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Abstract

We study stochastic nonconvex optimization
under heavy-tailed noise. In this setting, the
stochastic gradients only have bounded p-
th central moment (p-BCM) for some p €
(1,2]. Building on the foundational work
of Arjevani et al. (2022) in stochastic op-
timization, we establish tight sample com-
plexity lower bounds for all first-order meth-
ods under relaxed mean-squared smoothness
(¢-WAS) and §-similarity ((g,d)-S) assump-
tions, allowing any exponent ¢ € [1,2] in-
stead of the standard ¢ = 2. These re-
sults substantially broaden the scope of exist-
ing lower bounds. To complement them, we
show that Normalized Stochastic Gradient
Descent with Momentum Variance Reduction
(NSGD-MVR), a known algorithm, matches
these bounds in expectation. Beyond expec-
tation guarantees, we introduce a new algo-
rithm, Double-Clipped NSGD-MVR, which al-
lows the derivation of high-probability con-
vergence rates under weaker assumptions
than in previous works. Finally, for second-
order methods with stochastic Hessians satis-
fying bounded g-th central moment assump-
tions for some exponent ¢ € [1,2] (allowing
q # p), we establish sharper lower bounds
than previous works while improving over
Sadiev et al. (2025) (where only p = ¢ is con-
sidered) and yielding stronger convergence
exponents. Together, these results provide
a nearly complete complexity characteriza-
tion of stochastic nonconvex optimization in
heavy-tailed regimes.
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1 INTRODUCTION

We consider the stochastic optimization problem

min F(z), F(z) :=Eenp [f(2,6)], (1)

zERC

where d > 1 is the dimension, F': R* — R is a smooth
possibly nonconvex objective function, and £ is a ran-
dom variable drawn from an unknown distribution D.
In the nonconvex setting, our goal is to find an e—
stationary point (Nesterov, 2018); that is, a vector Z
such that E[||VF(Z)||] < e. Problems of the form (1)
are pervasive in machine learning where f (x,£) de-
notes the loss of a model with weights = on a data
sample £ ~ D, and D is the distribution of the train-
ing samples from the dataset (Bottou et al., 2018).
While Gradient Descent (GD) is known to achieve the
optimal rate O(e~2) for finding an e-stationary point
(Carmon et al., 2020), it requires access to exact gra-
dients VF(-) which is infeasible in practice. There-
fore, reliance on noisy gradients has become a gold
standard approach, giving rise to stochastic gradient
methods like Stochastic Gradient Descent (SGD) (Rob-
bins and Monro, 1951). Under the standard o?—
bounded variance assumption, SGD is provably op-
timal (Ghadimi and Lan, 2013), matching the lower
bound Q(L14/e2 4 Li1Ac?/c4) (Arjevani et al., 2022) for
Ly—smooth functions with A := F(2°) — Finf,

However, empirical observations in modern machine
learning, e.g., image classification (Simsekli et al.,
2019a,b; Battash et al., 2024), large language mod-
els (Zhang et al., 2020; Ahn et al., 2024) and reinforce-
ment learning (Garg et al., 2021), have shed light on
the importance of heavy-tailed noise as a more realistic
setting than the standard bounded variance assump-
tion. That is, noisy gradients only have bounded p—th
central moment, p € (1,2]. Such a relaxed moment as-
sumption introduces challenges on both the algorith-
mic and theoretical sides, as SGD may fail to converge
when p < 2. In the heavy-tailed regime, Zhang et al.
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(2020) establish a lower bound of Q(T~®~ /=2 on
the convergence rate of first-order methods, where T
denotes the number of iterations. Yet, their analysis is
confined to the standard stochastic setting, where al-
gorithms access smooth (potentially nonconvex) func-
tions via unbiased stochastic gradients. Crucially, they
did not address more structured assumptions on the
gradient noise such as mean-squared smoothness or d—
simalarity, which play a central role to the design and
analysis of variance-reduced methods, but they remain
largely unexplored in the heavy-tailed regime.

In this work, we aim to: (1) develop lower com-
plexity bounds for first-order variance-reduced
methods in the heavy-tailed regime, thereby clos-
ing an important open question from Liu et al. (2023),
while advancing beyond the results of Tao et al. (2025);
(2) extend existing high-probability analysis to
these new assumptions, and finally, for second-
order methods; (3) characterize how the tail in-
dices p (of gradients) and ¢ (of Hessians) jointly
affect convergence in the heavy-tailed regime.

Beyond the development of lower bounds, a natural
question arises:

Does there exist algorithm(s) which provably match
(in expectation) the lower bounds developed in (1)?

Here, we answer this question affirmatively by revisit-
ing a classical technique: gradient normalization. Re-
markably, our results show that this simple method
remains effective even in the heavy-tailed regime.

1.1  Our Contributions

We revisit the analysis of Normalized SGD (NSGD)
with Momentum Variance Reduction (MVR) in the
heavy-tailed regime. Our contributions are:

e Tight lower bounds. We obtain novel and tight
lower bounds on the sample complexity of any first-
order methods in the p~-BCM noise model, under re-
laxed mean-squared smoothness and d-similarity as-
sumptions, allowing any exponent ¢ € [1,2] instead
of ¢ = 2. Our bound, Q(e= "V 729/ar=1)) " recovers
the known Q(¢73) when p = ¢ = 2 and achieves an
improvement over the minimax complexity for first-
order methods (Zhang et al., 2020; Tao et al., 2025;
Hubler et al., 2025), thereby demonstrating the ef-
fectiveness of variance reduction in the heavy-tailed
regime. Moreover, our result continuously interpolates
between variance-reduced and non-variance-reduced
regimes, as in the limit ¢ — 1 we recover the known
Q(e=®*72/@=1) complexity. Qur proofs are based on a
generalization of Arjevani et al. (2022, Lemma 10) to
the p—BCM noise assumption, which resolves an open
question from Liu et al. (2023).

e Optimal first-order methods. Revisiting NSGD-
MVR, we show that, with a suitable choice of parame-
ters, the method matches the lower bounds (up to con-
stant factors) with respect to all parameters, thereby
establishing the optimality of our analysis and the ro-
bustness of gradient normalization in the context of
heavy-tailed noise. We further provide convergence
rates with unknown tail indices p and ¢, recovering
the best known rate of @(e~*”/*=Y) (Liu and Zhou,
2025).

e High-probability upper bounds. We propose
a clipped variant of NSGD-MVR leading to a mnew
algorithm: Double-Clipped NSGD-MVR (D-Clip-NSGD-
MVR), which provably achieves high-probability con-
vergence rates under weaker assumptions than in pre-
vious works (Liu et al., 2023).

o Extension to second-order methods. Lastly,
for second-order methods using stochastic Hessians
with bounded ¢-th central moment, for some expo-
nent g € [1, 2], we establish sharper lower bounds than
previous works (Arjevani et al., 2020a; Sadiev et al.,
2025), extend previous analysis to the more general
setting where p # ¢ (unlike Sadiev et al. (2025)), and
derive upper bounds with stronger convergence expo-
nents, thereby offering a more complete characteriza-
tion of the limits of stochastic second-order optimiza-
tion under heavy-tailed noise. Overall, our results re-
veal a striking parallel in the rates of variance-reduced
methods and second-order optimization.

1.2 Related Works

Lower bounds in the heavy-tailed regime:
In nonconvex optimization, Zhang et al. (2020);
Liu and Zhou (2025) establish a lower bound of
Q(L;TA + Lgle (%)p/(pfl)) under p-BCM noise and
standard L;—smoothness, recovering the well-known
Q(e™*) lower bound when p = 2. Another line of
work focuses on algorithm-dependent lower bounds:
NSGD (Yang et al., 2023) and recently SGD (Fatkhullin
et al., 2025), highlighting the ineffectiveness of SGD
under heavy-tailed noise with only bounded p-th (non-
central) moments. Beyond first-order methods, Sadiev
et al. (2025) obtain near-optimal lower bounds for all
second-order methods, extending the work of Arjevani
et al. (2020a) to p~BCM noise.

Convergence under heavy-tailed noise: A sub-
stantial body of work investigates upper bounds for
stochastic optimization with heavy-tailed noise, both
in expectation and high probability. For smooth and
nonconvex objectives, clipped or normalized variants
of SGD achieve the rate O(e~“"~*/=) up to logarith-
mic factors (Zhang et al., 2020; Cutkosky and Mehta,
2021; Liu et al., 2023; Sadiev et al., 2023). Among
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Table 1: Sample complexities of stochastic methods for finding an e-stationary point (in expectation or with high
probability). Stochastic gradients satisfy p-BCM with p € (1,2] (Assumption 2.3). The column “q” specifies
the relevant moment assumptions: Assumption 2.6 (¢-WAS), Assumption 2.7 ((g,d)-S), or Assumption 2.5 (g-
BCM); ¢ = oo corresponds to bounded noise. The column “HP?” indicates whether a high-probability guarantee
with only polylogarithmic dependence on 1/s is available. Lower bounds are stated up to constant factors. For
the algorithm names: NSGD: Normalized SGD, Acc: Accelerated, SFOM: Stochastic First-Order Method, RM:
Recursive Momentum, MVR: Momentum Variance Reduction, Hess: Hessian-corrected momentum, Clip / D-Clip:
Clipping / Double-Clipped.

Setup ‘ Algorithm Sample Complexity q HP?
AccNSGD (\/ﬁwl)“ﬁ INC) I
Liu et al. (2023) €
NSFOM with RM (A+gi]+L1+Lp+Lp)2+p T (2) p=g X
He et al. (2025)
NSGD-MVR 7A 7A o1 q(p 1) o1
q-WAS Theorem 4.1 u ( ) u ( ) (1,2] X
D-Clip-NSGD-MVR (\/mwl )”ma"{m’m} (1.2 y
Theorem 6.1 € ’
Lower Bound EA . LA o\ 7T
Theorem 3.1 Tzt ( B )Q(p Y+ (?1) (1,2] -
NSGD-MVR (L1+5)A o1\ TEED 4 (o01) T
Theorem 4.2 + ( ) v ( € ) (1,2] X
D-Clip-NSGD-MVR ﬁwl)“mfm{p =l N (m)“m 5 (1,2] v
(q,0)-S Theorem F.1 < )
Lower Bound LA 25 (Li+6)A =D GO\ ot
Theorem 3.2 mm{ o ( )7 e + (?1) i (?1) 1 } (1,2] i
NSGDHess (Li+o2)A ((L1+02)A Q) o1\ 7T _
Sadiev et al. (2025) e =) (2) p=a X
1
Clip NSGDM-Hess Trtondto 77T . y
Sadiev et al. (2025) B p=a
NSGD-Hess A (N 1 (Nt 1 VRGN res (@
¢-BCM Theorem 5.1 = <?1) 0+ (2)7T + 27/41 (?l) @) (1,2] X
Clip NSGD-Hess (mﬂ,l)%mw{ﬁwﬁ} N (@)“#il) 3) (1,2 y
Theorem F.2 € € ’
Lower Bound g A =D LA (01T VIRA =\ (3
Theorem 3.3 mm{ ca (5) ( 1)’5172(?1)10 " 3/22 ( )p 1}() (1,2] )
) Liu et al. (2023) provide analysis under stronger assumptions, which implies the bounded stochastic Hessian.
) He et al. (2025) establish a near-optimal bound in terms of e for the case p = q.
3) For simplicity we present only the stochastic part of the complexity.
these, Zhang et al. (2020) obtained the sharpest in- techniques that have become central in modern op-

expectation guarantees, later shown to be tight by timization. Gradient clipping, originally popularized
Hiubler et al. (2025) via minibatch-NSGD, while Nguyen to stabilize training across various machine learning
et al. (2023) established improved high-probability applications (Pascanu et al., 2013; Schulman et al.,
guarantees, avoiding extra O(logT) factors. Later 2017), has been analyzed extensively, providing ro-
works extended known high-probability analyses to bustness under relaxed moment assumptions (Polyak
settings with higher-order smoothness (Sadiev et al., and Tsypkin, 1979; Jakoveti¢ et al., 2023), high-order
2025) and to more general nonlinear SGD-type meth- smoothness (Sadiev et al., 2025), and enabling high-
ods (Armacki et al., 2024, 2025b). In parallel, Tao probability convergence guarantees with only logarith-
et al. (2025) studied clip-SGD under stronger smooth- mic dependence on the failure probability. These re-
ness assumptions, obtaining a rate of @(e=®""V/®-1), sults hold in both convex (Nazin et al., 2019; Gor-
while Liu and Zhou (2025) derived in-expectation  bunov et al., 2020; Davis et al., 2021; Gorbunov et al.,
bounds for NSGD-Mom under a general (og, o1)—affine 2024b; Liu and Zhou, 2023; Gorbunov et al., 2024a;
p—BCM model, albeit without matching lower bounds. Puchkin et al., 2024; Armacki et al., 2025b,a) and
nonconvex settings (Zhang et al., 2020; Cutkosky and

Gradient clipping and normalization: Gradient Mehta, 2021; Sadiev et al., 2023; Nguyen et al., 2023;

clipping and normalization are two closely related
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Liu et al., 2023; Sadiev et al., 2025). Importantly,
high-probability guarantees are valuable both theoret-
ically and practically, as they capture the behavior of
individual runs rather than merely characterizing the
average-case performance.

Normalized gradient methods date back to Nesterov’s
pioneering work (Nesterov, 1984) and were later ex-
tended to the smooth and stochastic regimes (Kiwiel,
2001; Hazan et al., 2015; Levy, 2017; Nacson et al.,
2019). In deep learning, normalization addresses ex-
ploding and vanishing gradients (You et al., 2017,
2020), though rigorous nonconvex guarantees were
first obtained by Cutkosky and Mehta (2020), showing
how Polyak’s momentum ensures convergence without
large batches. Later works explored NSGD’s strengths
and limits, including saddle-point escape (Levy, 2016),
lower bounds (Yang et al., 2023) and parameter-
agnostic convergence (Hiibler et al., 2024). Recently,
extensions to heavy-tailed noise have been investi-
gated (Cutkosky and Mehta, 2021; Liu et al., 2023; Tao
et al., 2025), though typically under stronger smooth-
ness assumptions.

Despite strong empirical performance and
complementarity with clipping, the theory of gradient
normalization under heavy-tailed noise remains
incomplete, motivating our contributions.

Variance reduction for stochastic optimization:
Variance reduction originated as a tool to accelerate
convergence in convex finite-sum optimization, with
seminal works such as Roux et al. (2012); Johnson
and Zhang (2013); Shalev-Shwartz and Zhang (2013);
Mairal (2013); Defazio et al. (2014) introducing various
algorithms, e.g., SAG, SVRG, SAGA. Building on these
foundations and the key advances of Allen-Zhu (2017),
a sequence of works (Lan et al., 2019; Zhou et al., 2019;
Song et al., 2020; Kovalev et al., 2020) developed algo-
rithms attaining near-optimal or optimal rates under
various regimes. In nonconvex optimization, variance
reduction can also improve convergence: in the general
stochastic setting (1), several works (Fang et al., 2018;
Cutkosky and Orabona, 2019; Tran-Dinh et al., 2019;
Liu et al., 2020; Li et al., 2021) established an O(e~3)
convergence rate in expectation, which improves upon
the classical ©(¢~%) of SGD and matches the mini-
max lower bound (¢~?) under mean-squared smooth-
ness (Arjevani et al., 2022). More recently, there has
been growing interest in extending variance reduction
techniques to the heavy-tailed regime (Liu et al., 2023;
Tao et al., 2025; He et al., 2025), where normalization
and clipping have emerged as effective mechanisms to
guarantee robustness under weaker moment assump-
tions.

In this work, we characterize the fundamental limits

of first-order “variance-reduced” methods in the
heavy-tailed regime and provide optimal methods
which attain these limits.

2 NOTATION AND ASSUMPTIONS

We review here the basic notation and assumptions
needed in this paper (see Appendix A for more details).

Notations. For integer n > 0, [n] := {1,2,...,n}.
We let d > 1 be the dimension, (-,-) the standard
dot product on RY, ||| the £>-norm and ||| , the
canonical spectral/operator norm. Here, Vf(-,-) and
V2f(-,-) denote the stochastic gradient and Hessian
oracles; a Ab:= min{a,b} and a Vb := max {a,b}. We
use the standard O(-) and () for complexity nota-
tion. To avoid confusion, we use subscript 1 for gradi-
ent parameters (e.g., L1, 01) and 2 for Hessian ones.

In this work, we make the following assumptions.

Assumption 2.1 (Lower Boundedness). The objec-
tive F is lower bounded: F™ :=inf,cpe F(x) > —o0.

We then let A := F(2°) — F™ be the initial subopti-
mality where ¥ is the starting point.

Assumption 2.2 (L;-Lipschitz Gradients). The o0b-
jective F is differentiable over R and its gradient is
Ly -Lipschitz for some L1 >0, i.e., for all z,y € R?,

[VE(z) = VF(@y)| < Ly |z -yl

Assumption 2.3 (p-BCM for Gradients). We have
access to unbiased stochastic gradients V f(x, €), which
have p-bounded central moment for some p € (1,2],
i.e., there exists o1 > 0 such that for all x € RY,

Eeop [Vf(z,8)] = VF(z)
and
Eeop [V f(2,€) — VF(2)[]] < of.

Assumption 2.4 (Lo—Lipschitz Hessians). The objec-
tive I is twice continuously differentiable over R% and
we have access to stochastic Hessian-vector products
V2f(x,€) - v for any v € R, Moreover, the Hessian
of F is Lo—Lipschitz, i.e., for all z,y € RY,

[V2F(z) = V2F(y)|,, < Lz llz =yl

Assumption 2.5 (¢-BCM for Hessians). The
stochastic Hessians V2 f(x,€) are unbiased and have -
bounded central moment for some q € [1,2], i.e., there
exists oo > 0 such that for all x € R?

Eep [V2f(2,6)] = V?F (),
and

Eeop [HVQf(%f) - VQF(QU)H(I } <ojg.

op
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Assumption 2.6 (¢-Weak Average Smoothness (He
et al., 2025)). For some q € [1,2], there exists a finite
constant L > 0 such that, for all x,y € R? we have

Eeop [IVf(2,6) = VI(y, I < L7 ||lz — y||.

The next assumption has been introduced in Arjevani
et al. (2020a) in the special case g = 2.

Assumption 2.7 ((g,0)-Similarity). For some expo-
nent q € [1,2], there exists a finite constant 6 > 0 such
that, for all x,y € R? we have

Eewn [[[VF(2,6) =V f(y, )] = [VF

<oz —yll*

(x) = VE)]|I]

It is worth noting that Assumption 2.6 is in fact equiv-
alent to Assumptions 2.2 and 2.7. Specifically, the
latter two assumptions imply Assumption 2.6 with
L7 = 2971 (L] + §9), while conversely, if Assump-
tion 2.6 holds then both Assumptions 2.2 and 2.7 hold
with L; = L and 6 = L. Hence, L; < L, § < L, and
L9 < 201 (L9 4 §9) < 29L9.

3 LOWER COMPLEXITY BOUNDS

To establish our lower bounds, we analyze the distribu-
tional complexity of finding an e-stationary point. We
focus on the broad class of zero-respecting algorithms,
denoted by A,;, which only query coordinates previ-
ously discovered to have non-zero gradients (Carmon
et al., 2020). In our optimization protocol, at each
round, an algorithm A € A, makes a batch of K > 1
multi-point queries to a stochastic oracle Op. Cru-
cially, these K queries are evaluated at the same ran-
dom seed &, rather than using independent seeds. Be-
cause our hard instance construction guarantees that
if a drawn seed yields zero, none of the K simultaneous
queries can reveal a new coordinate, the parameter K
does not appear explicitly in our final lower bound ex-
pressions. Consequently, our bounds hold regardless of
whether K =1 or K > 2. (For context, our variance-
reduced methods in Algorithms 1 and 3 utilize K = 2,
while Algorithm 2 utilizes K = 1).

Formally, following Arjevani et al. (2022), we define
the minimax sample complexity as:

mZ(K,A...):= sup sup inf

FEeF(A...) (Pe,0r)€O(F...) A Az
inf {7212 Bo,a [|VF (xio,)|] <<}

where the expectation is taken over the randomness in
the oracle O and in the algorithm A € A,,, if any.

To derive these bounds, we rely on a technique de-
veloped by Carmon et al. (2020); Arjevani et al.

(2022), introducing a “worst-case” nonconvex func-
tion Fr: RT — R that is hard for any zero-respecting
algorithm to optimize. Our main theoretical novelty
here is Lemma C.1, an important result lying at the
core of all our lower bounds. By generalizing Arjevani
et al. (2022, Lemma 10) to the p-BCM assumption,
this lemma yields a tight improvement from (o%/=2)
to Q((o1/)”/®="). This handles a critical edge case
in Theorems 3.1 to 3.3 where the parameters would
otherwise force the dimension T of the “hard instance”
Fr to be too small.

While the key complexity definitions are provided
above, we defer the formal definitions of the function
and oracle classes (F, ), the exact construction of
Fr, and further motivations behind our generalization
to Remark C.4 and Appendix B. The full proofs for
the following three lower bounds can be found in Ap-
pendices C.3 to C.5.

3.1 Under ¢-Weak Average Smoothness

We first establish a lower bound on the oracle complex-
ity of any zero-respecting algorithm under Assump-
tion 2.6, an extension of the mean-squared smoothness
(MSS) assumption. This result generalizes one of the
main contributions of Arjevani et al. (2022), who ob-
tained optimal lower bound in the p = ¢ = 2 setting.

Theorem 3.1. Given A,L >0, 01 >0 and 0 < e <
clx/I_I for some universal constant ¢y > 0. Then,
for any algorithm A € A,., there exists a function
f € F(A), an oracle and a distribution (O,D) €
o (f, Eq,aﬂo) satisfying Assumptions 2.1, 2.3 and 2.6
such that

mZ (K, A, LY, o})
2 LA LA -
29(1)-((01)” 1+—2+—2(ﬁ) ( ”).
g &€ e €

In the special case p = ¢ = 2, our result recovers
the optimal complexity lower bound (77/e? + LA/=2 4
LAoy/e3) derived by Arjevani et al. (2022). We further
establish the tightness of this bound in Theorem 4.1,
where we prove a matching upper bound.

3.2 Under (q,0)—Similarity

The previous bound captures limits of first-order
methods under Assumption 2.6, but this assumption
couples smoothness and noise together into L. Assum-
ing separately (g, §)—similarity with L;-smoothness de-
couples these effects, yielding sharper lower bounds.

Theorem 3.2. Given A,L1,6 > 0, 01 > 0 and
0 <e< VLA for some universal constant ¢; > 0.
Then, for any algorithm A € A,., there exists a
function f € F(A,Ly), an oracle and a distribu-
tion (O,D) € O(f,8,00) satisfying Assumptions 2.1
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to 2.3 and 2.7 such that

mZ (K, A, Ly, 6%, 07)

LA LA
g2 g2

2"
AN

2

> Q(1) -min{

Expressing the rate in terms of L; and § is more pre-
cise than using L alone; in particular, when § < L,
we show in Theorem 4.2 that NSGD-MVR can achieve
improved complexity, even matching the second term
of the above min {...}.

3.3 Under Bounded Central Moments

Compared to the previous results, which focused on
first-order methods under ¢-weak average smooth-
ness and (g, §)—similarity, we consider here the setting
where the oracle’s noise is controlled only via bounded
central moments, allowing distinct exponents p and ¢
for the stochastic gradients and Hessians.

Theorem 3.3. Given A,Ly,Ls > 0, 01,09 > 0 and
0<e<a min{\/LlA,L;/BA%} for some universal
constant ¢y > 0. Then, for any algorithm A € A,
there exists a function f € F (A, L1, Ls), an oracle
and a distribution (O, D) € O (f,0%,03) satisfying As-
sumptions 2.1 to 2.5 such that*

mzr (K7 A7 L17L27Uf70-(21)

. LlA L;/zA g1 pfl
> .
> Q1) mm{ o ( ) ,

2 \e
o1\ 71 01\ oD
(2)"+ (2)" 7}
€ €
Remark 3.1. In the noiseless setting, i.e., 01 = g9 = 0,
the complexity of Theorem 3.3 reduces to

which is matched by the combination of gradient de-
scent (GD) and cubic regularized Newton method (Nes-
terov and Polyak, 2006), hence is optimal. This
is slightly better than the O(Ly”Ly*As="*) bound
achieved in Carmon et al. (2017), since

win{ be

but achieving (2) requires full Hessian access in order
to get rid of the dependency in L; (Arjevani et al.,
2020a; Carmon et al., 2021).

'For clarity, we omit the optimization term in this lower

bound. The full lower bound can be found in the proof
of Theorem 3.3 in Appendix C.5.

D
(Jl)p—l
)
3

O'QA O'QA
g2 X

LiA LA
1) 53/2

(2)

£2

LA LA

LA LA LL{'A
g2 7 g2

g% g’

2

P
(2) q(p—1)
8 .

[ I S N N N

10

4 OPTIMAL METHOD UNDER
FIRST-ORDER BCM

To establish the optimal rate, we consider the well-
known Normalized SGD algorithm with the momen-
tum variance reduction (MVR) technique (Cutkosky and
Orabona, 2019), and present its pseudo-code in Algo-
rithm 1.

Algorithm 1: NSGD-MVR (Normalized SGD with
MVR)

Initialization:
zo € R?, the starting point
T > 0, the number of iterations
go € R?, an initial vector
v > 0, the stepsize
a € (0,1], the momentum parameter for MVR

zlezo—'yug—gﬂ
Fort=1,2,...,T—1do
// Apply MVR.

gt < (1=) (ge—1 = Vf (2¢-1,&)) + V[ (21, &)
// Do one descent step.

gt
Le+1 S Tt = Vg,

Output: 71

4.1 Convergence Analysis

4.1.1 Case of Known Tail Indices p and ¢

Theorem 4.1. Under Assumptions 2.1, 2.8 and 2.6,
let the initial gradient estimate gg be given by

Binit—1

! > Vi(@0.&,)
=0

!JOZB

init
P
where Bin;y = max {1, (%) p=1 }, let the stepsize v =

1
\/ AE‘T/Q, the momentum parameter o = min {1, ag}
€

where
T PR D=2
Qleff = Max <01T> , ( ) . (3)

Then, Algorithm 1 guarantees to find an e-stationary
point with total sample complexity
p
) q(p—1) )

(22 B (2
€ €
The proof is deferred to Appendix D.

Using Assumption 2.7 combined with Assumption 2.2,
we obtain the following refined result.

LA
J%T

LA LA
€2 e
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Theorem 4.2. Under Assumptions 2.1 to 2.3 and 2.7,
let the initial gradient estimate gg be given by

Binit—1
9o = Z Vf(xo,0,5)
1n1t
P
with By = max{l,(%)”‘l}, stepsize v =

min A Aq'/a momentum parameter «
.7’ oT (7 p

min {1, aeg}, where
SA

P —_pra_
I 2p—1 p(2q+1)—2q 4
acf‘fmax{<o_lT> ) <0’%T) } ( )

Then Algorithm 1 is guaranteed to find an e-stationary
point with total sample complexity
( )q(p D
. .

O((U;)”EUF (L1 +0)A A

g2 =
The proof is deferred to Appendix D. Essentially, the
constant L1 + 0 is of the same order as the constant L
from Assumption 2.6.

By (Hiibler et al., 2024, Theorem 2), this implies
that the lower bound from Theorem 3.2 is tight: it
is matched, up to some constant factors, by the com-
bination of NSGD-Mom (Normalized SGD with Momen-
tum) with NSGD-MVR (Algorithm 1). Additionally, it
is worth noting that Normalized Minibatch SGD, like
NSGD-Mom, also attains the first term in the min {...}
of Theorem 3.2 (Hiibler et al., 2025, Corollary 3).

4.1.2 Case of Unknown Tail Indices p and q

Theorem 4.3. Under Assumptions 2.1, 2.3 and 2.0,

= Vf(ﬁo,fo), Y= \/ %; o = Tﬁ% S (071]
Then in Algorithm 1 we have
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Our Theorem 4.3 makes the pessimistic assumption
g = 1, under which we recover the usual O(T JJ?T) 7
rate with unknown tail index p (Hiibler et al., 2025;
Liu and Zhou, 2025). The bound (5) can be slightly o
refined under Assumptions 2.2 and 2.7.

Theorem 4.4. Under Assumptions 2.1 to 2.3 and 2.7,

assume go = Vf(20,%), 7 = min{\/ﬁ?\/%}’

a=T"2¢ (0,1]. Then in Algorithm 1 we have
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The proofs are deferred to Appendix D.

s Fort=1,2,...,

4.2 Discussion of the Obtained Results

As we can see, NSGD-MVR achieves the optimal rate:
our upper bounds in Theorems 4.1 and 4.2 match
the lower bounds in Theorems 3.1 and 3.2. For
the standard case ¢ = 2, the stochastic terms are
L %)p/z(pfl) - *fae-n) , under Assump-
tion 2.6 (¢-WAS) and Assumptlon 2 7 ((g,9)-S), re-
spectively. Compared to Liu et al. (2023), this yields
faster rates under weaker assumptions.

and 5A o1

In the case p = ¢, these stochastic terms coincide
with those for NSGDHess in Sadiev et al. (2025) under

Assumption 2.5: "ZA( = ) /@D This relation follows

since Assumption 2.7 implies Assumption 2.5, and un-
der certain conditions é < oy. Moreover, for empirical
risk minimization with p = ¢ = 2, the two assumptions
are equivalent (Arjevani et al., 2020a).

These insights motivate the study of a more general
framework for second-order stochastic optimization.

5 NEAR-OPTIMAL METHOD
UNDER BCM GRADIENTS AND
BCM HESSIANS

Unlike Algorithm 1, we consider a method that em-
ploys Hessian—vector products instead of differences of
stochastic gradients. This modification leads to the
Hessian-corrected momentum (Hess) technique (Tran
and Cutkosky, 2022; Salehkaleybar et al., 2022).

Algorithm 2: NSGD-Hess (Normalized SGD with
Hessian-corrected Momentum)

Initialization:
ro € R?, the starting point
T > 0, the number of iterations
go € R?, an initial vector
v > 0, the stepsize
€ (0,1], the momentum parameter for MVR

T1 ¢ Tg — fyHZ—SH

T—-1do

Sample ¢; ~ U ([0,1])

Ty < gy + (1 — qe)win

/] &, & ~ D are independent.

// Apply Hessian-vector products

gt < (1—a) (9t—1 + sz(ftaét)(xt - mtﬂ))
+aVf(x, &)

// Do one descent step.
R |

6utput: T




Heavy-Tailed Stochastic Nonconvex Optimization

Remark 5.1. Algorithm 2 is not new and has been
considered in Sadiev et al. (2025). Here, we provide a
refined analysis and improve over Sadiev et al. (2025,
Theorem 2). Note that Algorithm 2 is zero-respecting
(see Definition B.4) since supp (Z;) C supp (r¢—1) U
supp (2¢), where supp (z) := {i € [d] : z; # 0} is the
support of z = (z1,...,24) € R%

Additionally, the use of Z; taken uniformly at random
on the line [x¢_1, 2] allows to use Lemma G.1, which

provides a better overall sample complexity than the
one derived in Tran and Cutkosky (2022).

Theorem 5.1. Under Assumptions 2.1 to 2.5, let the
initial gradient estimate go be given by
Binit—1

LS 9 0. boy).
=0

Binis

go =

P
where Bipiy = max {17 (%) p=1 }, let the stepsize

. [ A Aa'lc [ Aa'/?
= min
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the momentum parameter «
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Then, Algorithm 2 guarantees to find an e—stationary
point with the total sample complexity?

0 (g)p”ﬁJerz Aoy (ﬁ)ﬁ
€ g2 g2 €

e’/ €

+L;/2A0i/4 (01)4(;1>> .

The proof is deferred to Appendix E.

6 GRADIENT CLIPPING FOR
HIGH-PROBABILITY
CONVERGENCE

In this section, we conduct a high-probability analysis
under heavy-tailed noise. Since we work under As-
sumption 2.3, we incorporate gradient clipping in Al-
gorithm 1; the pseudo-code of the new method is pro-
vided in Algorithm 3. Formally, a clipping operator
(clipping for short) is defined as

clip(v,A) = min {17 ”;\”} v for any v # 0 in RY,

2For clarity, we omit the optimization terms in this up-
per bound. The full upper bound can be found in the proof
of Theorem 5.1 in Appendix E.2.

where A > 0 is called clipping level/threshold. The
proofs are deferred to Appendix F.

Algorithm 3: D-c1ip-NSGD-MVR (Double Clipped
Normalized SGD with MVR)

Initialization:

zo € RY, the starting point

T > 0, the number of iterations

go € R%, an initial vector

v > 0, the stepsize

a € (0, 1], the momentum parameter for MVR
A1, A2 > 0, the clipping thresholds

T+ T — WH’;—ZH

Fort=1,2,...., T —1do

// Apply MVR with clip operator.

gt (1 —a) (gt—l
+clip(Vf (x4, &) — Vf (ze-1.&) M)
+ o Cllp(Vf (l‘h ft) ,)\2)

// Do one descent step.
Tp41 < T — ’}/H“Ziz‘l

6utput: T

Algorithm 3 modifies Algorithm 1 by applying clip-
ping not only to the stochastic gradient — to control
heavy-tailed noise — but also to the gradient differ-
ence term. This additional clipping step is the pri-
mary feature distinguishing our method from Acceler-
ated NSGD with clipping and momentum (Liu et al.,
2023). Crucially, this modification enables us to es-
tablish high-probability guarantees under assumptions
weaker than those in Liu et al. (2023). While their
analysis relies on individual smoothness (i.e., assuming
f(-,€) is L-smooth almost surely), our analysis holds
under ¢-WAS (Assumption 2.6). Individual smooth-
ness is a significantly stronger condition; notably, un-
der that assumption alone, Lei et al. (2019) showed it
is possible to attain an O(¢~*) rate independent of the
heavy-tail index p.

Theorem 6.1. Under Assumptions 2.1, 2.3 and 2.6,
let T > 1 and B € (0,1] be such that log% > 1. Let
zo € R? and define Ay := F(xzo) — F™. Suppose that
Algorithm 3 is run with go = 0, momentum param-
eter o = maX{Tfﬁ,T_Wﬁl)*?q }, clipping thresh-
— 1 = 1
olds \1 = 2yLa™ ¢ and Ay = max{4/LA;,01a” 7},
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and stepsize

ol B [A 1 A
= min — .\ —, —— | —
7 VIr*V I arigZV I

Then, with probability at least 1 — 3, the output of Al-
gorithm 3 satisfies

T-1
1 24,
= VFE()| < —,
72 IVl < 27

and, by our choice of parameters, the gradient norm
converges with high probability at the rate

T—1 =
1 VLA +o T
T > IVF()| =0 ((M) log ﬂ) .
t=0

T2p—1"p(2¢+1)—2q

The detailed proof is provided in Appendix F.

Notably, in the case where p = ¢, we establish the same
~ 2p—1
rate O (5 T ) as Liu et al. (2023) did for Algorithm 2,

but under weaker assumptions. Moreover, our lower
bounds (see Theorem 3.1) indicate that this rate is
optimal in terms of the dependence on e¢.

Another interesting observation is that when p < g,
the high-probability rate remains identical to the p = ¢
case. In contrast, for in-expectation guarantees, we
observe a faster rate (see Theorem 4.1). Determining
whether this gap is fundamental or a limitation of the
current proof technique remains an open question, and
calls for a tighter high-probability analysis for these
methods.

Furthermore, Appendix F establishes high-probability
convergence guarantees for Algorithm 3 under As-
sumption 2.7, and for Algorithm 4 under Assump-
tions 2.4 and 2.5.

Interpretation of Clipping Thresholds and
Practical Implementation. While deriving opti-
mal high-probability bounds in heavy-tailed settings
remains an open challenge, our double-clipping mech-
anism provides a significant theoretical advantage:
it establishes convergence guarantees without assum-
ing bounded noise—a restrictive assumption often re-
quired by prior methods lacking this specific mecha-
nism (e.g., Liu et al. (2023)).

Beyond the theoretical guarantees, our analysis offers
a crucial insight for practical implementation. Un-
der Assumption 2.3 (heavy-tailed noise, exponent p)
and Assumptions 2.6 and 2.7 (¢-WAS and (q,9)-S,

exponent ¢), our theoretical clipping thresholds scale
as A\ ~ O(ya~1/9) for the gradient differences, and
Ay ~ O(a~/?) for the raw stochastic gradients. In
practice, we can rewrite the gradient difference clip-
ping step by factoring out the stepsize ~:

clip(Vf(xt,ft) = Vf(ri-1,&), )\1) =

=~ -clip (vf(xt’gt) _vvf(xt—lvft) ’ )\1> 7

where we define the rescaled threshold A; := 4~ 1\;.
This reveals that A; scales as O(a~'/%). Consequently,
in the standard case where p = ¢, both thresholds
share the exact same scaling: A\; ~ Ay ~ O(a™'/P).
This is a highly valuable insight for practitioners, as
it implies that we do not need to tune two indepen-
dent clipping hyperparameters. Instead, we can simply
tune a single clipping parameter \ := \; = A, signif-
icantly simplifying the deployment of D-clip-NSGD-
MVR.
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A NOTATION

Following Arjevani et al. (2020a), a ¢*"-order (¢ > 0) tensor T € R4*"xd = R®*? is a ¢g-dimensional array of real
numbers, where R®*? denotes the g-fold tensor product of R?. By convention, a 0t*"-order tensor corresponds to a
scalar (i.e., an element of R), a 15%-order tensor corresponds to a vector in R?, and a 2°4-order tensor corresponds
to a matrix in R?¥9, If ¢ > 1, we denote T' = (T1,...,Ty) where each T is the (¢ — 1)*"-order subtensor of
T obtained by fixing the first index to ¢. Formally, for all ¢ € [d], we define [T;];,, . jq—1 = T j,, where
J1,---sJg—1 € [d]. This recursive definition allows us to view any tensor as an ordered collection of its subtensors
along a given mode. When ¢ = 2, i.e., when T is a matrix, we write [T];,. for its i*® row to avoid confusion with
the i*® coordinate of a vector. Similarly, [T].; denotes its j*® column. Throughout this work, we only consider
tensors of order 1 and 2: first-order tensors correspond to gradients, and second-order tensors correspond to

Hessians.

For any integer n > 0, we define the index set [n] := {1,2,...,n}. Let d > 1 denote the ambient dimension. We
use (-,-) to represent the standard Euclidean inner product on R?, i.e., (z,y) = E?:l x;yi, and ||-|| to denote
the associated ¢?-norm, ||z|| = \/(z,z). For a matrix A € R%*? we denote by | Al its operator (spectral)
norm, defined as [|Al|,, = supj =1 [Az||. We write V£(-,-) and V2f(-,-) for the stochastic gradient and Hessian
oracles, respectively. For any two real numbers a,b, we use a A b := min{a,b} and a V b := max{a,b}. We
adopt the standard asymptotic notations O(-) and €(-) to denote upper and lower bounds on growth rates. To
prevent ambiguity, constants related to first-order (gradient) quantities are indexed by the subscript 1 (e.g., L1,
01), whereas those related to second-order (Hessian) quantities carry the subscript 2 (e.g., Lo, 02).

We denote by P(F) the probability of an event E and by E[X] the expectation of a random variable X.
Conditional probability and conditional expectation are written, respectively, as P (E | F) and E[X | F], where
F denotes a o-algebra or a conditioning event. The notation E¢ [-] (or equivalently E¢p [-]) indicates that the
expectation is taken with respect to the randomness of £, and explicitly that £ is distributed according to the
probability law P. This notation is used to clarify the source of randomness when multiple random variables are
involved or when the distribution of £ is not immediately clear from the context.

B ADDITIONAL DEFINITIONS

We present in this section the formal setup (function, oracle and algorithm/protocol classes) we considered and
under which our (dimension-free) lower and upper bounds are derived.

B.1 The Setup
B.1.1 Function Class

The lower bounds developed in this work apply to algorithms that find an e—stationary point of (nonconvex)
functions. All functions considered here are defined from R¢ to R where d > 1 is an integer. Depending on the
assumptions (Assumptions 2.4, 2.6 and 2.7), the class of functions may vary. Formally, we define

F(A):= {F € CHR4LR) : F(0) — inf, F(x) < A} : (6)

which is the class of continuously differentiable and A-bounded functions. If the considered function further
satisfies some (standard) regularity conditions (see Assumptions 2.2 and 2.4) we let

F(A L) = {F € C'(RYR) : F(0) — inf F(z) <A and |[VF(z) — VF(y)| < Ly [l — y|| forall z,y € Rd} ,
zEeR

and

F(A, Ly, Ly) := {F € C*(R%R) : F(0) — inf F(z) <A
zeR4

q |VE(xz) = VF(y)|| < L1 ||z — y|
|V2F(z) — V2F(y)||. < L2z —yl|

op —

for all z,y € Rd},
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when access to second-order information is possible. The Lipchitz constants L; and Lo appearing above are
measured with respect to the canonical (Euclidean) #2-norm over R? for the gradients and points while, for the
Hessian we use the operator norm ||-[| ., induced by ||-||. We recall in Definition H.1 the definition of ||-[|,.

The dimension d > 1 appearing in the above definitions will be made explicit in the proofs (see Appendix C)
and it may depends on some problem specific parameters, e.g., £, A and the smoothness constants.

Note that the function class (6) as stated is too broad and lacks regularity, e.g., Lipchitz continuous gradients.
Nonetheless in some cases, appropriate assumptions on the stochastic gradients (for instance, mean-squared
smoothness, see Assumption 2.6) are enough to ensure the underlying function itself is smooth, i.e., belongs to
F(A, L) for some constant L > 0 (for the exact derivation of this fact, see (65)).

B.1.2 Oracle Class

Definition B.1 (Stochastic p*?-order Oracles (Arjevani et al., 2020a)). Given integers d,p > 1 and a function
F € CP(R%,R), we define O,(F) as the class stochastic p't-order oracles, i.e., the pairs (P¢,0%) where P¢ is a
distribution on a measurable set Z and 0%, is an unbiased mapping defined as

0% (#,8) = (F(2),Vf(2,8),...., V' f(2.8));

that is, for every r € [p] we have
Eewp V' f(2,8)] = V'F(x).

Furthermore, if some of the derivative estimator (here, only the gradient estimator Vf(z,£) or the Hessian
estimator V2 f(z, &) are used) satisfies additional properties or assumption depending on some parameters oy
(Assumption 2.3), oy (Assumption 2.5), L (Assumption 2.6), 6 (Assumption 2.7) and so on, the oracle class will
be denoted by

Op(F,01,09...), (7)

with all parameters listed inside the parenthesis, in an arbitrary order. As each assumption defines unambigu-
ously its own parameters, we keep the notation (7) for simplicity as it avoids any risk of ambiguity. We also
superscript some parameters when needed (e.g., 67, o) to indicate the various exponents (p and ¢) involved in
the assumptions. Notably, this has nothing to do with exponentiation.

B.1.3 Optimization Protocol and Algorithm Class

First, let us introduce some important definitions.

Definition B.2 (Support of a Vector/Tensor). Let d > 1 be an integer, the support of a vector z = (x1,...,z4) €
R? is the set

supp (z) := {i € [d] : @; # 0},

h

i.e., the set of all indices i € [d] for which = has a nonzero i*" coordinate.

For a given p*P-order tensor T = (T1,...,Ty) € R4 = R®"?_its support is defined as
supp (1) := {i € [d] : T} # 0},

where Tj is the i*" sub-tensor (which is a (p — 1)"-order tensor), e.g., the i*" row of the matrix T if p = 2.

Definition B.3 (Progress, “prog”). Let d > 1 be an integer, for any z = (x1,...,24) € R? and any a € [0, +00)
we define
prog o (z) := max {i € [d] : |z;| > a},

and prog o (x) = 0 if |z;| < « for all i € [d].
If a = 0, for a given p*™-order tensor 7' = (T4, ...,Ty) € R¥*d = R®"d its “prog” is defined as
progo(T) :=max {i € [d] : T; # 0},

or 0 if no there is not such index ¢ € [d] for which T; # 0.
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Notably, if & = 0 then progo(x) is the largest index at which x € R? has a nonzero coordinate. progo will be
used to capture the rate at which new coordinates are “discovered”. Initially, all coordinates are set to 0 and,
as we progressively acquire information from the queries to the oracle, the union of the support of the oracle
responses grows. The growth rate is quantified using prog and controlled thanks to the notion os zero-chain,
which we recall formally below in Definitions B.5 and B.6.

We recall below some technical notions from the paper of Arjevani et al. (2022).

Optimization Protocol: the lower bound guarantees obtained in this work apply to algorithms interacting
with an oracle over several rounds, where in each round they may issue a batch of K > 1 queries (“multi-point”
queries). More formally, at round ¢ > 1, the algorithm queries the oracle at a batch x() = (:cgz), e ,x&?) of K
points in R? and for each point xy), J € [K], the oracle performs an independent draw & () ~ P¢ and replies with

o (x, 60 = (0 (a7, €0) .. 0% (o2, €0)),

where the randomness is shared across all queries of the batch: the same seed &€(*) is used. For instance,
in Algorithm 1 we use a batch a K = 2 queries.

Optimization Algorithms: a (randomized) algorithm A consists of a distribution P,. (over a measurable set
R), a random seed r ~ P, drawn at the very beginning of the protocol, and a sequence of measurable mappings
{A(l)}izl such that A® takes all the previous 7 — 1 oracle responses and use the random seed r € R to produce

the next i query. Formally, a randomized algorithm A produces the sequence of iterates {Xx;p, K]}izl where
F
(%) (@) p,K [ (1) (1) p,K [ (i—1)  ¢(i—1)
Xajopr) = A ([OF (XA[OI;KVg ) oo OF (xA[o%K}’g )} ’T) '

We define Ayana(K) as the class of all algorithms that follow the aforementioned protocol with a batch size of K
queries per round.

Definition B.4 (Zero-Respecting Algorithm (Arjevani et al., 2022, 2020a, Definition 1)). A stochastic p'"-order
algorithm A is zero-respecting if for any function F' € CP(R? R) and any p'"-order oracle O%K, the iterates

{ngp,x]}izl satisfies, for any
F

i—1

(%) p,K [ (5) €))
supp (XA[U%,K]) - jL:Jl supp (DF (XA[D%K]vg ))»

We define A, (K) C Arana(K) as the class of all zero-respecting algorithms.

In other words, a zero-respecting algorithm cannot modify coordinates where no information is known; that is,
its queries at each round have support in the union of the supports of all previous oracle responses.

In the rest of the paper, we drop the K in all our notation for simplicity and because it does not appear in any
of the lower bound complexity we derive.

Proof Strategy: Zero-Chains The main motivation for building the hard instance (11) is the notion of
zero-chain, which in some sense, are functions for which it is “hard” to uncover new, nonzero, coordinates.
Definition B.5 (Deterministic p*"-order Zero-Chain (Carmon et al., 2020, Definition 3)). Given an integer
p > 1 and a function F € CP(R%, R), we say that F is a p'"-order zero-chain if, for every x € R? and every i € [d]
we have

supp () € {1,2,...,i— 1} implies U supp (V" F(z)) C {1,2,...,i}. (8)

r=1
We say that F' is a zero-chain if it is a p*"-order zero-chain for every integer p > 1.

In other word, Definition B.5 tells us that given z € R%, we can “discover” at most one new coordinate when
accessing the gradient of F' at x (or any high-order derivatives of F'). When dealing with stochastic estimators
instead, we can extend the previous Definition B.5 as follows:
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Definition B.6 (Probability-6 p'"-order Zero-Chain (Arjevani et al., 2020a, Definition 2)). Given an integer
p>1,60¢(0,1], a function F € CP(R% R) and derivative estimators Vf(x,¢), ..., VP f(x,€) of F, we say that
F is a probability-0 pt"-order zero-chain if we have

P(Ele | progo (vf(x()vg)a ey fo(l’(),g)) > proga(x(J) + 1) = 07 (9)

and
P (3z¢ | progo (Vf(z0,8),..., VP f(x0,&)) = progo(zo) + 1) < 0, (10)

We say that F is a probability-0 zero-chain if it is a probability-0 p‘"-order zero-chain for every integer p > 1.

In the above Definition B.6, condition (9) is the analogue of condition (8) when we have only access to noisy
derivatives estimators of F. In addition, condition (10) tells us that we have a “small” chance to discover a
new coordinate upon querying the oracle, i.e., the added noise behaves “adversarially” and can slow down the
discovery of new coordinates (in expectation).

An important properties of probability-6 zero-chain is the following lemma.
Lemma B.1 (Arjevani et al. (2020a, Lemma 16)). Let p > 1, 6 € (0,1], a function F € C?(R% R) and unbiased
derivative estimators V f(z,€), ..., VP f(x,€) of F which form a probability-0 zero-chain and let 0%, be an oracle
such that 0% (z,§) = (F(z), Vf(z,£),..., VP f(,€)).
Let {xf&ép ]}Z->1 be the queries produced by any zero-respecting algorithm A € Ay, interacting with 0%.. Then, with

p]Si>
probability at least 1 — 0, we have

log(5)

T_
progo (Xﬁ%;};]) <T forall t< —g

The proof can be found in Arjevani et al. (2020a, Lemma 16) and Arjevani et al. (2020b, Lemma 1).

B.1.4 Complexity Measures

As in Arjevani et al. (2022, 2020a), we develop lower bounds on the distributional complexity for finding an
e—stationary point, which in turn, implies lower bounds on the minimaz complezity for finding such stationary
points. Formally, following Arjevani et al. (2022)
(T)
vr (o)) <<}

where the expectation is taken over the randomness in the oracle O and in the algorithm A € A,,, if any.

mZ(K,A...):= sup sup inf inf {T >1:Ega [
FEF(A..) (Pe,0p)EO(F...) AE Az

As in the definition of the oracle class, complexity measures may depend on various parameters depending on
the assumptions considered. The convention is to list all involved parameters (in an arbitrary order), and there
is no ambiguity in doing so.

B.2 The Worst-Case Function

In this section, we recall the “worst-case” function introduced in Carmon et al. (2020); Arjevani et al. (2022)
and which is used to prove our lower bounds. This function (or some variations, depending on the targeted class
of functions) is at the core of many lower bounds in stochastic nonvonvex optimization (Arjevani et al., 2022;
Tyurin and Richtédrik, 2024; Tyurin et al., 2025; Islamov et al., 2025; Sun and Wei, 2025; Sadiev et al., 2025).
Formally, given an integer 7' > 1 which denotes the dimension in which the hard instance Fr: RT — R lies, we
define

Fr:oz— -9 (1)®(xy) + Z (V(=2i1)P(—2) — ¥(2i—1)P(24)], (11)

where the inner components ¥ and ¢ are defined, for any ¢t € R, as

0, if t < 3; Lo
U(t) = and  ®(t) := \/E/ ez ds.

exp(lfﬁ), lft>%, — 0o
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The particular design (11) of Fr is such that it is a (deterministic) zero-chain (see Definition B.5) and the
gradients of Fr are large unless all coordinates are large (i.e., progi(z) > T); these two keys properties are
recalled below (5. and 6.). Several other properties of the function Fr are stated in the next lemma.

Lemma B.2 (Properties of the Hard Instance (Carmon et al., 2020; Arjevani et al., 2022)). For any integer
T > 1, the function Fr satisfies:

1. Fr(0) —inf cpr FPr(xz) < A¢T where Ag := 12,
2. The gradient of Fr is {1-Lipschitz continuous with {1 := 152,

3. For all x € RT, we have |VFr(x)|| . < Yoo where yoo 1= 23. Notably, this shows that |V Fr(zx)|| < 23VT,

Il

4. There exists an universal constant 0 < ¢ < 400 such that for every integer p > 1, the p—th order derivatives
of Fr are £,—Lipschitz continuous for some £, < exp (gplogp + cp),

5. For all x € RT we have prog o(VFr(z)) < prog 1(@)+1,

6. For all z € RT, if progo(x) < T then |[VFr(z)| > 1.

In the proofs of our lower bounds, we mostly focus on properties 1., 2., 3. and 4. which, after a specific rescaling,
are enough to ensure the hard instance Frr belongs to the right class of functions. The two remaining properties 5.
and 6. are not explicitly used in this paper but their role, however, should not be underestimated: they guarantee
that the inner mechanics of the hard instance of Carmon et al. (2020); Arjevani et al. (2022) remain the same,
thereby ensuring that any zero-respecting algorithm on Fr behaves as intended and that their lower-bound
strategy carries over.

B.3 The Stochastic Gradient and Hessian Estimator

We recall below from Arjevani et al. (2022, 2020a) the gradient and Hessian estimators used:
Definition B.7 (Gradient Estimator). Given an integer 7' > 1 and 6 € (0, 1], the gradient estimator g7 : RT x
Z — RT of the hard instance Fr in (11) is defined coordinate-wise as

QT@;QL:_[VF}@ﬂi~(1+H{i>lnogi@ﬁ}<§——l>),
where i € [T], z € RT and £ ~ Ber(0), i.e., we take as distribution P¢ = Ber(¢) and measurable set Z = {0, 1}.
Definition B.8 (Hessian Estimator). Given an integer 7' > 1 and 6 € (0, 1], the Hessian estimator Vg : RT x
Z — RT of the hard instance Fr in (11) is defined row-wise as

Wor(well, = (1+1{i > progy @)} (5 -1) ) - [V, .

where i € [T], z € RT and ¢ ~ Ber() (as before).

Note that, for all x € RT and all i > prog 1(z) +1 we have [VFr(z)]; = 0 by Lemma B.2 (property 5.) so, only
the specific coordinate at ¢ = prog 1 (z) 4+ 1 is noisy.

In the case of Assumptions 2.6 and 2.7, i.e., additional regularity conditions on the gradient estimator, we define,
as in Arjevani et al. (2022) the “smoothed” indicator ©; of ]I{z' > prog%(-)} as:

T 3
Oz T 1<ZF(|SEk)2> =D = [@(zil), ..., Tz I,

k=i

where I': R — R is any C*°, non-decreasing Lipschitz continuous function with I'(t) = 0 for all t < 1 and I'(t) = 1
for all t > % For instance, we can take, as in Arjevani et al. (2022)

Ji A(s)ds 0, ift<fort> g

') : h At) :=
() , where () eXp(_IOO(tll)(lt)>7 lf%<t<%,

- ff A(s)ds
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for any t € R. Notably, the smoothed indicator ©; satisfies for all z € RT
]I{z' > prog%(:c)} < 0;(x) < H{i > prog%(z)} ,

hence
O4(z) = 1, forall z > prog 1 ();
0, for all i < prog 1 (z).

Overall, this gives the following “smoothed” gradient estimator:

Definition B.9 (“Smoothed” Gradient Estimator). Given an integer T > 1 and 6 € (0, 1], the gradient estimator
gr: RT x Z — RT of the hard instance Fr in (11) is defined coordinate-wise as

(2O, = V), (1+ 040 (5 1)),

where i € [T], z € RT and ¢ ~ Ber() (as before).

The gradient and Hessian estimators defined above are all probability-6 zero-chain.
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C PROOFS OF THE LOWER BOUNDS

C.1 A Lower Bound in the Global Stochastic Model Under Heavy-Tail Noise
In this part, we extend Arjevani et al. (2022, Lemma 11) in the setting where we only assume the variance of the
gradient estimator to have bounded p—th moment for some p € (1,2]. This result holds in any dimension d > 1.

Lemma C.1. Under Assumptions 2.1, 2.3 and 2.6 and as long as 0 < € < %\/EA, the number of samples
required to obtain an e-stationary point in the global stochastic model defined above is

p
01\ p-1
Q1) - (—) :
- (2
where p € (1, 2].
In particular, this lower bound does not depend on the exponent ¢ from Assumption 2.6.
Remark C.1. More precisely, Lemma C.1 shows that

01

m= (K, A, Lo?) > Q(1) -maX{L (8)’”“}. (12)

Remark C.2. It is also worth mentioning that the same lower bound holds under Assumptions 2.1 to 2.3 and 2.7
since, by our choice of function (14) for any s € {—1,1} and any z,y € R? we have

Eep: [||[Vfi(2,8) = Vi (y,8)] - [V () = VF; . ()]||"]
) BIEe ps [||[V falBr,€) — V fa(By, )] — [VFas(Bz) — VE(By)][%)

(18)

BE¢~ps [[|[L(Br — &) — L(By — €)] — [L(Bx — 05) — L(By — 0,)]1|°]
=0,
hence Assumption 2.7 is satisfied. Moreover, taking L = % is enough to ensure that F & has A-bounded

sub-optimality (see (16)). On the other hand, for any z,y € Rd we have

HVF(;,S(‘T) - VF;,s(y)‘ (2) 6 ||VFd,s(5$) - VFd,s(By)H
= 8L |« —yll, (13)

and it’s enough to take 0 < 8 < y/£* to ensure the function Fj, has Ly-Lipschitz gradients. The rest of the
proof (steps 3, 4 and 5) is the same, using L; instead of L.
Remark C.3. As a last remark before proving Lemma C.1, it is also worth noting that the stochastic function

fa: R? — R used to prove the lower bound (12) still holds when one has access to high-order information (e.g.,
the Hessian), that is, under Assumptions 2.1 to 2.3 and 2.5, because by construction f; is a quadratic function
so, for any s € {—1,1} and any x,y € R%, we have
Eevr [[|V2fi(2,6) = V2Fi @2, | = B*Eenre || V2 fa(Ba, ) — V2 Fu(Bo)||2,

— B*Eep || L1s — L1412, ]

= O’
where I; € R¥? is the identity matrix. Hence, Assumption 2.5 is satisfied. Additionally, since V2F5’s(x) = L3I,
for any x € R? then the Hessian of F| a5 18 Lo—Lipschitz continuous for any constant Ly > 0. Combining this

observation with the arguments in the previous remark (see (13)), we obtain that I € F(A, Ly, Ly) for any
d>1and any s € {—1,1}, as long as we choose

2A [ L1

The rest of the proof (steps 3, 4 and 5) is the same.
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Proof Let the accuracy parameter € > 0, initial sub-optimality A > 0, the mean-squared smoothness parameter

L, and the variance parameter o; > 0 be fixed, and 0 < L < L to be specified later. Our proof follows the same
btepb as in Arjevani et al. (2020b) except that, taking inspiration from Hiibler et al. (2025) and the gradient
oracle from Arjevani et al. (2022) as recalled in Definition B.7, we take two Bernoulli distributions instead of
normal distributions.

Let us fix d > 1 an integer and consider the following family of functions fz: R? x {—1,0,1} — R defined as

fulw,&) = % (el = 26 +72), (14)

where r € (0,1] is a fixed parameter (to be specified later), (z,¢) € R? x {~1,0,1} and = = (21, ...,74) are its
coordinates. Then, for 5 > 0, we rescale the function fy as

fi(@,8): x = fa(Bx, ). (15)

Next, we define the two probability distributions P! = Ber(r) and P~! = —Ber(r) (whose support is {—1,0})
and we let 0, := (rs,0,...,0) € R? for s € {—1,1}. Additionally, for any s € {—1,1}, we define the function
Fjg: R? — R for all x € R as

@ L L
Fio(@) i=Eepe [f (2,.6)] 2 5 (1801 = 2Barrs +12) = 5 182 = 041 = Fa(8o),

where (a) follows from the fact that, when s = 1 then & ~ Ber(r) and E [¢] = r = rs, while when s = —1 then
&~ —Ber(r) and E[¢] = —r = rs.

e Step 1: Ensuring Fjj, has A-bounded initial sub-optimality (Assumption 2.1).

To ensure Fj satisfies Assumption 2.1, let us compute the initial sub-optimality. Assuming the starting
point is " = 0, we have

Fj,(0) = inf Fj (z) © Fy(0) = =, (16)
z€ERY 2

thus, it’s enough to take L = i—%‘ < 00 (since 7 > 0) so as to ensure the function Fjj i has A-bounded initial
sub-optimality. In the next step, we will show that £ ; also has L-Lipschitz gradients, as a consequence of
the mean-squared smoothness property.

e Step 2: The Oracle Class and Assumptions 2.3 and 2.6.

Now, let us compute the p-th central moment, for any x € R? and any s € {—1,1} we have

e [||VFi(x,8) = VEL(@)]]] E B Eeps |V fa(B2,€) — VFas(82)|7]

& 3P Eeps [||L (Bx — €) — L (Bx — 0,)|"]
= (LB)" Egnps [|€ — 75|"]

= (LBr)" E¢ops Hf =5 p}
© (L3r)? ((1 —r)s|”+r ); - S‘p)
= oy (a=n+rft-1)

1
-1
.
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where in (a) we let € = (,0,...,0) € R? and the gradient of f; and F,  are given, for any z € R¢ by
Vii(z,§) =Lx— &) and VF44(x) = L(z —6,), (18)

notably, E¢ ps [V fj(2,§)] = VF] (). In (b) we use the fact that [s| = 1 while in (c) we use both p > 1
and r € (0,1] to bound 7P~ + (1 — r)*~" by 2. Hence, following (17) we need to guarantee

3=

2(LA)Pr(1—1) <oP so 2L (r(1—7))" < oy. (19)

Now, computing the mean-squared smoothness constant, we have, for ¢ € (1,2], s € {—1,1} and any
z,y € RY

Eep [[V£3(2,:6) = V35O = B Eenps [|V fa(B2,€) — V fa(By, O)IIY]

= (LB)" g (|18 — Byl|)
= (LB*)" & —y]?,
and it suffices to ensure
(LB*)* < LY, thatis, LB* <L, (20)

so as to satisfy Assumption 2.6.

Step 3: Choice of 3, .

It remains to choose 8 > 0, r € (0,1] (universal constant) to satisfy the two inequalities (19) and (20).
Additionally, let ¢ > 0, to be fixed later, be an universal constant such that 0 < ¢ < ¢/VLA. From

inequality (20) we have
L 1 = ~2LA
< —_ = — =
ps L L L Lr

hence for any constant ¢’ > 0, taking § = 5 Lz > 0 gives

V2 < NVIAV2 _ V2LA

= cLr — c'Lr Lr ’

as desired. Plugging back this value in the inequality (19) we need to have

1 1
2r+/2 2r/2 -
V2 <o, le., V2 <€> (1—7‘)% SrpTl,

c o1

=

ET%_l(l —r)

which is equivalent to
p

e <€> (1—r)7T <7,

01

3|

272

c!

where we set C := . Thus, as 1 —r < 1, it is enough to take

r_min{l, <C€> . } >0,
o1

and now all the inequalities are satisfied so do Assumptions 2.1, 2.3 and 2.6 hold.

Step 4: Transforming the Optimization Problem into a Function Identification Problem.

We now continue to follow the proof of Arjevani et al. (2022). First, let us randomized the selection of
the instances {Fj  }se{—1,1} by drawing s uniformly in the set {—1,1}. Hence, we let S ~ U ({—1,1}) and
consider any algorithm A that takes as input the iid samples &1,...,&r ~ P9, where T is the number of
queries, and which returns the (random) iterate z € R, We now bound the expected norm of the gradient at
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2. To do so, let us define the (random) quantity S := arg mingeq_q 1y [VE] (Z)], breaking ties arbitrarily.
Then if S # S we have, by definition of §,

hence

IVFis @) 2 ||VE; 5 @

I

2 [|[VELs @] 2 E[[VELs @] +E[|VE; 5 @]

—E[|[VFis @] + |vE: @)

(a)
> inf (|VF} ()| +||VF;_1 ()|

zeRd

Z LB inf (||Bz — 01 + [|Bz — 61
reR4

(b)

> LB |61 — 0+

= 2L0r,

)
)

(21)

where in (a) we use S # S and that both belongs to {—1,1}. In (b) we use the triangle inequality. Hence,

Lem. H.11

E[|VE;s @] "= LorP(|VE;s @) = Lor)

Y Larp (5+5).

since LAr > 0 and the last inequality follows from the lower bound in (21), implied by the event {§ # S}

e Step 5: Lower Bounding the Misidentification Probability P <§ #* S).

Next, for s € {—1,1} let P = sBer®” (r) be the law of (&1, ...

P(§¢S>:1—P<§:S)

—1-(P(s=1)

1
-5 (P

=1

<1

a)

N = N

where (a) follows form the definition of the total variation distance. Then we compute HIP’% —

(

S

o~

VP (S S‘S
§:1)+1P>;1( 7&1))

up  (Pp(A) + P (A9))

W)

2 ACRT mesurable

1

2 AQRT

sup (Pr(A) — P71 (4))

mesurable

(L= [Pz =Pzl py)

1) +P(S:—1)P(§:S‘S:—1))

Prt | oy

,&7) conditioned on the event {S = s}, then

to do

so observe that the support of P, is {0, 1}T and the support of ]P’}l is {—1, O}T thus, if we let 0 := (0, ...,0),

7. -

Pr' [y =

z

D DI OB e

z€{-1,0,1}T
1 1 1
3 2. P+ Y
ze{-1,0}"\{0} z€{0,1}7\{0}
1

5( f(lfr)T)Jr%(lf(l—r)T)

1—(1-n)7T,

Pr ()
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where (a) follows from P4 (0) = (1 — )7 = P;' (0) along with the fact that {-1,0}" n{0,1}" = {o}.
Hence, we obtain

P(S#5S)= %(1 —)7,
and plugging this bound into (21) gives
IVEis @) = 22—
Also, note that
~ * 1 * (A * ~ * (A
max {E [[|VFE, @] E[[|VE . @]} = 5 @ [[VFL @] +E[[VE - @) =E[IVFis @[] -

It remains to lower bound adequately the quantity Lp (1 - r)T. For this, we consider two cases:

_pP_ _p_
—1f01>C'5then1> sol>( )71 thusrz(g)z%1 )

o1

B nr =220,

2 2c

and,

* assume we have T <5 then

(a) 1
(l—r)Tzl—rTzﬁ,

where (a) follows from the Bernoulli’s inequality (see Lemma H.12) thus
* ~ * ~ 6\/§
max {E [[[VEL, @) E[[[VEi_ @]} = 77
and it’s enough to take ¢’ = % to ensure

max {]E [HVFd*,l (53\)‘

|LE[IVF;_, @]} = 2ev2 > 2¢

So, when T < 2—1T it is not possible to reach an e-stationary point on both F(}‘J and on Fjj_,.
+ Hence, we deduce that we must have

P P

ok =y (E) =00 (2) 200,

as desired,
— if 01 < Ce then r =1 and

() <

and since for any s € {—1,1} we have

H (18) \[

[VE;,0)| € Lor = == =8:v2 > 2,

so at least one query is required to reach an e—stationary point, i.e., T > 1 from where

a1 ()7 00 (2)

which achieves the proof of the lemma.
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Remark C.4. Let us expand on the proof strategy of the above lemma. First, we start by defining a stochastic
function f: (z,£) — % (ch||2 — 251§+ 7‘2) and we then provide two probability distributions P~ and P* for the
random variable £ which allows to define two deterministic functions

F_:x—Eeop_ [f(2,6)] and Fi:x e Eeop, [f(2,8)].

The strategy to establish a lower bound then is to randomized the initial choice of the function by choosing F_ or
F with probability % and lower bound the optimization error on the norm of the gradient by the misidentification
error, in other words, how many samples £V, ... £(T) are needed in expectation to distinguish between the two
distributions P~ and PT.

Contrary to Arjevani et al. (2022), instead of using normal distributions we use two Bernoulli distributions Ber(r)
and —Ber(r) where, after tuning the parameters so as to satisfy the different assumptions, we obtain

ofofe ()7

The choice of Bernoulli distributions is actually inspired from the definition of the gradient estimator in the
work of Arjevani et al. (2022) where a Bernoulli distribution is used to probabilistically hide new coordinates
(see Definition B.7).

Hence with our Bernoulli distributions, upon querying the oracle, it produces repeated Os until it ultimately
returns —1 or +1. In the former situation, we are unable to distinguish between the distributions Ber(r) and
—Ber(r) since the outcome 0 happens with equal probability while, in the later case, we can immediately tell
which distribution the oracle has chosen initially. As the outcome +1 happens with probability r, we have to do
in expectation 1 = Q(1 + (Ul/s)p/pfl) queries to be able to distinguish between P~ and P+ and this leads to the
claimed lower bound.

Remark C.5. Combining Arjevani et al. (2022, Lemma 11) and the above lemma, we deduce that under the
general p—bounded central moment where p > 1 is any real number, we have

SErv2
Ul)p , (22)

m? (K, A, L,o?) > Q1) (7
€
where V denotes the maximum between the two exponent, and the hidden constant in (1) may depends on p.

Hence

e p—bounded central moment for gradient when p = 1 brings literally no information and we can’t find an
e—stationary points in a finite number T of oracle queries,

e assuming high-order bounded moments (p > 2) does not bring additional information than in the bounded
variance case (p = 2).

Proof of (22). The proof here applies not only to the setting of Lemma C.1, i.e., Assumptions 2.1, 2.3 and 2.6
but also to the settings discussed in Remarks C.2 and C.3.

First, the case of an exponent p € (1,2] is already covered by Lemma C.1. For the case when p > 2, we reuse

the exact same proof as in Arjevani et al. (2022, Lemma 11). More precisely, instead of considering Bernoulli

distributions for P~! and P!, we fall back to normal distributions, that is, P* = N(rs, Z) for s € {-~1,1} and

some well-chosen constant ¢, > 0 (depending on the exponent p and L) that we fix later. Taking § = 1 and

L = L, as in Arjevani et al. (2022), it remains to bound the p*" central moment of the stochastic gradient, we
have for any € R? and any s € {—1,1}, by (17)

Eewp: [|V£3(2,6) = VFj,(2)|]"] € LPEevp- 1€ — rsl’]

P
Lem_ H.13 P Ul\/5 r (%)
p VT

(2)
p
S 01 )
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where in (a) we took

. L\/§<F(p31)>poL>o
i4 \/77_ P )

1
p+1 P
where C, = /2 (F(\/% )> . The rest of the proof is similar to Arjevani et al. (2022, Lemma 10). O

C.2 Some Bounds on the Gradient Estimator gr

Lemma C.2 (Properties of the Gradient Estimator gr). The stochastic gradient estimator gr is a probability—0
zero-chain, is unbiased with respect to VFp and satisfies

Ellgr(e.6) - VPr(@)7] < 220D ind B(lgr(e.©) - 51001 < gy e —ol?, (29)
and 50 ;
E[llgr(x.€) - ar(0.8)] - [VFr(@) - V)l < 205 o g, (24)

Q=

for all z,y € RT, w?ere p,q € (1,2], Voo is defined in Lemma B.2, {y := 2 (2q (62‘7’ng —1-5‘{) —1-6‘11)
51 =4 (62q’ygo + Z({) a

> {1 and

The proof of Lemma C.2 is largely inspired from (Arjevani et al., 2022, Lemma 4). Notably, we rely on Lemma H.6
which states the following inequality

la + )" < 227" (lla]* + 1I6]) (25)

holds, for any vectors a,b € R? and any exponent a > 1. This generalizes the well-known inequality ||a + bH2
2(lal”* + ||b]|?). We use inequality (25) in (27) as a “substitute” for the squared norm expansion (as used
in Arjevani et al. (2022)) which does not hold anymore with exponent ¢ € (1, 2] instead of 2.

Proof. Following the proof of Arjevani et al. (2022, Lemma 4), for any &, the vector §(z,§) := gr(z,&) — VFp(x)
has at most one nonzero entry at coordinate i, = prog 1 (x) + 1. Moreover, for any i € {1,..., T}, the i*" entry

0i(x, &) of 6(x, &) reads
5i(@,€) = [VFp(a)], 05 (x) <§ _ 1> 7
where the function ©; is defined in Definition B.9. Hence, we have

Ellgr(e.€) - VEr@IF] = B3, (2, )"
~ [V Fr(ol, P 0 ) E |

%W‘f‘r

=
< emora]-1]
|

- (1-0+0(3-1)
e (1 (507)

© 2% (1-90)
< Ta

ol

(26)

where in (a) we use the fact that & ~ Ber(f). In (b) we use 6 € [0,1] and p > 1 to bound (1 — #)?~! < 1 and
1 < 0~(=1_ This establishes the first inequality from (23).



Heavy-Tailed Stochastic Nonconvex Optimization

Now, for the second inequality in (23), we use the fact that §(-, &) := gr(-,&) — VFr(-) has at most one nonzero
coordinate, then if we let i, = prog 1 (z)+1 and iy = progi(y) + 1 we obtain

E [|lgr(z,€) — gr(y, ©)I|] = E[|[8(2,€) — 5(y,€)] + [VFr(z) — VFr(y)]]]
T 9 (B [|15(2,€) — 5y, )] + |V Pr() — VEr(y)]|%)
< 2071 (B (165, (x,€) — 8, (4, )] + E [[83, (2, €) = 6, (1,€)|*] + IV Fr(x) — VFT@)(H;?)),
and, for any integer ¢ € {1,...,T} we have

§
571

~ [V Er()], (61(0) = 040) + (VFr(a)], ~ [VEr)]) 011" (5 )

Lem. H

£ 90 [V Er(2)]1104(2) — 0:(9)|" + [[VFr(@)]; — [VEr ()], [0:(w)]") (2)

E (16,02, €) — 6.(4.6)|%] = [V Fr(2)]; ©4(z) — [VFr(y)], 0:(y)|' E H

2 [VFr(@), 01(x) = [TFr(y)], ©:(y) <92>

fa—1

< 2071 (62 [VEr (@)} |z — yl|* + [[VFr(@)]; — [VEr),]7) (af—l)

Lem. B.2

27 (o = ol + 9 Fre) = VI (s ) 29

where in (a) we use our previous bound from (26) (which we derived with exponent p instead of ¢). In (b) we use
the fact that ©; is 62-Lipschitz (see Arjevani et al. (2022)) and |©;(-)] < 1. Now, plugging back the bound (28)
in (27) we obtain

Ellar(e.€) - gr. 1" <7 2070 (20 @08 o~y 4 19Fr(0) - VEROIY) (G ) + IVFr(o) = VE )

_ 2
2 (2 000 +1) (g ) + ) e =l

lz —yl*
ga-1

Lem. B.2

< 29 (29 (62092, + 1) + £7)

1

where in (a) we use 1 < 2/¢7-* to factor it out. If we let {1 := 2 (27 (62974, + £{) + () we obtain

Eq
E[lgr(z,€) — gr(y. ] < gqil l =yl

as desired.

It remains to establish the third inequality (24). Combining the bounds (27) and (28) we have

El[gr(x,&) = 9r(y,9)] = [VFr(x) = VEr(y)]l|*] = E[[|6(=, &) — o(y, )]

. H.6
<27 (B[ (2.6) — 61, (v O HE
(26)+(28) 1-0

8, (x,€) — 8, (4, )|"])

41 (6% + 69) g e =y
5'(1-0)
= T g1 |z —qll*,

where we define 01 := 4 (62%v%, + ¢1) ‘. This achieves the proof of the lemma. O
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C.3 Proof of Theorem 3.1

Theorem 3.1. Given A,L >0, o1 > 0 and 0 < ¢ < ¢;VLA for some universal constant ¢; > 0. Then, for
any algorithm A € A,,, there exists a function f € F (A), an oracle and a distribution (O,D) € O (f,L4,07)
satisfying Assumptions 2.1, 2.3 and 2.6 such that

e o) 2o ()74 52 22 (2) 7))

Proof. Let Ag, {1, 7s and /1 be the numerical constants in Lemmas B.2 and C.2 respectively. Additionally, we
let the accuracy parameter € > 0, initial sub-optimality A > 0, the ¢-weak average smoothness parameter L,
and the variance parameter o; > 0 be fixed, and 0 < L < L to be specified later. Then, for o, 3 > 0 two positive
real numbers, following Arjevani et al. (2022), we rescale the function Fr as

Fr: xz — aFr(fx). (29)

e Step 1: Ensuring Fr € F (A, L).

To guarantee the rescaled function F7 belongs to the function class F(A, L), let us compute the initial
sub-optimality A and the smoothness constant L. Assuming the algorithm A starts at z° = 0 we have

FA(0) — inf Fi(z) 2 a (FT(O) ~ inf FT(a:)> T AT,

zeRT z€RT

thus, it’s enough to take T' = [aAAoJ so as to ensure F5(0) —inf,cpr Fir(z) < A. Moreover, for any z,y € R,

IVFf(2) = VER(y)ll = aB |V Fr(Bx) — VEr (By)|

T apty ||Br — By
= 0B ||z —y|,

IN

and it suffices to take a = ﬁ > 0 to ensure the function F7; has L-Lipschitz gradients. Consequently, we
have F} € F(A, L), as desired.

e Step 2: Analysis of the Protocol and Choice for f3.
Following the proof of Arjevani et al. (2022, Theorem 1), according to Lemma B.2, for all points z € RT
such that progo(x) < T we have progo(8z) = progo(z) < T so

Lem. B.2 L

29y L
IV Ff ()] = 7.5 IVFr(Ba)l

and we need to guarantee that
IVEL(z)]| > 2e,

for all z € RT with prog(z) < T which, given (30), can be done if we set 3 = ﬁ.

e Step 3: The Oracle Class and Assumptions 2.3 and 2.0.

It remains to choose the parameter 6 € (0,1] and constant L such that the gradient estimator g5 of VE}
satisfies Assumptions 2.3 and 2.6. Computing the p-th central moment of g gives, for all x € RT

E (195 (,€) ~ VE}@)") 2 (ap)" E[lgr (Bz,€) — VFr(52)|1)
o2 2 (30008)" (1~ 6)
e oL

(2 (2700046)1)
— 9p7 1 )

(31)

where in (a) we use the fact that 0 < 6 <1 and p > 1 so that 2 < 2P. From (31), so as to satisfy Assump-
tion 2.3 it’s enough to take # = min {1, 9} where
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g1

>

(2%0 af

g1

)

p

()

(

01

where in (a) we use the value of « and S fixed earlier. Hence

9:min{1,<

4yo0€
g1

4 p _
%06) 7 SOQZ<

Next, concerning the mean-squared smoothness assumption, we have

E (|g(z,) = g5 (v, Il Z (aB) E[|gr (B2, €) — g7 (8y, )]

L
B4y -

where in (a) we use a =

L =

chn<C.2 (aﬂ@l)q
gi-1
aﬂ%}

(i
@
410

q

1

g—1

L,

q—1

q

—y?

4’}/008) =

01

(32)

1Bz - Byl
q

) I
q

) (T

Hence, from the upper bound (33) it suffices to take

b

# < < Lmin

p(a—1)

a(p—1) _
<L,

since £1 = 152 < /1 (see Lemma C.2). This proves Assumption 2.6 is satisfied by the gradient estimator g4.
e Step 4: Lower Bounding m# (K, A, L%, 0%).

Continuing on step 2, by Lemma B.1 we know that with probability at least % it holds that for all integer
Ogtﬁ%andallke[l(] we have

s (o

from where it follows that

mZ (K, A, LY,

we then distinguish two cases:

_ g=1
LAG 4
4A0Z162

— if

AloF]

of) > 1

mir (K, Au I/q70-

20

1) >

1

20

(34)

{

A
CVA()

)H > 2¢, hence E {HVF} (1:

|-

1 LAgT
40 4A0€1 g2
1 LA

T 1600 €204

(32)

= 32A00, 2

=Q(1)- <

1

LA

2

(

s Ia

2

gl |~
N

[~

01

(

(t.k)
AloF)

/N7 N -7 N

47v00€

01

€

)] >=
20, A

_BLéAlo J - 1)
LA

_4A0€152J B 1>

LAQ T .
4A021€2 ’

> 3 then, using the inequality [z] — 1> &, valid for all real number z > 3 we obtain

D
a(p—1)

+1

D
a(p—1)
’

)
)

and combining the lower bound above with Lemma C.1, with the same choice for ¢’ as provided below,

gives the desired results.
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Nl

g1 _ 1
— otherwise, if Z22 % < 3 choosing the universal constant 0 < ¢ = (12A001) % < (12A001) % =

4A0@182
= LA
0<e<dVLA= —,
£=c \/ 124,7,

0.0067592 < é then the assumption
precludes the possibility that 8§ = 1 so 01 > 47y hence o1/ 2 1. Moreover, we have

_ p(a—1)
LA 4vs q(p—1)
3> ——— oot ,
4A0€152 o1
and multiplying both sides by (%) 7T > 0 leads to
» — p(a—1) » pla—1) — p(a—1) »
(2) 71 LA (4ys) 7D (ﬂ) 71 a1 _ LA (4ys0) %D (g) G-
B 1270012 e 1200622 € ’

and using Lemma C.1, since 0 < ¢ < %\/ LA then there exists an universal constant Cp > 0 (depending
only on p) such that

or - o1\ 721 LA /o1\aon LA
mZ (K,A, L% o}) > C, (;) > Q(1) - =z (;) 2 FoR (35)
hence,
" , o771 | LA LA o1\ D
mE (A, B ot) 2 0 <(5) t o (7 ) ’
which holds in both cases and concludes the proof of the theorem.
O

C.4 Proof of Theorem 3.2

Theorem 3.2. Given A, L1,6 >0, 01 >0 and 0 < e < 1/ L1 A for some universal constant ¢; > 0. Then, for
any algorithm A € A,,, there exists a function f € F (A, L1), an oracle and a distribution (O, D) € O (f,6%,07)
satisfying Assumptions 2.1 to 2.8 and 2.7 such that

mzf(K,A,Ll,aa(ff)zszu)-mm{“A bid ()7 ()7 (e DA M(m)ﬂ::n}

g2 g2 € g2 e? \¢

Proof. The proof follows the same lines as the proof of Theorem 3.1. Let Ag, £1, 7o and 0; be the numeri-
cal constants in Lemmas B.2 and C.2 respectively. Additionally, we let the accuracy parameter £ > 0, initial
sub-optimality A > 0, the smoothness constant Ly > 0, the g¢—weak average smoothness parameter § (Assump-
tion 2.7), and the variance parameter o1 > 0 be fixed, and 0 < L < L to be specified later. Then, for a,, 8 > 0
two positive real numbers, following Arjevani et al. (2022), we rescale the function Fr as

Fr:x — aFr(fx). (36)

e Step 1: Ensuring F} € F (A, L).

To guarantee the rescaled function F7 belongs to the function class F(A, L), let us compute the initial
sub-optimality A and the smoothness constant L. Assuming the algorithm A starts at 2z° = 0 we have

zeRT zeRT

F(0) — inf Fi(z) 2 a (FT(O) — inf FT(q:)> T AA T
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thus, it’s enough to take T' = {aAAoJ so as to ensure F7(0) — inf,cpr F7(z) < A. Moreover, as done

previously, for any z,y € R7,
IVEF(z) = VEL(y)| = B |[VFr(Bz) — VEr(By)||

Lem. B.2
afly ||z — Byl
= af?l |l -y,

IN

and it suffices to take a = ﬁ > 0 to ensure the function F; has L-Lipschitz gradients. Consequently, we
have 7 € F(A, L), as desired.
Step 2: Analysis of the Protocol and Choice for 3.

Following the proof of Arjevani et al. (2022, Theorem 1), according to Lemma B.2, for all points z € R”
such that progo(z) < T we have progo(8z) = progo(z) < T so

L Lem. B.2 L
VFE ® VFr(B2)| 7> =, 37
IVEL ()] = NG IV Er (B 08 (37)
and we need to guarantee that
IVEL ()] > 2e, (38)
for all 2 € RT with prog(z) < T which, given (30), can be done if we set 3 = ﬁ.

Step 3: The Oracle Class and Assumptions 2.3 and 2.0.

It remains to choose the parameter 6 € (0, 1] and constant L such that the gradient estimator g of VFZ}
satisfies Assumptions 2.3 and 2.7. Computing the p—th central moment of gJ. gives, for all z € ]RT

E (lg5(2,€) - VFF@)I") 2 (a8)" E [lg7(52,€) - VFr(52)|"]
o222 (y000)" (1= 6)
& oL

g) (2’700045)17

(39)

where in (a) we use the fact that 0 < ¢ < 1andp > 1so that 2 <2P. From (31), so as to satisfy Assump-
tion 2.3 it’s enough to take # = min {1,6} where

P P 72T
g1 > (2%&5> @ <4%06) s 6> <4%oe) '
g1 g1 01

where in (a) we use the value of a and f fixed earlier. Hence

9:min{1, (41"1‘)5)&}. (40)

Next, concerning the mean-squared smoothness assumption (Assumption 2.7), we have

E(lg7(2,6) - 97 (1. ©)] - [VFi(@) = V)|
2 (ap)'E
61

1G5(82.€) — 558y, ©)] — [VE3(Bx) — VER(B)]|) (41)
e LB A0 5 gy
_ O‘BQSl . z —yll?
—(Qqql) (1 6) |y

(

()

)

LS
= @=0)z -y,
619 q
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where in (a) we use a = BQLZI. Hence, from the upper bound (33) it suffices to take
L< @0%7
o1
and since we must have L < L, we set
016 a-
L:min{Ll,SlHal}. (42)
1

This proves Assumption 2.7 is satisfied by the gradient estimator g7.

Step 4: Lower Bounding m?* (K, A, L1,0%,0%).

Continuing on step 2, by Lemma B.1 we know that with probability at least % it holds that for all integer

OSthT;landallkE[K]wehave

HVF:F (xf\tm’?]) H > 2¢, hence E {HVF:F (CL‘
from where it follows that
T-1 1 A 1
zr (K, A, Ly, 8% 07 =] 21)==
me" (K, A, L, 6% 01) > —5 29<LAOJ ) 20

we then distinguish two cases:

{

(t,k)
AoF)

I >
BE

820, A
LA,

1

20

LA
4A0€1 g2

(aal-) @

— if MALO% > 3 then, using the inequality x| —1 > §, valid for all real number x > 3 we obtain

CONN! LA
Z(K,A, L,67,07 —

met (KA L 0% 01) > 45 TR e
(42) 1 A . Elé g-=1
B 16A0€1 02 i Ll’ 51 0
. 1 min LlA 615A0_;
N 16A0€1 fe? ’ 5152
a1 LA or \7 T\ (i6A o \ 7D
> . — (1 — |1
— 32Ap4 mm{ e? < + (4%&) >’(5152 ( * (4%05) )}
o . LlA LlA g1 p%l 6A 6A g1 ﬁ
_Q(l)-mln{ = + -2 (?> ey ?<?) }7 (44)

and combining the lower bound (44) with Lemma C.1, using the choice for ¢’ provided below, gives:

LA LA
e2

g1

(

since from the assumption 0 < ¢ < ¢//L{A we have

= (2)

2

2

mZ (K, A, Ly, 6%, 07) ZQ(I)~min{ 5

01

pl
p—
>
~

3

— otherwise, if ﬁ < 3, choosing the universal constant 0 < ¢’ = (12A¢¢1)

the assumption

O<E§CI\/L1 =

o

(

0A

g1
£2

SA
=

01

3

P B

3

)"

P

)

g1
9

_1
2

~ 0.0067592 < § then

1A
124041

precludes the possibility that L = L;. While we can still argue the same way as previously done in the
proof of Theorem 3.1, we follows here a different strategy, thanks to Remark C.1. So, let us divide both

sides of ﬁ < 3 by our choice of 8 > 0 to obtain

-t <9t = max{l, <

1
12A06

LA
s

01
4v00€

D

)F

1

) pemcl (27}

E (46)
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where the last inequality follows from the fact that % > 0 and 4., = 92 > 1. Using the definition of
L we obtain

o1 % (46)+(42) 1 . LlA gl(SA _1
_— > . _ q
max{l’ ( e ) } = 12A.0, mm{ TR }

w1 (LA LA/ o \TT 60A  06A [ oy \T@D
> — —  .min +  —— + —
24N ol1 g2 g2 47o0E 0162 0162 \ 4yt

LiA L1A<al>%% 6A(01)q<p’i1>}

g2 g2 €2 e2 \¢

> Cp qmin {
€

where C), ; > 0 is an universal constant depending only on p and ¢. Moreover, using Lemma C.1 (and
more precisely Remark C.2), since 0 < € < é\/LlA then there exists an universal constant C}, > 0
(which depends only on p) such that

_p
mZ (K,A, Ly,0%,07) > C’pmax{l, (%) P },
hence
o1\ 721 [ L1A LA soiN\7ET 0A  SA o9\ smD
(06 L0t o) 2 o) ((2)7 T wmin{ T2+ B2 (2) T T 5 (2) )
. [LiA  LiA fo1\w1 (o1 0A  OA fo1\ oD
>”<1>'mm{ e (7)) (2) (D) } (47)

as 0 < e < ¢/v/LiA implies

b2 (2) 2 ()7
g2 € ~\e

_p_
and we can forget (%) »=1 in the first term of the min.

e Step 5: A Last Bound: the Case 6 = 1.

Observe that, if instead of taking 6 as in (40), we choose directly § = 1 then, thanks to Lemma C.2 we
immediately have

E[lg7(z,§) — VF(2)[’] = 0,

and

E(llgr(=,&) — 97(y,8)] — [VF7(z) — VER()][|] = 0,
so Assumption 2.3 and Assumption 2.7 are satisfied. Hence, if we set

pr— A —

" leao) T B
then Fj € F(A, Ly) and the inequality (38) is satisfied. Hence, with probability at least % it holds that for
all integer 0 <t < % and all k € [K] we have

Ly Ly
d = —
an B 2618’

o5 () 2 e o () -

Alor Alor

from where we obtain also

T-1 1/] A 1 (]| 826A 1 LA
zr q P —_— | — = — — = — —_— —
met (G A, Ly, 0% 07) > —55= = 55 QOAOJ 1) 20 ({LlAOJ 1) 20 Qmoelﬁ 1) (48

. / _ LlA L 3 LIA
and, since we assume 0 < € < //L1A =/ T2Al this implies TA7, 2 > 3 thus

or g p <4s)i. LA
ms (K,A,L1,5 ,O’l) > 49 74A0€152
:Q(1)~L1A

g2’
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and, combining this bound with (45) and (47) respectively leads to the desired result, i.e.,

e (., L, 6% 0f) 2 (1) min { E2 4 I3 (D)7 (2)7Ty (A0S, 00 (i,

g2 €2 € € g2 €2

C.5 Proof of Theorem 3.3

Lemma C.3 (Properties of the Gradient and Hessian Estimators gr and Vgr). The stochastic gradient estimator
gr is a probability— zero-chain, is unbiased with respect to VFp and satisfies

275,(1-0)
gr—1

for all x € RT, where p € (1,2], q € [1,2], Yoo and {1 are defined in Lemma B.2.

|q } < 201(1 - 0)

op pa—1 ’

E(IV fr(2,€) - VPr(2)|l"] < . and E[||V2fr(a,€) — V*Fr(a)|

The proof of Lemma C.3 is very similar to Lemma C.2 (and is simpler since we can directly bound Ki > prog 1 (z)}
by 1). For the bound on the difference V2 fr(z, &) — V2Fr(x) we use Lemma B.2, that is, Fr has ¢;—Lipschitz
gradients along with the fact that Fp is twice continuously differentiable which allows to bound the Hessian
appropriately (see Lemma H.14). Moreover, by definition of the operator norm |[|-[|,, (Definition H.1) we have

Def. H.1 sup (Z ]I{@' > prog%(l‘)} ‘ [VQFT(mﬂi’ATy‘z) 2

op yERL, |ly|l=1

|((72Fr(o), 1{i > pros 30}

i€[T)

=1
(a) (ZT: [VQF ( )] T 2>2
< sup ‘ z)],. y‘
yeRd [lyll=1 \ ;= Hhes
= |[V2Pr(2)|,,
Lem. H.14
S 1

where [VQFT(x)]Z. ~denotes the i—th row of the Hessian of Fr. In (a) we use H{i > prog 1 (x)} <1.

Theorem 3.3. Given A,Li,Ly > 0, 01,00 > 0 and 0 < ¢ < ¢ min{\/LlA,L;/SA%} for some universal
constant ¢; > 0. Then, for any algorithm A € A,,, there exists a function f € F (A, L1, La), an oracle and a
distribution (O, D) € O (f,ol,0d) satisfying Assumptions 2.1 to 2.5 such that

AT W AT

g2 g2 € %2 g2 €

LA LA Aoy Aoy forNiiET o1\
mm{ g2’ g2 * g2 + g2 (?) +(?) :

Proof. Let Ay, £1 and v, be the numerical constants in Lemma B.2 respectively. Additionally, we let the
accuracy parameter € > 0, initial sub-optimality A > 0, the Lipschitz constants Li, Ly > 0 of the gradients and
Hessians of F' respectively, and the variance parameters 01,09 > 0 of the stochastic gradients and Hessians be
fixed. Then, for «, 8 > 0 two positive real numbers, as in Arjevani et al. (2022), we rescale the function Fr as

m* (K,A, Ly, Ly, 0, 03) > Q(l)-min{

Fr: z — aFr(fx). (49)

e Step 1: Ensuring Fr € F (A, Ly, Ls).

To guarantee the rescaled function F7 belongs to the function class F(A, L1, L2), let us compute the initial
sub-optimality A and check if Fp has L;-Lipschitz gradients and Ls—Lipschitz Hessians. Assuming the
algorithm A starts at 20 = 0 we have

F(0) — inf Fi(z) Y a (FT(O) — inf FT(q:)> T AA T

zeRT zeRT
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thus, it’s enough to take T' = laAAoJ so as to ensure Fi5(0) —inf,cpr Fir(z) < A. Moreover, for any z,y € R,

IVE;(x) = VER ()|l = o [[VEr(Bx) — VEr(By)||

< Bl ||Bz — By|
=af? |z —yl,

and

IV2F;(2) — V2Fi(y)||,, = aB? | V2Fr(8z) — V2Pr(8y)|

Lem. B.2

< af’ly || Bz — Byl
= afly |z —yll,

so it suffices to take 0 < a3? < Ll and 0 < af3? < L2 to ensure the function F7} has L;—Lipschitz gradients
and Lo-Lipschitz Hessians. Consequently, we have FT € F(A, Ly, Ly), as desired.

e Step 2: Analysis of the Protocol and Choice for f3.

Following the proof of Arjevani et al. (2022, Theorem 1), according to Lemma B.2, for all points z € RT
such that progo(x) < T we have progo(8z) = progo(z) < T so

(49) Lem. B.2

IVEr (@)l = aBIVEr(B)]| > aB, (50)

and we need to guarantee that
IVER ()] > 2e, (51)

for all 2 € RT with progo(z) < T which, given (50), can be done if we set a = %5

e Step 3: The Oracle Class and Assumptions 2.3 and 2.5.

It remains to choose the parameter € (0, 1] and 8 > 0 such that 0 < a8 = 2¢3 < <Lig<apd=2p2< L2
and the gradient estimator g5 of VF; and Hessian estimator Vg of V2F} satisfies Assumptlons 2.3 and 2. 5
Computing the p-th central moment of g4 gives, for all z € RT

E[|g5(x,8) — VEA(@)] Z (aB) El|lgr (B, €) — VFr(Bx)||"]
Len1<C.3 2 ('Yooaﬂ)p (]_ — 0)
= gr—1
¢ @reapf
o (4ysce)”

@ G (52

where in (a) we use the fact that 0 < # <1 and p > 1 so that 2 < 27 while in (b) we use o = %5 Moreover,
following the sames lines as in (52) we have

E[[Vgi(@,€) - V2Fr@)]|"]| 2 (a8?)"E [|Vor(82.€) — V2 Fr(2)|]
LemS.C.I} 2 (Zlaﬁ:q)il(l —0)
_ (2€1aﬂ2)q.
<

From (52), so as to satisfy Assumptions 2.3 and 2.5 it’s enough to take § = min {1, 6;} such that

1 () 4y \ 7T
9’;12<”>,s0912<7€) : (54)
01 01
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9:min{1, (4%}05)1) }, (55)
g1

a1
3) we need to have 0 < a3? < "297"

hence

while for (5

thus we fix 8 such that

af? = 2¢4 < min { Zl 02;1 } and of® =2¢p8% < 22

-1
ﬂ — min Ll L2 O'QGQT
2418’ 2526’ 4616 '

e Step 4: Lower Bounding m#* (K, A, Ly, Lo, 07,03)

that is to say

(56)

Continuing on step 2, by Lemma B.1 we know that with probability at least % it holds that for all integer
0<t< Il and all k € [K] we have

[ (o) | > 220 vence B [[Jorz ()] > <
from where it follows that

20 20

T-1 1 A
mgr(K,A,Ll,Lg,of,ag)> —_— = <\;

-9-5(R) @

> 3 then, using the inequality |z| —1> &, valid for all real number x > 3 we obtain
m:r (K7 A7 Lla LQ; 0.117’ O'g)
en 1 Af

40 2A0€

1 A . [Li 1 [2L5 o907
= = mind —, =4/ —=
16Ap0, € el 0\ by’ 2
(55) p%l ﬁ ﬁ
v A b (2 YL P 21 (-
€ € 4y50€ lae 4ys0€ 2¢

- 32A0€1 . 4’)/006
_p_ 1/2 1/2 p
Q(l)mln{L1A+L1A (Ul)p—17L2 A L2 A o1

-1 AUQ A0'2 01 Q(P]il)
e/ +W? ’52+52 & ’

we then distinguish two cases:

if

2A5

(58)

and combining the lower bound (58) with Lemma C.1, using the choice for ¢’ provided below, gives
m:r (K7 A7 Lla LQ} O.fa 0-(21)

LiA LA 2 LA LA 25 2 A A =D
ZQ(l)mm{ By Iab )7 LA L8y () Ao A 1) |
13 13 g g 19 13

€ g2 g2 €

(59)
since from the assumption 0 < € < ¢/ min {\/Ll Ll/3 2/3} we have

LA (ﬁ)ﬁ S (2)# and LA (ﬁ)p% S (2)%

e2 \e ~\e e’z \e ~\e ’
_p_

and we can forget (%) P=! in the first two terms of the min
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— otherwise, if %fe < 3, we choose the universal constant ¢’ as

2

_1 1/~ 3 1
0< Cl = min {(12A0€1) 2 5 (6\/§AOEQ/ ) 3} < gv (60)

then, using Remark C.1, dividing both sides of 225 -~ < 3 by our choice of 6 > 0 yields

1 A,@ 1 1 g1 ﬁ 01 ﬁ
- =P < = 1 < 1 1
A 69 <40 max{,<4%06> }_max{,(g) }, (61)

where the last inequality follows from the fact that
3 we obtain

wc {1, (277}

> 0 and 47, = 92 > 1. Using the definition of

(61)+(56) 1 . LiA A | L A020
> - min
GAO 2(1 52 96 2(26 46182
@ 1 LlA LiA ( o1 ) P
~ 24A¢max {El, e \ 4yt ,

;/ZA n L;/ZA o1 p-1 Ao’z I Ao'2 o1 LI(Pp—l)
g%/ 2 \ oot g2 €2 \ 4ot

> Cpqgmin { Lo + LA (ﬂ)# L;/2A + L;/i (2)ﬁ ’ﬁ Aoy (ﬂ) D } 7

g2 g2 € Tt g%2 € g2 ez \¢

where C), , > 0 is an universal constant depending only on p and ¢. Moreover, using Lemma C.1 (and

more precisely Remark C.3), since 0 < ¢ < é\/LlA then there exists an universal constant C}, > 0
(which depends only on p) such that

e (K, AL L) = G {1, (2) 77}
€
hence

mZ (K, A, Ly, Ly, 0%, o)

>Q(1) - <(Ul)pfl —Hmin{L;QA L A (ﬂ)# @+ L{*A (U1>ﬁ 7 Aoy | Aoy (01>q(p’11>

€ €2 \¢ Togde g%

g

g2 € g%? g%? € €

>Q(1).min{L€12A L ha (W>IL,L§2A+L§/2A (2)*<g)* L An Ao (al)q(;’U}

as 0 < e < ¢ min {\/LlA, L;/3A2/3} implies

LA (2>p% S (01)% and L;/‘ZA (gl)p% S (01>p%17
g2 € ~\e g%2 € ~\e

and we can forget ( )ﬁ in the first two terms of the min.
e Step 5: A Last Bound: the Case 6 = 1.

Observe that, if instead of taking 6 as in (55), we choose directly § = 1 then, thanks to Lemma C.3 we
immediately have

E(llg7(z, &) = VF(2)[I”] =
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and
E “]Vg}(x £) — V2E3(x) H }

so Assumption 2.3 and Assumption 2.5 are satisfied. Hence, if we set

_|.A _ 2 L L,
T_LVAOJ7 a—ﬁ, and 6—m1n{2€1€, %26},

then F} € F(A, L1, L) and the inequality (51) is satisfied. Hence, with probability at least 3 it holds that
for all integer 0 < ¢ < =1 and all k € [K] we have

HVF;( (t.k) )H > 2¢, hence E H‘VFT< gt[ok )H] > ¢,
from where we obtain also

T-1 1 A 1 /| AB
zr P 4 — _ — —
mZ (K,A, Ly, Lo, 07,03) > 20 20 <L¥A0J 1) 50 (BAOEJ 1), (63)

and by our assumption on ¢ (see (60)), we assumed

2
LiA LA \°
O<8<c’min{ LlA,L;/SAQ/g}Smin 1= 2 7 ,
12A0€1 6ﬁA0£2

which is enough to imply the inequality

1/2
mi{ LA A }:Aﬁ > 3,

40pl1e?’ ZfA 0% 2008

thus, we have

Zr 1 AB
mZ (K, A, Ly, Ly, 0%, 0d) > 40 2Age2

1 A Ly Ly
=— - —minq —,/——
8A0 € 2@15’ 2£2€
_[L.A LA
:Q(l)mln{€27€3/2 s

and, combining this bound with (59) and (62) respectively leads to the desired result, i.e.,

LiA LA (ﬂ)% LA LA (ﬂ)%

g2 €2 \¢ T g2 \¢

. LlA L;/QA AO’Q AO’Q 01 ﬁ g1 ﬁ
mm{ ao e (3)TT ()T

O

mir (K, A, Ll, LQ, O'f, O’g) 2 Q(l) min {
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D MISSING PROOFS IN SECTION 4

D.1 Auxiliary Lemmas

Lemma D.1 (A Descent Lemma). Under Assumptions 2.3 and 2.6, for any choice of stepsize v > 0, and for
any t € {0,...,T — 1} we have

2
. L
F(aiy1) < Fa) + 27 |6l = v IIVF@o)l| + 2

T’ (64)

where é; := g; — VF(xy) is the error term.

Proof. According to Assumption 2.6 we know that the function F is L-smooth (Nesterov, 2018) since by Jensen’s
inequality (Lemma H.9) applied on the convex function x — ||z||? (since ¢ > 1)

HVFu>—VF@>P“E“HE&JJVﬂx@>—Vf@@nwLﬁng&@HVfu@J—Vf@@mﬂA?ffﬁnwlyﬁa
65
thus it holds

F(zi41) < F(xe) + (VE(2), 2001 — 24) + 3 |1 — ]

2
a L
& F(xs) = <VF(3Ct)7 7”:(;2” > + VT

2
L
=F@0—7<VF@0—mwé;>—WMN+7

2
Lem. H.3 72E
< F(x) + 7 IVF(xe) — g4l _'YHgtH"_T
(b) Y 2L
< F(xy) + 29 IVE(2) — gell = v [IVF ()| + —— 5

v2L
= F(z) + 2y &)l = v [IVF(z) | + ——,

where in (a) we use the update rule x4 = a4 —vug—:‘l while in (b) we use the triangle inequality. This establishes
the desired claim. O
Lemma D.2 (Another Descent Lemma). Under Assumptions 2.2 and 2.3, for any choice of stepsize v > 0, and
for anyt € {0,...,T — 1} we have

F(rrer) < F) + 2y [[é] = [IVEF ()

(66)
where é; := g; — VF(xy) is the error term.

Proof. The proof is the same as in the previous descent lemma (Lemma D.1) where now F' has L;—Lipschitz
continuous gradients (instead of L). O

Lemma D.3 (Unrolling the Descent Lemma). Under Assumptions 2.1, 2.3 and 2.0, for any choice of stepsize
v > 0 the iterates {xt}ieqo,... 7y produced by Algorithm 1 satisfy

A 2
— F( < = Rl
}HW @)l < 5 +T;jnm+

Proof. From the previous descent lemma (Lemma D.1), summing inequality (64) over ¢t € {0,...,T — 1} gives

! ~2LT
VY IIVF(2)]| < F(xo) = Flar) + 2y Z el + —, (67)
t=0
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where we telescope the terms F(z;) — F(x¢41). Multiplying both sides of (67) by /47 leads to

= 1 g T-1 L
— E < — — — E 2 -

and using Assumption 2.1 we obtain

T-1 T—1 —
1 A 2 . ~vL
T Z [VE(z)]| < T t7 Z lléell + 5
t=0 t=0

as desired. O

If we assume the function F' has L;—Lipschitz continuous gradients (Assumption 2.2) then Lemma D.2 holds and
we can unroll it in the same way as we did above. For that reason, we only state the result and we omit the
proof.

Lemma D.4 (Unrolling the Descent Lemma). Under Assumptions 2.1 to 2.3, for any choice of stepsize v > 0
the iterates {xs}ieqo,..., 7y produced by Algorithm 1 satisfy

T-1 T-1

1 A 2 R ")/Ll

T Z IVE(z)| < 5T + T Z [[éell + 5
t=0 =0

Lemma D.5 (Bounding the Error Term). Under Assumptions 2.3 and 2.6, for allt € {0,...,T — 1} we have

p—1 F 1
E[|é] < (1 - a)'Elloll] + 20107 +4yLa”7,

where é; := gy — VF(x4).

Proof. By the update rule of the gradient estimator in Algorithm 1 (line 9) we have, for all t € {1,...,T — 1}

ér:=gr — VF(xy)
=1 =a)(g—1+ Vf(@,§) = V(xi-1,8) + aV (2, &) — V()
=1 —-a)(gi-1 — VF(2-1)) + a(Vf(21,&) — VF(24))
— (=) ([VF(x1) = Vf(21,&)] = [VF(21-1) = V(21-1,&)])

=1 —-a)é1+ae; — (1 —a)Sy, (68)

where we let e; := V f(x4, &) —YF(mt) and St = [VF(21) = Vf(24,&)] = [VF(z4-1) = Vf(24-1,&)] It is worth
noting that both (e;);>0 and (S;);>0 are martingale difference sequence with respect to the filtration (F;);>o0
where F; == 0(g0,&1,--.,&)-

Then, unrolling the recursion (68) gives

t—1 t—1
e=(1—-a)eo+ay (1—a) 7 e =Y (1-a) 78,
§=0 §=0
and taking the norm followed by the total expectation yields
t—1 _ t—1 _
Efllél] < (1= a)Efléoll] + B || D (1 =) 7 e[| + 1= a)E [[|> (1 —a) 7718,
§=0 §=0

We now need to upper bound the last two terms of the previous inequality. For the first term, using Jensen’s
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inequality (Lemma H.9) we have

p

t—1 t—1 v
. Lem. H.9
E Z(l Oz)t_J_le;;,_l < E Z(l — Oé)t J_1€j+1
7=0 7=0
1
Lem. G.1 =1 . :
< [2) (1= a)P IR e ]
j=0
1
Ass. 2.3 =l . !
< 2> (1 —a)ptIhel
§j=0
1
t—1 P
<201 [ D> (1—a)f!
j=0
i
< 20‘1 Z(l — a)j
j=0
_1
=201 P,
while, for the last term we have
1
=1 A Lem. H.9 =1 N ! !
E > (1-a)f=718, < (ED-0-a) 180
Jj=0 7=0
Lem. G.1 =t il A q ‘
23 (=) |8 ]
j=0

and, using Assumption 2.6 we obtain

E (S]] = BUNF(@s40) = VF@))] = [V @541, §511) = V. &)l

217 R [|[VF(2j41) — VF ()| + IV f (@41, §41) — Vf (25, 641) 1]

Ass. 2.6 _ q
<" QILIE (e — |

= quyquq

thus, using (71) and 21 < 2 we obtain

Q=

t—1 t—1
. N (70) - .
E Y 1 =) 80| < 4y | ) (1 —a)77Y
j=0 j=0
< 4’yf/0f%.

Then, combining the bounds (69) and (72) we have
Elé) < (1~ a)E(léol] + 2010”7 +4yLa"7,

which achieves the proof of the lemma.

—~

70)

(71)

(72)

O

Remark D.1. In (71) we only use the g-weak average smoothness assumption (Assumption 2.6) to achieve
the bound 2949L9. Tt is worth mentioning that this assumption can be replaced by the combinations of both

L-Lipschitz continuous gradients of F' and

Eeop ([[VF(2,) = VF(y,8)] = [VF(z) = VE@)][] < 6 [l —yll*,
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for all z,y € R, where § > 0 is some fixed constant which can be much smaller than & (see Assumption 2.7).

Corollary D.1 (Bounding the Error Term: a Refined Version). Under Assumptions 2.3 and 2.7, for all t €
{0,...,T — 1} we have

—1
Efllé:]]] < (1 — @)’ E[l|éo]] + 20107 + 2y8a" 7, (73)

where é; := gy — VF(x4).

Proof. The first two term in the upper bound (73) are obtained exactly the same way as in Lemma D.5. For the
last term, we start exactly as in (70) and, using Assumption 2.7 we have

Ass. 2.7
E[[|S51'] = ENVF@) = VF@e) = Y/ (@0, 60) = Vi e 011 < 6 floe = e ]|? < 4767,
and plugging this new bound into (72) gives the inequality (73), as claimed. O

D.2 Proof of Theorem 4.1
Thanks to Lemmas D.3 and D.5 we can now establish the convergence analysis (in expectation) of Algorithm 1.
Theorem 4.1. Under Assumptions 2.1, 2.3 and 2.0, let the initial gradient estimate gog be given by

Binit—1

90 = Blnlt Z VI (20,&0,5)

_p
where Biniy = max {1 (?1) } let the stepsize v = Ag‘;/q, the momentum parameter o = min {1, e} where

2 — rq
€ 2p—1 LA p(2q+1)—2q
= i . 4
Qloff max{(01T) (ofT) } (74)

Then, Algorithm 1 guarantees to find an e—stationary point with the total sample complexity
= LA LA FeE)
o((2)T+ 2+ 22 (2)™T).
€ € € €

Proof. According to Lemma D.3 we have

*ZIIVF% H<*+TZH6tII+

and using Lemma D.5 this yields

T; [lle]l] < ; (1—a)'E[|léo]l] + 2010 % +dyLa~s <%+2 a7 +4yLa” 7,
hence
1= A 2E[||éoll] 1 WL _ A 2E[||éol] L
—NTE[VF < =y OO L o 0" 4 8yLam i+ = < = WO g 05 1 9yLa e, (75
T; Il (wt)\I]_7T+ o Tl +8yLlaTi+ o _7T+ op Ao +9vLa”y, (75)

1
. . /
since 0 < o < 1. Now, using v = AgTq we have

— LA E]||é p=
T Z [[IVE(z)]]] = (Oé;q - + 7[2;?“] +a1o¢pl> . (76)
t=0
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Now, by our choice of gy we have

Efléol] "< (E[léol”)?
= (E[llgo — VF(x0)|"])?

=

Binie—1
Lem. G.1 2 R
< 5 " Z E[|Vf(zo,&0,5) — VF(x0)]"]
mi1 ]:0
Binit—1 P
Ass. 2.3 92 -
< o}
Binit —
7=0
2
_ 2 (77
Blnft

D
and since Bini = max{ (z)7 1} we have E[||éo]|]] < o1 X (o%) = ¢. This gives

T—-1
E[|VF(z0)]] ”‘”o<a \/? + 2SI, mp,f)

t=0
LA
_@<a; e )

Nl =

T " aT

=+ a5 | + Hod T o

LA -1 LA € _1 21
T eff T

G%T o T

— 1) p1
a LA LA m D —
2(’)( +01(> +01( € )p 7 78

P p—1
€ _1 < e (o011 ?» 1 € 2p—1
‘o B Al — o [ ——

T e =7\ ¢ "\ T ’

—1 1)
p—1 e 2pp71 LA p(2q+1) 2q
Ulaeé—) S g1 O'liT + 01 pn T .
1

Finally, from the bound (78) we deduce that the sample complexity of Algorithm 1 is exactly

of(2"+ 2+ 2(2)7)

as claimed, and it matches our lower bound from Theorem 3.1. O

and

D.3 Proof of Theorem 4.2

Theorem 4.2. Under Assumptions 2.1 to 2.3 and 2.7, let the initial gradient estimate go be given by

anxt_l

Z V£ (20,0.5)

Jo =
Bmlt

where Binyy = max{ (?1) } let the stepsize v = mln{ /LlT’ Aa /q} the momentum parameter o =

min {1, aeg} where
2 rq
e 2p—1 FYAN p(29+1)—2q
o = , — . 79
et max{(om) () } R
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Then, Algorithm 1 guarantees to find an e—stationary point with the total sample complexity
ot Ly +0)A A D
O((Ul) 1+( 1""2) + 22 = ( >Q(P 1)).
€ € € €

Proof. As the function F' has Li—Lipschitz gradients by Assumption 2.2 then applying Lemma D.4 gives

T-1

1

T Z IVEF(z:)|| S Z l[éell +
t=0

and using Corollary D.1 yields

1« 1« - » _ E[féoll]

“SNTE[ed] < =S 1 - ' E[él] + 2010 7 + 2780 7 < —UU 4 950" + 2v8a7 T,

T T oT

t=0 t=0
hence o

L ¢ A 2E[|é&ll] L
— E F < —4+——4+4 B4 o) i 80
T;:o 14 (wt>ll]_7T+ o7 Tdoa " dydar + L 5 (80)

Now, using our choice of stepsize 7 = min { ,/ AO‘ /a } we have

T—
- Z IVE()]] = <\/ LA L M L El HeO” ) (81)
t=0

Next, by our choice of gy we have, as in we did in the previous proof

. (77) 201
Eflléoll] £ —=>
Blnzl)t
and since Bjpniy = max {1, (%) = } we have E[||é]]] < o1 x ( ) = ¢. This gives
— LA 1 0N EJ|le p—
z:; [[IVE(z)l] 82 O( } I ?—i— [H;m + o1 v1>
o LlA i 21 YAN + 3 + p—1
= o 204 — J— o1 P
VT VT Tar ™7
LlA 5A -2 [0 £ _ el
=0 ( T ? ef‘F2 T + Taeffl + 01%g >

a(p—1) p—1
LA 0A SA \ PRaFD—2q e \ I
(a) 1
= — —= — 2
0 T T\ Tt <afT> +o1 <01T> , (82)

where in (a) we use the choice of aeg from (79) since

p p—1
0'1T 2p—1 c 2p—1
= 0‘1 e
9 0'1T ’

p-1 e\ #T A \ FED
P < = .
o <0 (5r) "+ (Gm)
Finally, from the bound (82) we deduce that the sample complexity of Algorithm 1 is exactly
7ot L NHA A =D
(9(((’1)@1+(1+2) n 2( )( 1))’
€ € € €

as claimed, and, combining Algorithm 1 with NSGD-Mom is enough to match our lower bound from Theorem 3.2.

O

and
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D.4 Proof of Theorem 4.3

Theorem 4.3. Under Assumptions 2.1, 2.3 and 2.6, let the initial gradient estimate go = V f(xo,&0), let the

stepsize v = LT, the momentum parameter o = T3 ¢ (0,1]. Then, Algorithm 1 guarantees the bound

T =
g1 \/LA
= ; IV F ()] = (Tp_l + ) .

2p

Proof. Notice that the bound (75) holds for any choice of the parameters v > 0, a € (0,1] and go € R%. Hence,
for our particular choice go = V f(z0,&0), 7 = 1/ %; and o = T~ 2 we obtain

-0 g1 \/EA
“O\pw= T )
where in (a) we use @~ 2 > o~ =" since a € (0,1] and 22;qq < %. In (b) we use the definition of éy and g, i.e.,

Ass. 2.3
< agq.

E[[léo]] = B[V f(zo, &) — VE(o)] < B[V (w0, &) — VF(xo)[”])?

This achieves the proof of the theorem. O

D.5 Proof of Theorem 4.4

Theorem 4.4. Under Assumptions 2.1 to 2.8 and 2.7, let the initial gradient estimate go = V f(x0,&0), let the
stepsize 7 = min {,/%,1/%}, the momentum parameter o = T 2 € (0,1]. Then, Algorithm 1 guarantees

guarantees the bound

fZ (IVF ()] = (‘” veA VL1A>. (83)
t=0

T = O

Proof. As in the previous theorem, note that the bound (80) holds for any choice of the parameters v > 0,
a € (0,1] and go € RZ. Hence, for our particular choice gog = V f(x0,&), ¥ = min{, / LfT, 1/ %} and a =T 2
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we obtain, as in the previous proof

< AL He I 1 s
T Z (IVF ()] < O( W+ a7 +Ada +7L1>

\/m+ é\/E+E[Iéoll]+ N )08
T T T/ % T
Y ( LlA VB&  Elléol] cn)

Q

+

T 1/4 T1/2 + p=1

\/6A /LlA
75 2p 1/2 1/4

o g1 \/ (SA L1
T 2101 1/4

where in (a) we use a2 > a” 7" since a € (0,1] and 22—_(1‘1 < 1. In (b) we use, as before, the bound (83).

This achieves the proof of the theorem.
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E MISSING PROOFS IN SECTION 5

E.1 Auxiliary Lemmas

Some of the auxiliary lemmas needed in this section (Lemmas D.2 and D.4) have already been established in the
previous section.

Lemma E.1 (Bounding the Error Term). Under Assumptions 2.3 to 2.5, for allt € {0,...,T — 1} we have

Efllef] < (1 -a)E]
where é == gy — VF(xy).

1

p—1 _1 . _
léoll] + 2010”7 + 2y02a : + 4ymin{Ly,yLa} ™2,

Proof. By the update rule of the gradient estimator in Algorithm 2 (line 9) we have, for all t € {1,...,T — 1}
ét =0t — VF(J?t)

= (1= a)(gr—1 + V2F (@0, &) (e — 24-1) + aV (24, &) — VF (1)
=1 —a)(gi-1 = VF(@i-1)) + a(V[f(2,&) — VF(21))

+ (1= a) (VF(wi1) = V(@) = V2 f(r &) (i1 — a0))

= (1= a)(ge1 = VF(z-1)) + a(Vf(24,&) = VF(1))
( — (VF(I't 1) VF(It) - VQF(i't)(It_l - It))

)
(1= ) (V2R (@) @1 — ) = V2 f (0, )1 — o0) )
=1 —a)é1+ae+(1—a)R + (1 —a)Sy, (84)
where we let e; := V (x4, &) — VF(x;) and
Ry :=VF(xy_1) — VF(x;) — V2F (&) (@1 — 2¢), (85)
Sy i=V2F (i) (w1 — 1) — V2f (8, &) (m—1 — 24). (86)
Notably, it is worth mentioning that (e;);>o, (Rt)t>0 and (St)t>0 are all martingale difference sequence with

respect to the filtration (F;)¢>o where F; := o(go, (&1, &, q1),- .-, (&, &, qt)). Effectively, for R, we have

Eq, [F(&) (¢ — e-1)] = /0 V2F(szy + (1 — 8)as1)(xp — 24_1) ds = VF(x;) — VF(x_1). (87)

Then, unrolling the recursion (84) gives

t—1
=(1-a) €0+az )i 1€+1+Z (1-a) ]RJ+1+Z (1—a) 7841,
j=0 j=0

and taking the norm followed by the total expectation yields

t—1 t—1
Eflée]] < (1= a)Efl|éll] + aE || (1 =) 7 ey | +(1=a)E |[|D (1 —a) 7 Ry
j=0 | ||7=0
[ ¢—1 X
+(1=aE |[|> Q-8
L ‘7:0

We now need to upper bound the last three terms of the previous inequality. For the first term, using Jensen’s
inequality (Lemma H.9) as we did before in Lemma D.5 (see (70)) we have

t—1
. (70)
E Z(l — O[)t_J_lej+1 S 20’104_%. (88)
7=0
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Then, for the second term we have

2 2
t—1 t—1
E D (1—a) 7 Ry TR > (=) Ry
j=0 =0
Lem. G.1 =1 ) « 2 :
<2 Xa-wrea]|aal]) (59)

and, the variance of V2F(#;)(x; — x4_1) can be bounded in two different ways. First, by using Assumption 2.2
and Jensen’s inequality we have

E [Hfzt 1 © g [HVF(xt,l) — VF(2;) — V2F (@) (211 — wt)ﬂ

Lem. H.10

9F [||VF<xt) - VF(xt,l)Hﬂ +2E [Hv%@(m - xH)ﬂ

Ass. 2.2 . 2
2L2E [||xt - xt_lﬂ +2E [||V2F(xt)||op Nae — 21 Hﬂ
Lem. H.14
ALZE [|o = o1 ]
= 4y*L3, (90)

and, using the connection between V2F (2;)(x; — ;1) and VF (x;) — VF(x;_1) as displayed in (87) we also have

=" (/o1 [(V2F (-1 + (20 — 2121)) = V2F(20)) (21 — 201 | ds) 21

E |:HR75H2:| ol [HVF(a?t—l) — VF(x) — VQF(it)(xt_l — wt)HQ]

=E ’ / (V2F(1’t71 +s(zy —w4-1)) — V2F(@t)) (ry —x4-1)ds
0

(AWWﬂF@t1+sut—xtn)—VﬂF@gwmwmt_%Ndazl

—e ([ 19 s - SR |

(/ st — &0 + (1= s)awer — 2] d)]
(/Ols||xt—aet|ds+/01<1—s>|xt_1—fct||ds)2]

E (2t = &ll + llze-1 - &)

Ass. 2.4

Y L3R

(®)
< ~’LiE

_ L3
1

© 7°L3 2
2T 2E (1 - a0) 2 — wea | + @ 2 — wia])’]

4712

v L3

p— ].
4 (91)

where in (a) and (b) we use the triangle inequality. In (c) we use the definition of &y, i.e., &+ := qgxs+ (1 —qt)xs—1.
It is worth mentioning that the bounds (90) and (91) holds without the expectation E [-].
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Thus, using (94), (91) we obtain

Nl

t—1 t—1
. ~ (93) ;
E S0 —a) 7 Ry || € 4ymin{Ly,yLa} [ 31— )23
=0 =0
< 4ymin{Ly,vLo}a" 3. (92)

Finally, for the last term, we can write

1
=t ) Lem. H.9 =1 ) ! !
E Y (1—a) 75 < |E(D-0—a) 7180
j=0 j=0
1
Lem. G.1 =1 — N q !
< 2R 50 ) (93)
=0

and, using Assumption 2.5 we obtain

E[|S] @ B [|V2 PG @i —20) = V2 (@0, &) @ir — )]
< |[vF (@) - 921! -l = il
U< o, (9)

thus, using (94) and the fact that 21 < 2 we obtain

|
—
Q-

=0

o

t—1 t
o (93) ;
E Z(l —a)IhS 9_<3 2y04 (1 —a)at=3-1
Jj=
< 270204_%. (95)
Then, combining the bounds (88), (92) and (95) we have

p—1 1
Effléc]] < (1 — a)'E[léo]] + 20107 +290207% + 4ymin{Ly,yLo} o~ 3,

which achieves the proof of the lemma. O

E.2 Proof of Theorem 5.1

Thanks to Lemmas D.4 and E.1 we can now establish the convergence analysis (in expectation) of Algorithm 2.

Theorem 5.1. Under Assumptions 2.1 to 2.5, let the initial gradient estimate gg be given by

1 Binit—1
g9=75 > Vf(wo.os),
init -7
7=0
_p_ -
where Binjt = max {1, (%) Pl }, let the stepsize v = min {, / L?T, v/ AUO‘;T/Q, i/ ALO:T/Z }, the momentum parameter
a = min {1, aeg} where
_p __pg_ 1/ =2
c 2p—1 Aoy PR+ L2 A\ 96
Qoff = Max — — | —=— .
eff o T ) O'%T O'i/ZT ( )

Then, Algorithm 2 guarantees to find an e—stationary point with the total sample complexity

O((Ul>ppl+A<L1+0'2+ /L2>+A62fz (m)«f'erL;/:A/fim (01)4@”1))
e e S 3 e 3 e e
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Proof. According to Lemma D.4 we have

T-1 T-1
T — ||v (‘/I:t)H — VT + T ||€t|| + 2 ?

t=0

and using Lemma E.1 this yields

T-1 T-1
1 N 1 N p=1 _1 _1
T Zt:g Eflel] < 7 tho(l — )’ E[l|éo]] + 20107 + 2902077 + 492 Lo~
E[|é . s
< H|§?|H + 201 p1 + 2y09a0” @ +472L2of%,
«

where in the last term we drop the min {-- -} to only keep the v2 Ly term. Hence we obtain the bound

1

T—1
2E [[|éo]]
= E[|VF(x < +—
; I 7

oT

Now, using v = min {, / LiLT, \/ AJO‘;T/Q, {/ ALO‘;T{Q } we have
T-1 12 N
1 A L A E p=1
ENVE@)] =0 [ /22 4o /2% é( ) i Bl ) 5 5

L
—|—40a P —&—4702@ q+8’yzL2a 2—1—721

~

(97)
T =
Now, by our choice of gy we have, as in we did in the previous section
R (77) 20-1
Effléol] £ —= (98)
Blnft
and since Bipni, = max{l, (%)%} we have E[||é]|]] < o1 x (;1) = ¢. This gives
=
= SB[V
t=0
2
LA A (LAY
@O< T ;QM_G( A Ela) e
v 3
LA A LAY -
(2)0< —1T fa % —;2 +as ( = ) +%+ala’%
[LiA /A /A La\ LA\
Ly 02 . 02 1
:O( T P Teﬂ+01aeff+ <2T ) +aef~f“<2T )
Ve \ 3 a(p—1) Pl NN =
(;) o LlA n A0—2 n L2 A to AO-2 :0(2q+1) 2q ‘o € 2p—1 Y L2 A
T T T "\ 2T "\oiT "\l

where in (a) we use the choice of aeg from (96), especially, we have

a(p—1) p—1 . =
p;l < A0—2 p(2q+1)—2q e 2p—1 L;/ZA =6
O'lOleﬁ- S 01 0_%77_‘ + 01 0‘17T + 01 J/QT .
g
1
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Finally, from the bound (99) we deduce that the sample complexity of Algorithm 2 is exactly

p p 1 1 p
) (((71>p1 n é <L1 + 02 n /LQ> n AZZ (ﬂ) ECE L2/27A/40'1/4 (ﬂ) 4(p—1)> , (100)
€ € € € € € € €

as claimed. O

Remark E.1. In particular, when oo = 0 we observe that the sample complexity (100) does not depend on the
exponent g anymore, as in the lower bound we derived in Theorem 3.3.
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F MISSING PROOFS IN SECTION 6

F.1 Preliminary Lemmas

Now we start the high-probability convergence analysis of Algorithm 3. The proof heavily follows the one
of Sadiev et al. (2025).

F.1.1 Some Descent Lemma

Lemma F.1 (A Descent Lemma (for Algorithm 1)). Under Assumptions 2.1 and 2.6, for any choice of stepsize
v > 0 and any choice of momentum parameter a € (0,1], Algorithm & generates iterates {4 }ieqo, ... 7y which
satisfy almost surely (a.s.) the inequality

T—1 t T || ¢
VZHVF xt)||+AT<AO+27aZ Z 1—a) 70 +2v(1 — a Z Z 1—a) w;
t=0 t=1 ||j= t=1 ||j=1
2 LT
el 211 s 7
2
where for any j € {1,...,T — 1}, the vectors 6; and w; are defined as
0; := clip (Vf(z;,&;), A2) — VF(z;), (101)
wj :=clip (Vf(x;,&) = Vf(2j-1,§), M) = (VF(x;) = VF(z;-1)) (102)

and for any t € {0,..., T — 1} we let Ay := F(x4) — F™.

Proof. First of all, let us observe that Lemma D.1 still holds for Algorithm 3 (and can be proved analogously
since Algorithms 1 and 3 have the same gradient update rule). Moreover, as the momentum term does not play
any role in the proof of Lemma D.1, the iterates {z¢}¢cqo,.. 7y of Algorithm 3 satisfy almost surely (a.s.)

.....

— = LT
3 S IVF @l + Ar < 8o+ 2 Y el + Tt (103)

t=0 t=0

Next, we bound ||é&] in an analogous way as we did in Lemma D.5. According to the update rule for the
momentum term in line 10 of Algorithm 3, we have

ér =g — VF(xy)
=(1—0a)(gi—1 +clip(Vf(2,&) — Vf (24-1,&) s A1) + aclip(Vf (24,&), A2) — VF(xy)
= (1= ) (g1 — VF(2¢-1)) + (1 =) (1ip(V [ (2,&) — Vf (21-1,&) M) — [VF (@) — VF(2-1)])
+ a(clip(Vf (z1,&), A2) — VF(x))

(onZ0o (1—a)éi1+ aby + (1 — a)wy

t
<a)(1—a)e0+a21—a”9+1—a21—a”wj, (104)
j=1 j=1

where in (a) we unroll the recursion. Then, taking the norm and applying the triangle inequality in this series
of equalities, we obtain

t t
e < (1= a)t ||éo]| + Z1-atﬂe +(1-a) Zl—atjw , (105)
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and plugging (105) in (103) leads to

T-1 T-1 LT
VY IVE@)| +Ar < Ag+27 > e + —— 5
t=0 t=0
T-1 t ¢
<A+ > (=)l + oD A=) 7o + 1 —a) > (1—a)w
=0 j=1 j=1
~:LT
2
(@) 2v|é LT
D py 4 el
o 2
T-1| ¢
—1—2'7042 Zl—at 19/l +2v(1 — ) Z(l—a)t_%uj
j=1 t=0 ||j=1
where in (a) we use the inequality
72 (1= o) léoll < 2vllé0ll (1 — o)t = 210
>0
This proves the desired result. O

Remark F.1. In particular, if we assume gy = 0 in Algorithm 3 then x¢y = x; and Ag = A;. Moreover, we have

1éoll = llgo = VF(wo)|l = [VF(z1)|| < V2LA,
as by Assumption 2.6 we know that F has L-Lipschitz continuous gradients.

Corollary F.1 (Another Descent Lemma). Under Assumptions 2.1 and 2.2, for any choice of stepsize v > 0
and any choice of momentum parameter a € (0, 1], Algorithm 3 generates iterates {x4}icqo,....my which satisfy
almost surely (a.s.) the inequality

T-1 t T || ¢
’yZHVFmt)||+AT<AO+2’yaZ Zlfatje +2’ylfaz Zlfatjw
t=0 t=1 ||j= t=1||j=1

2 2L T
7 [léoll _i_W 1 ’
o 2
where for any j € {1,...,T —1}, the vectors 0; and w; are defined in (101) and (102) and for any t €
{0,...,7 — 1} we let Ay == F(x;) — F™.

+

Proof. The proof follows the exact same steps as in the previous lemma (Lemma F.1), with the exception that
the function F' has L;—Lipschitz continuous gradients (instead of L). O

Lemma F.2 (A Descent Lemma (for Algorithm 2)). Under Assumptions 2.1 and 2.2, for any choice of stepsize

v > 0 and any choice of momentum parameter o € (0,1], Algorithm 3 generates iterates {4 }ieqo,.. .7y which
satisfy almost surely (a.s.) the inequality
T—1 T || ¢ T || ¢
Y IVE@)|+Ar < Mg+ 2ya ) ||y (1-a)' 76| +2y(1 - a Z Z 1—a)w,
t=0 t=1|[j=1 t=1 ||j=1
2v e 2L T
L 2vlleoll | o 21 | (106)
where for any j € {1,...,T — 1}, the vectors 6; and w; are defined as
0 := clip (Vf(x;,&5), \2) — VF(z;), (107)
wj = cLip (V2 (25,€)(w; — 5-1), M1 ) = (VF(;) = VF(w5-1)), (108)

and for any t € {0,...,T — 1} we let Ay := F(x;) — F™,
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Proof. The proof is very similar to the proof of Lemma F.1 with the exception that the here function F' has
L;—Lipschitz continuous gradients (instead of L) and the computations (104) varies slightly due to the use of
the Hessian term V2 f(#;,&;)(z; — x;_1) instead of the difference V f(z;,&;) — Vf(zj—1,&;—1). We thus have,

et =gt — VF(ﬂft)
= (1= a) (g1 + 1ip(V2 (0, &) (@0 — 201), A1) ) + @ clip(Vf (21,€) o) = VF (1)
= (1= a) (g1 = VF(wi1) + (1= ) (c1ip(V2 (@0, &) (@ — 21), M) = [VF(2) = VF (1))

ta (Cllp(Vf (Ita gt) ) AQ) - VF(It))

(onE02 (1 —a)éi—1 4+ aby + (1 — a)ws

t
21— eo—i—az 1—a)70,+(1-a Zl—at Iwj,
j=1 j=1

where in (a) we unroll the recursion. The next steps are exactly as in the proof of Lemma F.1 and the claimed
result (106) follows. O

F.1.2 High-Probability Analysis
From the previous Lemma F.1, we need to bound the two new terms:

t t

Z(l—a)t_jHj and Z (1— ) w;

where t € {0,...,T — 1}. To do so, we use the same strategy as in previous works (Gorbunov et al., 2020; Sadiev
et al., 2023; Liu et al., 2023; Sadiev et al., 2025) and we introduce the biased and unbiased parts of 8; and wj,
that is, for any j € [T — 1] we let 6; = 9? + 05 with

0" = Ee, [c1ip (Vf(21, &) )] — VF(a1), (109)
0? :=clip (Vf(mtagt)v )‘2) - ]EEt [Clip (Vf(xtagt)v >‘2)] ) (110)
and w; = wf + w}‘ where
wh :=Ee, [clip (V (25, &) — VI (2j-1,&), M) — (VF(z;) — VF(2;_1)) (111)
wj 1= clip(Vf(z;,&;) — VI(zj-1,§), M) — Eg, [clip (V f(25,&5) — Vf(2j-1,§5), M1)] (112)

for Lemma F.1 and Corollary F.1. For Lemma F.2 (hessian clipping) we let w; = wi + wé? +wy where

wj 1= V2F(&;)(x; — j-1) — (VF(2;) = VF(zj-1)), (113)
W= Eg, [cllp (v F@,€) (@) — 1j-1), A )} V2F (&) () — 2j-1), (114)
wi' = c1ip (V2 F(a5.45) (2 — w5-1), M) = B, [e1ip (V2F(35.45) (2 = 25-1), M ) | (115)

Lemma F.3. Under Assumption 2.3, for any §' € (0, %} and any t € {0,...,T — 1}, if the clipping threshold
satisfies

A2 > max {2 \VF(x;)] ,Ulof%} ,
for all j € [t] then, with probability at least 1 — 26’, we have
t

: 2
D (11— )96, < 22Xp10g 5

j=1
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Proof. First of all, using (109) and (110) it follows

t

Z t]0 i tjgb iliatgau’

=1

@

and now, we need to bound both terms above. For the second term, we use Lemma G.2 with exponent 2 to
obtain

¢ t
, (@)
S| 2{Sove|+  fma 0 - s 4 3 0 - oo
j=1 Jj=1 J=1
¢ ¢ )
SOBA RS (GOl
i=1 /
¢ t t )
(b) —71nu
SV 2 v DB [l e (116)
j=1 j= j=1
N—— SN——
© ©) ®
where in (a) we define the sequence VY, ..., V! as in Lemma G.2, that is,
0, if j =0;
<_i (1-a)' P60y (1—a)t =6 i1
Vo sign(ZV) - — , ifj#0and > (1—a)t70" £ 0;
J > (1—a)t—igy i=1
i=1
Jj—1 .
0, ifj#0and Y (1— )0 =0

i=1

while in (b), for any j € [t] we let

v =1 — o) 0 ~ B, (|l - o) 6]

We now bound all terms (1), 2), 3) and (4.

Bounding (). The sequence VY, ...,V is a martingale difference sequence since, by definition of 0% and V7,
for all j € [t] we have E [Vjt | Vi, V{] = 0 since Eg, [Hj“} = 0. Moreover, by Lemma G.2 we also have

Lem. G.4

Vi<l =) es]| < |6 2Xa, (117)

and let co := 2\y be the upper bound on the random variables V{,... V. Additionally, if we denote by
sz =E [(Vf)2 ’ Vi, .,Vf} then by Lemma G.3 for any real number by > 0 and any G2 > 0, as 0 < ¢’ < 1
then log % > 1 and we have

t t

2 b3

t 2 2 —

P E Vil > b2 and E o; < Gzlog 5 < 2exp (_2G2 oz 52 " 2b§C2 ) =4, (118)
j=1 Jj=1 7
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where the last equality holds provided by := ( %2 + 1/ % + 2G2> log % > 0. We now need to define the constant

G2. To do so, we need to bound the sum o3 + - - - + o7, this gives

t
18M\)77 PZ (1 —a)20=9)
j=1
18A\27P4P
2 1
T1-(1-a)?
18\5 Po?

< 91 (119)
o

Lem. G.4

18X2 " PaP

where in the application of Lemma G.4 we require Ay > 2maxcpy [|[VF(2;)]. Setting Gy := —=2—71 > 0 gives

the desired bound (118).

Bounding (2). As in the previous paragraph, the sequence Y7, ... Y} is also a martingale difference sequence
as the definition of (Y});cy implies E [Yt| Y/ ...,Y] = Eg [Y]] = 0 for all j € [t]. Moreover, according
to Lemma G.4, we also have, as we did in (117) for any j € [t]

V] < (|1 = @) 90| + B, [[[(1 = @) 905°] < 433 + 43 = 83, (120)
Hence we define ¢ := 8)\3. Now, denoting the conditional variance of Yt as a =F [(Yf)Q ‘ th_l, LY =

Ee, [(Yf) ] we have the bound

52 <" 8B, [V[] < 160 R, [ - )0y (121)

for all j € [t]. Hence,

t t 2— 4—
o (121) o2 (119) 18\ PyP 288\ PgP
D5 < 16X B [[(1—a)y o] < aeny =2 = T2 L
j=1 j=1
where we require Ay > 2max;cry ||VF(x;)|). Next, if we define Go = 288)‘701 then, applying Lemma G.3 we
JElt] J
obtain for any real number Zg

t t =
~ ~ 2 b3
Y| > by and 72 < Galog= | <2exp | —— ——T (122)
; ! J; ! o 2Gs log 2 + 222

YY)

where the last identity holds if we set 32 = (532 +4 3 2 4+ 2G2) log 2 57- This establishes the desired bound.

Bounding 3). As we already did in the two last paragraphs, we have

®:= ZE@ [ R wat

«

as desired.
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Bounding @). If we assume that Ay > 2||VF(z;)|| for all j € [t] then, with probability one we have

@ := Z(l - oz)tﬂ'@?

where in (a) we use Lemma G.4, more precisely, for any j € [t],

65 < 227t < axy o,

Summing up all bounds @), 2), @) and 4). To sum up, we introduce the event E®’t as follows

t t
2
E@ﬂ5 = ZV; < by or ZU§>Gglogy ,

j=1 j=1

2—-p _p
where we defined ¢y 1= 2\g, G := %T“l and by := <C32 + 4/ % + 2G2> log % and we can bound by as

2
| /5 2 2¢cy 2

4Xg 3615 PP 2
= _ 1 —
( 3 * « o8 &
1 P ) 2
« o8 o’
<a> 22X 2
12
2 log 2. (123)
where (a) holds provided Ay > 0104_%. On the other hand, we also define the event E@,t as follows
t N t N 9
E@nf = ZY} < by or Z&?>G210g§ ,
j=1 j=1
~ 2 288A37PoP Y z 2 =~ 2 =
where we defined ¢3 := 8A3, Gp := =—2—2L and by := <32 +\E+ QGQ) log 57 and we can bound b as
~ =~ -
~ Co c5 ~ 2 2¢o ~ 2
= = =42 log = < [ —=—= 2 log —
bo <3+\/9+ G2>og5/_(3+ Gg)ogél
1603 [576); Po? 2
= log —
3 + «@ 8 &’
16 1 g1 P 2
=N =24y — log —
2<3+ a()\2>>0g(5’
88)\ 2
og — (124)

— 3 6/7
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where the last inequality holds given Ay > ala_%.
Next, given A > max {2 IVF(z;)]l ,ala_%} for all j € [t] we proved in (118) and (122) that P (E@}t) >1-¢
and P (E@,t) > 1 — ¢’ hence, by the union bound inequality we have
P (B, N Eg,) 2 1-20,
and on the event E@J N E@’t we obtain the inequality
t t

t
Zlfatjﬂ Z a)'=ig" Zpatwu

=1 =1

(lir)®+\/2-@+2-®+@

(123)+(121) 22\ 2 A2 2 18\27 PP g\l7PoP
< 210g5,+\/2 A B W N e s e T

5 @ @
2)/\ %—F @+36 p_|_é ﬂ : lo 2
=2 3 3 o )\2 a \ A g&'

(b) 22 /176 2
< — — 411
< X ( 3 + 3 + 36 + > og — 5

2
< 22Xz log 5

where in (a) we use the fact that log % > 1 and in (b) we use Ay > o1 7. This proves the lemma. O

Lemma F.4. Under Assumption 2.6, for any 8" € (0,3] and any t € {0,...,T — 1}, if the clipping threshold
satisfies

A1 > max {QWE, 'yEa_%} ,
for all j € [t] then, with probability at least 1 — 26", we have

t
, 2
D (1= ) uw;|| < 46X log 5

j=1

Proof. First, using (111) and (112) we have

t t t
Zlfozt]w Zlfatjw Zlfozt]w , (125)

and, as before, we need to bound both terms above. For the second term, we use Lemma G.2 with exponent 2
to obtain

: —7, . @ : . 2 i . 2
D_(1—a) Ty < ;WJ oy max | @ =T ) (|1 - a) ey
t t
< 2w+ 22 10— e
j=1 j=1
t t t
DI+ 22 Y B [l - o], (126)
Jj=1 =1 j=1

® ® @
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where in (a) we define the sequence Vf, R Vtt as in Lemma G.2, that is,
0, if j =0;
S <i“*a)“iwr;uw)t-jw; =1 |
Wt . Sign <Z W’Lt> ‘= — ’ lfj # 0 and Z (1 _ a)tfzw;y, 7,/: 0,
J i=1 > (1—a)t—iwd i=1
i=1
j—1 )
0, if j#0and > (1—a) W =0.
i=1

while in (b), for any j € [t] we let

Zt =1 - o)WY

2
j il

~ e, [l - )]

We now bound all terms (5), (6), (7) and (8.

Bounding (5). The sequence WY, ..., W} is a martingale difference sequence since, by definition of w; and WJ’?,
for all j € [t] we have E [W; | Wiy, ..., Wi] = 0 since Eg, [w?] = 0. Moreover, by Lemma G.2 we also have

Lem. G.4

< 2N, (127)

Wil < 10 = )i < o]

and let ¢; := 2\; be the upper bound on the random variables W{,..., W/. Additionally, if we denote by
0? =FE [(Wf)Q ’ Wi, Wlt] then by Lemma G.3 for any real number b; > 0 and any G1 > 0, as 0 < §” < 1

then log % > 1 and we have

t t

2 b?

P Wt > by and 02 < Gilog— | <2exp|— L =4, (128)
; J ; J o 2G1 log% + 2bécl

where the last equality holds provided b; := <031 + 14/ % + 2G1> log % > 0. We now need to define the constant

G1. To do so, we need to bound the sum o7 + - -- + o2, this gives

t t
S 2= E [(Wf)Q \ w;_l,...,wf]
j=1 j=1

t
72)\?%7‘1[_/‘1 Z(l — a)Q(t_j)

J=1

Lem. G.4

72N} 1y1L1
T 1-(1-a)?

720379448
<=t (129)
«

where in the application of Lemma G.4 we use the bound we proved earlier in Lemma D.5 (see more precisely
at (71)), that is,

Ee, [I[VF(x;) — VF(z;1)] — [V£(25,€) — Vf(z;1,6)][] < 2099
Moreover, applying Lemma G.4 requires to take A\; > 2max ¢y [|VF(z;) — VF(x;_1)| and, since

Ass. 2.6 _ —
I < Lllzj =zl =L
72037949 L1
«

VF(x;) = VF(xj-1)

then it is enough to have \; > 2yL. Setting G, := > 0 gives the desired bound (128).
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Bounding (6). As in the previous paragraph, the sequence Z%, ..., Z} is also a martingale difference sequence
as the definition of (Z!);cpy implies E[Z}| Z!_, ..., Z}] = E¢, [2!] = 0 for all j € [t]. Moreover, according
to Lemma G.4, we also have, as we did in (127), for any j € [t]

28] < (1= ) u|* + Be, [(1 = ) wr|*] <433 +4x2 = 833, (130)

Hence we define ¢, := 8)\7. Now, denoting the conditional variance of Z} as 77 := E [(Z;)Q ‘ Z5 L2 =

Ee, [(Z]t)g} we have the bound

72 < 8NE, [|Z1]] < 16X Ee, [ (1 - o) Twt| 7] (131)
for all j € [t]. Hence,
b sy ¢ » (120) TONZTIyaLe 1152\ 949 La
D57 < 1Y B, |- o) |’ < 16af . ST = 22T

j=1 j=1

1152)\ 94714
[e3%

(where we require A; > 2vL). Next, if we define Gy := then, applying Lemma G.3 we obtain for

any real number by

t t T
b2
P § Z!| > by and E 52 < Gylog — <2eXp — —— (132)
— = % 5” 2G1 log % + leTcl

o8}

where the last identity holds if we set 31 = (;1 +/ o+ 2G1) log F7 This establishes the desired bound.

Bounding (7). As we already did in the two last paragraphs, we have

a 20) 72)\2 1yaLa

@:= z% [l - ay-sug ] € A
as desired.

Bounding (8). If we assume that A; > 2L then, with probability one we have

M~

®:=

(1- a)tﬁjw?

1

<D (1=a)™ il

M-5

1

J
t

(a) —
< 16M079LT) (1 —a)'
j=1
e
_16) 1544
[0

)

where in (a) we use Lemma G.4, more precisely, for any j € [t],
]| < 4907910 < 161 LY,

since E[||[VF(z¢) — VF(2i-1)] — [V (2, &) — Vi (zi-1,&)]]|Y] < 299709 by Lemma D.5 (and more precisely
by (71)).
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Summing up all bounds (5), (6), (7) and (8. To sum up, we introduce the event E@7t as follows

t t
2
Egy = [d_Wj| <bior Y o7 >Gilog= o, (133)

j=1 =1

T4/ % + 2G1> log % and we can bound b; as

72A2 99
where we defined ¢; := 2X;, Gy := =212 and by :=

e

2
_(a e 2
by := (3 =+ 79 + 2G1> IOg 75”

7N

IN
7 N
Do
&)
-
+
&)
Q
—
"
5}
o
%

3
(™, 144\ 94 La log 2
B 3 « gé”

4 1 /~L\* 2

=M |=+12y/= (=) |log—

! (3 + « < 1) 8 o
@ 40\ 2
< 3110g@, (134)

where (a) holds provided A; > 'yiof%. On the other hand, we also define the event Eg), as follows

t t
~ - ~ 2
E@,t = E Z; < b; or g 0]2» > (G1 log 57 (° (135)

j=1 j=1

S

~ 4— 7 ~ _ ~ ~
where we defined ¢ := 8)\%’ Gp = M and b; = (‘g +\ 5+ 2G1) log % and we can bound b; as

[l
S
Il
Y
w|
+
©| X
+
DO
Q
N———
5}
03
B
IN

2¢ [~ 2

16A2  [2304X\] 9yaLa 2
3 a log 57

16 1 /~L\* 2
A2 2448 a(ll) log —

3 6//

16003 . 2
< 3llogﬁ, (136)

where the last inequality holds given \; > vLa 4.

Next, given A\; > max {Z'VE, yf/a_% }, we proved in (128) and (132) that P (E@’t) >1-§"and P (E@,t) >1-4"
hence, by the union bound inequality we have

P (Eg,: N Eg,) =1 -2,
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and on the event E@ N E@t we obtain the inequality

t

t t
Zl—atjw] Zl—atjw + Z(l—a)t*jw;

j=1
(126)
< ®+y2-®+2-O+®
(184)+(136) 40\ 2 160A2 2 A2T9naLa 16N T9e L9
3;30 Ollogf 9. 60 1 +27 1 +61 Y
3 o 3 5 « «

Oy (20 @ﬂi‘lﬂq
=713 3 a \ )\

16 (L)), 2
a \ u &5
(b) 40 1320 2

2
< 46\ log 5

where in (a) we use the fact that log % > 1 and in (b) we use A\; > yf,of%. This proves the lemma. O

Lemma F.5. Under Assumptions 2.2 and 2.7, for any §" € (0, 3] and any t € {0,.. — 1}, if the clipping
threshold satisfies

A1 > max {27[/1,7507%} ,
for all j € [t] then, with probability at least 1 — 20", we have
t ‘ 9
Z(l — ) w;|| < 22X log 57

Jj=1

Proof. First, note that the computations (125) and (126) are identical and we now need to bound all terms (%),

®), (M and (8) where
t

@=L W, @32 @Y [la-o ] ma @500y

Bounding (5). As in the previous lemma, we choose ¢; := 2A; and b; := (Cgl + 4/ % + 2G1) log % > 0. Then,
to select G1 > 0 we need to bound the sum 0% + -+ + 02, i.e.,
(129)

t t
>oor s Y- IR (|l
j=1 j=1

t
18AT 19969 (1 — )9

j=1

Lem. G.4

_ 1827144
B e}

: (137)

where ¢ > 0 is the parameter in Assumption 2.7. In the application of Lemma G.4 we use Assumption 2.7
Ee, (I[VF(x;) = VE(xj—1)] = [Vf(25,&) = V(aj-0, ) < 67 [z — 2 ]|* < ~26%
Moreover, applying Lemma G.4 requires to take Ay > 2max;cpy [|[VF(z;) — VF(x;_1)|| and, since

Ass. 2.2
IVF(z;) = VF(z;)| < Lz —ajall =yl
18A7 79159
[e%

then it is enough to have A\; > 2vyL;. Setting G1 := > 0 gives the desired bound.
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©oli

Bounding (6). Similarly to the previous lemma, we set ¢; := 8\? and by = (ng +1/ 2+ 2é1> log %. For

the choice él, we have the bound

t 2-4.q5 4-q,_q5q
~9 (131) 2 i w2 (137) 2 18)\1 "}/qéq 288)\1 Y 1)
D57 < 16AE Y Ee [||(1— o) up|?] < xR =
j=1 j=1
~ 4—q _q%
(where we require A; > 2vL;). Hence, if we let Gy := M this establishes the desired bound.

Bounding (7). As we already did in the two last paragraphs, we have

(137) 18)\?7‘1711511

«
as desired.

Bounding . For the last bound, if we assume that A\; > 2L, then, with probability one we have

(1- oz)t_jw;?

]~

®:=

1

<.
Il

<
i

(1—a)™ i

t
J
=1

t
@) - .
< 4N 14151 Z(l — )t
j=1
N
_ Ay
a

)

where in (a) we use Lemma G.4, more precisely, for any j € [t],
Hw?” < 2‘7)\%_(’7"(@ < 4/\1_(17‘15‘1,
since E[||[VF (1) — VF(24-1)] — [Vf(2,&) — Vf(m-1,&)][|7] < 7269 by Assumption 2.7.

Summing up all bounds (%), 6), (") and (8. We introduce the same events E@,t and E@,t as in (133)
and (135) respectively. Then, by our choice of ¢;, by and G; we have the bound

c [ c2 2 2c 2
b1 = (31—‘,— 91+2G1> IOgWS <31+\/2G1) logﬁ
4\ 36A]9ya54 2
Sl B 7

Il
>~
et
[SCRINTSN
+
=
Q-
7 N
y‘Q
= S
~__
i}
S

(138)
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where (a) holds provided Ay > ”yga_%. Moreover, by our choice of ¢y, 51 and G we also have the bound

~ )
>  [a i ~ 2 2c1 /
b1 = <3 + 6 + 2G1> log y < ( + log

16A2  [576A] 9yade 2
3 + « logy

16 1 /v0\*?
=N =244/ | — 1
0 T ()\1) 08 5
_ 88 2
< —5 log (139)

where the last inequality holds given Ay > 'yga_%.
Next, given A\; > max {2’}/L1,’y(§of%}, as in the previous lemma, we have P (E®,t) >1—0" and P (E@ t) >
1 — ¢” hence, by the union bound inequality we have

P (Eg, N Eg,) 2 1-20",
and on the event E@ e E@ , we obtain the inequality

t

¢ ¢
Zlfatjwj < Z(lf tjw Zl—atjw
= =1

J=1

“é“®+\/2-@+2-®+

Copsn 2M | 2 \/2 176X 2 18A§*q7q5q+4A}*q7qc§q
= 3

1Ogﬁ log (5”+2. o «

@) 22 176 36 (vo\* 4 [46\? 2
<M= 4= (= = log —
e BT VA (/\1> +a<)\1 o8 5

(b) 22 /176 2
<X\ <3+ =3 +36+4> IOgd”

2
< 22X log — ok
where in (a) we use the fact that log % > 1 and in (b) we use A; > fygofé. This proves the lemma. O
Lemma F.6. Under Assumptions 2.2, 2.4 and 2.5, for any 6" € (0, 1] and any t € {0,. — 1}, if the clipping

threshold satisfies
A1 > max {27L1,'yogof%} ,

or a € |t] then, with probability at least 1 — , we have
for all j € [t] th ith probability at least 1 — 25", we h

t
2min {yL1,7%Ls 2
> A —a) Tl < {a }+22)\110g6”
7j=1
Proof. First, using (113), (114) and (115) we have
S -a)Tul <D0 -a) Tl + (D0 - a) Tl + ) (1 - a) wy, (140)
i=1 i=1 j=1 j=1

®
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As in the previous lemmas, the computation (126) is identical and we now need to bound all terms (5), (6), (7),

(® and (9) where
t
= ZW; , ZZt and (7):= ZIE {H (1—a)~ Jw“”]
j=1

and Wi, ..., W/ is a martingale difference sequence since, by definition of wjy and W}, for all j € [t] we have
E[WH W]_,,...,W{] =0 since

B0 =20 [ Lo ] =0

The same argument applies to the sequence Z1, ... Zt.

Bounding (5). As already done before, we choose ¢; := 2)\; and b; := <°31 + 1/ % + 2G1> log % > 0. Then,

to select G1 > 0 we need to bound the sum 0% + -+ + o2, i.e.

t (129) ¢
d o} < Z 2D E | wt|’]
j=1

LemS( 4 18)\2 q’}/ qu 2(t 7)

< 18)\? q7q02.

- (141)

In the application of Lemma G.4 we use Assumption 2.5

R R | P\ R o s S P

as

B, [V2/(05,€)(w; — 251)] = V2P (i) (2 — 51).
Moreover, applying Lemma G.4 requires to take A1 > 2max;¢(y || V2F(2;)(x; — 2;-1)|| and, since
2 " 9 R Ass. 2.2
[V2F(2))(z; — aj-0)|| < [|[V2F(@)) ||, 25 — 2l < Lallzy — -]l = 7L,

gAZ 4

then it is enough to have \; > 2vL;. Setting G; := % > 0 gives the desired bound.

ol

Bounding (6). Similarly to the previous lemma, we set ¢; := 8A? and by = (531 +vV 5 2+ 2G1> log 2 5. For

the choice 51, we have the bound

>, w?] L 18X ""y%0] _ 288A1 "y%0]
Z(’j < 16AQZE =) S aeag . 2T L SRR 0

28811

(where we require A; > 2vyL;). Hence, if we let él = ﬁ this establishes the desired bound.

Bounding (7). As we already did in the two last paragraphs, we have

B35 [la-arig] 2

«

as desired.
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Bounding (8). For this bound, if we assume that A\; > 2vL; then, with probability one we have

= Z(l - a)tijw?

where in (a) we use Lemma G.4 (with Eéj [-] ¢;]), more precisely, for any j € [t],
1- 1-
|wh|| < 29019908 < AN Ty%0d,
since

E [HVQf(fjaéj)(Ij —xj1) = VF(2;)(x; - %’—OHq] <E [vaf(ijyf}) - VQF(@)HZP s — xj—1||q}

]

g | [9765.6) - G |

op

Ass. 2.5
q

< ~A903.

Bounding (9). For the last bound, we use the triangle inequality, this gives

©:= 24(1 — a)tjw;-
j=1

<

M~

(1 =)™ [Jui]

<.
Il
—_

(1= )7 || V2F (&) (x5 — 25-1) — [VF(x;) = VF(2;)]]

M)~

<.
Il
—

7?L2 | ¢
. 2 b
mln{Z’yLl, 5 }Z(l—a) J
Jj=1
2min {le, WQLQ}
a )

INE

(142)

where in (a) we use the bounds (90) and (91), which holds with probability one.



Heavy-Tailed Stochastic Nonconvex Optimization

Summing up all bounds %), 6), (7), and (9. We introduce the same events E@J and E@J as in (133)
and (135) respectively. Then, by our choice of ¢;, b1 and G; we have the bound

c [c3 2 2¢c —
bl = (31 + 61 + 2G1> log 5" — ( : + 2G1) log o
4\ 367 9ya0d 2
3V T log 57
4 1 (yo2\! 2
=Moo ) e

@ 22 . 2
s =3 loeg

(143)

where (a) holds provided \; > vda~ 7. Moreover, by our choice of ¢1, b1 and G1 we also have the bound

~ ¢ |2 ~ 2 2¢ 2
bl = (31 + 61 —|— 2G1> 1Ogﬁ S <31 + 2G1> lOg 5”
1602 [576)] 9ya0d 2
3 * « log 5"

log — (144)

where the last inequality holds given Ay > 702&7%.

Next, given A\; > max {Q'yLl, ’yagof% }7 as in the previous lemma, we have P (E@’t) >1—¢"and P (E@ t) >

1 — ¢” hence, by the union bound inequality we have
P (Eg, NEg,) >1-2",
and on the event E@,t N E@,t we obtain the inequality
t t

t t
Z (1—a)w| < Z(l—a)t_jw;» + Z(l— )i ]w Z )= jw}*
1 :

j=1 j=1

(1zo)+(140) @+®+ \/M'i‘

(a2)+(1a3)+(149) 2min {yLq, v2L 22\ 2 17602 2 18X 2" Uyagd YA lyagd
< {’Yl’Y 2}+ llog— 9. L log 9. 1702_|_ 1 103

a 3 5" 3 &5 a a
@ 2min {yL1,7y?Ls} 22 176 | 36 (yo2\" | 4 [(yo2\* 2
< — — (= log —
- (0% + )\ 3 + 3 + )\1 + (6] )\1 ) o6

®) 2mi Li,+*L 22 /176 2
Y mm{’y 1,7 2}+)\1 R 3644 ) log =
« 3 3 o

2min {’yLl, ’yQLg}
a o

1

where in (a) we use the fact that log % > 1 and in (b) we use A\; > yo2a™ 7. This proves the lemma. O



Adrien Fradin, Abdurakhmon Sadiev, Laurent Condat, Peter Richtarik

F.2 Proof of Theorem 6.1

With Lemmas F.3 and F.4 in our hands, we are now ready to prove the main result of this section, i.e., high-
probability convergence guarantees for Algorithm 3, i.e., c1ip-NSGD-MVR.

Theorem 6.1. Under Assumptions 2.1, 2.8 and 2.6, let T > 1 and 0 € (0,1] such that log > 1 and suppose
that we choose go = 0 in Algorithm 3 and let Ay := F(xg) — me the initial sub- optzmalzty Suppose we

run Algorithm 3 using momentum parameter oo = max{T "~ 7T T Pt 23 }, clipping thresholds Ay = 2yLa~ q
and Ny = max{4v/LA;, ala_%} and with stepsize

. Al Al 1 Al Al Ala%
v =0 | min ==\ =, 1\ = 1 AT T
LT L aTlogs V L 50" Tlog z LTlog 5

Then, with probability at least 1 — ¢, the output of Algorithm 3 satisfies

2A4
Z IVE(z)|| < T

and, by our choice of parameters, the norm of the gradients converges at the rate

T—1 =
1 VLA 4o T
T S IVFE(@)| =0 ((W) log 5) :
t=0

T2p—1" p(2¢+1)—2¢

with high probability.

Proof. Let us remind from the proofs of Lemmas F.3 and F.4 that we defined

t t t t
2 ~ - ~ 2
E®,t:: Zvj’f < by or ZO’?>G210g§ , E@}t:: ZY; < by or ZUJZ->G210gy ,
j=1 j=1 j=1 j=1
t t t t
Egy, =< [>_ W} <b > 07> Gl 2 Eg. =3 |> 2| <b > 57> Gl 2
@,t = il =01 or O'j 1 10g o N @}t = il =01 or O'j 1 10g o s
j=1 j=1 j=1 j=1
where

c1:=2X\1, ¢ =8\, cp:=2X\y, G :=8)\%
e L i L L3l QR 25

Gl = 1= 2 = T 2 =
o ! @ o
40A; . 2~ _160A2 . 2 2. 2~ 88\ 2
b < 3 logﬁ, b1 < 3 1 5/,, bgngogy7 by < 3 ogy7
and we have shown the following bounds:
P(Ep:)21-0, P(Eg,)21-¢, P(Eg,)=1-0" P(Eg,)=1-7, (145)

valid for all t € {0,...,T —1}.

The idea of the proof is based on a technique from previous works in the literature (Gorbunov et al., 2020; Sadiev
et al., 2023; Liu et al., 2023; Sadiev et al., 2025) and proceeds by a mathematical induction. Our goal is to prove
that for any 7 € {0,...,T — 1}, the event

G, =FE. mElTﬂEQTOEg,TﬂE(;T,
holds with probability at least 1 — 7%, where the event E; is defined as

T

t
Ero= (Y IVE()) + Avr <280

t=0 =0

and

Eiri=(\Egs Eori=()Egsw Esri=[)Egs For:=[)Egp.
t=1 t=1 t=1 t=1
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Base case. For the base case 7 = 0 we have Gy = Eg = {A; < 2A;} which holds with probability 1 =1— 22
since 7 = 0.

Inductive case. Now, let us assume that the induction hypothesis holds for 7 — 1, i.e.,, P(Gr-1) > 1 — @
and we need to prove that is holds for 7 also, that is, P(G,) > 1 — Z2. First, let us observe that
E aNEiNENEsNEsr =Gr_1N E@)T N E@J N E@J N E@)T. (146)

Then, we have

P(E, 1N By, NEsy,NEs,NE.) 2 P (GT,1 NEg., N Eg, NEg., N E@T)

—1-P (G N Eg, NEg, NEg, N kg, )
>1-P(G, ;) —P (@) —P (E@’T> _p (E@T) _Pp (E@T)

SN (r—1)8 ’ 1
> 1———"F——-2) -2
> T 0 0
) )
1" O o5 _ 98"
= (-2 o)
:1_11‘?, (147)

provided §' = 6" = %. Now, given 7 € {0,...,T — 1}, on the event E,_; we have

t—1
Ay <Y IVF())] + Ay < 24,
§=0

for all integer 1 < ¢ < 7 and therefore, for all j € {0,...,7 — 1}, we have
||VF(£C])|| S A/ QI/AJ S 2\/ .Z/Al,

hence, by our choice of clipping threshold Ay = max {4 I_,Al,alof%} we have Ao > 2max;cpy [|[VF(z;)]|.

Additionally, if we assume the clipping level \; = Qija*% then, on the event E._1 N Ey N FEy N Es . N Eg 7,
we have

Lem. F.1 27\/2LA1 L(t+1)
A+

VI NVE@)| +Arr - < 5

t=0
T t T t
+2’yaz Zl—afw +271—a221—at3w
t=1||j=1 t=1 ||j=1
om. F34F. 9v/2LA 2T(r 4+ 1
b s L2 Gl )

- e’ 2

8T 8T
+ 44yaT g log 5 +929(1 — )T log 5

and, as 0 < 7 < T — 1 then, by our choice of stepsize

[A \/AT Ay A1
v = min
2LT’ 8V 2L° 704aTlog 1760107 Tlog 8T

i (148) Aq Aq Aq A
F A < A — 4+ — 4+ — 4+ —=2A
V;HV @l +Ar1 < Ar+ o+ o+ o+ i’

Ala%
736LT log %

we have
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therefore we have E. N E1 , NEy; NEs - NEgr =E, 1 NE; NEy;NEs N Eg, which leads to
P(G.)=P(E,NE1NEy;NE5NEg,)
=P (Er—l n El,‘r N E2,7' N E5,7' N E6,7')

(147) )
> 1— = 14
212, (149)

as claimed. This achieves the proof of the induction.

Bounding 1 Z IVF(x:)|| in high-probability. From the previous paragraph, we have for 7 =T

P(Er) >P(Gr) >1-4,

hence, with probability at least 1 — § we have

T-1
v IVl + Ar < 24,
t=0

which implies the bound

fZHVFxt ||<ﬁ7

with probability at least 1 — §. By our choice of stepsize (148) we obtain
T—1 = = - T
1 2A1 LAl \V LAl = T p—1 T LAl IOg i
= VF <—=0 , , LA log —, » log —,{| ——2% ,
T tgzo IVE(x)| < T max T T ay/ LA log 5o 0g Tl

. __P —__ P9
and choosing o = max {T zp—1 T p(a+1)—2q } we have

-1 a(p—1)

__alp—1) 101 1(1_ P
app — max {T 2p 1 T p(2q+1)— 2q}7 and T2zq2a ZTZ(l p(2q+1)—2q) :TP(2q+1) 24,

and )
P pP—
ol >T' " %=1 = T2%-1,

thus, assuming log > 1 we get

1 LA \/LA LA T T 7 \/LAilog %
T Z ||VF(l‘t)|| = O | max 1’ 1 g Q(p—li 1Og s Upl lo og + q((Tp 1) log q(p—1) u
T = T3 0 piGiioia 0 T 8" piGiiotE O

(55

T r2a+1)—2q

p— q(p—1) )
T2p=1 1 AT erEs =

since 2’; < % In (a) we use A to denote the minimum between the two exponents 2’; :11 and p(qu](i;)lzzq
This concludes the proof of the theorem. O

F.3 Proof of Theorem F.1

Theorem F.1. Under Assumptions 2.1 to 2.3 and 2.7, let T > 1 and 6 € (0,1] such that log %- 8 > 1 and
suppose that we choose gy = 0 in Algorithm 3 and let Ay := F(xo) Finf the initial sub- optzmalzty Suppose

we run Algorithm 8 using momentum parameter « = max{T~ e =1 T Pt D2 }, clipping thresholds Ay =

max{2’yL1,'y(§a7%} and Ay = max{4\/L1A1,01a7%} and with stepsize

. A1 1 Al Al Alaq
v=0|min ay/ —, ——51/ 7> — ,
Li aTlog 5 V L1 o107 Tlog L §Tlog L7\ L Tlog 5
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Then, with probability at least 1 — 6, the output of Algorithm 3 satisfies

T—1
1 241
VF(x)| < —,
72 IRl < 27

and, by our choice of parameters, the norm of the gradients converges at the rate

VLA +0o T VA /
m Z HVF xt ” = <<11/\1q(1>1)1) logg + q(p— 11) )

T2r=1"p(2¢+1)—2q T p(2a+1)—2q

with high probability.

Proof. From the proofs of Lemmas F.3 and F.5 we have

t t t
2 ~ - ~ 2
E@,t = ZV; < by or ZO’ >G210g5/ , E@)t:: ZY} < by or Za?>G210gy ,
Jj=1 Jj=1 J=1 j=1
t t 9 t _ t N 9
E@)t:: ZW; <b; or 20]24>G110gy , E@,t:: ZZ; <b; or Z&?>Gllogﬁ ,
j=1 j=1 j=1 j=1
where
C1 :— 2)\17 51 = 8)\%7 Co = 2)\27 52 = 8)\%7
Gy e 18)\f_quq5q’ &, 288)(11_‘17‘1@7 G, e 18)\3_”07;7 &, 288)@"’0{’,
@ ! ! !
22X\ 2~ 88)\2 2 22X, 2~ 88\3 2
by < 3 logy, by < 3 108'@7 be < 3 log 5 be < 5 log s
and we have shown the following bounds:
P(Ep:)21-0, P(Eg,)21-¢, P(Eg,)=1-0" P(Eg,)=1-7, (150)

valid for all t € {0,...,T —1}.

Now, we follows the exact same steps as in the proof of the previous theorem, up to (147). Then, given
7€{0,...,T — 1}, on the event F,_; we have

t—1
Ar <Y IIVE(a))l + Ay < 244
J=0

for all integer 1 < ¢ < 7 and therefore, for all j € {0,...,7 — 1}, we have

||VF(ZZJ])|| S \IQEAJ' S 2\/ LlAl,

hence, by our choice of clipping threshold Ay = max {4\/L1A1,01a_%} we have Ay > 2max;cpy [|VEF (z;)||.

Additionally, if we assume the clipping level A\; = max {27L1, 75@7%} then, on the event E,_1 NE; N Ey . N
Es . N Eg », we have

= Lem. F.1 2 m 2L 7_+1
P IVE )+ Ay K Ay 4 VIS (]
t=0
T t
203 [0 a6 + 210 - 12|20 -y
t=1 ||j=1 =1 ||i=1
em. F.C 5 2 QLA 2L 1
L FSS+F A+ 7m+v 1(27'+ ) (151)
(0%

8T 8T
+ 44yaT s log 5 + 444(1 — )T log 5
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and, as 0 < 7 < T — 1 then, by our choice of stepsize

A, A A A
I'Illn ) ’
7= \ 2L T 8 \ 2L, 704aT10g L1 176010 Tlog 82\ 352L:T log 5T

we have

Al()é%
17667 log %

)

(152)

T (152) Aq Aq Aq Aq
v; [VE@OI+Arp S At 5+ 0+ 0+ - =24,

and we can achieve the proof by induction as in (149).
Then, as before, with probability as least 1 — §, we have

T-1
¥ Y IVE()|| + Ar < 244,
=0

which implies the bound

1 2A
TZHVF@ ||< Ly

with probability at least 1 — §. By our choice of stepsize (152) we obtain

2A [LiAy VI A T p=1 T [LiAylogL  [6A log L
—ZHVF (x¢) ||< 1:(9 max 1= v 1,04\/Elog—,ala%log—, ! 1og57 101g‘5
T oT 0 1) T Tae

VLA T - T [LiAjlogL [6A;logL
= 0O | max ! l,a\/LlAllog—,a1a%log—, i g‘(;’ ! 1g6 ,
ol 0 ) T Tad

. __P —____Pg_
as we assumed log % > 1. Now, choosing o = max {T zp—1 T p(a+1)—2q } we have

1

p— _p—1 ___a(p—1) 1 1 ;(1_ P ) q(p—1)
a P =maxq T 21, T pCe+)-2q¢ 3 and T2q2 > T2 p(2¢+D—2¢/) = TrRa+1)~2q

and )
ol > T " %1 =T%r,

thus, given log % > 1 we get

max 5 p-n_ 085 2= &5 _awn log — 5 a(r—1)
=0 T2p-1 T p2a+1)—2q T »p(2q+1)—2q T p2a+1)—2q

) VLA 404 T VoA
=0 p—1 a(p—1) log =+ T a-1n
T2p=1"\p2aF D24 0 7o

since 2pp—11 < 1 and log £ 5 <log¥L - In (a) we use A to denote the minimum between the two exponents 2’; —

-1 \/0A lo
1 VI A T LA T T T 1108
= 2 IVFG@)) =0 = log S log 5~ log 5, — :

1
and gt
This concludes the proof of the theorem. O

F.4 Proof of Theorem F.2

Theorem F.2. Under Assumptions 2.1 to 2.5, let T > 1 and 8 € (0, 1] such that log > 1 and suppose that we
choose go = 0 in Algorithm 3 and let Ay := F(xo) F™ the initial sub-optimality. Suppose we run Algorithm 8
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Algorithm 4: Clipped NSGD-Hess (Clipped Normalized SGD with Hessian-corrected Momentum)

Initialization:

v > 0, the stepsize

T <_x0_7\|zig”
Fort=1,2,...,T—1do
Sample ¢; ~ U ([0, 1])

gt
Te41 4 Tt = Vg,

6utput: T

Ty < gy + (1 — qe) -
// Apply Hess, here &, & ~ D are independent.

g (1-0) (gt—l +clip (V2f(33taft)($t - T4-1), )\1)) + aclip (Vf (21, &), A2)
// Do one descent step.

zo € R?, the starting point
T > 0, the number of iterations
go € R?, an initial vector

1

a € (0,1], the momentum parameter for Hess
A1, A2 > 0, the clipping thresholds

using momentum parameter o = max{T"~ 7 T~ Pt D7 }, clipping thresholds Ay = max{2vyL, 'yagoz_%} and

Ay = max{4\/L1A1,01a7%} and with stepsize

0 [ mi [A1 /A 1 AN Ay
= min ¢ o/ —, , — — ,
K Ly LT aTlog % Ly UlaTlTlog %

1
Alaq

Ay

Then, with probability at least 1 — 3, the output of Algorithm 3 satisfies

and, by our choice of parameters, the norm of the gradients converges at the rate

7 Z |V F(z

with high probability.

” = 2(p—1)

q(p—1) i

ip—3 T2p=1"" p(2¢+1)—2q

02T log %’

e N3

2

(L2 Al) + VLA 404 o T N2V
T a5 2l aAel) o8 Ié] Tp(;q(il)l)Qq

Proof. The proof readily follows from the proof of Theorem F.1 where ¢ is replaced by os.
by Lemma F.6 we need to bound an extra term in (151), i.e., we have

VI NVE@) + A1 < Art

t=0

Lem. F.1

Lem. F.64+F.6

2’}/\/ 2L1A1 + ’}/QLl(T + 1)
2

LiTlog %

Additionally,

T t
—1—27042 Zl—atw +2’yl—az Z(l—a)t_jwj
j=1 t=1 ||j=1

t=1

3La(r+1)

29201 A 2L +1 4(1 —
+Va11+V1(27 )+(04)

(07

8T 8T
+ 44yaT s log 5 + 444(1 — )T log 5
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where in the last inequality, we drop the min{---} term and simply keep the v3Loy term. Additionally, as we
have 0 <7 < T — 1 then choosing

. \/ 2A1 67 i/ Ala 1 Al Al Al Al(l%
= min , T s - > = s ) )
K 50,7 10 2L1 20LoT" 880aT log 5V L1 2200107 Tlog 8L\ 440L1Tlog 57"\ 2200>T log 5
(153)

gives

i (153) Al Al Al Al Al
VF AL < A — 4+ — 4+ —+ —+ — =2A
7;” @)+ A S At T+ T .-

Then, as before, with probability as least 1 — §, we have
T—1
¥ IVE(m)| + Ar < 24,
t=0

which implies the bound
T—1
1 2A1
— VF(z)|| < —,
72 IVFa)l < 27

with probability at least 1 — 4. By our choice of stepsize (153) we obtain

2A LA, VLA LA T
TZHVF Ty |<7Tl:(9 max 1=l ! 1,ozé< 2T 1) om/LlAllog o1 log

T ° aT
LlAl 10g 5 O'QAl 10g%
\ Tas

VLA LA T T
O | max ! 1,a_§< 2 1) a\/LlAllogg,ala%logg,

aoT T
LlAl 10g% 02A1 10g%
T ’ \ Tai

__P —__Pq_ __2p __P —__Pq_
a:max{T 2p=1 T pCa+1)-2q¢ T 4p—3}:max{T 2p=1. T P(2<1+1)—2<1}7

as we assumed log % > 1. Now, choosing

P < _2p

since 5 < 5, we have

p—1 a(p—1)

_p—1 _ _ap=1) 1 1 l(l— P )
o’ :maX{T 2p—1 T P<2<1+1>*2f1}, Tzq2 > T2\ pCatD-2¢) = TrRa+D 24,

and
_2(p-1)

1—-P p—1 2 1 2__ 2p
ol > T " 21 :Tprl’ Tsos >T3 36@p=3 =T ™4p-3

thus, given log % > 1 we get

T-1

T Z [V F ()]

2
1/ 3
(L22A1) \/LlAllogT VLA T o T o T \/02A1log

2(p—1) p—1 S q(p—1) 0g g’ T p—1 log g’ T (q(p 1) log = 5’ q(p—1)
P

= O | max
T 4p—3 T2p—1 4 T r(2¢+1)~2q 2q+1)—2q T p(2a+1)~2q

2p—1

2

1/2 3
() (L2 Al) VIiAL + 01 T Voo Ay
@ + log —

2(p—1) p—1 q(p—1) T a-n
T 4ap=3 sz—lAp<2q+1>—2q 5 T p(2a+1)—2q
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since Qpp—__ll < % and 4/log % < log %. In (a) we use A to denote the minimum between the two exponents Qpp;_ll
q(p—1)
and PerEs T

This concludes the proof of the theorem. O
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G TECHNICAL LEMMAS

We list below the technical lemmas used throughout this paper.

Lemma G.1 (Hiibler et al. (2025, Lemma 10)). Let p € [1,2], and X1, ..., X, € R? be a martingale difference
sequence (MDS), i.e., E[X;| X;-1,...,X1] =0 a.s. forall j =1,...,n satisfying

E[||X;]I”] < oo, forallj=1,...,n.

Define S,, == Y X, then
j=1

E[|[Sn]I”] < 2 Z]E L1177 -

The following lemma will be useful to derive high-probability convergence bounds. The constant 227 appearing
in (154) is a consequence of He et al. (2025, Lemma 1) which we recall in Lemma H.7.

Lemma G.2 ((Cutkosky and Mehta, 2021, Lemma 10)). Let X1,..., X, € R? be a sequence of random vectors.
Let us define the following sequence wy, ..., w, recursively by

1. wo=0,

j—1
2. 4f > X; #0, then we set
i=1

Jj—1

> X

i=1

j—1

j-1 <Z Xi7Xj>

w; = sign (Z wl> N T
i=1

j—1
3. if > X; =0, we set w; = 0.
i=1

K2

Then, |w;| < [|X;|| for all j € {1,...,n} and

n
D w
i=1

Lemma G.3 (Freedman’s Inequality). Let X1,...,X, € R? be a martingale difference sequence (MDS), i.e.,
E[X;| Xj-1,...,X1] =0 as. forj=1,...,n. Assume there exists a constant ¢ > 0 such that | X;| < c a.s. for
j=1,...,n and define ajz =E [ij ‘ Xj,l,...,Xl]. Then, for all b > 0 and all G > 0 we have

n

>

i=1

<

1
+ | max || X;||P +22°P X:IP | . 154
(W X7+ 227> x| (154)

i=1

n

n b2
Pl X;|>band Y o} <G| <2exp (—W>
3

Jj=1 Jj=1

The next lemma is a generalization of (Sadiev et al., 2023, Lemma 5.1).
Lemma G.4. Let A > 0 be a scalar, X € R? be a random vector and let X = clip(X, A) then
H)? ) [f(} H <o) (155)

Moreover, if for some oy >0 and p € (1,2] we have E[X] =z € R, E[|X — z||) < o}, and ||z|| < 5 then, for
any q € [p,2] we have

~ 2P 5P
o[5] - <22 o
E [Hf( — q} <239\ PgP, (157)

E [Hf{ ~E[X] Hq} < 937430\ Py, (158)
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Proof. The proof follows the same strategy as in Sadiev et al. (2023); inequalities (155) and (156) have already
been established in Sadiev et al. (2023).

As in Sadiev et al. (2023), let us define the random variables

1, if | X|| > A A
X:]I{||X||>)\}:{ | ||. and 77=]I{||X—x||>2}:{

0, otherwise;

L if | X —z| > 3
0, otherwise;
then, observe that
A AX A
clip(X,)\):min{l, } —x+ X(1- ):X—l—X(—l)X7
[1X] [1X1] Xl

and x < 7 since | X|| > A implies

1X =zl > [ X][ = =]l > A = =]l =

| >

Moreover, thanks to Markov’s inequality, we have

Bl =P (1 - A > 3)

(i (2))
() Rl
< <i>paf. (159)

Proof of (157): wusing ||z|| < 4 and HX - ;vH < HXH +|z]| < A+ % = 2 we have for any ¢ € [p, 2]

2>

o U e B e
<(2) e[|x o x+ X -a] 1 -]
2(5) E gy o e o]
<(3)" = (z3] #1en) e —era—)
S@) K (2) X+ IX —af” (1 )]
(2 ma (2)

as9) | /3 P 3IA\TP
< - - - p
[GIGRGNE
<239\ Pgh

where in (a) we use the definition of clip and x. In (b) we use 1 — xy <1 and E[|| X — z||"] < o¥.

Proof of (158): according to Lemma H.8 with ¢ = x, we have

e[ -=[3][ <7 2o

< 287 30N\TPgP,

as claimed. O
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H USEFUL IDENTITIES AND INEQUALITIES
For any vectors z,y € R?, we have
2 (,y) = [l=|* + yll* = ll= — y/1*. (160)

Lemma H.1 (Variance Decomposition). For any random vector X € R? and any non-random vector ¢ € R% we
have

E[IX - ef*] =E[IX - EIX]I*] + E[X] - .

Remark H.1. In particular, this implies that for any random vector X € R¢ and any non-random vector ¢ € R?
we have

E[IX -E[X]I°] <E[IX - ef?].

In Lemma H.8 we extend this inequality to any exponent o > 1 instead of just 2.

Lemma H.2 (Tower Property of the Expectation). For any random variables X € R? and Yi,...,Y, we have
EE[X|Y1,..., Y, =E[X].
Lemma H.3 (Cauchy Schwarz’s Inequality). For any vectors a,b € R? we have
(a,b) < [{a,b) < la [1b]|.

Lemma H.4 (Young’s Inequality (Norm Form)). For any vectors a,b € R and any scalar o > 0 we have
2 2 1 2
la+0" < (1 +a) 2"+ { 1+ — ) lyllI”-

Lemma H.5 (Young’s Inequality (Inner Product Form)). For any vectors a,b € R? and any scalar o > 0 we
have

2, 1 2
2{a,b) < 2[{a,b)| < allz]” + — Iyl (161)

Proof. 1t’s enough to prove inequality (161) when d = 1. Hence, consider a,b € R, we have given a > 0

2

(a) 1 b
2ab < 2|ab| = 21a| - b| = 2|V al - <ala+ = p)* =ad® + —,
« «

'b
Va
where in (a) we use the arithmetic-geometric inequality in n = 2 variables (\/a lal, % |b|> O
Lemma H.6. For any vectors a,b € R% and any scalar o > 1 we have

la +b]* < 227" (lla]|* + [I6]) - (162)

Proof. Note that the function o ~— ||z||* is convex over R? since ||-|| is convex (as a norm) and ¢ ~— % is convex
since a > 1. Hence, by the Jensen’s inequality (Lemma H.9), we have

a+0bl|* 1 o o
< = b
20 < 5 el ).
ie.,
lla+b* <227 ([lall® + (b)),
as claimed. O

Remark H.2. Similar inequalities to (162) appear in He et al. (2025). In Lemma H.7 we state one of them that
we use in our proofs.
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Lemma H.7 ((He et al., 2025, Lemma 1)). For any vectors a,b € R?, a # 0, and any scalar o € (1,2] we have?
la + Bl < lla]|* + o [lal|*~* (a, b) + 22 |p]|*.
Lemma H.8. For any scalar a € (1,2], any random vector X € R% and any non-random vector ¢ € R% we have

Ef|X —E[X]|*] < 227 °E[|X —¢||].

Proof. By Lemma H.7 we have

E[IX -EX][* =E[(X = ¢) + (c - E[X]]]
T - EX” + afle~ EX)"E (e~ E[X], X — )] + 22 B[ X — ¢]]
= lle—EX]I* - afle - E[X]|* + 2°"E [ X — ¢[|*]
L PR[IX -,

where in (a) we use a > 1. O

Lemma H.9 (Jensen’s Inequality). Let f: R? — R be a convexr function then

1. (Probabilistic Form) for any random vector X € R? we have
E[f(X)] > f(E[X]).

2. (Deterministic Form) for any vectors vy, ..., v, € R? and scalars Ay, ..., N\, € Ry we have
n n
> Xif(vi) > f <Z Aﬂh‘) ;
i=1 i=1

provided \; > 0 for alli € [n] and > \; = 1.
i=1

Lemma H.10. For any vectors vy,...,v, € R? we have

n 2 n
Sl < ful®
=1 =1

Proof. The function H||2 : R? = R is p-strongly convex with 1 = 2 so is convex thus applying Jensen’s inequal-
ity H9 with Ay =--- =\, = % gives

n
>
iz

2
1 — 5
<= il
n 4
=1

and multiplying both sides by n? gives the desired inequality. O

Lemma H.11 (Markov’s Inequality). For any non-negative random variable X and any scalar a > 0, we have

E[X]

a

P(X >a) <

Lemma H.12 (Bernoulli’s Inequality). For any real number x > —1 and r € {0} U [1,400) we have

1+2)" >1+ra.

*Note that, when a = 0 we have ||a]|* > a = 0 since a > 1 thus a — 2 > —1.
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Lemma H.13 (Absolute p'™* Central Moment of Normal Distribution (Andreas, 2014, eq. (18))). For any real
number p > —1, o1 > 0 and p € R, if X ~ N(u,0?) then

where T is the Euler’s gamma function (see DLMF (2025, (5.2.1)) for formal definition,).
Definition H.1 (Operator Norm). Given a d x d matrix A € R¥¢ | the operator norm of A is the norm
[Allgp :== sup  [|Ay]l,
yER, Jlyll=1
where |- is the standard euclidean norm in R9.

Lemma H.14 (Lipchitz Gradients Implies Bounded Hessian). Given F: R? — R a twice continuously differen-
tiable function over R® such that its gradients are Ly Lipschitz continuous for some constant Ly > 0 then, for
all x € R* we have

|V2F(2)|| < L.

op —

The above lemma can be extended to p'"'-order continuously differentiable function, p > 2 for which the (p—1)*-
order derivative of F' is Lipschitz continuous in the operator norm induced by ¢?-norm.

Lemma H.15. Given F:R? — R a continuously differentiable and lower bounded function over R such that
its gradients are Ly Lipschitz continuous for some constant Ly > 0 then, for all z € R? we have

IVF(2)|® < 2Ly (F(z) — F™)

for any F™ <inf, ps F(z).

Lemma H.16. Given F: R? - R a twice continuously differentiable and lower bounded function over R* such
that its Hessians are Lo—Lipschitz continuous for some constant Lo > 0 then, for all x,y € R? we have

L
IVF(@) = VF(y) = V*Fy) (@~ < T lle =yl
Lemma H.17 (Landau-Kolmogorov’s Inequalities on a Finite Interval (Fabry, 1987, Theorem 2)). Let p > 1 be
an integer, a < b be real numbers and I € CP([a,b],R). For any k € {0,...,p} let My 1= sup,c(q ) |F(k) ()| €
[0, +00] then, if My and M, are finite, we have for all k € [p],

1. My is finite,

2. the inequality

|=

P

p%k MP D _ —-p
My < cppMy* max =151 4P(b — a)~P My (163)

1.0 )
P p|

holds where ¢y, > 0 is the universal constant

. P2k (p+ K
PP i k\p—k)

Remark H.3. Notably, the constant ¢y, appearing in the inequality (163) does not depend on the choice of the
function F while the {Mk}ke{o,...,p} do.

Remark H.4. Other related inequalities can be found in Mitrinovié et al. (1991); Chen (1993).

Lemma H.18. Let F: R? = R be a continuously differentiable function over R® with L-Lipschitz gradients for
some L >0 and xo € RY. Assume that |V F(x0)| > 0 then for all t € [0,2] we have

F(xg + tv) < F(xo),

where v = —%VF(JC()).
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Proof. Using the fact that the function F' has L-Lipschitz gradients then we know F' is L-smooth (Nesterov
(2018)) hence, for all ¢ € [0, 2] we have

N |

Ltz 5
5 lo]I”,

Dp(xo+tv,xg) := F(xo + tv) — F(xo) — (VF(x0), (xo + tv) — x0) < = ||(z0 + tv) — x0||2 =

where Dp(z,y) denotes the Bregman divergence of F' at =,y € R%. Rewriting the above inequality using the
choice of v gives

Lt*
F(xo +tv) < F(xo) + t(VF(xo),v) + — [|v]

t 12
= F(x0) — I IV F (o)) + oL |V F(x0)|?

t ) t
= F(x0) — — |VF 1-=
(@)~ £ IVF Gl (1- 1)
S F(l‘o),
since 0 <t <2 and L > 0. This achieves the proof of the lemma. O

Remark H.5. The above lemme still holds when ||V F (zo)|| = 0, i.e., v = 0 but it is not of interest.
Lemma H.19. Let F: R? — R be p+ 1 times continuously differentiable (p > 1) over RY. Assume that

1. for all k € [p], the function VFF is Ly-Lipschitz continuous for some Ly > 0,

2. the function F is lower bounded over R and we denote F™ :=inf cpa F(z),

then, for all k € [p] there exists a constant ¢y, := (k + 1) > 0, depending only on k such that for all o € R?

1 1
) LFHT 2L (F _ Finf k+1
||VF($0)|| S Ck (F(l’o) _ Flnf)k/k+1 max . k — 1 ( (I’O) )
2R [(k + 1) 7T IV E(zo)|l

(164)

In particular, if the gradient of F' at zq is large (say, |VE(zo)| = Q(/L1 (F(xo) — Finf)), see Lemma H.15)
and the Lipschitz constant Ly, dominates, then (164) simplifies to
~ e +1 inf\ "
IVE(zo)|| < GeL)/** (F(xo) — FF)7*" (165)

for some universal constant ¢, which depends only on k.

Remark H.6. The bound (164) is (almost) a generalization to high-order Lipschitz constant of the well-known
inequality

IVF (o)l < /2L1 (F(zo) — Fint),
which we recall in Lemma H.15 and which corresponds to the case k = 1.
While it is hopeless® to obtain the inequality (165) in full generality, i.e., without extra assumptions, in practical

settings the Lipschitz constants are very large and the gradient of the objective at the initial point is also large.

Proof. Let F: R? — R be defined as above. Then, if ||V F(z¢)|| = 0 the inequality (164) holds since c; > 0 and
F(xg) — F'™™ > 0. Now, assume ||V F(z0)|| > 0, we define the scalar function ¢: [0,2] — R as
@: t > F(xg+ tv) — Ff,

*Inequality (165) already fails for the case k = 2 with quadratic functions. For instance, consider F: z — % |||* over

R% and let 29 = (1,0, ...,0) then ||[VF(zo)|| = ||zo|| = 1, but V?F(z) = Id for all 2 € R? hence we can take Ly = 0 since
the Hessian of F' is constant, but then

. 2/3
L;/3 (F(.TO) _ me) _ 07

and there do not exists universal constant ¢z for which (165) can hold.
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where v = —I%VF(:L‘()) # 0 and L; is the Lipschitz constant of VF. Then, the above function ¢ is p + 1 time

continuously differentiable over [0,2], and for all ¢t € [0,2] and all k € {2,...,p+ 1} we have

(=D*

P (t) = VEF (20 + to)[v, ..., v] = T,kaF(xo +tv)g, ..., 9], (166)
where we let g := VF(x9) and VFF (2 + tv)[-,...,] is the k-linear form induced by the k*'-derivative of F.
From equality (166) we obtain
W = L v @ 1 gk e (IVE@)
‘@ (t)‘ = IF |V*F (o + tv)]g,...,q]| < IF | V*F (20 +tv)”op lgl™ < I Ly, (167)
1 1 1

where in (a) we use the Cauchy-Schwarz’s inequality (Lemma H.3) while in (b) we use (166) and the fact that
V" F is L,-Lipschitz continuous for any 7 € [p] which implies that V*F is bounded in operator norm as long as
k > 2 (see Lemma H.14 for the case k = 2). Hence, if we define M}, := sup,c(g o }ga(k)(t)‘ we have, by (167),

[VE(zo)l

k
) L 1 < 400, (168)
Ly

M, < <
since Ly > 0 for all k € [p] and

1 1
M; = sup |¢'(t)] = sup |(VF(zg+tv),v)| = o sup (VF(zo + tv), VF(xo))| > I ||VF(:£0)||2. (169)

te(0,2] te(0,2] 1 tef0,2]
Additionally,
My := sup |p(t)] £ sup (F(zo +tv) — F*) 2 F(zg) — FIf < oo, (170)
te[0,2] te[0,2]

where (a) follows from F > F'™ while (b) follows from Lemma H.18 since F is continuously differentiable and
has L;—Lipschitz gradients.

Then for any k € [p], since the function ¢ is k +1 > 2 times continuously differentiable over R and because the

{Me}yeqo,... py are all finite from (168) and (170) then, by the Landau-Kolmogorov’s inequalities (Lemma H.17),
" My e
k41 k+1
My < ¢ M, max{2k(k+1)!,2 MO} , (171)
where ¢ = ¢1,+1 = (k + 1)? is an universal constant depending only on k (by Lemma H.17). From the

inequalities (168) and (169), (170) along with (171) we obtain

1 ok F k1 E+T 1
- IV E(20)|* < ex (F(x0) — F™) ™7 max ((”V (x0)> 25 . ) 2Mg !
1

Ly k+1)!
e N
Ck nfy F/E Ly 2Ly (F(z0) — F™) ™
= 2 (F(xo) - F |V F(z0)|| max ’ ’
I ( ) 2w [(k + 1)) [V F(zo)|l
which simplifies to
1 . 1
) I L;:rl 214 (F(.’Eo) — Fll'lf) REFI
IVF (o)l < ex (F(o) — F™) ™" max :
( ) 2 (k4 ) IVE@o)]

and leads to the desired inequality. 0



[ I B N N N

10

Heavy-Tailed Stochastic Nonconvex Optimization

Algorithm 5: SGD-MVR (SGD with MVR)

Initialization:
zo € R?, the starting point
T > 0, the number of iterations
go € R?, an initial vector
v > 0, the stepsize
a € (0,1], the momentum parameter for MVR

T1 < To — 790
Fort=1,2,...,T—1do
// Apply MVR.
gt < (L= a) (ge—1 + Vf (21,&) = VI (21-1,&)) + aV f (24, &)
// Do one descent step.
Ti41 S Ty — VGt
Output: =7

I ADDITIONAL ANALYSIS IN THE CASE p=q¢=2

In this section, which is of independent interest, we study regular, not normalized, SGD with Momen-
tum Variance Reduction (SGD-MVR). This method is the original one by Cutkosky and Orabona (2019),
where it is called STORM. The method is shown as Algorithm 5. We show that in the case p = ¢ = 2, it
achieves the same optimal complexity as NSGD-MVR. That is, normalization is not required in this particular case.

Theorem 1.1. Under Assumptions 2.1 to 2.3 and 2.7, with p = q = 2, let the initial gradient estimate go be
given by

1 Binit—1
90 =5 Vf(zo,0,5)
init 1
2
with Binjt = max {1, Z—;}, momentum parameter o = min {1, j—;}, stepsize v = H57\}M Then Algorithm 5
1 T

s guaranteed to find an e-stationary point with total sample complezity

2
071 (L1 + 5)A 5AO’1
o (2 + e2 + ] :

Proof. Let t > 1. We have the descent lemma

F(a') < F(a'™Y) + (2t — 27, VF(2'h) + g |* — 9:“1”2
=F(z'™Y) —ylg;_1, VF(z' 1)) + L [|=" — mt_lHZ

2
L
= Fa™) 4 3 s = VFG ] = FIVEE " = Sllgenl® + 5 flat — 2|

L 1
=+ s = VPG = TITFE I+ (5 g ) e -

Therefore, denoting by F;_; the filtration o(go, &1, - -+, &—1), we have

E[F(a') — F™ | Fioq] < F(a'™') — F™ - % [VE Y| + % |gi—1 — VF(=H)|”

L 1 t_ t—1]|2
+(2 2V>Hx 21
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We need to control the deviation Hgt,1 - VF(xtfl)Hz, that will appear in the Lyapunov function. So, let us

study E Hgt - VF(JZt)”2 ‘ Fi—1|. From a bias—variance decomposition, we have
2
E [Hgt - VF(xt)H ’ ‘7:,5_1}

=E[[|Vf@' ) - VF@") + (1= a) (g — VI L) || Fod
=(1-0a)? g1 - VF@E'Y|
)

+E[[|Vf(ate") = VF@') + (1 - a)(VF@' ™) = Vf@' ) |*| Fioa
= (1= aP[lge = VEG
+E [[la(VF(a', &) = VF@)) + (1 - o) (VI ,€) = VE(') = V('™ &) + VE@E ) || Fioi

< (1-a)? g1 — VF(zH)H +20°E [||Vf(a',€) = VF@)|* | Fot]
+2(1 - B [||V/(a',€") - VF(@') - Vf (') + VFE || Fioa
< (1-a)? g1 — VF(2'1) H +20%07 4 2(1 — @)%6° |2t — 1)
We introduce the Lyapunov function
H' = F(a') = F™ 4 L |l = V().
We have
E[H| Fia] < F@ ™) = F = | VFE | + 2 [lgi-1 = VF )|

+(§;>Emﬁflf‘ﬂ4}

+(1—a)? PY Hgt 1— VF(x || + yao?
(1- ) 2
e [Hz P F
< Pzt — pinf — HVF (1 ||2+fyoz0%

+( +(1-a) )7”9# 1 — VF(2'™ 1)”2

(3mg Rl e 5]

We have o + (1 — a)? < a+ (1 — @) = 1. A sufficient condition for & — % + % <0is

1
<
Ll +5\/§$§a)

Assuming now that this condition holds, we have

E[H| Fioa] S H'™ = 2| VF@E)* +ya0t. (172)
Let T > 1. Unrolling the recursion, we have
T-1
> (FE[IVF@)|] - va0?) < A+ LE [|lg° - VPG, (173)
=0

so that

Y E[IvEE) }<*+2w+ E|[ls* - vF@E")|’]. (174)

t=0
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We form ¢ as an unbiased estimate of VF (") using a minibatch of size Bi,j;. Hence E [Hgo — VF(a2) ||2] < o

Binit
and
T-1
1 2 2A 1 9
T;E{HVF(OE)H } ST <2a+aBmitT) o7 (175)
We interpret the left-hand side as E {HVF(@‘T)HQ} for 27 chosen uniformly at random in z°,...,z7~!. Hence,
. . . 2 1 _ o?
given € > 0, with a = mln{l, a—%}, v = W, Binis = o1 = max {1, E—;}, we have
2A 2
E[[VFGED|| < = (L +001e7Y) + 262+ L. (176)
With T = max (‘;—E, 2A (L1<€_2 + 6015_3)), we have %% < ¢? and % (L1 + 505_1) < €2. Hence,
E[[vFED|*] <4e2, (177)

2
with Bt +2(T—1) = O (Z—; + w + %) stochastic gradient evaluations. O
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J EMPIRICAL EVALUATION

To validate our theoretical findings and provide valuable intuition regarding the behavior and stability of the
proposed algorithms, we conduct a series of synthetic experiments. These experiments evaluate convergence
trajectories, the necessity of our double-clipping mechanism, and how algorithmic complexity scales with the
heavy-tail index p.

J.1 Experimental Setup

We consider the minimization of a highly ill-conditioned quadratic objective F(x) = %xTAx, where A € R4x4
is a diagonal matrix with A; ; = 0.01 and A;; = 1 for ¢ > 1, and dimension d = 10. To simulate heavy-tailed
noise under the p-BCM assumption (Assumption 2.3), we inject synthetic noise into the exact gradients and
Hessian-vector products. Specifically, the noise vectors are drawn from a symmetric Pareto-like distribution
generated via s - (u'/? — 1), where u ~ U(0,1) and s ~ {—1,1} uniformly. This ensures that the noise has an
infinite variance when p < 2, strictly adhering to our theoretical noise model.

J.2 The Necessity of Double-Clipping and Algorithmic Stability

f — e
100 N
X
« —— D-clip-NSGDHess\N,
= = NSGDHess
= clip-SGD
==+ NSGDM
— - clip-NSGDM
10~ NSGD-MVR o
—— D-clip-NSGD-MVR
0 200 400 600 800 1000
Iteration, t
p=1.1 p=1.5 p=2.0
= D-clip-NSGDHess = D-clip-NSGDHess = D-clip-NSGDHess
3.01 —. Clipped NSGDM 3.01 \ —. Clipped NSGDM 3.01 —. Clipped NSGDM
251 ++ D-clip-NSGD-MVR 25, A ++++ D-clip-NSGD-MVR 251 ++ D-clip-NSGD-MVR
—_ 20 1 20 4
X
T 154 1.57
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Figure 1: Top: Convergence trajectories of F'(x;) over T = 1000 iterations for p = 1.1. Solid/dashed lines
represent the mean over 20 independent runs, and shaded regions denote the standard deviation. Bottom:
Algorithm performance across different tail indices p € {1.1,1.5,2.0}. Hyperparameters are scaled strictly
according to their respective theoretical optimal rates.

In our first experiment (Figure 1, Left), we fix the tail index to p = 1.1 (an extreme heavy-tailed regime)
and compare our proposed double-clipped methods (D-c1ip-NSGD-MVR and D-c1ip-NSGDHess) against standard
clipped SGD Zhang et al. (2020), clipped NSGD with momentum (clip-NSGDM (Cutkosky and Mehta, 2021; Liu
et al., 2023)), and their unclipped counterparts. We run 7' = 1000 iterations and average the results over 20
independent trials.
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The results clearly demonstrate the necessity of clipping in this regime: unclipped methods (NSGDM (Cutkosky
and Mehta, 2020; Hiibler et al., 2025) and NSGD-MVR) fail to converge and exhibit severe instability, eventually
diverging. In contrast, all clipped variants successfully decrease the objective. Notably, our proposed D-clip-
NSGD-MVR and D-clip-NSGDHess exhibit the fastest and most stable convergence, validating the theoretical
benefit of combining variance reduction or Hessian-correction with our proposed double-clipping mechanism.

Next, we evaluate the performance of these algorithms across a spectrum of heavy-tailed noise distributions
by varying the tail index p € {1.1,1.5,2.0} over T = 4000 iterations (Figure 1, Right). Crucially, to test
our theoretical bounds, the stepsize v, momentum parameter «, and clipping thresholds for each method are
scaled strictly according to the theoretically optimal T-dependent exponents derived in our main theorems. The
results confirm our theoretical characterizations: in the most challenging regime (p = 1.1), D-c1ip-NSGD-MVR
significantly outperforms the standard c1ip-NSGDM (Cutkosky and Mehta, 2021; Liu et al., 2023) baseline. As
p — 2.0 (approaching the standard bounded variance setting), the gap between the methods narrows, and all
algorithms exhibit rapid, stable convergence.

J.3 Theoretical vs. Empirical Complexity Scaling

Complexity vs. Tail index p

- v 10000 = D-clip-NSGDHess
e8]\ \ —— Second-order —— Clip NSGDM
\‘ \\ = First-order = D-clip-NSGD-MVR
&7 — 2-WAS 8000
\
>
= o
1% 8
2 £ 6000
o o
g 2
[S)
&) 4000
2000
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Tail index p Tail index, p

Figure 2: Left: Theoretical complexity O(¢~¢) vs. tail index p. The y-axis represents the exponent c of e.
Right: Empirical iterations required to reach a target suboptimality F(z;) < 1.2 across different tail indices
p. The empirical performance perfectly mirrors the theoretical scaling, demonstrating that D-clip-NSGD-MVR
(2-WAS) provides the most robust acceleration in severe heavy-tailed regimes (p < 2).

To further illustrate the robustness of our analysis, we investigate how the heavy-tail index p explicitly im-
pacts sample complexity. We compare three distinct regimes: standard first-order optimization (c1ipNSGDM,
(Cutkosky and Mehta, 2021; Liu et al., 2023)), second-order optimization (D-c1ip-NSGDHess), and first-order
optimization with variance reduction under the 2-WAS assumption (D-c1ip-NSGD-MVR).

Theoretical Scaling: In the left panel of Figure 2, we plot the theoretical complexity exponents ¢ for the
bound O(e~¢) as a function of the tail index p € (1,2]. As expected, in the bounded variance regime (p = 2),
the standard first-order method requires O(¢~%), while both the second-order method and the 2-WAS variance-
reduced method achieve the optimal O(e~3) complexity. However, as the noise becomes increasingly heavy-tailed
(p — 1), the required complexity approaches infinity across all methods. Notably, the theoretical curves reveal
that under the 2-WAS assumption, our variance-reduced method (D-clip-NSGD-MVR) achieves a strictly better
polynomial dependence on € than even the second-order method for all p < 2.

Empirical Validation: To validate these theoretical scaling laws empirically, we track the exact number of
iterations required for each algorithm to reach a fixed suboptimality threshold (F(x;) < 1.2) as we vary p from
1.1 to 2.0 (Figure 2, Right). The empirical results perfectly mirror the theoretical predictions. clip-NSGDM
consistently requires the most iterations to converge. Furthermore, the empirical iteration count confirms the
exact crossover phenomenon predicted by our lower bounds: D-c1ip-NSGD-MVR requires fewer iterations than the
second-order D-c1ip-NSGDHess in the severe heavy-tailed regime (p < 2). This compellingly demonstrates that
variance reduction under the 2-WAS assumption is a highly effective mechanism for accelerating convergence
under extreme noise, completely aligning with our established theory.
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