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ABSTRACT

Physics-informed neural networks (PINNs) have emerged as a powerful frame-
work for solving partial differential equations (PDEs) by embedding physical laws
into the training process. In theory, PINNs admit optimal polynomial conver-
gence rates in approximation and generalization. However, these results rely on
the unrealistic assumption of global optimization, which is intractable in practice.
Consequently, scaling PINNs to large architectures remains a major challenge, as
network width increases and thereby the condition number of the underlying op-
timization problem grows rapidly, making training increasingly difficult and cre-
ating a fundamental bottleneck. In this work, inspired by the MUON framework,
we propose a descent strategy that adapts to the geometry of the optimization
landscape. The new optimization algorithm does not degrade as the network size
increases. As a result, we establish—for the first time—a scaling law for PINNs
that predicts how performance improves systematically with model size. Using
this framework, we successfully scaled PINNs to more than 1,000 neurons per
layer, surpassing the conventional ranges of 200–400. This scaling perspective
bridges the gap between theoretical guarantees and practical optimization, open-
ing the door to pushing PINNs toward machine precision at unprecedented scales.

1 INTRODUCTION

Machine learning (ML) continues to transform science and engineering by enabling the analysis of
complex data, discovery of nonlinear patterns, and development of predictive models—landmark
examples include AlphaFold for protein structure prediction (Jumper et al., 2021), Deep Potentials
for large-scale molecular dynamics (Zhang et al., 2018), and GraphCast for weather forecasting
(Lam et al., 2023). A particularly impactful direction is physics-informed machine learning (PIML)
(Karniadakis et al., 2021; Zhang et al., 2025), which integrates physical laws into ML pipelines
to enhance robustness, interpretability, and generalization. Among various approaches, the most
widely adopted strategy is to embed physics into loss functions. These physics-informed losses
act as soft constraints, steering models to respect governing equations during training and giving
rise to physics-informed neural networks (PINNs) (Raissi et al., 2019; Sirignano & Spiliopoulos,
2018; Yu et al., 2018). Owing to their flexibility and simplicity, PINNs have been applied across
a wide range of scientific domains—fluid mechanics, bioengineering, material science, molecular
dynamics, electromagnetics, geosciences, and thermal system design—demonstrating impressive
empirical success.

Theoretical studies show that, when properly scaled and globally optimized, large PINNs can
achieve optimal scaling laws with respect to the number of collocation points. (Duan et al.,
2021; Lu et al., 2021; 2022; Ren et al., 2024) Specifically, if N denotes the number of collocation
points, the generalization error can decay at the optimal rate Egen = O(N−α), where α > 0 depends
on the smoothness of the underlying PDE solution. In practice, however, training such networks
is notoriously difficult: optimization rarely approaches global optima, and issues such as spectral
bias (Wang et al., 2021; Xu et al., 2019; Liu et al., 2020), gradient imbalance (Wang et al., 2022),
and causality violations (Wang et al., 2024b) frequently arise. As a result, most existing works
restrict attention to small, shallow networks, since larger models become severely ill-conditioned
under physics-informed losses (Rathore et al., 2024). This limitation leaves the potential of deep
architectures largely unexplored. This raises a natural research question:
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Can we numerically scale PINNs and observe that larger networks consistently achieve better
performance, simultaneously exhibiting the predicted scaling laws?

In this work, we show that, for large-scale PINN training, a major bottleneck lies in finding a suitable
optimizer. Steepest descent with respect to a chosen norm acts as implicit preconditioning (Flynn,
2017; Maddison et al., 2021) : it rescales directions so that steps align with the landscape’s geometry,
accelerating convergence. In neural networks, using the spectral norm of weight matrices Carlson
et al. (2015); Jordan et al. (2024) emphasizes directions of largest change in the output, effectively
normalizing gradient contributions across layers and improving training stability. This approach has
already been successfully applied in language models and vision tasks. (Jordan et al., 2024; Pethick
et al., 2025; Liu et al., 2025)

Method Width Depth
Vanilla PINN (Raissi et al., 2019) 20–40 5–8
Fourier PINNs (Wang et al., 2021) 128–256 3-5
FBPINNs (Moseley et al., 2023) 16–64 2–5
SPINN (Cho et al., 2023) 32-256 3-4
Causal PINNs (Wang et al., 2024b) 128–256 3-5
SA-PINNs (McClenny & Braga-Neto, 2023) 50–128 4–6
RBA-PINNs (Anagnostopoulos et al., 2023) 128–256 4–6
Curriculum training (Krishnapriyan et al., 2021) 50 4
Natural gradient descent Müller & Zeinhofer (2023); Chen et al. (2024) 20–40 1-3
SSBroyden (Urbán et al., 2025; Kiyani et al., 2025) 20-40 2-6
SOAP (Wang et al., 2025) 256 6-12

Table 1: Representative PINN methods and typical network architectures (width = neurons per
hidden layer, depth = number of hidden layers). Exact sizes may vary per problem; ranges indicate
commonly reported configurations.

We propose a scaled version of MUON that, for the first time, reveals a clear scaling law for PINNs:
wider neural networks consistently achieve better performance, and the improvement follows a pre-
dictable trend. Moreover, our analysis establishes a relationship between computational cost and
network width, enabling us to identify compute-optimal architectures. Using this approach, we suc-
cessfully scaled a PINN to more than 1,000 neurons per layer, surpassing the previous conventional
limits of only 200–400 neurons.

1.1 RELATED WORKS

Optimization for Physic-Informed Neural Network (Urbán et al., 2025; Kiyani et al., 2025)
employ quasi-Newton iteration algorithms, which can be interpreted within the framework of self-
scaled Broyden methods. However, such quasi-Newton approaches are sensitive to noise (Xie et al.,
2020; Shi et al., 2022), necessitating full-batch training. Additionally, the Broyden-family methods
explicitly maintain a dense curvature matrix, resulting in a storage complexity that is quadratic in
the number of parameters. Consequently, (Urbán et al., 2025; Kiyani et al., 2025) are limited to
training PINNs with 8 hidden layers of 20 neurons each. Another line of research leverages natural
gradient descent for training PINNs (Müller & Zeinhofer, 2023; Chen et al., 2024); these methods
require computing an expansive Hessian inverse, incurring cubic computational cost per iteration
with respect to the number of parameters, which restricts them to networks with 3–7 hidden layers
of width 50. Other training methods for PINN include the multistage Adam+L-BFGS methods
(Wang & Lai, 2024; Rathore et al., 2024) or the SOAP optimizer (Wang et al., 2021). However,
their numerical performance remains limited to hidden layers containing only 200–400 neurons.
Other works have demonstrated that methods such as KFAC can train substantially larger networks
(Dangel et al., 2024), but require an implementation that is tightly coupled to the underlying PDE.

Optimization for Modern Machine Learning Modern large-scale neural networks and language
models commonly rely on approximations of the AdaGrad (Duchi et al., 2011; Ward et al., 2020)
algorithm. These approximations often involve diagonal preconditioning, as in Adam (Kingma &
Ba, 2014; Reddi et al., 2019) and Adam-Mini (Zhang et al., 2024), or more structured tensor-based
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approaches, such as Shampoo (Gupta et al., 2018) and SOAP (Vyas et al., 2024). Adam is known
to perform well with low-precision computations for PINN training (Wang & Lai, 2024; Rathore
et al., 2024), while recent work has employed SOAP to enable the scaling of PINN training to larger
models (Wang et al., 2025). In this paper, we focus on an alternative family of solvers that perform
steepest descent with respect to different norms (Flynn, 2017; Maddison et al., 2021). This includes
using the ℓ∞ norm, which gives rise to SignSGD (Bernstein et al., 2018), and using the spectral
norm, which leads to Muon (Carlson et al., 2015; Tuddenham et al., 2022; Bernstein & Newhouse,
2024; Jordan et al., 2024; Pethick et al., 2025; Liu et al., 2025).

Neural Scaling Law Recent empirical studies across speech, vision, and text modalities have
shown that neural network performance follows a power-law scaling with respect to both model
size and dataset size (Cortes et al., 1993; Hestness et al., 2017; Kaplan et al., 2020; Alabdulmohsin
et al., 2022; Hoffmann et al., 2022; Caballero et al., 2022). This behavior can be captured by the
decomposition of the generalization loss into an irreducible error term and scaling terms that decay
as power laws in the network size and dataset size: L = irreducible error+ A

(network size)α + B
(data size)β ,

where the exponents α and β depend on the intrinsic dimension of the data manifold (Bahri et al.,
2024). Theoretical analyses suggest that the scaling exponents decrease with increasing intrinsic
data dimension, reflecting the slower reduction in generalization error for more complex data. Con-
sequently, the generalization error exhibits a predictable power-law dependence on both training
dataset size and network size.

1.2 CONTRIBUTION

• We show that, unlike previous optimizers where larger PINNs fail to train effectively, using
the Muon-family optimizer allows us to numerically scale PINNs for the first time and observe
that larger networks consistently achieve better performance, revealing the predicted scaling
laws that describe how performance systematically improves with increasing network width or
capacity.

• In our work, by using the Muon optimizer to enable proper scaling, we successfully trained a
PINN with a width exceeding 1000, whereas previous state-of-the-art networks could only be
trained up to widths of 200–400 (Rathore et al., 2024; Wang et al., 2025), showing that only
with appropriate scaling can larger PINNs be effectively optimized.

• We show that our rescaled operator-norm–constrained neural networks remain universal ap-
proximators for Sobolev functions. Importantly, the norm constraint is independent of net-
work width, whereas in the Euclidean (Frobenius) geometry, the approximation norm grows
with width. This demonstrates that our rescaled operator norm provides a more meaningful
description of neural networks for approximating Sobolev functions. We also theoretically
show that MUON addresses this by carefully choosing appropriate norms for each layer, which
effectively controls the size of the updates. Specifically, the magnitude of updates in MUON
corresponds to the nuclear norm of the gradient, and for PINNs, this nuclear norm can be
effectively bounded.

Notations. For h ∈ Rm, we define the RMS (root-mean-square) norm as ∥h∥RMS :=
√

1
m∥h∥22 =

∥h∥2√
m
. For a linear operator U : A → B, the operator norm is defined by ∥U∥op,A→B :=

supx∈A
x̸=0

∥Ux∥B

∥x∥A
. Accordingly, we introduce the following three operator norms, which will be used

in our optimizers:

1. The operator norm from ℓ1 to RMS: ∥W1∥op,1→R := sup∥x∥1=1 ∥W1x∥RMS = ∥W1∥√
m

.

2. The usual spectral norm, which can be equivalently written as ∥W2∥op,∥·∥RMS→∥·∥RMS
.

3. The operator norm from RMS to ℓ∞ : ∥W3∥op,R→∞ := sup∥h∥RMS=1 ∥W3h∥∞ =
√
m ∥W3∥.

2 OVERVIEW OF PHYSICS-INFORMED NEURAL NETWORKS

We briefly review the standard formulation of physics-informed neural networks (PINNs) (Raissi
et al., 2019). Consider a general PDE of the form

ut +D[u] = f , (1)
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defined on a spatial-temporal domain [0, T ]×Ω ⊂ R1+d, where Ω is a bounded domain in Rd with
regular enough boundary ∂Ω, D[·] is a linear or nonlinear differential operator, and u(t,x) denotes
a unknown solution. The initial and boundary conditions are

u(0,x) = g(x), x ∈ Ω, (2)
B[u] = 0, (t,x) ∈ [0, T ]× ∂Ω, (3)

where f and g are given functions, and B[·] denotes a general boundary operator (e.g., Dirichlet,
Neumann, Robin, or periodic). Under standard assumptions, problem equation 1–equation 3 is
well-posed.

PINNs approximate the solution by a neural network uθ(t,x) with parameters θ. The network is
trained by minimizing a composite loss function:

L(θ) =
∫
Ω

|I [uθ] (x)|2 dx︸ ︷︷ ︸
Lic(θ)

+

∫ T

0

∫
∂Ω

|B [uθ] (t,x)|2 dx dt︸ ︷︷ ︸
Lbc(θ)

+

∫ T

0

∫
Ω

|R [uθ] (t,x)|2 dx dt︸ ︷︷ ︸
Lpde(θ)

,

(4)

where I[·], B[·], and R[·] denote the operators for initial conditions, boundary conditions, and PDE
residuals, respectively.

In practice, the integrals are approximated via Monte Carlo sampling at collocation points:
{xic

i }Nic
i=1 ⊂ Ω for Lic, {(tbci ,xbc

i )}Nbc
i=1 ⊂ [0, T ]×∂Ω for Lbc, and {(tpdei ,xpde

i )}Npde

i=1 ⊂ [0, T ]×Ω
for Lpde. The total loss is the empirical average over these samples, and network parameters θ are
optimized via stochastic gradient descent.
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Figure 1: Larger PINN is Harder to Train. We compare how different optimizers perform for
different network sizes. We plot the final loss achieved after training against the network width.
Larger PINN is harder to train. This contrasts with deep learning, where wider networks are often
easier to train.

2.1 SCALABILITY ISSUE

Training PINNs has proven to be more challenging than conventional neural networks, with several
key issues identified in recent research. Training PINNs is extremely challenging because it requires
highly accurate optimization, scale-independent treatment of different loss terms (Wang et al., 2022),
and the underlying physical equations often induce extremely large condition numbers (Rathore
et al., 2024). Due to these challenges, the practical use of PINNs has mostly been restricted to
relatively small networks—typically no more than 5 layers and a width of 200-400 (Rathore et al.,
2024; Wang et al., 2025). This stands in sharp contrast to the remarkable phenomenon in the broader
field of deep learning, where wider networks become easier to train. In fact, for PINNs, increasing
the network size often leads to worse accuracy and stability, rather than improvements (Wang et al.,
2024a). As a result, PINNs fail to exhibit the predictable scaling laws commonly observed in
modern deep learning, where larger models consistently yield better performance (Hestness et al.,
2017; Kaplan et al., 2020).

From a theoretical perspective, prior work has shown that, when properly scaled and globally op-
timized, large PINNs can achieve optimal scaling laws with respect to the number of collocation
points (Duan et al., 2021; Lu et al., 2021; 2022; Ren et al., 2024). Specifically, if N denotes the num-
ber of collocation points, the generalization error can decay at the optimal rate Egen = O(N−α),
where α > 0 depends on the smoothness of the underlying PDE solution. Since the overall risk
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of a neural network can typically be decomposed into approximation, generalization, and optimiza-
tion errors, and both the approximation and generalization components of PINNs are theoretically
well behaved, we hypothesize that the primary bottleneck in practical applications arises from the
optimization error.

In the following, we empirically and theoretically show that the trainability of PINNs deteriorates as
the network width increases, especially when the state-of-the-art Piratenets Wang et al. (2024a) are
used as the backbone architecture. This behavior is consistent with observations that the optimiza-
tion landscape of PINNs is particularly ill-conditioned (Rathore et al., 2024). Figure 1 shows the
resulting relative PINNs when training PINNs with MLPs of varying width. The prediction error of
previous optimizers such as Adam and SOAP increases with network width.
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Figure 2: Scaling laws for Burgers, Allen–Cahn, Kolmogorov Flow, and Wave equation. Using
the scaled MUON optimizer, we train networks on widths ranging from 8 to 1024. From loss curves
with width less than 256 (blue), we calculate the minimal loss at each level of compute (black). We
use this compute-optimal loss curve to fit a scaling law (orange), validating the fit using loss curves
with width greater than 256 (red).

3 METHODOLOGY

Gradient-based optimization constitutes a fundamental approach for minimizing differentiable func-
tions. Classical steepest descent updates parameters along the negative gradient of the objective,
which corresponds to the direction of maximal instantaneous decrease measured in the Euclidean
norm: xk+1 = xk − ηk∇f(xk), where ηk > 0 denotes the step size. The gradient ∇f(xk) is
the steepest descent direction under the ℓ2 norm because, among all unit-length directions in this
norm, it maximizes the rate of decrease of f : ∇f(xk) = argmax∥d∥2=1∇f(xk)

⊤d, i.e., it is the
unit-norm direction along which the directional derivative of f is maximized.

More generally, steepest descent can be defined with respect to an arbitrary norm ∥ · ∥. At iteration
k, the steepest descent direction dk is the unit-norm direction achieving the maximal instantaneous
decrease in the objective: dk := argmin∥d∥=1∇f(xk)

⊤d. The steepest descent direction can be
expressed as dk ∈ ∂∥∇f(xk)∥∗, where ∂∥ · ∥∗ denotes the subdifferential of the dual norm. (Flynn,
2017; Maddison et al., 2021) This formulation recovers classical Euclidean steepest descent when
∥ · ∥ = ∥ · ∥2, while alternative norms induce different update rules that exploit problem-specific
geometry. For instance, the ℓ∞ norm leads to sign-based updates (Bernstein et al., 2018), and
operator norm choices yield whitened descent directions (Jordan et al., 2024). Adopting steepest
descent under alternative norms provides a principled mechanism to mitigate ill-conditioning and
improve convergence behavior in structured optimization problems.

In scaled MUON, we apply steepest descent updates under different norms depending on the pa-
rameter type. For the first-layer weight matrices, we use the operator norm ∥ · ∥op,1→RMS. For
hidden-layer weight matrices, we use the spectral norm ∥ · ∥op,RMS→RMS. For the last-layer weight
matrix, we adopt the operator norm ∥ · ∥op,RMS→∞. Bias vectors are updated using the RMS norm.
This design naturally scales up the learning rate in the first layer and scales it down in the last layer
as the network width increases. Unlike the conventional MUON scheme, which combines spectral
updates with Adam for the last-layer and bias parameters, scaled MUON applies tailored norm-
based updates consistently across all parameter types. Algorithm 1 illustrates the Scaled MUON
optimizer. We show how these norm yield the

Difference with MUON. Our scaled MUON differs from the original MUON in two key aspects.
First, the original MUON applies steepest descent under the spectral norm to the matrix layers while
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using Adam for the first and last layers. In contrast, we apply steepest descent under a designed
norm across all layers. Second, whereas MUON uses the ℓ2 norm, we adopt the RMS norm for
hidden features, which introduces a width-dependent scaling of the updates. This makes the last-
layer updates smaller and the first-layer updates larger. As shown in Figure 4, this scaling of update
magnitudes allows us to satisfy the spectral condition of Yang et al. (2023), thereby ensuring stable
feature learning. As shown in Figure 3, Scaled MUON scales PINNs, whereas MUON does not.
In section 5, we further demonstrate that the rescaled norm provides an effective framework for
describing function approximation.

Algorithm 1 Scaled MUON (The blue comments highlights the difference with MUON)

Require: Learning rate sequence {η(t)}, momentum parameter α, initial parameter Θ(0)

M (0) ← 0
for t = 1, 2, . . . do

G← ∇L(Θ(t−1))
M (t) ← αM (t−1) + (1− α)G

G̃← (1− α)G+ αM (t)

if Θ(t−1) ∈ Rm×n is weight matrix in first layer then
for j = 1 to n do

Θ
(t)
:,j ← Θ

(t−1)
:,j − η(t) m1/2 G̃:,j / ∥G̃:,j∥2 ▷ Scales up the learning rate.

else if Θ(t−1) ∈ Rm×n is weight matrix in hidden layer then
Θ(t) ← Θ(t−1) − η(t) signm(G̃) ▷ signm(A) = A(A⊤A)−1/2

else if Θ(t−1) ∈ Rm×n is weight matrix in last layer then
for i = 1 to m do

Θ
(t)
i,: ← Θ

(t−1)
i,: − η(t) n−1/2 G̃i,: / ∥G̃i,:∥2 ▷ Scales down the learning rate.

else if Θ(t−1) ∈ Rn is bias vector then
Θ(t) ← Θ(t−1) − η(t) G̃ / ∥G̃∥RMS

else if Θ(t−1) ∈ R is scalar parameter then
Θ(t) ← Θ(t−1) − η(t) sign(G̃)

4 EXPERIMENTS

In our experiments, we demonstrate that Scaled MUON’s ability to train PINNs at large widths
enables the construction of scaling laws. These scaling laws reveal that Scaled MUON not only
makes wide-network training feasible but also ensures consistent loss reduction as width grows. To
illustrate this, we construct scaling laws for four benchmark problems: Burgers equation, Allen-
Cahn equation, Kolmogorov flow, and the Wave equation. Additionally, we evaluate Scaled MUON
on a high-dimensional Poisson equation to assess its computational efficiency.

Wave equation. The one-dimensional wave equation is given by

utt = c2uxx,

where u(x, t) denotes the wave field and c = 2 is the wave speed. We consider the solution on the
domain (x, t) ∈ Ω = [0, 1]× [0, 1], subject to the initial conditions u(x, 0) = sin(πx)+ 1

2 sin(5πx)
and ut(x, 0) = 0 for x ∈ [−1, 1], and Dirichlet boundary conditions u(0, t) = u(1, t) = 0 for
t ∈ [0, 1].

Burgers equation. The viscous Burgers equation is given by

ut + uux = νuxx,

where u is the velocity field, and ν is the viscosity coefficient, which controls the strength of the
diffusive term uxx. In our experiments, we consider the domain (x, t) ∈ Ω = [−1, 1] × [0, 1],
with initial condition u(x, 0) = − sin(πx) for x ∈ [−1, 1], and Dirichlet boundary conditions
u(−1, t) = u(1, t) = 0 for t ∈ [0, 1]. We set ν = 0.01/π.
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Allen-Cahn equation. The Allen-Cahn equation is given by

ut = ϵ2uxx + f(u),

where f(u) is the reaction term, and ϵ is the interface thickness parameter. In our experiments, we set
f(u) = 5(u−u3) and ϵ = 0.01. We consider the solution on the domain (x, t) ∈ Ω = [−1, 1]×[0, 1],
subject to initial conditions u(x, 0) = x2 cos(πx) for x ∈ [−1, 1], and periodic boundary conditions
u(−1, t) = u(1, t) and ux(−1, t) = ux(1, t) for t ∈ [0, 1].

Kolmogorov flow. The two-dimensional Kolmogorov flow is governed by the Navier-Stokes equa-
tions

∂tu+ (u · ∇)u = −∇p+ ν∆u+ f , ∇ · u = 0,

where u(x, y, t) = (u, v) is the velocity field, p(x, y, t) is the pressure, and ν = 0.0005 is the
viscosity. The forcing is f(x, y) =

(
0, 2 sin(4πy)

)
, and the solution is considered on the periodic

domain (x, y) ∈ [0, 1] × [0, 1]. We impose a random initial velocity field at t = 0 and study the
evolution of the system over the time interval t ∈ [0, 0.1].

100D Poisson equation. On the domain Ω = [0, 1]100, we define the exact solution as u(x) =

∥x∥2. Then the Poisson equation is given by −∆u(x) = −200, x ∈ Ω, with Dirchlet boundary
conditions u(x) = ∥x∥2 for x ∈ ∂Ω.

Baselines. In all experiments, we primarily adopt PirateNet (Wang et al., 2024a) as the backbone
architecture, trained with either the default Adam optimizer or SOAP (Vyas et al., 2024). PirateNet
has been shown to scale effectively with network depth, while SOAP achieves faster and more stable
convergence in PINN training (Wang et al., 2025).

Training setup. For all experiments, we use the PirateNet architecture with a random Fourier fea-
ture layer, which contains no trainable parameters and reduces bias toward low-frequency solutions.
Each network is trained for 100,000 steps. At every step, we sample 2,048 collocation points from
the interior of the domain, 512 points from the initial condition. If the benchmark problem has
periodic boundary conditions with period P , we transform the input from (x, t) to (v(x), t), where
v(x) = [cos(2πx/P ), sin(2πx/P )], ensuring that the boundary conditions are satisfied explicitly.
The learning rate schedule consists of an initial warmup phase of 20,000 steps at a constant rate of
10−3, followed by 60,000 steps of exponential decay down to 10−8, and a final 20,000 steps at a
constant rate of 10−8.

4.1 CONSTRUCTING THE SCALING LAW
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Burgers
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MUON

Figure 3: Scaled MUON
shows more predictable trend
in final loss across widths
than in MUON.

Scaling law. With a method of estimating compute, we now esti-
mate the compute-optimal loss Lmin(C), the minimal loss able to
be achieved at a given compute C. To model the compute-optimal
loss, we consider a scaling law of the form

L̂min(C) = L0 +
A

Cα
, (5)

where parameter L0 represents the irreducible error, and parameters
A and α control the shape of the function.

The resulting scaling laws and process to estimate the parameters
in equation 5 are summarized in figure 2. To generate datapoints to learn the parameters in equation
5, we use scaled MUON to optimize networks of widths ranging from 8 to 256, recording the
loss curves. Using an estimate of compute and interpolating, we get the loss of each network as a
function of compute. After applying Gaussian smoothing, we calculate the compute-optimal loss on
an interval of compute values, and we use these data points to estimate L0, A, and α in equation
5. Additionally, we train networks of widths ranging from 256 to 1024 to validate that the learned
scaling law extrapolates to larger compute. We show in Figure 2 that the scaling law predicts large-
scale training behavior.
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Figure 4: Spectral norms of weight updates. We show that only Scaled MUON satisfies the
spectral condition in (Yang et al., 2023), whereas the update scales of other optimizers diverge as
width increases, leading to unstable training behavior. All training runs follow the same learning
rate schedule, with 20,000 steps of warmup and 80,000 steps of exponential decay.

4.2 COST OF SCALED MUON

Computational complexity of Scaled MUON We show that the computational complexity of
Scaled MUON can scale to large networks. According to algorithm 1, different parameter groups
follow different update rules. Updating the first and last weight layers has cost O(mn), while
updating bias parameters has cost O(n), since these updates require only vector norm computations.
The dominant cost of Scaled MUON arises from computing the matrix sign function signm(G̃) for
hidden layer updates. We approximate signm(G̃) using the Newton-Schulz iteration in algorithm 2.
Each Newton-Schulz step involves matrix-matrix multiplications, so for square hidden layers the
total cost of evaluating signm(G̃) is O(Km3), where K denotes the number of Newton-Schulz
iterations. Although cubic in width, these operations are highly optimized on GPUs. For memory
complexity, Scaled MUON maintains a single first-order momentum buffer and does not maintain
any second-order statistics, resulting in a lightweight memory usage suitable for large networks.

Comparing Scaled MUON with KFAC on 100D Poisson. To compare Scaled MUON with
KFAC, we run them on the 100D Poisson example on different widths at a fixed time budget of
3600 seconds. Table 2 shows that a single step of Scaled MUON is computationally cheaper than a
single step of KFAC, resulting in more optimization steps in the same time span. Figure 5 further
demonstrates that Scaled MUON reaches a given relative error more quickly than KFAC.
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rr
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100D Poisson (Width 1024)

Scaled MUON
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Figure 5: Scaled MUON attains lower relative
error compared to KFAC over time at width
1024 on the 100D Poisson problem with a fixed
time budget of 3600 seconds.

Width Scaled MUON KFAC
Steps Rel. Err. Steps Rel. Err.

8 202k 0.045 55.1k 0.195
16 163k 0.035 44.1k 0.132
32 100k 0.028 24.0k 0.085
64 59.2k 0.019 11.1k 0.073
128 33.9k 0.008 5.60k 0.073
256 17.6k 0.011 2.67k 0.057
512 7.45k 0.013 1.11k 0.059
1024 2.59k 0.018 0.41k 0.064

Table 2: Comparison of final relative error and
number of optimizer steps on 100D Poisson
problem. In a fixed time span of 3600 seconds,
Scaled MUON performs 4-7x more steps than
KFAC.
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5 WHY SPECTRAL NORM IS A BETTER NORM?

In this section, we aim to explain why spectral norm is a good norm for PINN. Chen et al. (2025)
shows that MUON implicitly solves an optimization problem that enforces a constraint on the spec-
tral norm of the weight matrices. Naturally, we would raise the following questions

• Does a neural network remain a universal approximator when its spectral norm is constrained?
• Why is a spectral norm constrained PINN easier to optimize?

In this section, we demonstrate that a neural network can still approximate all functions in the
Sobolev space even when its spectral norm is bounded. Moreover, we show that under the scaled
norm constraint, we can produce more stable updates.

Define the neural network with depth K, width W , sparsity constraint S, and norm constraint B as
the class of functions

Fσ(K,m,B) :=


f(x;W1:K , b) = yK(x)

∣∣∣∣∣∣∣∣∣∣∣∣∣

y0(x) = x,
yi(x) = σ(Wiy

i−1(x) + bi), 1 ≤ i < L,
yK(x) = WKyK−1(x) + bK ,
W (1) ∈ Rm×d, b(1) ∈ Rm,
W (i) ∈ Rm×m, b(i) ∈ Rm, 1 < i < L,
W (L) ∈ R1×m, b(L) ∈ R,
∥W1:K∥block ≤ B


,

where the block norm is defined as ∥W1:K∥block := ∥W1∥op,1→RMS +
∑K−1

i=2 ∥Wi∥op,RMS→RMS +
∥WK∥op,RMS→∞. We then show that neural networks with spectral norm constraints can still ap-
proximate all functions in the Sobolev space
Theorem 1 (Norm Constrained Universal Approximation). Fix dimension d ∈ Z+ and domain
Ω ⊆ [0, 1]d, for any s ∈ Z+ and any function u∗ ∈ Hs(Ω), there exists a spectral norm constrained
Deep Neural Network uDNN ∈ FReLU3(K,m,B) with K = O(1),m = O(N), B = O(1), such
that:

∥uDNN − u∗∥L2(Ω) ≲ N− s
d ∥u∗∥Hs(Ω). (6)

Remark 1. Previous approximation theory (Yarotsky, 2017; Suzuki, 2018; Lu et al., 2021) consid-
ered neural network weights under the vector ℓ∞ geometry, showing that the weight bound scales
as O(m), and the Frobenius norm of the constructed networks also scales as O(m). These results
suggest that using our scaled operator norm is also effective for neural networks approximating
Sobolev functions.

The theorem demonstrates that even when the spectral norm is fixed, the neural network can still
approximate all functions in the Sobolev space; that is, the spectral norm required to approximate
Sobolev functions does not need to increase with the network width. Consequently, optimization
under a spectral norm constraint can still recover the underlying ground-truth functions.

The next question the paper aims to address is why optimization under a spectral norm constraint
is more suitable for PINNs. To demonstrate that, we prove that the nuclear norm, the dual norm of
operator norm, of the PINN gradient can be bounded.

Why Nuclear Norm of Gradient is Important? When performing steepest descent to optimize
function f with respect to the operator norm, the update decreases the objective f(X):

∆f = −⟨∇f(X), signm(∇f(X))⟩ = −∥∇f(X)∥∗,
where ∥ · ∥∗ denotes the nuclear norm. Therefore, the decrease in the objective induced by an
operator-norm steepest descent step is exactly the nuclear norm of the gradient. This shows that
if the nuclear norm of the gradient is unbounded, the update to the objective function can
become extremely unstable. Next, we demonstrate that the nuclear norm of the gradient of the
PINN objective can be bounded.
Theorem 2 (Scale of PINN Gradient). Let yi(W1:K ;x) be a feedforward neural network defined
recursively as

yi(W1:K ;x) =

{
h(yi−1(W1:i−1;x),Wi), 2 ≤ i ≤ K,

h(x,W1), i = 1,
(7)
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where x ∈ Rd is the input, yK(W1:K ;x) ∈ R is the output, and W1:K = (W1, . . . ,WK) collects
all network parameters, here W1 ∈ Rm×d,Wi ∈ Rm×m,WK ∈ R1×m(2 ≤ i ≤ K − 1) where m
is the network width.

Consider a PINN objective function f(W ) = J(yK(W ;x),∇xy
K(W ;x)), where J is a differ-

entiable loss function and ∥x∥2 ≤ C. We assume that the activation function h : R → R has
bounded first and second derivatives, i.e. h(0) = 0, |h′(z)| ≤ Lh, |h′′(z)| ≤ Mh, ∀z ∈ R.
The loss function J : R × Rd → R has bounded second derivatives, i.e., ∥∇J(u, v)∥ ≤
MJ , ∀u ∈ R, v ∈ Rd, where ∇J(u, v) denotes the gradient of J with respect to (u, v). We
assume max{∥W1∥op,2→RMS,

∑K−1
i=2 ∥Wi∥op,RMS→RMS, ∥WK∥op,RMS→∞} ≤ C. Then, the gradient

of objective function f(W1:K) can be bounded in nuclear norm, i.e.,

∥∇W1:K
f(W1:K)∥block,∗ ≤ OLh,Mh,MJ ,L(

√
m), (8)

where ∥ · ∥block,∗ is the dual norm of the Block norm.

Why MUON helps and Why PINN is hard? Unlike updates based on Euclidean geometry, such
as the Frobenius norm, which scale with the sum of all m2 gradient elements and can therefore grow
as O(m2), MUON updates avoid this issue and improve that to O(

√
m). Under the Frobenius norm,

larger networks require much smaller learning rates to maintain stable training. At the same time,
as shown in Remark 2, if the objective function J does not depend on the network’s derivatives,
as is the case in standard neural networks rather than PINNs, i.e. f(W1:K) = J(yK(W1:K ;x)),
the nuclear norm of the gradient of ∇W1:K

f(X) is independent of the neural network width. This
results also provides another explanation of why optimizing PINN is much harder than optimizing
standard neural networks, which makes uncovering a reliable scaling law both more challenging and
more valuable.

6 CONCLUSION

This work establishes, for the first time, a scaling law for physics-informed neural networks (PINNs).
By reframing optimization through non-Euclidean geometry and introducing scaled MUON, we re-
solved the severe ill-conditioning that has historically prevented PINNs from benefiting from larger
architectures. Across canonical PDE benchmarks, we showed that training dynamics become scale-
invariant, with loss decreasing predictably as width increases. This enabled models exceeding 1,000
neurons per layer, compared to the previous practical ceiling of 200–400, while achieving lower
errors and more stable convergence.

On the theoretical side, we show that neural networks constrained by our rescaled operator norm
remain universal approximators for Sobolev functions. Importantly, this norm constraint is inde-
pendent of network width, whereas in the Euclidean (Frobenius) geometry, the approximation norm
grows with width. This demonstrates that the rescaled operator norm offers a more meaningful char-
acterization of neural networks for Sobolev function approximation. We also theoretically show that
MUON achieves this by carefully choosing appropriate norms for each layer, effectively controlling
the size of parameter updates. In particular, the magnitude of updates in MUON corresponds to the
nuclear norm of the gradient, which can be effectively bounded for PINNs.
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Jorge F Urbán, Petros Stefanou, and José A Pons. Unveiling the optimization process of physics in-
formed neural networks: How accurate and competitive can pinns be? Journal of Computational
Physics, 523:113656, 2025.

Nikhil Vyas, Depen Morwani, Rosie Zhao, Mujin Kwun, Itai Shapira, David Brandfonbrener, Lucas
Janson, and Sham Kakade. Soap: Improving and stabilizing shampoo using adam. arXiv preprint
arXiv:2409.11321, 2024.

Sifan Wang, Hanwen Wang, and Paris Perdikaris. On the eigenvector bias of fourier feature net-
works: From regression to solving multi-scale pdes with physics-informed neural networks. Com-
puter Methods in Applied Mechanics and Engineering, 384:113938, 2021.

Sifan Wang, Xinling Yu, and Paris Perdikaris. When and why pinns fail to train: A neural tangent
kernel perspective. Journal of Computational Physics, 449:110768, 2022.

Sifan Wang, Bowen Li, Yuhan Chen, and Paris Perdikaris. Piratenets: Physics-informed deep
learning with residual adaptive networks. Journal of Machine Learning Research, 25(402):1–
51, 2024a.

Sifan Wang, Shyam Sankaran, and Paris Perdikaris. Respecting causality for training physics-
informed neural networks. Computer Methods in Applied Mechanics and Engineering, 421:
116813, 2024b.

Sifan Wang, Ananyae Kumar Bhartari, Bowen Li, and Paris Perdikaris. Gradient alignment in
physics-informed neural networks: A second-order optimization perspective. arXiv preprint
arXiv:2502.00604, 2025.

Yongji Wang and Ching-Yao Lai. Multi-stage neural networks: Function approximator of machine
precision. Journal of Computational Physics, 504:112865, 2024.

Rachel Ward, Xiaoxia Wu, and Leon Bottou. Adagrad stepsizes: Sharp convergence over nonconvex
landscapes. Journal of Machine Learning Research, 21(219):1–30, 2020.

Yuchen Xie, Richard H Byrd, and Jorge Nocedal. Analysis of the bfgs method with errors. SIAM
Journal on Optimization, 30(1):182–209, 2020.

Zhi-Qin John Xu, Yaoyu Zhang, Tao Luo, Yanyang Xiao, and Zheng Ma. Frequency principle:
Fourier analysis sheds light on deep neural networks. arXiv preprint arXiv:1901.06523, 2019.

Greg Yang, James B Simon, and Jeremy Bernstein. A spectral condition for feature learning. arXiv
preprint arXiv:2310.17813, 2023.

Dmitry Yarotsky. Error bounds for approximations with deep relu networks. Neural networks, 94:
103–114, 2017.

Bing Yu et al. The deep ritz method: a deep learning-based numerical algorithm for solving varia-
tional problems. Communications in Mathematics and Statistics, 6(1):1–12, 2018.

Linfeng Zhang, Jiequn Han, Han Wang, Roberto Car, and Weinan E. Deep potential molecular
dynamics: a scalable model with the accuracy of quantum mechanics. Physical review letters,
120(14):143001, 2018.

13



702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755

Under review as a conference paper at ICLR 2026

Xuan Zhang, Limei Wang, Jacob Helwig, Youzhi Luo, Cong Fu, Yaochen Xie, Meng Liu, Yuchao
Lin, Zhao Xu, Keqiang Yan, et al. Artificial intelligence for science in quantum, atomistic, and
continuum systems. Foundations and Trends® in Machine Learning, 18(4):385–912, 2025.

Yushun Zhang, Congliang Chen, Ziniu Li, Tian Ding, Chenwei Wu, Diederik P Kingma, Yinyu
Ye, Zhi-Quan Luo, and Ruoyu Sun. Adam-mini: Use fewer learning rates to gain more. arXiv
preprint arXiv:2406.16793, 2024.

14



756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809

Under review as a conference paper at ICLR 2026

A PROOF OF THE THEOREMS

A.1 NORM CONSTRAINED APPROXIMATION

A.1.1 PRELIMINARY ON APPROXIMATION THEORY

Our proof of the approximation upper bound is based on the observation that the B-spline approxi-
mation [12, 64] can be formulated as a ReLU3 neural network efficiently[70, 25, 14, 34]. Although
the proof of the approximation of the neural network to the Sobolev spaces is a standard approach,
we still demonstrate the proof sketch here.
Definition 1. (Univariate and Multivariate B-splines) Fix an arbitrary integer l ∈ Z+. Consider a
corresponding uniform partition πl of [0, 1]:

πl : 0 = t
(l)
0 < t

(l)
1 < · · · < t

(l)
l−1 < t

(l)
l = 1,

where t
(l)
i = i

l (∀ 0 ≤ i ≤ l). Now for any k ∈ Z+, we can define an extended partition πl,k as:

πl,k : t
(l)
−k+1 = · · · t(l)−1 = 0 = t

(l)
0 < t

(l)
1 < · · · < t

(l)
l−1 < t

(l)
l = 1 = t

(l)
l+1 = · · · = t

(l)
l+k−1

Based on the extended partition πl,k, the univariate B-splines of order k with respect to partition πl

are defined by:

N
(k)
l,i (x) := (−1)k(t(l)i+k − t

(l)
i ) ·

[
t
(l)
i , · · · , t(l)i+k

]
max{(x− t), 0}k−1, x ∈ [0, 1], i ∈ Il,k (9)

where Il,k = {−k + 1,−k + 2, · · · , l − 1} and
[
t
(l)
i , · · · , t(l)i+k] denotes the divided difference

operator.
Equivalently, for any x ∈ [0, 1], we can rewrite the univariate B-splines N (k)

l,i (x) in an explicit form:

N
(k)
l,i (x) =


lk−1

(k−1)!

∑k
j=0(−1)j

(
k
j

)
max

{
x− i+j

l , 0
}k−1

, (0 ≤ i ≤ l − k + 1)∑k−1
j=0 aij max

{
x− j

l , 0
}k−1

+
∑k−2

n=1 binx
n + bi0, (−k + 1 ≤ i ≤ 0)∑l

j=l−k+1 cij max
{
x− j

l , 0
}k−1

, (l − k + 1 ≤ i ≤ l − 1)

(10)

where {aij | − k + 1 ≤ i ≤ 0, 0 ≤ j ≤ k − 1}, {bin | − k + 1 ≤ i ≤ 0, 1 ≤ n ≤ k − 2} and
{cij | l − k + 1 ≤ i ≤ l − 1, l − k + 1 ≤ j ≤ l − 1} are some fixed constants.
For any index vector i = (i1, i2, · · · , id) ∈ Idl,k, we can define a corresponding multivariate B-spline
as a product of univariate B-splines:

N
(k)
l,i (x) := Πd

j=1N
(k)
l,ij

(xj). (11)

Definition 2. (Interpolation Operator Schumaker (2007)) Take some domain Ω ⊂ [0, 1]d and two
arbitrary integers k, l ∈ Z+. Consider the extended partition πl,k and the corresponding set of
multivariate B-splines {N (k)

l,i (x)}i∈Id
l,k

defined in Definition 1. For any i ∈ Idl,k, we define the
domain Ωi := {x ∈ Ω : xj ∈ [tij , tij+k], 1 ≤ j ≤ d}. There exists a set of linear functionals
{λi}i∈Id

k,l
, where λi : L

1(Ω)→ R (∀ i ∈ Idk,l), such that for any i ∈ Idk,l and p ∈ [1,∞], we have:

λi(N
(k)
l,j ) = δi,j and |λi(f)| ≤ 9d(k−1)(2k + 1)d

(k
l

)− d
p ∥f∥Lp(Ωi), ∀ f ∈ Lp(Ω). (12)

The corresponding interpolation operator Qk,l is defined as:

Qk,lf :=
∑
i∈Id

k,l

λi(f)N
(k)
l,i , ∀ f ∈ L1(Ω).

Theorem 3. [Schumaker (2007)] Fix f ∈ W s(Ω) with Ω ⊆ [0, 1]d, s ∈ Z+ and p ∈ [1,∞).
Then for any k, l, r ∈ Z+ with k ≥ s and 0 ≤ r ≤ s, we have that there exists some constant
C = C(k, s, r, p, d), such that:

∥f −Qk,lf∥Hr(Ω) ≤ C
(1
l

)s−r

∥f∥Hs(Ω).
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A.1.2 NORM BASED UNIVERSAL APPROXIMATION

Theorem 4. (Norm Constrained Approximation result of Deep Neural Network) Fix dimension
d ∈ Z+ anddomain Ω ⊆ [0, 1]d, for any s ∈ Z+ and any function u∗ ∈ Hs(Ω), there exists a
spectral norm constrained Deep Neural Network uDNN ∈ FReLU3(K,m,B) with K = O(1),m =
O(N), B = O(1), such that:

∥uDNN − u∗∥L2(Ω) ≲ N− s
d ∥u∗∥Hs(Ω). (13)

Proof. Pick some l = N
1
d ≥ 2. We firstly show that the given function u∗ can be approximated

well by some linear combination of multivariate splines, which is denoted by usp. Note that N is
assumed to be sufficiently large. Hence, we may pick l = ⌈N 1

d ⌉ = Θ(N
1
d ) ∈ Z+ to be the partition

size of the B-splines. Moreover, by picking k = 4 and p = 2 in Theorem 3, we have that the linear
combination usp := Q4,lu

∗ =
∑

i∈Id
4,l

λi(u
∗)N

(4)
l,i satisfies:

∥u∗ − usp∥Hr(Ω) = ∥u∗ −Q4,lu
∗∥Hr(Ω) ≤ C

(1
l

)s−r

∥u∗∥Hs(Ω) = CN− s−r
d ∥u∗∥Hs(Ω).

We will then show that the linear combination usp =
∑

i∈Id
4,l

λi(f)N
(4)
l,i can be implemented by

some Deep Neural Network uDNN ∈ FReLU3(K,m,B) with K = O(1),m = O(N), and B =
O(1). Firstly, note that for x ≥ 0, both x and x2 can be expressed in terms of the ReLU3 activation
function η3 with no error:

x = − 1

12
[η3(x+ 3)− 5η3(x+ 2) + 7η3(x+ 1)− 3η3(x) + 6]

x2 = −1

6
[η3(x+ 2)− 4η3(x+ 1) + 3η3(x)− 4]

Applying the explicit formula listed in equation 10 implies that for any−3 ≤ i ≤ l−1, the univariate
B-spline function N

(4)
l,i (x) (x ∈ [0, 1]) can be implemented by some ReLU3 Deep Neural Network

vDNN with both scalar input and scalar output. We have that for vDNN, the depth Lv is 2 and the
maximum width Wv is upper bounded by 11.
Secondly, for any x, y ≥ 0, we have that the product operation x · y can be expressed in terms of the
ReLU3 activation function η3 with no error:

x · y =
1

2
[(x+ y)2 − x2 − y2]

= − 1

12

[
η3(x+ y + 2)− 4η3(x+ y + 1) + 3η3(x+ y)

− η3(x+ 2) + 4η3(x+ 1)− 3η3(x)− η3(y + 2) + 4η3(y + 1)− 3η3(y) + 4
]

In Schumaker (2007), it has been proved that the B-splines are always non-negative, i.e N
(4)
l,i (x) ≥

0, ∀ x ∈ [0, 1]. Therefore, by multiplying the non-negative univariate B-splines, we can implement
any multivariate B-spline N

(4)
l,i = Πd

j=1N
(4)
l,ij

(xj) with some ReLU3 Deep Neural Network pDNN.
We have that for pDNN, the depth Lp = ⌈log2 d⌉+2 and the maximum width Wp = max{11d, 9

2d}.
Hence, we can further claim that u∗ =

∑
i∈Id

4,l
λi(u

∗)N
(4)
l,i , which is a linear combination of the

multivariate B-splines N (4)
l,i , can be implemented by some ReLU3 Deep Neural Network uDNN. It

remains to check that uDNN ∈ FReLU3(K,m,B) with K = O(1),m = O(N) and B = O(1). Note
that we can ensure that the hidden layers of uDNN are of the same dimension W by adding inactive
neurons.
For the depth K of uDNN, we have that K is equal to Lp + 1, where Lp denotes the depth of the
ReLU3 Deep Neural Network pDNN. Thus, we have K = Lp + 1 = ⌈log2 d⌉ + 3, which implies
that L = O(1). For the width m of uDNN, we have that m ≤ |Idk,l|Wp, where Wp denotes the width
of the ReLU3 Deep Neural Network pDNN. This implies:

m ≤ |Idk,l| × 11d = 11d(l + k)d = 11d(l + 4)d = O(ld)⇒ m = O(N)

The norm constraint B for uDNN remains O(1) because each neuron connects to only a fixed number
of nodes in the next layer with constant weights. As a result, each neuron can be scaled by a constant
factor, keeping the operator norm at O(1).
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A.2 PROOF OF STABLE UPDATES

Proof of Theorem 2. In this section, we estimate the gradient scale of PINN under
nuclear norm. To prove ∥∇W1:K

f(W1:K)∥block,∗ ≤ OLh,Mh,MJ ,L(
√
m), it is equvi-

lent to prove the directional gradient ∇W1:K
f(W1:K)[∆1:K ] is OLh,Mh,MJ ,L(

√
m) for all

∥∆1:K∥block = 1. For ∇W1:K
f(W1:K)[∆1:K ] = ∇yKJ · ∇W1:K

yK(W1:K ;x)[∆1:K ] +

∇∇xyKJ · ∇W1:K
∇xy

K(W1:K ;x)[∆1:K ], we only need to estimate ∇W1:K
yK(W1:K ;x)[∆1:K ]

and ∇W1:K
∇xy

K(W1:K ;x)[∆1:K ].

Proof. Next, we begin by bounding the directional Hessian of the PINN. As a first step, we compute
the full Hessian of the PINN, following the standard neural network computation procedure

yi(W ;x) =

{
h(yi−1(W1:i−1;x),Wi), 2 ≤ i ≤ K,

h(x,W1), i = 1,
, (14)

thus we have

• ∂yi

∂Wp
=


Di ⊗ (yi−1)⊤, p = i,

DiWi
∂yi−1

∂Wp
, p < i.

Since h(0) = 0 and |h′(z)| ≤ Lh, it follows that |h(z)| ≤ Lh|z|. Moreover, given that ∥x∥2 ≤ C

and max
{
∥W1∥op, 2→RMS,

∑K−1
i=2 ∥Wi∥op, RMS→RMS, ∥WK∥op, RMS→∞

}
≤ C, we obtain the

bounds
∥yi(W1:i;x)∥RMS ≤ L i−1

h C i, ∀ 2 ≤ i ≤ K − 1,

and |yK(W1:K ;x)| ≤ LK−1
h C K . Importantly, these upper bounds are independent of the network

width m. Using the bound on ∥yi(W1:i;x)∥RMS, we can start to bound the directional gradient
∂yi

∂Wp
[∆] for ∥∆∥op ≤ 1: (If i = 1, then the ∥ · ∥op should be changed to ∥ · ∥op,1→RMS. All the proof

preserves the same, thus we don’t reply.)

• Case 1 (p = i). Since ∂yi

∂Wi
[∆] = Di(∆yi−1), thus we have ∥∂∆y∥RMS ≤

∥ diag(σ′(Wx))∥op ∥∆x∥RMS ≤ Lh∥yi∥RMS ≤ Li
hC

i.

• Case 2 (p < i, i ̸= K). In this case, yi is a vector and we have:

∥ ∂yi

∂Wp
[∆]∥RMS = ∥DiWi

∂yi−1

∂Wp
[∆]∥RMS ≤ Lh∥WK∥op∥

∂yi−1

∂Wp
[∆]∥RMS

≤ LhC∥
∂yi−1

∂Wp
[∆]∥RMS ≤ (LhC)i−p∥ ∂yp

∂Wp
[∆]∥RMS ≤ (LhC)i

• Case 3 (p < i = K). In this case yi is a scalar and we have:∣∣∣∣ ∂yK∂Wp
[∆]

∣∣∣∣ = ∣∣∣∣DiWi
∂yK−1

∂Wp
[∆]

∣∣∣∣ ≤ Lh∥WK∥op,RMS→∞∥
∂yK−1

∂Wp
[∆]∥RMS

≤ LhC∥
∂yK−1

∂Wp
[∆]∥RMS ≤ (LhC)K−p∥ ∂yp

∂Wp
[∆]∥RMS ≤ (LhC)K

This means all ∂yi

∂Wp
[∆] can be bounded by (LhC)i which is constant independent to the width m.

Remark 2. This result also indicates that if the objective function J does not depend on the net-
work’s derivatives, as is the case in standard neural networks rather than PINNs, i.e. f(W1:K) =
J(yK(W1:K ;x)), the nuclear norm of the gradient of ∇W1:K

f(X) is independent of the neural
network width.
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We then bound the gradient corresponding to the derivative term in the PINN loss. Firstly we have

• For ∇xy
1 = D1W , then we have

∥∇xk
y1∥RMS = ∥D1Wei∥RMS ≤ Lh∥W∥ℓ2→RMS∥ek∥2 ≤ LhC.

• For ∇xy
i(W1:i;x) = diag(σ′(W1:iy

i−1(W ;x)))Wi∇xy
i−1(W1:i;x), then we have

∥∇xk
yi(W1:i;x)∥RMS = ∥DiWi∇xk

yi−1(W1:i−1;x)∥RMS ≤ LhC∥∇xk
yi−1(W1:i−1;x)∥RMS∥ ≤ (LhC)i.

This shows that the RMS norm of all ∇xy
i can be bounded by a constant independent of the neural

network width. Then we compute the gradient of the derivative term in the PINN loss. We have

• ∂(∇xy
i)

∂Wp
[∆] =


diag(Di,2 ⊙ (∆∇xy

i−1))Wi∇xy
i−1 +Di∆∇xy

i−1, p = i,

diag
(
Di,2 ⊙Wi∇xy

i−1
)
Wi∇xy

i−1 +DiWi
∂(∇xy

i−1)

∂Wp
[∆], p < i.

Now we can start to bound the directional gradient ∂∇xy
i

∂Wp
[∆] for ∥∆∥op ≤ 1:

• Case 1 (p = i). Similarly, we can use ∥x ⊙ y∥RMS ≤
√
n∥x∥RMS∥y∥RMS to bound the

directional gradient as∥∥∥∥∂(∇xk
yi)

∂Wi
[∆]

∥∥∥∥
RMS
≤ ∥diag(Di,2 ⊙ (∆∇xk

yi−1))Wi∇xk
yi−1∥RMS + ∥Di∆∇xk

yi−1∥RMS

≤ Lh∥∇xk
yi−1∥∞∥Wi∥op∥∇xk

yi−1∥RMS + LH∥∇xk
yi−1∥RMS

≤ (LhC
√
m∥∇xk

yi−1∥RMS + Lh)∥∇xk
yi−1∥RMS ≲ (LhC)2i−1

√
m

• Case 2 (p < i, i ̸= K). We can also do a similar computation which leads to the following
bound:∥∥∥∥∂(∇xk

yi)

∂Wp
[∆]

∥∥∥∥
RMS

≤∥diag(Di,2 ⊙ (Wi∇xk
yi−1))Wi∇xk

yi−1∥RMS + ∥DiWi
∂(∇xy

i−1)

∂Wp
[∆]∥RMS

≤Lh∥Wi∇xk
yi−1∥∞∥Wi∥op∥∇xk

yi−1∥RMS + LHC∥∂(∇xy
i−1)

∂Wp
[∆]∥RMS

≤Lh

√
m∥Wi∇xk

yi−1∥RMS∥Wi∥op∥∇xk
yi−1∥RMS + LHC∥∂(∇xy

i−1)

∂Wp
[∆]∥RMS

≲LhC
2
√
m∥∇xk

yi−1∥2RMS + LHC∥∂(∇xy
i−1)

∂Wp
[∆]∥RMS ≲ (LhC)2i

√
m+ LHC∥∂(∇xy

i−1)

∂Wp
[∆]∥RMS.

• Case 3 (p < i, i = K). In this case yK is a scalar and all the computate is the same as
Case 2. The reasoning follows∣∣∣∣∂(∇xk

yi)

∂Wp
[∆]∇xk

yi−1

∣∣∣∣
≤|diag(Di,2 ⊙ (Wi∇xk

yi−1))Wi∇xk
yi−1|+

∣∣∣∣DiWi
∂(∇xy

i−1)

∂Wp
[∆]

∣∣∣∣
≤Lh∥Wi∇xk

yi−1∥∞∥Wi∥op,RMS→ℓ∞∥∇xk
yi−1∥RMS + LHC∥∂(∇xy

i−1)

∂Wp
[∆]∥RMS

≲LhC
2∥∇xk

yi−1∥2RMS + LHC∥∂(∇xy
i−1)

∂Wp
[∆]∥RMS ≲ (LhC)2i + LHC∥∂(∇xy

i−1)

∂Wp
[∆]∥RMS.
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Then we can have a bound
∥∥∥∂(∇xk

yi)

∂Wp
[∆]∇xk

yi−1
∥∥∥

RMS
≤ i(LhC)2i

√
m which provides a

√
m

dependent bound

B ADDITIONAL DETAILS ON SCALED MUON

Derivation of last layer update. We only derive the update for the last layer in algorithm 1, which
is induced by the ∥ · ∥op,RMS→∞ norm. The derivation for the first layer follows similarly. Let
G ∈ Rm×n denote the matrix gradient. By definition, ∥G∥op,RMS→∞ = sup∥d∥RMS=1 ∥Gd∥∞ =√
nmax1≤i≤m ∥Gi,:∥2, where Gi,: denotes the ith row of G. Therefore, the corresponding unit-

norm ball is the set of matrices S whose rows are individually bounded in the Euclidean norm:
∥Si,:∥2 ≤ 1√

n
for each row i. Since the steepest descent magnitude is attained at the boundary of the

unit-norm ball, the steepest descent direction is obtained by normalizing each row of the gradient
and scaling it by a factor: − 1√

n

Gi,:

∥Gi,:∥2
. In the last layer, m equals the output dimension of the

network and is constant as network width increases, so the magnitude of the weight update with
respect to width is Θ(1/

√
n), satisfying the spectral condition in (Yang et al., 2023).

Runtime of experiments. The runtime of each training run is reported in table 3. Across multiple
benchmark problems, we empirically show that Scaled MUON has similar runtime to SOAP.

Table 3: Runtime of training runs (in hours). We compare the runtimes for each benchmark
problem, optimizer, and network width. All optimizers were ran for 100,000 steps.

Widths 8 16 32 64 128 256 512 1024

Burgers
Scaled MUON 0.34 0.38 0.34 0.36 0.48 0.44 1.36 6.23
Adam 0.21 0.18 0.23 0.18 0.18 0.33 0.77 3.73
SOAP 0.25 0.29 0.24 0.27 0.40 0.95 1.48 6.60

Allen-Cahn
Scaled MUON 0.29 0.31 0.33 0.32 0.33 0.44 1.40 6.33
Adam 0.18 0.16 0.17 0.16 0.19 0.29 0.78 2.81
SOAP 0.25 0.22 0.24 0.26 0.39 0.54 1.39 4.74

Kolmogorov Flow
Scaled MUON 1.08 1.17 0.98 1.14 0.95 1.31 3.19 12.09
Adam 0.78 0.85 0.96 0.91 0.77 1.17 2.73 8.94
SOAP 0.90 1.01 0.83 1.17 1.11 1.43 3.27 11.65

Wave
Scaled MUON 0.42 0.39 0.41 0.48 0.42 0.54 1.64 7.39
Adam 0.28 0.28 0.30 0.24 0.29 0.42 1.13 3.89
SOAP 0.35 0.33 0.48 0.40 0.50 0.75 1.76 5.75

Algorithm 2 The Newton-Schulz algorithm for approximating the matrix sign function used in
algorithm 1. Given a matrix G̃, the following function approximates signm(G̃) using an iterative
method for K steps.

function NEWTON-SCHULZ(G̃, K)
X ← G̃ ∈ Rm×n

if m > n then
X ← X⊤ ∈ Rn×m

for k = 1, ...,K do
A← XX⊤ ▷ O(min(m,n)2 max(m,n))
B ← −1.5A+ 0.5A2 ▷ O(min(m,n)3)
X ← 2X +BX ▷ O(min(m,n)2 max(m,n))

if m > n then
X ← X⊤ ∈ Rm×n

return X
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C ADDITIONAL EXPERIMENT DETAILS

Compute estimation. In our experiments, we investigate how loss decreases with increasing net-
work width in PINN training, focusing on the relationship between the loss and compute. Compute
is taken to be of the same order as the total number of floating-point operations (FLOPs) required
for training. Since the total compute equals the FLOPs per iteration times the number of training
steps, it suffices to estimate the per-iteration cost. For MLP architectures, per-iteration cost is of the
same order as a single forward pass, since backwards passes can be approximated as twice the cost
of a forward pass. Therefore, we estimate compute by taking the number of trainable parameters
times the number of training steps. In table 4, we show the number of trainable parameters for one
of our experiments.

Table 4: Network parameters by width for a MLP in the 100D Poisson problem.

Width Trainable Parameters

8 1,033
16 2,449
32 6,433
64 19,009

128 62,593
256 223,489
512 840,193

1024 3,253,249

Scaling law parameter estimation. To learn the parameters L0, A, and α, we solve the optimiza-
tion problem

min
ℓ0,a,α

∑
Ci

Huberδ(logLmin(Ci)− LSE(ℓ0, a− α logCi)),

where Ci are compute values from an interval and L0 = eℓ0 and A = ea. Here, LSE is the
LogSumExp function defined as LSE(x1, ..., xn) = log(exp(x1) + · · ·+ exp(xn)), and Huberδ is
the Huber loss function defined as

Huberδ(a) =

{
1
2a

2 for |a| ≤ δ,

δ · (|a| − 1
2δ) for |a| > δ

We set δ = 10−3 to mitigate the effect of outliers.

Optimizer hyperparameters. We report the key hyperparameters used for each optimization
method in table 5. Since scaled MUON and MUON have the same hyperparameters, we omit re-
porting hyperparameters for MUON. The momentum parameter of scaled MUON and β1 of Adam
and SOAP are both first-order momentum terms, so we set them to the same values. Both scaled
MUON and MUON use a Newton-Schulz iterative method to approximate the matrix sign function
in the algorithm, and the number of Newton-Schulz steps determines how well the matrix sign func-
tion is approximated. For SOAP, the precondition frequency determines how often to update the
preconditioners, so a lower precondition frequency allows for better optimization at the cost of extra
computation.

Loss weighting. PINNs minimize a composite loss function of the form

L(θ) = λicLic(θ) + λbcLbc(θ) + λpdeLpde(θ),

where weights are used to balance the relative contributions to the overall loss. For Burgers, we
set λic = 100, λbc = 100, and λpde = 1. For Allen-Cahn, the loss function only contains the
initial condition and PDE loss terms since we can enforce boundary conditions explicitly. We set
λic = 100 and λpde = 1. For Wave equation, there are two conditions at t = 0, one being the
initial state and the other being the initial derivative. We set λic = 1000, λic2 = 1000, λbc = 1000,
and λpde = 1, where λic denotes the weight for the initial state and λic2 denotes the weight for the
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Hyperparameter Scaled MUON Adam SOAP
Learning rate 1e-3 1e-3 1e-3
Momentum 0.95 - -
(β1, β2) - (0.95, 0.999) (0.95, 0.999)
Newton-Schulz steps 30 - -
Precondition frequency - - 1
Weight decay 0.0 0.0 0.0

Table 5: Comparison of hyperparameters for Scaled MUON, Adam, and SOAP optimizers.

initial derivative. For Kolmogorov flow, there are a total of five conditions. There are two initial
conditions and two PDE conditions for u and v, and there is one other constraint coming from the
term ∇ · u = 0. We set all weights to 1.

Scaled MUON on MLP architecture. In figure 1, we show that larger PINNs are harder to train
when using the PirateNet architecture. However, in figure 6, we achieve similar results but for MLPs,
showing that PINN optimization instability exists across different architectures.
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Figure 6: We replicate the experiment in Figure 1 with MLPs in place of PirateNets. Training insta-
bility at large widths persists, indicating that the phenomenon is not architecture-specific. However,
Scaled MUON still enables scaling across different architectures.

C.1 BENCHMARK PROBLEMS

Across benchmark problems, we provide additional figures that show the loss, boundary condition
loss, initial condition loss, relative error. Additionally, we provide predictions and corresponding
reference solutions for Scaled MUON at width 1024.
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Figure 7: Burgers. Top: Comparison between reference solution and prediction using scaled
MUON at width 1024. Bottom: Different training loss components and relative error between meth-
ods at width 1024.
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Figure 8: Allen-Cahn. Top: Comparison between reference solution and prediction using scaled
MUON at width 1024. Bottom: Different training loss components and relative error between meth-
ods at width 1024.
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Figure 9: Wave equation. Top: Comparison between reference solution and prediction using scaled
MUON at width 1024. Bottom: Different training loss components and relative error between meth-
ods at width 1024.
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Figure 10: Kolmogorov flow. Top: Comparison between reference solution and prediction using
scaled MUON at width 1024. Bottom: Different training loss components and relative error between
methods at width 1024.
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