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Abstract

Bilevel optimization (BO) has recently gained
prominence in many machine learning applica-
tions due to its ability to capture the nested struc-
ture inherent in these problems. Recently, many
hypergradient methods have been proposed as
effective solutions for solving large-scale prob-
lems. However, current hypergradient methods
for the lower-level constrained bilevel optimiza-
tion (LCBO) problems need very restrictive as-
sumptions, namely, where optimality conditions
satisfy the differentiability and invertibility condi-
tions and lack a solid analysis of the convergence
rate. What’s worse, existing methods require ei-
ther double-loop updates, which are sometimes
less efficient. To solve this problem, in this pa-
per, we propose a new hypergradient of LCBO
leveraging the theory of nonsmooth implicit func-
tion theorem instead of using the restrive assump-
tions. In addition, we propose a single-loop
single-timescale algorithm based on the double-
momentum method and adaptive step size method
and prove it can return a (d, €)-stationary point
with O(d3e~*) iterations. Experiments on two
applications demonstrate the effectiveness of our
proposed method.

1. Introduction

Bilevel optimization (BO) (Bard, 2013; Colson et al., 2007)
plays a central role in various significant machine learning
applications, including hyper-parameter optimization (Pe-
dregosa, 2016; Bergstra et al., 2011; Bertsekas, 1976; Shi
& Gu, 2021), meta-learning (Feurer et al., 2015; Franceschi
etal., 2018; Rajeswaran et al., 2019), reinforcement learning
(Hong et al., 2020; Konda & Tsitsiklis, 2000). Generally
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speaking, the BO can be formulated as follows,

min F() = f(.y" () M
s.t. y*(z) = argmin g(z, y),
yey

where X and ) are convex subsets in R% and R%?, respec-
tively. It involves a competition between two parties or two
objectives, and if one party makes its choice first, it will
affect the optimal choice of the other party.

Recently, hypergradient methods have shown great effec-
tiveness in solving various large-scale bilevel optimization
problems, where there is no constraint in the lower-level
objective, i.e., ) = R%. Specifically, (Franceschi et al.,
2017; Pedregosa, 2016; Ji et al., 2021) proposed several
double-loop algorithms to solve the BO problems. They
first apply the gradient methods to approximate the solution
to the lower-level problem and then implicit differentiable
methods (Pedregosa, 2016; Ji et al., 2021) or explicit differ-
entiable methods (Franceschi et al., 2017) can be used to
approximate the gradient of the upper-level objective w.r.t
x, namely hypergradient, to update x. However, in some
real-world applications, such as in a sequential game, the
problems must be updated at the same time (Hong et al.,
2020), which makes these methods unsuitable. To solve
this problem, (Hong et al., 2020) propose a single-loop two-
timescale method, which updates y and x alternately with
stepsize 7, and 7),, respectively, designed with different
timescales as limy_,o 7,,/7, = 0. However, due to the
nature of two-timescale updates, it incurs the sub-optimal
complexity O(e~%) (Chen et al., 2021). To further improve
the efficiency, (Huang & Huang, 2021; Khanduri et al., 2021;
Chen et al., 2021; Guo et al., 2021) proposed single-loop
single-timescale methods, where 7, /7, is a constant. These
methods have the complexity of O(¢~*) (O means omitting
logarithmic factors) or better (O(¢~3)) to achieve the sta-
tionary point. However, all these methods are limited to the
bilevel optimization problem with unconstrained lower-level
problems and require the upper-level objective function to
be differentiable. They cannot be directly applied when
constraints are present in the lower-level optimization, i.e.,
Y # R? as the upper-level objective function is naturally
non-differentiable (Xu & Zhu, 2023).

To solve the lower-level constrained bilevel optimization
problem, recently, several methods have been proposed to
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Table 1: Several representative hypergradient approximation methods for the lower-level constrained BO problem. (The last
column shows iteration numbers to find a stationary point. The gray color is used to highlight the main limitations of the

listed algorithms)

Method F(z) Loop Timescale LL. Constraint Restrictive Conditions Iterations
AiPOD (Xiao et al., 2023) Smooth  Double X Affine sets Not need O(e™?)
IG-AL (Tsaknakis et al., 2022) Nonsmooth Double X Half space Not need X
IAPTT-GM (Liu et al., 2021) Nonsmooth Double X Convex set | y*(x) is differentiable X
RMD-PCD (Bertrand et al., 2022) Nonsmooth Double X Norm set | y*(z) is differentiable X
JaxOpt(Blondel et al., 2022) Nonsmooth Double X Convex set | y*(x) is differentiable X
DMLCBO (Ours) Nonsmooth Single  Single Convex set Not need O(d2e™4)

approximate the hypergradient, as shown in Table 1. Specif-
ically, (Xiao et al., 2023) reformulate the affine-constrained
lower-level problem into an unconstrained problem, and
then solve the new lower-level problem and use the implicit
differentiable method to approximate the hyper-gradient.
However, their convergence analysis only focuses on the
affine-constrained problem and cannot be extended to a
more general case. (Tsaknakis et al., 2022) solve the in-
ner problem with projection gradient and use the implicit
differentiable method to approximate the hyper-gradient
for the half-space-constrained BO problem. However, they
only give the asymptotic convergence analysis for this spe-
cial case. Since many methods of calculating the Jaco-
bian of the projection operators have been proposed (Mar-
tins & Astudillo, 2016; Djolonga & Krause, 2017; Blondel
et al., 2020; Niculae & Blondel, 2017; Vaiter et al., 2013;
Cherkaoui et al., 2020), the explicit or implicit methods can
also be used to approximate the hypergradient in the LCBO
problems, such as (Liu et al., 2021; Bertrand et al., 2020;
2022; Blondel et al., 2022). However, all these methods are
based on restrictive assumptions, namely, where optimal-
ity conditions satisfy the differentiability and invertibility
conditions, and lack a solid analysis of the convergence rate.
What’s worse, these methods can not be utilized to solve
the sequential game which is mentioned above. Therefore,
it is still an open challenge to design a single-loop single-
timescale method with convergence rate analysis for the
lower-level constrained bilevel optimization problems.

To overcome these problems, we propose a novel single-
loop single-timescale method with a convergence guarantee
for the lower-level constrained BO problems. Specifically,
instead of using the restive assumptions used in (Blondel
etal., 2022; Bertrand et al., 2020; 2022), we leverage the the-
ory of nonsmooth implicit function theorems (Clarke, 1990;
Bolte et al., 2021) to propose a new hypergradient of LCBO.
Then, we use the randomized smoothing and Neumann se-
ries to further approximate the hypergradient. Using this
new hypergradient approximation, we propose a single-loop
single-timescale algorithm based on the double-momentum
method and adaptive step size method to update the lower-

and upper-level variables simultaneously. Theoretically, we
prove our methods can return a (0, €)-stationary point with
@(d%e"l) iterations. The experimental results in two ap-
plications demonstrate the effectiveness of our proposed
method.

We summarized our contributions as follows.

1. Leveraging the theory of nonsmooth implicit function
theorems, we propose a new method to calculate the
hypergradient of LCBO without using restrictive as-
sumptions.

2. We propose a new method to approximate the hyper-
gradient based on randomized smoothing and the Neu-
mann series. Using this hypergradient approximation,
we propose a single-loop single-timescale algorithm
for the lower-level constrained BO problems.

3. Existing hypergradient-based methods for solving the
lower-level constrained BO problems usually lack
theoretical analysis on convergence rate. We prove
our methods can return a (J, €)-stationary point with
O(d3e*) iterations.

4. We compare our method with several state-of-the-art
methods for the lower-level constrained BO problems
on two applications. The experimental results demon-
strate the effectiveness of our proposed method.

2. Preliminaries

Notations. Here, we give several important notations used
in this paper. | - || denotes the {2 norm for vectors and
spectral norm for matrices. I; denotes a d-dimensional
identity matrix. A" denotes transpose of matrix A. Given
a convex set X, we define a projection operation to &A™ as
Px(z') = argmingex 1/2]|x — 2'||2. coX denotes the
convex hull of the set X.
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2.1. Lower-level Constrained Bilevel Optimization

In this paper, we consider the following BO problems where
the lower-level problem has convex constraints,

min F(z) = f(z,y"(z)) @)
s.t. y*(x) = argmin g(x,y).

yEYCR42

Then, we introduce several mild assumptions on the Problem
2.

Assumption 2.1. The upper-level function f(z,y) satisfies
the following conditions:

1. V. f(z,y) is Ly-Lipschitz continuous w.r.t. (z,y) €
R4 x R® and V,, f(z,y) is L ¢-Lipschitz continuous
w.rt (z,y) € R4 x RY, where Ly > 0.

2. For any + € R% and y € R%, we have
IVyf(z, )|l < Cpy.

Assumption 2.2. The lower-level function g(x, y) satisfies
the following conditions:

1. Forany (z,y) € R4 x R?%, g(x,y) is twice continu-
ously differentiable in (x, y).

2. Fix x, Vyg(z,y) is L4-Lipschitz continuous w.r.t y for
some L, > 0.

3. Fix z, for any y, g(«, y) is pg-strongly-convex in y for
some py > 0.

4. V2,9(x,y)is Lga,-Lipschitz continuous w.r.t (z,y) €
R% x R% and V2, g(x,y) is Lgy,-Lipschitz contin-
uous w.r.t (z,y) € R% x R%, where L, > 0 and
Lyy, > 0.

5. Forany (z,y) € R x R%2, we have | V2, g(z,y)|| <
Cyzy-

These assumptions are commonly used in bilevel optimiza-
tion problems (Ghadimi & Wang, 2018; Hong et al., 2020;
Jietal.,, 2021; Chen et al., 2021; Khanduri et al., 2021; Guo
et al., 2021).

2.2. Review of Unconstrained Bilevel Optimization
Methods

For the upper-level objective, we can naturally derive the
following gradient w.r.t  using the chain rule (which is
defined as hypergradient),

VE(z) = Vo f(2,y" (@) + (Vy"(2)) T Vy f (2,57 ().

The crucial problem of obtaining the hypergradient is calcu-
lating Vy* (). If the lower-level problem is unconstrained,

using the implicit differentiation method and the optimal
condition V,g(z,y*(x)) = 0, it is easy to show that for a
given x € R%, the following equation holds (Ghadimi &
Wang, 2018; Hong et al., 2020; Ji et al., 2021; Chen et al.,
2021; Khanduri et al., 2021)

Vy*(2) = [Vy,9(z,y" (@) Vizg(@,y"(2). ()

Substituting Vy*(z) into VF'(z), we can obtain the hyper-
gradient. Then, we update x and y alternately using the
gradient method.

2.3. Review of Lower-Level Constrained Bilevel
Optimization Problem

For the constrained lower-level problem, one common
method is to use the projection gradient method, which
has the following optimal condition,

y () = Py(y*(z) = nVyg(z,y*(z))), Q)

where 7 > 0 denotes the step-size. Recently, (Blondel
et al., 2022; Bertrand et al., 2020; 2022) assume y* () and
Py (-) to be differentiable at some special points and use
the reverse method or implicit gradient method to derive the
hypergradient. However, these assumptions are relatively
strong and highly limit the usage of these methods.

3. Proposed Method

In this section, we propose a new method to approximate
the hypergradient using randomized smoothing that makes
convergence analysis possible. Then, equipped with this
hypergradient, we propose our single-loop single-timescale
method to find a stationary point of the lower-level con-
strained bilevel problem.

3.1. Hypergrdient of Lower-level Constrained Bilevel
Optimization Problem

Before we present our method to calculate the hypergradient,
we give the following definition of generalized Jacobian and
gradient (Clarke, 1990), which is important in our method.

Definition 3.1. Given a scaler-valued function F' : R" — R,
which is Lipschitz near a given point x of interest. The
generalized gradient is defined as:

OF (z) = co{lm VF(x;) : x; > x,x; &€ S, 2 € Qr},

where Q) is the set of points at which F fails to be differ-
entiable and S is any other set of measure zero.

Definition 3.2. Given a vector-valued function F' : R™ —
R™, which is Lipschitz near a given point x of interest.
Denote the set of points at which F’ fails to be differentiable
by Qp and the usual m X n Jacobian matrix of partial
derivatives by JF'(y) whenever y is a point at which the
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necessary partial derivatives exist. The generalized Jacobian
of F at point x, denoted as F (), is the convex hull of all
m X n matrices obtained as the limit of a sequence of the
form JF'(x;), where x; — x and z; € Q. Symbolically,
then, one has

OF (z) = co{lim JF(x;) : x; = z,x; & Qp}.

According to (Clarke, 1990), if we want to use the Jacobian
Chain Rule to calculate the generalized gradient OF () of
the LCBO, the most important thing is to ensure that y* ()
is Lipschitz continuous. Fortunately, under the strongly con-
vex assumption of the lower-level problem in Assumptions
2.2, we can obtain the following result.

Lemma 3.3. Under Assumptions 2.2, we have the optimal
solution to the lower-level problem is Lipschitz continuous
with constant L/ .

Then, using the Jacobian Chain Rule in (Clarke, 1990) and
Lemma 3.3, we have

OF (z) = Vo f(z,y*(2)) + (9y*(2)) T Vy f(2,y"(2)). ()

To obtain the generalized gradient OF (x), the most criti-
cal point is to calculate the generalized Jacobian Oy*(z).
Inspired by the previous methods (Blondel et al., 2022;
Bertrand et al., 2020; 2022), we use the Corollary of
the Jacobian Chain Rule in (Clarke, 1990) to calculate
the generalized Jacobian on Eqn 4 on both sides, since
both y*(z) and Py (z*) are Lipschitz continuous, where
z* = y*(z) — nVyg(x,y*(x)). Therefore, we can obtain

y*(x)v = IPy(27)0 (y" (x) = nVyg(z,y"(2))) v. (6)
where v € R% . Using the same method, we have
9 (y™(x) = nVyg(x,y* (2))) v = 0y" (z)v
—n(Vieg(x,y*(2)) = Vi,9(x, v (2))dy*(z))v. ()
Substituting Equation (7) into formula (6), we have
By* (x)v =0Py(2*)(Ay* (x)v — n(Vy,9(z, y* (x))
+ Vi,9(@,y" (2)0y* (2))v). ®)

Suppose there exist A € Jy*(x) and H € 9Py (z*), which

makes the following equality hold,
H - (A=nVy,9(z.y* () —nVy,g(z.y*(x))A) v. (9)
Then, rearranging the above equality, we have
[Id2 - H- (Id2 — T)szg(m,y*(x)))] A
== nH - Vy,g(z,y"(x)) (10)

To solve the above equation, the challenge is to en-
sure that Iy, — H - (Ig, — nvyyg(x y*(x))) is invert-
ible. Since Py(z*) is non-expensive, we have |H|| <

Av =

1. Since g is strongly convex, setting n < 1/pg, we

have |14, — T)Vyyg(x y*(z))|| < 1. Therefore, we
have || H - ( dy — nvyyg xz,y* (x ))) | < 1and H(I4, —
nV2,9(x,y*(x))) is nonsingular. Therefore, we can obtain

A ==Ly, — H(Is, — V2, 9z, y"(2)))]
CHV gz, y"(z)) (11)

Then, substituting A into the generalized gradient, we can
obtain the following subset of the generalized gradient,

OF (x) “(a)H "

—1

={hlh = Vo f(z,y"(2)) = nVz,9(zy

’ [Idz - (Idz - szyg(xay (x))) : HT]
Vyf(z,y"(z)), H € OPy(2")}. (12)

Obviously, we have OF (z) C OF (z). Note that we can find
that the hypergradient used in (Blondel et al., 2022; Bertrand
et al., 2020; 2022) can be viewed as a specific element in our
hypergradient. However, these methods need the projection
operator to be differentiable, which is impractical in most
cases. Therefore, we can conclude that our method can
obtain the hypergradient in a more general case.

After obtaining the hypergradient, our next step is to design
an algorithm to find the point z satisfying the condition

min{||h|| : h € OF (z)} <, (13)
such that z is a e-Clarke stationary point (Clarke, 1990)
which satisfies the condition

min{||h| : h € OF (2)} <e. (14)
However, (Zhang et al., 2020) point out that finding an ¢
stationary points in nonsmooth nonconvex optimization can
not be achieved by any finite-time algorithm given a fixed

tolerance € € [0, 1). This suggests the need to rethink the
definition of stationary points.

Inspired by (Zhang et al., 2020; Lin et al., 2022), we pro-
pose to consider the following §-approximation generalized
Jacobian.

Definition 3.4. Given a point z € R% and § >
0, the §-approximation generalized Jacobian of a Lips-
chitz function of Py(-) at z is given by JsPy(z) =

co (Uz’EIB5(z) 57)31(2'))

The above approximation generalized Jacobian of Py, (+) at
z is the convex hull of all generalized Jacobians at points
in a ¢-ball around z, and it can be viewed as the exten-
sion of Goldstein subdifferential (Zhang et al., 2020; Lin
et al., 2022; Goldstein, 1977). Then, substituting 95 Py (z)
into our hypergradient 9F (z), we can obtain the following
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approximation,

={hlh =V, f(z,y"(z)) -
’ [IdZ - (Idz vayg(l’ Y (
Vyf(z,y"(z)), H € O5Py(z

ds F () nVa,9(x, y* (x) H

D) -HT]
) (15)

Equipping with this hypergradient, even though we are un-
able to find an e-stationary point, one could hope to find a
point that is close to an e-stationary point. This motivates
us to adopt the following more refined notion

Definition 3.5. A point z is called (J, ¢)-stationary if
min {[|h|| : h € OsF(z)} < e.

Note that if we can find a point 2’ at most distance ¢ away
from x such that 2’ is e-stationary, then we know x is (0, €)-
stationary. However, the contrary is not true. We also have
the following result

Lemma 3.6. The set OsPy(z) converges as 6 | 0 as
lims o O5Py(2) = OPy(z).

This result enables an intuitive framework for transform-
ing the non-asymptotic analysis of convergence to (4, €)-
stationary points to classical asymptotic results for finding
e-stationary points. Thus, we conclude that finding a (4, €)
stationary point is a reasonable optimality condition for the
lower-level constrained bilevel optimization problem.

3.2. Randomized Smoothing

Inspired by the strong ability of randomized smoothing
to deal with nonsmooth problems, in this subsection, we
use this method to handle the non-smoothness of the pro-
jection operator. Given a non-expansive projection opera-
tor (Moreau, 1965) Py (z) and uniform distribution PP on a
unit ball in {5-norm, we define the smoothing function as
Pys(z) = Eyp[Py(z+du)]. Then, we have the following
proposition.

Proposition 3.7. Let Py;s(z) = Eyp[Py(z+0du)] where P
is a uniform distribution on a unit ball in {3-norm. Since that
Py is non-expansive and each element of Py is Lipschitz
continuous with constant L,, we have Pys(z) is differen-
tiable and 1-Lipschitz continuous with cds Ly, /6-Lipschitz
gradient, where ¢ > 0 is constant.

Using this randomized smoothing function to replace the
approximation generalized Jacobian in Eqn (15), we can
approximate the hypergradient as follows,

VFjs(x)
=V f(z,y"(2)) = nV3,9(z,y" () VPys(z*)"
[Lay = (La, =1V, 9(x, 4" (2))) VPys(2") ']

For this hypergradient estimation, we have the following
conclusion.

Lemma 3.8. Under Assumptions 2.1, 2.2, we have V F5(x)
is Lipschitz continuous w.r.t x.

Lemma 3.8 indicates that we can use the traditional analysis
framework to discuss the convergence performance using
V Fs(z). However, as we discussed above, our purpose is
to find the (0, €)-stationary points of LCBO. Therefore, a
new challenge arises, namely, to show the relation between
VF5(x) and 05 F(x). Here, we first give the relation be-
tween the J-approximation generalized Jacobian and the
Jacobian of the randomized smoothing function as follows.

Proposition 3.9. We have VPys(z) € 05Py(z) for any
z € R,

Using this result, we have V F5(z) € 95 F (). This resolves
an important question and forms the basis for analyzing our
method, which means that once we find a point satisfying
the condition ||V F5(z)|| < e, then it is a (J, €)-stationary
point.

3.3. Approximation of Hypergradient

In this subsection, we discuss how to approximate the hy-
pergradient V F5(x) in an efficient method.

Since obtaining the optimal solution y*(z) is usually time-
consuming, one proper method is to replace y*(z) with y
as an approximation as follows,

Vfs(@,y) = Vaf(z,y) —nVi,9(x,y)VPys(z)"
Lty — (L, — 12,92, 9))VPys(2) 7]V, f(@, ).

where z = y — nV,g(z,y). Then, we can use the Neu-
mann series (Ghadimi & Wang, 2018; Meyer, 2000) to
efficiently approximate the matrix inverse, since we have
|(Ia, —nV2,9(,y))VPys(2) || < 1ifn < 1/p,. There-
fore, we can obtain the approximation of the hypergradient
as follows,

Vfs(@,y) = Vaf(z,y) —nVi,9(x,y)VPys(z) "
Q-1 4

(g, =0V, 9(x,9)VPys(2) ") Vy f(z,).
1=0

In addition, since calculating VPy;(z) is impractical, we
can use the following unbiased estimator of the gradient
VPys(z) as a replacement,

1
55 (Py(z =+ 8ui) = Py(z = bus)) ]

vghere u; ~ P. Note that, in the program, we can calculate
H in parallel, thereby reducing the actual running time. For
H(z;u), we have the following conclusion.
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Lemma 3.10. We have E [H(z;u)] = VPy;(z) and
E {Hfl(z,u) - pr(;(Z)HQ} < 16V2mdy L2,

To further reduce the complexity caused by calculating
multiple Jacobian-vector products, we can introduce an
additional stochastic layer on the finite sum. Specifi-
cally, assume we have a parameter ( > 0 and a collec-
tion of independent samples & := {u®, --- ,u(?)}, where
e(Q) ~UA{0,---,Q — 1}. Then, we can approximate the
gradient as follows,

?f(;(:c, Y g) = v:z:f(xv y) - nQVin(fﬂa y)H(Z> UO)T
c(Q)
] (U, =0V, ) H(z:u")T) Vy f(z,y), (16)

i=1

where we have used the the convention H?zl A = I
We can conclude that the bias of the gradient estimator
V fs(z,y; €) decays exponentially fast with ), as summa-
rized below:

Lemma 3.11. Under Assumptions 2.1, 2.2and Lemma

3.10, setting 1-(1 < <
1

1

g\t T 4(271-)1/4\/d2Lp) > 7

o for any x € R, y € )Y, we have
g

IV £5(2,y) = B[V fs(w, y; )| < S22 (1 — npay )2,
Furthermore, the variance of N fs(x,y; €) is bounded as

E[|[Vfsw,y:8) —E[Visla,y: || < o5(da), where
o7(dz) is defined in Appendix I.

Algorithm 1 DMLCBO

Input: Initialize z, € X, y1 € Y, v1 = Vyg(z1,91),

wy =V fs(x1,y1;81)s ks 7,7, B, o, Q and 7).
1: fork=1,--- ,K do
2:  Update xx+1 = 2 — B

kY W
(1/cu,1/¢)(v/M2k+Go)
33 Update ypr1 = (1 — m)ye + mPy(ye —
P[l/cfu,l/cll(T\/m+Go)vk) B -
4:  Calculate the hyper-gradient V f5(zx11, Yk+1; Ek+1)
according to Eqn. (16).
5:  Update  wgi1 = 1 -
aV fs(Try1, Yrr1; Errt)-
6:  Update vp11 = (1 — B)vi + BVyg(Trt1, Yrt1)-
7: end for
Output: z, where r € {1,--- , K} is uniformly sampled.

a)wg  +

3.4. Double-momentum Method for Lower-level
Constrained Bilevel Optimization

Equipped with the hypergradient V f5(z, y; £), our next en-
deavor is to design a single-loop single-timescale algorithm
to solve the constrained bilevel optimization problem (2).
Our main idea is to adopt the double-momentum-based
method and adaptive step-size method developed in (Huang

& Huang, 2021; Khanduri et al., 2021; Shi et al., 2022).
Our algorithm is summarized in Algorithm 1. Since we
use the double-momentum method to solve the lower-level
constrained bilevel optimization problem, we denote our
method as DMLCBO.

Define o € (0,1) and 8 € (0,1). For the lower-level
problem, we can utilize the following projected gradient
method with the momentum-based gradient estimator and
adaptive step size to update y,

.
Ptijent /el (vmLE + Go
k1 =(1 = m)yn + M1,

Vg1 =(1 — B)vg + BVyg(xr, yr),

Uk+1 =Py (yr — )Uk)»

where 7, > 0, 7 > 0. Gy > 0 is used to avoid to prevent
the molecule from being equal to 0. Here, we initialize v; =
Vy9(z1,y1). Similarly, for the upper-level problem, we can
utilize the following gradient method with the momentum-
based gradient estimator and adaptive step size to update
Zz,

Nk
Pii/eu/e] (/M2 k + Go
w1 =(1 — a)wi + ¥ f5(Tr, yi; k),

LTh+1 =Tk — )wk7

and we initialize w; = Vfs(z1,y1;£1). Note we set
mig+1 = 0.99 - my . + 0.01 - G2, where G denotes the
gradient estimation, which is used in Adam (Kingma & Ba,
2014).

4. Convergence Analysis

In this section, we discuss the convergence performance of
our DMLCBO (All the detailed proofs are presented in our
Appendix). We follow the theoretical analysis framework
in (Huang & Huang, 2021; Huang et al., 2020; Shi et al.,
2022; Khanduri et al., 2021) (For easy understanding, we
also provide a route map of the analysis in Appendix J).

Using all the assumptions and lemmas, we can obtain the
following theorem (For ease of reading, some parameter
Settings are omitted here. The specific parameters can be
found in Appendix K.2):

Theorem 4.1. Under Assumptions 2.1, 2.2 and Lemma
. 1 1 1
3.10, with e (1 - 74(%)1/4\/@%)

§U<ITQ,Q:
L el g < g <2 0 = e B = camie

@ Hg
Lo = max(L(%),Ly(%)) > 1, &1 = E[Fs(z1) +
ﬁi”cil lyr — v* (x)|I* + a(llwr = Vfs(z1,91) — Ral* +

IVyg(@1,51) —vil*)]. and i = 3572, t > 0. we have

) _ 4mM*/G 4G
min{||h| : h € 05F(x,)} < i (Kt)T/+
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Figure 1: Test accuracy against training time of all the methods in data hyper-cleaning.

Table 2: Test accuracy (%) with standard variance of all the methods in data hyper-cleaning. (Higher is better.)

Datasets DMLCBO V-PBGD Approx RMD-PCD

CodRNA 80.42 £ 0.05 80.32£0.09 77.67+0.38 79.43+£0.07
MNIST 6vs9 94.24 +£0.01 93.53 £0.34 92.29+0.27 92.33 £0.29
Madelon 56.33 £1.83 53.91 £1.25 54.75+1.08 55.00 £ 2.17
FashionMNIST 1vs7 88.85 4+ 0.60 85.95+ 0.60 86.03 £0.96 88.93 4+ 0.68

where G = 222 4+ LT (m 4+ K)V2 4 g (m+ K2 4
(mo¢(d2))t? In(m + K); the range of c1,¢2 7y, T and m are
given in the appendix.

Remark 42. Lett = O(1), m = O(1), 05(d2) = O(d2)
and In(m+K) = O(1), we have VG = O((£)%/2+/dy).
Thus, our proposed DMLCBO can converge to a (9, €) sta-
tionary point at the rate of O(((%)%/2 + /d3) K ~/*) with
properly choosing the hyper-parameters. Then, setting
a = 0 and min{||h|| : h € OsF(x,)} < (5(((%"‘)“/2 +
Vda) K14 < ¢, we have K = O(d3e~*). Obviously, by
setting a = 0, our method can avoid the influence of § on
the convergence iterations (Lin et al., 2022) and obtain the
same convergence iteration number as the traditional bilevel
optimization method without the Lipschitz assumption on
the stochastic gradient estimation (Huang & Huang, 2021).
Then, since we need to approximate ¢(Q) X dz Jacobian-
vector products and O(p) time to calculate the projection
in each iteration, the average computational complexity
of approximating hypergradient is O(Qdap + d;). There-
fore, the total computational complexity of our method is
O((Qdap + dy)d3e=). It is worth noting that since we
approximate ds Jacobians in parallel, the overall execution
time of our algorithm can be significantly reduced.

5. Experiments

In this section, we compare the performance of our method
with SOTA methods for LCBO in two applications. (De-
tailed settings are given in our Appendix.)

5.1. Baselines

We compare our method with the following LCBO methods.

1. V-PBGD. The method proposed in (Shen & Chen,
2023) uses the value function method to solve the
bilevel optimization problem.

2. RMD-PCD. The method proposed in (Bertrand et al.,
2022) which uses the reverse method to calculate the
hyper-gradient.

3. Approx. The method proposed in (Pedregosa, 2016)
solves a linear optimization problem to calculate the
hypergradient.

We implement all the methods by Pytorch (Paszke et al.,
2019). Since JaxOpt (Blondel et al., 2022) is implemented
by JAX (Bradbury et al., 2018), for a fair comparison, we
use Approx with the Jacobian calculating methods in (Mar-
tins & Astudillo, 2016; Djolonga & Krause, 2017; Blondel
et al., 2020; Niculae & Blondel, 2017; Vaiter et al., 2013;
Cherkaoui et al., 2020) as a replacement of JaxOpt, which
uses the same method to calculate the hypergradient. We run
all the methods 10 times on a PC with four 1080Ti GPUs.

5.2. Applications

Data hyper-cleaning. In this experiment, we evaluate the
performance of all the methods in the application named
data hyper-cleaning. In many real-world applications, the
training set and testing set may have different distributions.
To reduce the discrepancy between the two distributions,
each data point will be given an additional importance
weight, which is called data hyper-clean. This problem
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Figure 2: Test accuracy against training time of all the methods in meta-learning.

Table 3: Test accuracy (%) with standard variance in meta-learning. (Higher is better.)

Datasets  Problem DMLCBO V-PBGD Approx RMD-PCD

Omniglot 5 way Sshot 9997 £0.04 95.67+1.02 99.41+0.25 99.69 £ 0.37
Omniglot 10 way 5 shot 99.81 £0.19 98.43£0.16 99.57+0.17 99.29 +0.17
FC100 Sway Sshot 85.25+0.01 78144197 74.194+1.35 84.75£0.65
FC100 10 way 5 shot 86.93 +0.89 67.18 £0.75 69.10+0.85 81.18 £0.39

can be formulated as

Kij = ¢(ai) " ¢(ay), Vij =
]., (aj,bj) S DZ

tre

15 if b; # j otherwise V;
and K denotes the number of classes.

: * T 1.
P s

val
s.t. y*(z) = arg minZ[a(m)]ié (yTai, bi) + |yl
lylli<r B,

where » > 0, Dy, and D,,; denote the training set and
validation set respectively; (a;, b;) denotes the data point;
o(-) :==1/(1 + exp(—-)) is the Sigmoid function; ¢(-, ) is
the loss function; ¢ > 0 is the regularization parameter used
to ensure the lower-level problem to be strongly convex. In
this experiment, an additional /; is added to the lower-level
problem to ensure the sparsity of the model.

Meta-learning. Meta-learning for few-shot learning is to
learn a shared prior parameter across a distribution of tasks,
such that a simple learning step with few-shot data based
on the prior leads to a good adaptation to the task in the
distribution. In particular, the training task 7; is sampled
from distribution Pr. Each task 7; is characterized by its
training data D! and the test data Di,. The upper level
is to extract features from input data and multi-class SVM
served as the base learner in the lower-level optimization to
classify the data on its extracted features. This problem can
be formulated as

min > L(y; (@), 6=, i)

Ti~Pr

17)
s.t. yi(x) = argmin —y, Gy —e'y;
0<y;<Ce 2

where ¢, denotes the network parameterized by x; e denotes
the vector with all elements equalto 1; G = K © (VV'T),

5.3. Results

We have presented the test accuracy results for all methods
in Tables 2 and 3, and visualized the testing performance
as a function of training time in Figures 1 and 2. Upon
closer examination of the data presented in Tables 2 and 3,
we can find that our method achieves similar performances
in some cases and sometimes gets results better than other
methods. One possible reason is that RMD-PCD, Approx,
and V-PBGD highly depend on the solutions to the lower-
level problem. Once the approximated solution is not good
enough then they may obtain bad performance. From all
these results, we can conclude that our DMLCBO outper-
forms other methods in terms of effectiveness.

6. Conclusion

In this paper, without using the restive assumptions on
y*(x), we propose a new method to derive the hypergra-
dient for LCBO. Then, we leverage randomized smoothing
to approximate the hypergradient. Then, using our new hy-
pergradient approximation, we propose a single-loop single-
timescale algorithm based on the double-momentum method
and adaptive step size method, which updates the lower-
and upper-level variables simultaneously. Theoretically,
we prove our methods can converge to the (4, €)-stationary
point with O(d2e¢~*). The experimental results in data hy-
percleaning and meta-learning demonstrate the effectiveness
of our proposed method.



Double Momentum Method for Lower-Level Constrained Bilevel Optimization

Acknowledgements

Bin Gu was supported by the Natural Science Foundation of
China under Grant No.62076138. Yi Chang was supported
by the Natural Science Foundation of China under Grant
No0.U2341229 and the National Key R&D Program of China
under Grant No.2023YFF0905400.

Impact Statement

This paper presents work on the theoretical analysis of the
bilevel optimization problem. There are many potential
societal consequences of our work, none of which we feel
must be specifically highlighted here.

References

Bard, J. F. Practical bilevel optimization: algorithms and
applications. Springer Science & Business Media, 2013.

Bergstra, J. S., Bardenet, R., Bengio, Y., and Kégl, B. Al-
gorithms for hyper-parameter optimization. Advances in
neural information processing systems, pp. 2546-2554,
2011.

Bertrand, Q., Klopfenstein, Q., Blondel, M., Vaiter, S.,
Gramfort, A., and Salmon, J. Implicit differentiation
of lasso-type models for hyperparameter optimization.

In International Conference on Machine Learning, pp.
810-821. PMLR, 2020.

Bertrand, Q., Klopfenstein, Q., Massias, M., Blondel, M.,
Vaiter, S., Gramfort, A., Salmon, J., Chevalier, J., Nguyen,
T., Thirion, B., et al. Implicit differentiation for fast
hyperparameter selection in non-smooth convex learning.
Journal of Machine Learning Research, 23(149):1-43,
2022.

Bertsekas, D. P. On penalty and multiplier methods for
constrained minimization. SIAM Journal on Control and
Optimization, 14(2):216-235, 1976.

Blondel, M., Teboul, O., Berthet, Q., and Djolonga, J. Fast
differentiable sorting and ranking. In International Con-
ference on Machine Learning, pp. 950-959. PMLR, 2020.

Blondel, M., Berthet, Q., Cuturi, M., Frostig, R., Hoyer, S.,
Llinares-Lépez, F., Pedregosa, F., and Vert, J.-P. Efficient
and modular implicit differentiation. Advances in Neural
Information Processing Systems, 35:5230-5242, 2022.

Bolte, J., Le, T., Pauwels, E., and Silveti-Falls, T. Nons-
mooth implicit differentiation for machine-learning and
optimization. Advances in neural information processing
systems, 34:13537-13549, 2021.

Bradbury, J., Frostig, R., Hawkins, P., Johnson, M. J., Leary,
C., Maclaurin, D., Necula, G., Paszke, A., VanderPlas, J.,

Wanderman-Milne, S., and Zhang, Q. JAX: composable
transformations of Python+NumPy programs, 2018. URL
http://github.com/google/jax.

Chen, T., Sun, Y, and Yin, W. A single-timescale
stochastic bilevel optimization method. arXiv preprint
arXiv:2102.04671, 2021.

Cherkaoui, H., Sulam, J., and Moreau, T. Learning to
solve tv regularised problems with unrolled algorithms.

Advances in Neural Information Processing Systems, 33:
11513-11524, 2020.

Clarke, F. H. Optimization and nonsmooth analysis. SIAM,
1990.

Colson, B., Marcotte, P., and Savard, G. An overview of

bilevel optimization. Annals of operations research, 153
(1):235-256, 2007.

Djolonga, J. and Krause, A. Differentiable learning of
submodular models. Advances in Neural Information
Processing Systems, 30, 2017.

Feurer, M., Springenberg, J., and Hutter, F. Initializing
bayesian hyperparameter optimization via meta-learning.
In Proceedings of the AAAI Conference on Artificial In-
telligence, volume 29, pp. 1128-1135, 2015.

Franceschi, L., Donini, M., Frasconi, P., and Pontil, M.
Forward and reverse gradient-based hyperparameter opti-
mization. In International Conference on Machine Learn-
ing, pp. 1165-1173. PMLR, 2017.

Franceschi, L., Frasconi, P., Salzo, S., Grazzi, R., and Pontil,
M. Bilevel programming for hyperparameter optimiza-
tion and meta-learning. In International Conference on
Machine Learning, pp. 1568-1577. PMLR, 2018.

Ghadimi, S. and Wang, M. Approximation methods for
bilevel programming. arXiv preprint arXiv:1802.02246,
2018.

Goldstein, A. Optimization of lipschitz continuous func-
tions. Mathematical Programming, 13:14-22, 1977.

Guo, Z., Hu, Q., Zhang, L., and Yang, T. Random-
ized stochastic variance-reduced methods for multi-
task stochastic bilevel optimization. arXiv preprint
arXiv:2105.02266, 2021.

Hong, M., Wai, H.-T., Wang, Z., and Yang, Z. A two-
timescale framework for bilevel optimization: Complex-
ity analysis and application to actor-critic. arXiv preprint
arXiv:2007.05170, 2020.

Huang, F. and Huang, H. Biadam: Fast adaptive bilevel
optimization methods. arXiv preprint arXiv:2106.11396,
2021.


http://github.com/google/jax

Double Momentum Method for Lower-Level Constrained Bilevel Optimization

Huang, F., Gao, S., Pei, J., and Huang, H. Acceler-
ated zeroth-order and first-order momentum methods
from mini to minimax optimization. arXiv preprint
arXiv:2008.08170, 2020.

Ji, K., Yang, J., and Liang, Y. Bilevel optimization:
Nonasymptotic analysis and faster algorithms. In In-
ternational Conference on Machine Learning (ICML),
2021.

Khanduri, P., Zeng, S., Hong, M., Wai, H.-T., Wang, Z., and
Yang, Z. A near-optimal algorithm for stochastic bilevel
optimization via double-momentum. Advances in neural
information processing systems, 34:30271-30283, 2021.

Kingma, D. P. and Ba, J. Adam: A method for stochastic
optimization. arXiv preprint arXiv:1412.6980, 2014.

Konda, V. R. and Tsitsiklis, J. N. Actor-critic algorithms. In

Advances in neural information processing systems, pp.
1008-1014. Citeseer, 2000.

Lin, T., Zheng, Z., and Jordan, M. Gradient-free methods
for deterministic and stochastic nonsmooth nonconvex
optimization. Advances in Neural Information Processing
Systems, 35:26160-26175, 2022.

Liu, R., Liu, Y., Zeng, S., and Zhang, J. Towards gradient-
based bilevel optimization with non-convex followers
and beyond. Advances in Neural Information Processing
Systems, 34:8662—-8675, 2021.

Martins, A. and Astudillo, R. From softmax to sparsemax: A
sparse model of attention and multi-label classification. In
International conference on machine learning, pp. 1614—
1623. PMLR, 2016.

Meyer, C. D. Matrix analysis and applied linear algebra,
volume 71. Siam, 2000.

Moreau, J.-J. Proximité et dualité dans un espace hilbertien.
Bulletin de la Société mathématique de France, 93:273—
299, 1965.

Niculae, V. and Blondel, M. A regularized framework for
sparse and structured neural attention. Advances in neural
information processing systems, 30, 2017.

Paszke, A., Gross, S., Massa, F., Lerer, A., Bradbury, J.,
Chanan, G., Killeen, T., Lin, Z., Gimelshein, N., Antiga,
L., et al. Pytorch: An imperative style, high-performance
deep learning library. Advances in neural information
processing systems, 32, 2019.

Pedregosa, F. Hyperparameter optimization with approxi-
mate gradient. In International conference on machine
learning, pp. 737-746. PMLR, 2016.

10

Rajeswaran, A., Finn, C., Kakade, S., and Levine, S.
Meta-learning with implicit gradients. arXiv preprint
arXiv:1909.04630, 2019.

Shen, H. and Chen, T. On penalty-based bilevel gradient
descent method. arXiv preprint arXiv:2302.05185, 2023.

Shi, W. and Gu, B. Improved penalty method via dou-
bly stochastic gradients for bilevel hyperparameter opti-
mization. Proceedings of the AAAI Conference on Artifi-
cial Intelligence, 35(11):9621-9629, May 2021. doi:
10.1609/aaai.v35i11.17158. URL https://ojs.aaai.org/
index.php/AAAl/article/view/17158.

Shi, W., Gao, H., and Gu, B. Gradient-free method for
heavily constrained nonconvex optimization. In Inter-
national Conference on Machine Learning, pp. 19935—
19955. PMLR, 2022.

Tsaknakis, 1., Khanduri, P., and Hong, M. An implicit
gradient-type method for linearly constrained bilevel
problems. In ICASSP 2022 - 2022 IEEE International
Conference on Acoustics, Speech and Signal Process-
ing (ICASSP), pp. 5438-5442, 2022. doi: 10.1109/
ICASSP43922.2022.9747013.

Vaiter, S., Deledalle, C.-A., Peyré, G., Dossal, C., and Fadili,
J. Local behavior of sparse analysis regularization: Ap-
plications to risk estimation. Applied and Computational
Harmonic Analysis, 35(3):433—451, 2013.

Van Leeuwen, T. and Aravkin, A. Y. Variable projection
for nonsmooth problems. SIAM journal on scientific
computing, 43(5):5249-S268, 2021.

Xiao, Q., Shen, H., Yin, W., and Chen, T. Alternating pro-
jected sgd for equality-constrained bilevel optimization.
In International Conference on Artificial Intelligence and
Statistics, pp. 987-1023. PMLR, 2023.

Xu, S. and Zhu, M. Efficient gradient approximation method
for constrained bilevel optimization. arXiv preprint
arXiv:2302.01970, 2023.

Zhang, J., Lin, H., Jegelka, S., Sra, S., and Jadbabaie, A.
Complexity of finding stationary points of nonconvex
nonsmooth functions. In International Conference on
Machine Learning, pp. 11173-11182. PMLR, 2020.


https://ojs.aaai.org/index.php/AAAI/article/view/17158
https://ojs.aaai.org/index.php/AAAI/article/view/17158

Double Momentum Method for Lower-Level Constrained Bilevel Optimization

Appendix
A. Experimental Setting

Data hyper-cleaning. In this experiment, we evaluate all the methods on the datasets MNIST, FashionMNIST, CodRNA,
and Madelon !. For MNIST and FashionMNIST, we choose two classes to conduct a binary classification. In addition,
we flip 30% of the labels in the training set as the noisy data. We set 7 = 1 for all the datasets. For our method, we
search the step size from the set {1,107%,1072,1073,10%,1075}. For other methods, we search the step size from the
set {10,1,1071,1072,1072,107%, 10~°}. Following the default setting in (Ji et al., 2021), we set @ = 3 and = 0.5 for
our method. In addition, we set g, = 1/4/100 + k, ¢; = 10 and ¢o = 10 for our method. For V-PBGD, RMD-PCD, and
Approx, following the setting in (Pedregosa, 2016), we set the inner iteration number at 100. We run all the methods for
10000 iterations and evaluate the test accuracy for every 100 iteration. We set 6 = le — 6.

Meta learning. In this experiment, we evaluate all the methods on the datasets Omniglot and FC100. We set C' = 10. We
use a network with four convolution-ELU-Maxpooling layers to extract the features that output a R1%° vector as the feature.
For our method, we search the step size from the set {1,107, 1072,1072,10~%, 10~°}. For other methods, we search the
step size from the set {10,1,1071,1072,1072,10~%,10~°}. Following the default setting in (Ji et al., 2021), we set Q = 3
and 1 = 0.5 for our method. In addition, we set 7, = 1/4/100 + k, ¢; = 10 and ¢y = 10 for our method. For V-PBGD,
RMD-PCD, and Approx, we also set the inner iteration number at 3. We set 6 = le — 6.

B. Ablation Study

In this section, we conduct ablation experiments on the hyper-parameters () and 7. To control the variables, we explore the
effect of each hyper-parameter while keeping the other hyper-parameters as default as shown in the experimental setups. We
search the step size of both = and y. We present the results in Tables 4, 5. We can find that increasing () will lead to a long
training time. In addition, setting () = 1 usually leads to the worst results, which is because setting () = 1 means ignoring
the inverse of the Hessian matrix in our hypergradient and may not converge to our stationary point.

Table 4: Test accuracy (%) of our method with different Q in data hyper-cleaning. (Higher is better.)

Datasets Q=1 Q=3 Q=5 Q=7

CodRNA 80.25 £0.07 80.42+£0.05 80.55+0.03 80.56 +0.04
MNIST 6vs9 93.65 £0.01 94.24+0.01 94.154+0.01 94.35+0.01
Madelon 55.23 +£1.22 56.33+1.83 56.67+1.24 56.23 +1.56
FashionMNIST 1vs7 88.25+0.56 88.85+0.60 88.75+0.40 88.55+0.33

Table 5: Test accuracy (%) of our method with different 7 in data hyper-cleaning. (Higher is better.)

Datasets n=20.1 n=20.5 n=1

CodRNA 80.45+0.04 80.42+0.05 80.33+£0.06
MNIST 6vs9 94.65+£0.01 94.24+£0.01 94.35+0.01
Madelon 56.23 +1.14 56.33 £1.83 56.23 £ 1.56
FashionMNIST 1vs7 88.65+0.67 88.85+£0.60 88.67+0.23

C. Proof of Lemma 3.3

Proof. Here, we follow the proof in (Van Leeuwen & Aravkin, 2021). For given z; and x5, we have the corresponding
unique optimal solutions y*(x1) and y*(x2). For the constrained lower-level problem, we have the following optimal
conditions

0 € Vyg(zr,y"(21)) + 00y (y"(21)), 0 € Vyg(ra,y*(22)) + doy(y* (22)) (18)

where dy () is the indicator function of the constriant.

"https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/
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Since g is strongly convex for any given Z and ) is convex, we have

pglly™ (1) —y* (@2)|* < (Vyg(@,y" (1)) + hn) = (Vyg(,y" (22)) + ha) .y (1) — 5" (22)) (19)
where hy € 09y (y*(x1)) and hy € 90y (y*(x2)). Make the particular choices h1 = —V,g(z1,y*(z1)) € 9oy (y*(z1))
and hy = =V g(z2,y*(x2)) € 00y (y*(x2)), we have

pglly* (1) =y (22)|I?
<(Vy9(@,y" (1)) = Vyg(z1,y" (21)),y"(z1) — y*(22))
+(Vyg(za,y"(22)) = Vyg(, y" (22)), 5" (1) — y" (22)) (20)
Then, setting £ = x1, we have

*

tglly* (z1) — y* (22) 2
< (Vyg(w2,y*(22)) — Vyg(z1,y" (x2)), y" (21) — y*(22))
<[IVyg(w2, ¥ (22)) — Vyg(zr, y* (@2)) llly* (21) — y* (22) ||
* * )

) —
<Lgllzr — 22l lly* (21) — y* (z2) || (1)

where the last inequality is due to Assumption 2.2. Rearrange above inequality, we have

* * L
ly* (1) —y" (@) || < f\\xl — T (22)
g

That completes the proof. O

D. Proof of Lemma 3.6

Proof. First, we show that the limit exists. By Lipschitzness of the projection operator and Jenson inequality, we know that
05Py(z) lies in a bounded ball with radius 1. For any sequence of 6 with 5 | 0, we know that 95, , Py (2) C 05, Py(2).
Therefore, the limit exists by the monotone convergence theorem.

Next, we show that lims g 5Py (z) = 0Py (z). According to the Proposition 2.6.2 in (Clarke, 1990), we have

Py(x)=) U Py (23)

5>0 2/ €Bs (2)

Then, using the fact

U OPy (') C co U Py (2) | = 0sPy(2), (24)

2/ €Bs(z) 2 €Bs(2)
we have 0Py (z) C lims g OsPy(2).

Using the upper semicontinuous of 9Py (z) at z (Clarke, 1990), we have that for any € > 0, there exists 6 > 0 such that

U 9Py(2)) CoPy(2) +eB (25)

2/ €Bs(2)

Then, by convexity of 9Py (z) and e B, we know that their Minknowski sum 9Py, (z) + € B isconvex. Therefore, we conclude
that for any € > 0, there exists 6 > 0 such that

0sPy(z) = co U OPy(z") | COPy(z)+€B (26)
z'€Bs(z)
Therefore, we have lim; o 95Py(z) C Py (z). Finally, we obtain lims o O5Py(z) = OPy(z). O

12
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E. Proof of Proposition 3.7

Proof. Let u € R? denote a random variable distributed uniformly on B; (0). Since Py (-) is 1-Lipschitz, we have
1Pys(2) = Py(2)]l = [E[Py(z + du) = Py(2)][| <5-1-E[[ull] =& 27
Since Py (z) is 1-Lipschitz, we have

IPys(2) = Pys(2)| = [E[Py(z + 6u) = Py (2" + su)ll| < [E[|z = &[]l = ||z — 2’| (28)

For the Jacobian matrix, we have

(VPhs(2)T
VPys(z) = : (29)
(VP ()T

For each element VPj,5(2), (i € [1,---,dy]), according to Theorem 3.1 in (Lin et al., 2022), we have VP};(z) =
E[VP3, (2 + du)]. Therefore, we can easily obtain VPys(z) = E[VPy(z + du)]. Then, according to (Lin et al., 2022), we
have

d 1/2
IVPys(2) = VPys ()|l < [VPys(2) = VPys (')l = <Z IVPys(2) — VP&a(Z’)2>
i=1

d 1/2
cLo\/do cds L
< (Z(’}Ilz - z’)2> = —5 ==~ (30)
i=1
where ¢ > 0 is a constant. O

F. Proof of Proposition 3.9
Proof. According to Theorem 3.1 in (Lin et al., 2022), for each element VP%,(z) in VPy;(z), we have VP3,5(2) €
5P} (z). Therefore, we have VPy;(z2) € dsPy(z) O

G. Lipschitz Continuousness of V Fs(x)
Here, we prove V Fs(x) is Lipschitz continuous. We first give several useful lemmas.

Lemma G.1. (Lipschitz continuous of the approximation of hypergradient on x and y.) Under Assumptions 2.1, 2.2,
V fs(x,y) is Lipschitz continuous on y € Y and x € X, respectively, such that we have

d
IV 52, 91) = Vs, )l < La () v — vl 31

d
IV fs(r,9) = Vis(wa, ) < La(5) a1 = o] (32)

where Ll((%z) =Ly + LQ'I:ng'U + Cgrigcfy (% + H%Lg) + Cgmycfyﬁ(% + n%Lg)(l — Nig) + Lﬁigy + %Lf

ch'1 CIC1 C Ca, qu sz
and LQ(%) =Ly+ g:g ot g;g f‘/n%[’g + CyayCry (UTE%LQ(l — Niig) + :72:) + ﬁl’f

13
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Proof. Using the definition of V fs(x,v), 21 = y1 — Vyg(z,y1) and 2o = yo — Vyg(x, y2), we have
IV fs(z,y1) — Vfs(z, y2) ||
=[IVaf (2, 1) —nV2,9(x,y1)VPys(21) " [(La, — (Ta, — nviyg(Lyl))va(zl)T]’l Vy f(@,y1)
— Vo (2, 2) + V2,90, y2) VPys(22) T [(Tay — (Lay — 1V2,9(2,32)) VPys(22) ] V(2,30
<IVef(z,y1) = Vg
+0lV2,9(z,y2) — V2,90, y) IV Pys(22) || [La, — (Ta, — Viyg(ﬂfvyz))vpya(zz)Trl IVy f (@, y2)l
+0lVay9(@, y) |IVPys(22) = VPys (20l [la, — (Ia, — 1V, 9(x, y2))vpy5(22)T]_1 IVy f(z,y2)ll
#9500 p) I Ps(en) [ — (Jaa —n¥39(032)) VPys(z2) ] -
— [1a, = (Ta, =V}, 9(z,y1))VPys(21) T IV f (2, y2)ll
+ V3,9, y)IVPys (2O [La, — (Ta, — nvf,yg(%yl))vpyé(zl)T]_l Vyf(z,y2) = Vyf(@,y)l  (33)
We have

)
)

IVaef(@,y1) = Vaf(z,y2)|l < Lellyr — v2ll, (34)
IVyf(z,y1) = Vyf(z,92)ll < Lillyr — vel|, (35)
IV2,9(x,y2) = Va,g(z,y0)ll < Laylly2 — v1ll, (36)
IVPys(z1)ll <1, [V f(z,u2)ll < Cpyy [V 9(,91)]| < Coauy (37

Since [|(1a, — nV2,9(2,y2))VPys(22) T | < IVPys(22) 12, — nV2,9(z, y2)|| <1 —npg < 1 we have

-1
I [ay — (s, = 0V, 9(x,42)) VPys(22) "] |

< 1

“1—|[(Ia, —nV2Z,9(2,y2)) VPys(22) T ||

1
<— (38)
Mg

[VPys(z2) — VPys(z1)]

cd
<*2”22 — 2|

cd
Jllyz —nVyg(x,y2) —y1 +nVyg(x, 1)l

§—||y2 -yl + TIT”VyQ(xv Y1) —nVyg(z,yo)|

cd cd
<(5 15 Lol —wil (39)

Using the inequality || 5 — H™ | < | Hy (Hy — Hy)Hy " < |H7 | Hy — Hyl|[Hs |, we have
-1 -1
1 [La, = (La, =1V, 9(2,y2))VPys(22) '] = [La, = (Lay — 1V, 9(x,91))VPys(21) '] |

1
SWH(I@ nVe,9(x,52))VPys(22) " — (Ia, — V3, 9(2,31))VPys(21) |
g

1
SWHVPW(@) = VPys(z)llla, = 1V, 9(z,y2)]

22 IVPys (@)l e = NV 9(w,y2) = Iay + 0V, 9(x, )|
g

1 Cdg Cdg
< P
<n2u§( 5

L
Lg)(1 = npug) + gy;’) ly2 — v (40)
Nty

14
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Therefore, using the above inequalities, we obtain

IV fs(x,y1) — Vs(x,y2V fs(x,y)) ||
LgoyCly 4 CgayCy cda +n cds

<L;+ —L
f 1y ity (=5 5 L9)
1 CdQ CdQ Lgyy ngy
CizyCiy | —(— —L ——L — 41
# CunCry (5 (G + 1P L) (0 =)+ 280 ) 4 2L gy = @)

For the second statement, let z; = y — V,g(z1,y) and 2o = y — V,g(z2,y), we have

IV fs(z1,y) = Vfs(z2,9)||
=[|Vaf(21,y) = nV2,9(x1,y)VPys(21) " [Lay — (Ia, — nviyg(xhy))w’yé(ZOT]_l Vyf(x1,y)

— Vaf(22,9) + nV2,9(22,y)VPys(22) " [Lay — (La, — ﬂvyyg(wzay))vpyé(zzf]_l Vy f(z2,y)
<IVaf(z1,y) — V(2,9

+1lIV2,9(22,9) — V2,901, ) IV Pys o)l [Ta, — (Tay — 1V 9(22.9))VPys(22) 7] IV f (22, 9)]
+0lIVZ, 9z, IIVPys(z2) = VPys (20l [Tar — (T2, — nvyyg(xzay))vpyé(@)T]_I IV f(z2,9)ll
+0lV2,9(z0 9V Pys (0l [Ta, — (La, — nvyyg(wz,y))vpyé(@f]il

— Lty — (ay = V2, 9(21,9)VPys(21) ] IV f (2, 9)ll

+ 192,91, IV Pys O Fas — Ty — 192,901, 9)VPys(20) ] IV, f(@2.9) = Vyfa1,9)]| - @2)

We have

IVaf(z1,y) — Vi f(2,y)|| < Lfllwe — 21| (43)
IVyf(x1,y) = Vyf(z2,y)|| < Lyllze — 21| (44)
IV2,9(x2,y) — V2,9(@1,9)|| < Lgayllzs — 21]] (45)

[VPys(z2) = VPys(z1)
d
<=z — 2]

cd
:JHy nVyg(22,y) —y +nVyg(x1,y)|

SHTHWQ(% y) —nVyg(w2,y)|l

cd
<=5 Lyllar — o] (46)

I [Ta, — (Lo, — 0V, 9(22,9)VPys(22) 7] = [Iay — (Tay — 1V2,9(x1,9))VPys(z1) "] |l

1
SWH(I@ nV2,9(21,9))VPys(21) " — (Iay — nV2,9(w2, ) VPys(22) " |
g

1
Swllvpya(m) = VPys(22)la, = 1V, 9(x1, y)ll

2,2 IVPys ()l e, = NVyy9(@1,y) = Loy +0V5,9(w2,y)l|
9

1 Cd2 L“
< (L r 1)+ -‘“J) — “7)
(W L1~ g) + 28 )y ]

15
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Therefore, we have

IV fs5(x1,9) = V52, 9)|

Ly:C CyzyCiy cd 1 cd L Cyz
< (Lf + ne f + = fy 2L +Cg:wcfv ( ;JLg(l _Uﬂg) + qyy) + ”Lf> ||371 _352” (48)

Hg Hg 5 g 4 3 g

O

G.1. Proof of Lemma 3.8

Here we first give a detailed version of Lemma 3.8 and then give the proof.

Lemma G.2. (Lipschitz continous of V F5(x).) Under Assumptions 2.1, 2.2 and Lemma 3.10, we have V Fs(x) is Lipschitz
continuous w.r.t x, such that

d
IVE5(21) = VE5(z2)]| < L&(f)l\xl — o (49)

Ly, 2y Cry C a:yC y(c c c
where L, (%) = ?L (%) + La(%), Ly(%) = Lf+ LozaCra 4 ComiOhu (e 4 o2 L) + Cyay Cry (7 (48 +
c vy gzy £ C Y Cya C Y gy C C
N2 L) (1 —1pg) + Tg) TgLfﬂmsz(%z) Ly+ L el —emluy 92 Ly + Cyay Cry(n #1 “bLy(1 mbg)+

Lgyy Cyay L
/1'5 )+ Hg f

Proof. We have

[VEs(x1) — VEs(zo)||
=[|Vfs(z1,y"(21)) — Vs, y" (z2))|
<IVfs(z,y™(21)) = Vis(@, y™ (@)l + [ fs(z1, 9" (22)) — fo(z2, y™ (22)) |l (50)

For the first term, we have

d L d
IV sy (22)) = Ve @)l < LDy @) = o)) < 2L Bles —mall 5D
g9
Thus, we have
da L d
VP o) = TFs(al < (L) + 2L P)) llon - aal 52)
Hg 4

H. Proof of Lemma 3.10
Proof. By the definition of H, we have

do S (Ph (2 + dui) — Pz — 6uy)) uf
H= Z 26 (Py(z + 6u;) — Py(z — u;)) u; = ; °Y
i1 5 (7’ (2 + du;) — P (= — &”)) u

According to (Lin et al., 2022), for each element H; = 372, L (P] (z + du;) — 73] (z — 5u2)) u,; , we have
d
2 J ,4 T .
E[—Z% (P§(2+6ui) —Pﬁ,(z—éui)) u'] = VPs(2). (54)

i=1

16
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Therefore, we have FE[H] = VPys(z). According to (Lin et al, 2022), we have
E..[| & (Pg’,(z +0u;) — Pz — 5ui)) ul |[2] < 16v/2rds L2. Then, we have

E[|H]7]

E[| H|[3] = ZIIH I°] Z [11;11%)

di Z (731 z 4+ odu;) — Pi,(z — 5uz)) u;

|

(Pg,(z +6u;) — Pz — m)) ul

Sdg . ?dQ . 16v 27Td2L§
2

T

=16v/2mdy L2 (55)
That completes the proof. O
I. Proof of Lemma 3.11
Proof. For convenience, define ny = QHC(Q) ((Iay —nVi,g(x,y)H(zu')T) and Gy,

(14, — (Ia, =1V 9(z, y))VPy(;(z)T} - We set ) < ;- We have

Ee[V f5(z,5:€)] = Vo f(x,y) — nV2,9(x,y)VPys(2) 'E [Gyy] Vy f(2,y) (56)

‘We have

||Vf5 ay) Vf5 x yv ||
= ||77Vryg z,9)0.Pys(z {E [ ] - ny} Vyf(x,y)H
<NCgayClry HE [ yy] - yy“ (57)

where the third inequality is due to the non-expansive of the projector operation.

Due to the independency of u, ¢(Q), we have

E[Gy,]

=E

«(Q)
Q[ ((Ta, - an,yg(x,y))H(Z;ui)T)]

i=1

i=1

¢(Q)
=QE(q) |:]Eu [H ((La, = Vi, g(a, y))H(Z;ui)T)”

Q)
=QEq) (s, — V3, 9(x,y))VPys(2) "]
Q-1

=5 [(Lsy = 1V2,9(2,9))VPys(2) "] (58)
1=0

17
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In addition, we have

ny
= [lay, — (s, — 1V, 9(x,y))VPys(2) "]

=" (s, = 1V2,9(x, ) VPys(2) "]
1=0

-1

%

c(Q) 00 )
=E {Q H (Ig, — nvyyg x,y))H ] +Z (Ig, — nvyyg x,4))VPys(2) }Z
i=1 i=Q
(59
where z = y — nV,g(z, y), which implies that
1 [Gyy] = G
. c(Q) o .
=|[[(Ja, = T2, =1V, 9(z,9))VPys(2) ] —E|Q [] ((Ta, — nV2y9(z, y: ¢ H(2;u") ")
i=1
< Z | (a, — Uviyg(%y))vpyé(z)THi
i=Q
<Y |1 = 192 9@ )| IV Pys (I
1=Q
< (1= ) (60)
iy Nitg
Thus, we have
= - CgzyC
[V 15z, y) = E[V fs(, 45 Ol < %“’(1 = itg)? 61
g
Then, we prove the bound on the variance. we have
E [Wfa(x,y;f) —E[Vfs(z,y;€)] H2]
—E |1V, 9z, y) H (= °>Téyyv F(@.y) = 192,9(2,5)VPys(2) TE[Gyy ]V f (2, )]
<2 | V2,0, 9) | E [| A (z:0%) = VPys ()| E [[|Goy |*] 190 (2, 1)
+ 207 [ Vay g, ) I IV Pys(2) I B [|| Gy = Bl [*] 11V £ ) (62)
For the first term in the above inequality, we have
E || A (zu") - VPys(2)|| < 32v2rdsL2 +2 (63)

18
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For E[||G, %], we have

Q-1 q 2
Q-1

< D (1= nug)a(2m)V/*/dy L)
q=0

1
<
T 1= (1= npy)?16v2rdy L2

where the last inequality is obtained by setting %(1 — m) <n< %
9 ™ P 9

We can also derive that

B [Gyy] |
Q-1 )
=|| (I, = nV2,9(2,y))VPys(2) ]|
i=0
Q-1
< g, = nV3,9(x,y)VPys(2) "’
i=0
Q-1
SZ(l_Uﬂgy
i=0
1
Si
Nitg
Then, we have
2 2
E |Gy, —
15w~ ECWI) < s *

Therefore, combining the above inequalities, we can bound the variance as follows,

E||Vf(@,5:8 ~E [VF@ud]|*] <opld)

where o f(d) = 20°CZ,, (32v2mda L2 4-2)

22 2
. +2n°C ( +

nyl (1— np,g)216\/27rd L2 9TYN1—(1—npg)216V/2mdo L2

completes the proof.

J. Route Map of Our Convergence Analysis

Here we give a simple route map of our convergence analysis.

K. Deriving the Convergence Metric

(64)

(65)

(66)

(67)

)C That
O

In this section, we give a detailed analysis to derive the metric. Based on the Lipshitz continuous of V Fs(z), we have the

following lemma,

Lemma K.1. Under Assumptions 2.1, 2.2 and Lemma 3.10, we have
d *
IV Fs () — wie]|? < ZLf(f)lly (k) = yrll® + 201V fo(p, yi) — wi]*.

19
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[ Lemma 3.3 ] [ Lemma G.1 ] [ Lemma 3.10 ]
' N 4 N\

Lemma 3.8 Lemma 3.11
L J & J

Lemma K.2 [ Lemma K .4 ] Lemma K.3

[ Theorem 4.1 }

Figure 3: Route map of convergence analysis.

Proof. We have

|V Fs(xr) — wpl|®
=V fs(@r, y* (xr) — Vs(zr, ye) + V fs(@n, yr) — wil)?
L2V fs(@k, y* (@r) — Vs (@, y) 12 + 2|V f5 2k, yi) — w2

d
<23 ()l (n) = wl® + 20V o n, ) — (69)

K.1. Usefull Lemmas in Convergence Rate

Lemma K.2. (Descent on the function value.) Under Assumptions 2.1, 2.2, and Lemma 3.8, let Fs(x) be an approximation
function of F(x) and have the gradient V Fs(xy,), and vy, < ﬁ we have
Fs

(%)

Fieni) < Fy(an) +mreil|VEs () = well® = 57 20—l (70)
- o v
Proof. Due to the smoothness of F5 and let Tx11 = g Py v ey wy, we have

Fs(zp41)

1 d
<Fy(ax) + VEs(ar) " (@rr = 20) + 5 Lpy () [okan — 2

5 1 d N
=Fs(xx) + mVEFs(zr) " (Frgr — o) + o Lrs (f)\lnk(xkﬂ — )|

2 d
=Fs(xk) + e {wg, Tr41 — k) + e (VFs(xr) — wg, Tpy1 — i) + 77écle(;(?Q)Hﬂ?kH — |2 (71)
In our algorithm, we have Zy1 = xp — P[l/cu,l/c,]&/m#—Go)wk = argmingcpa; 5|z —x,+ P[l/cu,1/cl]?\/m+Go)wk”2'

20



Double Momentum Method for Lower-Level Constrained Bilevel Optimization

We have the following optimal condition,

-
Pl /ea /o) (/Mizk + Go)

(Tps1 —xp + Wi, & — Tpy1) >0, z € RN (72)

Set x = x4, we can obtain
ver(wi, Epy1 — o) < —[[Tppr — 2] (73)

Thus, we have
- 1. 9
(Wi, Top1 — Tk) < ——||Tr1 — | (74)
Y
In addition, we can obtain

(VFs(x) — wi, Tpq1 — Tn)
<||VFs(xx) — will2l|Tr+1 — okl

1 .
<var||VFs(wr) — wgel|* + T [Eps1 — xi]|? (75)
vy

Then, setting v < , we can derive

1
A
2Lps (S8

Fs(wp+1)
2 d
<Fy(ax) + mrea|VEs(on) = wnlP + 2 Nonen = nl® = Z2 Nnen = anll® + 5L () fnen — ol
ko)~
<Fs(xy) + meyal|VEs(ex) — wi | - %”xkﬁ-l -y |)? (76)
O
Lemma K.3. (Error between the updates of y and the optimal solution y*) Under Assumptions 2.1, 2.2, let yj11 =
1
Py(yk - P[l/qu/cl]z—erGo)vk) and Nk S 1, T S m, we have
Y1 — y*(l’k+1)||2
NMETHgCu )« 9 | 20mpTCy o Mk - 2 yTlk - 9
<(1— e - T 7 g (@ y) — vg |2 — 2L _ : _
<( 7y (@) —yell” + 61ty IVyg(@n. yi) = vkll” = == Grr — yull” + 67 hgCn 2k = x|
(17

T

Proof. Define gi1 = Py (yk — p— —( Zmmrrao) Vk)- Wehave gy = (1 — 1) yn + rra-

According to the strong convexity of g, we have

9(Tk, )
1
>g9(@r, yx) + (Vyg(@r, yr),y — yr) + ?QHZ/ — yi|?

. _ _ p
=9(xk, yr) + (Ve ¥ — Tut+1) + (Vy9(@k, Yr) — Vi, ¥ — Trt1) + (Vy9(@k, Y), Ort1 — Yi) + ?gHy —yl®  (T8)

According to the smoothness of g, we have

. - L, .
9@k, Grr1) < 9(Tr, yr) + (Vyg(Tk, Uk)s Jer1 — Yx) + 7g||yk+1 — yi|? (79)

Then, combining the above inequalities, we have
= i) = 22 s — il -y v - —7 B9y — el 80
9@k, y) > 9(xk, Urs1) 5 k41 = ykll” + (ks ¥ — Gr1) + (Vg (Tk, Yk) — Vi, ¥ — Jrg1) + 5 ly —yell®  (80)
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In our Algorithm 1, we have

T 1 T
Jet1 =P (yk - Uk) = argmin — Hy — Yk + Vg (81)
e Pli/eut/a)(ymik + Go) ygey 2 P1/ea1/e)(y/Mik + Go)
2
Since ) is a convex set and the function 1 — T is convex, we have
ince Y i vex unction 5 ||y — yx + P T”k“)vk i vex, we hav
T
Yk+1 — Yk + Uk, Y — YUk >207 yey (82)
< i P/ea,1/e)(yMix + Go) H
Then we have

TCu(Vk, Y = Ukt1) 2> (Jrt1 — Yk, Yut1 — Y) (83)

Then we have

9(xk,y)

) L. 5 1 _
>g(zh, Grr1) — || Ge41 — yill* + He ly — yill? + (Vyg(zr, yr) — V6, ¥ — i) + — (Tit1 — Ybs Tip1 — ) (84)
2 2 TC

Lety = y*(zy). Since g(zy, y*(vx)) < g(k, Uk+1), we have
9@k, Jry1) > 9(xr, y* (xr))
_ Ly, . Ky « « _
>9(xr, Jrt1) — 79||Z/k+1 —yel® + 79||y (1) — yll® + (Vyg(@r, Yr) — Vs ™ (k) — Trt1)

1 .. 1 . «
+ —NTrt1 — Yll> + — Trt1 — Yro v — ¥ (@) (85)
TCy TCy

In addition, we have

(Vyg(xr, yk) — v, " (k) — Y1)
=(Vyg(@r, yr) — vi, v (xx) — yr) + (Vy9(Tk, Y) — Vi, Yk — Urt1)

> = IVyg(zr, yr) — velllly™ (@) — vkl = IVyg(@r, yr) — villllye — Gk
1 g« 1 J -
> = —|Vyg(@e, yr) — vell* = “Llly* (z) = wll* = — [ Vyg(@r, yr) — vrll> = “Zllye — Gl
Hg 4 Hg 4
> 2y — ol = B2y @) — el = B Ny — G| 86
2= Vyg(@r, yr) — vkl 1 ly™ (zr) — il 1 lyr — Jrt | (86)
g

The first inequality is due to (a,b) > —||a||||b|| and the second inequality is due to the Young’s inequality. We also have

ly+1 — v (ze) ||

<y + M Frtr — yi) — y* (za) I
=llyr — v (@) 1* + il Gkrr = yrll® + 20Tk 41 — Yo vr — ¥ () (87)
Therefore, we have
(k1 — Yooy — y* (1)) 2> i(||Z/k+1 =y (@) ” = llyr — v (@) * = 2l Gke1 — yill?) (88)

21,
Then, we have

L I 1
0> — 905 _ 2 2g,,* _ 2 Py _ 2
2= Ok+1 — yil|* + 9 ly™ (2x) — yll” + Tctuk+1 Yk ||

2 Hg i o -
- N—Hvyg(xk,yk) - Uk||2 - ZgHy (7x) — yk||2 - ZgHyk - yk+1H2
g

1 . B
3o (lpess =y (@) 12 = 2l = il (89)

— lyr — y*(xx)
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Hence we have

Y1 =y (za) I

L 1 I M <~ LM T Cy AngTey
<2 » -9 rg _ 2 1 _ g * o 2 v o 2
<aneren = oo+ B s =l (= BTy () gl + P9 g ) — ]
PgMkTCu i 2, ATy 2 1 3Lg., - 9
<(1- . TN a(an, ye) — vul|? — 2neren(——— — 229 -
<( 5 " () = yell” + iy IVyg(xr, yr) — vkl nkTC (27% 1 MGker =yl
HgMiTC X dnpTey 3Nk~
<(1-=L=— 5 Iy* () — yel® + T “\Vyg(r, i) — vkl® — T”Z/k-+1 — yil? (90)
g

using gy, <1, pg < Lgand 7 < 6L <

Then, we have

lyes1 — ¥ (@rs1)||?

=lyrs1 =y () + 4" (2x) =y (@re) |

MkT HgCu . 4 . «
<1+ Tg)Hka —y* ()P + (1+ W)Hy (r) — ¥ (zrs1) |
gCtu
kT HgCu * 2 4 2 2
<(14 Lo - 14 —)L -
<O+ B g~y @I+ 0+ ) L = e
M T fgC HgNkTC , N T HgCu \ ANKTCy
<(1 4+ DTRoCy g BT () — g2+ (1 4+ TR TR g, ) — o
g
NET hgCu, 317k 4
= (U ) T e — P+ (U ) Ll — | O1)
ag-u
Since n, <1, ug < Lgand 7 < er > We have 7 < 6L - < 6u and e <1< 7. Then, we can obtain
KT fgCu PgTkTCu\ o [gMkTCu | TkTHigCu UkTQMf, . KT flgCu
A+ == =1-= T ©2)
Mk T g Cu \ 3Nk 31k
-1+ =2 <= 93
(T+ 4 ) 4 - 4 ©3)
4 25
(1+nk7ﬂgcu) yryaen < NETCy, (94)
4 Hg Gpig
2512
1+ — )12 < v (95)
NeTHgCu Y 677kTMgCu
Finally, we can obtain
Y1 — v (wrs0)]|
NEThgCu N 25N, TCy
<(1 - Tg)ﬂy (z) — wll* + T”Vyg(l'kvyk) — vg|?
g
377k - 2 5L2
- T||yk+1 — Ykl WH E— $k+1|\
ag-u
NeT hgCu N 25K TCy
<1 = Py (o) — il Vg i) — el
g
3Nk |\ ~ 5L277k .
= THka —ull? + Gruyc |2x — Fppr ||? (96)
g-u
O

Lemma K.4. (Descent in the gradient estimation error.(Huang & Huang, 2021)) Under Assumptions 2.1, 2.2, and Lemma
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3.11,ifa € (0,1) and B € (0,1), we have

B[V fs(zks1, Yrs1) + Rigr — wis]?]

3 3
<= B[V fo(wr, yr) + B = wel*] + a?o (o) + = (1Bl + [ Rega[|*) + = Lomi(llzr = Exsall* + e — e [*)
C0)

E[|Vg(kt1, Ybt1) — vrs1]?]

o, 205 - 2 ~ 2
<(L=BIE(IV(we, y) = vill"T+ = me(llzn = Feea ™+ llgw = e ll”) (98)

where Ly = maX(Ll(%), LQ(%)).

K.2. Proof of the Convergence Rate in Theorem 4.1

Here we first give a detailed version of Theorem 4.1 and then present the proof.

Theorem K.5. Under Assumptions 2.1, 2.2 and Lemma 3.10, with i(l — m) < n < #iq Q =
P [
1 CgayCry K < < < : 1 1 1 2m'/?
ugnln o 0 <a<20< v < min L2 2 (e 4(‘l<1202 %] Cl+(%L3+G1§§LL§)Cl>7 e ¢ 0 <
0
ro<omind gt b > max(2. 3G, o = am f = om §7 < a < ™
2”96“( Lot 120L2>
ot <oy < 252 Lo = max(Li(%), Lz(%)) > 1, ® = E[Fy(21) + S8 gy —y* (20) |2+ ar([[wr =V fo(@r, 1) —
Ry||? + Hvyg(xl,yl) —v1]]?)], and ny, = W, t > 0, we have
i S IVEs eIl < VG, 2VE (99)
— Z‘ .

where G = 21=27 L (m+ K)Y? +

YCi

(m + K)*/? 4+ (mos(d))t? In(m + K).

3tK?

Proof. Setting n;, = m and m > t2, we have 1, < 1. Due to m > (clt)2 we have o = c17, < C}f2 < 1.Dueto

m > (czt) we have 5 = cony < 1/2 < 1. Also, we have ¢1, co < ™—. Then using the above lemmas, we have

E[|V f5 (k41 Yrt1) + Rir1 — wira |*] = B[V fs(2k, yr) + Ri — wie||?]
3
< — aE[||V fs(zk, yk) + Ri — wi||?] + oo p(do) + a(HRkHZ + || Ris1]1?)

3 N )
+ EL(Q)U%(HM — E | + lye — et [?)
3
< — B[V 5 (ks yr) + Ri, — wi||?] + cinpos(do) + @(HPL!«HQ + || Ri41]1%)
3 . i
+ aLgﬁk(llxk — Z |1+ lye — et 1?)
<2 BV Ry — wil?] + Pn2o s (dy) + —— (IRl + | Risa |12
< = Sk IV fs(xr, yr) + Ry — wi]| ]+t277k0f( 2)+3nk(H kll® + | Regall)

2 - _
+ ngﬁk(HIk — T I + llyk — G |?) (100)
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ml/2
7 -

where the last inequality holds by %fy <c <

El|Vg(@rsr, yr+1) = vrsall®] = [V (zr, y) — wil?]
2

2, 2Ly o - 2 ~ 2
< = BEUIVO(@e,ye) = vell"]+ =57 mlze = Beall™ + llys = Geall”)
2

b 202 . .
< — comeB[[|Vg(zr, yr) — vel|*] + Z??k(ka — T ||* + Uk — Y ]7)

12512 62 L2 B B
<- 3u2°nkE[IIVg(xk,yk) —wel’] + 12ng M ([|2k = ZrgalI” + Ny — e l®) (101)
g 0

2 1/2
¢ <ep < mT

125L

where the last inequality hold by 32
g

In addition, we have

Fs(wpq1) — Fs(wk)

2
<marer (22" (00) = P + 219 o) — ) - 22

2v¢
Nk
2")/0[

* k ~
<y Lyt (wr) — yill® + dmeye ||V s (2, yi) — wi — Rel|* + dnpyel| Re || — %HMH — |2 (102)

[Eps1 — zi]|?

<mva L3 |ly* (wx) — yill* + 20yl V fs (2n, yi) — wil|* — Zht1 — x|

‘We can also have

I?

lyesr =y (@ra) 1 = 1y (@) = ywll?

MeTHgCu |« 25 TC
< — Sy () — wnll? + I Vyg(zk, yr) — vrll®
4 61g
377k - 9 5L§T}k ~ 2
_ 2k _ — 103
1 k+1 — yill® + 670 2k — Tral (103)

Then, we define a Lyapunov function, for any k > 1,

Py

10L§c
=E[Fs (k1) + 0t

k1 — v (@rr)|1? + c(lwrst — Vs(@rg1, Yrt1) — Ris]?
gCu

+ IVyg(@hs1, Yos1) — vesl*)] (104)
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We have

Dpy1 — Py,

10L§ ¢ ”2

ZE[Fg(ZBk+1) - Fé(xk)] + - ||yk - y*(xk)llﬂ

E[”ykJrl - y*($k+1)
+ Bl wit1 — VI (@ki1, Yrr1) — Rir1ll® = lwe — Vi (2r, yr) — Riel)?]
+ CZE[Hva(l’kH, Yk41) — Uk+1||2 - IIVyg(zk,yk) - UkHQ]
* k ~
<myer Lg|ly* (zr) — yell® + dmevel|V £s(@r, ye) — wi — Ri||* + dnpyer||Re || — LH%H — o ||?

2vy¢y
10Lgc; , MuThgCy 5 25mTCy, 5 Mk - 9 25L737}1c . 5
— * — LA vi , — _ 2k _ —
e (== " (zx) —wull” + 61ty IVyg(@r. yi) = vkll” = == Grr — yull” + 67 g0n 2k = Zxqa ")
9 m 2
+ (=5 VB[V fs (wr, yp) + Bie = we|*] + oy (d2) + %(IIRHI2 + 1R %)
2 - -
+ ngnk(Hfﬂk = &+ lye = G l?))
12512 759 5 _
_ ElIV ; _ 99 _ 2 _ 2
+ af 32 IVg(ze, yx) — oell"] + 12512 Mk (llzk = Zrrall” + e = Grsa 7))
< s SLicmk * 2 9cry 2
<(mald - ZU) g )yl + Anever = 2 IV fs(s ) = w = R
125 L§cimy 12512 9
(o —« ) Vyg(r, yr) — v
32 3z Y
Nk 125[18[1121(217];f 2 9 6[152][4527 _ 9
— + (=L —
( va | 3R (30 + 5zz)mer | 1k = ol
15 Lgeimy 2 6“qu ~ 2
_ZFoH IR L (212 —
+dnyer||Rel|* + (IIRkH2 + 1 Beall®) + 2 emio(da)
L2vcmk * &)
<- OTHy (zk) — kaz - 7nk”vf5($kayk) — wi — Ry ||
M |~ 2761
= Iy IR - il|* + dmeyer || Ric|? + (||Rk||2 + || R [?)
m
+ tfﬂcmiaf(dz)
(105)
where the last inequality is due to 0 < a < 2,y < rmn{L2 = Y L " , 1/2} 0 <7<
4 l(ﬁ""( L+ lszéq) l)
1515 G2 and Ly > 1.
2“96”<%Lg+ 12§L§>
Then, rearranging the above inequality, we have
¢ . .
= (2L%||y (o8) = el + 209 s ) = wi = Rell? + I1Rell? + 5513011~ zan)
1
17 2, WCl 2 2
< el Bil” + (IIRkII + || R [?) + Q'chkgf(d2>+q)k_q)k+l (106)
Taking the average over k = 1,--- , K on both sides and using 7 > ng, Q = ﬁ In %M, Ne = W and
9 9 m
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®) = E[Fs(z1) + 2589 |1y —y(a0)|? + culllwr — Vfs(x1,yre1) — Rall® + [ Vyg(z1,91) — v1]%)], we have

TlgCy

K
Z (2L2||y (o) — w4+ 209 s (o) — wk—Rkn%annuv Frr — ol )1

K K K
1 [ - <I>* 17 1 )
< E — § — (d § ;
~Kng ( ye 4K2 Tk K M Jf 2))k1nk>
(m+K)Y/? (&) — & 17t 1/2
< )Y
< 7 o + 15 (m+K)"/°+

According to the Jesen’s inequality, we have

e (m 4 K)3/% 4 (mof(da))t? In(m + K)) (107)

K
1 1 . 1
Z § E[g (\/ﬂ%lly (zx) = vkl + V20V f5(zk, ) — wr — Rell + | Ri || + b [ Z 41 — fﬂkI)]

K 1/2
1 2 2 2 1 ~, 2
(K;4(2LO||y () = el + 29 Fo (o) = = Rl + 1Bl + g lBss =l

VKt 4K?2 3tK?
<2m1/4\/§ 2/G

2 K4 (¢, —d* 17t 4
Hm+ K) \/ U R+ VR 4 ek K2+ (o (da)) e i + )
1

108
= +(Kt)1/4 (108)
where G = ‘I’ﬂ{;f* + o (m+ K)Y? + g (m+ K)3/2 4+ (moy(ds))t? In(m + K).
Let G (zk, VFs(xk),y) = % (xr — Px (2 — YV F5(21)))
IV Es ()l
=[G (z, VFs(zx), )
S”g (xlm VFé(xk)KAY) - g(l't, Wi ,AY)H + ||g(l‘t7 Wi, &)H
<IVFs(xr) — wil + G (e, wi, Yl
* 1 =~
<llwk = V§(xx,ye) = Riell + | Bell* + Lolly" (zx) — yrll + %lek — Tp ]l (109)
Finally, we can obtain
1 1 om'/4G  2V/G
— E|[-||VF, < . 110
K kz::l [2H 6(xk)||] = m + (Kt)1/4 ( )
Since the random count € {1, -, K'} is uniformly sampled, we have
K
1 1 1 om'/4G  2V/G
E[z||VFs(z.)||] = = E[=||VF, < . 111
SIVEs ()l K/; GIVE (el < =7+ i (111
By Proposition 3.9, we have VFjs(z,) € 0sF(z,.). This implies that
_ - amMNG 4G
mind||A| - h € 95 F(z,)} < E[|VF;5(z,)[] < NI (112)
That completes the proof.
O
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