigonometric polynomial due
n n

to the factcos' = | (Zk—n)cos((n 2k) ).

Prior to proving Theorem 1, we need to establish the following lemmas.
Lemma 5. Sine is a Tauber-Wiener function.

Proof. Assuming the interval to b®; ] rst. For every continuous functioh on[0; ] and any
> 0, we can extend to a continuous functiof on[0;2 ] so thatF(x) = f(x) on[0; ]and
F(2 )= F(0). By Corollary 4.1, there exists a trigpnometric polynomial

X
p(x) = ag + an cos(x) + b, sin(nx) (25)
n=1
such that
sup jf(x) p(x)j  sup jF(x) p(x)j<: (26)
x2[0; ] x2[0;2 ]

Letco=ap, 0=0, 0= 5,Cn 1=bh, 2n 1=N, 2n 1=0,Ccn =an, 2n =N, 2n = 3,
forn=1;2;:::;N, p(x) is rede ned as

XN
p(x) = Gsin( ix+ j): (27)
i=0

Thus we have

XN

f(x) gsin( ix+ ) < (28)
i=0

for x 2 [0; ]. Now consider a continuous functianon [a; b, dene f(x) 2 C[0; ] :=
g 22x+ a , then by Eq. (28), we have

XN . .
a(x) G sin a
i=0

+ i < (29)

holds for allx 2 [a; . Thecrefore, it follows that for any continuous functigion [a; bl and any
> 0, we can approximatg within by choosingN suf ciently large and adjusting;, i, i

accordingly. Hence, the set of all such linear combinatiorsrdf) is dense irC[a; b, con rming

thatsin(x) is a Tauber-Wiener function. O

Remark. It is straightforward to conclude that all sinusoidal functions are Tauber-Wiener functions.

12



Lemma 6. Suppose that, X1,V, X, are two compact sets in Banach spaesand X ,,
respectively, then their Cartesian prodigt V is also compact.

Proof. For every sequencex;;xa inVi V,,sinceVy is compact, x;; has a subsequence;,

that converges to some elemerit2 Vi. As well, sinceV, is compact, there exists a subsequence
X2, that converges tg? 2 V,. It follows that x3;x3 converges tox!;x? 2 Vi V,,thus

Vi1V, is compact. O

Lemma 7. Suppose thaX is a Banach spacé&; X1,K, X, are two compact sets M, and
X5, respectivelyl is a compact set i€ (K 1), then the rang&(U) of the continuous operatds
fromU to C(K ) is compact inC(K ).

Proof. For every sequendd g in U, sinceU is compact, there exists a subsequeifcg g that
converges to some functidn2 U. SinceG is continuous, the convergentg, ! f in C(K)
implies

G(fn,)! G(f) in C(Ky2): (30)
Thus, for every sequendé&(f,)gin G(U), there exists a subsequericg(f ,, )g that converges to
G(f) 2 G(U). Thecrefore, the rangg(U) of the continuous operat@ is compact inC(K,). O

C.2 Universal Approximation Theorem for SepONet

Theorem 8(Universal Approximation Theorem for Separable Operator Networ&sppose that
2 (TW) , gis a sinusoidal functionX is a Banach Spac& X,K; R% andK, R% are
three compact sets X, R andR%, respectivelylJ is a compact set i€ (K ), G is a nonlinear
continuous operator, which mafpsinto a compactsed C (K1 Ky), thenforany > 0, there
are positive integers, r, m, constants, &, 2, ¥, k2 R,points! { 2 R%,122 R%,x; 2 Ky,

0 1

X X
G(u)(y) ¢ @  Kux)+ FAgw yi+ ¢ gw v+ § < (31)
k=1 i=1 j=1

holdsforallu2 U,y = (y1;¥2) 2 K1 Koy.

Proof. Without loss of generality, we can assume thas$ sine function, by Lemma 5, we have
g2 (TW); From the assumption thit; andK , are compact, by Lemma &,; K is compact;
SinceG is a continuous operator that mdpsnto C(K;  K3), it follows that the rang&(U) =
fG(u):u2UgiscompactinC(K; K;) duetoLemma 7; Thus by Theorem 2, for ary 0,

there exists a positive integh, real numbers, (G(u)) and i, vectorsl , 2 R%1*d% k=1;:::;N,
such that
X
G(u)(y) a(GU)Ng(tk y+ «) < > (32)
k=1

holds for ally 2 K; Ky andu 2 C(K). Let(! };!2) = !, where! } 2 R% and! 2 2 R%.
Utilizing the trigonometric angle addition formula, we have

gk Y+ =9 'f 1+ « g !§ ya+ 5 *9 LE oy + Kt g!'Z y2: (33

Letr = 2N, cn+k(G(U)) = a(G(U), ' fax = '8 18k =18 = &, 2= zfork =
2

X
G(u)(y) a(GUNG ' yi+ gk va+ § < > (34)
k=1

SinceG is a continuous operator, according to the last proposition of Theorem 2, we conclude that
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1
Rk Xk
G(GW) ¢ @ fupg)+ A < - (35)
i=1 j=1
holdsforallk =1;:::;r andu 2 U, where
X
L= sup g lg Vit g 9lE ya+ ¢ o (36)
k=1 Y12K21y22K3
Substituting Eqg. (35) into E(()q. (34), we obtain tr11at
xR k X K kKA 1 1 2 2
G(u)(y) @ Kug)+ FAgwe yit § 9w yat § < (37)
k=1 i=1 j=1
holds forallu2 U,y; 2 K1 andy, 2 K,. Letn = maxg ng, m = maxy mg. Forallng <i  n,

letck =0. Forallm, <j  m,let  =0. Then Eq. (37) can be rewritten as:
0 1
A k X k k 1 1 2 2
G(u)(y) ¢ @ ju(xp)+ KA Wy yit k gWE Yot < (38)
k=1 i=1 j=1

which holds for allu 2 U, y; 2 K1 andy, 2 K,. This completes the proof of Theorem 1.

D PDE Problem De nitions, Training details, and Complete Test Results

D.1 PDE Problem De nitions

All PDE test problems exhibited in Section 3 are described in the subsections below.

D.1.1 Diffusion-Reaction Systems

Consider the following nonlinear diffusion-reaction system with a source t€r)1

@s_  @s 2 : . : .

at D @z + ks®+ u(x); (x;t) 2 (0;1) (0;1] (39)
with zero initial and boundary conditions, whdde= 0:01is the diffusion coef cient and = 0:01
is the reaction rate. The input training source terms are sampled from a mean-zero Gaussian random
eld (GRF) (39) with a length scale 0.2. To generate the test dataset, we sample 100 different source
terms from the same GRF and apply a second-order implicit nite difference metf3ptb(obtain
the reference solutions on a unifod@8 128grid.

D.1.2 Advection equation

Consider the following linear advection equation parameterized by the variable coef aigts

%f+ u(x)g}o; X021 ©1) (40)

with the initial and boundary condition
s(x;0)=sin( x); x2(0;1);

s(0;t) =sin Et ;o t2(0;1):
The input training variable coef cients are strictly positive by de nia¢x) = v(x) min, v(x)+1,
wherev is sampled from a GRF with length scale 0.2. To create the test dataset, we generate 100 new
coef cients in the same manner that are not used in training and apply the Lax—Wendroff sdli#&me (
to solve the advection equation on a unifot28 128grid.

(41)
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D.1.3 Burgers' Equation

Consider the nonlinear Burgers' equation:

@s @s @s_.. .. . .
o e, Y (D2 O

s(x; 0) = u(x); x 2 (0;1)
with periodic boundary conditions:
s(0;t) = s(1;1);
@z @ (43)
—(0;t) = —Zl;t ;
GRSk
wheret 2 (0; 1) and = 0:01is the viscosity. The input training initial conditions are sampled from a

GRF N ;2% +5 2 * using the Chebfun packagé)( satisfying the periodic boundary

conditions. Synthetic test dataset consists of 100 unseen initial functions and their corresponding
solutions, which are generated from the same GRF and are solved by spectral mettdiflon¥01
uniform grid using the spinOp library (35), respectively.

(42)

D.1.4 2D Nonlinear diffusion equation

Consider the 2D nonlinear diffusion equation which was used in (6):

@s_ C (xe A1

@t_ r (Sr S) ) (X 3 t) 2 [01 1]1

s(x;0) = u(x); x2 ;

s(x;)=0; (x;t)2@ [0;1];
wherex = (x;y) denotes 2D spatial variabless [0 ;1]? is the spatial domain and = 0:05is

the diffusivity. The input training initial conditions are generated as a sum of Gaussian functions,
parameterized as:

(44)

X3
upy)= Arexpl wif(x  x)?+(y vi)?dl; (45)
i=1
whereA; U (0:2;0:5) are amplitudesy; U (10; 20) are width parameters, and;;y;)
U( 0:5;0:5)? are center coordinates. We also generate 100 unseen test initial conditions using this
method. The nonlinear diffusion equation is then solved using explicit Adams method to obtain
reference solutions on a unifort®1 101 spatial grid with 101 time points.

D.2 Training details and hyperparameters

Both Pl-DeepONet and SepONet were trained by minimizing the physics loss (Eg. (6)) using gradient
descent with the Adam optimizet§). The initial learning rate i¢ 10 3 and decays by a factor

of 0.9 every 1,000 iterations. Additionally, we resample input training functions and training points
(including residual, initial, and boundary points) every 100 iterations.

Across all benchmarks and on both models (SepONet and PI-DeepONet), we apply Tanh activation
for the branch net and Sine activation for the trunk net. We note that no extensive hyperparameter
tuning was performed for either PI-DeepONet or SepONet. The code in this study is implemented

using JAX and Equinox librarie®{17), and all training was performed on a single NVIDIA A100

GPU with 80 GB of memory. Training hyperparameters are provided in Table 2.

D.3 Additional SepONet results for Burgers' equation

SepONet's capabilities extend even further, as shown in Table 3. For the Burgers' equation, it
achieves a 4.12% error wit, = 5122 andN; = 800, while maintaining reasonable memory usage
(10.485 GB) and training time (0.478 hours). These results underscore SepONet's ability to handle
extreme-scale learning problems beyond PI-DeepONet's computational limits, making it valuable for
complex, large-scale physical simulations.
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Table 2: Training hyperparameters for different PDE benchmarks

Hyperparameters \ PDEs Diffusion-reaction Advection Burgers' 2D Nonlinear diffusion

# of sensors 128 128 101 10201 (101 x 101)
Network depth 5 6 7 7
Network width 50 100 100 128
# of training iterations 50k 120k 80k 80k
Weight coefcients (| / ) 1/1 100/ 100 20/1 20/1

Table 3: Additional SepONet results for Burgers' equation, demonstrating that MdrgemdN; can
be used to enhance accuracy with minimal cost increase.

Metrics\Nc & Ny 128 & 400 128 &800 256 & 400 256 &800 512 & 400 512 & 800

Relative™, error (%) 6.60 6.21 5.68 4.46 5.38 4.12
Memory (GB) 0.966 1.466 2.466 4.466 5.593 10.485
Training time (hours) 0.0771 0.0957 0.1238 0.1717 0.2751 0.478

D.4 Complete test results

We report the relativé, error, root mean squared error (RMSE), GPU memory usage and total
training time as metrics to assess the performance of PI-DeepONet and SepONet. Speci cally, the
mean and standard deviation of the relafiverror and RMSE are calculated over all functions in

the test dataset. The complete test results are shown in Table 4 and Table 5.

Table 4. Performance comparison of PI-DeepONet and SepONet with varying number of training
points (N;) and xed number of input training function®N¢ = 100). The '-' symbol indicates that
results are not available due to out-of-memory issues.

Equations Metrics Models gd 164 34 644 128!

Pl-DeepONet  1.39+0.71 1.11+059 087+041 0.83+0.35 0.73+0.34
SepONet 149+082 0.79+035 0.70+£0.33 0.62+0.28 0.62+0.26

Pl-DeepONet 058+ 0.29 0.46+0.22 037+020 0.36+0.20 0.32+0.18
SepONet 0.62+0.28 035%+0.22 0.32+x0.23 0.28+0.20 0.29+0.21

Relative’, error (%)

Diffusion-Reaction RMSE ( 10 ?)

d=2
vemyce)  PIOSONE 0T sz agm sin s
g (o) PIOSEONC 002 ooots ouer  om g
Raawe oo 9 POSONE STS100 T ISES1E ETeiil Groii® Siiy

o muse(109  PIDSONS SELM 4milz 4ma1z aziim o aesics
vemyce)  PIOMEONS 0o i sin s s
e (o) PIOSEONS QU Gdls ogme aame ez
e ooy PIOSPONS BAITE NI LIS jinm

g mwse(109  PDSEONU 481279 miim amizi0 miin
vemyce)  PIOMEONE 11 i so e

Pl-DeepONet 0.1497 0.2375 0.6431 3.2162

Training time (hours) ™ 'gonoNer  0.0706 0.0719 0.0716 00718 0.0605

Pl-DeepONet 17.38+556 9.90+2.91 - - -
SepONet 16.10+4.46 12.11+3.89 6.81+1.98 6.73+1.96 6.44+1.69

Pl-DeepONet  1.86+0.62 1.04+0.23 - - -
SepONet 1.72+049 129+037 0.72+0.19 0.71+0.17 0.68+0.15

PI-DeepONet 6.993 37.715 - - -
SepONet 3.471 2.897 2.899 2.897 13.139

Pl-DeepONet 0.5836 6.6399 - - -
SepONet 0.1044 0.1069 0.1056 0.1456 0.5575

Relative™, error (%)

Nonlinear diffusion RMSE ( 10 ?)
d=3

Memory (GB)

Training time (hours)
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Table 5: Performance comparison of PI-DeepONet and SepONet with varying number of input
training functions Kl ) and xed number of training pointsN = 1289, d indicated by problem
instance). The '-' symbol indicates that results are not available due to out-of-memory issues.

Equations Metrics Models 5 10 20 50 100

. Pl-DeepONet 34.54+27.83 423+252 172+100 091+046 0.73+0.34
Relative’z ermor (%)~ 'gonoNet  22.40+12.30 3114189 1.19+0.74 0.73+032 0.62+026

Pl-DeepONet 14.50+9.04 1.75+090 0.71+0.37 0.40%+0.28 0.32+0.18

. . )
D'ﬂus'grl'geac“"” RMSE ( 10 *) SepONet ~ 9.34+537 136+1.07 050+029 034+025 0.29%0.21
Pl-DeepONet  2.767 5.105 9.239 17.951 35.371
Memory (GB) SepONet 0.719 0.719 0.717 0.717 0.719
— Pl-DeepONet 01268 0.2218 0.5864 1.4018 2.8025
Training time (hours) ™' ge Nt 0.0375 0.0390 0.0370 0.0317 0.0326

. Pl-DeepONet 964291 877+223 757+198 6.69+193 572%157
Relative's error (%)~ 'gonoNet  7.62+2.06  659+171 547+157 518+151 4.99+1.40

Pl-DeepONet  6.11+ 1.90 555+151 480+133 4.24+1.28 3.63+1.05

: 2
Advection RMSE(10%) " 'SepONet ~ 4.83+138 418+117 347+106 3.29+102 3.17%095
Pl-DeepONet  3.021 5.611 9.707 34511 59.806
Memory (GB) SepONet 0.713 0.715 0.719 0.719 0.719
— Pl-DeepONet  0.3997 1.0766 1.9765 4411 8.231
Training time (hours) ™o Net 0.0754 0.0715 0.0736 0.0720 0.0730

Pl-DeepONet  28.48+4.17 28.63+4.10 28.26+4.38 12.33%5.14 -
SepONet 27.79+440 28.16+4.24 22.78+6.47 10.25+4.44 751+4.04

Pl-DeepONet  4.09 + 2.77 4.11+£278 407+278 1.96+1.92

Relative™, error (%)

e RMSE ( 10 ?) SepONet  401+275 405276 330+255 165%164 1.23%144
T A
ronatne oy PRIV 6565 e e sam
Relative’, error (%) Plél?e%eé)lx?e’;let 31044018 2548+895 2116+7.82 1021+331 6.44+ 169
Nonlinear diffusion  RMSE ( 10 ) PléDeT)ec?r\?e’\tlet 344113 273:099 2274091 109+032 0.68%0.15
Memory (GB) PIéZ%%pr\?e’\tlet 2.923 3.139 4.947 6.995 13.139
Training time (hours) Pl_s%%ec?r\?e’\tlet 0.1175 0.1408 0.1849 0.3262 0.5575

E Complete solution to separation of variables example Eq. (9)

Recall the linear PDE system treated in Appendix A.3:
M [tls(y) = Lilyals(y)+  + Lalyals(y); (46)

whereM [t] = c% + h(t) is a rst order differential operator df, andL 1[y]; :::; Lq[yq] are linear

second order ordinary differential operators of their respective varigbjes; yq4 only. Furthermore,

assume we are provi(&d Robin boundary conditions in each variable and separable initial condition
d

S(t=0;y1;::5,¥d) = o1 n(yn) for functions ,(yn) that satisfy the boundary conditions.

Assuming a separable solution exist§y) = T(t)Y1(y1)  Ya(yq), the PDE can be decomposed in
the following form:

MT() _ LiYa(yd) ., LaYa(ya). (47)

T(1) Yi(y1) Ya(ya)

where it is apparent that each term in the sequence is a constant, since they are each only functions
of a single variable. Consequently, we may solve each of thierms independently using Sturm-
Liouville theory. After we have found the associated eigenfunctiyis J and eigenvalues ), we

may manually integrate the left-hand side. Finally, we may decompose the separable initial condition
into a product of sums of the orthonormal basis functions (eigenfunctions) of each variable. The
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resulting solution is given by

X k Yj k
s(y) = s(tya;:ii;ya) = BkT*(t) Yo" (yn);
k=(ki;:5k q) n=1 |
k (ka;unk a) Z X k .
TX(t) = TH=Ka)(t) = exp h( )d +t "o
0 " (48)

5 B _ Y Y Gn): aOndin i, - LY ().
k = D(kyka) = K K o n T Tk
n=1 " (Yn); Yo" (Yn)i, Yo" (Yn)

n=1;:5d; k,=1;2:::5;1:

all possible products of eigenfunctiod&" with associated eigenvalue¥ . h i,, is an appropriate
inner product associated with the separated Hilbert space aftith operator. To obtain Eq. (9)
in the main manuscript, one only need to break up the sum ovky atidices into a single ordered
index.

F Linear Heat Equation Example

SepONet is motivated by the classical method of separation of variables, which is often employed
to solve linear partial differential equations (PDEs). To illustrate the connection between these
approaches, consider the linear heat equation:

@s 1@s. , . 17
6 Tor ®L20D O

s(x; 0) = u(x); x 2 (0;1);
s(0;t) = s(1;t)=0; t2(0;1):

The goal is to solve this equation for various initial conditions u(x) using both the separation of
variables technique and the SepONet method, allowing for an intuitive comparison between the two.

(49)

F.1 Separation of Variables Technique

We seek a solution in the form:

s(x;t) = X(x)T(t) (50)
for functionsX , T to be determined. Substituting Eq. (50) into Eq. (49) yields:
XOO 2 0
~ and T T (51)

for some constant. To satisfy the boundary conditioX, must solve the following eigenvalue
problem:

X )+ X (x)=0; x2 (0;1);

(52)
X(0)= X(1)=0;
andT must solve the ODE problem:
T )= —T): (53)
The eigenvalue problem Eq. (52) has a sequence of solutions:
k=(k )% Xe(x)=sin(kx); for k=1;2::: (54)

For any , the ODE solution forT is T(t) = Ae Z' for some constanf. Thus, for each
eigenfunctionX ¢ with corresponding eigenvalug, we have a solutioit, such that the function

Sk(x:t) = X(x) T (t) (55)

18



will be a solution of Eq. (51). In fact, an infinite series of the form

X X .
s(x;t) = X()Tk(@®) =  Ace Klsin(k x) (56)
will also be a solution satisfying the differential operator and boundary condition of the heat equation

Eq. (49) subject to appropriate convergence assumptions of this series. Now let S(X; 0) = u(x), we
can find coefficients: Z,

A =2 sin(k x)u(x)dx (57)
0

such that Eq. (56) is the exact solution of the heat equation Eq. (49).

F.2 SepONet Method

In this section, we apply the SepONet framework to solve the linear heat equation Eq. (49) and
compare the basis functions it learns with those derived from the classical separation of variables
method. Recall that a SepONet, parameterized by , approximates the solution operator of Eq. (49)
as follows:

X
G (Wt = kK(U(X1);u(X2); 111 u(Xa28)) k(t) Kk(X); (58)
k=1
where X1; X2; 111 ; X128 are 128 equi-spaced sensors in [0; 1],  is the k-th output of the branch net,

and the basis functions (t) and (X) are the k-th outputs of two independent trunk nets.

Training settings The branch and trunk networks each have a width of 5 and a depth of 50. To
determine the parameters , we trained SepONet for 80,000 iterations, minimizing the physics
loss. Specifically, we set | = 20, , = 1, N¢ = 100, and N¢ = 1282 in the physics loss. The

training functions (initial conditions) u® i:fl were generated from a Gaussian random field (GRF)

N 0;252 +52 ° using the Chebfun package (7), ensuring zero Dirichlet boundary
conditions. Additional training settings are detailed in Appendix B.2 of the main text.

Evaluation We evaluated the model on 100 unseen initial conditions sampled from the same GRF,
using the forward Euler method to obtain reference solutions on a 128 128 uniform spatio-temporal
grid.

Impact of the rank r Since g(t) and k(X) are independent of the initial condition u, learning
an expressive and rich set of basis functions is crucial for SepONet to generalize to unseen initial
conditions. To investigate the impact of the rank r on the generalization error, we trained SepONet
with ranks ranging from 1 to 50. The mean RMSE between SepONet’s predictions and the reference
solutions over 100 unseen test initial conditions was reported. For comparison, we also computed
the mean RMSE of the truncated analytical solution at rank r for r from 1 to 15. The results are
presented in Fig. 4]

As r increases, the truncated analytical solution quickly converges to the reference solution. The
nonzero RMSE arises due to numerical errors in computing the coefficients Ax and the inherent
inaccuracies of the forward Euler method used to generate the reference solution. For SepONet,
we observed that when r = 1; 2, the mean RMSE aligns closely with that of the truncated solution.
However, as r increases beyond that point, the error decreases more gradually, stabilizing around
r = 50. This indicates that SepONet may not necessarily learn the exact same basis functions as
those from the truncated analytical solution. Instead, a higher rank r allows SepONet to develop its
own set of basis functions, achieving similar accuracy to the truncated solution.

SepONet basis functions The learned basis functions for different ranks r are visualized in Fig.[3]
to Fig.[9]
Atr =1, SepONet learns basis functions that closely resemble the first term of the truncated solution.

For r = 2, the learned functions are quite similar to the first two terms of the truncated series.
However, when r = 5, the basis functions diverge from the truncated solution series, although
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some spatial components still resemble sinusoidal functions and the temporal components remain
monotonic. As rincreases further, SepONet continues to improve in accuracy, though the learned basis
functions increasingly differ from the truncated series, confirming SepONet’s ability to accurately
approximate the solution using its own learned basis functions.

RMSE vs r

—— Truncated solution
—s— SepONet

1073

1 10 20 30 40 50
Rank (r)

Figure 4: Comparison of RMSE between the truncated analytical solution and SepONet predictions
for varying rank r. The truncated analytical solution quickly converges, while SepONet shows a
slower decay in error, converging around r = 50.
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Figure 5: Learned basis functions (t) and (X) for r = 1. SepONet learns the same basis functions
as the first term of the truncated solution.

T(t) Gix) G&(x)

01 - - —sin(2mx)

00 02 04 06 08 10

Figure 6: Learned basis functions k(t) and k(X) for r = 2. SepONet learns very similar basis
functions as the first two terms of the truncated solution.

G Visualization of SepONet Predictions

In this section, we showcase the performance of trained SepONets in predicting solutions for PDEs
under previously unseen configurations. The SepONets were trained using N¢ = 100 and N, = 1289,
where d denotes the dimensionality of the PDE problem. The prediction results are presented in

Figs. [10]to[T3]
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Figure 7: Learned basis functions (t) and k(X) forr = 5.
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Figure 9: Learned basis functions (t) and (X) for r = 50
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Figure 10: (1+1)-d Diffusion-reaction equation.

3.

°
'S

3
PDE coefficient 2.

* 25
25 25 8

3
o 20 2.0

2 15 15 15 2
1 1.0 1.0

1.0
0.0 02 04 06 08 1
x

1
0.0 02 04 06 08

o
°
o
©
o
S
°
&
o
®
>
°
°
>
o
°
5

02 04 06 08 1.0 02 04 06 08
x x

Ground truth -0.5

.
.

°
o
@
°
o
>
°
o

°
o
t
° ° e
o o >
t
o o =
o o
“x

o9

°
o
@
o
o
o
>
o
2
o
o
o

o
t
e e =
= S
& <
o
S *

Prediction

. |
.
o e -
2 g z
o
-
t
< e -
g z
=3
3\ "

5

0.150

0125

0.100
Absolute error - 0.5 0.075
0.050

0.025

Figure 11: (1+1)-d Advection equation.
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Figure 12: (1+1)-d Burgers’ equation.
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