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Abstract

Prior-Data Fitted Networks (PFNs) enable amortized Bayesian inference in a single
forward pass, yet their internal representations remain opaque. It is unknown
whether PFNs encode identifiable Bayesian structure or merely memorize input-
output mappings. We provide mechanistic evidence that PFNs learn structured
spectral representations and that these can be extracted as explicit kernels. First,
probing experiments across three architectures, including the publicly released
TabPFN, show that spectral information is linearly decodable from the latent atten-
tion score and organized along a dominant principal axis. Activation patching and
targeted subspace interventions establish that this information is causally used for
prediction and concentrated in a low-dimensional subspace, with spectral directions
an order of magnitude more effective than random ones. Crucially, these properties
hold on TabPEN with both synthetic out-of-distribution inputs and real-world time
series (Airline Passengers, Milk Production), indicating they are emergent features
of PFN-style amortization over continuous regression tasks rather than artifacts of
training prior. Second, we introduce a Filter Bank Decoder that maps frozen PEN
latents to explicit spectral densities, reconstructing stationary kernels via Bochner’s
theorem. The resulting kernels support GP regression competitive with iterative
baselines while requiring only a single forward pass, demonstrating that PEN priors
are not merely implicit but are explicitly recoverable as portable Bayesian objects.

1 Introduction

Bayesian Inference methods like Gaussian processes (GPs) provide a principled way to learn and
reason under uncertainty. The explicit representation in terms of kernel is valuable wherever un-
derstanding the data-generating process is as important as making accurate predictions. However,
inference with expressive kernels is computationally expensive, and restricted to fixed kernel families,
limiting scalability and repeated use [Rasmussen and Williams, 2006].

Prior-Data Fitted Networks (PFNs) offer a resolution to this computational bottleneck [Miiller et al.,
2022b]. A PFN is trained on a distribution of synthetic tasks sampled from a prior, learning to map
context data directly to posterior predictive distributions (PPD) in a single forward pass. This enables
efficient inference across new datasets drawn from the same prior family.

This efficiency comes at the cost of structural opacity. In a classical GP, the kernel is an explicit,
interpretable, portable object that can be inspected, composed [Duvenaud et al., 2013], and transferred
to new tasks. In a PFN, the corresponding structure is considered to be implicitly absorbed into the
network’s weights and activations. The model produces approximate PPD, but it is not known if the
hidden Bayesian object has any interpretable correlation with the input. It is also unknown whether
any such object, like a kernel matrix, can be extracted from frozen PFN and provides comparative
downstream performance as other kernel design methods like [Wilson et al., 2015, Duvenaud et al.,
2013, Lloyd et al., 2014, Wilson and Adams, 2013].
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Recently, [Miiller et al., 2025] surveyed the state of PFN research and identified several open
challenges that must be addressed for PFNs to serve as general-purpose Bayesian tools. Among these,
two stand out as particularly fundamental: 1) the lack of mechanistic transparency: we do not
understand where or how Bayesian structure is represented inside the network, nor whether it plays a
causal role in prediction and 2) the absence of explicit, portable representations of the latent priors
learned during amortized inference. This work addresses both gaps by asking two complementary
questions: (a) Do PFNs encode spectral information in a structured and interpretable form, and
is this information causally used in prediction? and (b) Can this structure be extracted as explicit
kernel representations?

Answering these questions requires mechanistic analysis tools that go beyond current practice.
Mechanistic analysis methods have been predominantly developed for and validated on large language
models [Bills et al., 2023, Bricken et al., 2023, Belinkov, 2022], with non-language foundation
models comparatively underexplored [El et al., 2025]. Even within that setting, analyses are typically
descriptive as they reveal what information is present but do not extract representations that can be
reused for downstream tasks. This gap is particularly relevant for models such as PFNs, as highlighted
recently in Miiller et al. [2025]. We address this gap by showing that mechanistic structure in PFNs
can not only be identified but also operationalized for better PFN design and downstream tasks.

In this paper, to answer the aforementioned question (a), we provide two complementary lines of
evidence. First, probing experiments demonstrate that spectral information is linearly decodable and
cleanly organized within the latent attention score. Second, activation patching and targeted subspace
interventions establish that this information is causally used by the network and compressed into
a low-dimensional subspace. Crucially, we show that these phenomena are not specific to a single
architecture: spectral organization emerges in TabPFN [Hollmann et al., 2025], a standard PFN with
joint attention trained on tabular data. A GP-specialized model, DVA-PFN [Sharma et al., 2025],
exhibits significantly clearer spectral structure when trained directly on spectral priors. Importantly,
these properties hold across 1D sinusoidal probing inputs, 5D RBF and Matérn GP inputs, and
tabular inputs, confirming the generality of the analysis. We further validate these causal findings on
real-world time series converted to tabular regression via lag embedding.

For question (b), building on the mechanistic foundation, we introduce a Filter Bank Decoder
that maps frozen PFN representations to explicit spectral density estimates. The resulting kernels
support GP regression competitive with iterative baselines while requiring only a single forward pass,
and enable downstream tasks with performance competitive with kernels obtained via iterative and
amortized kernel discovery methods like [Wilson et al., 2015, Bitzer et al., 2023, Tancik et al., 2020].
In summary, our contributions are:

* We provide first systematic mechanistic study of spectral structure in PFNs which is linearly
decodable and causally relevant latent subspace. Also we show that it is a low-dimensional
subspace, consistent across architectures, and validated on real-world observational data.

* We introduce a Filter Bank Decoder that extracts explicit, portable kernels from frozen PFN
representations, enabling competitive GP regression and downstream Bayesian tasks without
test-time optimization.

Together, our results show that PFNs not only approximate Bayesian inference but also learn structured
and extractable representations of prior knowledge. We also provide some evidence in directions to
improve PFN design based on these mechanistic analyses.

2 Background

2.1 Prior-Data Fitted Networks

Recently, [Miiller et al., 2022b] enabled amortized Bayesian inference by training a neural set-
predictor on a vast distribution of synthetic datasets. Formally, given a prior p(D) over supervised
learning tasks, we sample datasets Dy, = {(z;,y;)}; ~ p(D). Each dataset is partitioned into a
context set Do = (Xew, Yerx) containing observed pairs, and a query set Dy = (X4, Yy) containing
targets to predict. The model parameters 6 are optimized to minimize the expected Negative Log-
Likelihood loss. Further, there has been growing interest in training these PFNs on different priors for
specific tasks Miiller et al. [2025]. Among them, tabular prior based TabPFN Grinsztajn et al. [2025]
has gained significant traction due to its ability to work with real-world tabular data, while only trained
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on synthetic dataset. Thus, solving the data availability problem for various applications Hollmann
et al. [2025], Liu and Ye [2025], Feuer et al. [2024]. We select standard vanilla attention (VA) PEN
Miiller et al. [2022b] and TabPFN (Version 2.5) Grinsztajn et al. [2025] along with Decoupled-Value
Attention (DVA) PFN presented in Sharma et al. [2025]. Together these three provide spectrum of
attention mechanisms ranging from alternating row/column attention (TabPFN), to joint input-output
attention (VA-PFN) and decoupled input-output attention forcing localization (DVA-PFN).

2.2 Mechanistic Analysis Methods

Mechanistic analysis aims to reverse-engineer the internal computations of neural networks by
identifying interpretable features, and algorithms learned during training [Olah et al., 2020, Elhage
et al., 2021]. Techniques like activation patching and automated circuit discovery have enabled
fine-grained analysis of individual components contribution [Conmy et al., 2023]. A complementary
approach is the use of probing classifiers [Alain and Bengio, 2016, Belinkov, 2022]. However, as
highlighted in introduction, mechanistic analysis works are limited to language models mainly.

Probing classifiers. Probing classifiers are lightweight models trained to predict properties of interest
from frozen intermediate representations of a neural network [Alain and Bengio, 2016] i.e, trained
to test what information models encode. A linear probe lower bounds what is linearly accessible;
a higher-capacity probe can recover nonlinearly entangled information, but risks learning the task
itself [Hewitt and Liang, 2019, Belinkov, 2022]. Further, probing is purely correlational: high probe
accuracy demonstrates that information is present in a representation, but not that the network uses it
during inference [Belinkov, 2022]. This limitation motivates the causal methods.

Activation patching. Activation patching [Meng et al., 2022, Vig et al., 2020] tests causality by
replacing a representation at layer £ of input A with that of input B and measuring how far the output
moves toward B’s prediction (the causal effect). This technique is also referred to as causal tracing
Meng et al. [2022] or interchange intervention Geiger et al. [2021], has been used extensively in
language models to localize factual knowledge and identify task-specific circuits Conmy et al. [2023],
Wang et al. [2023] Patching different sites disentangles the causal roles of sub-modules.

Targeted subspace interventions. Full activation patching replaces an entire representation vector,
leaving open the question that whether the causally relevant information occupies the full ambient
dimensionality or is concentrated in a compact subspace. Targeted subspace patching [Geiger et al.,
2024] replaces only the top-k principal components ranked by correlation with the property of interest,
thus resulting dose—response curve bounds both dimensionality and geometry of causal subspace.

2.3 Spectral Representation of Stationary Kernels

For a stationary covariance kernel k(7), Bochner’s theorem [Bochner, 1959] establishes a one-to-
one correspondence between the kernel and a non-negative spectral density S(w) via the Fourier
transform: k() = [, S(w) ™7 dw, S(w) > 0. This duality means that specifying a kernel is
equivalent to specifying a spectral density: smoothness, periodicity, and long-range correlation
structure are all encoded in the shape of S(w). Building on this correspondence, Wilson and Adams
[2013] introduced the Spectral Mixture (SM) kernel, which models the spectral density as a mixture
of Gaussians: S(w) = Zqul wg N (w | pig, 02) , wg > 0, where .each component is characterized
by a center frequency p,, a bandwidth o, and a mixture weight w,. Substituting the density into
Bochner theorem result yields the closed-form kernel

Q
k(r) = Z wg exp(—2m20.7%) cos(2mpgT) - 1)
q=1

The SM kernel is a universal approximator in the space of stationary kernels [Wilson and Adams,
2013]: any continuous stationary kernel on a compact domain can be approximated arbitrarily
well by choosing a sufficient number of mixture components (). This expressiveness makes the
spectral density a natural target for kernel discovery—recovering {(u,, 04, wq)}qu1 from data is
equivalent to recovering the full covariance structure of the underlying process. Importantly, there
has been considerable work in kernel design and discovery Wilson and Adams [2013], Wilson et al.
[2015], Tancik et al. [2020] most of which requires per-sample optimization to find kernel matrix or
hyperparameters except notable works like [Bitzer et al., 2023].
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3 Locating Spectral Structure in PFN Representations

We first ask how a trained PFN organizes spectral information about input. We answer this with a
ladder of probes of increasing capacity, following [Alain and Bengio, 2016] [Belinkov, 2022]: each
rung adds parameters and tests a stricter notion of accessibility. Throughout, we compare the three
architectures Section 2.1, which vary in attention design, training prior, and scale. VA-PFN and
DVA-PFEN are trained by us on spectral mixture priors; TabPFN is a publicly released frozen model
[Grinsztajn et al., 2025] trained on structural causal models not on spectral kernels, with a tabular
task format. Agreement across all three is strong evidence that our findings reflect a general property
of PFNs over continuous inputs rather than an artifact of an architecture or a prior.

3.1 Parameter-Free Probing: Frequency-Driven Geometry of [

The most conservative probe has zero trainable parameters. We ask a simple question: when the
generating frequency f of an input sinusoid changes, does the latent H change in a correspondingly
structured way? We generate 500 sinusoids y(t) = sin(27 f;t + ¢) with f; ~U[0.5,5.0] Hz and
random phase ¢ ~ U[0, 2], pass each through the frozen PFN, and mean-pool the final-layer
attention score over positions (¢ values) to obtain // € R?. Here, d is a PFN hyperparameter reflecting
dimension into which input is projected while H = QK™ /+/d are attention scores.

First, we attempt to answer is the global geometry of H governed by f ? We calculate the Pearson
correlation between two vectors of pairwise distances as pn = Corr({Af;;}, {AH;;}), which
measure change in latent embedding (AH;; = ||H; — H,||2) with change in input frequency
(Afi; = |fi — f;]). This measures whether frequency-close signals are embedding-close. Second,
we ask if the frequency sensitivity is dominant in a particular direction in H ?. For this, we report
the Pearson correlation |r|pc, between the generating frequency and H projected onto its first
principal component in the original d-dimensional space. Let PCy = arg max|j,|=1 v Yo with

=4 Zf;l(flz — p)(H; — p)". Then we calculate |r[pc, = | Corr({z}, {fi}}L,)| with
z; = PCE (H; — p). This isolates the dominant mode of variation rather than the full geometry.

Table 1: Parameter-free frequency alignment metrics pa and |r|pc, (mean + std over 5 seeds).
Metric VA-PEN TabPFN DVA-PEN

pa 0.615 £0.038 0.765 £ 0.021 0.852 £ 0.015
|7|pc, 0.812+£0.026 0.882+0.010 0.981 + 0.006

Table 1 reports both numbers for all three PFNs. Most significantly, in TabPFN, which was trained
on synthetic tabular priors, H tracks frequency at po =0.76 and |r|pc, =0.88 shows that frequency
sensitivity in a PFN’s latent does not require training on spectral kernel priors, it transfers to inputs
well outside the training distribution. This suggests that PFN-style amortization over continuous
regression inputs reliably gives rise to this representation across the architectures tested. Also, the
ordering VA < TabPFN < DVA directly tracks the degree to which the attention head carries input
information only separates the value stream from the query—key pair, as explained next.

Where Does Spectral Information Live? Repeating the parameter-free measurement on the value
stream V' gives a sharp architectural split: py = 0.19 (DVA), 0.53 (VA), 0.79 (TabPEN), with
the t-SNE visualizations in Figures 4a and 4b (Appendix B) confirming the same ordering. This
matches how each mechanism handles the value stream: DVA-PFN routes y-information to V' alone
and confines frequency to H; VA lets the joint (z,y) embedding mix into all three projections, so
frequency leaks into V'; and TabPFN’s alternating row/column attention repeatedly updates value
representations alongside feature context, producing the strongest leakage. Thus, we read the H-V
split as architectural evidence that attention design governs the localization only not the existence.

3.2 How Accessible Is the Spectral Signal in H?

Geometric alignment (Sec. 3.1) tells us H is organized by frequency, but not whether spectral
quantities can be read out in a simple form. Following the probe ladder of Alain and Bengio [2016]
and Hewitt and Liang [2019], we train two probes of increasing capacity on the same frozen H: a
linear probe (lower bound on accessibility) and a nonlinear MLP probe (upper bound). Our hypothesis
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is that if these two agree with high R? value, it implies MLP complexity is not required and the target
is encoded in an approximately linearly separable form. (Appendix A.3 details of probes).

Control: random weights. To confirm that linear accessibility reflects learned structure rather than
trivial input geometry [Hewitt and Liang, 2019], we repeat the probing experiment on a randomly
initialized (untrained) VA-PFN as a control. The MLP probe still succeeds (R? > 0.99), but the linear
probe collapses to R? = 0.18 (frequency) and 0.64 (weight), confirming that training specifically
organizes [ into a linearly separable form [Belinkov, 2022]. See Figure 7 in Appendix.

A linear read-out is enough. Table 2 shows that a linear probe on H recovers both frequency and
weight with R? >0.93 across all three PFNs. The ordering in Table 1 repeats under probing: DVA >
TabPFN > VA. In particular, an off the shelf TabPFN, supports R? =0.993 for frequency recovery,
the clearest single-task evidence that spectral organization is a recurring property of the amortized
Bayesian predictors tested here. Further, a we train a higher-capacity MLP probe, which can recover
information that is present but nonlinearly entangled. The right-hand columns of Table 2 report the
gap A = R¥y; p— R3 ... The gap is within -0.02 for every task and every architecture, and is slightly
negative on VA-PFN, consistent with mild over-fitting of the larger probe. This low gap along with
the R? — 1 for both probes show that PFNs internally solved the representation-learning problem for
the scalar targets we probe and frequency and weights are exposed as approximately affine functions
of the coordinates of H. This rules out the hypothesis that PENs store spectral information in a form
requiring nonlinear post-processing. See Figure 9-10 for alignment with true frequency.

Table 2: Linear vs. nonlinear probing on H. For single-component signals, both quantities are linearly
decodable across all three architectures, and added MLP capacity gives no consistent improvement.

VA-PFN TabPEN DVA-PEN
Task Probe R? A R? A R? A

Frequency Linear 0.967 - 0.993 - 0.998 -
MLP 0946 —0.021 0991 —0.002 1.000 +0.002

Weight Linear 0.934 - 0.982 - 0.997 -
MLP 0913 —-0.021 0976 —0.006 0.999 +0.002

Learned rectification enables mean-pooling Since [ sin(wt) dt — 0, recovering f at R* — 1
from mean-pooled H (Table 2) implies that the PFN’s MLP layers apply a rectifying nonlinearity
before aggregation, a learned analogue of a classical periodogram’s square-and-average step. This
accessibility weakens for multi-component signals: recovering all four parameters (f1, f2, a1, a2)
drops to R? =0.50 (Table 5; Figure 8; Table 4 in Appendix), a failure of uniform aggregation we
address with multi-query attention pooling in Sec. 5.

3.3 Non-sinusoidal, Higher-dimensional Inputs

Beyond 1D sinusoids, we repeat the parameter-free probing analysis on 5D functions drawn from GP
with RBF and Matérn-3/2 kernels. For each kernel family we sample 500 functions with lengthscales
(0) log-uniformly distributed over [0.05, 10], pass them through frozen TabPFN, and compute the

same two metrics against the characteristic spectral frequency fenar = 1/(27€) (or \/3/2/(27¢) for
Matérn). We report pa = 0.815 and |r|pco = 0.900 for RBF, and pa = 0.861 and |r|pco = 0.928
for Matérn-3/2 (see Table 6 in Appendix). These values are comparable to those obtained on 1D
sinusoids in Table 1. This along with t-SNE plots for both inputs (Figure 5 in Appendix), confirms
that the spectral organization of H generalizes beyond 1D sinusoidal signals, further supporting our
claim that structured spectral encoding is a general property of PENs over continuous inputs.

Layer-Wise Spectral Refinement. We next ask how the spectral representation evolves across depth
by extracting H at every layer and computing the correlation pa. Both DVA and TabPFN exhibit a
characteristic rise—plateau—decline trajectory (Figure 6, Appendix). The early saturation confirms
that a single cross-attention step suffices to fuse positional and value information into a spectrally
meaningful latent, while the late-stage dip is consistent with the final layers reallocating capacity
from geometric separation toward formatting the calibrated posterior predictive distribution.
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Figure 1: Causal dose-response under targeted subspace patching across architectures. Each panel
sweeps patched directions & from 1 to d and reports the causal effect (CE) for spectral (red), non-
spectral (blue), or random (green, 20 trials) subspaces.

4 Is the Encoding Causal?

Previous section observations are correlational as a high probe R? shows that information is present
in the representation, not that the network uses it during inference [Belinkov, 2022]. We close this
gap with two interventional experiments on the frozen PFENs: (a) Activation patching [Meng et al.,
2022, Vig et al., 2020] to show that H is a causal carrier of spectral identity. b Targeted subspace
patching to see if causally-active information occupies the full latent or a compact subspace [Geiger
et al., 2021]. We than perform patching using tabular data for in-distribution assessment of TabPFN.

4.1 Activation Patching

We run two sinusoidal signals A and B (frequency f4 and fg), through the frozen DVA-PFN and
cache intermediate representations at every layer. We then patch (replace) the representation of signal
A with that of signal B at layer ¢ and continue the forward pass. The Causal Effect (CE, (2)) is
the fraction by which the prediction shifts from A toward B and CE = 1 corresponds to a complete

identity transfer. Three intervention sites isolate distinct causal pathways. The H-patch (hff) — hg))
tests our central claim, that the latent attention score causally carries spectral identity. The V-patch
(va < Vvp)is apositive control: V encodes only the raw function values in DVA-PEN so replacing it
is equivalent to replacing the input data and CE should approach unity. The K-patch (k4 < kpg)isa
negative control: A and B share the same ¢-grid in sin(27 ft + ¢), so K4 =~ K and intervention
should have negligible effect. We evaluate n = 50 random pairs (f € [0.5,5.0] Hz, minimum gap
> 1.0 Hz) across all six layers in DVA-PFN.

Further, replacing H at any layer ¢ > 2 shifts the prediction completely to match the donor signal (CE
=0.999, p < 10~ 33 against the K-patch baseline). Thus, solidifying the argument that H is causal
carrier of spectral information (Table 9). Second, like Figure 6 for both DVA and TabPFN, spectral
encoding emerges in the first attention step. The sharp L — Lo transition (CE 0 — 0.999) shows
that a single cross-attention layer suffices to fuse spectral information into a spectrally-meaningful H,
and subsequent layers maintain rather than build this representation. Third, K carries no spectral
information at any layer (CE = 0), corroborating the attention separation in DVA.

4.2 Targeted Subspace Patching

Full H-patching establishes that spectral information is causally read from the latent, but leaves
open a structural question: is this information distributed diffusely across the d-dimensional latent,
or concentrated in a separable subspace? We localize the causally relevant directions and bound
their dimensionality with a dose—response curve for all three PENs. We collect H representations at
Layer 2 for 2,500 signals (500 frequencies x 5 phases) and run PCA on the resulting embeddings
for all PENs. Each principal component is ranked by |r|, the absolute Pearson correlation between
its projection and the generating frequency: the top-k components define the spectral subspace, the
bottom-% the non-spectral subspace, and k random orthogonal directions a baseline. We then patch
only the selected k£ PC dimensions of H 4 with the corresponding components of H g, leaving the
remaining d — k dimensions intact, and sweep k from 1 to d across all three architectures.

The strongest test case here is TabPFN. Figure 1 (left) shows that patching just the top few spectral
PCs of TabPFN’s H shifts predictions toward the donor signal, while patching an equal number of
non-spectral or random directions changes predictions meaningfully only when k£ > 100 out of 192.
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Note that Table 1 already revealed a dominant spectral axis in its latent |r|pc, = 0.882 (See Figure
12 in Appendix). This is a clear evidence that compact, causally-active spectral coding is not due to of
our pretraining choices as it emerges in a model we did not train and inferred on signals well outside
its training distribution i.e. an emergent property of PFNs. DVA-PFN and VA-PFN also replicate
the pattern with CE — 1 much faster compared to random and non-spectral baselines. See Table 10
for DVA-PFN’s quantitative results with Sinusoids and Figure 15 for Dose-curves with RBF-GP for
DVA-PFN and single block patching of TabPFN.

Together, these patching experiments yield two-level causal account. (i) H is a causal carrier of
spectral information: replacing it transfers spectral identity in full (CE~ 1). (ii) The information
within H is compactly organized: it concentrates in a low-dimensional subspace whose dominant
axis aligns with the generating frequency, and targeted intervention on this subspace is more effective,
1-2 orders of magnitude in the small-k regime, than random directions of the same size. This closes
the correlational—causal loop opened in Sec. 3.2 and shows that the spectral information probes
recover from H is not a passive residue of the input but an organized representation that the network
constructs in its first cross-attention step and uses for prediction.

Airline
5.0 Milk

mmm Structured F-patch
Random H-patch (control)

NE Dimension 2

20 -10 0 10 20 00 0.00 4816 32 64 128 192

0.0
t-SNE Dimension 1 Airline « Milk Milk « Airline Subspace Dimensionality k

(a) Latent t-SNE (Block 23). (b) Full-tensor patching. (c) Subspace dose-response.

Figure 2: Causal patching of TabPFN on real-world data. Left: t-SNE of mean-pooled H
embeddings. Middle: Full H-replacement and random replacement control. Right: Dose-Response
curve replacing only top-k PCA directions (spectral), bottom-k (non-spectral) and random.

4.3 Causal Structure in Real-World Time Series

Above sections use synthetic signals only. We now validate on real time series. We apply the
same patching protocol to two classic time series: a) monthly Airline Passengers (Box & Jenkins,
1949-1960) and b) Milk Production (USDA, 1962-1975). These series share seasonal periodicity
(= 12 months) but differ in trend structure, amplitude dynamics, and noise profile, making them
a discriminative pair for testing whether H encodes series-specific spectral identity rather than
a generic seasonal template. Each dataset is converted to a 5D tabular regression task via lag
embedding (X; = [yt—1,-..,Yt—5], U = ys; see Appendix C.4 for details). The latent representations
at TabPFN’s final block clearly separate these series in Figure 2a. Full-tensor H-replacement
at TabPFN’s last block achieves CE = 0.98 (Airline<—Milk) and 0.89 (reverse), while random
replacement gives CE ~ 0 in Figure 2b. Targeted subspace patching in Figure 2c reveals that the
top-k PCA directions most correlated with series identity are roughly twice as causally efficient as
the bottom-k (k=64 i.e. 1/3™ of d), the spectral subspace recovers CE=0.80 versus 0.43 for the
non-spectral subspace. Further, we note that the tabular patching experiment (Appendix C.3, Figure
17) demonstrates that the causal role of H extends beyond spectral identity to feature-relevance
structure on TabPFN’s native 8D inputs, suggesting the spectral organization we identify is one
manifestation of a broader structural encoding rather than an isolated phenomenon.

5 Decoding Bayesian Structure: From Latents to Explicit Kernels

Last two sections established that H contains spectral information that is linearly accessible and
causally used for prediction. Now we hypothesize that if H truly encodes input information in context
of prior, kernel matrix should also be extractable. Kernel matrix is a fundamental Bayesian object
providing both interpretability and downstream task capability. We pick a stationary kernel k(7), a
spectral density S(w) as targets of extraction. Note that here the proposed decoder is not designed
to compete with iterative kernel discovery methods [Lloyd et al., 2014, Duvenaud et al., 2013]
(re-optimize per task) or amortized kerned discovery methods [Bitzer et al., 2023]. Rather, it serves as
a constructive proof that the spectral structure identified in Sections 3—4 is rich enough to reconstruct
a functional covariance which is one of the most demanding read-out of the representation.
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What is recoverable from data. Two facts about identifiability shape our decoder design. First,
from a single variance-normalized realization from spectral prior, the spectral peak locations and
bandwidths of S(w) are recoverable, but the spectral weights are identifiable only up to a common
multiplicative constant even as N — oo. The missing global scale « admits an unbiased plug-in
estimator & = ||f||3/tr(Kprea), so it can be recovered analytically rather than predicted by the
network. Second, with M independent realizations from the same prior, the full set {wq, g, ¢}
becomes identifiable. We instantiate two decoder variants matched to these regimes (single-realization
and multi-realization) with frozen PFN throughout. Detailed mathematical description and proofs are
given in Appendix D. Figure 3 shows design of the proposed decoder.
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Figure 3: The proposed Filter Bank Decoder. Both decoders pool H and V' with multi-query
attention (Table 4 in Appendix shows that it is necessary once spectral complexity exceeds a single
component) and predict, for each frequency bin, an activation probability, a peak offset, a bandwidth,
and (multi-realization only) a weight. The predicted parameters define a spectral mixture, which
is converted to a stationary kernel via Bochner’s theorem (1). The PFN is never updated and the
decoder is a diagnostic read-out of frozen features. Decoder details are given in Appendix E.

Predictive performance with no test-time optimization. We evaluate the decoded kernel as a plug-
in covariance for GP regression on the standard kernel-cookbook benchmark (RBF, Periodic, product,
Spectral Mixture with @ € {1, 4}). Note that we evaluate not to claim state-of-the-art regression but to
test whether the mechanistic structure above Sections 3-4.1 is rich enough to reconstruct a functional
covariance which is one of the most demanding read-outs one could ask of any representation. The
decoder receives no information about which kernel family generated each task: it sees only the
context (X, y), runs one forward pass through the frozen PFN, and returns an explicit k(7). Table 3
shows that, despite this fully amortized setting, the decoded kernel matches or outperforms DKL and
RFF on every family and substantially so on Periodic (1.5x1072 vs. 6.6x1072) and Kgp (2.7x1073
vs. 4.9x1073), while running ~250x faster, as those baselines re-optimize per task and our decoder
does not. Further, the proposed decoded kernel outperforms these methods in GP-MSE, when tested
on out-of-distribution kernels with varying context (Figure 16).

Table 3: GP regression MSE on kernel cookbook with 50 context points (/Krp denotes RBF x
Periodic). The decoder serves as a diagnostic extraction, not a general predictive replacement.

True kernel Decoder (Ours) PEN (Ours) Amor-struct. DKL RFF Oracle GP
RBF 1.1x107%  9.7x107* 46x107* 84x107* 1.0x107% 1.7x107*
Periodic 1.5x107%  14x107% 15x107° 66x107% 64x107° 81x10~*
Krp 27x107%  11x107% 1.6x107% 49x1072 46x107% 95x10~*

SM(Q =1) 1.3x107%  46x107* 43x107* 64x107* 80x107* 29x107*
SM(Q =4) 1.5x107%  6.2x107* 44x107* 1.1x107% 14x107% 1.9x107*

Avg. Time (s) 0.0036 0.0020 0.0288 0.9180 0.7580 3.9460

The one amortized baseline that avoids per-task optimization but receives kernel family information,
Amor-struct. [Bitzer et al., 2023], does achieve lower MSE on several families, but at 8 x higher
latency and with an architecture explicitly designed for kernel regression rather than extracted as
a diagnostic from a frozen, general-purpose predictor. Critically, the decoder is not designed to
compete with the PFN’s own predictions, which retain access to the full latent; rather, it serves as a
constructive test of the mechanistic findings of Secs. 3.2—4: if the spectral structure we identified in
is real and rich enough to matter, it should be possible to extract it as a functional kernel. The fact that
a 9-parameter spectral-mixture object read out from frozen activations stays within a small constant
factor of the PFN and beats iterative baselines that have no such structural constraint, confirms
exactly this. A natural concern is that a classical FFT-based pipeline could recover S(w) from raw
(X, y) without any PFN. We test this directly ( Table 14) by fitting spectral mixtures to the standard
periodogram and Lomb-Scargle periodogram: both achieve very low kernel-MSE on the context
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set by overfitting the discrete samples, but their GP-MSE on unseen targets is 4—10x worse than
ours across all four families. The decoded kernel does not memorize the context but it inherits the
structural regularization of the PFN’s pretraining prior, which is exactly the property the mechanistic
analysis identified (see Figure 23). Moreover, the decoded kernel supports downstream Bayesian
tasks that the PFN itself cannot perform without continuous GPU support. We obtained competitive
Bayesian optimization performance by decoded kernel on four component spectral mixture with
0.006 £ 0.029 are average regret while oracle GP got 0.004 4= 0.028. Further, decoded kernel only
uses CPU (Appendix G, Tables 15). Figure 21 shows true and decoded kernel matrices pictorially.

Multi-realization setting. With M independent realizations from the same prior, Theorem 2 guar-
antees full identifiability of S(w), and the decoder realizes this in practice: the Wasserstein distance
between decoded and ground-truth densities decreases monotonically with M across bandwidths
(Fig. 18), with 1-4 component mixtures recovered faithfully (Fig. 19). On in-distribution spectral
mixtures, decoded kernels match oracle GP MSE to within a factor of three (e.g. 1.14 x 10~% vs.
1.45x10~* on SM-Q =2), and degrade gracefully on out-of-distribution families (4.8x10~2 on RBF,
vs. catastrophic failure for the sparse-spectral assumption). The same pattern holds under additive
kernels in 5D and 10D, where the decoder stays within ~3 x of the oracle on every spectral mixture
family (Appendix F, Tables 12, 13). See Figure 20 for pictorial depiction of decoded kernel matrix.

6 Limitations and Implications

Limitations. Beyond the real-world time series validation (Section 4.3), tabular data patching
(Section C.3) and 5D additive-GP experiments (Sec. 3.3, Appendix F), the probing experiments
are restricted to stationary kernels representable as spectral mixtures and sinusoids, and the causal
subspace analysis has not yet been extended to settings where noise, distributional shift, and active
dimensionality interact simultaneously. The decoder is a diagnostic read-out, not a replacement for
the PFN [Miiller et al., 2022a]: Table 3 shows a consistent MSE gap, indicating that some predictive
information escapes the spectral-mixture parametrization. Our causal account identifies where spectral
information is stored and that it is used, but not how attention constructs it. We hypothesize that the
MLP sub-layers apply a learned rectifying nonlinearity analogous to a periodogram’s square-and-
average step (Section 3.2), but verifying this via path patching remains future work.

Implications for PFN design. If spectral structure is constructed in a single cross-attention step
(Sec. 4.1) and concentrated in a low-dimensional causal subspace (Sec. 4.2), most of a PFN’s depth
and width buys posterior formatting, not Bayesian capacity. The grid in Appendix K is consistent
with this reading. Depth saturation tracks the L; — Lo emergence: at d=128 the L =2— L =6 gain
is only 2.2, at d =48 it shrinks to 1.2x and ceases to be monotone (Fig. 24a) — the regime where
a narrow residual cannot absorb additional formatting capacity. Width plateaus by d ~48-64, past
which extra ambient dimensions do not enlarge the causal subspace of Sec. 4.2. The Pareto frontier
(Fig. 24b) makes the consequence concrete: d=64, L =2, MQA reaches test MSE 7.7 x 10~5, within
2.5x of our largest configuration (d =128, L =6, Standard, 1.25M params) at 12 x fewer parameters
and 3.2x lower latency — the readout compresses, the construction does not. We read this as a
sanity check that the mechanistic claims have design content, suggesting distillation and adapter-style
tuning should target formatting layers rather than the first cross-attention step.

7 Conclusion

This paper provided mechanistic evidence that PFNs encode spectral structure in a linearly decodable,
low-dimensional, and causally active subspace of the mean-pooled latent attention score H. This
structure emerges after a single attention step and generalizes across three architectures, including
a frozen TabPFN probed with out-of-distribution inputs, indicating it is an emergent property of
PFN-style amortization rather than because of any particular training prior, on regression tasks with
continuous covariates. The Filter Bank Decoder further demonstrates that this latent structure is
rich enough to reconstruct explicit stationary kernels via Bochner’s theorem, yielding GP regression
competitive with iterative baselines at lower latency. Together, these results show that PFN priors
are not merely implicit: they are explicitly recoverable as portable Bayesian objects that support
downstream tasks—including CPU-only Bayesian optimization, without re-invoking the network.
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Supplementary Material: Mechanistic Evidence for Spectral
Structures in Prior-Data Fitted Networks

A Interpretability Experiments: Experimental Protocols

A.1 Data Generation

For all experiments, we generate sinusoidal signals on ¢ € [—1, 1] with 200 points. Frequencies are
sampled uniformly from [0.5, 5.0] Hz with random phases ¢ ~ U[0, 2x]. For weighted signals,

y=a-sin(2rfit + ¢1) + (1 — a) - sin(27 fot + ¢2).

A.2 PFN Preprocessing

Following the PFN training protocol, we normalize inputs as:

r-H

Yoorm = , then apply sigmoid activation: Yproc = 0 (0.75 - Yiomm) -
o

A.3 Probe Architectures and Training

Linear probe. A single ridge regression (o« = 1.0) with input A € R? and scalar target. No hidden
layers, d parameters. Inputs are standardized (StandardScaler) before fitting. Any R? this probe
achieves is a lower bound on what is linearly encoded in H.

MLP probe. A three-layer feed-forward network with hidden widths 256 — 128 — 64. Each layer
uses LayerNorm, GELU activation, and dropout (p = 0.1). Optimized with AdamW (learning rate
103, weight decay 10~%) using a cosine-annealing schedule (max 500 epochs, batch size 64) and
early stopping on validation R? with patience 50.

Data and splits. Each probing set consists of 2000 synthetic signals (1000 for VA-PFN), each
with 200 observation points on ¢ € [—1,1]. Signals are passed through the frozen PFN and H =
+ >, H[i] is mean-pooled over positions. Train /validation / test splits are 65% / 15% / 20%.

B Additional Mechanistic Results
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Figure 5: t-SNE projections of mean-pooled TabPFN embeddings H for 500 functions drawn from
5D GPs with RBF (left) and Matérn-3/2 (right) kernels, colored by characteristic frequency fcpar =
1/(27¢). Despite the absence of any sinusoidal structure in the generating process, embeddings
organize smoothly by spectral scale, consistent with the quantitative metrics in Table 6.
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(a) Mean-pooled attention weights A manifold.
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(b) Mean-pooled value encoding V' manifolds.

Figure 4: Manifold structures colored by frequency obtained via frequecy varying experiment
described in Section 3. Note the tight spectral clusters in DVA-PFN compared to the smoother
manifolds in VA and TabPFN due to diffusion of information inside attention mechanism.
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Figure 6: Layer-wise correlation pa between embedding distances and generating-frequency dis-

tances. DVA-PFN (left) peaks at L2 (pao = 0.95) and TabPFN (right) plateaus near 0.93 by B12.

Both architectures show a mild decline in the final layers, consistent with a shift toward posterior

formatting.

Table 4: Pooling ablation on H (MLP probe, R?) on DVA-PFN. Mean pooling degrades sharply as
spectral complexity grows, while multi-query attention pooling recovers an increasing fraction of
the lost signal. V-only probes yield R? =0 at every difficulty and are omitted. A reports the gain of
attention pooling over mean pooling on H+V.

Task Mean(H) Mean(H+V) Atin(H) Attn(H+V) A

Easy (1 param) 0.999 1.000 1.000 1.000 +0.000
Medium (2 params) 0.982 0.983 0.991 0.991 +0.008
Hard (4 params) 0.560 0.564 0.610 0.602 +0.038
Very Hard (6 params) 0.333 0.342 0.404 0.399 +0.057
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Figure 7: Control experiment: probing on trained vs. randomly initialized VA-PFN. Linear and MLP
probes are trained to recover frequency (left) and mixing weight (right) from frozen H. On the trained
network both probes succeed (R? > 0.99). On the randomly initialized network, the MLP probe
still recovers both targets—consistent with its capacity to learn the mapping itself [Hewitt and Liang,
2019]—but the linear probe fails (R? = 0.18 for frequency, 0.64 for weight), confirming that linear
accessibility is a consequence of learned representational structure, not of trivial input geometry.

Table 5: Probing R? scores for spectral parameter extraction using linear probes on DVA-PFN. H
consistently dominates V' across all targets.

Target H VvV H4+V
Single Frequency 0.98 0.21 0.99
Dual Frequencies 0.96 0.00 0.96

Full Spectral (f1, f2,a1,a2) 0.50 0.00  0.50

Table 6: Parameter-free probing metrics for SD GP functions on TabPFN.
RBF Matérn-3/2

pA Irlpco  pa |r|pco
TabPFEN (5D) 0.815 0900 0.861 0.928
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Figure 8: Probing performance on multi-component signals shows successful frequency extraction
(f1, f2) but poor relative amplitude prediction (a1, az) on TabPFN.
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Figure 9: Frequency Probing: Linear and MLP Relational Scatter Plots across PFN architectures.
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Figure 10: Weight Probing: Linear and MLP Relational Scatter Plots across PFN architectures.

C Mechanistic Analysis Results

C.1 Probing Comparison (Frequency and Mixing Weights)

We quantify the accessibility of spectral information by training linear and MLP probes on frozen
latent representations. Figure 9 show the scatter plots for frequency prediction across the three models.
Similarly, Figure 10 and show the results for mixing weight estimation in dual-component signals.

C.2 Causal Evidence (Dose-Response Patching)

Functions are drawn from a zero-mean GP with RBF kernel k(z, 2') = exp(—1(z — 2/)?/¢?) on
a fixed grid of N=200 equally-spaced points in [—1, 1]. Lengthscales are sampled log-uniformly:
¢ ~ LogUniform(0.05, 2.0). All realisations use fixed random seeds, making the dataset fully
deterministic and reproducible. Figure 11 shows representative pairs at the extremes of the ¢ range
used in the activation patching experiment.

Figure 11: Representative RBF-GP signal pairs used for activation patching. Small ¢ (red) produces
high-frequency wiggly functions; large ¢ (blue) produces smooth slowly-varying functions. The large
visual separation ensures a strong baseline MSE(§ 4, §5), making the causal effect measurement
well-conditioned.

Table 7 reports layer-wise causal effect (CE) for DVA-PFN under H-, V-, and K-patching, averaged

over three signal pairs. CE is defined as

MSE(ypatchem Z)B) (2)
MSE(94, UB)

where 9 4, ¢ are the unpatched model predictions for contexts y 4 and yp respectively (using model

predictions rather than raw GP realisations removes sample-noise from the denominator).

CE=1-

Table 7: Layer-wise CE for DVA-PFN on RBF-GP pairs ({4 = 0.05, {p = 2.0). H-patch reaches
CE=1 by layer 2; K-patch gives exactly 0.

Patch type L1 L2 L3 L4 L5 L6

H (causal) 0.00 1.00 1.00 1.00 1.00 1.00
V (+control) 1.00 1.00 1.00 1.00 1.00 1.00
K (—control) 0.00 0.00 0.00 0.00 0.00 0.00

Prior to the dose-response experiment, we verify that PCA identifies a meaningful spectral subspace.

* DVA-PFN (d=128): top-5 PC correlations with £ are [0.30, 0.28, 0.26, 0.19, 0.18]. Information
is distributed across many PCs—consistent with DVA-PFN’s narrower training distribution—yet
concentrated enough that the top-64 PCs account for all causal transfer (CEgpec, k=64 = 0.93).
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s2s * TabPFN (d=192): PCy alone achieves |r|=0.882 and explains 73.6% of embedding variance.
526 The remaining PCs fall off rapidly (]| < 0.21), indicating a strongly dominant single axis of
527 structural variation.

Table 8: Hyperparameters for non-sinusoidal patching experiments.

Parameter Value

Input grid size N 200

Lengthscale range [lmin, fmax]  [0.05, 2.0]

Probe set size 300 signals (log-uniform £)

Patch pairs 30 (min gap [€4 — £g| > 0.8)
Subspace dims k {1,2,4,8,16, 32,64, 128}
DVA-PEN intervention layer Cross-attention block 2 (of 6)
TabPFN intervention layer Transformer block 24 (final)
Random seed Fixed (all experiments deterministic)

Table 9: Layer-wise Causal Effect (CE) for activation patching. Mean =+ s.d. over n = 50 pairs;
p-values from paired ¢-tests (H vs. K).

Layer H-patch CE V-patch CE K-patch CE  p (Hvs. K)

L1 0.000 £0.000  0.999 4+ 0.002  0.000 £ 0.000 n.a.

L2 0.999 +0.002 0.999 £+ 0.002 0.000 4+ 0.000 < 107133
L3-L6 0.999 +0.002 0.999 +0.002 0.000 +0.000 < 107133
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Figure 12: PCA of TabPFN embeddings
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Figure 13: PCA of VA-PFN embeddings

s28  C.3 Patching with Tabular Data

520 The patching experiments of Sections 4.1-4.2 use sinusoidal or GP-drawn signals that lie outside
530 TabPFN’s pretraining distribution. To verify that H causally encodes structural information on inputs
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Figure 14: PCA of DVA-PFN embeddings

Table 10: Targeted subspace patching on DVA-PFN: causal effect as a function of subspace dimen-
sionality k (out of d = 128). Selectivity = Spectral CE / Random CE.

k % of dims Spectral CE Non-spectral CE Random CE Selectivity

1 0.78% 0.026 —0.000 0.007 —
2 1.56% 0.592 0.008 0.018 33.9x
4 3.13% 0.676 0.017 0.032 21.3x
8 6.25% 0.676 0.023 0.066 10.3x
16 12.5% 0.689 0.115 0.149 4.6x
32 25.0% 0.977 0.135 0.326 3.0x
128 100% 0.999 0.999 0.999 1.0x

TabPFN was designed for, we repeat the all-block patching protocol on 8-dimensional tabular
data sampled from 2/[0, 1]®, consistent with TabPFN’s synthetic pretraining regime. We fix a shared
feature matrix X € R19°%® and construct two targets from disjoint feature subsets: ya = f(zo, 1)
and yg = f(z5,76), where f(z;,x;) = x;sin(4z;) + 27 + € is a shared nonlinear function. As
a negative control, yp is replaced with a random permutation y;.nq that destroys feature-relevance
structure while preserving marginal statistics. Figure 17 reports causal effect averaged over 30 pairs
with all 24 blocks patched simultaneously. H-patching with a structurally different target achieves
CE = 0.985 % 0.014, confirming near-complete transfer of feature-relevance identity through H.
The negative control yields CE = 0.415 =+ 0.115 which is substantially lower, though nonzero. This
residual is expected under all-block replacement: even activations from a random target form an
internally consistent signal that coherently overrides the base computation, shifting predictions away
from §j 4 without specifically targeting §g. The decisive contrast where structured patching drives
CE — 1 while unstructured patching plateaus below 0.5, confirms that H causally encodes which
features drive the target, extending the spectral-identity results of Sections 4.1-4.2 to TabPFN’s
native multi-feature regime.

C.4 Real-world Tabular Data Patching Details

Data. We use two publicly available monthly time series: Airline Passengers (Box & Jenkins,
144 observations, 1949-1960) loaded via statsmodels, and Milk Production per cow (USDA, 168
observations, 1962—1975). Both exhibit strong seasonality (period ~ 12 months) but differ in trend
structure and amplitude dynamics. Each series is first-differenced to remove trend, then z-normalized.
A 5-lag embedding converts each to a tabular regression problem: X; = [y4—1,...,Yi—5] € R5, §=
Y, yielding 138 (Airline) and 162 (Milk) samples respectively.

Model. We use TabPFNRegressor v2.5 on GPU with default hyperparameters. The model contains

24 transformer blocks; all interventions target block 23 (the final block). Baseline regression quality:
R? = (.81 (Airline) and R? = 0.94 (Milk) with 100 context and 30 test points.

Activation Patching (Exp. K2). For each ordered pair (source, donor), we:

1. Fit TabPFN on the source context and predict on 30 test points — ¢/ 4.
2. Fit on the donor context and predict — 5.
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Figure 15: Targeted subspace patching on RBF-GP functions. Causal Effect (CE) as a function
of patching dimensionality & for DVA-PFN (left) and TabPFN (right). Red: spectral subspace (PCs
most correlated with £). Blue: non-spectral subspace (bottom-k PCs). Grey triangles: random
k-dimensional subspace. Dashed grey: uniform k/d baseline. Dashed green: full-H replacement
ceiling. Shaded bands: 95% confidence intervals over 30 signal pairs. The spectral subspace
dominates at every k for both architectures, demonstrating that causal structural information is
compactly organised beyond the sinusoidal training distribution.
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Figure 16: GP-MSE versus context length on (left) in-distribution sinusoids and (right) out-of-
distribution triangle waves with random frequencies ~ ¢/(1.0, 3.0). Decoded kernels match DKL/RFF
on both, without per-task optimization.

3. Cache the full output tensor Hp € RIX194X14x192 ¢ plock 23 during the donor forward pass.

4. Re-fit on the source context, register a hook that replaces block 23’s output with H g, and predict
- gpatch-

5. CE = 1 — MSE(Jpaten, i) / MSE (i, 7).
The tensor dimensions correspond to batch (1), sequence positions (194 = context + test + padding),

feature groups (14, internal to TabPFN), and model width (d=192). Shapes match across datasets
because context size, test size, and input dimensionality are identical.

Negative control: replacing H with a random Gaussian tensor of the same shape. Results:

Direction CEstuet CErand
Airline <+ Milk 0.979 0.013
Milk < Airline 0.891 0.000

Subspace Patching (Exp. K3). To identify the “spectral” subspace, we bootstrap 100 context
subsets per series, extract the mean-pooled H € R'92 at block 23 for each, and fit PCA on the pooled
200-vector matrix. The leading PC achieves |r|=0.975 with the binary series label and explains
65.6% of variance; subsequent PCs drop below |r|=0.16.
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Figure 17: TabPFN patching on in-distribution 8D synthetic tabular data, comparing structured
feature-relevance transfer against a random target control.

Dose-response patching operates on the full tensor: for a rank-k projection Il = PP T € R192x192
(with P containing the top-k or bottom-£ PCs), the hook computes Hpatch = Ha — HaIl 4+ Hpll
applied element-wise along the last dimension of the [1, 194, 14, 192] tensor.

k  Spectral Non-spectral Random

4  0.071 0.039 0.038
16 0.169 0.114 0.114
32 0.392 0.254 0.372
64  0.798 0.433 0.707
128 0.964 0.844 0.904
Full (192) 0.979

The spectral subspace consistently outperforms the non-spectral subspace, achieving =2 x the CE at
k=64 and recovering 98.5% of the full-H ceiling at k=128. The random subspace tracks between
the two, confirming that the PCA-identified directions carry disproportionate causal weight rather
than the effect being purely dimensional.

D Statistical Identifiability of Spectral Density

We characterize what is fundamentally retrievable about the spectral density S(w) of a stationary GP
from observed function data, in two regimes: single-realization and multi-realization.

D.1 Single-Realization Limit

Theorem 1 (Single-function non-identifiability of spectral weights). Let f ~ GP(0, k) with continu-
ous stationary kernel and spectral density S(w) = Zqul we N'(w | prg,02), wg > 0. Let { f(x;) }1¥,
be a single realization on a fixed grid, normalized to unit empirical variance. Then {wq}le is not
identifiable from this single realization, except up to a common multiplicative constant, even in the
limit N — oo.

Proof. Let f = (f(z1),..., f(xn))" denote the vector of observations. Since f ~ GP(0,k) is
stationary and Gaussian,

fNN(O,K), Kz]:k‘($l—$3)
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By Bochner’s theorem, the kernel admits the spectral representation
_ Q
k() = / 2T §(w) dw, S(w) = qu./\/'(w | pig:00).
R e

Consider any constant ¢ > 0 and define a rescaled spectral density
S(w) = ¢ S(w),

with corresponding kernel }
k(1) = ck(T).

Let f ~ GP(0, l::) Then f and f are related in distribution by

fla) £ Ve f(a).

Let f = (f(x1),..., f(zn))T. Under empirical variance normalization which normalization mirrors
the preprocessing used in PFNs, making the model invariant to global rescaling of function values.

P s | B f—f1
f= 7fa f=—+—+—.
£ — f1ll2 If = F1]2
Since f = \/cf, it follows immediately that
F=t

Therefore, the normalized single-sample distribution induced by the kernel k() is identical to that
induced by k(7) = ck(7). Because scaling the spectral density corresponds exactly to scaling all
weights {w, } by the same constant ¢, no estimator operating on a single normalized realization can
distinguish between {w, } and {cw, }.Consequently, the spectral weights are not identifiable from a
single realization, except up to a common multiplicative constant, even as N — co. O

Remark. Frequency identifiability follows from classical spectral estimation theory: the discrete
Fourier transform of a stationary process concentrates energy near the true frequencies, while global
rescaling of the covariance affects only the magnitude, not the location, of spectral peaks.
Proposition 1 (Unbiased kernel-scale estimator). Let f ~ N (0, aK) for known PSD matrix K and
unknown o > 0. Then & = ||£|3/tr(Kprea) satisfies E[a] = .

Proof. Letf = (f(x1),..., f(zn))" € RY denote the vector of function values evaluated at the
fixed input locations {x;} ¥ ;. Consider,

f ~ N(0,aKpreq),

where Kpreq € is a fixed positive semi-definite matrix predicited using a single realization
decoder and o > 0 is an unknown scalar.

RNXN

We define the squared /5 norm of f as ||f||3 = £ f. All expectations below are taken with respect to
the randomness of f induced by the Gaussian process, i.e. E[-] = E¢ 0,0k ) []-

Since f is zero-mean Gaussian,
Eff '] = aKprea-
Taking the trace on both sides yields

E[|I£]3] = E[tr(ff7)] = tr(E[ff ']) = a tr(Kprea).

Therefore, for the estimator

i
tI‘(K pred) ’
we obtain )
o EUEBL
tr(Kpred)
which proves that & is an unbiased estimator of the kernel scale. O
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D.2 Multi-Realization Guarantee

Theorem 2 (Identifiability from multiple realizations). Let {f,,}M_, be i.i.d. realizations from a
zero-mean stationary GP with spectral density S(w) = Zqul wg N (w | p1q,02), wq > 0, observed
on a common fixed grid. As M — oo, the empirical covariance converges to k(7) in probability, and
{wq}?:1 becomes identifiable from second-order statistics.

Proof. We proceed by showing that multiple independent realizations allow consistent estimation of
the covariance function, which uniquely determines the spectral weights.

For a zero-mean stationary Gaussian process, the covariance function

k() = E[f(z) - f(z +7)]
fully characterizes the process. By Bochner’s theorem Rasmussen and Williams [2006], the covariance
function k(7) is in one-to-one correspondence with the spectral density S(w). Therefore, identifying
k() is equivalent to identifying S(w) = Zqul wq N'(w | piq,07) and its parameters {wg, piq, 04 }-
We thus show that the empirical covariance converges to k(7) as the number of realizations M
increases.

Fix any pair of input locations (z;, =) and define the empirical covariance estimator across realiza-
tions:

R XM
kiM(ﬂCuﬂUj) £ M Z [fm(xi)'fm(ﬂﬁj)]'
m=1

Since the realizations { f,,, } are independent and identically distributed, each term f,,, (x;) - fm (z;)
is an independent sample of a random variable with expectation

Elfm (@) - fm(2;)] = k(i — 25),
where the expectation is taken with respect to the Gaussian process prior.

Moreover, because fp,(2;) - fm(2;) has finite second moment under the Gaussian process prior Ras-
mussen and Williams [2006], the Law of Large Numbers implies

fent (i, ) 25 k(xi — ;) as M — oo.

Since the input grid {x;}¥, is fixed and finite, this convergence holds jointly for all pairs (i, j).
Consequently, the entire empirical covariance matrix converges in probability to the true covariance

matrix:
P

[]%I\/I(xhxj)]i\;zl — N

k(@i — )] i,j=1"

Finally, the limiting covariance function k(7) uniquely determines the spectral density S(w) via
Bochner’s theorem. In particular, for the spectral mixture form

Q
S(w) =Y wgN(w| g, 0),
q=1

the parameters {w,} are uniquely determined by k(7). Therefore, as the number of independent
realizations M increases, the spectral weights {w, } become identifiable from the empirical second-
order statistics of the observed functions. O

E Filter Bank Decoder: Architecture and Training

E.1 Pipeline Overview
The decoder takes a context set D., processes it through the frozen PFN to obtain H, V', and outputs

explicit spectral parameters from which a stationary kernel is reconstructed via Bochner’s theorem.
The PEN is never updated.
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E.2 Multi-Query Attention Pooling

For an input sequence H € RE*N*? and learned queries @ € R *"a*4,
MQA(H) = LinearFlatten(MultiheadAttn(Q, H, H)) € RP*%,

Independent MQA modules are applied to H and V, giving zg = MQA ;(H), zy = MQA(V),
fused as z = MLP([zg || zv])-

E.3 Spectral Parameter Heads

We discretize the frequency range [fmin, fimax] into B bins of width A = (tmax — fimin)/B-
Three heads predict, per bin: (i) activation probability py, (ii) offset and bandwidth (9, 03,) giving
Iy = fmin + (b + 0p)A, and (iii) weight w;, (multi-realization only; the single-realization decoder
uses uniform wy = 1 following Theorem 1).

E.4 Kernel Reconstruction

K(r) = Y wyexp(=2n037%) cos@mmr),  Kpea = @K, 3)

b: pp >y

with classification threshold v and analytical scale & = ||f||3/tr(K).

E.5 Loss and Curriculum

The decoder is trained with a composite loss

L = Loce(D yoin) + A > 1166 — 0657, )

beEactive

with wpes = 30 in BCE to handle sparse positive bins, and a curriculum that ramps n,, (active
components) from 1 to 4. Hyperparameters in Table 11.

Table 11: Decoder training hyperparameters.

Parameter Multi-Realization ~ Single-Realization
Tusamples 100,000 300,000
Tpoints 200 200
Tlbins 50 50
Aimodel 128 128

dse 256 256
MNqueries 4 4
dropout 0.1 0.1
BCE positive weight 30.0 30.0
Areg 5.0 5.0
learning rate 1073 1073
weight decay 1074 1074
GP samples per task (M) 16 1
Frequency range (Hz) [0.5,3.0] [0.5,3.0]
o range [0.01,0.05] [0.01,0.05]

Epochs (Phases 1/2/3) 1000/ 1000 / 2000 200 /200 /400

E.6 Training Data Generation

Multi-Realization. Spectral parameters: iy ~ U[fmin, lmax)s T¢ ~ U[0min, Omax)s Wq ~
Gamma(2,1). Kemel K = Y _wgexp(—2n*0572) cos(2mpu,7). GP samples y™) ~ N(0, K),
m=1,...,M.
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671

Single-Realization.

Random Fourier Feature (RFF) signals

y(@) = \

Tp Tt

> D _cos(2mug; + y),

g=1j=1

672 With we; ~N (g, 02), ¢g; ~U[0, 2], negr = 100.

673

F Additional Decoder Results
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Figure 18: Wasserstein distance between true and decoded spectral densities as a function of the
number of independent realizations M, for three bandwidths o € {0.01,0.03,0.05}. Monotone
decrease is consistent with Theorem 2.
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Figure 19: Decoded vs. ground-truth spectral densities for 1-4 component mixtures.

Functions are drawn from additive GP priors K (z,2’) = \%I > dep Kal(wa, zy), where D is a small

active subset (2—4 in 5D; up to 6 in 10D under a curriculum) and each K, is RBF, Periodic, or
SM. Inputs are drawn independently per dimension and sorted along each coordinate, removing
combinatorial spatial variation while preserving kernel structure.
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Figure 20: Kernel reconstruction under multi-realization settings. Left of each pair: ground-truth
covariance. Right: decoded K,eq. Rows show 1—4 spectral peaks.

Figure 21: Kernel reconstruction from single function observations. Global amplitude is ambiguous
(Theorem 1); dominant periodic structure and lengthscales are recovered.

Estimators.
2
Periodogram: P(w) = %’ZL Ype W] (6)
Lomb-Scargle: Pis(w) = 5 {(Zznfz;;s:((f:::))y + (Eifz;i; ;u((f:__:)))z} , (D

where 7 is the standard frequency-dependent time delay.

Why classical methods fail at generalization. Classical estimators achieve very low Ker-MSE on
the context set — they memorize the discrete-sample artifacts, noise, and phase alignments of the
specific realization. Theorem 1 predicts this: the weights are ambiguous from a single realization,
and least-squares fits seize on whatever assignment best matches the observed samples. Once tested
on unseen target locations, this overfit collapses, producing GP-MSE that is 4-10x worse than the
PFN decoder across all four families. The decoder sidesteps this by inheriting the structural prior the
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Table 12: Decoder GP-MSE on a fixed support of 16 functions per kernel, evaluated on 20 unseen
test functions from the same prior. RBF and Matérn families lie outside the sparse-spectral-mixture
model class; the decoder shows graceful degradation rather than failure.

Kernel family Oracle GP MSE  Decoder MSE

SM (Q=1) 1.13x 104 6.15x 104
SM (Q=2) 1.45x 1074 1.14x 104
SM (Q=4) 1.17x10~* 2.99x10~4
Out-of-distribution
RBF 1.34x107* 4.76x1073
Matérn-1/2 9.50 x 1072 1.78 x 1071
Matérn-3/2 1.14%x 1071 2.21x 1071
Matérn-5/2 1.61x10~1 2.94x 1071
1 T zloe:t“ext 1071
/ \J . 102
E 1073
=
1074
o T T T T T 1
0 20 40 60 80 100
0.0 0.5 1.0 Ncontext

Figure 22: Single-realization decoder performance. (a) Qualitative GP regression from a decoded
kernel with N = 20 context points. (b) GP-MSE versus context size Noneext- Lhe gap to the oracle
remains roughly constant in N, consistent with the single-realization weight ambiguity (Theorem 1).

PFN learned during pretraining: peak locations and bandwidths come from a frozen representation
that has already integrated over many realizations, so they generalize to new target points rather than
tracking the context.

G Downstream Use: Bayesian Optimization with the Decoded Kernel

The decoded kernel parameterizes a standard GP that can be evaluated and updated without re-
invoking the PFN. We illustrate this with a Bayesian optimization pipeline: PFN — decoder —+ SM
kernel — GP posterior — UCB acquisition. The PFN runs once on the initial context to extract k(7);
subsequent BO iterations use only the decoded kernel.

Setup. 100 objective functions per kernel type (SM-Q1, SM-Q2, SM-Q4); Ny = 15 initial
observations; 50 BO iterations; UCB acquisition.

What this shows. The decoded kernel matches the oracle on simple mixtures and stays within one
order of magnitude on ) = 4, while the entire BO loop runs on CPU at ~5 ms per step. The PFN
itself cannot be used this way: it produces predictive distributions at queried locations but does not
expose a closed-form posterior, so it cannot supply the acquisition function or perform incremental
posterior updates. The decoded kernel does both, validating the practical claim that the recovered
Bayesian object is not just inspectable but reusable.

H High-Dimensional Data Generation

Functions are generated from additive GP priors K (z,z') = |%\ > aep Kal(wa, z};), where D is
the set of active dimensions and each K is a 1D kernel (RBF, periodic, or spectral mixture). For
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Table 13: Multi-realization decoder GP-MSE in 5D and 10D additive-kernel settings, M = 16
functions per task. Predictions remain within a small constant factor of the oracle except on Periodic,
which is hardest under additive structure.

Kernel (additive)  Oracle GP MSE  Decoder MSE

RBF (5D) 1.30x107* 2.90x1074
SM (Q=1, 5D) 1.10x 1074 3.00x1074
SM (Q=2, 5D) 1.20x107* 2.40%x 1074
SM (Q =4, 5D) 1.30x107* 2.90x107*
Periodic (5D) 2.60x1074 9.50x1073

RBF (10D) 1.30x107% 3.25x1074
SM (Q =1, 10D) 1.15x107* 4.01x107*
SM (Q =2, 10D) 3.19x1074 5.38x 1074
SM (Q =4, 10D) 2.06x1074 4.56x 1074
Periodic (10D) 2.71x107% 2.32x1073

Table 14: Spectral recovery benchmark (50 context, 150 target points). Classical methods overfit
the context set (low Ker-MSE) but fail at GP-MSE on unseen targets. The PFN-based decoder uses
pretraining-induced regularization to generalize. We report Mean MSE over 100 samples. Bold
marks best per column within each kernel family.

Kernel family Method Ker-MSE (}) Ker-CKA (1) GP-MSE ({)
Periodogram 0.0060 0.7316 0.0859
RBF Lomb-Scargle 0.0031 0.7177 0.0788
PEN Decoder (Ours) 0.0062 0.3648 0.0011
Periodogram 0.0028 0.8768 0.0964
Periodic Lomb-Scargle 0.0023 0.7191 0.0468
PFN Decoder (Ours) 0.0031 0.5791 0.0015
Periodogram 0.0012 0.7730 0.0711
Locally Periodic Lomb-Scargle 0.0008 0.7118 0.0467
y PFEN Decoder (Ours) 0.0012 0.6378 0.0027
Periodogram 0.0008 0.7870 0.1174
Spectral Mixture Lomb-Scargle 0.0005 0.7676 0.0989
p PFN Decoder (Ours) 0.0008 0.7007 0.0017

each function only 2—4 dimensions are active in 5D and up to 6 in 10D, ensuring well-conditioned
covariance matrices. Inputs 24 € [0, 1] are sampled uniformly per dimension and sorted before kernel
evaluation, removing combinatorial spatial variation while preserving the structure each K4 induces.
Multiplicative kernel composition is avoided in high dimensions because it collapses covariance
structure.

The decoder architecture is unchanged across dimensions; in 10D we use a four-phase curriculum
on the number of active dimensions (2 —3 —4 —<6). PFN training in 5D and 10D uses the same
architecture and hyperparameters as in 1D, with additive priors only.

I High-Dimensional Scaling Details

Functions are generated from additive Gaussian process priors of the form

1
K(z,2') = D Z Ka(zq, ),
deD

where D denotes the set of active dimensions and each K is a one-dimensional kernel (RBF, periodic,
or spectral mixture). Only a small subset of dimensions is active for any given function (between 2
and 4 in 5D), ensuring well-conditioned covariance matrices.
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Figure 23: GP predictive posterior on a complex spectral mixture from a singlerealization. Peri-
odogram and Lomb—Scargle interpolate the 50 context points exactly but oscillate wildly between
observations; the decoded kernel recovers the underlying structure and tracks the held-out target.

Table 15: Resource comparison for iterative inference on CPU.
PEN (per step) Decoded Kernel + GP

Parameters 859,108 9
Memory 3.4 MB 72 B
Time / iteration (CPU) 24.8 ms 4.8 ms
GPU required yes no

J PFN Pre-Training Details

The DVA and VA PEN is trained on synthetic 1D functions drawn from a stationary GP with a random
Spectral Mixture Kernel (SMK). The architecture is a Transformer-based Conditional Neural Process
with 6 cross-attention blocks (4 heads, dyod4el = 128), trained using categorical cross-entropy over
100 discretized output bins. Our training pipeline is direct extention of the codes given by [Miiller
et al., 2022b] and [Sharma et al., 2025]

J.1 Baseline Implementation Details

Deep Kernel Learning (DKL). Feature extractor: 3-layer MLP (1 — 64 — 64 — 2), Tanh hidden
activations, linear output layer. GP: ScaleKernel (RBFKernel (ard_num_dims=2)) on the 2D
latent. Joint MLP and GP optimization via Adam (Ir= 0.01, 500 iterations, exact MLL).

Random Fourier Features (RFF). Feature map: ¢(z) = +/2/ncos(xW '/l + b), n = 128.
W ~N(0,I) and b~U[0,27] are fixed (non-optimized) buffers. Learnable: softplus-constrained
¢, output scale, noise variance. GP: ScaleKernel (LinearKernel()) on ¢(x). Same optimizer,
budget, and standardization as DKL.

GP Oracle. Exact GP with ground-truth kernel family, GaussianLikelihood, and
SpectralMixtureKernel initialized via initialize_from_data for SM-() tasks. Five restarts
per task (Adam, Ir= 0.1, 500 iterations); lowest MLL selected.

K Architecture Ablation Validating Mechanistic Predictions

Setup. We sweep the architecture along three axes using DVA-PFN: width d €
{16, 32,48, 64, 96,128}, depth L € {2,3,6}, and attention variant (joint multi-head Standard vs.
multi-query MQA), training each of the 36 combinations with 3 random seeds for a total of 108
runs. All runs share the training prior and pre-processing of Sec. K (hierarchical spectral mixture,
sigmoid-normalized targets), the same optimizer (AdamW, Ir = 10~4, 5-epoch warm-up, cosine
schedule), the same training budget (200 epochs of 100 steps each, batch size 32, randomized context
length nctx €100, 110]), and the same frozen evaluation sets (500-function validation, 2000-function
test) generated once with a fixed seed and loaded by every worker. Two architectural details are
scaled with d to keep cross-cell comparisons fair. The FEN hidden width is set to 4d rather than fixed
at 256, which would silently inflate small models (a fixed-FFN ablation is reported below). The head
count is chosen so head dimension is in [8, 16] regardless of d, rather than fixed at 4, which would
collapse head dimension at d=16. Latency is measured in ms per batch of 32 on a single GPU after
30 warm-up forward passes. The full grid summary is reported in Tab. 16.
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Figure 24: Architecture ablation supporting the mechanistic predictions of Secs. 3.2—4. Test MSE on
the held-out 2000-function set across a 6 x 3 x 2 grid of widths d, depths L, and attention variants
(3 seeds each). (a) MSE vs. djy04e1, With shaded +1 std bands across seeds. Width gains plateau
by d~48-64, and the spread between depths shrinks as d shrinks — consistent with the L, — Lo
emergence of spectral coding (Sec. 4.1): once the first cross-attention step has constructed the
spectrally-organized latent, additional layers contribute mainly posterior formatting, with diminishing
returns. (b) Parameter—-MSE Pareto frontier (dashed). The annotated configuration (d =64, L =2,
MQA) achieves test MSE 7.7 x 10~° at ~ 105K parameters and 1.15 ms/batch — within 2.5x of the
largest configuration (d =128, L =6, Standard; 1.25M parameters, 3.66 ms) at 12x fewer parameters
and 3.2 x lower latency. 12 of 15 Pareto-optimal points use MQA. Full numerical table in Table 16.

Mechanistic predictions tested. Two findings of Secs. 3.2—4 generate concrete, falsifiable predic-
tions about architecture. First, the abrupt L; — L, emergence reported in Sec. 4.1 where the causal
effect of patching H jumps from O to = 1 in a single cross-attention step — predicts that depth beyond
two cross-attention layers should yield diminishing returns for spectrally-driven prediction, with the
marginal benefit of additional layers attributable to posterior formatting rather than spectral construc-
tion. Second, the subspace concentration of Fig. 1, where roughly 10% of principal components
account for the full causal effect, predicts that the residual-stream dimensionality required to carry the
spectral computation is small in absolute terms, although learning to organize that one-dimensional
signal in the right direction may demand a larger working budget than the signal itself occupies.

Depth saturates rapidly, consistent with L; — L, emergence. Holding width fixed and varying
L (Table 16), depth gains shrink as d shrinks. At d=128 (MQA), increasing L from 2 to 6 roughly
halves the test MSE (6.7 x 1075 — 3.1 x 102, a factor of 2.2). At d=64 the same 3x depth increase
yields only 1.4x; at d=48 it yields 1.2x and the relationship is not monotone (L = 3 outperforms
both L =2 and L = 6). We read this as the experimental dual of the manifold-correlation curves
of Fig. 6: the first cross-attention layer produces the spectrally-organized H, and additional layers
chiefly perform downstream formatting — useful but with diminishing returns, especially when the
residual stream is narrow enough that the formatting capacity is already saturated. The fact that depth
helps more at d=128 than at d =48 also supports the formatting interpretation: a wider stream gives
later layers more usable capacity to refine.

Headline configuration and limitations. The most efficient configuration that still approaches the
full-capacity performance is d =64, L =2, MQA: test MSE 7.7 x 10~°, ~ 105K parameters, 1.15 ms
per batch of 32. Our largest configuration (d =128, L =6, Standard) achieves 3.1 x 1075 at ~1.25M
parameters and 3.66 ms, so the small model trades 2.5x MSE for 12x fewer parameters and 3.2 X
lower latency. We note that the benchmark is one-dimensional synthetic data drawn from a fixed prior
family; the model is a small DVA-PFN, not a production-scale TabPFN. The ratios reported here
should not be ported uncritically to higher dimensions or to TabPFN-scale architectures. Therefore,
we present these number in Table 16 and Figure 24 as evidence that the mechanistic story has design
content, not as a prescription.
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Table 16: Full architecture grid (Appendix K). Six widths x three depths x two attention variants,
three seeds each. Mean and standard deviation of test MSE across seeds; latency reported in ms per
batch of 32 on a single GPU.

d L attn params  MSE (mean) MSE (std) lat (ms)
16 2 MQA 86K 1.09x1072 1.58x107? 0.89
32 2 MQA 288K 6.26x107% 2.17x107* 0.80
48 2 MOQA 61.6K 9.57x107° 6.54x107° 0.82
64 2 MOQA 104.6K  7.74x107° 3.83x107° 1.15
96 2 MQA 229.1K  5.65x107° 2.47x107° 1.06
128 2 MOQA 401.6K  6.71x107° 1.37x107° 1.20
16 3 MQA 11.6K  2.45%x107% 1.80x1073 0.97
32 3 MOQA 399K  2.75x107% 9.81x107° 1.20
48 3 MOQA 86.4K  6.02x107° 1.58x107° 1.40
64 3 MOQA 1474K  6.89x107° 1.09%x107° 1.57
96 3 MOQA 3247K  3.78x107° 1.37x107° 1.58
128 3 MOQA 571.1K  3.49x107° 5.73x107° 1.95
16 6 MQA 206K 1.06x107% 6.17x107* 1.90
32 6 MOQA 733K 2.04x107% 1.44x107* 2.44
48 6 MQA 160.7K  8.20%x107° 2.64x107° 2.87
64 6 MOQA 275.6K  5.63x107° 1.71x107° 3.46
9% 6 MOQA 611.5K  3.35x107° 7.72x107° 2.61
128 6 MOQA 1079.5K  3.08x107° 7.75x107° 1.93
16 2 Standard 92K 1.24x1072 1.48x1072 0.75
32 2 Standard 321K 4.01x107* 1.66x107* 0.77
48 2 Standard 68.8K 1.43x107*% 7.92x107° 0.97
64 2 Standard 1193K 8.50x107° 3.52x107° 1.41
96 2 Standard 261.9K 7.21x107° 4.87x107° 1.22
128 2 Standard  459.7K  5.13x107° 3.24x107° 1.38
16 3 Standard 125K 3.84x107% 5.05x1073 1.12
32 3 Standard 448K 2.05x107% 9.91x107° 1.26
48 3 Standard 972K  7.22x107° 2.74x107° 1.33
64 3 Standard  1694K  1.11x107* 4.26x107° 1.65
96 3 Standard 373.9K 5.88x107° 2.70x107° 1.74
128 3 Standard  658.3K  4.23x107° 2.28x107° 2.28
16 6 Standard 24K  2.19x107% 247x1073 2.23
32 6 Standard 83.1K  2.14x10™* 7.05x107° 2.56
48 6 Standard 1823K 1.30x107* 1.82x107° 3.12
64 6 Standard 319.8K 7.44x107° 1.50x107° 3.33
96 6 Standard  710.0K 2.72x107° 7.18x107° 3.66
128 6 Standard 1253.9K 3.06x107° 1.06x107° 3.66
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