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Abstract

This paper addresses the problem of localizing and inferring multiple change points,
in non-parametric multivariate time series settings. Specifically, we consider a
multivariate time series with potentially short-range dependence, whose underlying
distributions have Holder smooth densities and can change over time in a piecewise-
constant manner. The change points, which correspond to the times when the
distribution changes, are unknown. We present the limiting distributions of the
change point estimators under the scenarios where the minimal jump size vanishes
or remains constant. Such results have not been revealed in the literature in non-
parametric change point settings. As byproducts, we develop a sharp estimator
that can accurately localize the change points in multivariate non-parametric time
series, and a consistent block-type long-run variance estimator. Numerical studies
are provided to complement our theoretical findings.

1 Introduction

Given a time series { X;}7_; C RP, which is assumed to be an a-mixing sequence of random vectors
with unknown marginal distributions { P }7_;. To incorporate the nonstationarity of {X;}7_;, we
assume that there exists K € N change points, namely {nx}5_, C {2,...,T} with1 =ng < ny <
. < T <ngy+1 =T+ 1, such that

P, # P,y ifandonlyift € {n,...,nx}. )
Our primary interest is to develop accurate estimators of {n;, }/*_; and study their limiting properties.
We refer to Assumption [I|for detailed technical conditions of our non-parametric change point model.

Nonstationary multivariate data are frequently encountered in real-world applications, including
biology (e.g. Molenaar et al.|2009, Wolkovich & Donahue|2021)), epidemiology (e.g.|Azhar et al.
2021, [Nguyen et al.[2021)), social science (e.g. [Kunitomo & Sato|2021}|Cai et al.|[2022), climatology
(e.g.|Corbella & Stretch|2012} [Heo & Manuel|[2022)), finance (e.g. Herzel et al.[2002, [Schmitt et al.
2013), neuroscience (e.g.|Gorrostieta et al.[2019] [Frolov et al.[2020), among others.
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Due to the importance of modeling nonstationary data in various scientific fields, we have witnessed
a soaring growth of statistical change point literature, (e.g. /Aue et al.|2009| Fryzlewicz|2014] |Cho
& Fryzlewicz|[2015] |Cho|2016| [Wang et al.|[2020, [Padilla et al.[|2022)). However, there are a few
limitations in the existing works on multivariate non-parametric settings. Firstly, to the best of our
knowledge, temporal dependence, which commonly appears in time series, has not been considered.
Secondly, there is no localization consistency result for data with the underlying densities being
Holder smooth with arbitrary degree of smoothness. Lastly and most importantly, the limiting
distributions of change point estimators and the asymptotic inference for change points have not been
well studied.

Taking into account the aforestated limitations, this paper examines change point problems in a fully
non-parametric time series framework, wherein the underlying distributions are only assumed to
have Holder smooth continuous densities and can change over time in a piecewise constant manner.
The rest of the paper is organized as follows. In Section [2] we explain the model assumptions
for multivariate time series with change points in a non-parametric setting. Section [3] details the
two-step change point estimation procedure, as well as the estimators at each step. Theoretical
results, including the consistency of the preliminary estimator and the limiting distribution of the
final estimator, are presented in Section f] Section 5 evaluates the practical performance of the
proposed procedure via various simulations and a real data analysis. Finally, Section [] concludes
with a discussion.

Notation. For any function f : R? — R and for 1 < ¢ < oo, define || f||z, = (Jg, |f(z)|9dz)"/?
and for ¢ = oo, define || f||1., = sup,eps |f(z)|. Define L, = {f : R? — R, ||f|l; < oo}
Moreover, for ¢ = 2, define (f, g}, = fRF f(z)g(z)dx where f,g : RP — R. For any vector
s=(s1,...,8p)" € NP define |s| = >F_| s;, sl = s1!---5,! and the associated partial differential
operator D?® = ﬁ For a > 0, denote | «| to be the largest integer smaller than «. For any
function f : RP? — R thatis |«]-times continuously differentiable at point o, denote by f2 its
Taylor polynomial of degree [« ] at z, which is defined as [ (z) = > <| o) (z —20)"/s!D* f(20).
For a constant L > 0, let H*(L,RP) be the set of functions f : R? — R such that f is |a]-times
differentiable for all z € R and satisfy |f(z) — f5 (z)| < L|z — 20|®, for all x, 29 € RP. Here
|z — x| is the Euclidean distance between x,x9 € RP. In non-parametric statistics literature,
H(L,RP) is often referred to as the class of Holder functions. For two positive sequences {a, },,en+
and {by, } nen+, we write a,, = O(by,) or a,, < by, if a, < Cb,, with some constant C' > 0 that does
not depend on n, and a,, = ©(b,,) or a,, < b, if a,, = O(b,,) and b,, = O(a,,). For a deterministic
or random R-valued sequence a,,, write that a sequence of random variable X,, = Op(a,), if
limps o0 limsup,,_, o P(| Xn| > Ma,) = 0. Write X,, = op(a,) if limsup,,_,. P(| X,| >
Ma,,) = 0 for all M > 0. The convergences in distribution and probability are respectively denoted

by B and 5.

2 Model setup

Detailed assumptions imposed on the model (I]) are collected in Assumption [I]

Assumption 1. The data {X,;}]_, C RP are generated based on model (1)) and satisfy the following.
a. Foreacht = {1,...,T}, the distribution P; has a Lebesgue density function f; : RP — R, such
that fy € H"(L, X) withr, L > 0, where X is the union of the supports of all f;, and X has bounded
Lebesgue measure.

b. Let g; be the joint density of X1 and X1 . It satisfies that ||g:|| .. < 0.

¢. The minimal spacing between two consecutive change points A = nrlinkK:Jrl1 (k. — nk—1) > 0.

d. The minimal jump size between two consecutive change points k = ming—1, . i ki > 0, where
Kk = || far. — foesr || 2o denotes the jump size at the kth change point.

e. The process { X } ez is a-mixing with mixing coefficients

ar =supa(o(X,,s <t),0(Xs,s >t+k) <e > forallk € Z. )
tez

The minimal spacing A and the minimal jump size x are two key parameters characterizing the
change point phenomenon. Assumption[I|d. characterizes the changes in density functions through
the function’s Lo-norm, enabling us to detect local and global changes in non-parametric settings.



The decay rate of oy, in Assumption [Tle. imposes an upper bound on the temporal dependence. This
is a standard requirement in the literature (e.g|Abadi|2004, Merlevede et al.|[2009).

Revolving the change point estimators, we are to conduct the estimation and inference tasks. For
a sequence of estimators 71 < ... < I)g C {1,...,T}, our first task is to show the localization
consistency, i.e. with probability tending to one as the sample size T grows unbounded, it holds that

K=Kand max |k — k] <€, with hm <= 3)
k=1,..K A
We refer to € as the localization error in the rest of this paper.

With a consistent estimation result, we further refine {ﬁk},{(zl and obtain {7 } /5:1 with error bounds
~ . C ~ 2io

[k — k| = Op(1) and derive the limiting distribution of (7, — nk)n,ng

We briefly summarize the contributions of our paper as follows.

* We develop a multivariate non-parametric seeded change point detection algorithm detailed Algo-
rithm [T} which is based on the seeded binary segmentation method (SBS), proposed in[Kovacs et al.
(2020) in the univariate setting. To the best of our knowledge, we are the first to innovatively adapt
SBS to a multivariate non-parametric change point model.

 Under the signal-to-noise ratio condition in Assumption [3| that k?A > 1og(T)Tp/ (2r+p)
we demonstrate that the output of Algorithm [I] is consistent, with localization errors e =<
Ky 2P/ r+P) 1og(T), for k € {1,..., K}. This localization error is first obtained for a-mixing
time series with a generic smoothness assumption, while the state-of-the-art method from [Padilla
et al.|(2021) only focuses on Lipschitz smooth densities and under temporal independence.

« Based on the consistent estimators {7 }%<_,, we construct the refined estimators {7j; }2_, and derive
their limiting distributions in different regimes, as detailed in Theorem 2] These results are novel in
the literature of change point and time series analysis.

* Extensive numerical results are presented in Section [5]to corroborate the theoretical findings. The
code used for numerical experiments is available upon request prior to publication.

3 A two-step multivariate non-parametric change point estimators

In this section, we present the initial and refined change point estimators, both of which share the
same building block, namely the non-parametric CUSUM statistic.

Definition 1 (Non-parametric CUSUM statistic). For any integer triplet 0 < s <t < e < T, let the
CUSUM statistic be

~ —1 t—s
Feel(g) = ¢ F, Fin(z), z € R,
ui (@) (e—s)(t—s) ;1 B (e—s)(e—t) Zzt;l nl@),

where F j, is a kernel estimator of f, i.e. Fy () = Ki(x — X,) with the kernel function

1 T
— < P
Kr(z) = hPK(h>’ z € RP,
accompanied with the bandwidth h > 0.

The CUSUM statistic is a key ingredient of our algorithm and is based on the kernel estimator F} p(-).
We highlight that kernel-based change-point estimation techniques have been employed in detecting
change points in non-parametric models in existing literature, as demonstrated in, for instance, |Arlot
et al. (2019), [Li et al.| (2019), [Padilla et al.| (2021).

Our preliminary estimator is obtained by combining the CUSUM statistic in Definition || with a
modified version of SBS based on a collection of deterministic seeded intervals defined in Definition[2]

Definition 2 (Seeded intervals). Let 8 = [C '« log, (%)—‘ with some sufficiently large absolute

constant Cz > 0. For k € {1,..., R}, let Jy be the collection of 2 — 1 intervals of length
I, = T2~ %1 that are evenly shifted by I}, /2 = T27F, i.e.

T ={([GG —0)T27%], [(i — )T27* + T27*17], i=1,...,2" —1}.

The overall collection of seeded intervals is denoted as J = U‘,‘:‘lek.



With the CUSUM statistics and the seeded intervals as building blocks, we are now ready to present
our multivariate non-parametric seeded change point detection algorithm.

Algorithm 1 Multivariate non-parametric Seeded Binary Segmentation. MNSBS ((s, ), J, 7, h)

INPUT: Sample {X;}¢_, C RP, collection of seeded intervals 7, tuning parameter 7 > 0 and
bandwidth & > 0.
initialization: If (s, e] = (0, n], set S — & and set p — log(T)hP.
for7 = (o, 5] € J do
ifZ = (o, 0] C (s,e] and 8 — a > 2p then

bz ¢ argmax,, ,<i<s_, ||F<°“ﬁ L,

az + | Fee | L,

else
ar < —1

end if

end for

M ={Z:az>7}

if M*® 2 () then
T* +— argmingc s, |Z|
S« Su{bz-}
MNSBS((s,bz+),J, T, h)
MNSBS((bz+ +1,€e),J,T,h)

end if

OUTPUT: The set of estimated change points S.

Algorithm ] presents a methodological approach to addressing the problem of estimating multiple
change points in multivariate time series data. At its core, the algorithm leverages the strength of
seeded intervals, forming a multi-scale search mechanism. To identify potential change points, the
method recursively employs the CUSUM statistics. For the functionality of the algorithm, specific
inputs are required. These include the observed data set, represented as Xtthl, the seeded intervals
denoted by 7, the bandwidth & that is crucial for constructing the CUSUM statistics, and a threshold,
7, which is instrumental in change point detection. We provide theoretical and numerical guidance
for tuning parameters in Sections ] and 3] respectively.

Delving deeper into the architecture of Algorithm[I] it becomes evident that the SBS functions as
its foundational framework, while the nonparametric version of the CUSUM statistics acts as its
functional units. The design of this algorithm is particularly tailored given its inclination toward
nonparametric detection and its ability to identify multiple change points. The SBS is, in essence,
an advanced version of the moving-window scanning technique. Its distinctive characteristic is its
adaptability in handling the challenges posed by multiple change points that exhibit unpredictable
spacing. Instead of being confined to a fixed window width, the SBS introduces versatility by
incorporating a range of window width options. Each of these widths is methodically applied during
a moving-window scan.

Based on the preliminary estimators {ﬁk}{(:l provided by Algorithm we further develop a refine-
ment procedure to enhance the localization accuracy. To be more specific, let

9 1 9 1

= ey + — d — 4
Sk = 1ok 1+1077k and e = 10?7k+1+10nk “®

Then, the preliminary estimators {7 }_; and h =< h produce an estimator of ry, as:

T]k: nk 77 (;\]k; ﬁk ) ﬁk+1
41— — k-1
— — — — P~
\/ (M1 — No—1) (e — 77k71) ) Z \/ (M1 — Me—1) (M1 — ) .72 bh
=Mk 1=nr+1 Lo
S = L S )
(M = Me—1) (Me+1 — k)



We then propose the final change points estimators as

e = argmin Qx(n), ©6)
sp<n<eg
where
=N n €k
Qr(n) = { > NFn = Fapagmli, + > [Fon, — F(ﬁk,ek],;L1||%2},
t=sp+1 t=n+1

1

€e—S

with hy = ¢z, 7/ and Flselhy = 725 2oi—ss1 Fion, for integers e > s.

If the initial change point estimators are consistent, i.e. (3) holds with probability tending to 1,
then the interval (7)1, 7k+1) is anticipated to contain merely one undetected change point. By
conservatively trimming this interval to (s, ex), we can safely any change points previously detected
within (7jx—1, 7jk+1). Consequently, the trimmed interval (s, e) contains only true change point
n, with high probability. Due to the same reason, our choice of weight in Equation {4]1/10, is a
convenient choice. In general, any constant weight between 0 and 1/2 would suffice. Inspired by
Padilla et al.| (2021)), who proposed to use O (k) as an optimal bandwidth in the context of Lipschitz

densities, we adopt hy = O (/%,16/ T) as the bandwidth for our kernel density estimator. This choice

incorporates the broader scope of our work, which studies a more general degree of smoothness.
Notably, if the underlying density functions strictly adhere to the Lipschitz criterion and r = 1,
our bandwidth selection aligns with that recommended by |Padilla et al.|(2021). We would like to
emphasize that while the procedure proposed by [Padilla et al.| (2021) required knowledge of the
population quantities ~, our approach is adaptive as we provide data-driven methods to estimate ~y,
accurately.

With our newly proposed estimators, in Theorem 2} we derive an improved error bound for the refined
estimators {7, }7_, over the preliminary estimators {7 }~_,. We also study the limiting distributions

of the refined estimators. Section and Section [5 will discuss the theoretically justified rates and
practical choices of tuning parameters, respectively.

The computational complexity of Algorithm is O(T?log(T)A~! - Kernel), where
O(T?log(T)A™1) is due to the computational cost of the SBS, and “Kernel” stands for the computa-
tional cost of numerical computation of the Lo-norm of the CUSUM statistics based on the kernel
function evaluated at each time point. The dependence on the dimension p is only through the evalua-
tion of the kernel function. The computational complexity of the final estimators (including estimating

kr’s)is O(T - Kernel). Therefore, the overall cost for deriving {ﬁk}kf;l is O(T?log TA~! - Kernel).

4 Consistent estimation and limiting distributions

To establish the theoretical guarantees of our estimators, we first state conditions needed for the
kernel function K(+).

Assumption 2 (The kernel function). Assume that the kernel function K(-) has compact support and
satisfies the following additional conditions.

a. For the Holder smooth parameter r in Assumption , assume that K(+) is adaptive to H" (L, RP),
i.e. forany f € H"(L,RP), it holds that

/Rp h_pIC<$ ; Z)f(z)dz - f(:):)’ < Ch'",

sup
TERP

for some absolute constant C > 0and tuning parameter h > 0.

b. The class of functions Fic = {K(x —-)/h : RP — Rt h > 0} is separable in Lo (R?) and
is a uniformly bounded VC-class; i.e. there exist constants A,v > 0 such that for any probability
measure @ on RP and any u € (0, ||K||L..), it holds that N'(Fic, L2(Q),u) < (A||K||L. /u)",
where N (Fic, L2(Q), u) denotes the u-covering number of the metric space (Fic, L2(Q))

c. Let m = [r] and it holds that [~ ™' sup| >, [K(z)|™ dt < oo, [, K(2)|z]ldz < Ck,
where Ci > 0 is an absolute constant. -



Assumption[2]is a standard condition in the non-parametric literature (e.g./Giné & Guillou[1999, [2001]
Sriperumbudur & Steinwart 2012} |[Kim et al.|2019, |Padilla et al.|2021) and holds for various kernels,
such as the Triweight, Epanechnikov and Gaussian kernels, which are considered in Section [5

4.1 Consistency of preliminary estimators

To establish the consistency of the preliminary estimators outputted by Algorithm [I] we impose the
following signal-to-noise ratio condition.

Assumption 3 (Signal-to-noise ratio). Assume there exists an arbitrarily slow diverging sequence
~r > 0 such that

K2A > vy log(T)T 777 .
We note that Assumption [3]is a mild condition, as it allows both the jump size « to vanish asymptoti-
cally and/or the spacing A between change points to be much smaller than 7'. The consistency of
Algorithm T]is established in the following theorem.
Theorem 1. Suppose Assumptions @and hold. Let {ﬁk}f;{:l be the estimated change points

returned by Algorithm|l|with tuning parameters T = ¢, TP/ (47+2p) logl/2 (T)and h = cp T~/ (2r+p)
for sufficiently large constants cp, c; > 0. Then

P{f{ = K, |fik — | < Cori 2T 7% log(T),Vk = 1, K} >1-3C,cT ),

where C, and C,, i are positive constants only depending on the kernel and the dimension p.

4.2 Refined estimators and their limiting distributions

To develop refined estimators based on the preliminary estimators and study their limiting distributions,
we would need to require a slightly stronger signal-to-noise ratio condition below.

Assumption 4 (Signal-to-noise ratio for inference). Assume that there exists an arbitrarily slow
diverging sequence yr > 0 such that
KT T3A > yplog(T)T 755 .

Assumption[d]is slightly stronger than Assumption [3] This is because our refined estimators are based
on a sequence of random endpoints, i.e. the preliminary estimators. This brings theoretical challenges
in deriving limiting distributions and estimating the long-run variances. It is worth noting that a
similar phenomenon has been observed in the study on conducted by Xu, Wang, Zhao & Yu| (2022).
Theorem 2. Suppose that Assumptlonsl @and I 3| hold. Let {nk}kK 1 be the refined change point
estimators defined in Section |3 I with the preliminary estimators {ij }1< 1 returned by Algarlthm
the intervals {(sg, e;\c)}f:1 defined in @), and Ry, defined as in (). The following holds:

a. (Non-vanishing regime) Suppose the jump size at the change point 1y, satisfies limp_ oo K, — 0k
for some absolute constant gi, > 0. Then, as T — oo, it holds that |1, — ni| = Op(1) and that

- 2yo D .
(M — Mi) K, — argmin Py (7)
TEZ
where

Pi(7)
Zt =741 < Ne+t,he — fnk"l‘t*lchQ?(fnk _f77k+1)*l(:h2>[‘2+?H(f”7k+l _fnk)*lchzu%y 77<0;
=<0, r=0;
Zt 1 < ne+t,ha — fnk+t*lch27(fﬂk+1 _fnk)*Kh2>L2 +;F||(f"7k+l _fnk)*lchzniy 7> 0.

Here x denotes convolution and hy = ¢, K,lc/ " for some absolute constant c,,, > 0.
b. (Vanishing regime) Suppose the jump size at the change point ny, satisfies limrp_, o kg, = 0. Then,
as T' — oo, it holds that |7, — ng| = O (5;2 p/r) and that

(m, — nk)lif+2 = arg HZlin {00 (k) B(T) + |7}, 7
re



1
where hy = ¢y, Kvk/ " for some absolute constant c,,, > 0. Here

Bi(=7), 7<0,
B(rF) =<0, =0,
By(T), T>0,
with By (r) and Ba(r) being two independent standard Brownian motions, and
g 2
5o, (k) = Tlgnm Var ( Z Finy = ft % Knoy (Fan = o) ¥ Kna) 1 )- ®)
t=1

Theorem [2] considers vanishing and non-vanishing regimes of the jump sizes. The upper bounds on
the localization error in both regimes can be written as

~ 242 _ 5
(max [k — el " = Op(1).
Therefore, when the Holder smoothness parameter = 1, our final estimator {7, } attains the minimax
optimal convergence rate developed in Lemma 3 by Padilla et al.| (2021)). Furthermore, when r = 1,
our resulting rate is sharper than that in Theorem 1 in|Padilla et al.[(2021), as we are able to remove
the logarithmic factors from the upper bound. Additionally, our method can achieve optimal rates
with choices of tuning parameters that do not depend on the unknown jump sizes k.

Theorem [2| summarizes the limiting distributions of the refined estimators {7j;}2_ ;. In the non-
vanishing case, the resulting limiting distribution can be approximated by a two-sided random walk
and the change points can be accurately estimated within a constant error rate. In contrast, in the
vanishing regime, a central limit theorem under mixing conditions leads to a two-sided Brownian

motion distribution in the limit, which quantifies the asymptotic uncertainty of {7, }2_,, enabling
inference on change point locations, and allowing for the construction of confidence intervals.

4.3 Consistent long-run variance estimation

To obtain valid confidence intervals for change points using the limiting distributions in Theorem [2p.,

it is crucial to access robust estimators for the long-run (asymptotic) variances {72 (k) }~_, defined
in (8). We propose a block-type long-run variance estimator in Algorithm [2]to fulfill this task and
demonstrate its consistency in the following theorem.

Theorem 3. Suppose Assumptions Qand Hhold. Let {Ego (k) }le be the population long-run vari-

ance defined in (8) and 52, (k) the output ofAlgorithmwith R= O(T(p”)/(%“’)/ni/(%)%ﬂ).
Then it holds that

rleéiclago(k) o2 (k)|i>0 as T — oo.

4.4 Discussions on MNSBS

Tuning parameters. Our procedure comprises three steps: (1) preliminary estimation, (2) local
refinement, and (3) confidence interval construction with three key tuning parameters. For step (1),
we use a kernel density estimator with bandwidth A < T—1/2r+p) which follows from the classical
non-parametric literature (e.g. |Yu|1993| [I'sybakov|[2009). The threshold tuning parameter 7 is set to a
high-probability upper bound on the CUSUM statistics when there is no change point, which reflects
the requirement on the signal-to-noise ratio detailed in Assumption [3] For refined estimation in step

(2) and long-run variance estimation in step (3), we set the bandwidth parameter h; < R}/ ". This
choice of bandwidth is inspired by the minimax rate-optimal bandwidth used in |Padilla et al.[(2021).

Comparison with Padilla et al. (2021). Our main contribution is deriving the limiting distribution
of multivariate non-parametric change point estimators. This problem has not been formally studied
in the existing literature. Additionally, our Holder assumption is more general than the Lipschitz
assumption used in Padilla et al.|(2021). Our Assumption [l specifies changes through the Lo-norm
of probability density functions, which is a weaker assumption than the L,-norm used in Padilla



Algorithm 2 Long-run variance estimators

INPUT: {X;}I,, {ﬁk}{(zl, {Ek},{(:l, {(sk, ek)}{(:l and tuning parameter R € N
fork=1,...,Kdo
1
Let hy = cgkj,
fort € {si,...,ex — 1} do
21
}/t :Klir <Ft7h1 7ft*lch17(f77k 7fﬁk+l)*]Ch1>L2
end for
§ = sz
forr € {ql,...,R}do
Sr={sp+(r—-1)S,....s.+rS—1}

end for )

~ R

520 = £ 28, (& Sies, Vi)
end for

OUTPUT: {52 (k)}< .

et al.|(2021). Furthermore, our assumptions allow for temporal dependence captured by a-mixing
coefficients, whereas |Padilla et al.|(2021) assumed independent observations.

Comparison with existing literature in nonparametric, online, and inference change point.

In the nonparametric change point literature, different kernel-based methods are adopted for change
point localisation and testing. In the offline setting, the penalized kernel least squares estimator, origi-
nally introduced by [Harchaoui & Cappé (2007), was explored by |Arlot et al.| (2012) for multivariate
change point problems, and an oracle inequality was derived. An upper bound on the localization
rate provided by this method was established by |Garreau & Arlot (2018) and was computationally
enhanced further in [Celisse et al.|(2018). With a focus on a so-called running maximum partition
strategy, Harchaoui et al.| (2008) formulated a kernel-based test statistic to ascertain the existence of a
change-point. In a similar vein, Zou et al.|(2014) investigated a problem where s out of n sequences
are anomalous and devised a test statistic using the kernel maximum mean discrepancy.

In the online setting, Kifer et al.|(2004) introduces a meta-algorithm comparing data from a "reference
window" to current data using empirical measures. |[Desobry et al.|(2005)) detects shifts by comparing
two descriptor sets from the signal’s immediate past and future, using a dissimilarity metric resembling
the Fisher ratio in Gaussian cases via a soft margin single-class SVM. Meanwhile, [Liu et al.| (2013)
adopts density ratio estimation with a non-parametric Gaussian kernel model for change-point
detection, updating its parameters online through stochastic gradient descent.

The core methodology is largely shared but with different goals and performance measurements
regarding online and offline change point literature comparisons. How to conduct inference in the
online change point context is also unclear.

Compared to the existing work, in this paper, we follow the suit of using kernel-based CUSUM
statistics but incorporate temporal dependence, which is rarely seen in the literature. Most importantly,
we are unaware of existing work on nonparametric change point inference, which is the main selling
point of our paper.

Most change point inference work focuses on fixed-dimensional parameters as well as lacks tracking
of many model parameters. | Xu, Wang, Zhao & Yu| (2022), in terms of style, is indeed the most
closely related. But tackles high-dimensional linear regression, fundamentally distinct from our
nonparametric density estimation.

5 Numerical Experiments

We refer to MNSBS as our final estimator, which is used for both localization and inference tasks. To
evaluate its localization performance, we compare our proposed method against four competitors —
MNP (Padilla et al.[2021]), EMNCP (Matteson & James|2014)), SBS (Cho & Fryzlewicz||2015) and
DCBS (Cho|2016) — across a wide range of simulation settings, using corresponding R functions
in changepoints (Xu, Padilla, Wang & Li/2022), ecp (James et al.[2019) and hdbinseg (Cho



& Fryzlewicz||2018)) packages. However, to the best of our knowledge, no competitor is currently
available for the inference task.

Tuning parameters. For MNSBS implementation, we use the Gaussian kernel and the false discovery
rate control-based procedure of [Padilla et al.|(2021) for 7 selection. Preliminary estimators are set
as h = 2 x (1/T)Y(7+P)_ while the second stage estimator has bandwidths respectively set as

h=0.05and hy = 2 x 7" Selection of R = | (max_, {ey — s})*°| with {(sy, ex)}E_, is
guided by Theoremusing {(sk, ek)}§:1 from (@). For the confidence interval construction, we
use {’/%k}g:l and {3?)@(/6)}5:1 to estimate the required unknown quantities. We evaluate Lo based
statistics in Change point estimation and Long-run variance estimation using the Subregion-Adaptive
Vegas Algorithm|'| with a maximum of 10° function evaluations.

Evaluation measurements For a given set of true change points C = {ny, }kK;Ol , to assess the accuracy
of the estimator C = {ﬁk}fzt)l with 7o = 1 and 41 = T + 1f, we report (1) Misestimation
rate: the proportion of misestimating K and (2) Scaled Hausdorff distance: dy(C,C), defined by
du(C,C) = % max{max,sminyec{|z — y|}, max zmingec{lz — y[}}.

The performance of our change point inference is measured by the coverage of 7y, defined as

covery (1 — «) for significance level « € (0,1). For, k =1,..., K,
_ ~ (/]\u(a/Q) ~ Z]\u(l — a/Z)
CO’UBTk(l - Oé) - ]]'{nk € |:77k' + E”/”‘Q y Mk + k\p/r+2 )
k k

with g, (a/2) and q,,(1 — «/2) are the /2 and 1 — /2 empirical quantiles of the simulated limiting
distribution given in (7), Ky, is defined in (3), and k = 1,..., K.

5.1 Localization

We consider three different scenarios with two equally spaced change points. For each scenario, we
set r =2, and vary T' € {150,300} and p € {3, 5}. Moreover, we consider {Y; = 1{|T/3] <t <
|_2T/3J}Zt + Xt};:l C RP with Xt = 0-3Xt—1 + €.

e Scenario 1 (S1) Let Z; = 1 € RP, where p1; = 0 for j € {1,...,[p/2]} and p1; = 2 otherwise.
Let {e,} be iid. N'(0,,1,).

e Scenario 2 (S2) Let Z;|{u, = 1} = 1.5 x 1,, Z;|{u; = 0} = —1.5 x 1,, where {u;} are i.i.d.
Bernoulli(0.5) random variables. Let {¢; } be i.i.d. N'(0,, I,).

o Scenario 3 (S3) Let Z, = 0.3Z;_1 + 0.5 x 1, + ¢}, where {¢; } C R? and {¢;} C RP are mutually

independent. They are i.i.d. with entries independently follow Unif(—+/3,v/3) and the standardized
Pareto(3, 1), respectively.

S1-S3 encompass a variety of simulation settings, including the same type of distributions, changed
mean and constant covariance in S1; a mixture of distributions in S2; and change between light-tailed
and heavy-tailed distributions in S3. We conduct 200 repetitions of each experiment and present
the results for localization in Figure[I} Our proposed method, MNSBS, generally outperforms all
other methods in all scenarios, except for S2, where ECP performs better. However, we observe that
MNSBS achieves comparable performance to ECP for large 7" in S2.

5.2 Inference

In this section, we focus solely on analyzing the limiting distribution obtained in Theorem 2}b., which
pertains to the vanishing regime. We explain this from two different perspectives. Firstly, in the
non-vanishing regime (Theorem a.), the localization error is at the order of O(1). As a result, the
construction of confidence intervals, which is a direct application of the limiting distribution, is of
little demand with such estimation results. Secondly, since the localization error is only at the order
of O(1), the universality cannot come into play to produce a useful limiting distribution.

We consider the process {Y; = 1{|T/2] <t < T}u + X}, with X; = 0.3X,_1 + €, Here,
pu =1, and {¢} are i.i.d. N(0p,I,). We vary T € {100, 200,300} and p € {2, 3}, and observe

'The Subregion-Adaptive Vegas Algorithm is available in R package cubature (Narasimhan et al.[2022)
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Figure 1: From top to bottom: Misestimation rate of the number of change point K’; Scaled Hausdorff
distances. From left to right: Scenarios S1-S3. Different colors represent different methods, ordered
as MNSBS, NMP, ECP, SBS, DCBS.

Table 1: Results for change point inference.

a=0.01 a=0.05
n cover(1 —a)  width(l —a)  cover(l — «) width(1l — «)
p=2
100 0.864 17.613 (6.712) 0.812 14.005 (5.639)
200 0.904 22.940 (7.740) 0.838 18.407 (6.541)
300 0.993 26.144 (9.027) 0.961 20.902 (5.936)
p=3
100 0.903 15.439 (5.792) 0.847 11.153 (4.361)
200 0.966 20.108 (7.009) 0.949 13.920 (5.293)
300 0.981 22.395 (6.904) 0.955 15.376 (4.763)

that our localization results are robust to the bandwidth parameters, yet sensitive to the smoothness
parameter . We thus set » = 1000 in our simulations, as the density function of a multivariate normal
distribution belongs to the Holder function class with » = co. Table [T] shows that our proposed
inference procedure produces good coverage in the considered setting.

6 Conclusion

We tackle the problem of change point detection for short range dependent multivariate non-parametric
data, which has not been studied in the literature. Our two-stage algorithm MNSBS can consistently
estimate the change points in stage one, a novelty in the literature. Then, we derived limiting
distributions of change point estimators for inference in stage two, a first in the literature.

Our theoretical analysis reveals multiple challenging and interesting directions for future exploration.
Relaxing the assumption A =< 7" may be of interest. In addition, in Theorem [2]a, we can see the
limiting distribution is a function of the data-generating mechanisms, lacking universality, therefore
deriving a practical method to derive the limiting distributions in the non-vanishing regime may be
interesting.
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A Additional simulation results

A.1 Robustness to Kernel Selection and Bandwidth Parameters

In this subsection, we provide additional simulation results in Table [2] to show that our proposed
localization method, i.e. MNSBS, is robust against both the choice of Kernel functions and the choice
of bandwidth parameters.

We consider the setting with 7" = 150 and p = 3 of Scenario 1. In addition to the Gaussian kernel
used in the previous numeric experiments, we consider the Epanechnikov kernel and the Triweight
kernel. We also let the bandwidth h = ¢;, x (1/T7)Y/(?"*+P) with r = 2 and ¢;, € {1,2,5,10,20}.
Out of the 500 iterations for each case, the table below reports the proportion of the number of change
points K and the averaged localization errors.

Table 2: Additional localization results of Scenario 1.
T=150,p=3andr =2

Kernel cp, =1 cp =2 cpb=>5 cp, = 10 cp, = 20
Propotion of times K # K
Gaussian 0.138 0.070 0.066 0.070 0.068
Epanechnikov 0.748 0.184 0.070 0.070 0.064
Triweight 0.280 0.082 0.068 0.066 0.060

Average (standard deviation) of dy
Gaussian 0.038(0.050) 0.029(0.043) 0.025(0.039) 0.026(0.040) 0.026(0.038)
Epanechnikov  0.118(0.045) 0.037(0.049) 0.012(0.035) 0.011(0.035) 0.010(0.035)
Triweight 0.053(0.057) 0.017(0.038) 0.010(0.034) 0.010(0.035) 0.010(0.034)

A.2 Runtime and localization for Independent Data

Examination of Scenario 1 with independent data.

We examined Scenario 1 where p = 3, n is in the set {150,300}, and X is i.i.d. distributed as
N (0p, Ip). Our results indicate that MNSBS excels in change point localization. The refinement
process further enhances its performance. Refer to Table [3|for specifics.

Runtime Comparison.

We benchmarked the runtime of our method against others. The tests were conducted on a machine
powered by an Apple M2 chip with an 8-core CPU. The parameters were set at p = 3 and n in the
set {150,300} for the independent setting. Our method performs comparably at n = 150. However,
it is slower at n = 300, attributed to the computational demands of CUSUM. Detailed findings are
presented in Table

Table 3: Runtime and localization results of Scenario 1 with independent data.

T = 150 T = 300
METHOD p=3 p=3
AVERAGE (STANDARD DEVIATION) OF RUNTIME (IN SECONDS)
MNSBS(INITIAL & REFINED) 1.130 (0.171) 13.134 (2.006)
NMP 0.812 (0.142) 10.899 (1.742)
ECP 0.117 (0.053) 0.646 (0.140)
SBS 0.619 (0.033) 0.656 (0.040)
DCBS 0.866 (0.092) 1.254 (0.134)
PROPOTION OF TIMES K # K
MNSBS(INITIAL) 0.000 0.005
MNSBS(REFINED) 0.000 0.005
NMP 0.000 0.000
ECP 0.000 0.040
SBS 0.445 0.015
DCBS 0.075 0.065
AVERAGE (STANDARD DEVIATION) OF dpg
MNSBS(INITIAL) 0.010 (0.013) 0.009 (0.012)
MNSBS(REFINED) 0.006 (0.011) 0.005 (0.011)
NMP 0.016 (0.019) 0.008 (0.010)
ECP 0.007 (0.011) 0.009 (0.028)
SBS 0.158 (0.157) 0.012 (0.041)
DCBS 0.021 (0.037) 0.011 (0.022)
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B Real data application

We applied our proposed change point inference procedure to analyze stock price dat which
consisted of daily adjusted close price of the 3 major stock market indices (S&P 500, Dow Jones and
NASDAQ) from Jan-01-2021 to Jan-19-2023. After removing missing values and standardizing the
raw data, the sample size was n = 515 and the dimension p = 3.

We localized 6 estimated change points and performed inference based on them; results are summa-
rized in Table[d We also implemented the NMP and ECP methods on the same dataset, the estimated
change points being presented below. Except for the time point Aug-24-2022 estimated by ECP,
all other estimated change points were located in the constructed 99% confidence intervals by our
proposed method.

The transformed real data is illustrated in the figure below. These data correspond to the daily adjusted
close price, from Jan-01-2021 to Jan-19-2023, of the 3 major stock market indices, S&P 500, Dow
Jones and NASDAQ. Moreover, in Table d] we present the estimated change point by our proposed
method MNSBS on the data before mentioned, together with their respective inference.

standardized daily close price

0 100 200 300 400 500

date

Figure 2: Plot of the standardized daily close price, from Jan-01-2021 to Jan-19-2023, of the 3 major
stock market indices.

Table 4: Confidence intervals constructed for change point locations in the Real data example.

a=0.01 a=0.05
n LOWER BOUND  UPPER BOUND  LOWER BOUND  UPPER BOUND

APRIL-07-2021  APRIL-01-2021  APRIL-12-2021  APRIL-05-2021  APRIL-09-2021
JUNE-30-2021 JUNE-23-2021 JULY-09-2021 JUNE-25-2021 JuLY-07-2021

OcCT-19-2021 OcCT-12-2021 OcCT-26-2021 OcCT-14-2021 OcCT-22-2021
JAN-18-2022 JAN-12-2022 JAN-21-2022 JAN-13-2022 JAN-20-2022
APRIL-25-2022  APRIL-20-2022  APRIL-28-2022  APRIL-21-2022  APRIL-27-2022
0OcCT-27-2022 0cCT-24-2022 Nov-01-2022 0OcCT-25-2022 OcT-31-2022

The result of the implementation of NMP and ECP methods on the same dataset are { April-01-2021,
July-01-2021, Oct-19-2021, Jan-14-2022, April-21-2022, Oct-26-2022} and {April-08-2021,
June-25-2021, Oct-18-2021, Jan-18-2022, April-28-2022, Aug-24-2022, Oct-27-2022} respectively.

>The stock price data are downloaded from https://fred.stlouisfed.org/series,
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C a-mixing coefficients

This paper focuses on multivariate time series that exhibit a-mixing behavior with exponential decay
coefficients. This condition is denoted as Assumption [T. While the constant 2c is present in the
exponent of the exponential function, it plays a non-essential role in our theoretical framework. We
include it solely for the sake of convenience during verification.

The a-mixing condition with exponential decay as specified in Assumption [Tfe is a commonly
held assumption in time series analysis. A broad spectrum of multivariate time series satisfies this
condition, including linear/nonlinear VAR models [e.g. [Liebscher| (2005))], a comprehensive class of
GARCH models [e.g. Boussama et al.|(2011)], and various Markov processes [e.g. (Chan & Tong
(2001)]. To further elaborate, consider the p dimensional stationary VAR(1) model:

Xe=AXi 1+ e

where A is the p X p transition matrix whose spectral norm satisfying || A|| € (0, 1) and the innovations
€; are i.i.d. Gaussian vectors. Denote ¥ = cov (X1), and let Apax and Ay, be the largest and smallest
eigenvalues of 3. Then by Theorem 3.1 in [Han & Wu| (2023), we have that for any k£ > 0, the
a-mixing coefficient of the time series X satisfying

ap < /i‘\maX|A|k < e—Clog(l/\A\)k

where C' > 0 is some constant depending only on \/Amax/Amin- In this example, the constant
C'log(1/|A]) corresponds to the constant 2¢ in Assumption|[If. Essentially, Assumption I is useful
to unlock several technical tools under temporal dependence, which include a Bernstein’s inequality
Merlevede et al.| (2012)), a moment inequality [see Proposition 2.5 in|[Fan & Yao|(2003)], maximal
inequalities (see Section G.1) and a central limit theorem (see Section G.2). For instance, we utilize
the moment inequality to bound the autocovariances of a dependence process with all lags by a-
mixing coefficients, thereby demonstrating the existence of the long-run variance, which is the sum
of all the autocovariances.
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D Proof of Theorem/I]

In this section, we present the proof of theorem Theorem [I]

Proof of Theorem[I} For any (s, e] C (0,77, let

o (@) = e‘ﬂ Zfz Zfl ) e,
( t S l t+1

For any 7 € (p, T — p], we consider

A((sve],p,m{ s sup |Fo(z) ﬁs’%)sx};

t=s+p+1 zcRre

T 1 r+N r+N
BT, p, A {magsup — Fip fi(x)] < }
( ) N=p serp \/N ;1 t;:l t U
{max sup Z L ; fe(@)] < )\}
N=p zerr \F “N+1 \/Nt:ﬁNH
From Algorithm[I] we have that
_ log(T)
p=—

Therefore, Proposition 2] imply that with

B logT  2C1/p i
)\_C,\(2C T N +202fh> )

for some diverging sequence C'y, it holds that

and,

Now, we notice that,

zﬁjﬁk = Zﬁjmk -1)< izk < 105 ﬂ —1) <2(2 [Cﬁ(ﬁigﬂ -1)=0(T).
k=1

k=1 k=1

since 27% < 1 for any z > 0. In addition, there are X = O(1) number of change points. In
consequence, it follows that

P{A(Z, p, ) forall Z € J} > 1 - % (10)
P{B(s,p, A)UB(e, p,A) forall (s,e] =T € J} >1- %, (11)
P{B(nk,p,)\) foralllgkgK} 217%. (12)

The rest of the argument is made by assuming the events in equations (T0), (TT) and (I2) hold. By
Remark [T} we have that on these events, it is satisfied that

e 7s,e <\
trsnprHI\F (@) = i (@)L, <A
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Denote
T, = Clog(T) (Tzflp%;? and Yooy = Clog(T) (Tsz)n—%

where £ = min{k1, ..., kx}. Since T} is the desired localisation rate, by induction, it suffices to
consider any generic interval (s, e] C (0, T'] that satisfies the following three conditions:

Nn-1 <5< Nm < oo S ngg L€ X Npgg1, ¢ 2> — 1

eithern,, —s <Y, or s—np_1<YT_1;

either Npmtg+1 — € < Yoggr1 O €= Nmag < Tongge

Here ¢ = —1 indicates that there is no change point contained in (s, €].

Denote
Ay = Mk—1 — Nk fork=1,...,K+1 and A :min{Al,...,AK_H}.
Observe that by assumption
A
Tmax = ClOg(T) (,‘T’ﬁ)’i_2 < Z
Therefore, it has to be the case that for any true change point 7,,, € (0, T, either |9, — s| < T, or
[Mm — 8| = A = Timax > 3A. This means that min{|n,,, — €|, [1m — 5|} < T, indicates that n,,, is
a detected change point in the previous induction step, even if 7,,, € (s, e]. We refer to 1, € (s, €]
as an undetected change point if min{n,, — s, 7, — e} > %A. To complete the induction step, it
suffices to show that MNSBS((s, €], h, T)
(i) will not detect any new change point in (s, €] if all the change points in that interval have been
previously detected, and
(i) will find a point DZ" in (s, €] such that |1,, — D" | < T, if there exists at least one undetected
change point in (s, €].
In order to accomplish this, we need the following series of steps.

Step 1. We first observe that if 7, € {Uk}szl is any change point in the functional time series, by
Lemma there exists a seeded interval Z, = (s, ex] containing exactly one change point 7, such
that

1 9
min{ng — sg,ex — Nk} > EA’ and max{ny — sg,ex — Mk} < TOA
Even more, we notice that if ), € (s, €] is any undetected change point in (s, e]. Then it must hold
that

S = MNk—1 < Tmax-

Since Ymax = O(log(T)T=77) and by assumption [3 we have that Tpa < A, Moreover,
N — Sk < 1%(771: — Ng—1), so that it holds that

1
Sk — Mr—1 = To(nk —Mk=1) > Timax > § — Np—1

and in consequence s; > s. Similarly e, < e. Therefore
Tk, = (sg,ex] C (s, €].

Step 2. Consider the collection of intervals {Zy = (s, ex]}~_, in Step 1. In this step, it is shown
that for each k € {1,..., K}, it holds that
e[| FE |, > e VAR, (13)
t=sk+p ’

for some sufficient small constant c¢;.

Let £ € {1,...,K}. By Step 1, Z; contains exactly one change point 7. Since f; is a
one-dimensional population time series and there is only one change point in Z, = (s, ex], it holds

that
Jour1 = o = Fo # Fosr = o = e,

18



which implies, for s <t <

~(Sk,€k] _ €k —t
: _\/(ek — sk)(t — sk) Z I = \/ (er — sk)( Z T

l=s,+1 lt+1

t — si
_\/(ek,sk ekft Z fnk+1

l=nr+1

(t—s e —t B o t— Sk
- k)\/(ek — si)(t — k) o = t)\/(ek —sk)(ex —1) hu

t—Sk
—(ek - nk)\/(ek — Sk)(ek — t) fnk+1
= (t_Sk)(ek_t)fnk_(nk_t)\/( L= 5 fﬁk

(ekfsk) 6k7$k)(€k 7t)

t— s

—(ex — Uk)\/(ek ~ ) (er — 1) fop1

- - t— sk B B t— Sk

o t)\/(ek —t)(ex — Sk)fnk (i t)\/(ek = su)(ex — 1) hu
t— sk

—(ek — nk)\/(ek — Sk)(ek . t) f"7k+1

i t— s ~en — t — si
_(ek nk)\/(ek — t)(@k — Sk)fnk, ( k nk)\/(ek — Sk)(ek: — t) f’l7k+1

=(ex — k) t_ski (for = frut1)-
( Sk)

€L — t)(ek

Similarly, for ny <t < ey

t(Sk er] _ \/ er — 1 (77k — Sk)(fnk - fnkJrl)'

(Ek - Sk)(t — Sk)

Therefore,
Flowie) s (e = m) (foe = foer1)s s6 <t < s
t = _
m(m@ - Sk)(fnk - f"7k+1)7 e <t < eg.

Since p = O(log(T)T P ), by Assumption we have that

min{n, — sg, e — Mk} > EA > p,

(14)

15)

so that 1, € [si + p, e, — p]. Then, from (T4), (I3)) and the fact that |e;, — s| < A and |9y —si| < A,

Sk,ek] €k — Mk _ _ > A§ )
175 i = = s O = 0l — fra i > VB

Therefore, it holds that

t=ep—p Sk ek (ék ek]
T G 2IFS

(£ Iy = A
3
ZCQZ\/ZF;]C - A

19
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where the first inequality follows from the fact that 7 € [si + p,ex — p], the second inequality
follows from the good event in (I0) and Remark 2] and the last inequality follows from (L6).
Next, we observe that by Assumption [3]

1 1 p
log* (1) - = VT \/log(T) < 2V,
and,
VTh" = T3 5% = T,

In consequence, since ry, is a positive constant, by the upper bound of A on Equation (9), for
sufficiently large 7', it holds that

%\/Kﬁk >\
Therefore,
tHigXpHF skoex] HLz > Cl\/xlﬁc.
t=sk+p 2

Therefore Equation holds with ¢; = .

Step 3. In this step, it is shown that SBS((s, €], h,7) can consistently detect or reject the
existence of undetected change points within (s, e].

Suppose nr € (s,e] is any undetected change point. Then by the second half of Step 1,
T, C (s, €], and moreover

ar- > zn?époF(sk’e’“]HL? > 1 VAR > T,

where the second inequality follows from Equation , and the last inequality follows from

Assumptionand the choice of 7 = C; (logé (T)+/ 75 |- Therefore, M*¢ # (), since Zj, € M**.

Suppose there does not exist any undetected change point in (s, €]. Then for any Z = (a, 8] C (s, €],
one of the following situations must hold,

(a) There is no change point within («, /];
(b) there exists only one change point 7, within (a, 8] and min{n; — «, 8 — ni} < T3

(c) there exist two change points 7, ;41 within («, 8] and
me—a<T, and B—npy1 < L1

Observe that if (a) holds, then we have

F(D‘ B] < 7, ] A=\
arax F e, < max (1S L, +
Cases (b) and (c) can be dealt with using similar arguments. We will only work on (c) here. It follows

that, in the good event in Equation (10},

G (o)

e naxF e, < max [1f; |z, + A an
< ve —nNpkk+1 + VN — Sk + A (18)
< 2V/Clog? (T)VT 7% + A (19)

where the second inequality is followed by Lemma([7] Therefore in the good event in Equation (I0),
forany Z = («, 8] C (s, €], it holds that

oz = ik [1F5 1. < 2V log (1)VT 75 4,

2\/>10g( W1+ T55 + A
ogT
=2v/Clog? (T \/—+1 20 Og +2C\Fhr

20
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We observe that 4/ bg(T) O(log( )2 & ) Moreover,
1\ 75 PR
VI =T ()" < (15,

and given that,
1 r P

2 2r+p 2(2r+p)

VTh" = o(logé(T)\/th).

Therefore, by the choice of 7, we will always correctly reject the existence of undetected change

points, since
2V/Clog? (T)VT 7% + A< 7.
Thus, by the choice of 7, it holds that with sufficiently large constant C',
ar <7 forall Z C(s,e€. (20)

we get,

As aresult, MNSBS((s, €], h, 7) will correctly reject if (s, e] contains no undetected change points.

Step 4. Assume that there exists an undetected change point 7 € (s, €] such that

. 3
min{n; —s,n; —e} = ZA'
Then, M*© # (). Let Z* be defined as in MNSBS ((s, €], h, T) with
7" = (a", 5.

To complete the induction, it suffices to show that, there exists a change point 7, € (s, €] such that
min{n, — s, —e} >3 A and |bz» — ni| < Y. To this end, we consider the collection of change
points of { ft}te (a*,5*] We are to ensure that the assumptions of Lemma |12 are satisfied. In the
following, A is used in Lemma@ Then Equation (68) and Equation (69) are directly consequence of
Equation (10), Equation (T1), Equation (12). By the narrowest of Z*,

7% < |Zw| < A,
and by Step 1 with 7, = (sy, e, it holds that

. 1
min{ng — sg,ex — Nk} > ECk > A,

Therefore for all k € {k : min{n; — s,e — 1} > oA},

T ES e, = T EG 1 2 eV B,
where the last inequality follows from Equation (]'1;3'[) Therefore holds in Lemma[I2] Finally,
Equation (7)) is a direct consequence of the choices that
log(T)

nhd
Thus, all the conditions in Lemma are met. So that, there exists a change point n, of { f; }ez+,
satisfying

h=Cyp(T)>+ and p=

min{B* — ng,np — o™} > cA, 21
and
2,.-2 1 2r -2
|bz- — mi| < max{Cs\“k,*, p} <Cylog(T) (hp +Th )Hk
<Clog(T) (T2r€w> Ky

21



for sufficiently large constant C, where we have followed the same line of arguments as for the
conclusion of (20). Observe that
i) The change points of {f;}+cz~ belong to (s, e] N {nx}1_ ,; and
ii) Equation and (a*, 8*] C (s, €] imply that
min{e — g, Nk — 8} > ¢A > Thax.
As discussed in the argument before Step 1, this implies that 7, must be an undetected change point

of { ft }tez--
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E Proof of Theorem
In this section, we present the proof of theorem Theorem [2]

Proof of Theorem[2] Uniform tightness of /{?% Nk — nk‘. Here we show a.1 and b.1. For this

purpose, we will follow a series of steps. On step 1, we rewrite (€) in order to derive a uniform bound.
Step 2 analyses the lower bound while Step 3 the upper bound.

Step 1: Denote 7 = 73, — 1. Without loss of generality, suppose 77 > 0. Since 1, = 7 + 7, defined
in (6)), is the minimizer of @k (n), it follows that

Qr(me +7) — Qr(me) < 0.

Let
n €L
Q*(TD = Z ||Ft’h2 - f(SkJ]k] * Khz”%g + Z ||Ft,h2 - f(nk,ek] * K:th%y (22)
t=sr+1 t=n+1
where,
1 i 1 i
f(sk-»,nk] = fia f(m.,,ek] = fz (23)
Nk — Sk imant1 er — Mk i1
Observe that,
Q* (i +7) — Q* (1) <Qulm) — Qu (e +7) — Q" (i) + Q* (my + 7). (24)

~ 242 . . ..
Ifr <1/ nlj ", then there is nothing to show. So for the rest of the argument, for contradiction,
assume that

s 1
> 5
g™

(25)

Step 2: Finding a lower bound. In this step, we will find a lower bound of the inequality 24). To
this end, we observe that,

N +T Ne+T
Q ik +7) = Q () = D NFins = Feswmd *KnallTy = D WFeny = Fanen) * Kno |17,
t=nr+1 t=nr+1
N +7
= Z Hf(Sk;ﬂ']k] * ]Ch2 - f(nk,ek] * ]Ch2”%2
t=nr+1
Ne+7T
-2 Z <f(sk,7]k] * ’Ch2 - f(mc,ek] * ’Chm Ft,hz - f(nk,ek] * ]Ch2>L2
t=77k+1
Ne+T 1
= Z §||f(8kﬂ7k] - f(ﬂk7€k]‘|2L2 - 2||f($k-ﬂ7k} * Ky — f(sk-,mc} + f(nm%] * Ky — f(nkaek]H%Q
t=nr+1
Ne+7
-2 Z <f(sk,77k] * ’Ch2 - f(nk,ek] * ’Chza Fthz: - f(nk,(ik] * ]Ch2>L2
t=nr+1
1 Ne+7T
Zirﬁi -2 Z Hf(ska”lk] * Ky — f(slcﬂlk] + f(’f?fwek] * Ky — f(nkvek]||%2
t=77k+1
Ne+7
—2 Z <f(sk,77k] * ’Ch2 - f(mc,ek] * ’Ch2a Ft,hz - f(nk,ek] * ICh2>L2
t=nr+1
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‘We consider,

Ne+T

I =2 Z ||f(3k»7]k] * Ky — f(skmk] + f('flk,ek] * Ky — f('flk,ek]”%g’ and,
t=nr+1
Ne+T

I =2 Z <f(8kﬂlk] * Khy — f(mc,ek] * Ky Fo by — f(ﬂk,ek] *Kha) Lo
t=nr+1

From above, we have that,

1.
Q" (mk +7) — Q" (1x) 257%% — I — I.

We now analyze the order of magnitude of term ;. Then, we get a lower bound for the term —/;. In
fact I, has an upper bound of the form o,,(7k * +2), where we use that || f,, * Kn, — fo. ||z, = o(1)
and || fy, ., * Kny — foii ||z, = o(1). For the term I3, we consider the random variable,

<f[sk+1,nk] * ’Chz - f[nkJrl,ek] * ]ChgyFt,hz - f[nkJrl,ek] * K:h2>L2
Hk]E(Hthz - f77k+1 * ’Chz ||%2)1/3

In order to use Lemma [3, we need to bound E(|Y;|?). For this, first we use Cauchy Schwartz
inequality,

}/i:

UIF1 = Fa) * Knol122) B Fony — s * Knoll72)
HiE(HFt,hz - fnk+1 * ICh2H?[),2)

E(|Yi]*) <
then, by Minkowski’s inequality,

s = ) # Kl =] [ oas = 120 = 9Kl

Lo

< [ (s = )6 =], dv
([ 1wty [(Fsa = 1206 = )]

Ly
= fo+1 = L2 1Kno || L1
Therefore, by Assumption 2] we have
(1t = Fo) * Kongl122) By — Frir * Ko ||22)
E(Feny — e * Kinl[32)

e = 121Kl 122 Fos = Fs * Konsl[32)

B HiE(”Fth 7f7]k+1 *]Ch2”?i2)

<Ck.
for any ¢ € (1), ex]. Moreover, we have that

3 1/3

]E(||Ft7h2 - fnk+1 * ’Ch2”%2)%

(f (S st =2) - E (K ( thwdx) Cfilz)dz)
(f (Jnala = 2)%da)” fulz)dz)

IN

L (26)
Therefore, by Lemma we have that I» = o, (\/;Hklik > (log(th, " 7) + 1)) Thus,
N N 1_ - _p _ Pio _ Pio
Q" (e +7) — Q" (k) 251%% -0y (\frnkﬁzk 2r (log(rm,;+ )+ 1)) — op(rm,§+ ). 27)

Step 3: Finding an upper bound. Now, we proceeded to get an upper bound of (24). This is, an
upper bound of the following expression,

Qrlm) — Q. +7) — Q* () + Q* (s + 7). (28)
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Observe that, this expression can be written as,

Qr(nk) — Qe +7) — Q* () + Q* (i +7)

N+

== Z HFt,hl

t=nr+1
Ne+7

- F(Sk,nk],h1||2L2 + Z ||Ft,h1

Ne+7T
2
- F("/']\k’ek]vhl | |L2
t=nr+1
Ne+T7

+ > MFohe = feoemd *KnaollZ, = D NFons = feen * KnollZ,

t=nr+1

So that,

t=nr+1

Qr(m) — Qulme +7) — Q* () + Q* (i +7) = Uy + Us,

where,

Ne+T
Uy
t=nr+1

Ne+T
Uz
t=nr+1

= Z ||Ft7h27
= Z ||Ft7h1_

Ne+T

f(Sk,nk] * IChQH%Q - Z ||Ft,h1 - F(Skﬁk]7h1‘|%23 and,
t=nr+1
Ne+7
2
F(?]k76k]7h1 ||L2 - Z ||Ft,h2 - f(nk,ek] * ’Ch2||%2‘
t=nk+1

Now, we analyze each of the terms above. For U7, observe that

Nk +7
Z ||Ft7h2
t=nr+1
Ne+T
= Z ||Ft7h2
t=nr+1
Ne+7

+ Z ||Ft7h2

t=nr+1
=13+ 14,
where,

Ne+7

Z ||Ft7h2

t=nr+1
N +T

I3 =

Li= Y |[Fin -

t=nr+1

To analyze I3, we rewrite it as follow,

I3 = Z ||f(3k777k] * ICh2 - F(Sk,nk]7h2||%2 —2 Z <f(8k,71k] * ICh2 - F(Skmk],hz’ Ft,hz - f(Skmk] * ]Ch2>L2

Ne+T
- f(sk,nk] * ’Ch2||%2 - Z ||Ft’h1 - F(Skﬁk],mH%Q
t=nr+1
Me+T
— feswmd *KnallZ, = D WFens = Fop oI,
t=nr+1
Ne+7
= Flopmamallis = D Fon = FlopmamllZ,
t=nr+1
N+T
- f(Sk,?']k] * KthQLz - Z ||Ft7h2 - F(Sk,nk]7h2||%2’ and,
t=nr+1
Ne+7
Flopmdnallte = D Fons = Flop i |1,
t=nr+1
Ne+7

t=nr+1

I3,1 = Z ||f(sk,nk] * th - F(sk,'r]k],hzuiy and,

Ne+T
t=nr+1
=I31 + I3,
where,
Ne+7
t=nr+1
Ne+7T

I3,2 = -2 Z <f(3k,77k-] * IChQ - F(Sk,nk],hza Ft,hg - f(sk,nk] * ICh2>L2'

t=nr+1
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Now, we will get an upper bound for each of the terms above. The term I3 = O, (’77% %) ,
Ky,

which is followed by the use of Remark[I]. Even more, by Assumption[d] we get
Iy1 = op (7 ). (29)
For the term I3 5, by Cauchy Schwartz inequality and triangle inequality,
<f(5ka77k] * K = Flop s Frne = Flsime * Kha) L
S sl * Kny = Fis il e |22 [[Fehy = Fisimi) * Kns [ L
< ||f(5k,77k,} * K:hz - F(Sk"r]k],hZ ||L2 (||Ft7h2 - f[chrl,ek] * ICthLz + ||f[7]k+1a5k] * IChz - f[5k+1ank] * Ich2||L2)
for any t € (ny, i + 7). By the Remark [T} we have that

1 log(T))
VTV kf

and using basic properties of integrals || fi, +1,,] * Kho — flsp+1,m0] * KhallLo = O(kr). Therefore,

1 some) * Ko = Floonatnal |22 = O (

1 [log(T) (g

‘[3,2 < O;D(ﬁ P ) (O(Fﬁk) + Z ||Ft,h2 - f[nk“rl-,ek] * K:thLz)
Ky, t=nr+1
Now, we need to get a bound of the magnitude of
Ne+T
Z ||Ft7h2 - f[mc+1,ek] * Khsy ||L2’
t=nr+1

in order to get an upper for I3 5. This is done similarly to /5. We consider the random variable

1
<Ft,h2 - f(nk,ek] * ’Chzv Ft,hz - f(nk,ek] * ICh2>[2,2 - ]E(HFtJLz - fnk+1 * IChz ||L2)
T .
E(||Ft7h2 - f77k+1 * Khz”%,?) 3
In order to use Lemma we observe that since || Fy n, — fu,., * Knyl|r2 >0,
E(HFt,hQ - fﬁk+1 * ICth?i?
E(HFt,hz - f"7k+1 * IChQHZZZ’

Therefore, using Lemmaand that E(|| Fyny — frpsr * Knollz2) = O(n,?f) by (26), we get that

Ne+7

~ =2 ~ 249 -]
Z HFt,hz - f[nkJrl,ek] * KthQLz = Op( V7Ee " (IOg(T’f]; )+1)) + Op(r'%k% )

t=nr+1
Thus, by Assumption[]and above,

< 0y (7 [FE50) (OFsn) + 0,/ i s ™) 1))+ 0,7 ) = oyl ).
R

i;i:

(V) < § _

(30)

Consequently, I3 has been bounded, and we only need to go over the term I, to finalize the analysis
for U;. To analyze 14, we observe that

ne+T ne+7
Iy = Z HFt7h2 - F(skﬂlk],hz”%z - Z ||Ft7h1 - F(Skf]k],hl ||%2
t=mp+1 t=np+1
Ne+T
= Z [<Ft,h2’Ft7h2>L2 - 2<Ft,h27F(SkJ7k],h2>L2 + <F(sk,'r]k],hga F(sk,'r]k],h2>L2}
t=nr+1
Ne+1
+ Z {— (Fehys Foony )Ly + 2(Ft hys Fisy mn)ha ) La — <F(sk,?)k],h17F(sk,ﬁk],h1>L2:|
t=nx+1

=I41 + Is + Iy3,
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where,

Ne+T

Iy = Z (Fehos Frona) Ly — (Feohys Frony ) Lo
t=nk+1
Ne+7

I4’2 = Z 2<Ft7h17F(Sk,ﬁk]7h1>L2 - 2<Ft,h2>F(Skﬂ7k],h2>L27 and,
t=nr+1
Ne+T

Iz = Z <F(5k»"7k]ah2’ F(Sk,nk]»h2>L2 - <F(5kaﬁk]vh17F(5kaﬁk]vhl>l’2'
t=nr+1

Now, we explore each of the terms I, 1, I42, and I, 3. First, I ; can be bounded as follows, we add
and subtract (Fy p, , F} p,) 1, , to get

Ne+7

Z <Ft,h27Ft,h2>L2 - <Ft,h17Ft,h1>L2
t=nr+1
Ne+7

= Z <Ft,h27Ft,h2>L2 - <Ft,h17Ft,h1>L2 + <Ft,h17Ft,h2>L2 - <Ft,h17Ft,h2>L2
t=nr+1
Ne+7

= Z <Ft,h2 — Finys Ft,h2>L2 + <Ft,h1 s Feny — Ft,h1>L2
t=ng+1

which, by Holder’s inequality, is bounded by

N +7

,
Y WEnalleallFone = Fomllza + 1 Fon || zallEone = Fonllz, = FO(—5yrg log™ 7 (1))
o "{Iir 2T o

1 27 P 1
. k=R 1 log(T)\ 77 | T2 log(T) 2
simce HFtJll - FtthLz = O( ) = O;D 71 A + " , for
K K

rt3
any t, see Remark |Z| for more detail. Similarly, for 14 >, we have that adding and subtracting
2<Ft7h1 > F(Sk,"]k]vh2>L2’

Ne+7

Z 2<Ft7h1 ) F(Skvﬁk]vh1>L2 - 2<Ft7h2’ F(Sky”]k]7h2>L2
t=nr+1

Ne+7
= Z 2<Ft,h1 ) F(Skﬁk],h1>Lz - 2<Ft7h2a F(Ska"?k]vh2>L2 + 2<Ftvhl7F(5k,7lk]7h2>L2 - 2<Ft,h1 ) F(Skmk],h2>L2
t=mnr+1
Nk 41
= Z 2<Ft,h1 - Ft,hw F(Sk,nk],h2>L2 + 2<Ft7h1’F(5k7ﬁk]vh1 - F(Skkahz)Lw
t=mnr+1

and by Holder’s inequality and Remark [2] it is bounded by

Nk +T

Z HFtJH - Ftﬁz|‘L2|‘F(Sk777k],h2||L2 + ‘|Ft7h1||L2HF(SkJ]k]7h2 - F(Sk,ﬁk}7h1||L2
t=nr+1

:?op( 1 ((log(T))z%p N Tz log(T))% . T=% log(T))).

K}g%‘*‘%*‘% A KA K2
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Finally, for I, 3, we notice that, adding and subtracting (F(s, 7.1,k Fsx,ne],ha) Lo+ it is Written as,

Ne+T
Z <F(Sk777k]vh27F(Skvnk]vh2>L2 - <F(5k77lk]1h17F(5k77]k]1h1>L2
t=nr+1
Nk +7
= Y (Flaemdihos Flowmidiha) o = (Flap il Flsp i) Lo
t=nr+1
+<F(Skﬂ7k],h1 ) F(Skmk],h2>L2 - <F(5k7'77\k]>h1’F(5k7"7k:]>h2>L2
Ne+7

= > (Flopmdhs — Flspnins Flonmdina) Lo + Flopainlhns Flswml e — Flsni i) Lo
t=nr+1

which, by Holder’s inequality and Remark 2] is bounded by
N+T
Z ||F(Skmk],h2 ||L2|‘F(5k7ﬁk],hl - F(Skmk],hz ||L2 + ||F(5k,ﬁk]7h1||L2‘|F(Sk,7lk]’h2 - F(Skuﬁk]7h1||[/2
t=nk+1
:?Op( 1 (<log(T)>237lp N T7% log(T)>%>

K%JF%JF% A KA
k

Then, by above and Assumption ] we conclude

~ By
Iy =o,(Tr; 7). 31
From (29), (30) and (31)), we find that U has the following upper bound,
Ne+T ne+T .
Z HFI‘JLQ - f(sk,nk] * IChQHZLQ - Z ||Ft,h1 - F(Sk:ﬁk],fh”%g = OP(?’{]; ) (32)
t=np+1 t=np+1

Now, making an analogous analysis, we have that Us is upper bounded by,

Ne+7 N +7 2o
> MFin = Faveam i, = D Wy = fopen) * Knall, = 0p(Frf ). (33)
t=nr+1 t=nr+1

In fact, we observe that

Ne+T Ne+7
Z ||Ft,h1 7F(7’7\k:7ek]7h1”%2 - Z ||Ft7h2 7f(77k:7€k] *Ichz‘|%2
t=np+1 t=ne+1
Ne+T Ne+7
= Z ||Ft7h2 - F(nmek],th%g - Z ||Ft,h2 - f(mc,ek] * ’Ch2”%2
t=np+1 t=np+1
Ne+T Ne+T
+ > Fon = Faeamlli, = Y WFens = Flenalli,
t=nr+1 t=nk+1
=I5 + I,
where,
Ne+7 Ne+7
Is = Z ||Ft7h2 - F(nkxek];th%Q - Z HFt,h’z - f(nk;ek] * ]Ch2|‘%27 and,
t=nr+1 t=nr+1
Ne+7 Ne+7
Is= Y NFum = Fapedmllis— D Fins = Fapenholli,-
t=nr+1 t=nr+1

Then, I5 is bounded as follows

Ne+7 Ne+7
Is = Z ||f(77k,6k] ¥ Kny — F(nleyekLMHQLz +2 Z <f(nk,ek] * Ky = Flogenlshas Ftoha = flnen] * Kha) Lo
t=nx+1 t=nx+1
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where,
e

2
1571 = Z Hf(nk7ek] * ’Chz - F(nk7ek],h2||L2? and,
t=nr+1

Ne+7

I5,2 =2 Z <f(nk,ek] * IChQ - F(nk,ek],hza Ft7h2 - f(nk,ek] * ICh2>L2'
t=nr+1

The term I5 1 = O, (F% log(T) ), using Remark Even more, by Assumption we get

_ Pio
Is 1 = op(Tr] ")

For the term I5 o, by Cauchy Schwartz inequality,
(Fomen) * Knz = Flnenl o Frono = finen] * Kna )
< fnmen] * Knz = Fngendha L2 [1Ft s = fonp,en] * Knall L
for any ¢ € (mg,mx +7]. By Remark (I} we have that [[f(,, e, * Kny — Floyenlholl Lo
Op( L %) Therefore,
k

(34)

VT .

1 T Nk +7
I5’2 < OP(% Oi(ﬁ )>< Z ||Ft,h2 - f[le-‘rLek] * ICh2HL2>
k

t=nr+1
Now, similarly to the bound for I, we consider the random variable
1
<Ft,h2 - f(nk,ek] * K’W Ft7h2 - f(mc,ek] * ’Ch2>fz - E(HFt,hz - f[mc+1,€k] * ’Ch2||L2)

1
E(HFt,hz - f”lk+1 * Khz”%,?) 3
In order to use Lemmal[3} we observe

)71-:

E(HFt,hz - fnk+1 * Khz'lzz,?)

E(Y;]?) = /
) = (1R s = s * Knala)

=1

so that, by Lemmal[3]

1 log(T e o -p o
I 5 < Op<ﬁ Oi(g )) (Op(\/ Thy " (log(r/@'k’;ﬂ) + 1))+ Op(rg" )) = op(rm,;'+2). (35)

To analyze Ig, we observe that

N +7 Ne+7
Is= > Fun = Foeunallto = D Fen = Fapennalli,
t=nr+1 t=nr+1
Ne+7
= Z |:<Ft,h2’Ft,h2>L2 - 2<Ft,h2’ F(nk,ek],h2>L2 + <F(17k7ek],h2a F(T]k7€k],h2>L2:|
t=mnr+1
Ne+T
Z [ - <Ft7h1’Ft,h1>L2 + 2<Ft7h1’F(ﬁk7€k],h1>L2 - <F(ﬁk,ek],h1 ’ F('T]k,ek],h1>L2}
t=nr+1

=Is1+ Is2 + I 3,
where,
e +T

Isx= Y (Finy Frns)ro — (Fony Fon)ias
t=nr+1
Ne+7
Is o = Z 2<Ft,h1 ) F(ﬁkvek]7h1>L2 - 2<Ft,h2’F(7]ka€k]7h2>L2
t=nr+1
Ne+T

16,3 = Z <F(nk,ek]7h27 F(Vlk7ek]7h2>L2 - <F(T7k,ek],h1vF(ﬁk,ek],h1>L2'

t=nr+1

29



Then we bound each of these terms. First, we rewrite Is 1, as
Ne+7
Z <Ft,h2 ) Ft7h2>L2 - <Ft7h1 ) Ft7h1>L2
t=nr+1
Ne+7T
= Z <Ft,h27Ft7h2>L2 - <Ft,h1 ’ Ft,h1>L2 + <Ft7h17Ft7h2>L2 - <Ft7h1’Ft,h2>L2
t=nr+1
Ne+7T
= Z (Fehy — Fings Frho)po + (Fiohys Fohy — Frohi ) 1o
t=nr+1
which, by Holder’s inequality, is bounded by

Ne+7
Z ||Ft,h2HL2||Ft,h2 - FtJHHLQ + ||Ft,h1||L2||Ft,h2 - Ft7h1||L2
t=nr+1
_ 1 log(T)\ =555 | T=% log(T)\ 3
:rop( L p)(og( ))2+ N og( ))2)
H137+§+TT A KA

since || Fy. — Fy

2 B 1
) = Op(—7 (%) SR %Alogm) *)), for any ¢, see
r2r 2

1
1. =07
Remark|2| for more detail. Sinfilarly, for Is o we have,
Ne+7T
Z 2<Ft,h1 ) F(ﬁk7ek],h1>L2 - 2<Ft,h2’ F(nk7€k]7h2>L2
t=nr+1
Ne+7T
= Z 2<Ft,h1 ) F(ﬁkvek]»h1>L2 - 2<Ft,h2ﬂ F(nk7ck]7h2>L2 + 2<Ft,h17F(nk,ek],h2>L2 - 2<Ft,h17F(nk,ek],hz>L2
t=nr+1
Ne+T
= Z 2<Ft>h1 - Ft,hz’ F(’flkvek],h2>L2 + 2<Ft’hl7F("7kyek]7h2 - F(ﬁk,ek],h1>L2
t=nr+1
and by Holder’s inequality and Remark [2] it is bounded by
Ne+T
Z ||Ft7h1 - Ft;h2||L2HF(nk75k],h2HL2 + HFt7h1||L2HF(77k,€k]~,h2 - F(ﬁk,ek],h1”[/2
t=nr+1

:?OP(K]§+1é+§T ((logA(T))z%p N Tzrpﬂ;leg(T))é))

Now for I 3, we write it as
Ne+7T
Z <F(77k»€k]vh27F(Wkaek]vh2>L2 - <F(ﬁk1ek]=h1’F(ﬁkaek]vh1>L2
t=nr+1
Ne+T

- Z <F("7k»ek]7h27F(nk7€k:]’h2>L2 - <F(ﬁk,6k],h17F(ﬁk,6k],h1>L2 + <F(77k,ek],h1’F(nk,ek],h2>L2 - <F(ﬁk,ek],h1’F(nk,ek],h2>L2
t=ng+1

N +7
= D (Faedhe = Faerhn Flowmdie) Lo + Faerd i Fonerhs = Fsend o) Lo
t=nr+1
which, by Holder’s inequality and Remark 2] is bounded by
Ne+7
D N F et he Lo P enlhe = Faveniin Lo + 1 F G enl b 122 P en e = Faen b |12
t=nr+1

=00 g ((50) 77 + P50 )

ﬁ%+%+% A KA
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By above and Assumption[d] we conclude

Is = o, (7, ). (36)
From, (34), (33) and (36)), we get that Us is bounded by
N +7 Ne+7 i
S Fs = Faedalli, = 20 1Fus = foen ¥ Kullt, = 0p(F )
t=np+1 t=nn+1
Therefore, from (32) and (33)
Qum) = Qulme +7) = Q" () + Q" (i +7) = 0, (7, ™) (37)

Step 4: Combination of all the steps above. Finally, combining 24)), 27) and (37)), uniformly for

any 7 > —5 — we have that
Ky

1. - _r _r _r _»
57%% -0y (\frm/ﬁk e (log(rnkf +2) + 1)) — op(rmg +2) Sop(rmZH)
which implies,

_ By2

TR = 0p(1) (38)
and complete the proofs of a.1 and b.1.

=
Limiting distributions. For any k € {1,..., K}, due to the uniform tightness of 7'x *2 @) and
@G7), as T — oo

7 €k

Q*(U) = Z ||Ft7h2 - f(sk,,nk,] * Khz”%g + Z ||Ft,h2 - f(m-,,ek] * K:th%/z?

t=sr+1 t=n+1

‘@(nk +F) - @(nk) - (Q* (nk +'r') - Q*<"7k))‘ 5 0.
Therefore, it is sufficient to find the limiting distributions of Q* (Uk + F) - Q* (nk) when T' — oo.
Non-vanishing regime. Observe that for 7 > 0, we have that when T" — oo,

satisfies

Ne+T Ne+T
Q*(nk + F) - Q*(nk) = Z HFt,hz - f(Sk,??k] * ICth%Q - Z HFtJLQ - f(nk,ek] * IChQH%Q
t=nx+1 t=nr+1
Nk +T
= Z Hf(skmk] * Khz - f(nk,ek] * ’Ch2|‘%2
t=nr+1
N+
-2 Z <f(5kn7]k] * ’Chz - f(muek] * ’Chz’ Ft,h2 - f(nk,ek] * Kh2>L2
t=nr+1

T

2) ZQ<Fh27T]k+t - fnk-i-t * }Chga (f’ﬂk+1 - fmc) * Kh2>

t=1
When 7 < 0 and T' — oo, we have that
ne—1 e —1
Q*(nk + 7‘7 - Q*(nk) = Z ||Ft,h2 - f(sk,nk] * ’Ch2||%2 - Z HFt,hz - f(nkyek] * ICth%Q
t=nr+7 t=nE+7r
Ne—1
= Z ||f(5k,77k] * ICh2 - f(nk-,@k] * Kh2||%2

t=np+7

Lo +77||(f77k+1 - fnk) *ICh2H2L2'

Ne—1

-2 Z <f(5k,77k] * K:hz - f('r]lcyek] * K:hz’Ft,hz - f(nk,ek] * Ich2>L2

t=ny 47

0
2) Z 2<Fh2,77k+t - fnk-‘rt *Kh27(f7]k - f77k+1) *Kh2>L2 +?H(f’l7k+1 - f77k:) *K:h2||%2'

t=r+1

31



Therefore, using Slutsky’s theorem and the Argmax (or Argmin) continuous mapping theorem (see
3.2.2 Theorem van der Vaart and Wellner, 1996) we conclude

P

(e — M) Rp, 2 D arg Hzlinpk (" (39)
oS

. 1 . L. . _9_p
Vanishing regime. Vanishing regime. Let m = x,~ ", and we have that m — oo as T" — oo.
Observe that for 7 > 0, we have that

ne+rm—1

Qi(m+7m) = Qi(m) = D Wiswm * Kna = foneent * KnallZ,
t=n
Ne+rm—1
-2 Z <f(5k,77k] * IChz - f("]k,ek] * Ich2 ) Ft,hz - f(mc,ek] * ICh2>L2
t=nx

Following the Central Limit Theorem for cv—mixing, see Lemmald] we get

1 R g * Kp, — el ¥ Ky By py — o1 * IC _p_
ﬁ Z <f( o 11k] ha — S .ex] %hjl tha — Jmen] ha)La 2)’,{’6 " G0 (K)B(7),

t=nx K

where B(7) is a standard Brownian motion and & (k) is the long-run variance given in (§). Therefore,
it holds that when T" — oo

* = * D %~ ~ —r2
Qi (me+7m) = Qi (m) B #y " Foe (W)BL(r) + 7 1ol * Kona = Fomoen) * K1,
Similarly, for 7 < 0, we have that when n — oo
* * D~ = Tr2
Qk (nk + rm) - Qk (le) — Ky, O—OO(k)Bl(im — TRy ||f(sk,77k] * ’Ch2 - f(nk,ek] * Kh2||%2"

Then, using Slutsky’s theorem and the Argmax (or Argmin) continuous mapping theorem (see
3.2.2 Theorem in|van der Vaart & Wellner (1996)), and the fact that, E(|| f(s, n.] * Kny — finp,en] *

Kn,ll7,) = O(k},), we conclude that
n?% (ﬁk - nk) N argmin o, (k)B(F) + |7],
reZ

which completes the proof of b.2. O
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F Proof of Theorem

In this section, we present the proof of theorem Theorem 3]

1 _2r
Proof of Theorem B} First, letting hy = c,k; and R = O(L5—%), we consider

F+3
g™
<2 1 1 -\ 2 g 21
52, (k) = E; (\@; Y;) , where, V; = <Fh — % Kny, (Fa = Frsr) */ch2>L2.
(40)
We will show that
@) ‘ago(k) - &go(k)‘ 2,0, T - oo, and
(ii) ‘&go(k) - 5§O(k:)‘ Ly0, T oo
in order to conclude the result. For (i), we use a? — b? = (a + b)(a — b), to write,
CXCRETOIRES SIS SANED S oy
O'oo — O'OO == = 7 - = — i
R r=1 \/§ €Sy R r=1 \/§ €Sy
52 (2 r) (5 X )
R r=1 \/EiEST S €S,
| B
=g ik
r=1
Then, we bound each of the terms I; and I5. For I;, we observe that,
R DR A R o
1= |—F7= i — Y| < — i — Yl
\/giesr \/g’ieSr
Then, adding and subtracting, 2,3%71<Fh1,7; — fix Knys (for — Joesr) * ICh2>L and
2
21
Hzr <Fh2,i - fl * IChQ - Fhl,i + fl * Ichl’ (fﬁk - fﬁkJrl) * ,Ch1>L2’
we get that,
Y-
P _q g A |
:"‘{Iir <Fh27i_fi*lch2)(fnk_fnk+1)*lch2>L _Hlir <Fh1,i—fi*Kh1>(fﬁk_fﬁk+1)*Kh1>L
P _q 21
:‘ﬂlir <Fh2,i7fi*lch27(fnk7f7]k+1)*lch2>L 7’%]? <Fh17i7fi*lch1’(f77k7f77k+1)*lch2>L
2 2
~E—1 ~2—1
+‘%13T <Fh1,i_fi*lch17(fnk_fnk+1)*Kh2>L _Hlir <Fh17i_fi*lch17(fﬁk_fﬁk+1)*Kh1>L
2 2

21
+RE <Fh2,¢ — fi % Ky = Fpy i + fi % Ky (fa — fan) * ]Ch1>L
2

<Fh2,i - fi *K:hz - Fhl,i +fi *K:hlv(fﬁk - fﬁk+1) *K:h1>L
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which can be written as,

(58 Bt = oK) = R B = i Ko ), (e = Fan) # Ko = (Fa = i) #Kone)
+<R§_1(Fh1,i — ik Kn) = 8 (g = Ji% K )y (e = Fes) * Ky = (e = Fyn) * ’Ch2>L2
F(5E T B = For K, e = ) * Ky = Ui = ) # Ky )

+<E?_1(Fh1,i_fi*’Chl)_Hl?_l(thyi_fi*Khz)V(fﬁk _fﬁk+1)*lch1>L .

Now, we bound the expression above. For this purpose, by triangle inequality, it is enough to bound
each of the terms above. Then, we use Holder’s inequality. First,

‘<H]?_1(Fh2,i - fl *Khz) _k\l?_l(Fhl,i - fi *IChl)7(f"7k - fnk+1) *’Chz - (fﬁk - fﬁk+1) *ICh1>L2

»_q1  __p_q
<Iegm =Ry M Fhyi = fix Kny — Fuy i+ fix Kng | Lo (Fo = Foesn) * Ko — (fae = fais) * Kol 2

27 P 1
. 21 £l =i 775 2
Then, using (34), we have that [k?"  —RZ | = Op( — ((%) SRS %W) 2),

2
2r
fy

and using Remark 2] it follows that
||Fh27i = fi *Ichz - thi + fi *KthLz SHth,i - Fh17i||L2 + Hfl *Khl —fi *Kh2||L2

1 log(T)\ 225  T=+ log(T)\ %
oz (C3) 7 )
ng 2

A KA
and,
||(f77k - fﬂk+1) *’Chz - (fﬁk - fﬁk+1) *Kh1||L2

SHf"?k *IC}LQ - fﬁk *]CthLz + ||fﬁ1«+1 * ’Ch1 - fnk+1 *K:thLg

B 1 log(T)\ 25  T77 log(T)\ 3

=0 ((55) "+ )

k

So that,

)<K]<2771(Fh2,i - fz *’Chz) _k\l?il(Fhl,i - .fz *IChl)?(f’V]k - f77k:+1) *KhQ - (fﬁk - fﬁk+1) *ICh1>L2

-0t (1) 4 T o (o () ™ Tty
0 iep (5077 0 )

Now, in a similar way, we observe that
21
<HI§T (Fh27i - fl * Ich2)a (fnk - f7]k+1) * ’Chz - (fﬁk - fﬁk+1> * ICh1>L2
21
SHHET (Fh2,i - fl * ’Ch2)”L2||(f77k - fnk+1) * ]Chz - (fﬁk - fﬁk+1) * ICthLz
—r ( 1 (<log(T)>zfﬁ N T= log(T)>%>

2 -1
:O H27‘ K 2r O -
P( k k ) P %J’,% A PN

where equality is followed by noticing that
Fhai = fi % Ky llLe S[Fhaillr, + [1fi* Kny |l (41)
P
=0(k, *) + 0O(1), 42)
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and then using Remark [2]and Assumption[I} Finally,
21 21
<l€;§’ (Fhyi— fix Kny) =677 (Fhgi — fi % Kny), (ff, — ) * ’Ch1>L
2

~E—1 £ -1
S|’£l§r —’fﬁr |||(Fh1,i_fi*lchl)_(th,,i_fi*K:hQ)HLG(fﬁk_fﬁk+1)*lch1|‘L2

0 (50 TR o (L ()7 4 TR

where equality is followed by Remark 2] Assumption [T]and Minkowski’s inequality. Therefore,

1 o
L<—=) [Vi-Y
\/giEST
\/5(0( 1 ((log(T)>23%p+Tﬁlog(T)))
AV A KA
P P
1 log(T)\ =5 . Tz log(T)\ 3 1 log(T)\ =5 . T2 +p log(T)\ %
O ()77 + 85 o ()77 —55))
k k
L1 -2 T_ﬁ _r T_4T‘I2P _r T_ﬁ o
TOp(rg" k), 7 )Op(—1 10877 (1) + Op (== log 77 (1)) Op(— 1 10g2T+P(T))m)
kT2 Ky 2T kET T2
2r 2r r
T z+r o T  =+p _2r_ _ T %r
=Vs (op(TQL log(T) 27 ) Op (7 10g(T) 7)) + Op (k5. ) O~ log(T) 77 ))
T 2r 2

To bound the I5 term, we add and subtract /@,i%fl<Fh27i — fi % Ky, (f5, — Jaesr) * Ky >L2, to get
Yi+Y,
=R T (B = fox Ko (= Fe) * K ) 4 RE T (B = fox Ky (fa = S * Ky )
= "iﬁ%_l<Fh2,z‘ — fi % Knys (frn, — o) * ’Ch2>L2 - K§_1<th,¢ — fi % Knys (f5, — fres) * ’Ch1>L2
<Fh2,i — [i* Ky (for — fnsn) * ’Ch1>L2 +E§71<Fh1,i — fix Knys (ffe — o) * /Ch1>L2
= 513%_1<Fh2,i — fi % Knyy (for, — o) * ’Ch2>L2 + H§_1<Fh2,i — fi % Koy (f5, — Jresn) * ’Ch1>L2

~E—1 L1
+<KI§T (Fhl,i_fi*lchl)_“lir (Fhmi_fi*lchz)v(fﬁk_fﬁk+1)*lch1>

P _
2r 1

+Kj

Lol

Then, as before, we bound each of the terms above using Holder’s inequality. We start with the term
21
‘ngr <Fh2,i - fi * Khzv (fmc - fnk+1) * Kh2>

-1
SK}? Hth,i - fl * ]ChQHLQH(f"]k - fﬁk+1) * ’Ch2”L2
P

<k Op(ky ¥ )k = Op(1)

Lo

where the second inequality is followed by @T)). Similarly,
21
‘K:]?T <Fh2,i_fi*lch27(fﬁk_fﬁk+1)*Kh1>L

2 _q
SH;T Hth,i - fl * ]CthLQH(fﬁk - f?]k+1) * Kh1HL2
P

<kZ T Op(ky ¥ )k = Op(1)

where the second inequality is followed by the @T)). Finally, the term

’<E?_1(Fh1,i - fl *’Ch1> - ﬁl?_l(th,i - fl *K:hz)7(f77k - fﬁk+1) *K:hl>L2
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1 ((log(T) ) sz;_’_T?Ti;z)g(T) ) %) o

o (S

was previously bounded by,

2
%g;xw%%“+ L))o,
Therefore,

log(T)>z% N T“’tlgg(T»

(07 T Do (L

ZES

=V5(0,(1) +op(%§
Ry "

In consequences,
Y 1 1 R
W=z (FXW -z (5D

T2 (k) — 05
r=1
S
Lt
_s Op( 1 ((log(T))z%p N T log(T))2>
Ki*% A KA
-Op( 1 : ((logiT))zfip N T%ipl:g(T)))Op< 1 ((logA(T)) 55 N Tz‘fwiog(T))é)Hk
ﬁer K H}?*‘% K
o () )
Ol e (7)™ + PR ) oul (57 + FE0))
s K b K
_1k 1 log(T) zflp T=+ log 3 N
710 () ,
K"
+Op(n,;1)0p< 1 ((log(T)) zfip T% log )%)
KI{TJr% A
1 ( log(T)>w27$p N T%fg(T)»Op( p1+1 ((logA(T)> =i n T=%% leg(T))%)ﬁk)'
K Ak K
£-+2), which

K
In order to conclude (i), we notice that by Assumption 4| and that S = O(T'27+» 7t f@”

implies,
52 (k) = 52 ()| =o,(1).
(k) — &2 (k)‘ — 0, T — oo. To this end, we will show that

Now, we are going to see that

Holder’s inequality and Minkowsky’s inequality,
<Fh2,' fi*’Ch27(f77k_fnk,+1)*K:h2>L2|

fﬁk+1) * ICh2||L2

. ‘&Oo
the estimator is asymptotically unbiased, and its variance — 0 as T" — oo. First, we notice that, by

o 2 _q
Vil =[rg"
2

<KL [Py —

_p
ke = 1.

pr
2r
SKRT Ry

fix K Lol (Fic =
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Now, we analyze the Bias. We observe that,

o 1 & 1 N N2 S SO R
B ) = 5 2 E5((5 > 7)) = <E(( ES;@) )= 3 TEEWEL)

and,
= Z E(YiYii)
l=—0c0

so that, the bias has the following form,
52, (k) — E(52, (k) = 2) E(Y;Yiy) +2 Z —E(Y;Yiy

Now, we show that each of the above terms vanishes as 7' — co. We have that, by condition (2)) and
covariance inequality

23 E(Y;Yin) <8) |IVillfc <8) ar =0, aT — 00
=S =S

where o is the mixing coefficient. Then,

S S
I .. I, < C
2 E,  GE(YViYi) <8 l§:1: SlVilli o < 5 =0,

by condition @), choice of S and Assumption@ Therefore, we conclude that the Bias vanishes as

o2
T — o0. To analyze the Variance, we observe that, if Y, = % ( ZiESr Yi)

r=1
R—-1
1 R—1
:E R COU(Yr,YH-r)
l=—R+1
<z |Y|\L Zamﬁ—m as, T — oco.

where, ¢ are the mixing coefficients of {Y} },cz, which is bounded by the mixing coefficient ;.
From here, we conclude the result (ii). O
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G Large probability events

In this section, we deal with all the large probability events that occurred in the proof of Theorem [}
Recall that, for any (s, e] C (0,77,

fi(e) = \/ (e—s )t —s) z§1ﬁ N e—s)e—1t) ltzﬂfl z), TEX.

Proposition 1. For any z,

r+k
P(;)g%?j)“(ﬂ? % tzrgl (ICh(x - X3) — /ICh(x - z)de(z))' >C lo}pr) <T7P3,

Proof. We have that the random variables {Z; = K}, (x - Xt) VI | satisfies

(- ) € o)

o) <

and,

Moreover, let

V2 = sup (var(lCh(z - Xi)+2 Z |cov(Zy, Z; )|))
t>0 >t

We observe that,

var (e — X,)) <B((K( ‘hXt>>2>

/;ﬂ L 2)aF,(2)

[ k) hl K (u)dFi(2)

E;ckcy.

making p = =

| /\

Then, by proposition 2.5 on |Fan & Yao| (2008), |cov(Z1, Z1 + t)| < Ca(t )th C%. On the other
hand,

cov(Zy,Z1 +t) =|FE(Z1Z41) — E(Z1)?|
< //ICh(:v — 21)Kn(z — 22)g:(21, 22)dz1dze + E(Z1)2

<llgellz.. + E(Z1).
Since by assumption Assumption|[Ip we have that ||gt| |, < oo, and

E(Z1) (ICh Ll? — X1 / IC dFt /’C ft .%' — hu) O( )

we obtain that |cov(Z1, Z144)|. Therefore, Zf:_l lcov(Z1, Z111)| < C+ and, using the mixing
condition bound, inequality (]Z[),

-1 o ,—2Ct
> leon(za, 21401 <D Y
t:;%P h
—20 L
e RP
=P

~ 1 ~
L p
<Dooh? = Dh
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where the last inequity is followed by the fact e™* < % for x > —1. In consequence,

V2 =sup (var(lCh(x—Xt +2Z\cov Zy, Z; )|))

t>0 =
1 ~ 1 =1
O TP =
Then, by Bernstein inequality for mixing dependence, see [Merlevede et al.[|(2009) for more details,
letting
B klog(T) log(T) log(T) log2 (k)
A_cp(\/ T+ - )
we get that,
T+k
P(| > (Knw - x0) //ch 7= 2)dF(2))| > A) < TP
t=r+1

in consequence,

k

(‘f T+ ( - X3) //Ch 2)dFy( ))‘ > %) <T-P3,
Since kh? > log(T) if k > p, and log? (k) = O(k),

c, ( \/klog \/10}%21) \/log(T)hlfg )

A
Vk
B log(T) \/log(T) 10g(T)10g2(k)
_Cp(\/ o TV T T khp )
log(T) 1 log(T")
gcp( 2+ hp)
log(T')
<Cy o
It follows that,
T+k
log(T) —p—3
_ _ — < P,
(]f (lCh(m X,) /lCh(a? DR(2)| > o) < 7
O
Proposition 2. Define the events
e—p 7s,e 10gT 201\/]3 r
P >
A, {tglffﬂfgﬂg Fof(e) - f ()‘_20 o +202ﬁh}
and,
1 Ok logT  Ciy/p
= — — > r
Az {pé?é"%‘rfélﬂ@ x/E,TZﬂ (Fente = 1) ft(x))’—c\/ e et VT
Then
P(Al) < 2RPT2 43)
p(AQ) < RPT2 (44)

where R is a positive constant.
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Proof. First, we notice that

r+k

max _ sup Z ICh( Xt) —ft(m)’
p<kST—T zcRp t 1
T+k

< max _sup f Z (/Chm—Xt /]Chiﬂ—ZdFt( ))‘

p<k<T—T zcRp

1 r+k

+ max _sup N Z (/Kh(xfz)dFZ(z)fft(a:)ﬂ:11+I2

<kLT -7
s o ek t=rt1

Now we will bound each of the terms I, I>. For I, we consider

A: {xl,...,x(Rﬁ/mh)p}

_____ I(Rﬁ/mh)p}Rec(xi, \/\/’T;h) D D, where D is the support of K and Rec(z;, */\/’T;h)

are boxes centered at x; of size */%h and R is the size of the boxe containing D. Then by Proposi-
tion[T} for any ;,

Wlth Uil?ie{fl

1 T4k

logT

_— - _ - > < T—p=3

P s \/Egl (Knes — X0 //cm 9dA ()| = 0/ EL) <7,
(45)

by an union bound argument,

r+k
IP’( max _sup ‘ (lCh(x - X)) — /ICh(x - z)dFt(z)N >C logT> <T7P73) A
p<k<T—F zcn f - hp

(46)

Let I 1 = {max,cr<r—#SUP e ‘ﬁ ZII;C-H (Kh(:c —Xi) — [Kn(x — 2)dFy(2 )‘} For any
z € RP, there exist z; € A such that

pglglga%(ir T 2 (ICh x — X3) /ICh (x — 2)dFy(z ))‘
Tk
gpglglga%cﬂ T ; (ICh - Xy) /ICh (z; — 2)dFy(z ))‘
Ttk
+max 7 _Z (Kot = X2) = Knla = X))
e
vl 2

([ Katoi = 21ar) - [ Ko - 2)ar()
+k

<  max sup‘f S (/Ch(xi - Xi) - /Kh(xi - Z)dFt(Z))‘

p<k<T—F zcA

r+k
B 2;1 (’Chw—Xt K= X))

Hk /ICh 2)dF,(z //ch (z — 2)dF,(z ))‘

=L+ 12+ 11,3

max
pgkgT—r
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The term I 5 is bounded as followed.

Pk
pgglg%{_; % t:z?;_l (ICh(x — X)) — Kp(x; — Xt)) ’
1 Ttk
<P<k<T r\f ;1‘1% (= Xe) = Kl Xt)‘
< max L ?X—Hf |a:—x1|
p<k<T—F\/Et ) hptl

1 i‘ VIPhyp _ /P
f hp+1l \/ p
For the term I 3, since the random Varlables {Kn(x — X;)}L | have bounded expected value for

any x € RP
r+k

Z ([ Katas = 2152) ~ [ Kto = )

max |——
T p<k<T—F \/Et:;+1 hp+1\ﬁ \/7,
Thus,
1 T+k
max su Knlx — X)) — | Kp(x — 2)dFi(z ’
p<k<T— rreﬂg,‘\/%t;l( }( t) / }( ) t( ))
VD
<Iy+ Oy YL
1,1 2\/}71)
From here,

logT  C3/p logT  C\/p
<
P(L > Oy + N ) <P(ha+hae+he> 0=+ N ) @
gIP(IL1> < T7P=3|A| = TP~2(RVT/VRPR)P  (48)
<T P 3(RVINVTT#)? = RPT > (49)

Finally, we analyze the term I5. By the adaptive assumption, the following is satisfied,

T+k
/lCh (x — 2)dF.(z) — ft(x))‘

max _ sup
SkEST -7 zcRp

< max sup
p<k<T—7 \F | wCRp

/IChx—zdF() ft(x)’

<CyVTh"
‘We conclude the bound for event Ag We conclude the bound for event A5. Next, to derive the bound
for event .A;, by definition of F , and ft we have that

B — S (Fate) - (o)

e—s t—s
ls+1

’ L=s Z Fin(x fl,h(x))’~

Fy(x) -
e—s eft

l t+1
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Then, we observe that,

¢ 1/ 1f5<t and s <4/ ift <e.
(e—s)(t—s) (e—s)(e—1) e—t

Therefore,
o e—p =(s,e _ rs.e
Xo= e | Fen @) = @) <2 o Vi—s Z (Flh {fl’h(m))‘

l=s+1

e—1

(Flh flh(x))‘ =X; + Xo.
I=t+1

Finally, letting A\ = 2C, lohng + 2%5 + 2C5V/Th', we get that

A A

P(X > A) <P(Xi + X2 > 5+ 5)

<P(X; > %) +P(Xy >

N[ >

)
<2RPT2,
where the last inequality follows from above. This concludes the bound for A;. O

Remark 1. On the events (A;)¢ and, (Az)¢, by Assumption[l} we have that

e |IF () = 7 @)l|e, < e O sup |FJji (o) = (@)
~ logT 2CxC ~
<o,y |18 | 2OXCOND e T
hp hp
where Cly is the volume of the set X. Moreover, using inequality @T), we have that
1 T+k
sl X (30— [ —aane),

Fik

<Cyx max _sup ! Z (ICh(IC—Xt) —/ICh(m—z)dFt(z)N

=X p<k<T—T zcRrp \/E =741

logT
:O”( hp )
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H «o-mixing condition

A process (X¢,t € Z) is said to be a-mixing if

ar =supa(o(Xs,s <t),0(Xs,8 >t+k)) —r00 0.
teZ

The strong mixing, or a-mixing coefficient between two o-fields A and B is defined as

a(A,B)= sup [P(ANB)—P(A)P(B)|.
A€ A ,BeB

Suppose X and Y are two random variables. Then for positive numbers p~! + ¢~ ! +r~1 =1, it
holds that
| Cov(X,Y)| < 4] X[z, 1Y ]|z, {a(o(X), 0 (Y)}'/".

o0
Let {Zt} be a stationary time series vectors. Denote the alpha mixing coefficients of & to be
t=—o0

a(k) = a(a{ T, Zt},a{ZHk, A })

Note that the definition is independent of ¢.

H.1 Maximal Inequality

The unstationary version of the following lemma is in Lemma B.5. of [Kirch| (2006).
o0
Lemma 1. Suppose {yl} is a stationary alpha-mixing time series with mixing coefficient a(k)

i=1

and that E (yz> = 0. Suppose that there exists §, A > 0 such that

2+0+A
]E< Yi ) <D
and
Z(k+1)§/2a(k)A/(2+§+A) < D2'
k=0
Then

_ 2+6> < D972,

.....

oo

where D only depends on 6 and the joint distribution of {yz}

i=1
Proof. This is Lemma B.8. of Kirch| (2006)). O

Lemma 2. Suppose that there exists 6, A > 0 such that

246+A
E( Yi ) <D
and
Z(k+ 1)6/2a<k,)A/(2+6+A) < Ds.
k=0
Then it holds that for any d > 0,0 < v < land x > 0,
E
’ >im1 Vi 9_g
P( max 7233) <Cx™=7°
kelvd,d  \k

where C' is some constant.
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Proof. Let

k

S% = max ‘E ;

& RS dl 4 1%
1=

#(5)2)-#(

Then LemmalT]implies that
< Cl dl /2

Lays

Sa

Therefore it holds that

246
> .732+6) < Oz 279,

Vd Vd
Observe that
« k k k
‘Sd ‘ 21‘:1 Yi - ‘ 21‘21 Yi S ‘ Zi:l Yi
— = max ————— max ——— max —— —
d  k=l..d /d ~ kelvd,d) Vd T kelvdd kv
Therefore
‘ Zf:l Yi S%
P = 1> <P ‘i‘> < Craz=279,
(kg[lziz},(d] VE - x/ﬁ) - ( Vdl — a:) =0

which gives

‘Zf:l Y 2-4
IP’( max 72z> < Cox™=7°.
kE[vd,d] Vk
O

Lemma 3. Let v > 0 be given. Under the same assumptions as in Lemmall} for any 0 < a < 1 it

holds that
i=1

where C' is some absolute constant.

< %\/;{log(ﬂ/) + 1} forallr > l/u) >1—ad?

Proof. Lets € ZTand T, = [25/1/, 23“/4. By Lemma 3, for all z > 1,

‘ Zle Yi
]P’( sup ————

Z .’,E) S leﬂizié S leﬂiz.
reTs r

Therefore by a union bound, for any 0 < a < 1,

]P(Els €Z" : sup ‘Zi;; - > \/aCT(s—l—l)) < i CESIE = a’r?/6.
=0

reTs

For any r € [25/u7 23+1/u] ,5 < log(rv)/log(2), and therefore

‘Zf: Yil Oy (1
IP’(EIS € Z* : sup . > Cl{ og(rv) + 1}) < a27r2/6.
reT. VT a |\ log(2)
Equation (2) directly gives
22:1 Yi C
P( ‘7 > —{l 1}) < a®.
Sup 2 —Alog(rv) + }) <a
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H.2 Central Limit theorem

Below is the central limit theorem for a-mixing random variable. We refer to Doukhan|(1994) for
more details.

Lemmad4. Let {Zt} be a centred a-mixing stationary time series. Suppose for the mixing coefficients

and moments, for some 6 > 0 it holds

Zai/@M) < 00, EHZl
k=1

2468
‘ < oo} .

2
Denote S, = > 1, Zy and 0% = IE[ ] Then

Sn

S
Plnt] S W),

On

where convergence is in Skorohod topology and W (t) is the standard Brownian motion on [0, 1].
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I Additional Technical Results

Lemma 5. Let J be defined as in Definition [2|and suppose Assumption[l|e holds. Then for each
change point ny, there exists a seeded interval T, = (sy,, ex| such that
a. 7j, contains exactly one change point ny;
. 1 N
b. min{n, — sk, ex — Nk} > %A, and
c. max{ny — sg,ex — Mk} < 754

Proof. These are the desired properties of seeded intervals by construction. The proof is the same as
theorem 3 of [Kovacs et al.| (2020) and is provided here for completeness.

Let £k € {1,...,R}, where & is from definition By construction of seeded intervals, we
have that in Jj, we can find an interval (| (i — 1)T27%], [(i — 1)T27% 4+ T27F+1]], for some
i€1,..,2F —1, such that

l
min{n;, — [(i = DT27%|,[(i = )T27" + T27*1] — .} > Zk (50)
and
max{ny, — [(i = )T27* ], [(i = 1)T27F + 2751 —p} <1y, (51)
where [, = T2_k+1, is the size of each interval in Jj. By the choice of &, there exist k, such that
I, = %A, from where the claim is followed. O

Lemma 6. Let { X;}L_ | be random grid points sampled from a common density function f; : RP — R,
satisfying Assumption [I}a and -b. Under Assumption [2), the density estimator of the sampling
distribution p,

T
~ 1
ft(x):T;Kh(x_Xl)v QfeRp,

satisfies,

1Fr = fill = 0, () 7). 52)

The verification of these bounds can be found in many places in the literature. See for example |Yu
(1993) and Tsybakov|(2009).

Remark 2. Even more, by Assumption([l)

~ -~ log(T)\ =75
1Fr = fillza < Cxllfr = fille. = 0((F52) ") (53)
with high probability. Therefore, given that
Nis+1—17 Mk o (M =71 —1) Mot 1 )
K= ||\/(77k+1*77:i)(77:*77k—1) Zi:nk—1+1 fi (nk+1*;k—1k)(;k+1*7l k:) =t fille 54)
\/(Wk_”]k—l)(nk+l_77k)
Nk+1—Mk—1

and (), by triangle inequality, (33), and Lemma[3] we have that

o log(T)\ =+ T log(T)
k=m=0((P5) T A )
From here, and Assumption@ ifhy = O(k+) and hy = O(R7 ), we conclude that

o — )
1Fen, = Pt = 0( Ty ).

In fact,
1 Eeny = FonsllZ,

1 ZL'—Xt 1 CC—Xt
= - K - K
Ap<h€ () -
1

2dx

_ x— X \2 1 r—X¢, 1 r— Xy 1 z— X¢ \2
_/Rp (?/C( =) 2 k(T K )+(@K( =) da.
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Now, we analyze the two following terms,

n= [ (i) = R

hzl) h1 hl hg h2
and
1 Tr — Xt 2 1 T — Xt 1 T — Xt
L=[ (5K - =K —K dz.
For I, letting u = hXt we have that

/RP (hlll,lC(x ;lXt ))2dx :/Rp hlll,(lC(u))2du

. _ =X
and, letting v = o

1 z— X, 1 z—X 1 h
/’ K (T :/ KWK ().
Rp 101 2 Rp 107

hi ho hy
Therefore, by Assumption 2|and the Mean Value Theorem,
1 ho ha
Il—hﬁ,/RplC(v)OC(v)—IC( hl))dv h,,‘l— ‘/ K (v)]v]|dv
|h1 — ho|
_Olw
_A(lE=El 1\ s
=o( ey )=0( 7))

Similarly, we have,
1 Tr — Xt 2 1 Tr — Xt 1 Tr — Xt
I = _— _ - d
2 /Rp(hg’q hay )) hP’C( hy )hg’q )

! ’“)/ Dllelido = o2,

- /}R ) (K(w) - K(w Zz))dv < c

I.1 Multivariate change point detection lemmas

We present some technical results corresponding to the generalization of the univariate CUSUM to
the Multivariate case. For more details, we refer the interested readers to |Padilla et al.| (2021)) and
‘Wang et al.| (2020).

Let {X;}X ; C RP aprocess with unknown densities { f; } - ;.

Assumption 5. We assume there exist {ng}5_, C {2,...T}withl=ng<m < ..<n <T <
Nx+1 = 1 + 1, such that

ft # ft+1 lfandonly lf te {7717 ~-~777K}> (55)

Assume
min — 1) > A >0
k:Lm,KH(nk Me—1) > ;

0<|foper = fnlloe = ki forallk =1,... K.

In the rest of this section, we use the notation

ftsye}(x): ( e_ttis Z f] Z fj a

Jj=s+1 ] t+1
forall0 < s<t<e<Tandzx € RP.
Lemma 7. If [s, €] contain two and only two change points 1, and 1,1, then

S<1F<) |‘f:7e||L2 < \/6_77T+1||fr+1 _fTHLZ + Ve _str _fr—1||L2'
s<t<e
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€

Proof. This is Lemma 15 inWang et al.[ (2020). Consider the sequence { gt} be such that
t=s+1

_{fnk, if s+1<t<n,
9= fy, i me<t<e

For any ¢t > 7y,

foe — g
p— t Nk t
B m ( i:zs;l - i:zs;rl o= i:%;rl fi)
t—s - <
e 2 2 )
i=t+1 i=t+1

So for t > i |If° — @, < Vik sk Since sup,cpe. |||, =

max {11 F5:¢l s 17355, 1.} and that
mas {175 e 155 o } < smp 137 le, + V= e
s<t<e

< Ve —Npr1Kk4+1 T VNr — SKE

where the last inequality follows form the fact that g; has only one change point in [s, ¢]. O

Lemma 8. Suppose e — s < CrA, where Cr > 0 is an absolute constant, and that

M1 <SS <o S Mppg <€ < Mpygr1, =0
Denote

s,e

Hmax

=maxq sup |fy, (z) = fp, (@) k<p<k+q,.
TERP

Then for any k — 1 < p < k + q, it holds that

LY file)— (0] < O

€—S
i=s+1

sup
zERP

Proof. This is Lemma 18 in[Wang et al.| (2020). Since e — s < CrA, the interval [s, e] contains at
most Cr + 1 change points. Observe that

1 e
He—szfi_f"”
1=s
Nk+1

[ G RS SR VAR RS S (RS

LOO

=+l i=Nktq+1
1 Mk Nk+1 e
= e—sz|p_k|””33§x+ Solp—k—1spi o+ > Ip—k—qg— 1y,
i=s i=nk+1 =Mk +q+1
1 e
S e — S ; (CR + 1)l€fr;z§x7
where ‘p 1 — p2| < Cgr + 1forany n,,,m,, € [s,€] is used in the last inequality. O

Lemma 9. Let (s,¢e) C (0,n) contains two or more change points such that

M1 <SS <o S Mpyg <€ < Mgy, =1
If e, — s < 1, for cg > 0, then

rs,e
Nk+1

rs.e
Nk

< va|
Lo

. + 2K/ — S
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€

Proof. This is Lemma 20 in Wang et al.|(2020). Consider the sequence { gt} be such that
t=s+1

_ f771v+17 S+1§f§77k7
P= e mH1<t<e

For any ¢ > 7, it holds that

~ _ / — ——t
H ; _g'rS]:HL = H 6—8 f71k+1 fnk)HL < VK — 8Kk

o )
oL S NGl La + Ve — sk < g e + Ve — sk

(77k+1 - 8) (6 - Uk)
I llLe + Ve — stk < Vel f e + 2V — sk,

where the first inequality follows from the observation that the first change point of g; in (s, e) is at
Mhe+1- O

Thus,

ClA”

Lemma 10. Under Assumptionfor any interval (s,e) C (0,T) satisfying

M1 XS <M < oo < Mpgg < € < Nioggt1, g = 0.
Let

b € argmax sup
t=s+1,...,e z€RP

@)

Then b € {7717...,7);(}. For any fixed z € RP, iff}‘g’e](z) > 0 for some t € (s,e), then

ft(s’e] (2) is either strictly monotonic or decreases and then increases within each of the interval

(8777}6)’ (nkn 77k+1),- ) (nk+qa 6).

Proof. We prove this by contradiction. Assume thatb ¢ {n,...,nx}. Let z; € arg max‘fbs’e(x)‘.

TERP
)]

It is easy to see that the collection of change points { f;(21)}§_, 1 is a subset of the change points of
{f}i—s41- Then, from Lemma 2.2 in|Venkatraman| (1992) that

A(S’e]<z)< max (Se]( )< max su
T\ #) < ey I WA

Due to the definition of b, we have

b € argmax
t=s+1,....e

AIE]

which is a contradiction. ]
Recall that in Algorithm 1, when searching for change points in the interval (s, €), we actually restrict
to values t € (s + p,e — p|. We now show that for intervals satisfying condition SE from Lemma
1, taking the maximum of the CUSUM statistic over (s +p,e — p) is equivalent to searching on
(s, e), when there are change points in (s +p,e— p).

Lemma 11. Let zp € R?,(s,e) C (0,T). Suppose that there exists a true change point 1y, € (s, €)

such that

min {nk —s,e— nk} > A, (56)
and A

()] = ()2
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where c¢1 > 0 is a sufficiently small constant. In addition, assume that
f}s’e] (2’0)‘ - ‘ﬁ(]:’c] (zo) < oA e —5)7 g, (58)

where co > 0 is a sufficiently small constant. Then for any d € (s, e) satisfying

max
t=s+1,...,e

‘d - nk‘ <A /32, (59)
it holds that
) @) - o nl e-o @

where ¢ > 0 is a sufficiently small constant, depending on all the other absolute constants.

Proof. Without loss of generality, we assume that d > 7, and fnk (zo> > 0. Following the arguments

in Lemma 2.6 in|Venkatraman| (1992), it suffices to consider two cases: (i) 41 > eand (i) 7x1+1 < e
Case (i). Note that

() - 0 () (o)

e—3S

9(0) = (= o)y o=y 1 () = s ()}
Therefore, it follows from @ that
R ()R]~ (| ()2l R )

(61)
The inequality follows from the following arguments. Let u = n;, — s,v = e — n and w = d — 7.
Then

and

(e = d)(m —s)
1- (d_s)(e_m)cA‘dnk(es)z
_ _\/(v—w)u_c Aw
(u+ w)v (u+v)?
w(u + v) Aw

V(u+w)u(y/(v —w)u+ /(u+ w)v) c(u + )2’

The numerator of the above equals

w(u 4 v)? — cAw(u 4+ w)v — cAwy/uv(u + w) (v — w)

clu+wjo eyv/uv(u +w)(v — w) }

ZchAw{(u +v)? - 20, 20,
ZchAw{ (1 —c/ <2c1>> (u + v)? — 2_1/2c/01uv} >0

as long as

2

o V2
441/ (\/501)

Case (ii). Let g = ¢; A/16. We can write

c

€—S €—S

Feel () = 4 Flee (20) = (a :
K)o ey P e e
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where

0= ¥ {0l -5 X a()

W(mw—s)(e—m—g){ L | o
’ S5 (e-m) (mro=s)(emmg) avest

and b = ¢ (zo) — ﬂ,ﬁﬂ (zo). To ease notation, let d — n, = [ < g/2,N; = 1, — s and

9:

Nk+9g
Ny = e —np, — g. We have
By = i3 (0) = 757 (20) = Bu (14 Bat) + B, (©2)
where
al(g—1)ve—s
Ey =

\/Nl(N2+g)\/(N1+l>(g+Ng—l)(\/(N1+l)<g+N2—l) +\/N1(g+N2>),

<N2 - N1> (N2 Ny - l)
<\/(N1 +1) (g—I—N2 - l) + \/(Nl +g)N2) (\/Nl(g-i-Ng) + \/<N1 +g)N2)

Eszz—@ (Nl +9)N2

9 (N1 +z)(g+N2 —z)
Next, we notice that g — I > ¢; A/32. Tt holds that

Ly =

)

and

Eu 2 euld = m AT () (e = )72, (©3)
where c1; > 0 is a sufficiently small constant depending on c;. As for Ey;, due to @), we have
By > —1/2. (64)

As for E3;, we have

Es > —C3l71b‘d — nk.‘(e —5) A7 > —03572b‘d — nk‘Af‘o’(e — 5)3/2%“] (zo> K1 (65)

> —eu/2]d - m AT (20 ) (e = 5) 2, (6)

where the second inequality follows from (57)) and the third inequality follows from (38), ¢3;,1, ¢31,2 >
0 are sufficiently small constants, depending on all the other absolute constants. Combining (62),

(63), (64) and (63), we have
Tz (z0) = 1 (20) = el —me| AT (20) e = 5) 2, (©7)

where ¢ > 0 is a sufficiently small constant. In view of (61)) and (67), the proof is complete. O

Consider the following events

_ ms,e _ rs.e < .
A((s €], p,7) {t_Hg?fqe_pzsng’IFt,h (2) = f°(2)] _v},

r+N
1
= — — <
B(r, p,) {N_géfT_Tjgﬂgp ~ t;rl(Ft,h fr) _7}
1 T
max |—— sup (Fin(z) — fi(2)] < .
U{N:p,...,r \/Nt:T_ZN+1zeH§J( tn(2) = Sl ))‘ ’y}
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Lemma 12. Suppose Assumption[3|holds. Let s, €] be an subinterval of [1,T] withe — s < CrA,
and contain at least one change point 1, with min{n,. — s,e — n,.} > ¢T for some constant ¢ > 0.
Let k55, = max{k, : min{n, —s,e —n,} > cT'}. Let

bearg,_ max [|FlL..

For some ¢c1 > 0, A\ > 0 and 6 > 0, suppose that the following events hold

A((s,el, p,7), (68)
B(s,p,7)UB(e,p,U | Bn,p,7) (69)
ne{nk i,
and that ~ ~
omax [E N, = 1B, > et/ T (70)

If there exists a sufficiently small co > 0 such that
v < cakpt NT  and that  p < T, (71)
then there exists a change point ny, € (s, e) such that
min{e — ng,nr — s} > 3T and |ni, — b| < Cymax{y?k; 2, p},

where cg is some sufficiently small constant independent of T'.

Proof. Let z; € argmax,cpre

fbs’e] (z)’ Without loss of generality, assume that f;s’e] (zl) >0
and that fgs’e] (zl) as a function of ¢ is locally decreasing at b. Observe that there has to be a
change point 7, € (s,b), or otherwise fzs’e] (21) > 0 implies that £ (zl) is decreasing, as a

consequence of Lemma Thus, there exists a change point 7, € (s, b) satisfying that

o] 2 [ ()] >[5+ () 2

z€RP

sup
z€RP

ﬁb(&e] (z)‘ —y > VA (72)

where the second inequality follows from Lemma [I0} the third because of the good event A, and
fourth inequalities by (70) and Assumption and ¢ > 0 is an absolute constant. Observe that (s, e)

has to contain at least one change point or otherwise sup_cr ‘ jsj’e] (2)| = 0 which contradicts (72).

Step 1. In this step, we are to show that
min{nk—s,e—nk} zmin{Lc%}A/w (73)
Suppose that 7, is the only change point in (s, €). Then (73) must hold or otherwise it follows from

(T4) that
clVQK
4 )

sup

€Rp Nske(z)’ < Kk
z

which contradicts (72).

Suppose (s, e) contains at least two change points. Then arguing by contradiction, if 7, — s <
min { 1, ¢3 A /16, it must be the cast that 7, is the left most change point in (s, €). Therefore

sup f;;e(z)‘ </t s fre 1(,2)‘ ¥ 2k /TE =5 (74)
<c1/4 max sup Ntse(z)‘ + 2V ARy, (75)
s+p<t<e—p ,cRp
<eci/4 max  sup |FU(2)] + e1 /4y + 2V ARy, (76)
st+p<t<e—p ,cRrp
< sup ﬁfe(z)‘ — (77)
z€RP
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where the first inequality follows from Lemma|[J] the second follows from the assumption of 7, — s,
the third from the definition of the event A and the last from (70) and Assumption[T} The last display
contradicts (72), thus (73) must hold.

Step 2. Let

Zp € arg max

z€RP ;:(Z) ’ ’

It follows from Lemmal|l 1| that there exits d € (nk, e+ / 32) such that

7s.e 7s,e

" (zo) —Jfa (20) > 2y. (78)
We claim that b € (nk, d) - (nk, e + 1A/ 16). By contradiction, suppose that b > d. Then

FEe(2)| = 2v < sup

i (zo) < fre (zo) < max sup
zERP

s<t<e ,cRp

@)= @9

where the first inequality follows from Lemma[T0] the second follows from (78)) and the third follows
from the definition of the event .4. Note that is a contradiction to the bound in (72)), therefore we

have b € (nk,nk + clA/32).
Step 3. Let

j* € argmax| B (X ()
J=1,

= ) (5())) e
P — ( ! k(XO)_X(S)) 1k(X<J)_X(€))) e R,

hP h U e h
By the definition of b, it holds that

and

o =Py ()

2 2
e ri( \

2
‘ S HFSJE 77);]5‘;96 (fs,e)
where the operator P*:¢(-) is defined in Lemma 21 in/Wang et al.|(2020). For the sake of contradiction,

throughout the rest of this argument suppose that, for some sufficiently large constant C3 > 0 to be
specified,

nk + O3 4k; 2 < b. (80)
We will show that this leads to the bound

2 2
e () ()
which is a contradiction. If we can show that
5,€ S S S s,e 2 S S 2
2<Fs,e_fs,e,rpg, (Fs,e> _7)7.7],66 (f ,e)> < ’ f ,e_Pb, (fé:,@) ‘ _‘ fs,e_rp;w,ce (f ,e) , (82)

then (8T)) holds. To derive (82) from (80)), we first note that min {e—nk, i —3} > min {1, c%}A/lG
and that ‘b — le‘ < ¢1A/32 implies that

min{e — b,b — s} > min {1, c%}A/16 —¢1A/32 > min {1, c?}A/32 (83)

As for the right-hand side of ([82)), we have
| -]
2 (e (x () - £(x(7)))

= (i (x(@)) = (B (x ()

(84)
e (x ()] ®)
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On the event A N B, we are to use Lemma[TT] Note that (57) holds due to the fact that here we have

i ()2l ()) 2[R ()] -7z emvB a2 (o) 2ea,

(86)
where the first inequality follows from the fact that 7, is a true change point, the second inequality
holds due to the event A, the third inequality follows from (70), and the final inequality follows from
(71). Towards this end, it follows from Lemma[TT] that

T (X ()| =15 (x(57)) 1> el = mlal e (x(57)) ) He =972 @)
Combining (84), (86) and (87), we have
|77 =Py () ‘2 o T O ]2 > %A%k,@(e —9)2o-ml. @9)
The left-hand side of (82) can be decomposed as follows.
2<Fs,e _ fs,e’zplf,e (Fs,e) _ 735;@ <fs,e>> (89)
:2<Fs,e _fe P (Fs,e) —ppe <fs,e)> + 2<ys,e N (fs,e) — Py (fs,e)> (90)

Nk—S

“nsa(S0 50 5 () (o) <R (), o

=1 1=nr—s+1 i=b—s+1
=(I)+ (I1.1) + (I1.2) + (I1.3). (92)

As for the term (I), we have

(I) <29 (93)
As for the term (II.1), we have
k=S b—s k—s
(IT. 1)—2\/77;@—5{ Siz (Fme—po). }{ =3 (7).~ k15"; (£).}-
In addition, it holds that
b—s Ne—s _ Ne—$
2 () s 2 ()= 5 s S 0)) e ()
b Nk

< (c +1) max

where the inequality is followed by Lemma|[8] Combining with the good events,

b—
(I1.1) < 2/ =572 (CR 1)y (94)

1
<9 * A 1/27‘b—nk’(CR+1) max 95)

= . 30760
min {1, C%}

As for the term (I1.2), it holds that

(11.2) < 2,/ |b = |y (205 + 3) miz, (96)

As for the term (I1.3), it holds that
4

min {1,(:%}

Therefore, combining (94), (96), (97). [88), (89) and (93), we have that (82) holds if

A’kj(e —s)~ ’b nk‘>ma><{v A 1/2'7’b_77k"‘fk»\/‘b_nk”}%k} (98)

The second inequality holds due to Assumption[3] the third inequality holds due to (79) and the first
inequality is a consequence of the third inequality and Assumption [3] O

(I1.3) < 2 A*l/%‘b _ nk’ (OR n 1) . 97)

54



	Introduction
	Model setup
	A two-step multivariate non-parametric change point estimators
	Consistent estimation and limiting distributions
	Consistency of preliminary estimators
	 Refined estimators and their limiting distributions
	Consistent long-run variance estimation
	Discussions on MNSBS 

	Numerical Experiments
	Localization
	Inference

	Conclusion
	Additional simulation results
	Robustness to Kernel Selection and Bandwidth Parameters
	Runtime and localization for Independent Data

	Real data application
	-mixing coefficients
	Proof of theorem:FSBS
	Proof of theorem:Final-est
	Proof of Long-Run-V-Theorem
	Large probability events
	-mixing condition
	 Maximal Inequality
	Central Limit theorem

	 Additional Technical Results
	Multivariate change point detection lemmas


