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Abstract

Weight normalization (WeightNorm) is widely used in practice for the training of deep neural
networks and modern deep learning libraries have built-in implementations of it. In this paper,
we provide the first theoretical characterizations of both optimization and generalization of
deep WeightNorm models with smooth activation functions. For optimization, from the form
of the Hessian of the loss, we note that a small Hessian of the predictor leads to a tractable
analysis. Thus, we bound the spectral norm of the Hessian of WeightNorm networks and
show its dependence on the network width and weight normalization terms—the latter being
unique to networks without WeightNorm. Then, we use this bound to establish training
convergence guarantees under suitable assumptions for gradient decent. For generalization,
we use WeightNorm to get a uniform convergence based generalization bound, which is
independent from the width and depends sublinearly on the depth. Finally, we present
experimental results which illustrate how the normalization terms and other quantities of
theoretical interest relate to the training of WeightNorm networks.

1 Introduction

Weight normalization (WeightNorm) was first introduced by |[Salimans and Kingma/ (2016[). The idea is to
normalize each weight vector—by dividing it by its Euclidean norm—in order to decouple its length from
its direction. |Salimans and Kingma/ (2016)) reported that WeightNorm is able to speed-up the training of
neural networks, as an alternative to the then recently introduced and still widely-used batch normalization
(BatchNorm) (Ioffe and Szegedyl, |2015). WeightNorm is different from BatchNorm because it is independent
from the statistics of the batch sample being used at the gradient step. It is also different from another
class of normalization, called layer normalization (LayerNorm) (Ba et al.,2016) in that it does not entail the
normalization of any activation function of the neural network. Thus WeightNorm also has less computational
overhead because it does not require the computation and storage of additional mean and standard deviation
statistics as the other methods do. However, its empirical testing performance (or accuracy) has often been
found to not be as good as other normalization methods by itself, and thus various versions have been
formulated to improve its performance (Salimans and Kingmay, [2016; [Huang et al., [2017; |Qiao et al., 2020)).
Nevertheless, WeightNorm has been one of the most popular normalization methods since its introduction,
and as a result current machine learning libraries include built-in implementations of it, e.g., PyTorch |2.0.

Parallel to the empirical development of normalization methods, recent years have seen advances in theoretically
understanding convergence of gradient descent (GD) and variants for deep learning models (Du et al., 2019;
Allen-Zhu et al.l |2019} [Zou et al., |2020; Nguyen), 2021} [Liu et al.l |2022; Banerjee et al., 2023). However, to
the best of our knowledge, no prior work has focused on providing formal optimization and generalization
guarantees for deep models with WeightNorm. In this paper, our contribution is to study the effect of
WeightNorm on both training and generalization from a theoretical perspective. In particular, we focus on
smooth networks—deep models with smooth activations—a setting which has become increasingly popular in
recent years (Du et al., 2019; [Huang and Yau, [2020; [Liu et al., [2022; |Banerjee et al., [2023).

Training a neural network is a non-convex optimization problem, and establishing optimization guarantees
using GD requires analyzing the empirical loss used for training. Particularly, our analysis is based on the
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second-order Taylor expansion of the empirical loss, for which we require bounds on its Hessian and gradient.
We observe that it is possible to bound the empirical loss Hessian by using a bound on the Hessian of the
network or predictor. Thus, our first technical contribution is a characterization of the spectral norm of the
Hessian of a smooth WeightNorm neural network. Similar to networks without WeightNorm (Liu et al., 2020
Banerjee et al.| [2023), our bound decreases with width, but unlike networks without WeightNorm, our bound
also decreases with the minimum weight vector norm across all hidden layers. A similar dependence appears
when bounding the norm of the empirical loss gradient, which follows from bounding the norm of the predictor
gradient (with respect to the network weights). Now, with the intention of establishing the generalization of
WeightNorm networks, we obtain a bound on the output of the predictor which does not have any dependence
on the minimum weight vector norm. Similarly, the Lipschitz constant of the network does not present this
dependency either. These results are used to subsequently establish a uniform convergence bound based on
the Rademacher complexity of WeightNorm networks. Remarkably, all of our bounds used for establishing
both optimization and generalization guarantees have at most a polynomial dependence on the depth of the
network.

Our second technical contribution is to provide optimization guarantees for the training of smooth deep
networks with WeightNorm by GD under suitable assumptions. Using our previously derived bounds, we use
the restricted strong convexity (RSC) approach recently introduced by Banerjee et al.| (2023) to establish
sufficient conditions that ensure a decrease on the value of the loss function with respect to its minimum value.
In particular, one such condition relies on an inequality on the quantity ||V£H§ /L, where L is the empirical
loss and VL its gradient. This inequality benefits from a larger width as well as a larger minimum weight
vector norm—as opposed to another condition for networks without WeightNorm which only benefits from a
larger width (Banerjee et al.| |2023]). We relate our condition to the so-called restricted Polyak-Lojasiewicz
(PL) condition, showing that ours is milder.

Our third technical contribution is to provide generalization guarantees to smooth networks with WeightNorm.
We iteratively use WeightNorm properties and our network scaling to obtain a generalization gap which
is independent from the width-our bound is O(v/L/\/n), where L is the depth and n the sample size.
Thus, we avoid an exponential dependence on the depth found in the literature of networks without
WeightNorm (Bartlett et al., |2017; [Neyshabur et al., 2018; |Golowich et al., 2018). Our generalization
guarantee uses a uniform convergence approach based on Rademacher complexity.

Fourth, we present experiments on the training of WeightNorm networks. We present numerical evidence
that the convergence rate improves for larger values of (i) the ratio ||V£||§ /L , and of (ii) the minimum
weight vector norm. According to our theoretical results, larger values of these two quantities strengthen
the RSC property of the empirical loss, which then improve the optimization convergence rate, speeding-up
convergence.

2 Related work

WeightNorm and Other Normalizations WeightNorm was first proposed by [Salimans and Kingma,
(2016)), after a year from the introduction of BatchNorm by [loffe and Szegedy| (2015)). LayerNorm was proposed
in the same year by [Ba et al. (2016, and has also become very popular (Xu et al.l |2019). Extensions and
variations of WeightNorm have been introduced since then, for example, centered weight normalization (Huang
et al., 2017), orthogonal weight normalization (Huang et al., [2018]), and weight standardization (Qiao et al.l
2020)). Theoretical analysis of normalization techniques in general has caught an increasing recent interest.
We focus mostly on WeightNorm, but mention that BatchNorm has some theoretical work, e.g. (Santurkar
et al.l 2018} [Lian and Liuj, 2019). The work (Arpit et al., [2019)) uses a theoretical approach to better come
up with initialization schemes tailored for WeightNorm networks with ReLLU activations. In contrast, our
work focuses in understanding the optimization (training) and generalization of WeightNorm networks with
smooth activations. [Wu et al.| (2020]) study the effect of WeightNorm on the convergence of overparameterized
least squares problem (which translates to a normalization of the parameters to estimate). We, in contrast,
study the non-convex problem of optimizing WeighNorm networks. |Dukler et al.| (2020]) present exponential
convergence guarantees on shallow ReLLU networks with WeightNorm, whereas we study smooth deep networks
and present generalization too. We conclude by remarking that the field of normalization is growing in
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proposing new normalization schemes and improving their understanding and application—we refer the reader
to the recent survey (Huang et al., 2023)).

Training Guarantees of Neural Networks Given the increasingly vast literature, we refer the readers
to the surveys (Fan et al., [2021; Bartlett et al., 2021)) for an overview of the field of gradient descent training
of neural networks. Deep ReLU networks were analyzed by [Zou and Gu| (2019)); Zou et al.| (2020); |Allen-Zhu
et al.| (2019)); [Nguyen and Mondelli (2020); Nguyen| (2021); Nguyen et al.| (2021]), whereas deep networks with
smooth activations—our case—were analyzed by |Du et al.| (2019); Liu et al.| (2022). Regarding the convergence
analysis of gradient descent, |Du et al.| (2019); |Allen-Zhu et al.| (2019)); Zou and Gul (2019)); Zou et al.| (2020);
Liu et al.| (2022) used the Neural Tangent Kernel (NTK) approach (Jacot et al., [2018); whereas [Banerjee et al.
(2023)) used the RSC approach. All training guarantees hold over a neighborhood around the initialization
point of the network’s weights.

Generalization of Neural Networks To the best of our knowledge, the first work in studying the
Rademacher complexity for neural networks was (Neyshabur et all 2015)). Then, the seminal work (Bartlett
et al.l 2017) provided generalization bounds for neural networks considering Lipschitz activation functions.
The bound, obtained using a covering approach, depends exponentially on the depth of the network. The
generalization bound was tightened for ReLU activations in (Neyshabur et al., 2018) using a PAC-Bayes
approach, but the same exponential dependency persisted. Then, the work (Golowich et al., 2018|) avoided
some exponential dependence on the depth and established conditions on the norm of the network’s weight
matrices in order to obtain generalization bounds independent of depth. Unlike our work, all the cited works
do not study WeightNorm networks—indeed, we show that WeightNorm allows the generalization bound
to depend on v/L, where L is the depth. Finally, we remark that our generalization bound estimates how
well finding a solution to the empirical loss approximates finding a solution to the loss under the real data
distribution. A different problem in the literature is inductive bias, i.e., how a specific optimization method,
while training the network, may converge to a solution that generalizes well. This was studied for WeightNorm
under GD in (Morwani and Ramaswamy, 2022)) and under stochastic GD in (Li et al., 2022).

3 Problem setup: deep learning with WeightNorm

Consider a training set {(x;,v;)}",,x; € X C R% y; € ¥ C R. For a suitable loss function ¢, the goal
is to minimize the empirical loss: £(6) = 237" 0(y;,9:) = 231" (y;, f(0;%;)), where the prediction
9; = f(0;x;) is from a deep neural network with parameter vector § € RP for some positive integer p.
In our setting f is a feed-forward multi-layer (fully-connected) neural network with weight normalization
(WeightNorm), having depth L and hidden layers with widths my,l € [L] :={1,...,L}; and it is given by

O\T
1 h
—MQ(FU(X) yi=1,...,my, l=1,...,L,
v |w, 0

a© (x)=x, az(-l)(x) =¢

f0;x) =viaP(x),

where ozl(l)(x) € R is the i-th entry of the activation function o) (x) € R™, Wi(l) € R™-1 is the weight vector
corresponding to the transpose of the i-th row of the layer-wise weight matrix W e Rm™*mi-1 | ¢ [L],
v € R™ is the last layer vector, ¢(-) is the smooth (pointwise) activation function. The total set of parameters

is represented by the parameter vector
T LNT T\T Sr
0 := (vec W T . vec(WEN)T vT)T € R2ukmy Meme1tme (2)

with mg = d. The pre-activation function &) € R™ has its i-th entry defined by al(-l)(x) = (b(ol?(x)),
[ € [L]. For simplicity, we assume that the width of all hidden layers is the same, i.e., m; = m, [ € [L], and so
9 € RdIm+(L—Dm’+m Ve remark that f is also called the predictor since it is the predictive output of the
neural network.
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Define the pointwise loss ¢; := £(y;,-) : R — R and denote its first- and second-derivative as £} := %%y)
2 ~
and ¢ := %. The particular case of square loss is £(y;, 9;) = (y; — 9:)>. We denote the gradient and

Hessian of f(;x;) : RP - R by V,f := % and V2f := 82%%’”) respectively. The gradient and Hessian
of the empirical loss w.r.t. 8 are given by

oL(O) 1 DPLO) 1 &
——= ==Y UV, ==Y [V fVifT +OVIf] . 3
= n; f e n;[ fVifT + 6] (3)
We denote the gradient with respect to the input data x;, i € [n], by Vi f(0;%;) := %ﬁx) for any
6 € RP. Let || - |2 denote the spectral norm for matrices and Ly-norm for vectors. Finally, we introduce the

following convenient notation:

_ 2
Definition 3.1 (Minimum weight vector norm). HWH2 = Min;e (] HW;”H .
le[L] 2

We state the following two assumptions:

Assumption 1 (Activation function). The activation ¢ is 1-Lipschitz, i.e., |¢'| <1, and By-smooth, i.e.,
9/ < By-

Assumption 2 (Ouput layer and input data). We initialize the vector of the output layer vo € R™ as a
unit vector, i.e., |vo|l, = 1. Further, we assume the input data satisfies: ||x;||, =1, ¢ € [n].

The assumption ||x||, = 1 is for convenient scaling. Normalization assumptions are common in the litera-
ture (Allen-Zhu et al., [2019; |Oymak and Soltanolkotabil, |2020; Nguyen et al.l |2021)). The unit value for the
last layer’s weight norm at initialization is also for convenience, since our results hold under appropriate
scaling for any other constant in O(1).

We introduce some additional notation. For two vectors 7,7 € RY, cos(m, 7) denotes the cosine of the
angle between m and 7. We define the Euclidean ball around 7 with radius p > 0 by BE“C(W) =
{reRe || —ll; < p}.

Finally, we point out that the original WeightNorm paper by [Salimans and Kingma, (2016) also has a scalar
multiplying the normalized weight vectors Wi(l) /

Wl-(l) H , 1 € [L]. Their work considers optimizing over such
2

scalars whereas we consider a fixed scaling for our analysis.

4 Characterizing WeightNorm bounds on the loss and predictor

To characterize both the optimization with gradient descent (GD) and generalization of WeightNorm networks,
we need bounds on the empirical loss and predictor, as well as on their gradients, and the Hessian of the
latter. For example, the optimization guarantees in Section [5| make use of the second-order Taylor expansion
of the empirical loss £ for which we need to bound its Hessian and gradient. As seen in equation , the loss
Hessian contains terms related to the gradient and the Hessian of the predictor f, which we then need to
bound. Now, regarding our generalization guarantees in Section [6} we need to obtain a bound on the values
of the predictor in order to bound the generalization gap. We obtain this bound by using intermediate results
derived from both the proofs of the Hessian and empirical loss £ bounds.

All of these bounds are presented in this section, which we believe could also be of independent interest. The
proofs are found in Section [A] and Section [B] of the appendix.

Theorem 4.1 (Hessian bound for WeightNorm). Under Assumptions and@ for any 0 € RP with
v € BP*(vq), and any X;,i € [n], we have

(1+ pl)L"f(\/% + L? max{|$(0)[, [¢(0)|?})
min { [ W], [ W]}

[VEf(O:x)]|, <O
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Corollary 4.1 (Hessian bound for WeightNorm under ¢(0) = 0). Under Assumptions[1] and[9, and
assuming that the activation function satisfies ¢(0) = 0, we have for any 6 € RP with v € Bg‘luc (vo), and any
Xiai € [n]7

(1+p1)L?
. - =112
Vimmin { ||, |73}

Remark 4.1 (Comparison to networks without WeightNorm). The recent works (Liu et al.| [2020}
Banerjee et al., [2023)) analyzed the Hessian spectral norm bound for feedforward networks without WeightNorm.
(Liu et al 2020) presented an exponential dependence on the network’s depth L, whereas (Banerjee et al.,
2023)) avoided exponential dependence upon the choice of the initialization variance for the hidden layers’
weights. We show that WeightNorm eliminates such exponential dependence for at most L® independent
from any initialization of the weights, which improves to L3 when ¢(0) = 0. Another important difference is
that our bound also depends on the inverse of the minimum weight vector norm—large enough values on the
weight vectors decrease the upper bound. Finally, our bound is defined over any value on the weights, and
not just over a neighborhood around the initialization point. O

Remark 4.2 (Dependence on the activation function). Corollary shows that the Hessian bound
becomes tighter when ¢(0) = 0 because of an additional \/% scaling. In contrast, the Hessian bounds by |Liu
et al.| (2020); Banerjee et al.| (2023)) have the scaling ﬁ independent from the value of ¢(0). The reason for

this difference is the use of different scale factors: while those two other works introduce an extra scale factor
ﬁ on the linear output layer, we do not. In our paper, we follow the neural network scaling as done in the

IV3f(0:x:)|, <O

(5)

seminal work on the Neural Tangent Kernel by [Jacot et al.| (2018]). O

Lemma 4.1 (Predictor gradient bounds). Under Assumptz'ons and@ for any 0 € RP withv € BEluc(vo),
and any X;,1 € [n], we have

IVof(;xi)ll2 < 00 <O ((1 + L|$(0)|v/m) (1 + W)) ©)
2

where g} i= (1-+ LIGO)W? + 4L+ p1)? Dy b (e + (= DISO)) ' and

IV f (652 < 1+ 1. )

Corollary 4.2 (Predictor gradient bounds under ¢(0) = 0). Under Assumptions and@ and assuming
that the activation function satisfies ¢(0) = 0, we have for any 0 € RP with v € Bfluc (vo), and any x;,i € [n],

IVof(0;x:)l2 < 00 < O (1 + VM)

_ 8
NG )

2 ._ 4L(14p1)?
where o5 =1+ mIIVVHﬁ .
Remark 4.3 (The Lipschitz constant is the same for networks of any depth). Surprisingly, the
Lipschitz constant of the network funlike networks without WeightNorm-does not explicitly depend on
the depth L of the network nor its width m. It depends on the radius p; which can be set to be a constant
O(1). This is a direct effect of WeightNorm: when computing Vi f(6;x;), we use a chain-rule argument
that depends on the product of Jacobians of the output ") at layer | with respect to the previous output
a1 and we show each Jacobian has at most unit norm due to WeightNorm. Thus, no matter how deep
the network is, the final effect this product of Jacobians has on the Lipschitz constant of the network is just a
constant one. O

Proposition 4.1 (Empirical loss and empirical loss gradient bounds). Consider the square loss.
Under Assumptions and@ the following inequality holds for any 6 € RP with v € BEIUC(VO),

L(0) < o < O((1+ p1)*(1 + L?|g(0)[*m)), (9)
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where ¢ == 23" y? +2(14 p1)?(1 + L|¢(0)|\/m)*. Moreover,

[VoL(0)]l2 < 2+/L(0)0g < 200/, (10)
with gg as in Lemma [{.1]

Corollary 4.3 (Empirical loss and empirical loss gradient bounds under ¢(0) = 0). Consider the
square loss. Under Assumptz’ons and@, and assuming that the activation function satisfies ¢(0) = 0, the
following inequality holds for any 6 € RP with v € B/I;Jluc(vo),

L(0) <o <O((1+p1)*), (11)

where p 1= % Z?:l Y2 +2(1+ p1)?. Moreover, the bound in equation holds with og as in Corollary .

Remark 4.4 (Comparison to networks without WeightNorm). As in Remark our bounds are
polynomial on L irrespective of weight values, whereas previous results were exponential on L. O

5 Optimization guarantees for WeightNorm

In this section we prove our training guarantees for WeightNorm networks under the square loss. We first
introduce two technical lemmas that will be used for our convergence analysis, defining the restricted strong
convexity (RSC) property and a smoothness-like property respectively. These two properties use the bounds
derived in Section [d All proofs are found in Section [C] of the appendix.

Definition 5.1 (Qf sets). Given 0 € R? and x € (0,1], define Q% := {0 € R? | |cos(d —0,VoL(0))| > k}.
Lemma 5.1 (RSC for WeightNorm under Square Loss). For square loss, under Assumptions and@
Jor every 0/ € Q% N BF<(0) with 6 € R and v,v' € BF*(vy),

L) = L(8) + (0 0, VoL(0) + S0 ~ 013 (12)
with )
2 [ VL O3

2 L)
1
0 (1 L VI ) (1+ p2) (14 p1) LA, L2, [9(0) ) B(L L, 6(0)|yi) (9)
o 1 2
HWHQ mm{ ‘2}

where A(—k=, I2,9(0)]) = k= + L2 max{|6(0)], |6(0) *} and B L 6O) = 1+ LSO, We say
that the empirical loss L satisfies the RSC property w.r.t. (Q% N BE;C(@), 0) whenever ag > 0.

Corollary 5.1 (RSC for WeightNorm under Square Loss and ¢(0) = 0). Consider the square
loss. Under Assumptions and@ and assuming that the activation function satisfies $(0) = 0, for every
0" € Q% N B (0) with 6 € R and v,v' € BF(vy), the inequality in becomes

w2 IVeLOl; (H VL ) (Lt p2)(L+ )L
2 L) VWL, /-y min { [, W5}

9= (14)

Remark 5.1 (The RSC parameter oy and prior work). Our RSC characterization in the left-hand

side of depends on %, whereas (Banerjee et al.l 2023)—the work that introduced the RSC-based

optimization analysis—depends on H% S Vof(0,2;)]|3. Moreover, the minimum weight vector norm appears

in the right-hand side since we used the bounds on Section [4] O
Remark 5.2 (Connection with the restricted Polyak-Lojasiewicz (PL) inequality). The RSC
Ve L(O)]I5

condition has the form o > 2u9 where g depends on the parameter 6, and in turn, the parameter 6 is
restricted to a specific set. This is a milder condition than the so-called restricted PL condition (Oymak and
Soltanolkotabil 2019)), which is satisfied whenever ug is a constant independent from 6. Our RSC condition
becomes even milder when ¢(0) = 0 (see Corollary [5.1)), since now the parameter pg has the term 1/y/m
which decreases with the width. O
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Remark 5.3 (The right-hand side of the RSC parameter ay). When ¢(0) = 0, Corollary [5.1]shows that

the right-hand side of will have the scaling parameter \/% due to the Hessian bound (Corollary . O

Lemma 5.2 (Smoothness-like property for WeightNorm under Square Loss). For square loss,
under Assumptions and@ for every 0,6 € RP with v,v’ € BEIUC(VO),

L(0') < L(0) + (0" — 0, Vo L(0)) + %IW —0l3 (15)

with

B SO<L4A(1,L27|¢(0)|)(1+p1)2 <1+ . 5 )) ; (16)
’ min{|[W |, [[W]|5}
where A(1, L?, |¢(0)]) = (1 4+ L* max{[$(0)], |$(0)|*}m)>.

Corollary 5.2 (Smoothness-like property for WeightNorm under Square Loss and ¢(0) = 0).
Consider the square loss. Under Assumptions [ and[3 and assuming that the activation function satisfies
#(0) =0, for every 6,60" € RP with v,v' € BEluC(VO), the inequality in becomes

L3(1+py)? )> ' (a7)

Be <O (1 + - = E—)
Vmmind || W[, W[5}

Remark 5.4 (The ay/fp ratio). If the expressions in equations and hold for any 6,6 € R?
so that ap = a > 0 and By = S > 0, then we have the definitions of strong convexity and smoothness,
respectively—moreover, it immediately follows that & < 1. Having such ratio between the parameters being
less than the one is, in general, not guaranteed for the RSC and the smoothness-like properties of any function;

however, it is in our case. From the proof of Lemma it holds that 2@3 < Py. Thus, using Proposition

2
we have that ay < %% < 207 < By, since k? < 1, which implies % <1. O

The following assumptions are useful for establishing our convergence analysis—indeed, as we shortly show, a
decrease on the loss value is guaranteed as long as these assumptions are satisfied.

~~~~ 7 and that: (A3.1) ap, > 0; (A3.2)
gradient descent (GD) update 011 = 0; — n;VL(0;) with learning rate 0 chosen appropriately so that
v € BEIUC(VO); (A3.3) py is chosen so that ;41 € BEZUC(Ht).

The first statement in Assumption 3| ensures that the empirical loss satisfies the RSC property. The second
statement ensures that gradient descent has an appropriate learning rate. Finally, the third statement defines
a ball around the current iterate that should cover the next iterate—in principle, its radius could be defined
after defining the learning rate of GD of the second assumption.

Finally, we present our main optimization result: a reduction on the empirical loss towards its minimum
value (with the last layer in the Euclidean set of radius p;) using gradient descent. This is proved by using
Lemmas and and an adaptation of (Banerjee et all 2023, Theorem 5.3).

Theorem 5.1 (Global Empirical Loss Reduction for WeightNorm under Square Loss, (Banerjee
et al., 2023, Theorem 5.3)). Let ay,, 3s, be as in Lemmas and respectively, and By := Q%N
Bp(6:) N {0 € R?|v € B;°(vo)}. Let 6 € arginfyc gcps | veBE(vo)} L(0), 0441 € arginfyp L(0), and

Ve = %. Under Assumptions@, andH we have v € [0,1), and for gradient descent with step

size 1y = E’T:,wt € (0,2),

L(0ri) — L) < (1 - =02 - m) (C(0) — £(607)) . (18)

0
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The result in implies training convergence as the number of iterations increase. Since the rate at which
the loss decreases is time- and weight-dependent in , it is difficult to establish the number of steps needed
for convergence to a specific loss value; however, this shows that our framework may cover cases where the
convergence rate is heterogeneous across iterations. Finally, we note that the rate is always guaranteed to be
less than one because of Remark 5.4

Remark 5.5 (Important differences with respect to networks without WeightNorm). Theorem
differentiates from (Banerjee et al., 2023, Theorem 5.3) in that (i) it is deterministic, i.e., it is not stated
as holding with high probability; (ii) does not have all the weights of the network defined over a particular
neighborhood (with the exception of the output linear layer). Indeed, these differences also hold for all the
previously derived results in Section [f] and Section [5} O

6 Generalization guarantees for WeightNorm

We establish generalization bounds for WeightNorm networks. Our bound is based on a uniform convergence
argument by bounding the Rademacher complexity of functions of the form as long as the last layer
vector v stays within a ball of radius p;—the same condition we used in our optimization analysis. The core
of the analysis relies on the use of a contraction-like property across the network layers similar to (Golowich,
et al., |2018)) and uses WeightNorm and the network’s scaling to avoid exponential dependence on the depth
and avoid any dependence on the width.

Consider the training set S = {(z;,y;) ~ D,i € [n]}, where D denotes the true but unknwon distribution.
The training and population losses are respectively defined as

n

Ls(0) = -3y fBx0))  and  Lo(6) = Bxy)nlf(Y: £(6: X))

i=1

We added the subscript S to the empirical loss notation to explicitely denote its dependence on the training
set S.

Theorem 6.1 (Generalization Bound for WeightNorm under Square Loss). Consider the square

loss and the training set S = {(z, ;) b D,i € [n]} and |y| <1 for any y ~ D, with probability one. Under
Assumptions and@ assuming the activation function satisfies $(0) = 0, with probability at least (1 — §)
over the choice of the training data x; ~ Dx,i € [n], for any WeightNorm network f(8;-) of the form with
any fized 0 € RP and v € B,ﬁ“c(vo), we have

£o(6) ~ £6(6) <42+ p)(1+ o) VEEDEED o1y (14 pyy2) VIR (19)

Remark 6.1 (About the activation function). Theorem unlike our previous results in the paper,
requires the smooth activation function to satisfy ¢(0) = 0. As mentioned earlier in Remarks and
the case when ¢(0) = 0 improves our Hessian bounds and thus improves our optimization conditions by
introducing a better dependence on the width m. We point out that commonly used activation functions
such as the hyperbolic tangent function tanh and Gaussian Error Linear Unit (GELU) satisfy both ¢(0) =0
and Assumption [I] O

Remark 6.2 (The independence from the width m and the dependence on depth L). The
generalizaton bound does not explicitly depend on the network’s width, but explicitly depends on its
depth. Setting p; = ©(1), a choice which does not negatively affect our optimization results, results in a

generalization bound of (’)(\/% ). Effectively, for deeper networks, we would need to increase the number
of samples at least linearly on the depth to improve our generalization bound—in practice, the number of
samples is usually much larger than the network’s depth. This is a benign dependence, compared to the
exponential dependence found in networks without WeightNorm (Bartlett et al., [2017; [Neyshabur et al., 2018;
Golowich et al. [2018)).
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7 Experimental results

We show empirical results to support our theory. In our experiments, the WeightNorm networks are fully
connected with two hidden layers of equal width m, tanh activation function, and linear output layer. We do
empirical evaluations on CIFAR-10 (Krizhevskyl |2009) and MNIST (Deng, [2012). Because of computational
efficiency, we apply mini-batch stochastic gradient descent (SGD) with batch size 512 to optimize the
WeightNorm networks under mean squared loss. In our experiments we are only concerned about the training
of WeightNorm networks from an optimization perspective-the fact that the training error minimizes across
epochs is enough for our purposes. Therefore, using a squared loss with a linear output in our experiments
suffices—as opposed to cross-entropy loss with a softmax output layer. Our experiments were conducted on a
computing cluster with AMD EPYC 7713 64-Core Processor and NVIDIA A100 Tensor Core GPU.

In our theory, the convergence rate as in Theorem [5.1]is directly proportional to the RSC parameter ay, , and it

benefits from a larger positive ap,. According to equation , ag becomes larger under two conditions: as the

ratio | VL(0;)[|3/L(6;) increases and/or the minimum weight vector norm min;ei,,| HW;? H increases. Then,
2

le[L]
the relevant question is: Can we provide empirical evidence of these two conditions benefiting convergence

during training?

We provide an affirmative answer in our simulations. We present our experiments on CIFAR-10 in Figure
and on MNIST in Figure 2]

We first focus on the effect of the ratio ||[VL(6;)]|3/£(6;) on the RSC parameter. In Figure (a), we show
that the values for the minimum weight vector stay nearly constant across epochs for both networks (in
reality, they increase in value very slowly), i.e., the second term in the RSC parameter ay, (see equation )
basically remains stable. Therefore, according to our theory, the convergence speed should mostly depend
on the ratio |VL(6;)||3/L£(6;), i.e., the first term in the RSC parameter ag, (see equation (I3)). Indeed,
this is expressed in Figure b): the curve of the ratio ||VL(6;)||3/£(6;) has a decreasing trend towards the
end of training for both networks (starting at around epoch 75) while the curve of the loss ratio between
two consecutive epochs £(0;11)/L(0;) has an increasing trend. Therefore, since an increase in the ratio
L(0¢41)/L(6:) corresponds to a decrease on convergence speed, both networks have a slower convergence than
they had at the initial epochs.

Next, we focus on the effect of the minimum weight vector norm on the RSC parameter. According to our
theory, if the two networks in Figure [I| have the same value for the ratio [|[VL(6;)|3/L£(6:), the network
with the larger minimum weight vector norm will have a larger RSC parameter (see equation )7 and
so we would expect such network to have a faster convergence. Indeed, we observe this in our experiment:
when the red solid curve crosses the dashed red curve (around epochs 70 and 115) in Figure [[{b), the two
networks have the same value for |[VL£(6;)||3/L£(0;). At this crossing, Figure (b) shows that the network
with larger width—and so with larger minimum weight vector norm—converges faster afterwards (i.e., the loss
ratio £(0;41)/L(6;) for the green dashed curve has smaller values than the green solid curve).

We present similar results on the MNIST dataset in Figure 2] For example, similar to Figure[] the minimum
weight vector norms for both networks in Figure [2] are practically stable, which results in the convergence
speed changing according to the changes in the ratio ||V.L(6;)||3/L£(6;). Interestingly, the two curves of the
ratio |VL(6;)|3/L£(6:) do not cross, but they become very close on value around epoch 25. After this, we
observe that the wider network, which is the network with the larger minimum weight vector norm, keeps
achieving faster convergence for the rest of epochs despite having lower values of the ratio [|[V.L£(6;)||3/L(6:).

8 Conclusion

We formally analyzed the training and generalization of deep neural networks with WeightNorm under smooth
activations. For this we needed to characterize a series of bounds which highlighted the dependence of our
results on the depth, width, and minimum weight vector norm. Our simulations showed the possibility
that our training guarantees hold in practice. We hope our paper will elicit further work on the theoretical
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Figure 1: Training neural networks for two different widths m € {1024,2048} on the CIFAR-10 dataset, with
two hidden layers L = 2 of same width, with learning rate 0.001, and weights initialized independently from a

. . . . 5 5 . l 2
uniform distribution [—3‘%, 3%] Each subfigure plots: (a): min;gjm) HWi(,t) ) (b): [|VL(8:)]5 /L(0:); where
le[L]
t represents the number of iterations.
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Figure 2: Training neural networks for two different widths m € {512,1024} on the MNIST dataset, with
two hidden layers L = 2 of same width, with learning rate 0.001 and the weights are initialized with a

uniform distribution [—%7 %] Each subfigure plots: (a): min;cy) HWz(lt) ) (b): HVE(Ht)Hg /L(0;); where
le[L)]

t represents the number of iterations.

foundation for other types of normalization whose connection to training and generalization are not well
explored.
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A Spectral norm of the Hessian for WeightNorm

We establish the main theorem from Section [l

Theorem 4.1 (Hessian bound for WeightNorm). Under Assumptions and@ for any 0 € RP with
v E BE;IC(VO), and any x;,1 € [n], we have

(1+ p1) L3 (e + L max{|6(0)], [$(0)[*})

V3760, < © i O (1)
wmin { 7], [ 775}
A.1 Starting the Proof
For an order-3 tensor T' € R *%X% we define the operator |||, , ; as follows,
ds | di do
172,21 == sup Z ZZT’J’“%ZJ , xeRh zeR%: | (20)

Ixllz=lzll2=1 3= |5=1 j=1

Let us consider any x € R? such that [x||, = v/d. Our analysis follows the general structure developed
n (Liu et al., 2020, Theorem 3.1). We first observe that

9*f(8;%)
(96)?

L
0 f(0;x) 0*f(0;x)
w22 |oweram L + | ey

L

-2

1,l2=

_ N |l
S 2 | awmamm
l1,la=1 2

f(6;%)

aW ll)aW H +2 Z H oW l1)aW L+1) (21)

where the equality follows by noticing that, since W+ = v, ((88‘;{#)1{)))2)“ =0 for (4,7) € [m] x [m], and

f(6;x)

ewTFD)2 ||, — 0.

so ||k

From now on, for simplicity of notation, we will obviate the dependency on x when necessary.

Now, again from the proof of (Liu et al., 2020, Theorem 3.1), for 1 <1I; <ly < L,

82 f(0) B 92q) of 1
oW aw =) ||, || (aW )2 [, , | [|dalb) || e
+ Ly>0) ‘8W(ll) 2t Ha (-1 ) dall—1) W (2) 991 60‘(12)‘0@
L ‘aaul) dal2) XL: li[ 9ol H 9%t )
+ Ly f - -
=0T g @) ||, || oW @2) Y il o= [ (0al=D)2,,
! Had af
H dali=1) Haa(l) ‘
=la+ 2 >

We use the following conventional notation: if a product has the form []}_, z; where a < b given some real
scalars {z;}7_, where n > b, then []7_, z; = 0.

Now we proceed to obtain upper bounds for all the required terms in the previous expression.

14



Under review as submission to TMLR

A.2 Upper bounds of the Ly-norms of o")

Lemma A.1. Consider Assumption . For any | € [L], any x € R? such that ||x||, = 1, and any 0 € RP, we
have

la® ()2 < 1+ 1p(0)|v/m .

Proof. Following (Allen-Zhu et al., [2019; |Liu et al., |2020)), we prove the result by induction. First, since
[x||2 = 1 by assumption, we have ||a(®)(x)||s = 1. Since ¢ is 1-Lipschitz,

LD o ||~ o <o | = [ED 00| | - a0
\fHW“ H . 2 HWZ’(I)HQ 2
HiE LT,
v wl,
so that
Ja®s = o \%WW < \}‘(‘V;())H @ |+l
iolg i/ ll2
2

(@ 1
< —=  + [6(0)[vm
= 1+ |9(0)[vm .

where (a) follows from Chauchy-Schwarz. For the inductive step, we assume that for layer I — 1, we have

lal"= Dz < (14 (1 = 1)]$(0)|v/m).

Since ¢ is 1-Lipschitz, for layer [, we can similarly conclude that

L w7 oy L w7
Il S NV (S _ ol < ||| =21 2 ,0=1)
¢ T ‘Wv(l)H ! 16(0)]l2 < \/EHW@H ! ;
todla i/ ll2 tolle ill2
so that
||a(l)||2 =||l¢ \/7 HW(Z)H (l 2 + H(ZS(O)”Q
i 2 112
1 (1-1)
< — ||a 15+ 6(0)|v/m
m
(a)
< (L4 (= DIo(0)[vm) + [$(0)[vm
= 1+1|¢(0)|V/m,
where (a) follows from the inductive step. This completes the proof. O

15



Under review as submission to TMLR

9a®) 8o
A.3  Upper bounds on the spectral norms of 57 and 5-%—

Lemma A.2. Consider Assumption . For anyl € {2,...,L}, any x € R? such that ||x||, = Vd, and any
0 € RP, we have

da(x)
— | <1 23
[Fres —_ @)
and
daW(x)| _ [|0aM(x) (24)
a0 (x) ||, N ox 5
Additionally, under Assumptz'on@ with v € BEluc(vo),
0f(x)
— | <1 . 2
iy R )

Proof. By definition, we have

0]
80‘7([) _ L(b’(d(.l))L (26)
90 ], = v o]
vl
Then, we have that for 2 <[ < L,
2
da) |I* [ A
00T | ap L3 (66 S i,
Haau Dly Ivlla=1 M = v ; HWi(l)Hz J
(a) 1 m (W‘(l))TV
< — su —_—t p
M ||v||=1 = HW’()H
2
m WO v
< = TN
M v|a=1=5 HW'(D H
vl
1
-~ .m
m
=1

)

where (a) follows from ¢ being 1-Lipschitz by Assumption [I} Finally, it is easy to follow the same proof and

2
show that ’ ggi;; , < 1. This completes the proof for equation .
Finally, for proving equation (25), note that ‘ % =[[vly < [[volly + [[v = volly £ (1 + p1). O
2

Lemma A.3. Consider Assumption . For any | € [L], any x € R? such that ||x||, = 1, and any 0 € RP, we
have

= mmidmeW;l% (\/1% + (- 1)|¢(0)|> , o

da®(x)
ow®
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Proof. Note that the parameter vector w(*) = vec(W®) and can be indexed with j € [m] and j’ € [d] when
I=1and j € [m] when [ > 2. We will do the analysis for [ > 2 since a similar analysis holds for the case
I = 1. Thus, we have

{604(” } {aa(l)]
ow |, .~ low® ], .,

/ A4 - 1
P 5w mHW'(l)H ° b=
tolle
l _ l
ey L gy () Tal 0w v (28)
¢(ai )\/E Oéj’ H 0 2 W(l) ]l[J:
wol, )
2
- (-1 ONT , (1— @)
_d@)) o #@) (W) Ty
A
(N (In
where we used the fact that
OW. D) = 3 Lj=i]
AT
2 1P

Defining the matrices A, B € R™*™ by [A]; j; == (I) and [B]; j;» := (II), we observe that 381?[[/@) =A-B.

Then, noting that aa (l) € Rm*m* and VIl = llvec(V)||, for any matrix V, we have

: ¢(@) ay " 2
|Allz = sup Z Z T]]‘[J Vg
o2 3
m m dl) (l 1) 2
= sup
a2 % A e v
2
< — sup —
mVir=1i5 \ oy HWi(l)H
1 2
<-— 2 Jot v
muvup 1 H H
[
@
= 2 ) ZH 1*“2
m - Mine(m) HW‘ H Hp 15
a1

2
v

(a) 1 ( 1 2
: . 1>¢<o>|)
2
i [0, NV

where (a) follows from Lemma [A.1]
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Similarly,
2
m l) (1-1) @)
¢( ) (W) Tal-Dyw
HB||2— sup Z > 1= Vi
Vie=1i=7 \ ;5% H i(l)H
Oy (@ ?
m 1A ( WO T 401
= sup Z (b(az )(( i ) 043 ) ZW(Z
IVIlr=14= vm ‘Wi(l) H e
2
1 m W(l) T,,(-1))2 2
<= sup Z (( ) ) a - ) ((Wz(l))TXl*)
m||X|r=15"7 HWZ-(D‘
2
1 m W,(l) Tol— 1)
<L SO IR oty
IVIr=1%= HWi( )‘
m W_(l)‘z’

AN

1 2 (i-1) 2 Ol 2
< o S oo v
m V| p=1 ; ‘ Wi(z)‘ 6 2 i 2 H H2

2
2 o)
= — Vz*
m”swflz e “
2
Jat-D?

. min, W@H
m mlnze[m]H i )
(a) 1 ( 1 2
: +<Z—1>|¢<o>)
2
T

where (a) follows from Lemma

Using the recent derived results, we have

da® ‘ 2 1
Do | < an, + 181, < (5 + - Dlo)).
Haw(l) 2 ? 2 minie[m] HI/VZZ)H2 \/TTL
That completes the proof. O

A.4 Bound on |-,

Lemma A.4. Consider Assumption . For any x € R? such that ||x||, = 1 and any 0 € RP, each of the
following inequalities hold,

2 (1)
H i(la(l) Z(( 2,2,1 =be: (29)
H 82a® (x) 2(B4( 7 + (1= 1)]6(0)]) + 1) (30)
Aal=D(x)oW O ||, ,, — min ;e HWi(l)Hz
forl=2,...,L; and
H 0?0 (x) 20285 (7 + (L= 1)[0(0)]) + 3) (& + (1 = 1)]¢(0)]) (31)
oW D)2 :

— 2
N miniein W],

18



Under review as submission to TMLR

forle[L].

Proof. For the inequality , note that from we obtain

( 92a® ) 1 ¢//(~ l))W(Z)W(l)
—_— = —¢"(&;
(0alD ),

m r

and so

HM” _ iz 20 (V) TV (W) Tvs)
(30&(171))2 2,2,1 Hv1|\2 ||v2||271 HWZ-(Z)H2
B (W) Ty (W) Tvy)
< ¢ sup i L K 2
M lvally=llvall,=1 5= HWZ'(Z)H
l !
N A T
< sup
M v, [ly=llvall,=1 {5 HWi(l)HZ
Bo
=" 32
—m (32)

For the inequality , carefully following the chain rule in we obtain

92a® o) W(l) sz(cl/ 1) .
(=i =0\ )
() — )
_((Wi ) "all 1))‘Wik’ s
valwol
tolle
Oy
0 1 Wi Wi 1
+¢( ) - + ]l[k’:']
A T
\/EHWZ HQ v 2
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Then, we have

52a®
H dall=D oW 1) 221

W(l) NSy

= i >3 ) - o
i=1 |j=1k'=1

)

- ol

w*nHWz H2

D

~ 1 Wz’ 1

+0' (@) = | —— > o =il | | Vi Ve
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allo=IVall =1 =5 |5 oy ™ HW”H2

m o m 0 (INT L (1—1
Loy Wi (W))Tal=0) g
- Z Z Egﬁ”(az(' )) (lJ) - O 3 Wi(k:?vl,jVQ,ik’
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UL 1 (1 Wl(Q l 1
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Now we upper bound each of the terms in the last inequality. We analyze the first term,

m | m m 1 r { .
sup Z Z Z %le(ag ))ﬁa;« )Vl,jV2,ik/

villa=[Vallp=17

Be < mow SN (-1
iy SIS (el v

M v l,=IVal =15 |\ = HW(l) ’

Il
=
<
Il
-
X
I
-

(a)
< @ sup

M lvy |, = V2l p=1

1 _
V2|, [0

“Wi{l)"2

W
2

 Bals + (L= DIs(0))

i [0,

where (a) follows from applying Cauchy-Schwarz first with respect to the dot product described by the index
j and then on the index #; (b) follows from [[Va]|, < || V2| z; and (c) follows from Lemma
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Now we analyze the second term,

m m m (l) (l) T (1—-1
S Y e e Wi v
orllam Va1 = e ™ HW H HW@H
2 g 2
™ W(l T - 1)‘ m o owy® m W(l,
S — ) Z PEALE) lk)
M sy IVl 1 HW . \= w| H H
2
<2 a(l*”( sup > — DT
m 2 vill,=lVallp=155 |\ 5= HW”>H o= w?
@ B |l " vl
22 |l 1)‘ 2 Vil
= «@ 2,1%
m 2 |lvally =l Vall p=1 ;HW“H Z ’
Bo |l - v
:ﬁ all 1)‘2 sup Z”;”%H Vsl
Vil =l Vall p=1 4 | 5 HW(l)H

where (a) follows from successive applications of the Cauchy-Schwarz inequality; (b) follows from Lemma
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Now we analyze the third term,

m m m 1 N Wfl? .
D 7m¢>’(a§ >)’~;’rwig)vl,jvz,ik/
2

MallmValpmt & |2 o= Vi HW}Z
m m (l) m W(l)
< p Vo ik
fuvluz uvzuF—lZl ZHW” H ;«Z—lHW}”H
2
(a) 1 e ||V1H2
S e sup || 27.*“2
VI vy, = Val =1 ;HW”H Z
vl
> 2 Vallp

\ﬁ it
Ivilla=IVall p=1

= [,

where (a) follows from successive applications of the Cauchy-Schwarz inequality.

Finally, for the fourth term,

@
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—
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Il
—

m | m 1 . 1
Sup Z > m‘b/(agl))HHVme
2

m
1

) sup Z ZVI,]VZ ij

Ivilla=IVallp=1527 |=1

Z IVa,ielly [vall,
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VI minge o (TP valo= Wl
2

1

Jm

sup Z Vil

min e ] w ) Vallp=1=

1 1
S — sup f ||V2 Z*H
VI mine gy | W] 1vale=1 Z i
2
1
min;¢ HW(Z H
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Then, taking all the analyzed terms back in 7 we obtain

H 92a) 285( 5 + (1= 1)g(0)]) 2
60{(l*1)6W(Z) 22,1 - minie[m] HWZ(I)HZ minie[m} HWI(Z)H2

2(8s( 7 + (L= D)I6(0)]) + 1)

S T

)

which proves the inequality .
We now analyze the last inequality . Carefully following the chain rule in , we obtain

( 82a® )
VO ) 3500

L[ o™ () Taywl)

— ¢// dgl) - o I]_ 4:i
2 ? 2
L[ e Ty
NG HW@H ol =il
ly [,
(1-1)
NONR. @y 0
Dy 1y | ——L— w1,
+¢(az )\/ﬁ []—'L] HW(l)H3 ik [k—]
volle
a,il/_l)Wij/ ((Wi(l))—ra(l_l)) ((Wi(l))Ta(l_l))Wi(j’)Wi(Ii?
ol SO L=y — 3 T L=y
L I e ],
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Then, we have, after some careful calculation,

H 92a®
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Now we upper bound each of the terms in the last inequality. We analyze the first term,

m

sup Z Z Z %‘é//(@y))%\’l,j'vzm

HV1“2:HV2”F:1 i=1|j/=1k'=1 ’ Z(l)H
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Now we analyze the second term,
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< @ Sup Z w aS‘lf 1)Vl,z‘j’ Z #%VZ,H«
MVl =Vl p=1 = HW%‘(”H ot = HWZ H2
2
e 2 e
" ? iy WO IVIE=IVale=2 2

2

2

S v
2\ &,

1

2o
m

m
> Vel

=1

2
2

MG e [m] ‘ Wi H2 2l
/6¢( ﬁlm (l 1)|¢(0)D2

g
i V|

The third term is analyzed very similarly as the second term and thus have the same upper bound.
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Now, we analyze the fourth term,

31303 ey M e WV Ve
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Now, for the fifth term,
SD DID D) Dt e PN
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The sixth term is analyzed very similarly as the fifth term and thus have the same upper bound.
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Now, for the seventh term,
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Finally, for the eight term, following an analysis similar to the fourth term,
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Then, taking all the analyzed terms back in , we obtain

Hmw _ Wl + - DIBOI?  6(G + (1= DIo(O))
oW D)2 - . K . nlz
RN T Y T

This finishes the proof.
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A.5 Upper bound of the L.,-norm of %
As seen before, to upper bound the Hessian, we need to upper bound the quantity H % LO. For our purposes,
we will actually upper bound the Ly-norm H % and use this to upper bound the L,.-norm.

2

Lemma A.5. Consider Assumptions|1| and @ For any | € [L], any x € R? such that ||x||, = 1, and any
0 € RP with v € By*(vy), we have

|5es
900 (x)

Proof. From Lemma we know that H% , <1+ p1. Now, for the inductive step, assume ’ % ’2 <
(14 p1) for any I < L. Then,
0 2a 9 daV) 0
SLCP N (AR g i S <1 a4
dal=1) |, dal=1) ga ||, da =1 ||, || 9a® ||,
where the last inequality follows again from Lemma We have finished the proof by induction. O

A.6 Finishing the proof of Theorem [4.1]

Replacing all the previously derived results back in (22)), we obtain
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Replacing along with back in , we obtain

PO 20 L(1 + p1)( + L? max{[$(0)], |¢(0)[*}) Caro =+ LI¢(0)]
(89)2 - 1) W ()
2 min e ) HW H miN;e [y

le[L] le[L]
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<0
 minge |, HW” H
2’ le[ 2

min < min;
le [L]

This finishes the proof.

B Upper bounds on gradients of the predictor and empirical loss for WeightNorm

Lemma 4.1 (Predictor gradient bounds). Under Assumptions and@ for any 0 € RP with v € Bfljlluc(vo),
and any X;,1 € [n], we have

Vo @)l < 00 < O ((1 + LIBO)|Vim) (1 + *W)) )
where 03 = (14 L|$(0)]y/m)? + 4(1 + p1)? Zl 1w || (\/% + (- 1)|¢(0)|)2} and
[V f(O;x:)]2 <1+ p1. (7)

Proof. We first prove the bound on the gradient with respect to the weights. Using the chain rule,
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oww oW ZIIL da’=1 dall)
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min;e ) HW

for | € [L], where (a) follows from Lemma (b) follows from Lemma Similarly,

HaW<L+1) ! =[], < @+ L)1 vm)

where we used Lemma [A7T] for the inequality. Now,
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IVaflz ="
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ow
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T (- peton )
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We further note that,

1

% <O | (1+L?g(0)[*m) + L(1 + p1)? (% + L?|p(0)[%)

2

win [0
E[ ] 7

le[L] 2

L(1+ p1)2
2
Wi(l)H
2

<o |t reoprm |1+
minie[m]
le[L]

VL(1+ p1)

e | W,
le[L] 2

=09 <O | (14 L|¢(0)[v/m) | 1+

where the implication follows from the property va + b < v/a + Vb for a,b > 0.

We now prove the bound on the gradient with respect to the input data. Again, using the chain rule,

of  of 6a(1)<L aa<l’>> of
l

ox ~ 92 ~ 9a© \ 11 901 | 9a(@)
and so
of || _ || 9a® Lo\ of
x|y ~ || 0a0) ], da'=1) | 9all)
=2 2
da®) L 9a® of
- H a0 |, H dal’'=1) H da(L)
1'=2 2 2
(a)
<1l+p
where (a) follows from Lemma[A.2]and Lemma This completes the proof. O

Proposition 4.1 (Empirical loss and empirical loss gradient bounds). Consider the square loss.
Under Assumptions and@ the following inequality holds for any 6 € RP with v € BE;‘C(VO),

L(0) < < O((1+ p1)*(1+ L?|9(0)*m)), (9)
where @ := 23" 42 +2(1+4 p1)*(1 + L|$(0)|/m)?. Moreover,
[VoL(O)]l2 < 21/ L(0)0s < 200+/¢, (10)

with og as in Lemma [{1]

Proof. We start by noticing that for § € RP,
1 n n

L) = S~ FOx0) < - D220 + 200 %)), (39)

i=1 i=1
Now, using the assumption on the weight of the output layer,

1£(0:%)] = v o (x)
< IVl [ ™ 0|

(@)
< (14 1) [0 )

< (14 ) (1+ Lip(0)vim)

i (40)

2
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where (a) follows from [|v||, < [[voll, + [|[v = voll, < 1+ p1, and (b) follows from Lemma [A.1} Now, replacing
this result back in we obtain £(6) < 237" | (2y? 4 2(1 + p1)?(1 + L|¢(0)|y/m)?). This finishes the proof
for inequality @

a
)
> }LZL 1|£,H‘V9f”2 > 2%2?:1 |yz *yi| <

(®
200+/L(0) < 2,/0o9 where (a) follows from Lemma and (b) from inequality (9). This finishes the
proof for inequality . This completes the proof. O

Now, we observe that [|[VoL(0)|, = |11, 6Vof|

C Training using restricted strong convexity for WeightNorm

We establish the results from Section [5l

C.1 Restricted Strong Convexity and Smoothness

Lemma 5.1 (RSC for WeightNorm under Square Loss). For square loss, under Assumptions and@
for every 0" € Q% N BE;C(H) with 6 € RP and v,v' € BEI‘JC(VO),

L(O') = L(6) + (' = 0,VoL(0)) + 110" 0113 (12)
with
_ B2 |IVeL(0)]3
2 L(h)
o <1+ ﬁ><1+p2><1+pl>3L3A< 2, 60)) B, L. 6(0)ly) 13
T, i {17 7

where A=, L?,[6(0)]) = = + L* max{|¢(0)],|¢(0)]*} and B(1,L,|$(0)ly/m) = 1+ L|¢(0)|/m. We say
that the empzrzcal loss L satisfies the RSC property w.r.t. (Q% N BE;C(H) 0) whenever ag > 0.

I}137"00]”, For any ¢ € Q" 2N B,,(0) with v/ € Bgluc(vo), by the second order Taylor expansion around 6, we
ave

L) = L) 40 —0,VoLO)) + (0" - H)Té’;l;(z&)

(9/ _9) )

where § = €0’ + (1 — £)0 for some ¢ € [0,1]. We note that v € BEIHC(Vo) since, ||V —wvoll, =

[€v" = &vo + (1 = &v = (1 = &voll, <€V = voll, + (1 = &) [[v = voll, < p1.

Focusing on the quadratic form in the Taylor expansion, it can be shown that

d2L(0)
o\ T /o
(0" —90) 502 (0" —0)

1 & 8f(9 X; % f(0;x;)

I 6// 9/ _ 7 el / T 7 0 _ 0
n lz:; % < a > Z 962 ( ) )
11 12
where ¢; = Ly, f(0,%;)), £ = % , and ¢/ = % Likewise, we set ¢; =
z:f(é,xi) Z:f(g7xi)
Cyi, £(0,%:)), 05 = % ,and £/ = azgzy;"z) Then, following a similar analysis to (Banerjee
z=f(6,%;) z=f(0,x:)

et al.l [2023)),
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n 2
1 Of (0;x:)
I e /.l /
1 n;z <9 0, =g >
@ 2 & af0:x)\?  AxS||of@ix) || || 0FB;xi)  Of(0;x:)
> = 0 -9, =Ly — — ’ = ’
_n;< b =58 > n; 0 ||, oo 0 ||,
x [|6" = 6|13
_25~ L Sy g0 x)\T 4 Z ofO;xi) || || B;xi)  Of(6;x:)
Cn ()2 T ne| 90 |,|| 00 o0 ||,
x [|6" =613
n 2
23 n1/ <9, 06,6f(6x1> gz afexl
gt Ejzl(éj) nia 2
00 20 |, 2
( < /af 0 Xz < 8f 9 Xz 8f(9~7xl) 6f(0,xl)
—-0,¢, —
2n2£ 7=1< Z; . 00 90 ||,
x [|6" = 6]]3
2 _
© _of( 9 xl 4~ |02F0:x) || | 5 C a2
Z2E(< 9*25 > —ggg TQH‘Q_QHQHQ_QHQ
- 1 / 4 azf(é;xi) 5 ’ 2
~ sz 0. 5oL(0) ZQH% 15 ol 013
@ 1 1 ||0%f(6;%;
2 i O~ 0.50L0) ~ agle ol % > | TEE)
i=1 2
@ k2 2 10/ 2 / an(éQ Xi)
2 5z VoL@ 10 = 6l13 — dell6’ - 0113 - Z —
i:l 2
K2 0%f(0;%;
- (25«0) V@)1 - agle’ -0l 13 | 2H02 ) o a3
=1 2

where 6 is some point in the segment that joins 8 and 6; and

and the mean value theorem; (d) follows by ||§ - 9||2 =

d where (a) is the inequality derived in the proof
of (Banerjee et al., 2023, Theorem 5.1); (b) follows by Y7, (€/)* =437 (f(0;%x:)—y
by Jensen’s inequality on the first term and on the second term by the use of Lemma due to v € Bgfec(vo)

166" +

i

(1=80—0l, =<' =0, < 6" -

follows since &’ € Q% and from the fact that p'q = cos(p, q) ||p|| ||q|| for any vectors p, q.
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Regarding I, note that

Zg/ o Ta fa(ZQXz) (9 _9)

Z (jﬁe) (=1 -2
¢ (iuwun%)lm( > |-
© _2F<

32f(§;Xi)

(;)
= 062

)
2\ 1/2

2
) 1o — o)
2
2\ 1/2
]) 1o o2
2

9 X;)
802

06?

’ 9 P %)

where (a) follows from the Cauchy-Schwartz inequality and the submultiplicative property of the induced
norm; (b) follows by Cauchy-Schwartz inequality again; and (c) from 1 [|[¢];[|3 = 2 37 | (5 — vi)* = 4L(0).

Replacing the lower bounds on I; and I, and using Lemma and the fact that 6’ € BE;C(H), we finally
obtain,

d92L(6) K2 || VoL (0)2 21102 f(0; x;)
o T o vV eE\TJl2 G
0" =0) g 0 =) 2 ( > L) Z 092 ,
- 1/2
82 f(0;x:) |°
-2 — 10" — 6] -
\/7 ( 692 ) 2

Now, we note that we can use Theorem to upper bound the norm of the Hessian of the predictor because
v belongs to the segment joining v and v, two vectors which belong to the convex set BE;‘C (vo), and so it
follows that v € B/]i“(vo).
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Then, using Theorem Lemma [4.1] and Proposition [4.1
o\ 1/2
2)

(1+ p1) L3 (7 + L2 max{[|6(0)], [$(0)[*})

2
, TN € ) HWZ-(I) H
2 le[L] 2

n

4@002% >

i=1

2+2\/¢<iz

=1

O’ f(0;x;)
002

0 f(0;x;)
002

< (4ogp2 +2,/9)O

min {minie [m] H Wi(l)
le[L]

(1+ p1) L3z + L2 max{|$(0)], [$(0)|?})

<O | (0op2 + V) 2
min {minie[m] Wi(l) s Mg 1) Wi(l)H }
l€[L] le[L] 2
(a)
<O 1+ \/Z

miﬂie[m] HWi(l) H
le[L] 2

max{(1 + p1), p2} (1 + p1)L3( = + L max{[6(0)], [$(0)[*}) (1 + L|$(0)]v/m)

X
2
min {minie[m] Wi(l) 7minie[m] WZ(Z)H }
1e(L] 1€[L] 2
collis VL (1+ p2)(1 + p1)* L (= + L? max{|¢(0)], [(0)[*}) (1 + L|¢(0)[v/m)
- i @ 2
le[L] 2 le[L] 2
where (a) follows from
VL(1+
(002 + VB) <O | a1+ LioO)vim) [ 1+ XLy (g o1t zieo)lvm)
NN [m) Wz H
le[L] 2
VL1 +
<0 | maxtps, (14 o)1+ Lis(O) i) [ 1+ — L2
minie[m] HWZ H
le[L] 2
That completes the proof. O

Lemma 5.2 (Smoothness-like property for WeightNorm under Square Loss). For square loss,
under Assumptz'ons and@ for every 0,60' € RP with v,v' € BEl‘JC(vO),

L(0') < L(0) + (0" — 0, VoL(0)) + %H@' —0l3 (15)

with

1
3 so<L4A(1,L2,¢(0>I)<1+p)2 <1+ — — )) : (16)
’ 1 min| 17|, |72}

where A(1, L2, |¢(0)]) = (1 + L% max{|$(0)], |(0)[>}m)2.
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Proof. By the second order Taylor expansion about § € R? with v € BJ"¢(v), we have L(0') = L(0) + (0" —

0,VoLl(0)) + 30 — G)TGB%QG) (0" — ), where § = £0' 4 (1 — £)f for some £ € [0,1]. Similarly to what was

proved in Theorem [5.1} ¥ € BF™(vo).

Now,

_ - 0%L(0)

0 —0) o0 0 —0)
_ N L AT ey e PV
,Ze <9 -0, 50 > +E;€i(9 —0)T om0 - 0),
I I

~ 2
where ¢; = (y;, f(0,x;), €; = %ﬁ , and ¢ = % . It is easy to note that I; <

B z:f(é,xi) z:f(é,xi)
202/10" — 0]|3. For I, we have that
9% f(0;x;) -
/ T 7 _

Zz oz (0 —0)

"1 1 o || 92 f(0;%;)
< — ) [ =0 0|3 || —=E
) o 1)

1/2

@ (1 ) 2 ;%) ||
< (mentz) Zue' !

(b) ~ n
N (1

n <
i=1

02 f(0;x:)
002

1/2
~112

| ) o

2

where (a) follows by Cauchy-Schwartz, and (b) from L[|/[¢1];[13 = 2 30 | (5 — vi)* = 4L£(0). Replacing the
bounds on I; and I on the original expression, and using Lemma

2\ 1/2

) le-ae

2

2 f(0;x;)
002

(0’—0_)T82a£9(29) 0 —0) < [2@9+2f< Z

i=1

Now, note that from the proof of Lemma

L1+ p1)2
min,e HW(UH

05 <O | (1+ L2g(0)*m) | 1+
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and so,

O f(0;x;)
062

1 n
205 +2V/p (n >
i=1

2\ 1/2
2>
L1+ p1)?

2

minp [
E[ ] 7

le[L] 2

<O | (14 L*o(0)Pm) | 1+

(1+p1) (1 + LIg(0)[vm) - (1 + p1) L (7 + L? max{|$(0)], |¢(0)[*})

+0 3
W}”’ Wz-(l) HQ}

min{min;e,
l€[L]

,min;e [m]
2 le[L]

<0 | 131+ L2 max{|6(0)], |6(0)P}m) (1 + po)? | 1+ L

2
: !
minsep W]

le[L]

(5 + L? max{|¢(0)], |¢(0)[*})

2
7minie[m] HWz'(l) H }
le[L] 2

+

min{min;ep, HWZ-(Z) ’
le[L]

<0 | 141 + L2 max{|6(0)], |6(0) 2hm)* (1 + p1)? | 1+ !

min{min;ep, HWZ@ ‘
le[L]

s MiN  [pn] HWi(l)Hz}
2 le[L] 2
This completes the proof. O]

D Generalization bound for WeightNorm

We first state the following auxiliary technical result, which is based on (Golowich et al.| [2018, Lemma 1).
We let AV = {(WO W Wby g Rmxd x RmXm x ... x RMXmL

Lemma D.1. Under Assumptions [l and |2} assuming the activation function satisfies ¢(0) = 0, consider any
WeightNorm network f(6;-) of the form with any fixed §# € RP and v € BEluC(vo), along with some input
data set {x;}? ;. Consider also any convex and monotonically increasing function g : R — [0, c0). For any
le{l,...,L—1},

Egeyr | sup g
WeAW
weR™
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Proof. Since g is positive, g(|z]) < g(z) + g(—=z), and so

i”%w]““@ﬂ

" 1 wh .
< E{Gi}?=1 Suj\)(l) g <Z €9 <\/ﬁ ma( )(Xl))>
=1

weA®d
GR"L

Egeyr | sup 9(

weR™
n T l)
+Efeyn sup g ( (x))
(et | e 9| = | 260 { e 6o
L weR™
n T
(@ CANG )
" WeA(ﬂ(; P\ Tl )
weR’ﬂl =
® Y Lw o )
2 oK, \n su €GO | =g (X
i (9| e, 2 ¢ (Tt
L weR™ -
© 3 L w’
< 2E; yn i T gl G
<oz, o] o Y (e o)
L weR™
n 1 T
_ QE{e}" sup g €; <wa(l) (Xz))
| s 9\ 2 T Tl
weR™ B
@ 1 n ’LUT
< 2Ey \n . - i — (1 i
< 2By, Wbeuf(lﬂ(m ;6 (IlwIICv i )>
weR™ a
0By | s g[S a6 )]
thi=1 WeA® \/ﬁ i=1 2

where (a) follows from the fact that ¢; and —e; have the same (symmetrical) distribution; (b) from g being
monotonically increasing; (c) from (Ledoux and Talagrand) (1991} equation (4.20)) which makes use of g
being convex and increasing, and of ¢ being 1-Lipschitz and ¢(0) = 0; and (d) follows from the increasing
monotonicity of g. O

We now prove our generalization result.

Theorem 6.1 (Generalization Bound for WeightNorm under Square Loss). Consider the square
loss and the training set S = {(x;, ;) vrdk D,i € [n]} and |y| <1 for any y ~ D, with probability one. Under
Assumptions and@ assuming the activation function satisfies $(0) = 0, with probability at least (1 — 9)
over the choice of the training data x; ~ Dx,i € [n], for any WeightNorm network f(8;-) of the form with
any fived § € R? and v € BJ"“(vo), we have

ED(H) —53(9) <4(2—|—p1 210g +1 (1+p1)2)21i)/gﬁ(2/5)' (19)

Proof. Recall that for a class of functions F, the Rademacher complexity is given by

n

% Z €i f(xi)

i=1

Ru(F) = Epyn | qeyn, szlelg

1 , (42)
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where samples x;, i € [n], are drawn i.i.d. from Dy, and ¢;, ¢ € [n], are drawn i.i.d. from the Rademacher
distribution, i.e., +1 or —1 with probability 1. Assuming || f|| < B,Vf € F, a standard uniform convergence
argument implies

n

L3 7o)~ B, [£)]
=1

2
P <sup > 2R, (F) +t> < 2exp (_ntz) . (43)
fer 2B

In other words, with probability at least (1 — ¢) over the draw of the samples, we have

n 2
VS EF . Ban[f00] € - 30 fx) 4 2R, (F) + BY 22D (14)

i=1

Now, consider a given loss function ¢ so that, for a given constant y such that |y| < 1, it computes £(y, f(x)).
If § — £(y,9) has a Lipschitz constant of A, then by using the Rademacher contraction lemma (e.g., an
adaptation from (Shalev-Shwartz and Ben-David, [2014] Lemma 26.9)), the uniform convergence result can be
extended to the loss function: with probability at least (1 — ) over the draw of the samples, we have

2
VfeF, Lplf] < Lslf]+2\Ra(F)+ B Qlf 5 (45)

with Lp[f] = Egey)ep [0y, f())], Ls[f] = 5 31 Lyi: f(x0)), and sup rer [y, /()] < B.

ly|<1

Now we put everything according to the context of our setting. We let F be the set of all WeightNorm
networks f(6;-) of the form with any fixed § € R and v € BEIUC(VO) under Assumptions [1{ and |2 and
assuming the activation function satisfies ¢(0) = 0. We also set Lp(0) := Lp[f(6;-)] and

Ls(0) == Ls[f(0;-)].

Consider any x € R? with ||x||, = 1. Now, using the assumption ¢(0) = 0, we obtain

F(6:%)] < (1+ p1) from equation (@), and so £(y, f(B;%)) = (y — F0:%))® < 2P + 2fG <
2(1 + (1 + p1)2)a i'e~7

B=2(1+(1+p1)%. (46)
Likewise, this allows us to obtain, for |y| <1,

dl(y, )

a7 <2yl + 170, x)]) <21+ (1 +p1)) =22+ p1),

9=1(0;x)
and so

A=224p1) . (47)
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Next, we focus on bounding R, (F).

B n

1
R,(F) = EE{xz'}?:p{fi}?:l Jsclelg Zeif(Xi)
L i—1

|

1 n
o | T (Dae
n WweAl) i=1
LveR™,||v],<1+p1

1+p =
- (71)5’{&};;1,{5,;};:1 sup ;) (x:) ]
n [WeA® |[i= 2 (48)
1+ [ =
< dtp) pl)E{xz}l e}, | sup Vm Zfia(L)(Xi)
n WEA(L) i=1 00
i n (L)\T
(1+p1) L W) o
= ——SFan  fen sup max \/m €| ———F« X;
L P = ; Jm HWIEL)H (xi)
L 2
(1+p1) i ( w' )
= E xi ¥ {ei sup — (0% Xi .
no Dot [ SR S Vil
Then,
—— LR (]:) < E{ I e} sup €; (b( U}T (L_l)(X‘)>
(14 p1) - =t i WeAL—1) weR™ \/>||w||2

> (o) H)

Qd’ (\F o) |>
(19)

where (a) follows from Jensen’s inequality. Now, using Lemma with the function g(z) = exp(Ay/m - 2),

1
= —logexp | AEx,3n  fe1n sup
)\ ( { }1=11{ }1=1 [WeA(Ll) wER™

(a) 1

< —logFE x; 1 €10 su ex

= X el L P p<
weR™

T
10 Ex, €} sup exp €; ¢)< o=V (x. >
R ( SN TR
weR™
1 n
< S 10g2E 0y | fer sup  exp [ AVm - — e, Y (x
< 1082y (e lWEA(LU ( \ﬁ; ( )2

n

Z EiOé(Lil) (Xl)

=1

1
= —log2Fx,yn  fen su exp | A
)\ g { l}z=17{ }1=1 [WGA(El) p(

)

Now we realize the expression on the right-hand side of the above equality is very similar to the second
inequality of equation ; therefore, we can iterate the same procedure using Lemma until we eventually

] .7
=1

JI)

n
— < Ru(F) < 71 Epxyr ey A
Mt o) )= A°g< e ey [exp(

1
=y <2L'E{x Ve, [exp (A

41
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E €;X;

=1
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Now, we can closely follow the proof of (Golowich et al., 2018 Theorem 1) after the equation (9) from that

same paper. We first define the random variable Z = [|[Y_" , €;x;||,, and obtain

1
_ IOg (2L . E{xl};L:p{El}:Lzl [eXp(AZ)])

\
Llog(2) , °% <E{’“}Ll’{“} o [eXp (A (Z — Eey, [Z]))D log (E{xi};;l [exp (AE{q}zgl [ZDD
p— + + |
) 5 i
(51)
Now,
2
(@) n
By 121 < | Brean, ||[D e
=1 2
n n n
S T SE SS9 Sy
i=1 i=1 j=1
ot
(52)

— %10g (B, [0 (\Bgeye, [21))])

where (a) follows by Jensen’s inequality and (b) from the fact that ¢; is independent from €;, j # i.

If we consider {z;} , as constants, then we have that Z is a deterministic function of the i.i.d variables
(e;)™_; which satisfies

Z(€1yew s €iyensn) = Z(€1,. 0, —€y oy 6n) < 2%
obtained by using the reverse triangle inequality. This inequality is a bounded-difference condi-
tion which implies that Z (considering {z;}" , as constants) is sub-Gaussian with variance factor
v o= izzl:14||xi||§ = >r, ||XZH§, see (Boucheron et al, [2013, Theorem 6.2); which then implies

Eeyn [exp ()\ (Z — By, [Z]))} < exp (%)\2 > ||X2H;) Then, we obtain

log (E{xi e, [eXP (/\ (Z - E{ei};;l[ZD)D _log (E{xi};;l [eXP (% im |l’i||§)D 10
A - A A2 _(5%)'

Replacing equations and back in with A = 7”210\/%(2)L, let us obtain

ilog (2 By, e, 12]) < V2 loi(Q)L" e loi(Q)L" F Vi = (V2log @)L+ 1)V (54)

which replacing back in let us obtain,

ﬁm(ﬂ = (v/2l0g(2)L + 1)v/n
1
— Ru(F) < \%’1)( 2log(2)L + 1).
Plugging this bound back in ([45), along with and ([47), completes the proof. O
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