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Abstract

This paper considers the unlabeled sparse recov-
ery under multiple measurements, i.e., Y =
II"XB! + W, where Y € R*m, I e
Rnxn7 X € Rnxp7 Bt] c Rpxm’ W € Rnxm
represents the observations, missing (or incom-
plete) correspondence information, sensing ma-
trix, sparse signals, and additive sensing noise,
respectively. Different from the previous works
on multiple measurements (m > 1) which all
focus on the sufficient samples regime, namely,
n > p, we consider a sparse matrix B? and investi-
gate the insufficient samples regime (i.e., n < p)
for the first time. To begin with, we establish the
lower bound on the sample number and signal-
to-noise ratio (SNR) for the correct permutation
recovery. Then, we present a simple yet effective
estimator. Under mild conditions, we show that
our estimator can restore the correct correspon-
dence information with high probability. Numeri-
cal experiments are presented to corroborate our
theoretical claims.

1. Introduction

In recent years, linear regression with permuted correspon-
dence has received increasing attention due to its wide appli-
cations in the field of machine learning, signal processing,
and statistics. Among all these applications, two most promi-
nent examples are (i) linkage record, which merges two
datasets of the same objects into one comprehensive dataset;
and (it) data de-anonymization, which infers the hidden
labels of private data with the help of public datasets. Apart
from these two applications, other applications include cor-
respondence estimation between pose and estimation in
graphics; time-domain sampling in the presence of clock
jitter; multi-target tracking; unsupervised data alignment,
etc (Pananjady et al., 2018; Slawski and Ben-David, 2019;
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Zhang et al., 2018; Slawski et al., 2020; 2019; Zhang et al.,
2019; Fang and Li, 2022; Zhang et al., 2022; Zhang and Li,
2023). In this paper, we consider the canonical model, i.e.,
a linear sensing relation with permuted labels:

Y = II°XBf + W,

where Y € R"*™ is the sensing result, II € R"*" is
an unknown permutation matrix, X € R™*? is the design
(sensing) matrix, B% € RP*™ represents the sparse signals
of interest, and W € R"*™ denotes the additive noise.
Assuming the signal BY is a sparse signal, to put more
specifically, each column of B is k-sparse, we would like
to (i) study the statistical limits of the permutation recovery
under this scenario, e.g., the minimum sample number n
and signal-to-noise ratio (SNR); and (i) propose a practical
estimator that can efficiently recover the permutation once
the minimum requirements are met. To begin with, we
briefly review the previous works.

Related Works. The study of permuted linear regression
has a long history that can at least date back to DeGroot
and Goel (1976; 1980); Goel (1975); Bai and Hsing (2005).
Recent interest in this area start from Unnikrishnan et al.
(2015). Focusing on the noiseless case W = 0 with single
measurement (m = 1), Unnikrishnan et al. (2015) establish
the necessary condition n > 2p for the permutation recovery
if BY is an arbitrary vector residing within the linear space
RP. Later, Pananjady et al. (2018) extend the analysis to the
noisy scenario. They showed the minimum SNR should be
at least the order of {2(n¢), where ¢ > 0 is some positive
constant. Numerical experiments suggest ¢ is within the
region [4, 5]. Other works such as Hsu et al. (2017); Abid
et al. (2017); Slawski and Ben-David (2019); Tsakiris et al.
(2020); Haghighatshoar and Caire (2018) also focus on this
regime and obtain the same answer. In Emiya et al. (2014),
the setting with a sparse signal B is first studied. However,
only empirical investigation is conducted without rigorous
theoretical analysis. In the first work with theoretical anal-
ysis (Zhang and Li, 2021), both the statistical limits and
practical estimators with almost optimal performance are
presented for the permutation recovery. Peng et al. (2021)
study the problem from the viewpoint of algebraic geometry.
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All existing works suggest that SNR = Q(n¢) is inevitable
for the permutation reconstruction if only one measurement
is conducted, namely, m = 1.

On the other hand, numerous works suggest multiple mea-
surements, i.e., m > 1, can greatly reduce the SNR require-
ment, even to some positive constant. This line of research
starts from Zhang et al. (2019; 2022), where the information-
theoretic lower bounds and the maximum likelihood (ML)
estimator are investigated. Later, Zhang and Li (2020) study
this problem from the viewpoint of non-convex optimiza-
tion and propose an optimal estimator for the permutation
recovery. Independently, Slawski et al. (2020) investigate
this problem from the viewpoint of denoising. Putting parsi-
monious constraints on the number of permuted rows, they
view (I — I'Ih)XBh as sparse outliers and design the per-
mutation recovery algorithm accordingly. Notice that all
these works focus on the sufficient samples regime, namely,
n = Q(p). In this paper, we focus on the insufficient sam-
ples regime. Assuming BF to be sparse, we would like to
show the correct permutation can be obtained with n < p
and SNR = O(1).

Our contributions are summarized as follows

e We study the lower bounds w.r.t the number n and signal-
to-noise ratio (SNR) for the correct reconstruction of both
the permutation matrix I1° and the signal B®. Assuming
each column B:h , (1 < £ < m)is k-sparse, we show
that the sample number 7 should be at least of the order
Q(klog p); meanwhile the SNR should satisfy log det (I+

B*'B/;2) > logn + LIOE(Z).

e We propose a one-step estimator for the correspondence
recovery, which consists of two sub-parts: one for IT° and
another for BY. By formulating the correspondence recov-
ery as a linear assignment problem (LAP) (Kuhn, 1955;
Bertsekas and Castafion, 1992; Burkard et al., 2012), we
show the correct permutation matrix can be obtained
when (i) SNR is above certain positive constant and
(74) the minimum sample number 7 is in the linear
dependence with the sparsity number k.

On top of the above contributions, we would like to briefly
mention our proof strategy, which is based on a tailored
version of the leave-one-out technique. Compared with the
previous works that adopt the leave-out-out technique (Chen
et al., 2020; Sur et al., 2019; Karoui, 2013; 2018; Cai et al.,
2021), our construction has the following characteristics:

e Our construction method is adaptive, which replaces mul-
tiple rows ranging from 2 to 4 depending on each per-
muted row. Meanwhile, previous works such as Chen
et al. (2020); Sur et al. (2019); Karoui (2013; 2018); Cai
et al. (2021) replace a fixed number of rows (or columns).

e We not only leave out the rows but also modify the thresh-
olding operator operated on the perturbed samples B...\
from thres(-) to (-)imax (its definition is deferred to Sub-
section 4.2). This step is essential in controlling the ap-
proximation error since otherwise the non-zero elements
in matrices B (0« X"Y) and B,y may not share the
same position and the approximation error can be con-
siderably large. A detailed explanation is deferred to the
proof of Theorem 3.

Notations. Denote c, c/, c; as some positive constants,
whose values are not necessarily the same even for those
with the same notations. We denote a < b if there exists
some positive constants ¢y > 0 such that a < ¢pb. Simi-
larly, we define a 2 b provided a > ¢yb for some positive
constant ¢g. We write a < b when a < band a 2 b hold
simultaneously.

For an arbitrary matrix M, we denote M, . as its ith row,
M. ; as its 5th column, and M; as its (4, j)th element. Its
Frobenius norm is defined as || M || while the operator norm
is denoted as |M|,p, whose definitions can be found in
Section 2.3 of Golub and Van Loan (2012). In addition,
we define its stable rank as srank(-) = ||||||§ / |||H\(2)P (Sec-
tion 2.1.15 in Tropp (2015)) and its support set supp(-) as
{(¢,7) + (-)i; # 0}. The inner product between matrices is
denoted as (-, -) while the inner product between vectors is
denoted as (-, -).

We define the set of all possible permutation matrices as
Py, which is defined as {IT € {0,1}™>™ : > II;; =
1, 2?11 IT;; = 1}. Associate with each permutation ma-
trix II, we define the operator 7(+) that transforms index
i to m(i) under II. The Hamming distance dy(IIq,IIs)
between two permutation matrices IT; and Il is defined
as dH (Hl,Hg) £ Z;;l 1 (ﬂ'l(i) 7’5 7T2(i)). The SNR is
defined as H|Bh|||12:/(m a?).

Organizations. In Section 2, we formally state our prob-
lem setting and briefly discuss its relations with previous
works. In Section 3, we investigate the mini-max lower
bound. In Section 4, we present a practical estimator for the
permutation and signal recovery; along with its performance
analysis. We show that its performance almost matches the
mini-max lower bound. In Section 5, we present the numer-
ical experiments and draw the conclusions in Section 6.

2. Problem Formulation

We start this section with a formal restatement of the con-
sidered problem reading as

Y = II"XB! + W, (1)

where IT? € ‘P, denotes the (fixed but unknown) permuta-
tion matrix, X € R™*P is the sensing (design) matrix with
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its entries being i.i.d. standard normal random variables,
ie., X;; ~ N(0,1), I Bf € RP*"™ is a fixed sparse matrix
awaiting to be reconstructed (corresponding to the sparse
signal), and W € R™*"™ represents the additive sensing

noise with each entry W S N(0,0?). Here we put the
separate sparse constraints on each column of BY, namely,
HB?EHO < k (1 < ¢ < m). In addition, we denote h as the
number of permuted rows, or equivalently, the Hamming
distance between the identify matrix I and the permutation
matrix TT%, namely, b £ dy (T, Hh).

Our goal is to reconstruct both the permutation matrix I
and sparse signal BY from (1). Note that we do not assume
that different columns of II” share the same support set.
Actually, we prefer each column to be with a different sup-
port set, since otherwise rank(B?) will be bounded by &k and
will bring more difficulties to the permutation recovery. A
detailed explanation is deferred to Section 4.

Before proceeding, we briefly review the prior art. In Un-
nikrishnan et al. (2015), where B? can reside within the
entire linear space RP, it is proved that n > 2p is required
for the correct permutation recovery. As a result, subsequent
works such as Pananjady et al. (2018); Zhang et al. (2019);
Slawski and Ben-David (2019); Slawski et al. (2020); Zhang
and Li (2020) all focus on the sufficient sample regime, i.e.,
n = Q(p). Only until Zhang and Li (2021), the insufficient
sample regime, i.e., n = o(p), receives its first theoretical
investigation. Similar to our setting, they put sparsity as-
sumptions on B? however focus on the single measurement
scenario, namely, m = 1. They show that the minimum
SNR for correct (IT%, supp(B!)) to be Q(n 1/ w® pe2r/n),
In the following context, we will show that the minimum
SNR can be reduced to some positive constant provided
multiple measurements are made (m > 1).

3. Information Theoretic Lower Bounds

This section establishes the information-theoretic lower
bounds for the correct permutation recovery. Our goal is
to ensure both II" and B can be reliably reconstructed.
We investigate this problem from two perspectives: (¢) the
sample number n and (4¢) the minimum SNR.

3.1. The minimum sample number n

‘We obtain the minimum sample number 7 such that sparse
signal Bf can be reliably recovered with high probability.
Here we consider the oracle situation where II” is given a
prior. As each column in B¥ does not necessarily share the
same sup;;ort set, we need to iteratively reconstruct each
column B;, ¢» @ k-sparse signal, from the corresponding read-
ings Y. ¢, (1 < ¢ < m). With the classical result in Donoho

"Experiments suggest that we may relax this assumption to that
X;; are i.i.d. sub-Gaussian random variables.

(2006); Candes et al. (2006); Candes et al. (2006), we obtain
the lower bound on n, namely, n > k log p. Naturally, we
can expect this bound to apply to the non-oracle situation as
well, since a reliable estimation of B is hopeless provided
it is out of reach even in the oracle situation.

3.2. The minimum SNR

Then we turn to the minimum SNR requirement for the
correct permutation recovery. To begin with, we restate the
previous result in Zhang et al. (2019).

Theorem 1 (Theorem 1 in Zhang et al. (2019)). Consider
the oracle case where BY is given a prior. Then, there  exists
an integer ng such that for an arbitrary estimator II, we
have

inf sup Px w(IT#TI) >
II 11t ep,,

3

N | =

provided that (i) log det(I + B*TB*/52) < logn and (ii)
n > ng.

One drawback of this bound is the missing role of the spar-
sity number k. This is because Theorem 1 assumes B to
be perfectly known while sparsity number & only kicks in
when B needs to be reconstructed. To handle such an issue,
we take supp(B?) into account as well. Then we have

Theorem 2. There exists an integer ng > 0 such that for
arbitrary estimators I and B, we have

. ES ~ 1
inf  sup  Px wi(IL supp(B)) # (IL,supp(B))] = 5
ILB_ IePy,

BeBn.p,7n,k

hold for all n > ng, where P,, denotes the set of all per-
mutation matrices, By, p m i is defined as the set reading as

{B € RP*™ : logdet(I 4+ B'B/s?) < logn + ml%g(ﬁ)},
and supp(-) = {(i,§) : (-)i,; # 0} denotes the support set.

This theorem suggests that for all possible estimators to
reconstruct IT and supp(B), there exists at least one pair
(II,B) ,II € P,,B € B, pmx such that the recon-
struction error rate will be at least 1/2. Hence, a reli-
able correspondence reconstruction requires B! (a fixed
but unknown matrix) to satisfy log det (I + B”TB”/az) >
logn 4 mlog (})/n.

We leave its rigorous proof to the supplementary material
and only give an intuitive interpretation, which comes from
the coding theory. First, we assume each entry in B to be
binary, i.e., B;; € {0,1}, (1 < ¢ <p, 1 <j <m). Thus,
the information of B is fully incorporated in supp(B). In
the following, we will use supp(B) and B interchangeably,
as they are identical.

Afterward, we view the sensing relation in (1) as the follow-
ing transmission process: (i) pair (IL, B) is encoded into
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the codeword IIXB; (i) IIXB passes through a Gaussian
additive channel; and (7i7) one observes Y, from which one
would like to obtain (II, B).

Using the terminology from coding theory, we can com-
pute the corresponding code rate and channel capacity as

m p .
lognttmlog (}) and log det (I + B B/s2), respectively. Due

to the Shannon theorem, we can expect non-negligible de-
coding error if the coding rate is greater than the channel
capacity, which leads to logdet(I + B 'B/s2) < logn +
L%(i), the formula in Theorem 2.
Remark 1. Note that the minimum SNR requirements can
be derived from Theorem 2 as log det(I+B " B/s2) is closely
related to SNR. When B is of rank-one, we have log det(I+
B'B/,2) be log(1 + m - SNR). When B is of full rank and
with identical singular values, we have log det(I+B"B/,2)
be rank(B) - log(1 + SNR).

Having obtained the information-theoretic lower bounds, we
will propose a computationally efficient estimator, whose
performance matches these lower bounds to a good extent.

4. Estimator Design

This section proposes a computationally efficient estimator
for the permutation recovery. Denote thres(-) as the operator
which only keeps the element with the largest magnitude in
each column, we reconstruct 1% with the linear assignment
problem (LAP) (Kuhn, 1955; Bertsekas and Castaiién, 1992;
Burkard et al., 2012) reading as

TI°P — argmaxpyep <H, Y - threS(XTY)T . XT> ,

Once the permutation matrix IT°" is obtained, we can trans-
form (1) to the previous setting and iteratively recover each
k-sparse column Bh ;- A formal statement of the algorithm
is in Algorithm 1. Here, we use the Lasso estimator, which
can be replaced with other estimators (say Dantzig estimator,
etc), to reconstruct the signal BE.

Design intuition. The design of (2) shares a similar idea
of the estimator in Zhang and Li (2020): we would like to
approximate the direction of B? by the product X Y. How-
ever, due to insufficient samples, product X "Y is poorly
aligned with B?, or equivalently, large errors in approximat-
ing Bf with XY and weak correlation (B%, X "Y). To
reduce the approximation errors, we apply thres(+) and set
certain entries in X 'Y to zero.

Note that we always keep one nonzero entry in the oper-
ation thres(-) regardless of the sparsity number k. This
operation is different from almost all previous works, which
range from Blumensath and Davies (2009); Foucart (2011)
in the literature on compressed sensing to Jain et al. (2013);
Yuan et al. (2014); Li et al. (2016) in the literature on op-
timization, since all these works suggest keeping at least

Algorithm 1 One-step estimator.

Input: observation Y and sensing matrix X.
Output: pair (IT°™, B°"), which is written as

I = argmaxpep (ILY - thres(XTY)" - XT),
2)
2
B = argming (2n) ! H‘H"lﬂY - XB’H + AlIBll,,
F
3)
where thres(-) applies to each column and thresholds all
entries to zero except the one with the largest magnitude,
P,, denotes the set of all possible permutation matrices,

I, £ 32, ;1(-)i,| denotes the absolute sum of all en-
tries, and A,, > 0 is some regularizer coefficient.

-9—#nonl—zer0 Ielemelnts :Il "
——#non-zero elements = 2
. 0.8 ——F#non-zero elements = 3
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& 0.6f
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Figure 1. Keeping more non-zero elements in X | Y deteriorates
permutation recovery. n = 100, p = 500, h = 25, k = 5,
srank(B®) = 100. #non-zero elements refers to the number of
non-zero elements kept in each column of X Y.

O(k) non-zero elements for a k-sparse signal.

More surprisingly, our numerical experiments suggest keep-
ing more non-zero elements can be harmful to permutation
recovery. An illustration is put in Figure 1, from which
we observe the SNR required for correct correspondence
recovery increases with the number of non-zero elements
keptin XTY.

An intuitive explanation of the operator thres(-)’s role
is given as follows. Roughly speaking, we apply the
operator thres(-) to XY for a better approximation of
B’s direction, or equivalently, increase the correlation
(thres(XTY), Bf). Due to the insufficient sample num-
ber n, X TY is poorly aligned with B®. Thus, keeping more
non-zero elements in thres(+) leads to a potential decrease
of (thres(XTY), B) and less satisfying performance.
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4.1. Main results

This subsection formally presents our main results.

4.1.1. RESULTS IN RECOVERING IT"

First, we study correspondence recovery. A formal state-
ment is given as

Theorem 3. Suppose that n > ng and p > po, where
no,po > 0 are some positive constants.  Provided
that (i) n > k(logn)(log? mnp), (ii) srank(B?) >
k2 10g2(1+s°) n, (iti) h < ¢ - n, and (iv) SNR > ¢1, we
have {TI°" = TI°} with probability at least 1 — ¢y - n~°3,
where eg > 0 is an arbitrary positive constant and h =
dy (I, II%) denotes the number of permuted rows.

Discussion. Table |1 compares our result with the previous
works. Our work gives the first affirmative answer such that
SNR > (1) is sufficient to obtain the correct permutation
matrix with insufficient samples, i.e., n < p.

In addition, we would like to compare it with the lower
bound. To begin with, we discuss the SNR requirement,
which is the top priority of our analysis. From Theorem 3,
we can see that the correct permutation matrix can be ob-
tained provided that SNR is above some positive constant;
meanwhile Theorem 2 requires SNR > 0. This means
our SNR requirement has at most a gap of some positive
constant with the statistical lower bound.

For the sample number n, the lower bound requires n to be
at least of order Q(k log p); while Theorem 3 requires n to
be Q(k(log n)(log” mnyp)), which means the lower bound
is matched up to some multiplicative logarithmic terms. We
conjecture that the required n in Theorem 3 can be further
optimized with a more delicate analysis.

Moreover, our estimator allows the maximum number of
permuted rows to be linearly proportional to the sample
number, i.e., hmax < 1, Which is order-optimal.

In the end, we would like to discuss the assumption on
srank(B?). When the eigenvalues of B is almost uniformly
distributed, we have srank(B") < rank(B?), which is of
order O(min(p, m)). Thus, we conclude that the constraint
srank(B?) > k2 log?1+50) 5, will reduce to the following
requirement, i.e.,

min(p, m) > k*log21+=0) p, 4)

Notice the assumption p >> n, we conclude that the first
requirement in (4), i.e., p > k2 10g2(1+50) n, is not very
strict. For the second constraint, m > k2 log2(1+€°) n, it
suggests more multiple measurements are desired. > In

2Specifically, we should mention the stable rank assumption is
almost independent of the sparsity assumption, in other words, it
does not confine matrix B to be an extremely sparse matrix.

addition, if we assume that for each column its maximum
entry’s energy is at least a constant proportion of the total
energy, i.e., inf; maxi \BE,jI/HB?’jHQ > (1 <i<pl1<L
7 < m, we can further relax the requirements on stable rank
srank(BY), to put it more specifically, srank(Bf) > log® n.
Here €; > 0 is an arbitrarily small positive constant. A
formal statement is given as

Corollary 1. Consider the large-system limit where n
and p are sufficiently large. Under the conditions (i)
inf; maxi B j1/|B? |, > &1, (i1) n > k(logn)(log” mnp),
(iii) srank(B?) > log?**%0) n, (iv) h < ¢q - n, and (v)
SNR > ¢1, we have {II® = II°} with probability at least
1 —co-n=%, where cg,c1 > 0 are some arbitrarily small
positive constants; and h 2 dy(I, I1%) is the number of
permuted rows.

In this scenario, the requirements in (4) reduce to

p > log?n and m > log? n.

Notice that the first requirement is almost trivially satisfied,
asp>>n > log?n.

Remark 2. Compared with Zhang and Li (2020) which
only requires srank(BF) to be above certain positive con-
stant, our estimator needs a larger stable rank srank(B?).
Although we cannot claim that srank(B?) must be lower
bounded by some non-decreasing functions of logn, we
have a numerical evidence such that stank(B?) may have
to increase with sample number n, in other words, its lower
bound may not be reduced to be some positive constant.
Fixing the parameters p, k, h, and srank(Bh), we study the
impact of sample number n on the permutation recovery
and put the results in Figure 2. We observe that a larger
n has a negative impact on the permutation reconstruction
once n exceeds a certain threshold. One possible reason
is that the stable rank srank(B?) is fixed as a constant and
violates the requirement srank(B?) > log® n.

1

0.8¢
<
g
~ 0.6
b E
3] ]
Z 0.4 1
g
| [~ srank(B%) = 50
0.2 ——srank(B%) = 55
—+—srank(B") = 60 .
0 1 1 1 .-
50 850 1650 2450 3250 4050
n

Figure 2. Illustration of the dual role of sample number n, for the
noiseless case (infinite SNR) with p = 200 (signal length), k = 5
(sparsity number), and h = 25 (number of permuted rows).
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Table 1. Comparison with previous works. All results are presented in their best order, which only holds in certain regimes. Here, SNRyin,
Tumin @and hmax denotes the minimum SNR required for correct permutation recovery, the minimum required sample number and maximum
allowed number of permuted rows, respectively. We represent the matrix rank as rank(-). In addition, we use NA to denote that the

analysis is not applied to the corresponding work. Moreover, the logarithmic term is omitted in ().

SNRuin (=) min/p (=) fmax/n (<)
m=1 m>1 m=1 m>1 m=1 m>1

Pananjady et al. (2018) Q(n°)  NA Q(1) NA Q(1) NA
Slawski and Ben-David (2019) | Q(n¢)  NA Q1) NA Q(log~ ! n) NA
Zhang et al. (2019) NA Q1) NA Q1) NA Q (log ™' r(BY))
Slawski et al. (2020) NA Q1) NA  Q(p) NA Q(log~ ! n)
Zhang and Li (2020) Qne) Q1) Q1) QD) Q(1) Q(1)
Zhang and Li (2021) Q(n®)  NA o(1) NA Q(1) NA

Our Estimator NA Q1) NA o(1) NA Q(1)

4.1.2. RESULTS IN RECOVERING B!

Once the ground truth IT’ is obtained, we can reduce @))
to the traditional model in compressed sensing/sparse re-
covery (Candes et al., 2006; Candes et al., 2006; Donoho,
2006; Wainwright, 2019) and reconstruct the signal B?
with a Lasso estimator. Concerning the reconstruction error
| B% — B°P!|| .. we have the following corollary.

Corollary 2. Suppose that n > ng and p > pg, where
no,po > 0 are some positive constants.  Provided
that (i) n > k(logn)(log? mnp), (ii) srank(B?) >
k210g2 ) n, (i33) h < co-n, and (iv) SNR > 1. Setting
An in (3) as cao+/log p/n, we conclude

B~ B 5 oy
n

Cq C6

holds with probability exceeding 1 — c3 -n~ —c5-p~
Its proof is a simple combination of Theorem 3 and the pre-
vious results in Candes et al. (2006); Candes et al. (2006);
Donoho (2006); Wainwright (2019). However, we observe
a new phenomenon: the reconstruction error |B°P* — B,
is affected by the signal energy || Bf || .. on top of the sensing
noise o2. > Moreover, we should mention that the above
difference will still exist even when we replace (3) with
other estimators, say, Dantzig estimator.

At last, we can relax the constraints on srank(B¥) and n with
an additional constraint on inf ; max; IBE,j \/HB?J ll2, which is

3This corollary has one requirement on SNR, which is affected
by both || B || and o*. In addition, we may have ||B*" — B%||

be directly linked to ‘HB“‘
obtained with low SNR.

& as a wrong correspondence can be

the same as that in Corollary 1. A formal statement is given
as the following.

Corollary 3. Suppose that n > ng and p > pg, where
ng,po > 0 are some positive constants. Provided that (i)
inf; maxi B ;1/|B? ||, > &1, (i1) n > k(log n)(log? mnp),
(iii) srank(B?) > log?'*=9) n, (iv) h < ¢ - n, and (v)
SNR > ¢;. Setting A, in (3) as cao+/logp/n, we conclude

- " mklogp
B — o], < o 8D

holds with probability at least 1 — c3 - n~ — c¢5 - p~ .

4.2. Proof outline

Due to the space limit, we only give a sketch of our proof
ideas and leave the technical details to the supplementary
material. Denote B = (n — h)~'X 7Y, our goal is to show

(Y, TI°X - thres(B)) > (Y, IIX - thres(B)), VI # II°
(5)

holds with high probability under the settings in Theorem 3.

Same as Zhang and Li (2020), our analysis faces the difficul-
ties brought by (¢) combinatorial nature of the problem and
(4¢) high-order moments of sub-Gaussian random variables.
On top of these challenges, we are subject to insufficient
samples, i.e., n < p. These issues are tackled by a combina-
tion of relaxation and tailored leave-one-out analysis, which
can be roughly divided into the following three stages.

Stage I. We consider the sufficient condition of (5), which
can be written as
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(Y., thres(B) "X s(;).) > (Y., thres(B)'X;.),
Y j # 7i(d).

Re-arranging the terms, we obtain an equivalent form read-
ing as

<BHTXWu(i),:, thres(ﬁ)TXﬂu(i)7;>
> (BY X,s(;).., thres(B) TX;..)

>

+ (Wi thres(B) T (Xpopiy. — X5.))- (6)
Informally speaking, we first assume that th res(ﬁ) is al-
most parallel to BY; and the dependence of th res(ﬁ) on
X (i), Xj,: 1s negligible. Then, we can approximate
(6)’s left-hand side as |||Bh|||12: and its right-hand side as
a sum of z;B'TBfz, and \/§zH|BhH|F up to some nor-

. iid
malization constant, where 21,22 ~ N(0,I,.,) and

S N(0,1,,xm) are Gaussian random vectors. Eas-
ily, we can see that (6) holds with high probability pro-
vided the SNR is sufficiently large. In the following two
stages, we will verify the above two assumptions, that is, (4)
Z(th res(]AB)7 BF) is small and (44) the dependence between
thres(ﬁ) and X 1), X . is negligible.

Stage II. We would like to lower-bound the inner
product (B?, thres(B)). Denote B as the correspond-
ing column in B, we can express (BY,thres(B)) as
ZBuG{Bu}ISZSm<,8h,thres(/§)>. From the definition of

thres(-), we notice that thres(/3) only has one non-zero
entry. W.l.o.g. we assume its index is one and hence have

(B1)* + B1(B, - BY)
— max|B] - [8* = Bl ()

BB, =
(8})?

(B, thres(B))

Y

We (i) upper-bound max; |,6'h| and ||B% — BHOO; and (1)

lower-bound | 51 . Part (7) is quite standard and part (i7)

lies in analyzing the event |3;| > max;
to the definition of thres(-).

ils which is due

Stage III. We would like to show the dependence between
thres(B) and rows X :(;) . and X . is negligible. This
is accomplished by a tailored leave-one-out analysis. For
each row indices pair (7%(i), j), we construct a perturbed
matrix B(™*(1:3) by replacing the rows X ra(i),:» X, with
their i.i.d. substitutes. A more detailed description of the
construction process is given as follows.

First, we draw i.i.d.
denote it as X; . (1 <4 < n). Similarly we draw samples

samples for each rows of X, . and

VA\/ZL: for each row in W, 1 < j < n. For arbitrary indices
Wh(i) and j such that j # 7%(4), we create the samples
B(™*():9) as (assume i # 7 (i )and j # 7°(5))

Xf,:X;\—rh(f)’;>Bh

B (0) _ (1 h)—l( )y

£,mB(6)F#mh(1),]
+(n—h)"! (ii7:i;(i)7; + iwh(i),:i;rh(wh(i)),:)Bh
+(n—h)"" (iji;m,; + Xﬂrhl(j)#f(;:)Bu

> XeWi,

LAT(7),4
+(n—h)! (xwu(i)#w; ot XWT)

Provided that i = 7%(i ) we can 51mp11fy the summaries

X; Xﬂu(z) + Xfr”() th(ﬂh(z)) and X s, Wﬂ'b(z) +
Xi’,W in the above construction as the terms X XT
and X; Wl ., respectively. Similarly, we will sunphfy

va:XWU(j) . —+ Xﬂu—l(j)7:i;: as Xj#XI: Whenj = ﬂ'h(j)
Easily, we can verify that B(™* () is independent from the
rows X4 (;).., X;,: as the latter are not involved in B (0).9),

Meanwhile, we have B(™*():) exhibit a similar behavior
as B as they share almost identical components. In fact,
this is the basic idea of leave-one-out technique (Chen et al.,
2020; Sur et al., 2019; Karoui, 2013; 2018; Cai et al., 2021).
Compared with these works, our construction method has
the following characteristics

e The number of replaced rows in our method varies for
different pairs of row indices. As we can see from the
above example, we need to substitute the rows X 4 ;) .

and X . in B with their i.i.d. replicas. Since the number
of impacted terms depends on the relations between index
7% (i) and index 7, we need to replace a varying number of
terms in the perturbed matrix B (D:9), Meanwhile, the
number of replaced terms is fixed in the works thereof.

e We modify the operator thres(-) in approximating
thres(f’:). While the previous works usually keep the op-
erator thres(-) intact, we approximate it with the operator
(+)imax» Which denotes the positions of non-zero elements
in thres(ﬁ) In other words, the positions of the non-zero
elements we keep in the leave-one-out samples BO) are
determined by th res(B) rather than thres(B(")). In our
analysis, we can see this step is essential in controlling
the approximation errors. Otherwise, the approximation
error can be considerably large, since thres(B) may not
share the same support set with thres(ﬁ(')), let alone
their /5 differences.

Note that the above explanation is a simplified version of our
proof technique. The technical details, which are deferred to
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Figure 3. Simulated recovery rate P(IT = II') with n =

iid

{100,150}, p € {500,600}, h € {25,37}, and X,; '~ N(0, 1),
w.r.t. SNR.

the supplementary material, can be different from the above
description but do follow the same spirit.

Moreover, we would like to briefly discuss our algorithm’s
computational complexity: in the first step for permutation
recovery, our estimator only requires one matrix multipli-
cation and thresholding operation on top of the operations
in the oracle estimator; in the second step for sparse signal
recovery, our estimator needs one additional matrix multipli-
cation when compared with the work without permutation.

5. Numerical Results

This section presents the numerical experiments to verify
our main theorem, to put it more specifically, Theorem 3: we
would like to prove the correct permutation can be obtained,
ie., {IT = Hh}, with n < p and SNR > c.

5.1. Numerical results on synthetic data

To begin with, we present the numerical results with syn-
thetic data. First, we adopt the Gaussian sensing matrix
X, ie., X;j; S N(0, 1), which is the same setting of The-
orem 3. Then, we separately investigate the impact of the
sampling ratio »/p and the sparsity number k on the permuta-

tion recovery. Second, we extend our sensing matrix setting

Recovery Prob. Recovery Prob.

Recovery Prob.
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Figure 4. Simulated recovery rate P(IT = TI%) with n =

i
~

=9

{100,150}, p € {500,600}, h € {25,37}, and X,
Rademacher P(X;; = —1) = P(X;; = 1) = /2, w.r.t. SNR.

from Gaussian to sub-Gaussian. Assuming X;; to be i.i.d.
Rademacher random variable, namely, P(X,; = £1) = 1/2,
we show that our reconstruction algorithm in Algorithm |
can successfully reconstruct the permutation matrix under
the sub-Gaussian setting as well.

Experiment setting with Gaussian distribution. We let
Xij S N(0,1) and pick the sample number n to be
{100, 150} and set h = n/4. We vary the signal length p to
be {500,600}. Then we set the sparsity number k& within
the region {10, 15,20}. And the stable rank srank(B?) is
within the range {150, 200, 250}. The corresponding simu-
lation results can be found in Figure 3.

Discussion w.r.t 7/p. First, we confirm our theory such that
correct permutation can be obtained with insufficient sam-
ples, i.e., n < p. In addition, we notice that the permutation
recovery becomes easy with a larger 7/p: the first row in
Figure 3 is with 7/ = 0.2 while the second row is with
n/p = 0.25. We can verify the SNR for the correct permu-
tation recovery is smaller in the second row than that for
the first row. However, we should stress that this conclusion
may not hold provided that srank(B?) is not sufficiently
large. More details are referred to Figure 2.

Discussion w.r.t. sparsity number k. We vary the spar-
sity number & to be within {10, 15,20}. We conclude a
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Figure 5. We set the sample number n as 100 and the sensing noise variance o as 1. (Top panel.) The ground-truth images. (Middle
panel.) The reconstructed images with our algorithm using both (2) and (3). (Bottom panel.) The reconstructed images with only (3),

where TT°" is set to be the identity matrix.

large sparsity number k£ can make the permutation recov-
ery more difficult. For example, consider the case when
(n, p, srank(BF)) = (100, 500, 200). When k = 10, correct
permutation requires SNR > 1.4; when k = 15, correct
permutation needs SNR > 2.2; and when & = 20, correct
permutation requires SNR > 4. The same conclusion holds
for other cases as well. *

Experiment setting with the sub-Gaussian distribution.
In addition to the Gaussian setting, we also evaluate our
estimator’s performance when X;;; is sub-Gaussian. Here,
we pick X;; to be i.i.d. Rademacher random variables such
that P(X;; = £1) = /2. The corresponding results are put
in Figure 4, from which we can observe a similar pattern as
that of the Gaussian setting.

5.2. Numerical results with real-world data

This subsection evaluates our algorithm on the real-world
dataset, namely, MNIST dataset (LeCun et al., 1998). An
illustration of the reconstructed images is put in Figure 5.

First, we create the sparse matrix B as a block-diagonal
matrix diag (image*", image(™, image{™", - - - image§™),
where image!™™ € R23%28 (resp. image'™ € R?8%?8) rep-
resents an arbitrary image of digit ¢ (0 < i < 9) in the
training (resp. test) set. These images under the testing test
are put in the “Ground-Truth” panel.

Then, we create a Gaussian sensing matrix X and a noise
matrix W. Afterward, we permute the sensing results and
apply our algorithm in Algorithm 1 to reconstruct the im-
ages. The reconstructed images are put in the panel under
the name “Permutation Correction”.

As the benchmark, we pretend there is no missing informa-

“The result is consistent with Theorem 2 as By, .,k COVers
a broader class of matrices B when k increases from 15 to 20,
which implies a larger SNR is required for permutation recovery.

tion of correspondence between B% and Y. We set TI°" in
(3) be the identity matrix and reconstruct B? with the Lasso
estimator. Since there is no permutation recovery in the algo-
rithm, we present the corresponding reconstructed images in
the “No-Permutation Correction” panel. From Figure 5,
we observe that our permutation recovery algorithm can
significantly improve the reconstruction performance.

6. Conclusion

In this paper, we studied the unlabeled sparse recovery with
multiple measurements (i.e., m > 1) for the first time. To
begin with, we investigated the lower bounds on the sample
number n and the SNR. Furthermore, we proposed a sim-
ple yet effective estimator, which restores the permutation
matrix via a linear assignment problem. We proved that our
estimator can obtain the correct correspondence informa-
tion when SNR is above certain positive constant and the
required sample number n is in linear dependence with
sparsity number k. In addition, we discovered multiple
phenomena that are seldom encountered before: () keeping
more non-zero elements in thres(-) deteriorates permuta-
tion recovery; and (4¢) increasing sample number n plays a
dual role in reconstructing the permutation. In the course of
analyzing our estimator’s performance and explaining the
above phenomena, we developed a tailored version of the
leave-one-out technique, which involves an adaptive number
of replaced elements and simultaneous modification of the
threshold operator. Moreover, we provided numerical exper-
iments to corroborate our claims and showed our estimator
can reliably reconstruct the permutation matrix even when
the entries X;; are sub-Gaussian random variables.
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A. Proof of Theorem 2

Proof. The proof technique is a combination of that in Zhang et al. (2019) and Zhang and Li (2021). First, we put uniform

distribution as the prior of 11, i.e., ]P’(Htl = Hsamp) = |Pn|’1, where Il is an arbitrary fixed permutation matrix and P,
denotes the set of all possible permutation matrices. In addition, we introduce distributions for the support set of B. For an

arbitrary column B. ;, we assume its support set to be uniformly distributed among (ﬁ) possible patterns. Easily, we can
verify the relation

sup Px,w [(I1, supp(B)) # (T, supp(B))] > Px.w.ris (L, supp(B)) # (I1, supp(B))]. ®)
Since inf g can be safely added to the left-hand side of (8), our goal becomes lower-bounding Px w,r1,B [(IT, supp(B)) #

(11, supp(f’»))] . Adopting the proof technique used in Theorem 2.10.1 in Cover and Thomas (2012), we consider the entropy
H(IT, supp(B)), which can be computed as

e

H(II, supp(B))

H(TT) + H(supp(B)) 2 log n! + m - log (Z) : 9)

where in @ we use the independent among IT and supp(B), and in @ we use the fact |P,,| = n! and [supp(B)| = (¥)™".
Meanwhile, we have the relation

H(TT, supp(B)) 2 H(TT, supp(B) | X)
D (11, supp(B) | X, T, supp(B)) + I(IT, supp(B); I, supp(B) | X) . (10)
Ee 2¢

where @ is due to the independence between X and IT, B; and @ is because of the definition of conditional entropy and
mutual information. The proof is thus complete by separately bounding 7; and 7s.

Analysis of (;. We upper-bound (; with Fano’s inequality (Cover and Thomas, 2012, Theorem 2.10.1), which proceeds as

¢1 < H(IL, supp(B) | IL, supp(B)) < 1+ log (|(IL, supp(B))|) - Px w115 [(IL, supp(B)) # (IL, supp(B))]. (1)

Analysis of (». Due to the Markov property of (IT,supp(B)) - Y — (f[, supp(ﬁ)), we invoke the data-processing
inequality (Cover and Thomas, 2012, Theorem 2.8.1) and conclude

G2 < I(ILsupp(B); Y | X).
Invoking the definition of conditional mutual information, we have

I(IL, supp(B); Y | X) = Exwn [h(Y | X =1z)) - h(Y | IT, supp(B), X = )]

I/\@

1
5 logdet (Ex w YY) — — log o?
where in ® we use the property (Cover and Thomas, 2012, Theorem 8.6.5)
1 1
h(Z) < 5 logdet Cov(Z) < - logdet} (zzZ7),

for a random vector Z with finite covariance matrix Cov(Z), and the entropy for a Gaussian random vector. Following the
same procedure as in Zhang et al. (2019) (Lemma 11), we have

logdet Ex wnYY ' =nm -logo? +n - logdet (I+B'B/s?),
which further yields to

I(IT, supp(B); Y | X) < ~logdet (I+B'B/s?) .

|3
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Summary. Combing (9), (10), and (11) then leads to a lower-bound on Px w 1,8 [ (IL, supp(B)) # (I1, supp(ﬁ))] reading
as

logn! + mlog(?) — 1 — (7/2) log det (I + B B/s2)
log (|(IL, supp(B))])

Easily, we can verify Px w B [(IL supp(B)) # (f[, supp(ﬁ))] is lower bounded by 1/2 given the assumptions in
Theorem 2 and thus complete the proof.

Px,w.m.5 [(IL, supp(B)) # (IL, supp(B))] >

O

B. Proof of Theorem 3

We define B as (n — )~ XY and define operator imax(i) as argmax \ﬁﬂ\ (1 < i < m) for each column in B, which

returns the index of the entry with the largest magnitude. With a slight abuse of notation, we denote Bjm.x = thres(B). The
benefits of this notation will be seen shortly.

In addition, we define the error &, as
o = {3 IL, s.t. <Y, X - ﬁimax> > <Y, X - ﬁimax>} . (12)
According to the sensing relation such that Y = II°XBY + W, we rewrite (12) as
(TEXB + W, IX - Binge ) < (TEXB? + W, IFX - B ),
and would like to show it holds with a probability near zero. The major technical difficulties come from the fact that B

is correlated with sensing matrix X, which introduces high-order moments. The solution to such a challenge is broadly
divided into the following two parts.

Part I: Relaxation of the error event. We first relax the error event &,

Eor © { (Y BraXos, ) < (Vi BloX,, ), 35 # 750 ], (13)

é err-relax
which means P(Eerr) < P(Eerrrelax)-

Part II: Decoupling dependence via a modified leave-one-out technique. To decompose the dependence between B
and the rows X+ (;) . and X; ., we modify the leave-one-out technique and construct a perturbed matrix B(™*(©).3), which

shares almost identical statistical behaviors as B Before delving into the technical details, we first provide a glimpse of the
construction idea. Recalling the definition of B, which is written as

~ 1 n T ., X'TW
B=-— <;Xg,zxﬂu(@7:> B4 ——,

we construct the perturbed matrix B ().4) by replacing the corresponding rows with their i.i.d. samples. The detailed
construction method is stated as follows.

To begin with, we draw i.i.d. samples for each rows of X; . and denote it as )NQ-,: (1 <7 < n). Similarly we draw samples
W, . for each row in W, 1 < j < n. For arbitrary indices 7%(7) and j such that j # 7%(i), we create the samples B (0).4)
as (assume i # 7%(i) and j # 77(j))

B0 = (n - h)1< > XX, (z),:) B*
£ (0.5

+(n—h) <Xf,r)~(;(i),: + Xﬂu(,;),:iln(,ru(i)),: + Xj,:filw, + Xwﬂl(j)ﬁ@:) B’

13
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+ (n — h)_l Z Xg’:WZ: + Xﬂh(i),:w;lr—h(i)’; + )N(i’:WZ: . (14)

LA (1)1
Provided that i = 7% (i), we can simplify the summaries X; . X, Y +X i) ;lr—ﬂ(ﬂ’h(z)) and X s th( ) +X\7\7j
in the above construction as the terms X; XT: and X W ., respectively. Similarly, we will simplify X X;m .+

X o1, X], as X;,. X, when j = 75(j).

With the above construction method, easily we can verify that B(*9) s independent of the rows X 4 ., X; . and W . as

they are not involved in B(™*.9), Before delving into the technical details, we first collect all required notations.

B.1. Notations

Define the following events

o Xi
P M_1<CO loa(nn) 1 <y <,
h n—h
A 2eri() X“<X[ \’ﬂ\l> log(mnp)
&(B) = — < f— 1Byll2, V1<i<p
) thxéz<x z,;nﬂ> Vhlog(mn .
53(,3)3{ £t LSO o VRO g1, vi i <p s
"X W
€2 {Z" L2 e’]NUﬁéof(;:mm,VlSiSp,léjSm};
3/2 1 1
52 {|B - B, £ O ] B 1),
2 — —

where 3 € RP is an arbitrary column of BE (1< <m), ﬂ\i € RP denotes its copy with the ith entry being set to be
zero, and & € RP denotes an arbitrary row in matrix X, which follows Gaussian distribution N(0, I,,,,). Note that z is not

necessarily independent from B and B(*"():3).

_ N ~ (b ()4
For an arbitrary event E/, we denote its complement as E. In addition, we define matrix M (™ (9:3) as B“TBi(r:ai )3) | For

the notation simplicity, we drop the superscript 7% (i) and j in M (™ “()) when there is no ambiguity. The following context
provides the technical details and a diagram representing the dependence among all lemmas is put in Figure 6.

Analysis of F; Analysis of Fg Analysis of F3 Analysis of F5
Equation (15) Equation (20) Equation (17) Equation (19)
1
Lemma 13

Lower bound on (B, gl (OB

Lemma 11

Lower bound on |3

imaxl

Lemma 14 (&5)

- o (0),5
‘ (Bimax — Bi(max( )’]))Tw

Condition on (Lemma 7, 8, 9, and 10)
Upper bound on

E1N&(B)NE(B) &

2

Figure 6. Dependence diagram of lemmas.
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B.2. Proof of Theorem 3
Proof. The proof can be broadly divided into three stages.

Stage L. To begin with, we prove the relation Eu;r C Egrrrelax, Whose definition can be found in (13). Conditional on &r-relax,
we have

<Y B,maXXﬂn(i)7;> <Y Bl X g >7 Y j # ah).

Thus we conclude
<Y, X - ﬁimax> > <Y,HX : ﬁimax> . VI # I,

which suggests Eerr-relax Will automatically lead to Eerr, in other words, Eeprreiax C Eerr. Hence, we could upper bound P (&)
by P (gerr—relax)-

Stage II. Regarding the relation (Y ., Bl Xragy,) < (Yi, Bl X .), we can recast it as

Imax Imax

(BhTXﬂ(i) ,B(” )T x (i) < (BTX i B(w (i ),J)TX )

Imax Imax

w8 (i),5 wh(i),5
77§ (4),3) né (4),3)

BhTX . ﬁ _ﬁ(ﬂ'h(i)’j) T X..—-X i
+< wh(i),: imax i ( 7y wh(z),:)>

Imax

wh(i),5
ﬁé (),4)

+ (W BT (X = X))

Imax

<wh<m>

+ <Wi,:> (ﬁimax BF;::\)((U j)> (Xj7: - X‘n’”(i),:)> .

()5
77§, (4),4)

We should emphasize that the subscript imax are solely determined by B rather than its perturbed partner B () This is
to ensure B and B(™*(1:3) ghare the same support set. In the following analysis, we will see this property plays an important

role in bounding the difference between ﬁimax and ]ABI(;::S)] ), which is contained in néﬁh(i)’j ) and néﬂh (09 The following

context separately studies each term néﬂh(i)’j ) (1 < ¢ < 5). First we define quantities Ag”:(i)’j ) (1<t<5)as

A(Wh(i)J) 2 |HBN|H§ _ mo? (logmnp) \/70 log(mnp) ’HBEHI cologn H‘ma H‘A(Wh(Z J H‘
! k vn F \/m imax
ATOD 2 pog B, H‘Bfn’jf;” || //srank(B2);

A0 o [Blleviogn lognp)™” B0 vimTogn(logmn)'/2(log np)
( S

)

n n
Aé(;rh(i)v]') é logn H’Blmax i),J ‘H
Yoo sy /2
A(rr”(i)a') 2 mlogn <log np) |||BuH| + ma?(log np)+/(log n)(log mn)
5 n—~h r7 n—~h ’
In addition, we define the events F; (1 < ¢ < 6) as
e {0 2 AlMON v1<aii) £ <phs (15)

15
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L {| (T OD| < AT O, V1<7r(')7éj§p}'
Fa b “ﬁ%JM<A D9 1< (i j<p}
72 {in <z‘),j>|<A<7r(i>,j>7v1§7r (i) #J <p};
P )

_ g

Imax

log(mnp) o log(mnp)/m
Bl e, BRI

o PN Un NG

1<

(>
—N
floe)
Eik

L
X ~
§

7(0) # 7 Sp}~

(16)
a7)
(18)

19)

(20)

In Lemma 1, Lemma 2, Lemma 3, Lemma 4, Lemma 5, and Lemma 12, we will show all the above events, namely, F,

(1 < £ < 6), hold with probability approaching one.

Stage III. Given the assumptions in Theorem 3, we will verify the relation ﬂ?:l Fi C Eerrrelax- Considering the difference

Agﬂ:(i)’j) — Z?:z Aéﬂn(i)’j), we can lower-bound it as

Agﬂn(i)’j) A(ﬂu() 7 > SNR 1 \/lognlog%(np) _ 2logn
mo? —~ mo? k n srank(B?)
G
SNR VIogn(log np) (vIogmn + v/log np) N log mnp N logn  2(logn)(log mnp)
n Vn vm n - srank(Bf)
Cl/z

logn(logmnp)  log?(mnp) + \/log n(log mn)(log np)
vmn n

o

Under the assumptions in Theorem 3, we have

Go= k7h
_ logmnp  logn
<1/2 - \/ﬁ \/m bl
log n(logmnp)  log?(mnp)
Go = +

vmn n ’

which leads to

AT @) B AEE @)
L - £ > (1 -SNR— (i, VSNR = o

2

mo mo

=2
1 1 1 1

VE

1

k kylogn klogtn k2 log"* "% n

 k2logn o

where in D we use the relation m > rank(B¥) > srank(BY) > k21log?1*) n. Then we conclude

5 5
‘n'hi,' ﬂ'hi,‘ whi,' ﬂhi,' . .
me ()])‘SZAé ()J)SAg (”)Sni ()]),Vlgwh(z)yéjgp,

=2 =2

. . . . . 6 . 6
which means we will automatically obtain gy relax When assuming () ¢—1 F¢, in other words, N r—1 F¢ C Eerrrelax- Hence,

we can complete the proof by P (Eerr) < P (Eerrrelax) < 25:1 P(Fy).

16

O



One-Step Estimator for Permuted Sparse Recovery

Lemma 1. Conditional on the intersection of events & ()~ & (Bh )Nre, E3(B 2 )N Es, we have P(F1) > 1 — con™
provided n > klog® (mnp).

(B
Proof. Recalling the definition of M, i.e., M £ BhTBi(r:aiz)’J ), we divide the proof procedure as
e Step L. Condition on M, we have
Trhi,' Colog” ’\ﬂ'uz,
AT > Tr(M) — I8, ’H (7*(i).9)

\/srank(B?) imax

C

hold with probability exceeding 1 — n™
e Step IL Provided n > klog?(mnp), we have

1 2 mo? (logmnp)®  /mo log(mnp)
(M) 2 [[B7]; - o S T

e

condition on & (), & (BE,:) Nie, Eg(BE,:) N &

For the clarify of presentation, we defer the proof of Step Il to Lemma 13 and focus on Step 1. Due to the construction of
B9 in (14), we conclude B("9) is independent with row X (;) .. Hence we can first condition on M and rewrite term
1 in terms of a quadratic product = " Mz, where = € RP? is a random vector satisfying z € N(0, I,,x,).

With Hanson-Wright inequality (c.f. Theorem 6.2.1 in Vershynin (2018)), we have

i (3),j ﬂhi,' . .
B (jp{™ @9 —En{" 09| > 1, 31 < wi(i) £ j < n)

t t?
< n? P(la"Mzx — Tr(M)| >t) < n?-2exp | —co | —— N — .
( 21) Moy " 2

Setting ¢ = log n|| M| g, we have

i \J (i \J . .
™D > BT DD e log n|| M = Tr(M) — o log n|M]p, V1 < 7(i) # j < n,

holds with probability 1 — 2n~¢. Then we complete the proof by showing

imax ?

1 s
e < 1l 2107, @ Lo, [0

\/srank(B¥) max

!

where (D is due to the definition of stable rank.

Lemma 2. We have P(F3) > 1 — 4n~° where event JF is defined in (16).

Proof. First, we fix the indices 77“( ) and j such that (i ) # j. Due to the independence across the rows of X, we conclude

P (j2"My] 2 lognIM]) < P (Je"My| 2 logn M, [Myl, < viognIM]y)

+ P (IMyll, 2 ViognMly)
o)
<P (|mTMy| 2 \/lognHM’yHg) +2n7¢ <4n~c,

where M is defined as B“TBl(mag) ) and in @ we have the rotation invariance of Gaussian random vector. Regarding the

event F5, we invoke the union bound and complete the proof as P(F3) < n? . 4n—°¢ = 4n_c/. O

17
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Lemma 3. Condition on s, we conclude P (F3|E5) > 1 — 2n~¢, where F3 is defined in (17).

Proof. First we recall the definition of 73, which is written as

Imax

=R =N LN T
s 2 (B X, (Bimax — BILY) (X5 — Xi)).

We begin the proof as

P (F3&s) < P(IlB”Xi,Jb 2 logn| B,

I1<i<nl& ) +P(Fs, |BTX,, |2 <logn|B|5, v1<i<n|&).
) F

For the first term, we invoke the Hanson-Wright inequality (c.f. Theorem 6.2.1 in Vershynin (2018)), which leads to

(IIB”X d22 1ogn||an|”F,31<Z<n|g5> < n-P(|IBT X3 — BB Xy [13] 2 log nl| Bl 155 )

2 T b2
- ( <log n[ By togn]B mF)) ot

IBETBe|Z BT B gp

IN

For the second term, we will prove it to be zero. This is because

Imax

(i \J D %
‘77:()) ()])| < ||BhTXﬂ-h(i 2 - H Bimax — B ])) (Xj,: _Xw“(i),i)Hz

o(lognp)+/m(logmn)

b b
2 gl - ) sy oognp)/logmn)
for all 1 < 7%(i) # j < n, where in @ we condition on £5 and ||BhTXﬂ-h( 0.ill, < Viogn||BY . O

Lemma 4. We have P(F,) > 1 —4n~¢.

Proof. First we fix the indices 7%(i) and j such that 7%(i) # j. Invoke the definition of B(7r ()9 we conclude W,.,

B(Wn( 09 » Xj,:» and X4 (; . are independent with each other. Hence we can complete the proof as

)
< P([B T (%0 = X ), 2 Viown[BL )

h.
+P(ln4l>alogn \HBmi)”H\ (Bt 0 = K. H < Viogn 8o ])

(| (7" (1),3) ‘ > g logn H‘B(Wh(Z 2J)

Imax

b
4P <|774| Z0 V 1OgnHBlma>(< g j)T Xj# - Xﬂ'u(i),:)H2> < 4TL_C7

where in (D we use the tail bound for the Gaussian random variable. The proof is then completed with the union bound such
that

P (F4) < wF (107 2 oogn) H’ﬁi(;‘riym MF) <dn?.nC=1-dn~°.

Lemma 5. Condition on s, we conclude P(F5|E5) > 1 —2n~¢.
Proof. The proof is in a similar form to that for Lemma 3. First we decompose the probability P(F5|E5) as
B(Fsl&s) < B(IWisllo 2 ov/mlogn, 31<i < nlés) + P (Fs, [Wisllo S ov/mlogn, V1 < i < nlés)

18
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< 2n-n “+P (75, (IW;.ll2 Soy/mlogn, V1 <i< n|55) ,

where the last inequality is due to the tail bound for the Gaussian random variable. We complete the proof by showing the
second probability is zero. This is because

i (i),j B b
00| < ||Wi,:||2'H(BimaX BEN)T (xj?:—Xi,:)H2

Imax

Vvmlogn (10g3/2 np) H‘Bh H! - ma?(log np)+/(log n)(log mn)
. .

<
~ n—~h n—~h
O
Lemma 6. Conditional on the intersection of events 1 ()~ SQ(BEY:) Niey Es (BE’:) (€4, we have P(F5) =
Proof. We complete the proof by
@) o I? O X T () @D |
IHBlmax Blmax F = Z 6imax - IBimax = Z ﬁimax - lgimax
B 2o o
@ log? (mnp) 1 mo? log? (mnp)
< loemnp) ez | molog (mnp)
where (D is due to the fact such that ﬁlmax D _ 3 has only one non-zero element, and @ is due to Lemma 12.
O
B.3. Supporting Lemmas
Lemma 7. We have P(£1) > 1 — 2n~“1p~°2 when n — h > log np, and n, p are sufficiently large.
Proof. Due to the Hanson-Wright inequality (c.f. Theorem 6.2.1 in Vershynin (2018)), we have
—h)l —h)1 @ e
P(E) < 2pexp [_C < (n=)log(np)  /(n = h) log(rnp) )] D o nepme — am—eip—cs,
I myxmmllz IEn=myx-nllop
where in D we use the fact n — h > log(np). O

Lemma 8. For a fixed 3 € R?, we have P(E5(B3)) > 1 — pe~ ("= _ p=c1ym=cap—cs,

Proof. To begin with, we construct the sensing matrix Xs by concatenating all rows X, . such that ¢ = h (¢). With union
bound, we can upper bound P (€2(3)) as

P(Z2(8) < oP ([|XsB, ], = V2ln - 1)8%,112)

G

n—h
+ P (Z Xei <X4wﬂui> ZV(n—h) log(mnP)HB{in’ XsﬁiiHQ < /2(n— h)ﬂhin) .

{=1

C2

Since X are with i.i.d Gaussian entries, we have each row in X g ﬁ{i be a Gaussian random vector with zero mean and

variance ||,6'<Z ||3. Hence, we have X558, I15/18% 112 be a x* random variable with freedom n — h, which leads to
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) —h ,
Cl < pexp <n2 (10g2 — 1)> < pefo'()5(n7h)’

where (D is due to Lemma 15.

For (2, we notice that X, ; is independent of the inner product <Xz’:,ﬁ{i>. Hence, we can view the product
P X (X ﬁ<i> as a Gaussian random variable N(0, ||X5ﬁ{i||§), which leads to

—h
: @

G < pP <§ Xea (Xe B) 2 \/10g(mnp)Xsﬁ<1-2> < 2w
=1

where in @ we use the tail bound of Gaussian random vectors. O

Lemma 9. For a fixed B € RP, we have P(E3(3)) > 1 — con™*m~%p~ .

Proof. According to Lemma 16, we can decompose the index set {K A S W“(E)} into three disjoint sets Z; such that

(4) indices £ and 7(¢) do not fall into the same set Z;; and (i) the cardinality of each set satisfies h; = |Z;| > L%j,
(1<j<3).

Then we can decompose product Y-, s gy Xe,i (Xt ()., 3) as

3
Z X (Xnt(e),,8) = Z Z Xyi <X7rh(€),:7ﬁu> :

2E10) j=1¢€T;
With the union bound, we have
_ 3
PE(8) < p- Y P D Xei (Xex(o)0 ) 2 (logmp) /|8 | 21)
j=1 LeT;

Due to the properties of Z;, we have Xy ; and (X« (p).. ﬁu> be independent and hence

P | 3 Xei (X, 8°) 2 log(mnp) /I 1812

LET;

= P (|[Xeer, 8 2 outmmnlng 1513

2
+P (|| Xeez, 8| < 1osmmnp) B8, D" Xew (Xasqey.28%) 2 log(mnp) y/hs |81l
L€T;

O [k
< exp [; (log(cologmnp>—cologmnp+1>] P | S Xei (X 8°) 2 Viogmnpl|Xeez, 8
(€T

n—COm—Cgp—CQ + n—clm—clp—cl = ,,,L—CT),L—Cl,)—C7

)

S
where (D is due to Lemma 15 and @ is due to the Gaussian tail bound. Plugging it in (21) then completes the proof. [
Lemma 10. We have P(E;) > 1 — cn™om ™ p~°.

Proof. We complete the proof as

_ O i
P(Ey) < mp-P (Z XZ,»WM > aﬁlog(mnp))

=1
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IAN®

mp [P (IX..ll, 2 V/nlog(mnp) ) +P (Z X[ We; 2 ov/mlog(mnp), [X.ill, S Vo 1og<mnp>>]

=1

IN®

mp [exp (g (log(cg log(mnp)) — co log(mnp) + 1)) +P <Z XZin,J 2 o+/logmnp||X. ;| )1

(=1

IN®

c

_cop—co +n—c1m—01p—cl) = n—COm—cp— ,

mp (n_com

where (D and @ are due to the union bound, @ is due to Lemma 15, and @ is due to the tail bound for the Gaussian random
variable. O

Lemma 11. Conditional on the intersection of events £ () E2(8%) N Es(B8%) N E4, we have

log(mnp) o log(mnp)

vn Voo

where imax and max are defined as the indices of 3 and ﬁh with the largest magnitude, i.e., imax = argmax, |3, | and

|ﬂ|max| 2 |ﬂ5nax| - ||ﬂh||

max = argmaxi|,6'5 ,

Proof. To begin with, we define C{i), () , and C(Z)

] 1 n—h
Y) = ( X%,i) 555
n—
(=1

n

i N i Xo,i <Xz,:,5<i> ;
=1
= ih i X, <me),:,ﬁ“> ;

{=n—h+1

>

O _ 1 N~yTw
4 m;xe,iwém

respectively. Then we can write Bl as ijl ¢ J(Z) Due to the definition of imax, we conclude |Bimax| > \B

is defined as the index of 3" with the largest magnitude, i.e., max = argmaxi|ﬁ5-|. With triangle inequality, we obtain

4 4
ST > Biad > Bl > 16701 =3 (¢, (22)

j=1 j=2

The following context separately discusses each term. First, we consider |¢\™"| and |¢\™*)|. Conditional on &;, we have

imax log(np
™) < (1 ey )> Bl 5 B
max) IOg(’flp) > h
‘Cl | > 1 —co n— |5max| |/3max|' (23)

Then we turn to study the rest of the terms. Conditional on & (8%) N Es(B8%) N 4. we have

imax max IOg(mnp)
1G5 165 < 16812

log(mnp) f

6§ gm0 5 EDVR g
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imax max o+/nlog(mn
9 o] 5 TV oBtmnp) 4

Combining (22), (23), and (24) then yields the lower-bound for |3

IITI3X|

4

Binaed 2 181 2 16 = 3 (6™ 1+ 165™1)

=2

I

_h ’
which concludes the proof as n = h.
O
Lemma 12. Conditional on the intersection of events £ () E2(8%) N Es(B8%) N E4, we have
log(mnp) o log(mnp)
18 = Blloe < 18l + ——=——
T Vi
Proof. For an arbitrary index ¢, we consider the difference 37 — ,85, which can be written as
_ 1
h_ X2
Bi-pi= . > (Xii-1)s |+— > X (Xe )
L=mh () Z =mh(L)
G C2
n 1 n
) : T )
Z XZ,z <X7r”(£),:a B > + n—~h Z Xl,iWZ,J :
{=n—h+1 =1
(s Ca
Conditional on the intersection of events &1 () E2(8") (N Es(8) N Es, we can bound 9; (1 < i < 4), as
log(np
615 /2D g,
n—
log(mnp)
[CIpS 185,13
10g(mnp)\f
[CI nillﬁhll
o+/nlog(mnp
G DY/ oslmnp),
n—h
respectively, and complete the proof as (1] + |C2| < \/%H,@hllg and h < n. O

Lemma 13. Conditional on the intersection of events £1 (-, SQ(BE,:) Niey &3 (BE,:) () €4, we have

(i), IB:l;  mo? (log mnp)® _ V/malog(mnp)
<B|(ma>(<L) 2 Bh k E_ n f |HBh|||F’

provided n > k(log mnp)?.

Proof. First, we pick one arbitrary column Bh of Bf. W.1.o.g. we assume that ,8 > 0. Then we obtain

Imax

~(74(4),)

ﬂlmax = ﬂmax HIB _IBhHOW
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~(7f(4),j ~ o ~
where 3 (@9 denotes the corresponding column in B(™*()4)_ Then we obtain the following lower bound on Bimax,ﬁihmax

CHOR))

ﬁlmaxﬂmax = ( |max) |ﬁ|max‘HB - IBh”OO‘ (25)

Similarly, we can show (25) holds as well when ,BFmax

|ﬁmdx\ > |51| (1 <4 < p), we can further lower bound Bimax,@imax by (Bihmax) |,8mdx|||[)'

~(mi (i s
|, we can lower bounded it by Lemma 11. While for || ,8( @9

< 0. Recalling the definition of ﬁmdx, to put more specifically

~((4),9)
For | B X ||oo, we cannot directly use Lemma 12

since, strictly speaking, it concerns X with rows X (; ., X; ; rather than X,ru( Yo X . However since they follow the same
distributions, we can follow the same procedure and show

Imax

~(7%(1),5) ] log(mnp) | . alog(mnp)
18 ~Fllw = —n 1812 + —

Then we obtain

2
h _ /log(mnp) o log(mnp) <log(mnp) b Ulog(mnp))
BB 2 (w ] = L g, - O] ) ~ ] (BT + TOE D)
@ 1 1 1
2 Bsl? = Bl (R 4 TOEEE) ) ECUIED (5815 4 02 togonp)).

where in (D we use the relation (a — b)2 > a’/2 — b2, Under the assumption n > k(logmnp)?, we have |8% | >
18%112/\/k > log(mnp) 18|12/ (2../m) and thus

I 1 !
1Bl — 185l Og(ji””)nﬂ“n < g%”’”) 1812,

where in @ we use the fact that #2 — 2az is monotonically increasing in the region [a, 00); and the equality is achieved

when |87 | = 8%llz/v&. Hence, we obtain
- 1 log(mnp) log(mnp) o log(mnp) o%(logmnp)?
lgimaxﬁihmax Z (k - m ||/6h||2 ?Hﬁhn - -

Having obtained the lower bound for one single column of B?, we complete the proof as

<B|(ma>(< 9 Bh Z lalmaxﬂFmax

Bt
@ 1 log(mnp) log(mnp) “‘maz _ /molog(mnp) |HBh|H 3 mao?(log mnp)?
~ \k Vnk n F Vn F n
= k—1 since n>>k log? (mnp)
where @ comes from a reorganization of the terms and the inequality 3 || B2 < vm || B H‘F O

’ ’

Lemma 14. We have P(E5) > 1 —4n"°p~ ¢ —2n"°m™°.

Proof. We begin the proof with the union bound

P(E5) <P (jail 2 Viognp, 31 <0 <p) +P (|(@, 8] 2 Viognp|62)

’ ’ ’ 1"
< 2npn—¢p-c¢=2n—¢ p—¢° < 2nn=¢p-°¢=2n—¢ p—¢
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+]P’(|w,»| > oy/lognm, 1 §i§m>

< 2mn-n—em—c=2n—< m—¢’
+P (&, llall, S Viognp, (@, B8] S ViognpllBlz, |w], S ov/lognm),

Ly

where w.) and w.y denote the corresponding entries from W and W.

Then we would prove that ¥ is zero. The technical details are attached in the following. Due to the fact that ﬁf;iz shares the

same support set as Bjnax, we have

- ST 12 - A6\ ]* - |2
H (Bimax - Bimax) mHQ - Z Limax /Bimax - /Gimax ~ (IOg np) Z ﬁimax - /Bimax
B B 2
S 2\
= (log TLp) Z ‘lgimax - /Bim;;x s
B* o
where in (D we condition on the relation ||z|| . < v/lognp.
Regarding HBimaX — B,\n(]zaxj) |l We have ||Bima>< - ,@I\nf];f) oo < ||,@ - ,AB\(M) |loo- Again, this fact relies heavily on the fact
such that ﬁf;gi shares the same support set as Binay. Otherwise, the best result we can have is ||,Bimax - B,\n(,:j) loo <

max (HBimaXHm, HB,\HE:) [l ). Afterward, we obtain

> ~\(m(4),5) _ ~ o~ ~
H/Gimax - lgimax ’ HOO < (n - h) 1H (X@:XI: + Xj7¢X;: - XiﬁXZT: - Xjaix;ljz) /GhHOO

(n— h)*l HXﬂu(i)7:wﬁu(¢) + X5 w; — Xﬁu(i),:'ﬂ)ﬂu(i) - X, .w; o

(n—=h) (@, B oo + (n = h) " |zw]o
(n = h) "Mzl o (@, B + (n = h) "Ml llwl|
(n— 1)~ (log np) | B2 + (n — h) "'/ (log np) (log mn),

where in @ we use the condition ||z||oe < vIognp, |(z, 8%)| < viognp| 87|z, and ||w||s < ov/Iog nm.
Iterating over all columns B?, we can show & holds with probability one provided ||z||, < Iognp, |(z, BY)|
VIog np||87|2, and |w| < ov/lognm, in other words, 1 is zero.

A AN A +

<
O

C. Useful Facts

This section collects some useful facts about probability for the sake of self-containing.

Lemma 15 (Dasgupta and Gupta (2003)). For a x?-random variable Z, which is with freedom {, we conclude
L/t t
P(Z<t)< —[-=-=-+1 t <y
@snsonl;(G-5+1)] er
!
4

P(Zzt)gexp[ﬁ(z +1>}, t> /L.

Lemma 16 (Pananjady et al. (2018)). Suppose the permutation matrix I1 with Hamming distance h from the identity matrix
I namely, dy(I,II) = h. We can decompose the index set {i : i # 7(i)} into 3 independent sets Z; (1 < i < 3) such that
the cardinality of each set satisfies |Z;| > |h/3| > h/5.
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