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Abstract

Sharpness-Aware Minimization (SAM) is a highly effective regularization technique for improving
the generalization of deep neural networks for various settings. However, the underlying working
of SAM remains elusive because of various intriguing approximations in the theoretical character-
izations. SAM intends to penalize a notion of sharpness of the model but implements a computa-
tionally efficient variant; moreover, a third notion of sharpness was used for proving generalization
guarantees. The subtle differences in these notions of sharpness can indeed lead to significantly
different empirical results. This paper rigorously nails down the exact sharpness notion that SAM
regularizes and clarifies the underlying mechanism. We also show that the two steps of approxi-
mations in the original motivation of SAM individually lead to inaccurate local conclusions, but
their combination accidentally reveals the correct effect, when full-batch gradients are applied.
Furthermore, we also prove that the stochastic version of SAM in fact regularizes another notion
of sharpness, which is most likely to be the preferred notion for practical performance. The key
mechanism behind this intriguing phenomenon is the implicit alignment between the gradient and
the top eigenvector of Hessian when running SAM.

1. Introduction

Modern deep nets are often overparametrized and have the capacity to fit even randomly labeled
data [24]. Thus, a small training loss does not necessarily imply good generalization. Yet, stan-
dard gradient-based training algorithms such as SGD are able to find generalizable models. Recent
empirical and theoretical studies suggest that generalization is well-correlated with the sharpness
of the loss landscape at the learned parameter [6, 7, 13, 14, 21]. Partly motivated by these studies,
Foret et al. [9], Wu et al. [23], Zheng et al. [26] propose to penalize the sharpness of the landscape
to improve the generalization. We refer this method to Sharpness-Aware Minimization (SAM) and
focus on the version of Foret et al. [9] in this paper.

Despite its empirical success, the underlying working of SAM remains elusive because of the
various intriguing approximations made in its derivation and analysis. There are three different
notions of sharpness involved — SAM intends to optimize the first notion, the sharpness along the
worst direction but actually implements a computationally efficient notion, the sharpness along the
direction of the gradient. But in the analysis, a third notion of sharpness is actually used to prove
generalization guarantees, which admits the first notion as an upper bound. The subtle difference
between the three notions can lead to very different explicit biases. (see Figure 1 for demonstraion)

More concretely, let L be the training loss, x be the parameter and p be the perturbation radius,
a hyperparameter requiring tuning. The first notion corresponds to the following optimization prob-
lem (1), where we call R}'*(x) = L;®(z) — L(z) the worst-direction sharpness at x and thus

SAM is intended to minimize the original training loss plus the worst-direction sharpness at x.
min L™ (x), where LpJ*(z) = max,|,<1 L(z + pv), (1)
p <
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Type of Sharpness | Symbol Definition Limiting Regularizers Among Minimizers
Worst-direction Ly max,),<1 L(z + pv) A1 (V2L(x))/2 (Theorem 12)
Ascent-direction L5 L (:c + p%) Amin(V2L(x))/2(Theorem 13)

Average-direction | Lp™®  E, n(o,nL(z + PTT) Tr(V2L(z))/2D (Theorem 14)

’ 2

Table 1: Definitions and explicit biases of different notions of sharpness. Here A, denotes to the
smallest non-zero eigenvalue.

However, even evaluation of Lglax(x) is computationally expensive, not to mention optimiza-
tion. Thus [9, 26] proposed to approximate the worst perturbation direction by the direction of
the gradient and implement the second notion of sharpness, which corresponds to (2). We call
R(z) = Ly*(x) — L(x) the ascent-direction sharpness at x.

min L3*(x), where L7(z) =L (9: +p ()

x

VL(x) >
IVL()l,/

Intriguingly, in the generalization analysis of SAM by [9, 23], the first notion of sharpness, i.e.,
the worst-direction sharpness, is only used for upper bounding the third notion of sharpness via
the PAC Bayesian theory [20]. We call the third notion R}"®(z) = L3"®(z) — L(x) the average-
direction sharpness at z, where Ly"®(x) = Eyno,n) L (z + pg/|lgl)-

For further acceleration, Foret et al. [9], Zheng et al. [26] omit the gradient through other oc-

currence of z and approximate the gradient of ascent-direction sharpness by gradient taken after

one-step ascent, i.e., VL%SC(:U) ~VL (m + p%) and derive the update rule of SAM, where
2

7 is the learning rate.

3

L
Sharpness-Aware Minimization (SAM):  x(t + 1) = x(¢t) — nVL (x +p VL(z) >

IV L)l

In this paper, we analyze the explicit bias of various notions of sharpness and the optimization
trajectory of SAM. Our analysis is performed for small perturbation radius p and learning rate n
under the setting where the minimizers of loss form a manifold following [8, 16] In particular, we
make the following theoretical contributions.

1. We prove that full-batch SAM does minimize worst-direction sharpness. (Theorem 8)

2. Surprisingly, when batch size is 1, SAM minimizes average-direction sharpness. (Theorem 11)

3. We characterize the explicit biases of three notions of sharpness among minimizers when pertur-
bation radius p goes to zero. (Theorems 12 to 14, also see Table 1) Surprisingly, both heuristic
approximations made for the update rule of SAM lead to inaccurate solutions, that is, (1) mini-
mizing worst-direction sharpness and ascent-direction sharpness induce different biases among
minimizers, and (2) SAM doesn’t minimize ascent-direction sharpness.

The key mechanism behind this implicit bias of SAM is an alignment phenomenon between the
gradient and the top eigenvector of Hessian when running SAM.

2. Notations and Assumptions

For any integer k, we define C* as the set of k times continuously differentiable functions. For
any mapping F, we define OF (x)[u] and 9 F(x)[u,v] as the first and second order directional
derivative of I'(x) along the direction u (and v). Given a differential submanifold I of R” and a
point z € I, define P, r as the projection operator onto the manifold of the normal space of I at
and Pg r = Ip— P, r. We fix our initialization as i, and our loss function as L : RP — R. Given

the loss function, the gradient flow can be defined as mapping ¢ : R” x [0,00) — RP satisfying
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¢(x,7) = x — [; VL(¢(x,t))dt. We further define the limiting map ® : RP — R” as ®(z) =
lim, o ¢(x, 7). For any positive definite symmetry matrix A € RP*P  define {\;(A), vi(A) }bie[p)
as all its eigenvalues and eigenvectors satisfying A1(A) > Aa(A4)... > A3(A) and ||v;(A4)|]2 = 1.
Our analysis assumes sufficiently small r and p and uses O(-) to hide constant.

Following Arora et al. [2], Fehrman et al. [8], Li et al. [16], we make the below assumption.
Assumption 1 Assume loss L : RP? — R belongs to C*, and there exists a manifold T" that is
D — M dimensional C*>—submanifold of RP for some integer 1 < M < D, where forall z € T, x
is a global minimizer of L, L(z) = 0 and rank(V*L(x)) = M.

The smoothness assumption is met with networks with smooth activation functions and the
existence of the manifold is due to the vast overparameterization of the modern neural network.
The full rank assumption is necessary for the analysis to guarantee the differentiability of ®. Let
U = {z € RP|®(z) exists and ®(x) € I'}. Assumption 1 implies that U is open and & is in C3 on
U (from Lemma B.15 [2]).

3. Explicit and Implicit Bias in the Full-batch Setting

Section 3.1 provides a general theorem to properly analyze the explicit bias of various notions of
sharpness among different minimizers. We then apply our machinery on ascent-direction sharpness
and worst-direction sharpness and show that they have different explicit biases. In Section 3.2
we provide our main theorem in the full-batch setting, that SAM implicitly minimizes the worst-
direction sharpness, via characterizing its limiting dynamics as learning rate p and n goes to 0 with
a Riemmanian gradient flow with respect to the top eigenvalue of the Hessian of the loss on the
manifold of local minimizers. In Appendix C.1 we sketch the proof of the implicit bias of SAM
and identified a key property behind the implicit bias, which is the implicit alignment between the
gradient and the top eigenvector of the Hessian throughout the training.

3.1. Worst- and ascent-direction sharpness have different explicit bias
The intuition of approximating R;*** by R;* comes from the followiglg Taylor expansions [9, 23].
R} (x) = sup L(x+ pv) — L(x) = sup pv! VL(x) + %UTVQL(ZL')U + O(p3)> 4)
llvll,<1 [lv]l<1
VL(z)

ﬁVL(m)TVQL(a;)VL(x)
IVL(2)ll,

2 IVL()II3

R (o4 )2 =1L+ +O(Y)

For most of points z with non-zero gradient, their leading terms are both the first order term
and are the same, since sup, < v VL(z) = |VL(z)|,. Unfortunately, the first order term
vanishes when we actually try to minimize the regularized objective, i.e., the sharpness-aware loss
L3¢ or L™, because every minimizer of the original loss has zero gradient. When one attempts
to optimize the regularized loss, the original loss must first be optimized, meaning the first order
term goes away and the first-order approximation becomes trivial. A quick way to see this is that
any global minimizer of the original loss L will kill the first order term and is a O(p?)-approximate
minimizer of the sharpness-aware loss. In order to allow the regularizer to actually “regularize” the
learning algorithm, the goal must be at least reaching O(p?) error, and what really matters is indeed
the second order term.

In this section, we aim to understand under Assumption 1 what the explicit biases of various
notions of sharpness among different minimizers are. Theorem 4 will be our main theoretic tool to
analyze the explicit bias for small perturbation radius p.
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Notation for Regularizers. Let 1, : RP — RU{oo} be a family of regularizers parameterized
by p. If R, is not well-defined at some z, then we let R,(x) = oco. This convention will be useful
when analyzing ascent-direction sharpness R5°¢ = L5° — L which is not defined when V L(x) = 0.
This convention will not change the minimizers of the regularized loss. Intuitively, a regularizer
should always be non-negative, but however, when far away from manifold, regularizer R,(x) can

actually be negative, e.g., R, (z) ~ %Tr[VQL(:E)]. Therefore we make the following assumption
to allow the regularizer to be mildly negative.

Assumption 2 Suppose for any bounded closed set B C U, there exists C > 0, such that for
sufficiently small p, Yz € B, R,(z) > —Cp*.

The following concept of limiting regularizer is of crucial role in our analysis.

Definition 3 (Limiting Regularizer) We define the limiting regularizer of { R,,} as the function

S:T—R, S(x)=Ilimlim inf R,(z')/p%
p—=07r=0 |’ =z, <r
We say the limiting regularizer S of {R,} is a good around some x* € T, if there is an open set V
containing x*, such that S is a non-negative continuous function in V and for any € > 0, there is

some pyx > 0, it holds thatVr € TNV,0 < p < py=, ’S(x) —infyp g, <ep Rp(x’)/p2’ < e We
say the limiting regularizer S is good on T, if S is good around every point x € T.

The high-level intuition behind the definition of limiting regularizer is to capture the second
order term in the Taylor expansion of regularizer 2, when p — 0. When the second order term
is continuous in z, the definition of S(z) can also be simplified as R,(x)/p?. The intuition of the
concept of a good limiting regularizer is that, the regularizer should not change very fast, especially
in an O(p) neighborhood of the minimizer. If so, the minimizer of the regularized loss may be Q(p)
away from any minimizer to reduce the regularizer at the cost of increasing the original loss, which
makes the limiting regularizer unable to capture the explicit bias of the regularizer.

Theorem 4 Let U’ be any bounded open set such that its closure U’ is contained in U and that
U'NT = U NT. Then for any family of parametrized regularizers {R,} admitting a good limiting
regularizer on I' and satisfying Assumption 2 and any € > 0, there is a pg > 0, such that for all
u € U and p < po, it holds that

L(u) + Ry(w) < inf (L(@) + Ry(w)) + 5 + o(p?)

Ry(u) —p* inf S(@)| <ep”+o0(p?)

— <L(u) — inf L(:r)) +

zelU’

For the applications we are interested in in this paper, the good limiting regularizer .S can be

continuously extended to the entire space R”. In such a case, the implication of “=" of The-

orem 4 also admits the following alternative form which doesn’t involve R?,,. Corollary 5 implies

minimizing regularized loss L(x) + R,(z) is equivalent to minimizing the limiting regularizer of
{R,},, S(x) on the global minimizer manifold I'.

Corollary 5 Under the setting of Theorem 4, let S be an continuous extension of S to RY, if
L(u) + Ry(u) < iné (L(x) + Rp(x)) + ep* + o(p?), then we have that L(u) — inf,ep L(z) =
xzelU’

O(p?) and that | S(u) — infzeprnr S(z)| = € + o(1).
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Corollary 5 suggests a sharp phase transition of the property of the solution of min, L(z) +
R, (x) when the optimization error drops from w(p?) to O(p?*). when the optimization error is larger
than w(p?), no regularization effect happens and any minimizer satisfies the requirement. When the
error becomes O(p?), there is a non-trivial restriction on the (extended) limiting regularizer.

Theorem 6 (Summary of Theorem 13,12 and 14) R, R, R)"® satisfy Assumption 2 and ad-
mit good limiting regularizers on I'. (see Table 1)

Using Theorem 6, we can apply Corollary 5 to characterize their explicit biases, which are all
different.

3.2. SAM provably decreases worst-direction sharpness locally

Though ascent-direction sharpness has different explicit bias from worst-direction sharpness, in
this subsection we will show that surprisingly, SAM, an heuristic method designed to minimize
ascent-direction sharpness, provably decreases worst-direction sharpness. The main result here
is an exact characterization of the trajectory of SAM (3) via the following ordinary differential
equation (ODE) (6), when learning rate n and perturbation radius p are small and the initialization
x(0) = Zinir is in U. We call the solution of (6) the limiting flow of SAM, which is exactly the
Riemannian Gradient Flow on the manifold T' with respect to A\;(V2L(-)). In other words, the
ODE (6) is essentially a projected gradient descent algorithm with loss A1 (V2L(-)) on the constraint
set I' and an infinitesimal learning rate.

1 T
X(r)=X(0)- = / Py (o rVAL(X (5))ds, X (0) = & (winic)- (6)
s=0

Note A1 (V2L(x)) may not be differentiable at x if A1 (V2L(x)) = A\2(V2L(x)), thus to ensure
the (6) is well-defined, we assume there is a positive eigengap for L on I'. Assuming ODE (6) has
a solution till time T3, we have Theorem 8, which is the main theorem of this section.

Assumption 7 For x € T, there exists a positive eigengap,i.e., \1(V2L(z)) > Xo(V2L(x)).

Theorem 8 (Main, Theorems 46 and 47 stated informally) Let {x(t)} be the iterates of SAM (3)

with £(0) = xini; € U, then under Assumptions 1 and 7, for all n, p such that n1n(1/p) and p/n are

sufficiently small, the dynamics of SAM can be split into two phases:

* Phase I: SAM follows Gradient Flow with respect to L until entering an O(np) neighborhood of
the manifold T in O(%) steps;

* Phase II: SAM tracks the solution X of (6), the Riemannian Gradient Flow with respect to
A1 (V2L(-)) inthe O(np) neighborhood in the sense that maxo<r<7, ||®(x([T/(np?)]))—X (T)||

O((n + p)log(1/np)). Moreover, the angle between V L(x(t)) and v1(V2L(xz(t))) is O(p).

Theorem 8 shows that SAM decreases the largest eigenvalue of Hessian of loss locally around
the manifold of local minimizers.

4. Explicit and Implicit bias in the stochastic setting
In practice, people usually use SAM in the stochastic mini-batch setting, and the test accuracy
improves as the batch size decreases [9]. Towards explaining this phenomenon, Foret et al. [9]
argues intuitively that stochastic SAM minimizes stochastic worst-direction sharpness.

In this section, we focus on SGD with batch size 1. We still need Assumption 1 in this section.
We first by analyzing the explicit bias of the stochastic ascent- and worst-direction sharpness in
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Section 4.1 via the tools developed in Section 3.1. It turns out they are all proportional to the trace
of hessian as p — 0. In Section 4.2, we show stochastic SAM locally decreases trace of Hessian.
Setting. Let f; () be the model output on kth data where fj, is a C*-smooth function and 7;, be
the ith label for [l = 1, ..., M. We define the loss on kth data as L (z) = ¢(fx(x), yr) and the total
loss L = 224: 1 Lie/M, where £(y', y) is a C*-smooth function satisfying the following properties':

(1). argmin, cg £(y', y) = y, for any y € R; (2). d%%/,’y) ly=y > 0, forany y € R.

4.1. Stochastic worst- and ascent-direction sharpness have same explicit bias

Below we specify stochastic worst-direction sharpness and stochastic ascent-direction sharpness
as Egx[R'5] = Ex[L3F] — L and Ex[Rp*] = Eg[L3*] — L. Unlike the full-batch setting, these
two sharpness have same explicit bias, or more precisely, they have the same limiting regularizers.
We omit the result on the stochastic average-direction sharpness as it is the same as its counterpart

in the full-batch case.

max

Theorem 9  Stochastic worst-direction sharpness Ey[R}} p

Tr(V2L(-))/2 as a good limiting regularizer on T..

| satisfies Assumption 2 and admits

Theorem 10 Stochastic ascent-direction sharpness Ek[RZS;] satisfies Assumption 2 and admits
Tr(V2L(-))/2 as a good limiting regularizer on T.

4.2. Stochastic SAM minimizes stochastic worst-direction sharpness
Stochastic SAM: Recall Ly, is the loss on kth data, we use stochastic SAM to denote the following
update rule, where k; is sampled i.i.d from uniform distribution on [M].
VL, (z)
oft-+ 1) =)~ 9L, (4 oo ). @
' IV L, ()]
The main result of this section is to show stochastic SAM tracks the following Riemannian

gradient flow with respect to Tr(V2L(-)) on the manifold for sufficiently small 1 and p,
T

X(r)=X(0) — ;/ ) Py r VIX(X (s))ds, X (0) = (@init). )

5=

Theorem 11 Let {x(t)} be the iterates defined by SAM (7) and x(0) = xin; € U, then under

Assumption 1, for all 1) and p such that (n+ p) log(1/np) is sufficiently small, the dynamics of SAM

can be split into two phases:

* Phase I: Stochastic SAM follows Gradient Flow with respect to L until entering an O(np) neigh-
borhood of the manifold T in O(%) steps, with probability at least 1 — O(,/p);

* Phase II: Stochastic SAM tracks the solution X of (8), the Riemannian Gradient Flow with re-
spect to Tr(V2L(-)), with time scaling as | ®(x([T3/(np?)])) — X (T3)| = O((n+p) log(1/np).

S. Conclusion

In this work, we have performed a rigorous mathematical analysis of the explicit bias of various
notions of sharpness when used as regularizers and the implicit bias of the SAM algorithm. In
particular, we show the explicit biases of worst-, ascent- and average-direction sharpness around
the manifold of minimizers are minimizing the largest eigenvalue, the smallest nonzero eigenvalue,
and the trace of Hessian of the loss function. We show that in the full-batch setting, SAM provably
decreases the largest eigenvalue of Hessian, while in the stochastic setting when batch size is 1,
SAM provably decreases the trace of Hessian.

1. Examples include £z loss: £(y,y’) = 0.5(y — 3')>.



How DOES SHARPNESS-AWARE MINIMIZATION MINIMIZES SHARPNESS?

References

[1]

(3]

[4]

[5]

[6]

[10]

[11]
[12]

[13]

Maksym Andriushchenko and Nicolas Flammarion. Towards understanding sharpness-aware
minimization. In International Conference on Machine Learning, pages 639-668. PMLR,
2022.

Sanjeev Arora, Zhiyuan Li, and Abhishek Panigrahi. Understanding gradient descent on the
edge of stability in deep learning. In Kamalika Chaudhuri, Stefanie Jegelka, Le Song, Csaba
Szepesvari, Gang Niu, and Sivan Sabato, editors, Proceedings of the 39th International Con-
ference on Machine Learning, volume 162 of Proceedings of Machine Learning Research,
pages 948-1024. PMLR, 17-23 Jul 2022. URL https://proceedings.mlr.press/
vl62/arora22a.html.

Guy Blanc, Neha Gupta, Gregory Valiant, and Paul Valiant. Implicit regularization
for deep neural networks driven by an ornstein-uhlenbeck like process. arXiv preprint
arXiv:1904.09080, 2019.

Alex Damian, Tengyu Ma, and Jason Lee. Label noise sgd provably prefers flat global mini-
mizers, 2021.

Chandler Davis and William Morton Kahan. The rotation of eigenvectors by a perturbation.
iii. SIAM Journal on Numerical Analysis, 7(1):1-46, 1970.

Laurent Dinh, Razvan Pascanu, Samy Bengio, and Yoshua Bengio. Sharp minima can general-
ize for deep nets. In Proceedings of the 34th International Conference on Machine Learning-
Volume 70, pages 1019-1028. JMLR. org, 2017.

Gintare Karolina Dziugaite and Daniel M Roy. Computing nonvacuous generalization bounds
for deep (stochastic) neural networks with many more parameters than training data. arXiv
preprint arXiv:1703.11008, 2017.

Benjamin Fehrman, Benjamin Gess, and Arnulf Jentzen. Convergence rates for the stochastic
gradient descent method for non-convex objective functions. Journal of Machine Learning
Research, 21:136, 2020.

Pierre Foret, Ariel Kleiner, Hossein Mobahi, and Behnam Neyshabur. Sharpness-aware min-
imization for efficiently improving generalization. In International Conference on Learning
Representations, 2021.

Sepp Hochreiter and Jiirgen Schmidhuber. Flat minima. Neural Computation, 9(1):1-42,
1997.

Roger A. Horn and Charles R. Johnson. Matrix analysis. Cambridge university press, 2012.

Stanistaw Jastrzebski, Zachary Kenton, Devansh Arpit, Nicolas Ballas, Asja Fischer, Yoshua
Bengio, and Amos Storkey. Three factors influencing minima in sgd. arXiv preprint
arXiv:1711.04623,2017.

Yiding Jiang, Behnam Neyshabur, Hossein Mobahi, Dilip Krishnan, and Samy Bengio. Fan-
tastic generalization measures and where to find them. arXiv preprint arXiv:1912.02178, 2019.


https://proceedings.mlr.press/v162/arora22a.html
https://proceedings.mlr.press/v162/arora22a.html

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

How DOES SHARPNESS-AWARE MINIMIZATION MINIMIZES SHARPNESS?

Nitish Shirish Keskar, Dheevatsa Mudigere, Jorge Nocedal, Mikhail Smelyanskiy, and Ping
Tak Peter Tang. On large-batch training for deep learning: Generalization gap and sharp
minima. arXiv preprint arXiv:1609.04836, 2016.

Jungmin Kwon, Jeongseop Kim, Hyunseo Park, and In Kwon Choi. Asam: Adaptive
sharpness-aware minimization for scale-invariant learning of deep neural networks. In In-
ternational Conference on Machine Learning, pages 5905-5914. PMLR, 2021.

Zhiyuan Li, Tianhao Wang, and Sanjeev Arora. What happens after sgd reaches zero loss?—a
mathematical framework. In International Conference on Learning Representations, 2021.

Yong Liu, Siqi Mai, Xiangning Chen, Cho-Jui Hsieh, and Yang You. Towards efficient and
scalable sharpness-aware minimization. In Proceedings of the IEEE/CVF Conference on Com-
puter Vision and Pattern Recognition, pages 12360-12370, 2022.

Kaifeng Lyu, Zhiyuan Li, and Sanjeev Arora. Understanding the generalization benefit of
normalization layers: Sharpness reduction. arXiv preprint arXiv:2206.07085, 2022.

Jan R Magnus. On differentiating eigenvalues and eigenvectors. Econometric theory, 1(2):
179-191, 1985.

David McAllester. Simplified pac-bayesian margin bounds. In Learning theory and Kernel
machines, pages 203-215. Springer, 2003.

Behnam Neyshabur, Srinadh Bhojanapalli, David McAllester, and Nati Srebro. Exploring
generalization in deep learning. In Advances in Neural Information Processing Systems, pages
5947-5956, 2017.

Colin Wei and Tengyu Ma. Improved sample complexities for deep networks and robust
classification via an all-layer margin. arXiv preprint arXiv:1910.04284, 2019.

Dongxian Wu, Shu-Tao Xia, and Yisen Wang. Adversarial weight perturbation helps robust
generalization. Advances in Neural Information Processing Systems, 33:2958-2969, 2020.

Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Under-
standing deep learning requires rethinking generalization. arXiv preprint arXiv:1611.03530,
2016.

Yang Zhao, Hao Zhang, and Xiuyuan Hu. Penalizing gradient norm for efficiently improving
generalization in deep learning. arXiv preprint arXiv:2202.03599, 2022.

Yaowei Zheng, Richong Zhang, and Yongyi Mao. Regularizing neural networks via adversar-
ial model perturbation. In Proceedings of the IEEE/CVF Conference on Computer Vision and
Fattern Recognition, pages 81568165, 2021.



How DOES SHARPNESS-AWARE MINIMIZATION MINIMIZES SHARPNESS?

Contents
1 Introduction
2 Notations and Assumptions

3 Explicit and Implicit Bias in the Full-batch Setting

3.1 Worst- and ascent-direction sharpness have different explicit bias . . . . . . . .
3.2 SAM provably decreases worst-direction sharpness locally . . . . .. ... ..

4 Explicit and Implicit bias in the stochastic setting

4.1 Stochastic worst- and ascent-direction sharpness have same explicit bias . . . .
4.2 Stochastic SAM minimizes stochastic worst-direction sharpness . . . . . . . .

5 Conclusion
A Related Works

B Discussion and Implication of main result

B.1 Limiting Regularizer . . . . . . ... .. ... ... ..
B.2 Full-batchsetting . . . . .. ... ... ... . ... ..
B.3 Stochastic Setting . . . . . . . ...

C Proof overview

C.1 Proof Sketch for Phase Il in Theorem 8 . . . . . . . . . ... ... ......
C.2 Proof Sketch for StochasticCase . . . . . . . . . . . .. ... ... .. ....

D Proof Details

D.1 Setup . . . . .
D.2 Lemmaabout® . .. .. .. ... ... ... ...
D3 ExplicitBias. . . . . .. . .
D.4 Full-batch SAM on Quadratic Loss: Proof of Theorem21 . . . . . ... .. ..
D.4.1 PreparationPhase . . . . . . . ... ... oL
D4.2 AlignmentPhase . . . ... ... ... ... ... ... ........
D.4.3 LengthConvergence . . . . . . ... ... ... ... ......
D.5 Full-batch SAM on General Loss: Proof of Theorem8 . . . .. .. ... ...
D.5.1 Phase I: Proof of Theorem46 . .. ... .. ... ... ........
D.5.2 Phase II: Proof of Theorem47 . . . . ... ... ... ... ......
D.5.3 Proofofcorollary . . . . . . . . . . ... ...
D.6 Stochastic SAM: Proof of Theorem 11 . . . . . ... ... ... .. ......
D.6.1 PhaseI: Proof of Theorem 51 . . . ... ... ... ... .......
D.6.2 Phase II: Proof of Theorem 52 . . . . . . ... ... ... .......
D.6.3 Proofofcorollary . . . . . . . ... ... ... ...
D.7 Technical Lemmas . . . . ... ... . ... . ... ...

10

11
11
11
12

12
12
14



How DOES SHARPNESS-AWARE MINIMIZATION MINIMIZES SHARPNESS?

Appendix A. Related Works

Sharpness and Generalization. The study on the connection between sharpness and generalization
can be traced back to [10]. Keskar et al. [14] observed a positive correlation between the batch
size, the generalization error, and the sharpness of the loss landscape when changing the batch
size. Jastrzebski et al. [12] extends this by finding a correlation of the sharpness and the ratio
between learning rate to batch size. Dinh et al. [6] shows that one can easily construct networks
with good generalization but with arbitrary large sharpness by reparametrization. Dziugaite and
Roy [7], Neyshabur et al. [21], Wei and Ma [22] give theoretical guarantees on the generalization
error using sharpness-related measures. [13] performs a large-scale empirical study on various
generalization measures and showed that sharpness-based measures have the highest correlation
with generalization.

Background on Sharpness Aware-Minimization. Foret et al. [9], Zheng et al. [26] concur-
rently proposed to minimize the loss at the perturbed from current parameter towards the worst
direction to improve generalization. Wu et al. [23] proposed the almost identical method for a differ-
ent purpose, robust generalization of adversarial training. [15] proposed a different metric for SAM
to fix the rescaling problem pointed out by [6]. Liu et al. [17] proposed an more computationally
efficient version of SAM. Zhao et al. [25] proposed to improve generalization by penalizing gradient
norm. Their proposed algorithm can be viewed as a generalization of SAM. Andriushchenko and
Flammarion [1] studied a variant of SAM where the step size of ascent step is p instead of m.
They showed that for a simple model this variant of SAM has a stronger regularization effect when
batch size is 1 compared to the full-batch case and argued that this might be the explanation that
SAM generalizes better with small batch sizes.

Sharpness Minimization as Implicit Bias. Recent theoretical works Blanc et al. [3], Damian
et al. [4], Li et al. [16] showed that SGD with label noise is implicitly biased to local minimizers
with a smaller trace of Hessian. Arora et al. [2] showed that normalized GD implicitly decreases
the largest eigenvalue of the Hessian. Lyu et al. [18] showed that GD with weight decay on a scale
invariant loss function implicitly decreases the spherical sharpness, i.e., the largest eigenvalue of the
Hessian evaluated at the normalized parameter.

10
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Appendix B. Discussion and Implication of main result

B.1. Limiting Regularizer

Theorem 12 Worst-direction sharpness R satisfies Assumption 2 and admits Ay (V2L(-))/2 as
a good limiting regularizer on I'.

Theorem 13 Ascent-direction sharpness R satisfies Assumption 2 and admits \ w(V2L(-))/2
as a good limiting regularizer on T

Theorem 14 Average-direction sharpness R}, ® satisfies Assumption 2 and admits Tr(V2L(+))/(2D)
as a good limiting regularizer on T'.

When R, is continuous at some = € I', the definition of S () can be simplified as lim, 0 R, (z)/p*.
Worst- and average- direction sharpness fall into this type and the limiting regularizer can be solved
straightforwardly by Taylor expansion.

The analysis for ascent-direction sharpness is more tricky as R;SC(Q:) = oo and thus is not
continuous for any = € I'. To minimize R%* around x, we can pick ' — x to make |[VL(z)|, — 0
but not equal to 0. By (5), we have R2*(2') ~ p?/2 - VL(2') " V2L(x)VL(2')/||VL(z')||*. Here
the crucial step of the proof is that because of Assumption 1, VL(z)/ ||V L(z)|, must almost lie
in the column span of V2L(x), and thus implies inf, VL(z') " V2L(x)VL(z')/||VL(2")||? 30
A (V2L(x)). The above alignment property between the gradient and the column space of Hessian
can be checked directly for any non-negative quadratic function and the maximal Hessian rank
assumption in Assumption 1 ensures this property extends to general losses.

Unlike in the full-batch setting where the implicit regularizer of ascent-direction sharpness and
worst-direction sharpness have different explicit bias, in the stochastic case they are the same be-
cause there is no difference between the maximum and minimum of its non-zero eigenvalue for
rank-1 Hessian of each individual loss, and that the average of limiting regularizers is equal to the
limiting regularizer of the average regularizers by definition.

B.2. Full-batch setting

As a corollary of Theorem 8, we can also show that the largest eigenvalue of the limiting flow
closely tracks the regularized training loss.

Corollary 15 For all T3 > 0, for all p,n such that nln(1/p) and p/n are sufficiently small we
have V'Ty < np*t < T3, [|RR™(x(t)) — p* (X (np?t)) /2] = O(np?)

Recall Theorem 13 shows that the largest eigenvalue of Hessian is the limiting regularizer of the
worst-direction sharpness, leveraging the equivalence relationship in Theorem 4, below we show
that full-batch SAM provably minimizes worst-direction sharpness if we additionally assume the
limiting flow converges to a local minimizer of the top eigenvalue of Hessian.

Corollary 16 Define U’ as in Theorem 4, suppose X (00) = 1tlim X (t) exists and is a minimizer
—00

of M(V2L(x)) in U' NT, for all € > 0, there exists a constant T > 0, then for all p,n such that
nn(1/p) and p/n are sufficiently small we have L3 (x( [T/(np?)])) < ep? + infrcpr Ly ()

11
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B.3. Stochastic Setting

Corollary 17 and 18 below are stochastic counterparts of Corollary 15 and 16, which says that
the trace of Hessian of the limiting flow of well-tracks the stochastic worst-direction sharpness, and
therefore when the limiting flow converges to a local minimizer of trace of Hessian, stochastic SAM
minimizes the stochastic worst-direction sharpness.

Corollary 17 For all Ty > 0, for all p, 7 such that (n+ p) log(1/np) are sufficiently small we have
VT3 < npt < Ty, [[Bx[RE2](2(1)) — p*Tr(V2L(X (np?t))) /2] = O((n + p)p?).

Corollary 18 Define U’ as in Theorem 4, suppose X (c0) = tlim X (t) exists and is a minimizer of
—00

Tr(V2L(x)) in U' N T, for all € > 0, there exists a constant T > 0, then for all p,n such that (n +
p)log(1/np) are sufficiently small we have Ej[Li"5*]( [T/(np*)])) < ep? + infrepr Eg (Lo ()

Appendix C. Proof overview
C.1. Proof Sketch for Phase II in Theorem 8
Now we sketch the proof for the ODE-based characterization of the trajectory of SAM in Phase II.
The framework of the analysis is similar to Arora et al. [2], Lyu et al. [18], where the high-level
idea is to use ®(x(t)) as a proxy for x(t) and study the dynamics of ®(x(t)) via Taylor expansion,
which turns out to be dependent on the alignment between the gradient and the eigenvectors of the
Hessian. In particular, like Arora et al. [2], Lyu et al. [18], we show that the gradient aligns to the
top eigenvector of Hessian, and thus encourages the SAM dynamics to reduce the top eigenvalue of
the Hessian.

Taylor Expansion on ®. In Phase II, it can be shown that ||z(t) — ®(z(t))|| = O(np) holds for
every step, this implies ||z (¢ + 1) — x(t)||, = O(pn). (See Lemma 35) Therefore we have that

®(z(t +1)) — @(x(t) =nd®(z(t))(z(t +1) — z(t)) + O(llz(t + 1) — z(t)|*)

0D (x(1))V L (x pm) o) ©)

Now we apply Taylor expansion on VL (w + p%) around x and get

VL (az + p%)

VL(zx)
IVL(z)]l

VL(x) VL(zx)

=VL(z) - pV2L(x) IVL()lly" VL)l

p;(??(VL)(x) [ ] +0(p%). (10)

Lemma 19 (Lemma B.16 [2]) Forx € U, 90®(z)VL(z) = 0, 0®(x)V2L(x)VL(x) = —0?®(x)[VL(z), VL(z)].

Now we plug (10) into (9) and simplify the expression using Lemma 19. We have that

Ba(t+1)) ~ $la(t) =0+ 0 (p[|02((®) VL) IV L(x(1))ll,) (11)
e~ 292 - L(z) VL(z) 3 2 3
ORI [ [T O )

where in the last step we use the property that ||x(t) — ®(x(t))|| = O(np), which further implies

|\VL(z(t))||5 = O(np) in Phase II (See Lemma 30).

12
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Lemma 20 Forz €T, 0®(x) = PJIF’ 0®(x)V2L(z) = 0, where PQIF is the orthogonal projec-
tion matrix of the tangent space of I at x.

Next we use Lemma 20 to further simplify (11). Since the entire phase II happens in an O(7)p)-
neighborhood of manifold I', we have that ||z (t) — ®(z(t)) |, = O(np), thus both ||0® (2(t)) V2L(z(t))||
and ||V L(z(t))|, are O(np). So far, the proof is almost completed, with the implicit alignment
between gradient and top eigenvector of Hessian being the last missing piece. Suppose we have

Vi) 27 _
‘ VL@, v1 (V2L H ), then it holds that

VL(z) VL(x)
IVL()[l," [VL()]l,

2
B(a(t +1)) - @(a(t) = — L-00(2)0*(VL)(2) + 00’ s +no")
2
1 00(@)0P (VL)) [or(VPL(a)), 0 (VP L(a)] + Ol + 1)
S 7752ac1>(:c(zt))w1(VQL(ac(t))) + 0’ p* +np°)

2
= — 15-02(®(2(1))) - VAUVZL()loa(etey + 000 + "), (12)

where the second to last step we use the following property about the derivative of eigenvalue
(Lemma 57) and the last step is due to Taylor expansion.

Implicit Hessian-gradient Alignment. It remains to explain why the gradient implicitly aligns
to the top eigenvector of Hessian, which is the key component of the analysis in Phase II. The
proof strategy here is to first show alignment for a quadratic loss function, and then generalize its
proof to general loss functions satisfying Assumption 1. Below we first give the formal statement
of the implicit alignment on quadratic loss Theorem 21. Note this alignment property is an implicit
property of the SAM algorithm — it is not due to the fact that SAM is an approximation of GD on
L7, because optimizing L7 would rather make the gradient align to the smallest eigenvector!

Theorem 21 Suppose A is a positive definite symmetric matrix with unique top eigenvalue. Con-

sider running SAM on loss L(z) = 3x7 Az as (13), then for almost every x(0), we have z(t)
converges in direction to vi(A) and lim;_, ||z (t)|| = %1'4)) withnA1(A) < 1.
Azx(t)
z(t+1)==x(t) —nA <:p( )+ ) (13)
" TAx ()]

Equivalently, we can reformulate the update rule through the lens of the gradient VL(z) = Ax:

VL(z(t))
p||VL<x<t>>>|> 1

and the result of Theorem 21 becomes the alignment between gradient and the top eigenvector of
Hessian. This property can be generalized to the analysis of general loss as the dynamic of SAM
near a fixed point on I' is similar to the quadratic case with small perturbation. To see this, we apply
Taylor expansion on the update rule of SAM (3):

VL(z(t+1)) = VL(z(t)) — n(V?L(x(t)))? (VL(as(t)) +

VL(z(t))

2
WL, o) 49

2t +1) = a(t) — gV L(x(t) — npV2L(a(t))

13
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Since phase II happens in an O(7p)-neighborhood of manifold I', we have ||z(t + 1) — z(t)||, =
O(np). Then by (15) and Taylor expansion on VL(x(t + 1)) at z(t), we have that

VL(z(t+1)) =VL(z(t)) — V2L(z(t)) (z(t + 1) — z(t)) + O(n*p?) (16)

2 2 VL(z(t)) 2
VLG(t) - (T L0) (VI + o ) + Om) (7
Equation (16) is a O(np?)-perturbed version of the update rule in the quadratic case. Note this
is a higher order term comparing to the other two terms, which have orders ©(n?p) and ©(np)
respectively, the implicit alignment between Hessian and gradient happens for the same reason as
in the quadratic case. We further show once this alignment happens, it will be kept until the end of
our analysis, which is ©(n~!p~2) steps.

C.2. Proof Sketch for Stochastic Case

Given our results in Section 3, it’s natural to ask if we can justify the implicit Hessian-gradient
alignment in the stochastic setting. Unfortunately, such alignment is not possible in the most general
setting. For example, take a simple quadratic loss L(z) = M, where Ly (z) = 0.52 " Apx
and Ay, is a positive definite matrix for k = 1, 2. If A; and A, have different top eigendirection, then
no x can simultaneously satisfy that VL (z) = Agx aligns to the top eigenvector of V2L (z) =
Ap. Yet when the batch size is 1, we can prove rigorously that stochastic SAM minimizes stochastic
worst-direction sharpness (Section 4.2).

The fundamental difference between stochastic SAM (7) with batch size 1 and that in the general
setting is that the rank of the Hessian of each stochastic loss at minimizers is only rank-1, which
enforces the gradient VL (z) ~ V2Ly(z)(x — ®(z)) to (almost) lie in the direction of the top

eigenvalue of the Hessian. Lemma 22 formally states this property. For convenience, we denote

UYL | 4 o) V(@) /1Y fi(@)]] as Ap(), wi(x).

Lemma 22 UnderAssumption 1, foranyx € U andp € T,V2Ly(p) = Ar(p)wi(p)wi(p)? and
{1, -V et = swi(p) + O([lz = pl))

With Lemma 22, we can show ®(x(t + 1)) — ®(x(t)) = —np? FV( k(1))/2 + O(n?p?)

when ||z (t + 1) — z(t)|| = O(np), via a similar but slightly more complicated analysis on ®(z(t +
1)) — ®(z(t)) as in Section 3.2. As we have E[Ax(z)] = (3, Ax(z))/M = Tr(V2L(z)), we have
that locally SAM is essentially performing a stochastic projected gradient descent with respect to
Tr(V2L(")).

It still remains to prove stochastic SAM gets O(np) close of the manifold, which is addressed
by Theorem 51.

Appendix D. Proof Details

D.1. Setup

We will first restate our main assumptions in Section 2.

Assumption 23 Assume loss L : RP — R belongs to C*, and there exists a manifold T that is
D — M dimensional C?—submanifold of RY for some integer 1 < M < D, where forall x € T, x
is a local minimizer of L, L(z) = 0 and rank(V*L(z)) = M.

14
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14 . Stochasic SAM )\ M 10
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Ascent-Direction 3 g o
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Figure 1: Visualization of the different biases of different sharpness notions on a 4D-toy example.
For z,y € R?, consider loss L(z,y) = Fyo(z)y3 + Fi(z)y? with Fy(z) = 2% + 623 + 8
and Fy(x) = 4(1 — 29)? + (1 — z1)? + 1. L has a zero loss manifold {y = 0} and the
eigenvalues of its Hessian on manifold are Fy(x) and F} (x) with Fy(z) > 8 > 6 > Fi(z)
on [0, 1]2. As our theory predicts, (1). full-batch SAM (3) finds the minimizer with the
smallest top eigenvalue, Fy(z); (2). GD on Ascent-direction Loss L;SC (2) finds the
minimizer with the smallest bottom eigenvalue, Fyy(x). (3). Stochastic SAM (7) (with
Lo(z,y) = Fo(z)zd, Li(x,y) = Fi(x)y}) finds the minimizer with smallest trace of
Hessian. Loss landscape L(z, -) are visualized as 3D plots at converged z to illustrate the
different biases.(cf. Table 1)

0.4+ _—
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Assumption 24 For x € T, there exists a positive eigengap,i.e., \1(z) > Aa(z).

For stochastic loss, we use notation in Assumption 49, a general assumption containing our
setup in Theorem 11. We additionally define ®;, as the gradient flow with respect to Ly.

We abuse the notation and define \; (), v;(z) as \;(V2L(®(x))), v;(V2L(®(x))) whenever the
latter is well defined. When () and T" is clear from context, we also use A;(t) :== A;(x(t)),v;(t) =
vi(x(t)), PtTF = P;(m(t)),f" Pir = Pot)),r-

In our proof, we repeatedly discuss compact set in I' and their neighborhoods. We will use
K C T to denote a compact set. This notation may have different meanings in different proof and
will be clearly stated. We further define K¢ = {x|Dist(z, K) < d}.

We first present some lemmas regularizing the behavior of L and I" near C.

Definition 25 A function L is u—PLin a set U iff Vo € U, ||VL(z)||* > 2u(L(x) —inf ey L(z)).
Definition 26 The spectral 2-norm of a k-order tensor I';, _ ;, € RArx--Xdi g defined as

IT| = max D[z, ..., k).
|zl € R% [|as || =1

Lemma 27 Given C, there is a sufficiently small r(C') > 0 such that
K" NT is compact

K" cUn(NgUy)

Lis u—PLon K"

inf e er (A (V2L(2)) — A2(V2L(2))) > A >0

inf e fer Apg(V2L(2)) > 0> 0

infxeKT /\1(V2Lk<1‘)) >u>0

SN

15
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We further assume

¢ = sup |V2L(2)|, v = sup [V’L(z)|, T = sup [|[V'L(z)|,

e K™ e KT zeK"
¢ = sup [[V?@(z)||, x = sup [V’®(x)],
zeK" zeK"

and all these constants are greater than 1. We also abuse the notation and use notations like (; to
denote the same norm for stochastic loss.

Lemma 28 Given C, there is a sufficiently small h(C') > 0 such that

1. sup L(z) — inf L(z)<HE
Z‘GKh zEKh
2. Vo e K", ®(z) € K'/?

Then we have

Lemma 29 Foranyx € K h we have
1. The entire gradient flow trajectory with respect to every stochastic loss Lj, and L lies in K".
2. The whole segment x®(z) and x®(x) lies in K".

The proof of these lemmas can be found in [2].

D.2. Lemma about ®

In this section, we will introduce some geometric lemma about S AM, which will be heavily used
in the analysis below.

Lemma 30 Forx € K" we have

o - o< [ 175 < \/ 2y = Le@) MO

Lemma 31 Forx € K", we have

0®(x)VL(z) =0,z €U
0® (2) V2L (z) VL (z) = —0*® () [VL (z), VL (z)],z € U
0% (2) 9*(VL)(z)[v1,v1] = Px V(A (V?(L(2)))),z € T.

Lemma 32 At any point © € K", we have

IVL (2) = V2L (®(2)) (z — ®(x))|| < ng — ()|

VL@
V2L (@) (-] | =
VL(x) _ V’L(®(x))(z— @(x)) Vi ol
VL@ T~ VL (@) @ ety ~ Gl el

The proof of above lemmas can be found in [2].

16
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Lemma 33 Forx € K",

109 (2)V Lk ()| < (v + &) lx — @ ()]

e )HH < (v + GOl — ()]

Proof Consider doing Taylor expansion,

109 (2)V Li () || < [|0®(2)V?Li(®(2))(z — ()| + villz — ()|
< |00 (2)) V2 Li(P(2)) (x — ®(2))|| + villz — @(2)]|* + G|z — @(2)|?
= | P r®(®(2)) VL (®(2)) (z — ®(2))|| + villz — ®(2)|* + (€l — ()|
= Uk + G|z — @(2)|?

and
9 VL (x) 9 VL (x)
[0®(z)V Lk(@m” < [|0@(z)V Lk@@))m” + vgl|z — @(z)||
2 VL (z)
< [[0®(®(z))V Lk(@(ﬂ:))mll + (ke + Gz — ()]
= (v + Gef) |z — ()|
Here we use Lemma 28 to ensure the approximation is correct. |

Lemma 34 There exists hy > 0, for v € K" and p € C,V?Ly(p) = Ap(p)wi(p)wi(p)T ,
suppose ||x — pl|| < hy, there exists s € {1, —1},

VL (z)

TVLe @]~ @) + Oz =)

Further if we have |wl (z —p)| > ||z —p||*/2, then we have s = sign(w} (x —p)). This implies

T
m (z=p) = swf (@ —p) = Oz = pl/"
> llwf (z ~ p)l| — O(llz — p]*?)

Proof There are two ways we may use to estimate the direction %.

First Way According to Lemma 32,

WL @~ V2 Lp(@(@) (@ — ) T U~ 2@

Suppose Vsz((I)k(.%')) = Ak(<I>k(x))wk(ék(x))wk(q)k(x))T, then

VLk (1‘)

Loy = k(@s(e) + Ol — @i (@)])

17
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Define V2Lj(O) = v;v], using Davis-Kahan Theorem 55, we would have 3s € {—1, 1}, such
that [y (®4(2)) — swe(p) | < C|[%u() ]
VL (z)

VL, (@) ] swi(p) + O([|®x(z) = p[| + [l = pl))

According to Lemma 30, we have ||z — @ (z)]| < |WL5($)II < CHTPH. This implies,

VLk (1’)

m=swk(p)+0(||x_p||) a8)

Second Way There is another direct way to consider the direction of H%’;Egn . Doing a Taylor expansion at O,

VL () = Mp(@)wi(p)wi(p)” (x — p) + O(v|z — p||?).

That being said, when |w] (z — p)| > ||z — p||3/2, we have

L >||—||wkw£<x— )| < Olle - o)

9L (@) || = Jwxw (@ = p)] vl

| At 11| YN i J G YT AT
o g Tl -2

Hence we have
VL (x)
VL () ]|

= sign(wy (z — p))wg + O(||z — p[|'/?) (19)

Comparing (18) and (19), we have there exists A1, such that if ||z—p| < hy, s = sign(wl (z—p))
when |w] (z — p)| > ||z — p||*/2. The final inequality is self-explanatory.

|
We will abuse notation slightly and suppose h; in Lemma 34 satisfies h; > h.
h — (z)
Lemma 35 Suppose x € K" andy =x —nVL <a: + pHVL(x)”>
IVL(z)|| < ¢z — @(z)]
|@(x) — (y)l| < Enpl| VL () | + Enp® + E?(IV L () [I* + £ p
< CEnpllz — ()| + Cén’llz — @(2)|” + Enp® + ECn?p?
ly = zll <l VL (x) | +n¢p
Proof Using Taylor Expansion and Lemma 28,
12(y) — @(@)|| < |9 (z)(y — )| + Elly — /2
Further
VL (x)
y—xz—nVL(x—i-p )
IVL (z) ||
VL (x) 9 e VL (z) VL (z) 3
= —nVL (z) — npV?L(z) ———2— — np*dV>3L (x , 24+ O(np°Y
) VL@ L@ VL@ 2+
VL (z VL (z VL (z
Sy — o+ NVL (@) + o VL) L VL (o) o) < iy

IVL (z) | IVL (@) [|" VL (2) |

18
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This implies
Iy =l = VL (24 o o )1 < WIVEG) |+ a6
00 (0)(y — )| < IOV VL (2) + pOB() VL) T N+ s
Using Lemma 31,
109 (2)(y — )| < 0ol VE () [|020(a) | D) VL@ e

VL (z) " IVL (z) |
< &np|| VL (z) || + np*¢

Putting together we have

[@(z) — @(y)|| < Enpl|VL (z) || + np*€ + En?IVL (z) ||* + £CPn?p?

Lemmas in this section will be repeatedly used in our proofs.

D.3. Explicit Bias

We will first prove the generic Theorem 4 and then apply this theorems to characterize a variety of
regularizers.

Lemma 36 Let U’ be any bounded open set such that its closure U' C U. Further assume U'NI =
U'NT, then for all hy > 0,3pg > 0if x € U', dist(z,T") < po = dist(z,U' NT) < hy

Proof Prove by contradiction. If there exists a list of py, ..., pg, ..., such that p, — 0 and there
exists z € U’, such that dist(z, I') < py, and dist(zg, U’ NT') > hao. Then consider accumulation
point of z; * in U’. Then we would have z* e ' NU' =U'NT. |

Lemma 37 Let U’ be any bounded open set such that its closure U' C U. then for all hy >
0,3p1 > 0ifx € U, L(x) < p1 = dist(z,U' NT) < hy

Proof Prove by contradiction. If there exists a list of p, ..., pg, ..., such that p, — 0 and there exists
x € U’, such that L(xy) < pg and dist(zg, U’ N T') > hy. Then consider accumulation point of
xp 2*in U’. Then we would have z* e ' NU’ = U’ NT. [ |

Proof [Proof of Theorem 4 ] We will first prove = side. The proof consists of four steps. Define i
as the constant in Lemma 29 with K = U’ N H.

19
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Step 1 Consider 2 € U’ NT, satisfying

S(zg) < xellrfl’fﬁf S(xz)+ O(p).
Then using definition 3, we have there exists sufficiently small €, < p?, such that exists |z —
zo| <€, < p?and ||S(zo)—R,(z1)/p%|| = O(p?). Now thatas zo € U’, we have for sufficiently
small p, 71 € U’. By Lemma 36, we have for sufficiently small p, zgz1 € U’ N H h, then consider
doing Taylor Expansion, we would have L(z1) + R,(21) < p2S(z0) + 0(p?).

Step 2 Now consider L(u) + R,(u) < p? infieprnr S(x) + €p? + o(p?). We easily have L(u) < O(p?)
by Assumption 2. By Lemma 37, we have u®(u) € K" and that ||u — ®(u)|| = O(p) b
Lemma 30. This implies dist(U’ N H, ®(u)) = o(1). Notice now, we have shown R,(u)
p?inf S(x) + p*e + o(p?)

Step 3 Now applying definition of a good limiting regularizer and Finite covering theorem, we have this
further implies S(®(u))p? < R,(u)+o(p*). We also have S(®(u)) > inf,cpar S(x) —o(1) as
S € CO. Finally R, (u) > S(®(u))p®—o(p?) > p?inf S(z) —o(p?). We also have L(u) < o(p?),
proving our claim.

For the < side, we need to provide a lower bound for L(x) + R,(x). Define constant C such
that for all z, ||z — ®(x)|| > Cip, we have L(z) > (Cyr + infyepnr Sez) + 1)p* where Cyy is
the constant in Assumption 2. Then we have for z such that ||z — ®(x)|| > C1p, we have L(x) +
Ry(x) > (infzepnr Sex) 4+ 1)p?. For [z — ®(x)|| < C1p, we have by definition of good limiting
regularizer and Finite covering theorem, R,(z) > p?S(®(x))—o0(p?). Asdist®(z), U’ NT = o(1),
we have R,(z) > infycp/nr S(@) — o(p?), hence L(x) + Ry(x) > infpeprnr S)p?. [ |

IN <

Theorem 4 implies Corollary 38 saying that the minimum of the regularized loss is approxi-
mately the sum of the minimum of loss and the minimum of limiting regularizer.

Corollary 38 Under the setting of Theorem 4,

inf (L Ry(z)) — inf L(z) —p* inf S(z)| < o(p®
inf (L(z) + Rp(x)) — inf L(z) —p° inf S(z)| <ofp”)
Proof [Proof of Corollary 38] In Theorem 4, choose € = 0, and choose u such that L(u) + R,(u) <
inf,epr (L(x) + Ry(x)) + o(p?), the result is then clear. [ |

We will then prove the Corollary 5.
Proof [Proof of Corollary 5] By Theorem 4, we have || L(u) —inf ey L(x)| = O(p?). This implies
|lu — ®(u)|| = O(p) and also dist(U’ N H, ®(u)) = o(1).

We also have p2S(®(z)) — o(p?) < R,(u) < p?infrepnm S(z). We have ||S(®(z)) —
inf e S(z)|] = o(1). This further implies ||S(®(z)) — inf epng S(z)|| = o(1)

Proof [Proof of Theorem 12]
Step 1 For assumption 2

Ry e) = pmax, L pv) = Lp) 2 max (p(VL(p),v) + 20 VEL(p)o/2) = Xp°
(PSS Vllg>
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Step 2 For definition of good limiting regularizer, by Davis-Kahan Theorem and assumption 1, S(x) =
A1(x)/2 is non-negative and continuous on I'.
We also have

Rmax z/ Rmax T
lim lim  inf pi() = lim pi() =\ (V2L(x))/2
p=0r=0 || —zl|<r  p? p=0 p?

Further for x* € T, consider a sufficiently small open set V containing z* in which || V3L|| is
bounded, for z € V N T, for ||z’ — z|| < Cp, we have

max /, ./\ __ ! o ! / 2. T2 / . 3
Ry™(2) = ”gﬁzaicl L(z" + pv) — L(2") > H{JI@; (p(VL(2),v) + p*v' V°L(2")v/2) — Tp
> PM(VPL())/2 = p* 2 PP (VL)) /2 = ToP > pPM(V2L(x))/2 - O(p°)
On the other hand

Ry (x) = ||Irﬁa§1 L(x + pv) — L(z) > p*\1 (V2 L(x))/2 — Tp?
v]|5<

Proof [Proof of Theorem 13]

Step 1 For assumption 2

Ry™(p) = L(p + pHVVIL/((ﬁ))H) — L(p)
VL (p)

2
(puw )1+ P
> —Cp?

VL (p) Y3
MAOIG 2) te

v

)T V>L(p)

This constant is by taking minimizer of A1(V2L) over U’.
Step 2 For definition of good limiting regularizer, by Davis-Kahan Theoremm 55 and assumption 1,
S(x) = A\pr(x)/2 is non-negative and continuous on I'.
Further for z* € T, consider a sufficiently small open set V' containing z* in which || V3L|| is
bounded, for x € V N T, for ||z’ — z|| < Cp, then we easily have ||z’ — ®(z)|| < O(p), we have
VL (z)
R (of) = L(z' + p~e o)y [(y)
g IVL (") |
VL (2)
IVL () |

) VAL(®(x))

VL (zx)
IVL (x) ||

/2= 0(p’)

> pl| VL (z) || + p*( )'V2L(z) /2= 0(p’)

VL (x)
IVL (x) ||

VL (zx)

2 _
> p( IVL () ||

Using Lemma 32 and Theorem 55, we have

RI™(a') > p2Aas(®()) — O(p%)
> P (u) — O(p%)
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We also have
RaSC(‘,E/)
lim lim  inf p72
p=07r=0 2/ —z||<r P

= lim lim inf
p—07—0 ||2/ —z||<r 2p

Combining we have S(x) is a good limiting regularizer of R(z).

Proof [Proof of Theorem 14]
Step 1 For assumption 2

Ry8(p) = Eguno.n L +9/lgl) — L(p)
(P*(9/19)" V2L(p)g/llgll) /2 — Lp?

>
> —Cp?

This constant is by taking minimizer of Tr(V2L) over U’.

Step 2 For definition of good limiting regularizer, by Davis-Kahan Theoremm 55 and assumption 1,
S(z) = Tr(x)/(2D) is non-negative and continuous on I".
Further for x* € T, consider a sufficiently small open set V containing z* in which || V3L|| is
bounded, for x € V N T, for |2/ — z|| < Cp, we have

Ry™ (") = Eguno,nL(z" + g/llgll) — L(2")

> (p*(9/1l9ID)"V2L(z")g/llgl]) /2 — O(p®)
> PTe(V2L(2'))/2D — O(p?)
> P’ Tr(V*L(2))/2D — O(p")
We also have
R (@)

lim lim  inf 5

P00 o/ —al|<r P

avg
= lim LZ@ = Tr(V2L(z))/2D
p—0 p

Combining we have S(x) is a good limiting regularizer of R(z).

Proof [Proof of Theorem 9]

By Theorem 50, Assumption 49 holds.

Easily deducted from Theorem 12 Ag(z) is a good limiting regularizer for R}?;‘X on I'y. Then
as I' C ', Ay () is a good limiting regularizer for R}'* on I'. Hence S(z) = ) Ax(z)/2M =
Tr(V2L(x))/2 is a good limiting regularizer of Ej, [Ri5¥](z) on T .

Proof [Proof of Theorem 10]

By Theorem 50, Assumption 49 holds.

Easily deducted from Theorem 13 A (z) is a good limiting regularizer for R} on I'y, as the
codimension of ' is 1. Then as I C T', Ag(z) is a good limiting regularizer for Rg’;" on I".Hence
S(x) = >, Ar(z)/2M = Tr(V2L(x))/2 is a good limiting regularizer of Ej, (R l(x)onT. W
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D.4. Full-batch SAM on Quadratic Loss: Proof of Theorem 21

We first simplify the iterate as

= z(t) — nAx A2 ( )
Define Z(t) = AxT(t). We have
- L . A%3(t)
z(t+1)=2z(t) —nAz(t) —n O] (20)

Our proof consists of three steps

(1) Preparation Phase 3T ,Yt > Ty, ||[PUP)z(t)|| < 77)\2

(2) Alignment Phase Define S1 = {t|||z(¢)| < 22‘7/\1,75 > T1}, suppose t,t' € Syi,t < t/, then

|Z1(t)| < |Z1(t')| (Lemma 45) and we have t € Sy ort+ 1 € Sy for t > Tj(Lemma 43).

2

(3) Length Convergence ||Z(t)|| will converge to oy

D.4.1. PREPARATION PHASE

We define I; = {&|||PUP)z| < 77)\]2} and we will prove the following two lemmas. Lemma 39
will show this is an invariant set for update rule 20 and Lemma 40 will show that all vectors not in
this set will shrink exponentially in norm.

Lemma 39 Ifz(t) € I;, using update rule 20, z(t+1) € I;
Proof We have by update rule 20,

i:D) A2
PU:D) A (D)~

PPNt +1) = (I = PUPIpA — n=ee EOTRL
Hence
) PU:D) 42
PO+ 1)) = (1 = PUPInA — = s PO
. PU:D) A2 .
< |I_P(J1D)nA_n~7| PPz (1)
| Eor ! |
We have ||Z(t)]] < 177 .
2 22 P:D) A2
I(L =) = sy =) < (L= = =) < T = POPIpd —p=m o < 1
(=% =555 UEGIL [l
5 (:D) A
Then we have || — PUD)nA —n P] t)ﬁl Il < max(L,nA; + 1ypEoEgEy —
Hence

[P+ D) < max(|PEPa(2) |, 12 — (1 - ) [PE30))
<A}
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Here the last equation use 1 — n\; > 0. We have by definition Z(t + 1) € I;

Lemma 40 [f#(t) € I, then | PUP)E(t + 1)|| < max (1 — nAp,n);) [|[PUPIz(1)|
Proof

PU:D) A2 L
InA — 77H()H) D)z ()|

pi:D) A2
1zl

IPYU Pzt + 1) = ||(1 — PUP

< |1 = PUPIpA — gt L PPz (1)

D) 42 (j:D) A2
We have [[3(0)] 2 [ PPV (0)]| > 033, hence nEfeopds < P2t <

This implies

4 , , pi:D) A2 4
_nAjp(JiD) < —PUDPIpA <7 - pUPlpg =~ ol < PUPY 1 —pAp)

Hence we have
|PURIZ(t + 1) < max (1 —nAp,nX;) [PUPE(t)|

K

[Z(0)]]

77/\_7'

Lemma 41 Choosing T1 = max; ( 108 max(1-nAp ) MAxX(

j>1,%() €1,

1)> then vVt > T1,D >

Proof Proof by contradiction, suppose 35,7 > T1,Z(T') ¢ 1.
By Lemma 39,Vt < T, Z(t) ¢ L.
Then by Lemma 40,

IPYPIET)| < (1= nx)T | PYUPIZ(0)]] < max (1= nAp,nAy)" [PYPIE0)]] < A3

which is a contradiction.

D.4.2. ALIGNMENT PHASE

Define 0(t) = arccos(wﬁ( ()t)eﬁﬂ) L Ei(t) = (2, )
We will first show the following lemma.

Lemma 42 When ||Z(t)|| < 7777)\ , using update rule 20

|Z1(t +1)| > |Z1(t)| & cos(Z(t + 1)) > cos(Z(t))
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Proof We have |5c1(t FDI == - Ny |1 (1)
We also have U ( M > 2 —nA?, hence 1 — n)\; — n% < —1.
Hence we have |Z1(t + 1)| > |Z1(t)]
On the other hand, || P(*P) 3 (t41)|| < max <|1 — g — nﬁ%‘”, 1 —nAp —7n

) IPEDE@)]

Hw(
Notice that
A2 A3 2 2
1_77)\1—U~71<1—77)\2—77~72_ —NAD — N o S _77)\D<1<77/\1+?7~71—
[0l 1Z@)]] 1 ()H [l
H 1= g — oz, [1 = nA X 1= Ay — ool =
ence max (|1 —nXa — 0yl 1 —nAp — syl ) <11 =0\ =yl
Lemma43 ||z(¢)| > Qﬁ;\]il,i(t) € NI, then using update rule 20,
- T]A% )\4 2 ~
(e + D) < max(z 20— 2B = (L= ) (0]

Proof

2

[E01
D
= ] o (= mIEO =) (1)

T(t+1)={I—-nA—n

)2 (1)

Consider the following three cases.
Case 1 Vi, |(1 = nA)[[2(t)]| = nAT] > |(1 = nXo) 2 (t)|| — nAF|
In this case, we have ||Z(t + 1)|| < [(1 — nA)||Z(1)[| — nA}| = nAf — (1 — nAy)||2(1)]]
A more detailed analysis would show ||Z(¢ + 1)|| is upper bounded by

\/(M? — (1= E@)])* cos?(0(t)) + max{[nA3 — (1 = nAa) |Z®)[], [nX3) — (1 —nAp)[[2(2)]|} sin?(6(1))

Case 2 T, |(1 — nA)IIEO)I — 123 < (1 =A@ — nA2],
such index.
As

1A = (L= IZ@)] < AT = (1= nA)lIZ(@)] = |(1 = nA)[IZ()]| — nAT]
We have —nA? + (1 — n\i) || Z()|| > nA3 — (1 — nA1)||Z(¢)]|. Equivalently,

nAf + nA?

x(t _ 21
(0] > G @

Combining with Z(¢) € Iy = [|Z(¢)|| < nA2, we have n < M

25



How DOES SHARPNESS-AWARE MINIMIZATION MINIMIZES SHARPNESS?

Now consider the following vertors,

v () == (AT — (1 = nAn) | 2(8)[)E(2)
v (t) = (2 = n\ — n\)|[E()] — 77>\2 — A} PEP i (1)
V(1) = (higj—1 — 77>\z+a)\|55( M = nAL +nAEy ) PUTP)E(),1 < j < D —i
;Fhen we have
1 D
|zt +1)[ = || Bl > (@ =) [E®)] = nAF) &5(t)e]|
j=1
1—1
’ > (A7 = @ = nA)lIE@)N]) &5 (t)e; +Z (A=) lIE@)] = nA7) &5(t)ey | |l
Jj=1 Jj=t
D+1—3
= o
O] =
j Z HU(J

By assumption, we have Z(t) € NI, hence we have
[o M (@) = (A2 = (1 — ) |l2@) )12
[ @) < n((2 = nh = nA)E@)]| = nAF = nADA;
[0 @) < ((MNirj—1 — X)) — nAZ; + M2 )N, 1< <D —i

Using AM-GM inequality, we have

A28
)\z'+j—1)\?+j < T 3 axi

4 4
2 2 < MmNy
i+j—1"Vi+j = 2

Hence

DO < n(ij1 = A IFON =\ + 0\ )AL
A2 A2 A A
< PR~ e 1< < D

AP — A3 AL — A
Zuv@ﬂ Ol < PO =52+ 2R
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So,
1 D+1—1
|2+ 1) < 0@
1Z(t)]] ;
2 2 2)‘3_)\3D ~,
<A +1A7 (2 — A — i) + T — (1 =nA) ||z (2)]]
1 Mo
212 2 2 2% 1
=0 A (A] + M) = +n po
Yz 2 lz@)l
<A 4 A2 — 1 — 2o — (1= A B0 — AR 4 A2 2 XD
3 2 1Z(t)]| 2/|z(@)l
<22 A — 2o — (- A [E@)] — ARz a2y LD
We further discuss three cases
AT A2 4nx?
Case 2.1 n\; 21_177)\11 < Qan/\Jlrin’)\i.
In thi h ~ 77/\%+77)‘12 by %)‘124_)‘% h
n this case we have [|Z(t)|| > =55 > nAiy/ 45, then
50+ DIl < 132 122 = nha — 200 — (L= A0 — 22N + A7) _ 2D
=" i 3 2T TV E@) T2
2 A + nA?
<N+ N2 (2= — Znp)\) — (1 —npAp)———
S AL A (2 = nh = gndi) = (1= 1)2_77)‘1_77)‘1'

1 2—7])\1—77)\1' )\4
2412 2 2 D
CPA2(ENZ N T A AD
TAGN TN TN T T
A3 _nXB
T 2—n\ 2)\%

The second line is because (1 — n\1)||Z(t)|| + n2AZ(2A2 + A2) ||5c(1t)H monotonously increase

1
FATHAT

=y The last line is due to technical lemma Lemma 59.

w.r.t ||Z(¢)|| when ||Z(t)]| > n\;

142 2 2 2
2 2NN nAL+IA;
Case 2.2 nA] > n\; = > PRy e

2 1 1 A\
F(t+ 1) < A2+ 9222 — A — =nN) — (L= ) ||2(0)] — n?A2(2A2 + A2 —nL
2 2 2 9, Lo >‘4D
<A+ (2 —nA1 — gn)\i) — 20\ ()‘1 + 5)‘1‘)(1 - 77)\1) - Uﬁ
1

oAb
=9 Taae
AL 1

The second line is because of AM-GM inequality. The last line is due to technical lemma
Lemma 61.
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142 2
Case 2.3 n)\? < n\; Ql)f;;il.
2 2
In this case we have ||Z(t)]| < nA? < n)\; lA ;;Al then
- 2 - 1
1Z(t + )| < AT +0AF(2 = nAs — 37) = (L=nA)|z(@)]] - X (5 ST )H ol
2 2 2 2 2, lyo | yo 1 b
< AT A DA (2 = 1h = 2nAi) — (L= nA)nAl —nA; ( A7+ A )A2 2A2
)
=2 gn o

The second line is because (1 — nA)[|Z(¢)|| + n*AZ(3A7 + AD) ||:Elt)H monotonously decrease

2 2
w.r.t ||Z(t)|| when ||Z(t)]| < n\; 1/\—;\/\1 The last line is due to technical lemma Lemma 60.
Lemma 44 [f ||z (t)[| < nml &(t) € N, then [|3(t + 1] < nA] — (1 —nA1)[|2(1)]]
Proof This can be directly inferred from the proof of lemma 42 |

Lemma 45 Define S; = {t||z(t)| < 77/\

|21 ()]
Proof Fort € Si,by Lemma 43,t+1€ Sjort+1¢S5,t+2 € .51.

Case 1 t+ 1 € 51, we can use Lemma 42 to show |Z;(¢)| < |21 (¢t + 1)].
Case2 t+1¢ S1,t+2¢€ 5.

(A — (L =) 2B DA = (1 = nA)[[E(E+ D)
lZ@lz + D

Z1(t +2)| = |Z(t)]

We only need to prove
(02 = (1= A [E0) A = (1= nAIIE(E + DI > E@)I1]F( + 1))
PN g = ) (RO + IE(E+ D) + (~20A0 + 022D 2@ 13 + 1)) > 0
= PAT = AL = ) [IZ@)] = (20d = ?AD 2] +2ATL —nh) 22+ 1)]]

Now using Lemma 44, we only need to prove,

.t > T1}, suppose t,t' € Si,t < t, then |z1(t)| <

)\4
2)\2

AT = A1 = nA) 2] > (@A — P ADIE@) |+ nAT (1 = A1) (nAT — (1= nA0)[|E(1)])

Through some calculation, this is equivalent to
(2= nA) 2@ = 2AN)((1 = nA) 2] —nAT) = 0
which holds for [|Z(t)]| < 5221

777A1 .
Concluding the two cases and use induction, we can get the desired result.
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D.4.3. LENGTH CONVERGENCE

As Lemma 45 show, ||Z; ()| increase monotonously for ¢ € S;. We can inferred from Lemma 43,
S is infinite.

Ve > 0, 3T, satisfies Vt,t' € Sy,t' >t > T, |‘|‘ (( ))‘l‘l <l+e.

Then Vt > T,, we have

|Z1(t+ DI 2AT = (1 —nA)]|2()]

1+e> = = =
121 ()] 1z ()]
or
Lbes Mat+2)] (AT — (L= nA)[[2@) ) (AT — (1 = nAn)||2(¢ + 1))
@l [Z@) 1z + 1)
(A1 = (@ =nA)]2@)]) (nAT = (1 =nA1) (A = (L= n\)lIZ(B)I]))
>
- 12 (nAT = (1 = nA0)llZ(2)]])
_ A = (L= A1) (02— (1= A [|E(0)]))
1z ()]
. . A2 A3
Hence ||Z(¢)|| > min (2 Z/\eréa o= ;1]7;),\1774%) NVt > T, t e Sy.
AsYE & S1,t > T, we have | Z(1)]| > nhiy | 2o
sVt & Si,t > T, we have ||Z(t)|| > n\; v
H have V¢ > T., | #(t)|| > min =2 U
ence we have Vt > T¢, ||Z(t)|| > min (2777)\%%’ (2—/\1n)>\1n+e)
2 24,3
Further by Lemma 44, we can prove V¢ > T.+1, [|Z(t)|| < nA2—(1-nA1) min (Q—Zi%ﬂ’ (2_/\71775‘;1%6).
.. . ~ a2
Combining both bound, we have tlggo |Z(t)]| = T
. D) ~ 2 A2 D) ~
Notice that | PZD)F(t+1)|| < max (|1 —nda — 05l 11— nAp — ”W') 1P 3 (1)),
~ 7])\2
When [[7(8)]| > 526,
A3 )\2
1+ <1—nho — =~ —nAp =1 <1-7nAp
UECT EClls
IPEP)E(t +1)]| < max(1 - pAp, 1 = 8)||[PFPE(t))|
Hence for sufficiently large ¢, || P(*7)%(t)|| shrinks exponentially, showing that tlggo lZ1(t)] =
ULSt
27771)\1

D.5. Full-batch SAM on General Loss: Proof of Theorem 8

To prove the theorem, we will separate the dynamic of SAM on general loss L to two phases.
Define

Rj(z) = Z)\?(fﬂ)(vi(@vw — ®(x))? —npAj(x),j € [M],z € U,

which is the length projection of = — ®(z) on button—k eigenspace of V2L (®(x)). We will provide
a fine-grained convergence bound on R;(x).
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Theorem 46 (Phase I) Ler {x(t)} be the iterates defined by SAM (3) and x(0) = xjny € U, then
under Assumption 1 there exists a constant Ty, such that for any T{ > Ty, it holds for all n, p such
that (n + p)log(1/np) is sufficiently small, we have

max R O(np?
T 108(1/77p)<nt<T’ log(1/np) j€[M] j(x) = O(np”)

max D(x(t)) — P(zini)|| = O((n + p) log(1
T110g(1/np)gntg{10g(1/np>H (z(t)) — @ (@inir) || ((n + p)log(1/np))

Theorem 46 implies SAM will converge to an O(np) neighbor of I'. Notice in the time frame
defined by Theorem 46, x(t) effectively operates at a local regime around ®([—T71 lognp/n]), this
allows us to approximate L with the quadratic Taylor expansion of L at ®([—71lognp/n]) and
give us the following theorem.

Theorem 47 (Phase II) Let {a:(t)
further assuming that (1) max; R;(
)

and (3) [{x(0) — ®(x(0)), v1 (x(0

till which solution of (6) exists, for

} be the iterates defined by SAM (3) under Assumptions I and 7,
T

(0)) = O p°), (2) | @(x(0)) = (inir) || = O((n+p) log(1/np))
)| > Q(p?), then there exists constant Ty > 0, for any T3 > 0
all n, p such that nln(1/p) and p/n is sufficiently small,

max [ ®(x(t)) — X (np*t)|| = O((n + p)log(1/np))

t<T3/np?
Ts 10g(1/P§I/17171%t<T3/77P2 |<x(t) - (I)<x(t)), o (x(t)»‘ - @(np)
max max |(z(t) — @(x(t)), v;(z(t)))] = O(np?)

T log(1/p)/n<t<T3/np? jE[2:M]

In this section we will define K as { X (¢)} where X is the solution of (6).

D.5.1. PHASE I: PROOF OF THEOREM 46

The proof of Theorem 46 is further split into three subphases.

In Subphase A, we will show that the trajectory of SAM will track gradient flow to the working
zone K. This subphase will take time O( %) for sufficiently small n and p. At the end of this
subphase z(t) — ®(x(t)) = O(1), (z(t)) — ®(x(0)) = O(n + p).

In Subphase B, we will show that in the working zone, the loss will continue to decrease until
IVL| = O(p) . This will take time O(%) for sufficiently small 7 and p. At the end of this
subphase z(t) — ®(x(t)) = O(p), ®((t)) — ((0)) = O(—(n + p) log p).

In Subphase C, we will show that R;(z) will shrink exponentially to O(np*/?) and x(t) will
stay in the invariant sets I; = {R;(z) < O(np*/?)}.

Subphase A We know 37y, || P (Zinit, 7o) — P(Zinit) || < %, L(®(zinit, Tp)) < 16 Using standard
approximation theory, 379, pg > 0, such that

To
n<mno,p < po= ||5U(;) — O (2init, To)[| < O(n + p),
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This further implies

||¢><x<f;°>> — B i) = ||¢><x<f,°>> — (@ (@i To))|
< 0<|a:<77;°> — @ (i, To)|)
<O(n+p)
Subphase B Define
To

D(z) = [|2(z) — @)

In this subphase, we will track the descent of loss to show that 3¢, such that

[V(L(z(t)]| < 4¢p
[®(z(t)) — @(zinir)|| < O(—(n+ p)logp)

for sufficiently small . We require n < % We assume inf,cpy L(z) = 0.
We also requires —n log p being sufficiently small, i.e p is not too small compared to 5. So that

N2 52
64C2 2 _log 64¢~p
log;_nu (Tp)(?anQh +20°Cth?) < —— 5 (2npCh + 20°CMR)

8
< —10241og p(2p¢2h + 2n¢th?)

h
< —
-8
We will prove the following proposition,
To 64¢%p?
IVL(2)|| = 4¢p,t < n + 10g1-%ﬂ(7)
h? T
L(a(t) < =55 D(a(t) < (2npCho+20°CH2) (e = 2)
T
SL(x(t+1) < (1— %)L(:p(t)),D(x(t +1)) < (20pC2h + 202Ch2) (E+ 1 — ;O)
Proof
By lemma 31, we have
2L(xz(t)) _h
Joto) — e(a(o) < 2 < 7

(2 (t)) — ()| < -
Hence we have z(t) € KT By Lemma 35. we have z(t)z(t + 1) ¢ K"
Under update rule (3), using the smoothness of L, we have

VL (2(1))
VL ((0) u>)

Further, given the choice of 7, p,

L(z(t+1)) = L(z(t) — nVL <£L’(t) +p

x CPRIIVL (2(t) + praelid ) |12
< L(x(t) = <VL (x(t)), VL <x(t) + pugf((x((g)) ”)> ( : NG
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We have that

VL) \ opy
192 (o(0) + oo p gl ) = VL) < ¢

Hence
Lia(t + 1)) < L(a(t) = nl[ VL @(®) I +n¢oll VL (2(0) | + P IVL () |12 + ¢n?p?33

By induction hypothesis, we have

CPIVE (o) P < gl VL (a(0)) P

Mol VL (a(0)) | < nll VL (1)) |

G < g < el VL () P
Hence as z(t + 1)z(t) € K"
L(a(t +1)) < La(t) — 10l VE ((0) |
< Lia(t) - % Lia(®))

This implies

Using Lemma 30

[@(2(t + 1)) — @(z(t)|| < Cpl| VL () || +np’v + Cn?| VL () |* + n°p?
< npCh+np*v + PR 4+ n?p?¢?
< 29pCPh + 20° ¢ h?

The induction is complete.
Now define ¢; the minimal ¢ > %, such that [|[VL(z(t))| < 4¢p.

Ifty > % +log, e ( 64}<;p2 ), then by the induction,

T 4 2 2 o 64¢2p2 T
L(=2 + 1og1_%($)) <(1-— %)1 g (2 20y
n n
64¢%p* _ To
< 8¢*p°p
T; 64¢%p?
= VL <770 + loglnsu(fﬂp)> < 4¢p.

This is a contradiction.

32



How DOES SHARPNESS-AWARE MINIMIZATION MINIMIZES SHARPNESS?

Subphase C  Recall the definition of R;(x),

M
Rj(x) = J Z X (@) (vi(z), x — @ ()2 — npAj(x)

In this subphase, we will show that R;(x) will shrink exponentially to O(np?) and z(t) will
stay in the invariant sets I; = {R;(z) < O(np® + (np)*/?)}.
Define 2 (t) = x(t) — ®(x(t)), A(t) = V2L (®(z(t))),Z(t) = A(t)2(t)
3

We will prove the induction hypothesis for t; <t <¢; + 10log;_,, %,

Z()] > A () = |2+ 1)]| < (1= nu)||E(t)]]
Ol < ALt = [|E(t +1)|| < npAi(t) + 2camp?

2

As we have [|7(t1) ]| = [|A(t)a(1)]| < IV () || < 222,

A¢p.

Combining with the induction hypothesis, we have [|Z(t)(| < =

Then we have,

1@ (x(t +1)) = D((t))]| < CnpllVL (2(8)) || +np*v + C?IVL (x(1)) |I* + ¢Pn?p?
< Caplla(t) = (@) + C?lla(t) — (@) + v + Cn?p?
e - ﬁ (4|2 2 3,22
< = RO+ =5 RO+ np™v + oo

< conp?

3
— log ¥ _
Asty <t <ty +10log,, 5 <ty +10— A this implies

1@ (2 (1) — @(x(t1))]| < O(=p*logn)
1@ (2(t)) = @(@inir) | < O(=(n+ p)logp)

We have x(t) € K3 Using Lemma 35, we conclude that 2 (¢)z(t + 1) c K"

(et + 1) — () + (WL (2(0)) + npVL (a(t)) D) ) | < voPn

IVL (z(1)) ||
Now Using Lemma 32, we have

VL (x(t

)))) i | < vpn +vnllz(t) — (x(t),

et 1) = () + 0L (@((2) (o(0) = (o) + m0V*L ) 1 (o)

Further we have

VL(x(t) _ VL (2(x(t))) (x(t) — ‘I)(af(t)))n V@) = 2@ _ vle) - 2(@)]
()|

IVL ()] IVL (z(8)) | T 2VLE@) I T 24
IIVQL (@(z(t) (x(t) = 2(z(t)) V2L (®(z(t))) (x(t) — D((t))) 1< 2% 100) — ()]
IVL (z(8) | IV2L (@ (2(1))) (2(t) — (x®)] "~ 3
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Hence

V2L (@(x(1)) (x(t) — @(=(1)))

(ot + 1) = 2(6) + 192 (@(a(e)) () = PO + 10V L (0 17 (i) (o) = ()]

<vp?n -+ vn|z(t) — D(=(t)]* + np?llw(t) —®(x(1))]
Hence,

VL (2(x(1)) (x(t) — @(x(1)))
V2L (@(2(1))) (x(t) — (1))

<vp*n+vnla(t) — (z(t))]* + npfjllx(t) — &)l + vnplle(t) — @(x())]]

It +1) = 2(t) + nV2L (@ (2 (1)) (x(t) = D(x(1))) + np VL (D(2(?))) |

This implies,

JAG) ((z(t 1)~ 2(t) + () + npA(n) D) ) ||

2Cv

<Cup*n+ Cunlla(t) — 2(x(1) ] + Cnpjllfﬂ(t) — (2 ()|l + Cvnpll(t) — 2 (x(t))]]

Also by Lemma 35

[A®)(z(t+1) —x(t) —Z(t + 1) + Z(t)]]
=[[A{t)(z(t+1) —z(t) — At + D)zt + 1)+ At)z(t) + At + 1)P(x(t + 1)
=[[(A®) — At + 1)) (z(t + 1) — &(x(t + 1)) + A@®)((x(t + 1)) — ©(x(2)))|
<y @(z(t+ 1)) — P(x@)lllz(t +1) — 2(x(t + 1)|| + {[[@(z(t + 1)) — 2(z(t))||
<(vh+Ql®(x(t +1)) — (x ( NIl
<(vh + Q) (CnpllVL () || + np®v + C?| VL (2) I + ¢Pn*p)

D) = A()2(z(@))|
)

Combining with induction hypothesis, we know exists constant cj, such that

JE(t + 1) — 2(t) + nA@)E(E) + npA%(t )||~E ;H | < ene?

We first bound ||Z(t)|, as in quadratic case, if ||Z(¢)|| > npA2(t), we would have

D < 1EOIT — nAW) — npA(t) o

< ||2(t) || max{nA1, 1 — nAp — npA DH ()II}

< max{(1 — nAp) |Z(t)]| — npAD, nALl|Z (1)1}

1Z(t) — nA(t)E(t) — npA*(t) [

Choosing p small enough, we have

1Z(t + 1)|| < max{1 —nAp, 2nA }|[Z(E)]| < (1 —nu)[lZ(®)]]
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If]|2(8) | < npAi(t)

2t + 1)|| < npAL(t) + cinp?
< npAT(t+1) + 2c1np?

Here we use

max [|Ai(t) = At + 1| < [|AF +1) = A)]2 < coknp’

Now define ¢, the minimal ¢ > ¢1, such that ||Z(t)|| < npA3(t).
Ifto > t1 + loglfw(%), then by the induction,

3 3
- log,_ .. (ZE2Y -
Jit1 + g1 25) + D = (1= )55 )|
3
s
< @le(tl)\l
< 4C2CHUC(751) O(x(t1)]|
THVL(LH)H
< unp
1
< )‘%(tl + logl—n,u(ZCQ) + 1)7710

This is a contradiction.

Following the induction, we further have for to <t < t; + T} log;_,, u(%)’

lz(@)I] < npAT(t+ 1) + 2c11p?

We will now use a quantization technique separating [A/] into disjoint continuous subset 51, ..., S,
such that Vi # j,

in | \(t) — N(8)] >
keg}lgsjlk() (= p

We would have

min  [Ag(t +1) = N(t+1)| > p— Svnp* > 0.99p
k‘esk,lESj

We would then have for t > t5 (analogous to proof in Section D.4.1)
1t /0 1P #0)2 > maxyes; X (tnp

ZHP 1|12 < max{(1 —nAp(t+1) ”Z ()x )|l — npAp(t + 1) nmax/\k(t—i—l ||Z

=]

35

i=j

t) =
P s

Ol



How DOES SHARPNESS-AWARE MINIMIZATION MINIMIZES SHARPNESS?

1t /S0, 1P #(0)]2 < maxges; X2 (tnp

Zu S+ DI < max A (enp + crme?

< max A} (t + 1)np + 2¢c1np?
k‘ESj

Further we have HPS(,? t+1 H < O(vnp) by the Lemma 53
So we have

1 /S0 1PL)#(0)]12 > maxges, A2 (t)np

p p

t+1) ~ t
SIS EE+ DI < max{ (1 —nAp)I| Y PL, & >H—npAD,nmaxAku§j S ED} + einp®
i=j =7 =Jj

I /S IPL, EOI2 < maxees, M(t)np

1
Z |GV + D < max m Ynp + crnp? + O(np?)

< max A} (t + 1)p + 2e1mp” + O(np?)
J

Finally taking into quantization error, as all the eigenvalue in the same group at most differ Dp,

we would have
If Ry, (x(t)) >0

Ri(w(t +1)) + Ai(t + Dnp < (1= nAp) Re(x(t)
< (1 = nu)(Ry(x(t)) + AZ(t)np)
If R(x(t)) <0
Ri(x(t +1)) < O(np?)
Similar to the proof of existence of 2, we can show the existence of t3 < to + loglfn u(%),

such that for t5 < ¢t < t3+ 1} loglfw(%),

max R;(t) < O(np?)
J

D.5.2. PHASE II: PROOF OF THEOREM 47

The proof consists of two subphase.

In subphase A, we will show z(t) — ®(z(t)) aligns with v1(¢) in O(log(1/p)/n) steps.

In subphase B, we will show that the alignment continues to hold and z(¢) moves as a time-
rescaled version of solution of Equation (6).
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Subphase A This proof is analogous to Section D.4.2. To maintain consistency with previous
section, we abuse notation and change the starting step to 3. The time frame we are discussing is

3
ts <t <ts+Tylog ()
First Induction We will inductively prove ||a:1( )|l is 2(p?) and that there exists step ¢4 for t; <
3

E< ty+ T]logy (1) that 2y (1) > | ( P 4350 W) p— O(np?)

For step t, we fixed the quadratic function as {(x — ®(z(t)), V2L (®(x(t))) (x — ®(x(t))),

2
Define 7 = ¥ L(<I>(w(t),)o)(x*<1>(w(t))’ A=V2L(1)

2 2
We have fort < ¢4 — 1, |71 (1] < § (25 + 7225,

By assumption, we have ||z1(t)|| > Q(p).
We have

(2t +1) = 2(t) + nV2L (@ (2 (1)) (x(t) — D(x(1))) + np VL ((2(?)))

<viPn + nll(t) — B((B)|? + 77P2/i

V2L (®(x(t))) (x(t) — @(2(1)))
V2L (@(x(t))) (2(

[(t) = @@z ()] + vnplle(t) — @(z(2))]

~+
S~—
|
KA
~—
8
—
o~
S~—
SN—
~

<camp®

Further we have, there exists constant ¢4 such that

Z(t)
[(z(t+1) = z(1)) + npz(t) + npA EO |

<canp® + cs]|@(x(1)) — P(x(ts))]

C4
< - anQ log p

Now we have

12 (¢ + 1) — 2(t) + nAZ(t) + nA® uiégu | < —cmplog p

So here our goal is to discuss the dynamics of the following perturbed version of quadratic
SAM.

2t + 1) — #(0) + nAz(t) + A2 2D < mplogp

[0l

|PURIZ(t)]| — N2 < es(np +n*/2p"/?)
Define z(t + 1),

A _ . (1)
E(t+1) = z(t) — nAz(t) — nA2 =
1zl
In the quadratic case, we have Lemma 43 to show ||Z(¢)|| can’t stay greater Q"Ai for two
1
2
steps. Hence here we have if ||Z(¢)| > 77/\ , then ||z(t + 1)| < ";\731 — O(n), which leads

|z(t+ 1)|| < HE.I‘( +1)| +O(np) < 5 i‘]A Here we can in fact prove a more subtle version of
this lemma showing,
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Lemma 48

AC1 (A1, A2, Ap), Ca(A1, A2, Ap) < 1, ||Z(t)]|

Proof
If

Using Lemma 43, we have

[[2()]] < max(

If

Then we have

This implies,

l2(t + D)l < (AT

As we suppose

This implies

Combining we have

nA} _ nA?
>C t+ 1) <C
> 0 P = fae+ 1) < Gy P
. nAt
z(t)|| >
O = Sy T % — )y =
AT XD 2 ~ Al
2D a2 (1 - <
S~ gl = (1= MAE0) < s Ap) o
06(/\17)\D> <1
. nAt
z(t)| <
RO T v s e o e
—AL + (L —nAp)|z@) _ Af— A%
A — (1 —nA)z@)] — A3
s — (1 =nr)llz@®)] _ A3
A2 — (1 —nA)||z@)]] — A2
_ 22 (2)]] 123(2)|| A= 2h A
- (1—"7/\1)H~”C(t)\)\/ - + (1 — 1= ) max{ =V
z(t)? 1z(2)|]? AT
. 1 2 nA3
< =
@l < 5 (525 + 522
_ nA}
> 171
e = 5L

lm @l _ A3+ 3
EGII

12(t + D < er(Ar, A2, Ap) (AT — (1 = )|z (B)]])

C7(>\1, )\2, >\D) <1
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This implies
0677/\%— Cf;:%l

()] > —— 21

O > — =3

R cg+ 1 77)\%

=zt +1)]| <

i+ 1) < max{er, 5=}

As dcs,

[2(t+1) —2(t+ 1)[| < csnp
. We can conclude that
A
2 — ?7)\1

A\
2 — 7])\1

3C1 (A1, A2, Ap), Ca(A1, Ao, Ap) < 1, ||Z(t)]| > C4 = [|z(t+ 1) < Co

)\
Define T = {t/[2(t)]] <  (y2k + 5555 ) 1. S = {tlllz(0)| < 555},
For s € S,n(s) := minj>{j € S}
2
We will show when ||z (¢)]| < 1 5 (2 T 277;\7)\2)

Fea(A, A2, Ap) > 1 [[21(n(s)) ]| = cal|z1(s) | or [|Z1(n(n(s))]] = callZ1(s)]]

Define z(t + 1) = 2(t) — nA#(t) — nA? HﬁEiﬁu
Consider two cases
Case 1 [|z(s)|| < C152 nA1

l#1(s + DI _ nAT = A =nA)llz@I o (2= C1) —nh+Ciphy 1

B0 D] = e e
laa(s + 2l _ (22 = (1= A l2()) A — (1 = mAD) (s + D)
O] EOIEED]

- (AT — (L =nA)[IZ(3)]]) (PAT — (1 —nA1) (nAT = (1 —nA)[1z(s)]))
- 1Z(s)|| (nAT = (1 = nA1)[|z(s)]])
AT — (1 —=nA1) (nAT = (1= )12 (s)]])

_ . 2 (2—nA)
- 17)] =z (L=nh) 4 =5

>14Csn
Here we require C3 > 0 As n(s) = s + 1 or n(s) = s + 2 and we have

|z —Z|| < conp
& — 2| < csnp

Also
Z1(s)| = Q(p)
We have
[Z1(n(s)[| = (1 + Can/2)||Z1(s) ||
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Case 2 [|Z(s)| > Ci554- 77>\ ,then [|Z(s +1)]| < 022_ Soon(s) =s+1
Similar to case 1 We have ||Z1(s + 1)/ > Hxl( )H
So in fact we have z1(n(s)) > z1(s) — O(np), suppose 21lts) i a sufficiently large constant, then
we can assume |Z1(n(s ))] > (1 —Csn/8)|z1(s)].
1A

As [|z(n(s))|| < Cagz 771 , similar to case 1,

(1+ Cyn/2) [ (s)] o
In conclusion, if [|Z1(s)|| < & (22‘71\1 + 23\72)\2), we would have

zi(n(n(s))Il = (1 + Csn/2)[[21(n(s))] =

Jea(A1, A2, Ap) > 0, [21(n(s)l| = (1 + can)|[Z1(s)]] or [[Z1(n(n(s))]] = (1 + can)[[Z1(s)]]

This implies Jt4 < t3 — 4(log p)/(c4n), such that

1 [ nA} nA3
t >
el = 5 (57205 + 5722

_ _ _ )\ )\
Aswehave |1 (n(1))]] > |71 (1) |-mac{es, co}mptn*/2p ) for 21 (1)]| > § (525 + 52

2_
we would have
_ ) 1 nA} nA3
t)|| > t > — 3
ol > o)l > § (520 + 35

for ts + T 10g1,nu(%) >t > t4 and the first induction is complete.

Second Induction Define £ and T as before.
This implies for ¢t > 4,

Y Py Py

—1+010()\1,)\2) S 1—77)\2— <1- nAD n S — —F
HEOI 1zl 2%

Y .
IPEPa(t + 1) < max(1 — Vi cro(Ar, A2)) | PEP)z(8))|
1
As ||[PZDP)z(t)|| < 2A31 We can inductively show that for t > t4+log 2 é
max(1— 2A2’1 clo()\l,)\g))

iteration, | PPz (t 4 1)|| < 2¢5(np)
Now as we have

1P () = PP (i 4 1) < O(vp?)
lor(t) = va(t + 1)I| < O(vp?)
M () = Mt + D) < O(wp?)

N

This implies we have for t > t4 + O(log 22
max(l—m—%,l—cw()\l,/\z))
1

- - 1 () nA3(t)
a0l 2 (0] = 5 (5555 + 550 ) - 0

IPEP )2 < Onp?)

)

=
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Subphase B We are now ready to show that ®(z(¢)) will track the solution of (6). The main
principal of this proof have been introduced in Section C.1.

To simplify our writing define 6(¢) = arccos({v1, %))

We can inductively prove the following statement

12 (2(t)) = X(np*t)]| < O(=(n+ p)log p)

)
Jofe) = BGal0)] = 010

B WA (RO 1)
a0l > 3 (20 1 28O o
PP (02(0)] < O

The initial condition is satisfied by assumption.
We have

VL (z)
IVL (z) |

VL(z) VL(xz)
IVL () I [IVL () |

10D (2(t)) (z(t + 1) — (t)) — npd®(z) VL (z) — np*0®(x)OV°L ()| 1/2] < np°

Using Lemma 31, we have

_VL(x)
IVL () ||

VL (x) VL (x)

=np| VL (2) ||[|0*®(x) IVL (z) || [VL () |

npO®(2)V2L () =77 =

2| < nprl VL () |

This implies,

VL(zx) VL(x)
IVL (z) | VL () |

10@(2(8)) (x(t + 1) — 2(t)) — 1p*0P(x)OVZL ()] 1/2Il < np°T +npw|| VL () |

Further
VL(z) VL(x)
NL@ | VL@’

1@ (2(t +1)) — @((t) — np*0@(2)0VL ((2))[
<np’T +npr|| VL () || + np’vilz — @ ()| + %CHw(t +1) —a(t)]?

By induction we have 0 < ¢ < _%, we have |z — ®(2)|| = ©(np),0 = O(p)
So we have

VL (x) VL (x)

[®(z(t + 1)) = D(z(t)) — np*dP(x)0V°L (‘I)(@)[HVL ()| [VL () |

1/2] < O(np® +n*p?)

Further we have

, ) L(z) VL(x)
Inp20®(2)0V L(<I>(fc))[HVL @ VL @)]
!

VCH%‘ M( ))| )) < 0(77,03)

1/2 = np*0®(x)OV2L (@ (2))[v1(t), vi(1)]/2

<np*(0(¢h) + O(
We have

02 (2)0VL (®(2))[v1(t), v1()] = PxpV (M (VH(@(L(2))))
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This implies
1@ (z(t +1)) — @(x(t)) +np*Px r V(M (VA(@(L(2))))/2ll < O(np® +n?p?)

Hence we can perform the induction and the accumulated approximation error will be of order
O(p+mn).

D.5.3. PROOF OF COROLLARY
Proof [Proof of Corollary 15] We will do a Taylor expansion on Lglax(:c). By Theorem 46 and 47,
for t > T}/np?, we have || X (5p%t) — 2(t)]| = O(n + p) and ||z(t) — @(x(1))]| = O(np)

max _ T 2 T2 3
Ry (z) = max pv VL(x)+ p“v' V°L(z)v/2 + O(p°)

Then as |[vT'VL(z)|| = O(np), this implies
Ry (z) = p? max IV L(z)v/2 + O(np* + p?)
= p? max v’ V2L(X (np’t))v/2 + O(1p”)

= P’ A1 (X (np’t))/2 + O(np?)

Proof [Proof of Corollary 16]
Choose T such that X (7') is sufficiently close to X (00), such that A1 (X (7)) < A1 (X (00))+2e
By corollary 15, we have || R} (x([T/(1p*)])) —p* (X (T))/2|| < O(np?). This further im-

plies || RY™ (x([T/(1p*)1))—p* M (X (00))/2]| < ep*+O(np?). Wealso have || L(z([T/(1p*)]))|| =
O(n*p?). Then we can leverage Theorem 4 and Theorem 12 to get the desired bound. |

D.6. Stochastic SAM: Proof of Theorem 11

We will first prove Lemma 22,

Proof [Proof of Lemma 22] Note that %;’,y’“) ly=fu(p) = 0, wehave V2Ly(p) = Ag(p)wi(p)wi (p)T.
Also note VL (z)/||VLg(z)|| = sign(%;’,y’“)]y/:fk(x))ka(x)/Hka(af)H. By Assumption 1,

V2L(p) = >, V2L (p)/M =3, Ax(p)wi(p)wy(p)” /M has rank M , this implies Vk, V fi,(p) #
0, hence V fi(z)/||V fx()|| is in C* near p and we have proved our claim. [

We will prove under a more general assumption.

Assumption 49 Assume loss L = ), Ly, /M and Ly, belongs to C4, and there exists a manifold
' that is D — 1 dimensional C*>—submanifold of RP, where for all x € T, x is a global minimizer
of Ly, Li(z) = 0 and rank(V?Ly(z)) = 1. Let Uy, = {x € RP|®(z) exists and ®1,(x) € T}

We have U}, is open and ®;, is in C? on U},.(from Lemma B.15 [2])
Theorem 50 shows that Setting in Theorem 11 satisfies assumption 49.
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Theorem 50 Suppose L(x) = Z]kvil Ly (z)/M and manifold T satisfy Assumption 1, and that
fr(x) = yi for every x € T,k € [M]. Then there exists (D — 1)-dimensional C* submanifolds
of RP, such that ﬂﬂile = I" and for every x € Ty, and k € [M], fi(x) = yi, that is, Ty is a
manifold of global minimizers of Ly.

Proof [Proof of Theorem 50]

By standard calculus, for z € T', we have V2L (x) = 224:1 wgw} /M. By Assumption 1,V2L(z)
is full rank, this implies wy # 0. Then we have in an open set V' (x) containing z, V f(x) # 0.
Then consider V' = U,erV (), which is an open set and in which V f, # 0. Now apply preimage
theorem, we would have Ty, = {x € V| fi(z) # y} forms C? dimensional sub-manifolds. We also
easily have NI'y, = I from definitions. |

The following theorems shows that stochastic SAM (7) essentially minimize trace of Hessian of
loss. Analogous to the full-batch setting, we will split the trajectory into two phase.

Theorem 51 (Phase I) Ler {x(t)} be the iterates defined by SAM (3) and x(0) = zyy; € U,
then under Assumption 1 and 49 there exists a constant Ty, it holds for sufficiently small —(n +
p) log(np), we have with probability 1 — O(\/p), Min_r, 1og p/m>¢ [|(t) — @(2(t))[| = O(—(np +
p?)lognp) and max_r, 10 p/n>s [P (Tinir) — @((t))l| = O(—(n + p) log(11p))-

Theorem 51 shows that SAM will converges to an O(np) neighborhood of the manifold without
getting far away from ®(x(0)), where we can perform a local analysis on the trajectory of ®(x(t)).

Under Assumptions 1 and 49, we have Tr(V2Ly(x)) = A1 (V?L(z)) is differentiable for
x € T;. Hence Tr(V2L(z)) = >, Tr(V2Li(z)) is also differentiable and we have (8) is well
defined for some finite time 75.

Theorem 52 (Phase II) Let {x(t)} be the iterates defined by SAM (7) under Assumptions 1 and 49,
assuming (1)¥t, k, Ly(2(t)) # 0, (2) |2(0) =@ (2(0))|| = O(~(np+p*) log np) and (3) || (winir) —
O(x(0)|| = O(—=(n + p)log(np)), then for any Ty > 0O till which solution of (8) exists, for
sufficiently small —(n + p)log(np), we have with probability 1 — O(np), for all np*t < Tb,

12(x(t)) = X (np*t)]| = O(~(n + p)lognp) and [[x(t) — @(x(t))]| = O(=(np + p?) log1p).

In this section we will define K as { X (¢)} where X is the solution of (8).
We will prove these theorems respectively in the following sections.

D.6.1. PHASE I: PROOF OF THEOREM 51

We will now discuss the convergence of 1-SAM to the manifold of minimizer. We will separate the
dynamics into the following phase. Define ¢ as the gradient flow projection as in deterministic case.

Subphase A Gradient flow approximation, using standard approximation, we can show that x(¢) with high
probability falls into a region K" where the loss satisfies PL condition.

Subphase B After reaching the region, a detailed analysis will show that loss continue to decrease until ||z (¢) —
O(z(t))|| = O(p).

Subphase C Consider a quadratic approximation and we will get with high probability z(¢) will falls into
O(np + p?) neighbor of ®(z(t)).

Subphase A This is analogous to Subphase A in Section D.5.1 and we can suppose Jt1,x(t1) €
Kh
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Subphase B Define event A(t) as {VL (z(7)) > 4(p, V71 < t}.
We have if |V L (z(t)) || > 4¢p
BIL(e(+ 1)]e(0)] = & L (a0 = MyVLufa(0) + o PO ) o)

TPV L (2 (8)
E [L(x(t)) — Mn <VL (x(t)), VLi[x(t) + pm]ﬂ

IN

2 x
+ B [SFEIVRR ) + oy I
< L((t)) ~ Ml (a(0) [ + MupCIV L (a(0) | + CMPEIIV Ly )] + CMs?
< L((t) ~ S IVE (2(t)) P

L) - LM 1))

<
- 2
We have
E[L(z(t+1)1A(t+1)] <E[L(z(t+1))1A(t)] < (1 — @)E[L(x(t))lfl(t)]
We can then conclude that with ty = % +t
1667 HB (A(t> +1)) < E[L(x(t2 + D)1A(2 + 1] < (1~ T8 La(n)) < (221~ Tyt

We have
P(A(ty + 1)) < Mn
With an abuse of notation, suppose VL (z(t2)) < 4(p, which implies ||z(t2) — ®(x(t2))| =

O(p).

Subphase C  After | VL (z(t2)) || < 4Cp, it becomes difficult to prove the loss continue to de-
crease. We proceed by consider a quadratic approximation. Now consider

VL (2(t)) )

z(t+1) = a(t) - MnV L ("”(t) 0]

_ VL (z(t))
= a(t) — MV Ly (x(t)) — MypV?*Ly,(z(t)) VL) O(Mnp?)
= x(t) — MV L (x(t)) — an/\kwkwfm +O(Mmnp?)

Iteratively define 9 5, for 1 < j < 3,191 = to.

For j < 2, inductively suppose |z(t2;) — ®(z(t2;))|| < O(pU+D/2 & Mnp), let p; =
®(z(ta,;)), further assume VLy(®(x(t2;))) = v;vl. Further suppose N as the normal space
of I" at p; and 7" as the tangent space. Define Py and Pr as projection to the space.

We have || Pr(z(t2,;) — pj)| = O((z(ta;) — pj)?).
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ji—2

Consider to; <t < t9; + %

Define event A;(t) = {||z(7) — p;|| > pU+D/2|vr < t}

We have || Py (z(t) — p;)|| = O(p" 1 + Mnp?(t — t2;)) < O(pli+2)/2)
Under A;(t), we would have || Pr(z(t) — p;)|| = O(||z(t) — pjl|)

By Lemma 34, we have

VL (x(t))

L — st + O(le) - )

We also have
si(t) # sign(wi (z(t) = pj)) = |lwi (x(t) = py)ll < [|l2(t) —p;||*/*
Now by Taylor Expansion,

2(t+1) —pj = ((t) — pj) — MnArwpwi (z(t) — p;) + O(Mn||z(t) — p;||*)
— MupAgs (t)wgwi wy + O(Munpl|z(t) — pyll) + O(Mnp®)
= (x(t) — pj) — MnpAgwrwi (2(t) — p;) — MnpAgsk(t)wrw] wy, + O(Mnp?)

We then have

E(llz(t +1) = pilPPl2(0)] = llo(t) = psl* + 20 Y ARwi (2(t) —py)* + 11 pQZA +O(Mnp®||z(t) — ps]))
k

=0y Al (2(t) = p)I> = np Y Awsi(t)wl (x() — ;)
k k

We lower bound Y, Agsk(t)v] (z(t) — p;) again by Lemma 34, there exists C such that

S illsk@o] (@) —pj) = > vl @(t) = pi)ll — 26> [lvlllz(t) — p;|[*?
k k k
> Cllz(t) — pjll-
and

Elllz(t +1) — p;|I*|z(8)] < |2(t) — pj||* + 20°C1||z(t) — ps||> + n°p*C1 + np°Ch||2(t) — pj|
—nC||z(t) — p;j||* — 3npC|lz(t) — pj|
< |lz(t) = p;|I> — 20pC||2(t) — psl| + n*p*CH

Hence we have if ||z(t) — p;|| > O(np)
Efllz(t +1) = pjll[=(8)] < [|=(t) — pill — anp.
which implies,

Efljx(t +1) = pil[1A;(t + V)] < Ef[J2(t + 1) — p;[[14;(0)] < E[[[2(t) = p;l[14;(1)] — anpP(A;(1))
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Hence
L= 2)/2
» -2)/2 B 1o
ap’ " P(Aj(t2; + ) < amp Z P(A;(1) < [|l(tay) — (a(ta )] = O(pU+D72)
t=tg ;

Hence with probability O(,/p), there exists t3 j; 1, such that ||z (t2 ;1) — pj|| < O(plit2/2),
which further implies ||z (t2j+1) — ®(x(taj+1))|| < O(pU+?)/2) using Lemma 30.
Define tg = t273

D.6.2. PHASE II: PROOF OF THEOREM 52

We will inductively prove the following claim holds with probability 1 — O(np),

12(2(1)) = X (np?t)|| < O((n + p)log(1/p))
lz(t) — @(z(t))[| = O(p(n + p)log(1/p))
To be more precise, the induction mainly consists of two parts. The first part shows that z:(¢) will
stay close to the manifold with large probability and the second part shows the direction ®(xz(t))
moves.

To be more succinct with previous section, we abuse notation and suppose the iteration starts at
t3.

Part I: Convergence Near Manifold We have ||z(t3) — ®(z(¢3))|| = O(np + p?). By induction
hypothesis, we have x(t) € K".
According to Lemma 33

1@ (x(t + 1)) — @(z(t)| = O(np?)

Using the same argument in previous section, we have for sufficienly large constant A, if A(np-+
p3) log(1/np) > ||x(t) — ®(z(t))|| > A(np + p?), then there exists constant v, B independent of
A,

Efflz(t +1) = @t + 1)[[|x()] < ||z ( ) = ®(x(®)]| — anp
l(a(t +1) — Bt + 1)) - ((t) — B(2()]| < B

We then have

Pr(y(t+1) > A(np + p*)log(1/np)) = > _ Pr(y(t+1) > A(np + p*)log(1/np)

T=t3
and y(7) < A(np + p?) and
Vt+1>7 >7+1,y(r) > Anp+ p°)
‘We then consider each term,
Pr(y(t+1) > A(np + p*)log(1/np) and y(r) < A(np+ p*) and Vi +1 > 7' > 7+ 1,y(v') > A(np + p?))
<Pr(y(t+1) > A(np + p*)log(1/np) and Vt +1 > 7' > 7+ 1, y(r') > A(np + p*)
[A(np + p?) < y(r+1) < (A+ B)(np + p%))

\/\/
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Define a coupled process (7 + 1) = y(7 + 1) and

i) = lz(r") = @@ (), i §(r" = 1) = [la(7" = 1) = @(z(r' = 1))| > A(np + p*)
Y g(t' = 1) — anp, if otherwise

Then clearly

Pr(y(t+1) > A(np + p*)log(1/np) and V¢ +1 > 7/ > 7+ 1,y(7') > A(Uﬂ + %)
|A(np+ p®) < y(r+1) < (A+ B)(np+ p*)) < Pr((t +1) > A(np + p*)log(1/np))

We have

Now applying Azuma-Hoeftfding bound(Lemma 56), we have
Plgt+1) >g(r+1)—anp(t—7)+h) < P(g(t+1) >E[g(t+1)] + h)
2h? )

(t —7)B*n?p?

Choosing h = anp(t — 7) — y(7 + 1) + A(np + p?) log(1/np)

< exp(—

a —7)—y(r 2)1o 2
PG+ 1) 2 Alnp + ) log(1/np)) < eap(—2 A==V EA07 L0 loe el

anp(t —7) — A Y+ A 2)1oe(1 2
< eap(—a 0Pt =7) (m()ttpﬂ);n;;p +p7) log(1/np))
(anp(t —7) — A(np + p®) log(np)/2)?

)

= conl=2 (t — ) B2 p? )
a (aft —71) — Alog(np)/2)?

= cap(=2 (t—1)B? )

< eap(—2¥" " log(np)) = '

We then have

Pr(y(t+1) > A(np + p*) log(1/np)) < n"p'0(t — t3) < n®p°

Part II: Direction of ®(x (¢t + 1)) — ®(x(¢t)) We shall do a Taylor expansion and show that

) o i VL (2(1)
(t+1)==(t) nVLk<() HVLk@@»H)
) VL (x(t))
= a(t) =V L () = npV L (@(0) T T
(@(

VL (x(t) VL (x(t))
IV Lk (@) " 1V Ly (x(0) |

—np*0* (VL) 1/2 4 O(np®)
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Now by induction we have,
lz(t) = @(z(t)| = O(np + p?)
, then by Lemma 35, it implies
lz(t +1) = z(t)[| = O(np)
Then we have
1@ (2t +1)) — @(x(t) — 02(a())(x(t + 1) — ()l < Ellz(t + 1) — 2(B)|* = O(°p?)
Using Lemma 33, we have

In0® (2 (t))V Ly, (x(t)) | = O(l|z(t) — @(x(t))II*) = O(r°p* +np*)

PO (a(e) VL (o(0)) 1 bl = Olpllete) = B(al)]) = OGP + )

Hence

VL (z(t) VL (x(t))

— (2,2 3
VI @) TV (e ]/ 21 = O+ m)

1@ (2(t +1)) — @((t)) + np* 0% (x(t))0*(V Ly)|

Notice finally that by Lemma 34

VL (x(t)) VL (x(t))

_ " 2 W w 2(8) — Bz
VI o) TV L))~ P2 @@ (VL) we] +O(lo(t) = 2(®)])

0@ (2())9*(VLy)]
= P, r®((1)) V(A (VZLi(@((1))))) + Ol (t) — @ (z (1))
Hence we have
®(z(t+1)) = (z(t) = —np*Prp®(z(t) VM (V2 Le(@(2(1))))) /2 + O(n?p* + 1p°)
Notice finally,
Ex[MP,p®(z(t))V (M (V2L(@(2(1)))))] = Prp®(e(t))V(Te(V2L(2(2(1)))))

Together with standard concentration bound, we would have z(t) follows the Riemannian gradient
flow on I" for loss

Eii (V2Lg (@(2(2)))) = E;Tr (V2Li, (2(2(2)))) = TrVEL (2(2(1))).

D.6.3. PROOF OF COROLLARY

Proof [Proof of Corollary 17] We will do a Taylor expansion on Ex[L;?*](x). By Theorem 51 and
52, for t > p°T}, we have | X(15%t) — 2(8)]| = O(n + p) and |la(t) — D(a(t))]| = Olnp + p2)

Ex [R5 (x) = max Ey, [T VL () + p?vT V2 Ly (x)v/2] + O(p®)
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Then as Ly (z) = O(n?p? 4 p*) and ||vTVLi(z)|| = O(np + p?), this implies
Eg| gf;x] (x) = p*Ej, max UTV2L(JU)U/2 + O~(772p2 + p3)
= p*Ep maxv’ V2L(X (np*t))v/2 + O(np® + p*)

= p*Tr(X (np’t)) /2 + O(np”)

Proof [Proof of Corollary 18]
Choose T such that X (7') is sufficiently close to X (00), such that Tr(X (7)) < Tr(X (c0))+2¢
By corollary 17, we have ||Ex[Rpa*](x([T/(np*)1)) — p*Te(X(T))/2|| < O(np?). This
further implies [|Ex[R}'5¥] (z([T/(mp*)])) — p*Tr(X(00))/2]| < €p? + O(np?). We also have
I L(z([T/(np*)]))|| = O(n?p?). Then we can leverage Theorem 4 and Theorem 9 to get the de-
sired bound. u

D.7. Technical Lemmas
Lemma 53 (Cor. 4.3.1§ in [11]) Let >, 3 € RP*D pe symmetric and non-negative with eigenval-
ues \1 > ... > Ap and \1 > ... > Ap, then for any i,

i = A B =2

Definition 54 (Unitary invariant norms) A matrix norm || - ||+ on the space of matrices in RP*%

is unitary invariant if for any matrix K € RP*4 UKW ||, = || K]||, for any unitary matrices
dxd

U € RP*P. W € R**¢,

Theorem 55 [Davis-KahAan sin(6) therrem [5]] Let %3, Y € RPXP pe symmetric, with eigenval-
ues \y > ... > Npand A\ > ... > A\, respectively. Fix1 <r < s < p, letd :=s—r+1

and let V. = (vp,v41,...,vs) € RP*? and vV = (O, Dpy1s ..., 0s) € RP*? have orthonor-
mal columns satisfying Yv; = \jvj and ¥0; = N\jOj for j = r,r + 1,...,5. Define A :=
min {max{O, As — ;\S+1}, max{0, Nq — Ar}t, where Ao := oo and 5\p+1 := —o0, we have for
any unitary invariant norm || - ||,

A-[sin®V, V)| < £ = 5.
Here ©(V,V) € R4 with ©(V,V);; = arccos aj for any j € [d] and ©(V,V);; = 0 for all

i #j€eld. o1 > 09> -+ > 04 denotes the singular values of Vv, [sin ©];; is defined as
sin(@ij)

Lemma 56 (Azuma-Hoeffding Bound) Suppose Z,, is a super-martingale, suppose —o < Z; 11—
Z; < B, then for all n > 0,a > 0, we have

P(|Z, — Zo| > a) < 2eap(—a®/(2N(a + B)?))
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Lemma 57 ([19]) Let A : RP — RP*P pe any C' symmetric matrix function and x* € RP satis-
fing A1 (A(z*)) > Aa(A(x*)) and vy be the top eigenvector of A(x*). It holds that VA1 (A(z))|g=z =
V(v] A(2)v1)|pmsr

We then present some of the technical lemmas we required to prove Lemma 43.

a24-2b2 a’+b? 1 1
Lemma 38 If0<c< b2 RV iy > 5t 2, thena > 5b,cb < 5
Proof Notice that

a? + b2 a? + 22 cb? + ca? - cb? + ca?
—— >ca
1—cb — 21—¢b) ~2—cb—ca — 2—cb

1 b2
Vi—ch+ —=>1/14+ —
¢ vV1i—cb a?

Asc<bb_—2‘l,wehave1>1—cb>%

So
\/E+\/3> 1+E
b a a?

The above inequality implies a > 1b Asc < b2 ,cb < %

ca

So

|
Lemma 59
When 0 < a < b,0<c< bb_—f, we have
2 c(a? + b?) 1 ca — cb cb?
b? 22—cb—Zca) — (1 —cb) ———~L — a® 4 v?
b Fea’(2-c 3ca) ( C>2—ca—cb o (2 + )( 240%) T 2—cb
Proof
Equivalently, we are going to prove
1 1 1—cb 1 2—ca—cb 2
1 — cb)b? — 2 4G+ ) ————>ad?(2—cb— =
(1=cb) <2—ca—cb 2—cb)+a2—ca—cb+a(2a+ )(a2+b2) za(2-c SCG)
Further simplifying, we only need to prove
(1 — cb)cab? 9 1—cb 1 a*
> = ——————(2—ca—cb
(2 —cb)(2 — ca — cb) a2—ca—cb_3ca+ (ag-i—bz)( ca = cb)
We have the following auxiliary inequalities,
(I—cb)b>a
1—cb 1 S 1 _ab S a?
2—ca—cb ofby boa = atb | b-ab a2+ b2 T a? + b2
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Using the above anxiliary inequalities we have

(1 — cb)cab? 9 1—cb 1 4 a*
— > ——————(2—ca—cb
(2—cb)(2—ca—cb)+a2—ca—cb_36a +2(a2—|—b2)( ca = cb)
ca®b 1 a’(1—cb) _ 1
1—=(2—ca—cb) | ———= > Zcd®
<:(2—cb)(2—ca—cb)+( 2( «“ C))Q—ca—cb_3ca
2 2 _
- ca”b ca“(a+b)(1 — cb) > lca?’
(2 —¢b)(2—ca — cd) 2(2 —ca—cb) 3
ca’b ca®b(1 — cb) 1,
> —ca’b
<:(2—cb)( 2—ca—cb) 2(2—ca—ch) — 3

- 1 . 1—cb >1
(2—cb)2  2(2—cb) — 3

<=3(1 — cb)(2 — ¢b) + 6 > 2(2 — cb)?

<:(cb)2—cb+42()

Lemma 60 ,
2
When 0 < a < b,0<c< b2 ,Q g(gltibb?) > chjfcb, we have
2 1 1 b?
cb? + ca®(2 — cb — gca) — (1 = cb)cb?® — ca (2a + b2)b2 < 26_ %

Proof Equivalently, we are going to prove,

2 b2 a2(1a2+b2)
3., 2 2
cb +a(2—cb—§ca)§2_cb+ =
b2 4

2 a
3 2
<:>Cb +a(1—cb—§ca)§2_cb+@

We have the auxiliary inequality ﬁ > % + %b
Hence
b2 4

2
3., 2
cb —i—a(l—cb—gca)SQ_Cb 552
9 2 4 3
<:Cb3+a2(lfcbf§ca) ber;szwL%
2 v at
2 3y < a2
T s gt gp e

Case 1 If % — ba? — %aS < 0, then

303 2 3
o —ba’ =3

+ 5 —a

v at 9
<0< —
)05+ o
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Case 2 If % — ba? — %a?’ > 0, then

0(323 — ba? zad) < b;—i— 2ab42 a?

R I PN,
¢2(323 _ba? — ga?’) < (b—a)(b+a)?
<=2(b® —ba®) — (b—a)(b+a)* < b23+ 4;3
=(b—a)(2b(a+b) — (a+b)?) < b;—l— 4§3
=(b—a)*(b+a) < f+4§3

Using Lemma 58,a > 2,(b — a)2(b+ a) = (b? — a®)(b—a) < b?(b—a) < %

Lemma 61 When 0<a <b,0<c¢<b2 p2>q 24202~ _a?4b o pove

b2 2(1—cb) = 2—ca—cb’
cb?
cb® 4 ca®(2 — ¢b — Zca) — 2cay [ (b2 + =a2)(1 — ¢cb) < 5o
—c
Proof
Define
2 2 2, Lo
F(a) :=a*(2—cb— gca) —2a4/ (b2 + 3¢ )(1 —cb)
b—a a? + 2b? a® + b?
u(c,b) == <a<b < b >
Sa(c;b):=={al0 <a<b0<ec< p 0 = 2(1—Cb)_2—ca—cb}

amin(c, b) := inf S, (c, b)
Amaz (€, b) := sup S,(c,b) < b — cb?

Here we suppose WLOG S, (¢, b) # ¢.
Consider

. :2a(2—cb—§ca)—§ca —2\/(1) +§a )(1—cb)—a 762—#%@2
sz(a)—2(2—cb—2ca)—éca—éca—a L= —2a L= cb + @’ V1—cb
da? 3 3 3 b2 + 1a2 B2+ 1a2 22 4 La2)3
2
1—cb
>4 —2cb—4ca — 3a 27102
b +§CL
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Define u := cb, v := ¢, thenu +v < 1.

d*F 1
@) S 4w 3T L
da Jit+L
2 v

1
>4 —2u—4u(l —u) —3vV1—u

N[ =
+

T

SH
)

~—

24u2—6u+4—3\/1—u (1_u

As \/%4_12 \/% > (1 — u),we have

d’F(a)
da?

>4u? —6u+4—3(1—u)=4u*>+1—-3u>0

The above inequality shows that F'(a) is convex w.r.t to a for a,in(c,b) < a < amaz(c, b).
Hence F'(a) < max (F(amin(c,b)), F(amaz(c,b)))
Part I We abuse the notation and use @, a shorthand for a,,;(c, b).

2 2 2 2
] a; .. +2b% _ aZ . +b .. .
We have a,,in, 50=ch) = 2—carm=cb" This implies

1 i b2 1 2— min b
2amin\/(b2+a2 )(1—cb):(1—cb)w+ 2 ( a2 + 2)#

2 — Clpmin — cb 2 (a2, + 1?)
Hence using Lemma 43,
2 c(a, +b%) 1 2 — Capin — b
2 2 2 2 min

Flamin) = tpin(2 — cb — gcamm) -(1- Cb)% - Camm(§amm + )W

1, cb?

il — cb?

0(2 —cb )

Part 2 We abuse the notation and use a4, a shorthand for a,,q.(c, ).
It’s not easy to see which boundary condition a,,q, satisfy, hence we will discuss by cases.

Case 1 Upgpt202 _ _aggptb? Loy imply redo the calculation in Part 1
ase | amaa\/ 50y = 5ot g s case we simply redo the calculatio art 1.

2 __ a’gnaz+2b2 1Q 1 3
Case 2 b° = amas Sy This implies

1 1 1
a0+ S080) (1= ) = (1= D)2 4 (R + 1)

mazx ﬁ

Hence using Lemma 60,

2 1 1
9 2 2 2 2
F(amaz) = a5pqe(2 — cb — gcamm) — (1 —cb)ch” — camax(iamw +b )b—2
1, cb?
<=z —cb?
- 0(2—cb ob’)
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Case 3 cb® = b — amas As 1 — cb = 2292 and b? > apnqq
This implies a3,,, + 2amazb® — 26% < 0 => amas < 15b.
Define v := #maz ch =1 —v
Then by Lemma 58, % <v< %

2amaz

2 1
F(amaz) = afnaz(Q —cb— gcamax) — 2Gmaz \/(62 + ga?nam)(l —cb)
o o 2 v?
=b v(2—(1—v)—§(1—v)v)—2v 1+ —)v

We will prove the following inequality,

9 2 v?
— — - — — R < —
v?(2—-(1—wv) 3(1 v)v) — 204/ (1 + 2 Jv b T o

In fact we can directly show

V(14 v) + —— < 2 (1+ﬁ)v
1+wv 2

<:>v(1+v)+i<2 (1+”—2)v
1+wv 2

forv € [0.5,0.9].
Hence we have

F(a) < max (F(amin(c, b)), F(amaz(c,b)))
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