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Abstract

We study the kernel PCA (kPCA) pre-image problem in image denoising by
benchmarking classical algorithms and introducing two neural network adversarial
pre-imaging models, DCGAN-KPCAnet and WGAN-KPCAnet. Our results show
that WGAN-KPCAnet delivers superior reconstruction results and is robust to
noise compared to baselines.

1 Introduction

Recent work on the SINGLE pipeline for graphene liquid-cell electron microscopy has shown that
kernel PCA (kPCA) denoising can markedly enhance signal-to-noise ratios and enable atomic-
resolution reconstructions of nanocrystal dynamics[Ji, 2025, Meana-Paneda et al.| {2025, |[Reboul et al.|
2021]] . This study motivates our present focus on the inverse kKPCA problem: recovering images
from nonlinear KPCA embeddings.

Building on this motivation, we recall that the development of kPCA is rooted in over a century of
research on dimensionality reduction. Principal component analysis (PCA) was introduced in [Pear-
son, |1901]] and then independently re-developed and re-discovered by others, e.g., [Hotelling}, 1933,
Eckart and Young, |1936, Karhunen, [1947]. But it was almost a century later, when Scholkopf and
his collaborators generalized the PCA algorithm, using the nonlinear kernel framework, [Scholkopf,
1997, |Scholkopf et al., [1997, [1998alb, Mika et al. (1999 [Scholkopt and Smolal [2002]], forming
foundations of the modern nonlinear manifold learning theory. Thus, their construction is often
considered to be a prototypical example of techniques called nonlinear dimension reduction methods.
In the past 25 years, many novel nonlinear data representation algorithms have been proposed, often
with superior performance and the ability to efficiently represent complex nonlinear data. However,
one of the main advantages of kPCA is the fact that it allows for the existence of an approximate
“inverse". This significantly broadens the applicability of kPCA, and also forms the basis for the
pre-image reconstruction methods. It is the kKPCA pre-image algorithms which are the object of
interest in this paper. In Section 2, we analyze and compare the performance of 3 state-of-the-art
algorithms for KPCA pre-image reconstruction. In Section 3, we propose 2 adversarial network-based
pre-imaging models and compare their performance with the the baseline algorithms.

1.1 Mathematical formulation of KPCA

Let {z;}7, C R? denote the dataset of n input samples in d-dimensional space. Let ¢ : R —H be
a nonlinear feature map into a reproducing kernel Hilbert space (RKHS) H associated with a Mercer

kernel k(7 ) Satley]ng k(.’L‘, y) = <Q5(SU), ¢(y)>7{
Kernel PCA (kPCA) performs principal component analysis in H without explicitly computing ¢(z; ).
Let K € R™*™ be the Gram matrix with entries K;; = k(;,;), andlet H = I — 21117 denote the
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centering matrix, where 1 € R™ represents the all-ones column vector. The centered kernel matrix is
K. = HKH. The eigenvalue problem

Kevi =n;v;, A2 A > 20,

yields eigenvalues \; and corresponding normalized eigenvectors v; € R", which represent the
coefficients of the principal directions in the dual space.

By the representer theorem, each feature-space principal axis is

1 n
U; = m ; Vi ¢($€)7

so that {u;} forms an orthonormal set in {. The m-dimensional embedding of a sample x; is

2y = (1,6 e 8(2)) T = (Sviek(aee))..... Sy vmeb(arz))

yielding a nonlinear representation z; € R™ that captures the principal variance directions in H and
is often used for denoising [Scholkopf et al., [1997].

1.2 Pre-image algorithms of kPCA
Given ¢ € H, its pre-image x* via ¢ is defined as
* . _ 2
v" = arg min {|é(x) —¥|*
In what follows we describe 3 state-of-the-art algorithms that solve this problem.

Fixed-point and kernel-ridge regression. For Gaussian k, an EM-like fixed-point update

S Yo k(wy, ) @
ah Z?:l k(xt, xz)

drives ¢(x;) — 1. This iterative scheme originates from the work [Mika et al.l [1999], which intro-
duced a fixed-point formulation for the KPCA pre-image problem and demonstrated its effectiveness
for feature-space denoising. Building upon this foundation, [Bakir et al., 2004] proposed two com-
plementary strategies: a kernel ridge regression (KRR) approach that explicitly learns an inverse
mapping I : H — R? via

: R )12 2 * oo T
H;I/HZ;II% (@@@a)) |7+ AITS, - 2® = T ().

and forms the basis of the implementation adopted by Sklearn. In contrast, the refined fixed-point
updatesometimes referred to here as Scholkopfs methodwas the algorithm incorporated into the
SINGLE denoising pipeline.

Both approaches operate by learning or iteratively refining mappings in feature space, a strategy that
has also proven effective in broader data-fusion and reconstruction settings. [[Cloninger et al.,|2017,
Czaja et al.,[2024]

MDS-based inversion. Assuming isotropic kernels, estimate d; = ||1) — ¢(z;)]|, invert the kernel-
induced distance to obtain input-space distances, then recover x* with classical MDS [Kwok and
['sang, [2004].

In practice, this involves constructing the approximate distance matrix D = [d;;] where d;; =
ft (d;;) for the kernel-dependent mapping f, centering it via double subtraction, and solving the
corresponding eigenproblem to recover the coordinates of the unknown point x*.

Because the optimization is linear and non-iterative, this method avoids local minima and provides a
globally consistent embedding, although its accuracy degrades when the kernel is not strictly isotropic
or when noise significantly perturbs the feature-space distances.



Nystrom-hybrid. With K. = UAU T, approximate features by ¢(z) = A~/2U T k,(z). For target
Y, set ky, = A=1/2UT (1/||¢||) and recover

2 = argmin||k.(x) — k..

or, when IA%(Z) > 0, use the closed form z* = % [Arias et al.l 2007].

This method combines the Nystrom out-of-sample extension with the local averaging idea from
direct approximation. By projecting v into the kernel eigenspace before reconstruction, it ensures
consistency between training and test features and yields smoother, more stable pre-images.

Empirically, the hybrid scheme is efficient, robust under moderate noise, and tends to outperform
purely iterative approaches in reconstruction fidelity.

2 Experiments evaluation of classical pre-image algorithms

We compare three Kernel PCA (kPCA) pre-image reconstruction methods: Sapiro’s method [Arias
et all, 2007, Kwok and Tsang|, 2004], a kernel ridge regression-based inverse mapping (popular-
ized by its Sklearn implementation), and Scholkopf’s algorithm [Bakir et al., [2004], on classical
image datasets, MNIST, CIFAR-10, and SVHN. For MNIST we consider two settings: raw (no
trimming/normalization) and normalized (noise trimming and intensity normalization). CIFAR-10
and SVHN are converted to grayscale and evaluated in the normalized setting. For each dataset we
use two kernels (RBF and cosine) and three sets of retained principal components (PCs: 20, 120, 220).
We report average PSNR (dB), SSIM, and Pearson correlation coefficient (PCC) on clean inputs and
on inputs corrupted by additive Gaussian noise.

Preprocessing and embeddings. For each dataset/kernel, we form centered Gram matrices and
compute kPCA embeddings with m € {20, 120, 220}. Reconstructions are evaluated on clean and
noisy inputs under identical conditions across methods. Normalized settings apply outlier trimming
and rescale intensities to the original dynamic range before inverse mapping.

Methods and experimental settings. Sapiro’s method implements a Nystrom-based hybrid in-
version [Arias et al., 2007|] and related distance-matching ideas [Kwok and Tsang} |2004]. The
Sklearn-based method learns an inverse map IV : H — R via kernel ridge regression, then pre-
dicts I'(¢)) at test time. Scholkopf’s algorithm uses a fixed-point update for the RBF kernel (or a
kernel-distance inversion where applicable), with iteration caps and tolerance-based stopping.

Implementation Credits. The implementation of Sapiros algorithm was adapted from code originally
written by Alexander Cloninger and Timothy Doster, with additional contributions from Jeremiah
Emidih, during their graduate studies at the University of Maryland under the mentorship of Dr.
Wojciech Czaja. Their codebase provided the foundation for the Nystrom-hybrid inversion and
distance-matching routines [Cloninger, [2014| [Doster] 2014, |Cloninger and Czajal 2014, [Emidih and
Czajd, 2017]]. The implementation of the Scholkopf pre-image algorithm was completed with the
assistance of Dr. Cong Tuan Son Van (National Cancer Institute, NIH). The kernel-ridge baseline
follows sklearn.decomposition.KernelPCA and its inverse transform, credited to the Scikit-
learn developers, particularly Andreas Miiller and Arnaud Joly.

2.1 Experimental results

We summarize all experiments across datasets, kernels, principalcomponent counts (PCs), and noise
conditions with a single aggregate table of best values and one illustrative figure panel. The table
reports, for each dataset and clean/noisy setting, the highest PSNR, SSIM, and PCC achieved over
all methods and PCs, together with the winning configuration. The figure panel provides qualitative
examples that reflect these trends without attempting exhaustive coverage.

Table[T|reports, for each dataset and noise condition, the best reconstruction quality obtained across
all combinations of classical methods, kernels, and principal-component counts. Because the full
experimental grid is large, this compact summary provides a clear picture of the highest achievable
performance on each dataset under our evaluation budget.



Table 1: Overall best reconstruction performance (PSNR in dB, SSIM, PCC) across datasets and noise conditions.
Each entry reports the best value and the achieving configuration.

Dataset Best PSNR (dB) Best SSIM Best PCC
Without noise
34.2829 0.87190 0.99487
MNIST (raw) (Sapiro, RBF, PC=220) (Sapiro, RBF, PC=220) (Scholkopf, Cosine, PC=220)
30.4618 0.66136 99487
MNIST (norm)

(Sapiro, RBF, PC=220)
32.0257

CIFAR-10 (norm)  (Scholkopf, RBE, PC=20)

(Sklearn, RBF, PC=220)
645

(Schélkopf, RBF, PC=220)

(Scholkopf, Cosine, PC=220)
0.9808

(Scholkopf, RBE, PC=220)

SVHN (norm) (Scholkopf, RBF, PC=120)  (Schélkopf, RBF, PC=220)  (Scholkopf, Cosine, PC=220)
With noise

18.5474 0.48545 0.86955

MNIST (raw) (Sapiro, RBF, PC=220) (Scholkopf, Cosine, PC=20)  (Scholkopf, RBE, PC=120)
17.9833 . .

MNIST (norm) (Schélkopf, RBF, PC=20) (Sapiro, RBF, PC=120) (Scholkopf, RBF, PC=120)
19.9966 0.52890 0.85676

CIFAR-10 (norm)  (Scholkopf, RBF, PC=120)  (Sklearn, Cosine, PC=220) (Sklearn, Cosine, PC=220)
19.7507 0.50728 0.78210

SVHN (norm) (Scholkopf, RBF, PC=120)  (Schélkopf, Cosine, PC=20) (Sklearn, Cosine, PC=20)

Observations. Scholkopfs inversion with the RBF kernel dominates for PSNR and SSIM on

CIFAR-10 and SVHN, while MNIST sometimes favors Sapiro with RBF at high PC for PSNR. Under
noise, Scholkopf+RBF is generally strongest for PSNR, with Cosine occasionally giving the best
PCC values via Sklearn. Overall, Scholkopfs method shows the most consistent robustness.
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Figure 1: Representative reconstructions across datasets under clean (top) and noisy (bottom)
conditions. Abbreviations: S = Scholkopf, RBF = Gaussian kernel; numbers indicate principal
components (PC). Each label sits directly beneath its image by construction.
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2.2 Analysis

Tables|Z|—|§| summarize reconstruction trends across algorithms (Sapiro, Sklearn, Scholkopf), kernels
(RBE, Cosine), and principal component (PC) settings. Best values are in bold. In contrast to Table[T]
which collapses the full experimental grid to a single best-performing configuration per dataset
and noise level, Tables [2]and B reorganize the same results by algorithm and by clean versus noisy
condition.

Tables [2] and 3] regroup the same experimental results by algorithm. For each method we report
its best-performing combination of kernel and principalcomponent count among the tested values
{20,120, 220}. These PC values were chosen to span low-, mid-, and higher-dimensional embeddings
under the conference page limits. A strict fixed-PC comparison across these choices is reported in
Section 5.4 of [Ji,[2025]), and the same qualitative ranking of methods is observed there.



Table 2: Aggregated results (without noise): best reconstruction metrics (PSNR in dB, SSIM, PCC). Each entry
shows the top value for the algorithm on the dataset across all kernels and PC counts, with kernel and PC in
parentheses.

MNIST (raw)

MNIST (norm)

CIFAR-10 (norm)

SVHN (norm)

PSNR=34.28 (RBF, 220)
SSIM=0.872 (RBF, 220)

PSNR=30.46 (RBF, 220)
SSIM=0.595 (RBF, 120)

PSNR=18.79 (RBF, 220)
SSIM=0.667 (RBF, 220)

PSNR=15.02 (RBF, 220)
SSIM=0.629 (RBF, 220)

Sapiro PCC=0.952 (RBF, 220) PCC=0.952 (RBF, 220) PCC=0.832 (RBF, 220) PCC=0.862 (RBE, 220)
PSNR=19.21 (RBE, 220)  PSNR=21.18 (RBF,220)  PSNR=21.57 (RBF,220)  PSNR=14.74 (RBF, 220)
SSIM=0.673 (RBF, 220)  SSIM=0.661 (RBF, 220) SSIM=0.852 (RBF, 220) SSIM=0.683 (RBF, 220)

Sklearn PCC=0.925 (RBE, 220) PCC=0.925 (RBF, 220) PCC=0.933 (RBF, 220) PCC=0.962 (Cosine, 220)
PSNR=29.22 (RBF, 20) PSNR=28.17 (RBF, 20) PSNR=32.03 (RBF,20)  PSNR=31.74 (RBF, 120)
SSIM=0.811 (RBE, 20) SSIM=0.577 (RBE, 20) SSIM=0.926 (RBF, 220)  SSIM=0.972 (RBF, 220)

Scholkopf ~ PCC=0.995 (Cosine, 220)  PCC=0.995 (Cosine, 220)  PCC=0.987 (Cosine, 220)  PCC=0.997 (Cosine, 220)

Table 3: Aggregated results (with noise): best reconstruction metrics (PSNR in dB, SSIM, PCC). Each entry
shows the top value for the algorithm on the dataset across all kernels and PC counts, with kernel and PC in

parentheses.
MNIST (raw) MNIST (norm) CIFAR-10 (norm) SVHN (norm)
PSNR=18.55 (RBF, 220) PSNR=17.66 (RBF, 220) PSNR=16.09 (RBF, 220) PSNR=15.55 (RBF, 220)
SSIM=0.336 (RBF, 220) SSIM=0.309 (RBF, 120) SSIM=0.389 (RBF, 220) SSIM=0.300 (RBF, 220)
Sapiro PCC=0.830 (RBF, 220) PCC=0.884 (RBF, 220) PCC=0.707 (RBF, 220) PCC=0.612 (RBF, 220)
PSNR=17.69 (RBF, 220) PSNR=17.50 (RBF, 220) PSNR=18.01 (Cosine, 220)  PSNR=16.27 (Cosine, 220)
SSIM=0.315 (RBF, 220) SSIM=0.288 (RBF, 220) SSIM=0.529 (Cosine, 220) SSIM=0.412 (Cosine, 20)
Sklearn PCC=0.822 (RBF, 220) PCC=0.878 (RBF, 220) PCC=0.857 (Cosine, 220) PCC=0.782 (Cosine, 20)
PSNR=18.22 (RBF, 120) PSNR=17.98 (RBF, 20) PSNR=20.00 (RBF, 120) PSNR=19.75 (RBF, 120)
SSIM=0.485 (Cosine, 20)  SSIM=0.298 (Cosine, 120) SSIM=0.526 (RBF, 120) SSIM=0.507 (Cosine, 20)
Scholkopf PCC=0.870 (RBF, 120) PCC=0.911 (Cosine, 20) PCC=0.835 (RBF, 120) PCC=0.764 (Cosine, 20)

Without noise. Across datasets without additive noise, as summarized in Table [2} Scholkopfs
method yields the best overall performance, dominating on CIFAR-10 and SVHN across PSNR,
SSIM, and PCC. On MNIST (raw), Sapiro attains the highest PSNR and SSIM, while Scholkopf
achieves the strongest PCC. For MNIST (normalized), Sklearn provides the best SSIM, whereas
Scholkopf leads in PSNR and PCC.

With noise. In the presence of noise, as summarized in Table [3] all methods exhibit degraded
performance. Scholkopf remains the most effective overall, attaining the highest PSNR on three
datasets and the best SSIM on two. Sapiro achieves the strongest SSIM on both MNIST variants,
while Sklearn obtains the highest PCC on CIFAR-10 and SVHN.

Aggregate comparison. Overall, Scholkopf consistently delivers the most competitive results,
especially on CIFAR-10 and SVHN. Sapiro provides strong PSNR/SSIM on MNIST (raw) and
occasionally matches Scholkopf on normalized MNIST. Sklearn rarely dominates but yields the top
SSIM (clean MNIST) and PCC (with noise on CIFAR-10 and SVHN).

Statistical significance testing. For each metric (PSNR, SSIM, PCC), we ran a oneway ANOVA
across algorithms (Sapiro, Sklearn, Scholkopf) over 48 scenarios (4 datasets x 3 principalcomponent
settings X 2 noise levels x 2 kernels) at a = 0.05, followed by Dunnett post-hoc tests with Scholkopf
as the control. All omnibus tests reject the global null of equal means.

Table 4: Oneway ANOVA omnibus p-values at o = 0.05.

Metric ~ Global p-value
PSNR  9.5089 x 107>
SSIM 27778 x 1073
PCC 2.7923 x 1077

Dunnett comparisons test Ho ; : fischoikopt = 45 VS. Ha j @ fischsikopt > ft; for j € {Sapiro, Sklearn}.
Table reports one-sided p-values and estimated mean differences (fischsikopr — f25). All reported



differences are positive, and all Dunnett p-values are below 0.05, indicating significantly higher
means for Scholkopfs algorithm on all three metrics.

Table 5: Dunnett post-hoc results: one-sided p-values and estimated mean differences (fischsikopt — f4;) at

a = 0.05.
Metric vs Sapiro p Hischolkopt — [Sapiro vs Sklearnp  ischolkopt — /ASklearn
PSNR  9.1689 x 10~* 2.9845 4.7501 x 107° 3.7047
SSIM  1.7326 x 1073 0.1264 4.7124 x 1073 0.1135
PCC 4.8945 x 1078 0.2106 7.7250 x 1074 0.1253

Conclusion and summary. Scholkopfs pre-image reconstruction provides the most consistent
high-fidelity performance across datasets and noise conditions, with superior PSNR, SSIM, and PCC
in the majority of scenarios. Sapiros method attains the highest SSIM or PSNR on clean MNIST
variants, and Sklearns inverse mapping yields strong PCC on CIFAR-10 and SVHN under noise. The
ANOVA omnibus tests (TableEll) and Dunnett post-hoc comparisons (TableE]) confirm, at o« = 0.05,
that Scholkopfs algorithm achieves significantly higher mean PSNR, SSIM, and PCC than both
Sapiro and Sklearn under the reported settings.

3 Inverse kernel PCA reconstruction via generative models

In this section we propose two alternative kPCA pre-image reconstruction schemes based on gener-
ative models and compare them against the classical constructions already analyzed in Sections 1
and 2. For any noisy input & we write z = ¥(Z) € R™ for its mdimensional kPCA code, and let ®
denote its projection in feature space onto the first m principal directions. The preimage problem then
amounts to recovering an image whose feature representation is closest to . Rather than solving this
optimization directly, we learn a parametric mapping G : R™ — R? such that G (z) approximates
the corresponding clean image.

Adpversarial training framework. Let pq.t, be the empirical distribution of the clean data {x;},
and let p, be the distribution of the latent codes {z;} produced by kPCA on noisy samples. We
introduce a discriminator network D : R — [0, 1], where ¢ are discriminator parameters, which
aims to distinguish real samples ©; ~ Pgata from generated reconstructions Gg(z) with z ~ p,. The
generator Gy is then trained to fool D, while simultaneously minimizing a pixelwise reconstruction
error. Concretely, the adversarial loss and reconstruction loss are defined as follows.

Generator Loss. The generator Gy minimizes

L6(0,€) = —Eenp. [10g De(Go(2))| + AE(e0)ppas |1 Gol2) — 3],

where A > 0 is a tradeoff parameter and py,,;; is the joint distribution pairing each latent code z with
its corresponding clean sample x. The first term encourages Ggy(z) to lie on the manifold of real
images, and the second term enforces fidelity to the true preimage in the Euclidean sense.

Discriminator Loss. The discriminator Dy is trained to solve

L£0(:0) = ~Eurpau 108 De(@)] — Eany, [log(1 = De(Go(2))]-

At each iteration, ¢ is updated by descending V¢Lp(§,6), and 6 is updated by descending
VoLlea(0,€). This adversarial optimization follows the original GAN framework in |(Goodfellow
et all [2014].

Wasserstein GAN (WGAN) Variant. In the WGAN formulation |Arjovsky et al.| [2017]], the
discriminator (often called the critic) D¢ is unconstrained in its output, and the losses become

L8(€,0) = = Eanpana [De(@)] + Eanp. [De(Go(2))],
LY0,6) = ~Fanp. [De(Go(2))] + M E(eayupyas [l Gol2) — all3]-




Under appropriate Lipschitzcontinuity constraints (enforced via weight clipping or gradient penalty),
this yields a more stable training procedure and a meaningful notion of distance between distributions
in terms of the EarthMovers distance.

Deep Convolutional GAN (DCGAN). The DCGAN model employs a deep convolutional generator
and a multilayer perceptron discriminator. All experiments use ngamples = 20000 MNIST images
normalized to [0, 1], corrupted by additive Gaussian noise of standard deviation o = 0.5, then split
without shuffling into 80% noisy training and 20% clean test sets.

Generator. A latent vector z € R3%%0 is first mapped by a fullyconnected layer to a 256 x 7 x 7
feature map, followed by
ConvTranspose2d(256 — 128, 4 x 4, stride = 2, pad = 1), BatchNorm, ReLU,
ConvTranspose2d(128 — 64, 4 x 4, stride = 2, pad = 1), BatchNorm, ReLU,
Conv2d(64 — 1, 3 x 3, stride = 1, pad = 1), tanh.

Discriminator. A fullyconnected network maps flattened 28 x 28 = 784 inputs through linear
layers of sizes 512, 256, 128 (each followed by LeakyRelLU with slope 0.2) and a final sigmoid
output.

Training. Batch size 128, for 1500 epochs on GPU if available. Optimizers are Adam with
Generator: Ir =1 x 107*, 3 = (0.5,0.999),
Discriminator: Ir = 2 x 107, 8 = (0.5,0.999).
The loss combines binary crossentropy adversarial term and reconstruction term
Lg =E[BCE(D(G(2)),1)] + Arecon MSE(G(2),2),  Arecon = 10.

At each epoch, PSNR and SSIM are computed on the first 16 test samples; the model with highest
average PSNR (and separately SSIM) is recorded.

Wasserstein GAN (WGAN). The WGAN uses the same generator architecture. The discriminator
(critic) differs by omitting the sigmoid activation and producing a realvalued score. Its loss is

Lp =E[D(G(2))] - E[D(z)], Lg=—E[D(G(2))].

After each discriminator update, all its weights are clipped to [—0.01,0.01]. We perform ncitic = 5
critic updates per generator update and adjust the Adam hyperparameters to 5 = (0.5,0.9). All
other settings (batch size, \econ, Nnumber of epochs = 1500, data split, noise level) remain as in the
DCGAN.

3.1 Quantitative results on MNIST

For completeness, we report the MNIST results on a per-digit basis. The overall mean is included in
the final row, and the digit-wise values provide a more granular view of the reconstruction behavior.

Quantitative evaluation. Table [6] summarizes the reconstruction performance of DCGAN-KP-
CAnet and WGAN-KPCAnet on MNIST after 500 epochs, reporting only the averages of the best 5
and worst 5 PSNR values per digit. Without noise, DCGAN-KPCAnet achieves the highest overall
quality, with a mean average of the best 5 reconstructions at 39.34 dB and worst 5 at 29.57 dB, slightly
outperforming WGAN-KPCAnet at 38.00 dB and 28.84 dB. When noise is introduced, performance
drops significantly. In this setting, WGAN-KPCAnet becomes more robust, reaching 33.88 dB on
the best 5 and 27.50 dB on the worst 5, while DCGAN-KPCAnet falls to 18.62 dB and 13.00 dB.



Table 6: MNIST: comparison of average PSNR (dB) values across digits for dcgan—kpcanet and wgan—kpcanet
after 500 epochs. For each digit, only the average of best 5 and average of worst 5 reconstructions are reported.
Results are shown separately for clean and noisy settings. The last row shows column-wise means.

DCGAN DCGAN WGAN WGAN DCGAN DCGAN WGAN WGAN
AvgBest5 Avg Worst5 AvgBest5 Avg WorstS AvgBest5 Avg Worst5 AvgBest5 Avg Worst 5

Digit (clean) (clean) (clean) (clean) (noisy) (noisy) (noisy) (noisy)
0 38.39 29.15 36.88 28.42 18.61 13.61 32.80 26.83
1 45.54 31.82 43.06 31.53 19.93 12.32 37.35 30.00
2 37.85 29.03 36.49 28.51 18.18 12.76 33.12 26.46
3 38.71 29.10 36.89 28.96 18.26 13.22 33.16 26.97
4 38.67 30.31 37.77 29.64 18.33 13.26 33.59 28.06
5 37.94 29.22 36.77 28.36 18.12 13.59 33.17 27.06
6 38.98 29.75 37.36 27.41 18.51 13.07 33.98 26.90
7 40.18 29.88 38.78 28.95 19.84 13.27 34.85 26.85
8 37.63 29.20 36.68 28.15 17.64 12.65 33.05 27.18
9 39.49 28.69 38.87 28.50 18.73 13.24 34.76 27.42
Mean 39.34 29.57 38.00 28.84 18.62 13.00 33.88 27.50

I
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(a) DCGANdigit 1 (b) DCGANdigit9  (c) WGAN(digit 1 (noisy): (d) WGANdigit 2 (noisy):
(clean): best (clean): worst best worst

Figure 2: Representative DCGANKPCAnet (clean) and WGANKPCAnet (noisy) reconstructions on
MNIST after 500 epochs. Each label is placed directly beneath its subfigure.
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Figure []illustrates representative reconstruction examples. The top row shows DCGAN-KPCAnet on
clean MNIST digits, while the bottom row highlights WGAN-KPCAnet on noisy digits. These exam-
ples confirm the quantitative trends: DCGAN excels in noise-free settings, but WGAN demonstrates
greater robustness when noise is present.

3.2 Comparison with Scholkopfs pre-image algorithm

Table 7: Per-digit and overall average PSNR (dB) for WGANKPCAnet (Cosine, PC=300) vs. Scholkopfs
pre-image (RBF, PC=90) on 400 MNIST inputs.
Digit WGANKPCAnet  Scholkopf

0 21.31 16.22
1 24.82 18.22
2 20.26 16.03
3 20.94 16.38
4 21.19 16.52
5 20.66 16.25
6 21.19 16.44
7 22.12 16.86
8 20.42 16.40
9 21.70 16.94
Overall 21.46 16.66

Both algorithms are evaluated on the same set of 400 MNIST inputs. WGANKPCAnet employs
a cosine kernel with PC=300, leveraging a high component count and larger feature dimension to
maximize reconstruction fidelity, whereas Scholkopfs pre-image algorithm uses an RBF kernel with
PC=90 (approximately 25% of the sample size), which was found to be the most stable and accurate
choice for classical kernel-based recovery under the same low-sample conditions.



Although the kernel/PC choices differ, these configurations reflect the respective operating regimes in
which each method performs optimally: the classical solver degrades for large PCs in heterogeneous
sample settings, whereas the generative inverse model benefits from higher-dimensional latent
representations. Thus, the comparison in Table|[/|is a best-performing vs. best-performing evaluation
rather than a fixed-kernel, fixed-PC experiment. A more exhaustive fixed-PC comparison over
multiple component counts is provided in Section 5.4 of [Ji,[2025], and the resulting ordering between
WGANKPCAnet and Scholkopfs method agrees with the ranking reported here.

As shown in Table[7]] WGANKPCAnet achieves an overall average PSNR of 21.46 dB, outperforming
Scholkopfs algorithm by 4.80 dB. The largest per-digit improvement occurs for digit 1 (+6.60 dB),
and even the smallest gain for digit 7 (+1.24 dB) confirms consistent superiority across all digit
classes.

Importantly, WGANKPCAnet not only surpasses the classical solver in the high-dimensional re-
construction regime (PC=300), but also remains superior in lower-dimensional settings (PC=90),
underscoring the robustness of generative inverse solvers across a range of feature dimensions. This
comparison extends the preceding section, where Scholkopfs algorithm emerged as the strongest
classical baseline, by showing that neural-network-based inverse recovery can exceed classical per-
formance even under modest-component constraints. Future work will study the interaction between
kernel choice, component-to-sample ratio, and dataset heterogeneity in both frameworks.

4 Conclusion and summary

We investigated the kPCA pre-image problem through a systematic comparison of deterministic
algorithms (Sapiro, Sklearn inverse mapping, Scholkopf) and adversarial generators conditioned
on kPCA codes (DCGANKPCAnet, WGANKPCAnet). Across MNIST, CIFAR-10, and SVHN,
Scholkopfs fixed-point method with an RBF kernel is the most reliable deterministic baseline,
attaining the strongest PSNR/SSIM on CIFAR-10 and SVHN and competitive PCC overall. On
MNIST, Sapiros Nystrom-hybrid occasionally yields the highest clean reconstructions at large
PC, while the Sklearn inverse sometimes leads in SSIM (clean MNIST) and PCC (noisy CIFAR-
10/SVHN). Oneway ANOVA and Dunnett tests corroborate these trends, indicating significantly
higher mean PSNR, SSIM, and PCC for Scholkopfs method relative to the other deterministic
baselines under our evaluation.

For learned pre-images, DCGANKPCAnet provides the best clean MNIST reconstructions on average,
whereas WGANKPCAnet exhibits greater robustness under additive noise. In a direct comparison on
MNIST, WGANKPCAnet also surpasses Scholkopfs method in average PSNR over all digits. Overall,
deterministic Scholkopf+RBF is preferred when a classical solver is required, while WGANKPCAnet
is advantageous when robustness to noise or higher reconstruction fidelity on MNIST-like data is
the priority. Future work will extend the evaluation to color inputs, broader corruption models, and
additional kernels and stability-enhanced adversarial objectives.

While this study focuses on GAN-based pre-image mappings, alternative learned decoders such as
variational or diffusion-based approaches may also be applicable. For instance, recent work by Tom
Goldstein shows that diffusion architectures can be flexibly steered by external constraints, suggesting
a plausible pathway for KPCA-conditioned diffusion decoders [Bansal et al.,|2024]]. Our experiments
were restricted to MNIST as a controlled setting; extending the evaluation to more complex natural
or scientific imaging datasets is a natural direction for future work. Although training the generative
model is more expensive than running a classical solver once, the amortized per-sample cost after
training is substantially lower, which is advantageous when large numbers of pre-image evaluations
are required.
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