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Abstract001

Small Language Models (SLMs) offer substan-002
tial cost efficiency but often struggle with com-003
plex reasoning tasks due to their limited param-004
eter capacity. While methods such as Chain-005
of-Thought (CoT) and ReAct have proven ef-006
fective for Large Language Models (LLMs),007
their effectiveness remains limited in the con-008
text of SLMs. Tree of Thoughts (ToT) enhances009
reasoning by enabling multi-path exploration,010
but poses practical limitations for SLMs due011
to its high computational overhead and lim-012
ited extensibility for external tool integration.013
In this paper, we propose an Efficient Struc-014
tured Reasoning Framework via Dynamic DAG015
Construction to enhance the reasoning capabil-016
ities of SLMs. Inspired by cognitive insights,017
the framework modularizes human problem-018
solving into “Atomic Thinking” components019
and dynamically reassembles them into a task-020
specific Directed Acyclic Graph (DAG), effec-021
tively pruning the reasoning search space. In022
addition, the framework compensates for the023
inherent limitations of SLMs by augmenting024
them with external knowledge through a mod-025
ular architecture that supports node-level tool026
integration. Applied to 20B-scale SLMs, our027
framework achieves GPT-4o-level performance028
across various benchmarks with an average029
of seven model calls per problem, and outper-030
forms ToT in both token efficiency and infer-031
ence speed under equal accuracy. The code is032
available at : an anonymous repository.033

1 Introduction034

Recent research has demonstrated human-level lan-035

guage understanding and reasoning capabilities036

through LLMs like GPT-4 (OpenAI, 2023; Bubeck037

et al., 2023). However, these massive models are038

accompanied by practical constraints, including im-039

mense computational requirements (FLOPs), high-040

cost GPU infrastructure, and significant inference041

latency (Kaplan et al., 2020). Given these con-042

straints, and the increasing demand for on-device043

AI and real-time inference systems, SLMs are 044

gaining traction as a practical alternative, offer- 045

ing markedly improved computational efficiency 046

compared to LLMs (Liu et al., 2024b; Erdogan 047

et al., 2024; Chen et al., 2025a; Belcak et al., 2025). 048

Nevertheless, SLMs often struggle to achieve suf- 049

ficient performance on high-level reasoning tasks 050

such as mathematical problem solving or formal 051

logical reasoning. Previous work has characterized 052

these advanced reasoning capabilities as emergent 053

Abilities, which appear only after a model reaches 054

a critical scale. This has led to the conventional 055

understanding that SLMs, which fall below this 056

critical threshold, lack the structural capacity to 057

perform complex reasoning (Wei et al., 2022a; Liu 058

and Low, 2023). 059

Conversely, recent research trends challenge this 060

conventional view and suggest new possibilities. 061

In particular, it has been shown that increasing 062

inference-time compute, rather than merely scal- 063

ing up model parameters, can lead to consistent 064

improvements in performance (Snell et al., 2024; 065

Wang et al., 2023; Brown et al., 2024). This 066

paradigm, collectively referred to as Test-time Scal- 067

ing (TTS) (Zhang et al., 2025), dynamically allo- 068

cates additional computational resources at infer- 069

ence time in response to the difficulty or reasoning 070

complexity of a given problem, without requiring 071

further model training. 072

Within this context, the field of LLM research 073

has explored a wide range of approaches for solv- 074

ing complex problems, spanning from prompting 075

strategies to structured search frameworks. Chain- 076

of-Thought (Wei et al., 2022b) explicitly articulates 077

intermediate reasoning steps in natural language 078

to enable step-wise problem solving. ReAct (Yao 079

et al., 2023b) synergizes reasoning and acting to 080

enhance the model’s ability to utilize external tools. 081

Tree of Thoughts (Yao et al., 2023a; Long, 2023) 082

enables exploration over multiple reasoning paths 083

by representing alternative hypotheses, and Graph 084
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of Thoughts (GoT) (Besta et al., 2024) extends this085

capability by structuring the reasoning process as086

a graph, allowing for the aggregation and iterative087

refinement of intermediate thoughts.088

Specifically, ToT is considered to be a robust089

test-time scaling approach that significantly en-090

hances model capabilities by enabling multi-path091

exploration and backtracking (Yao et al., 2023a;092

Long, 2023). However, direct application of ToT to093

SLMs presents two fundamental challenges: scala-094

bility and efficiency. First, ToT primarily relies on095

the model’s internal knowledge, operating within096

a closed-system reasoning approach. This inher-097

ently limits its modular extensibility for active in-098

tegration of external tools, such as search engines099

or calculators. Second, ToT performs exploration100

based on the language model’s probabilistic sam-101

pling, consuming tens to hundreds of times more102

tokens than a single inference (Yao et al., 2023a).103

To address these issues, this work proposes an ef-104

ficient structured test-time scaling framework that105

explicitly avoids indiscriminate reasoning expan-106

sion. Rather than relying on probabilistic sampling-107

based exploration as in ToT, we leverage prior108

knowledge grounded in cognitive science literature.109

Specifically, we define the elementary cognitive110

operations that constitute human problem-solving111

as units of Atomic Thinking, and reorganize them112

as a dynamic DAG that flexibly supports both se-113

quential and parallel reasoning. This structured114

reasoning design guides SLMs to follow a more115

efficient reasoning path that ensures logical coher-116

ence while minimizing unnecessary exploration117

costs. Furthermore, by modularizing each node118

as an independent functional unit, the framework119

facilitates seamless integration with external tools120

and provides a reasoning system that is extensible121

across diverse tasks, even under limited parameter122

capacity.123

Our main contributions are as follows:124

1. Reasoning Enhancement for SLMs: We pro-125

pose a structured reasoning framework for126

SLMs that efficiently utilizes limited computa-127

tional resources, and provides a JSON-based128

execution trace, ensuring high transparency129

and interpretability.130

2. Competitive Benchmark Performance: Exten-131

sive evaluations show that a 20B-parameter132

SLM equipped with our framework achieves133

performance comparable to or surpassing134

GPT-4o (OpenAI, 2024), particularly on math- 135

ematical and causal reasoning tasks. 136

3. Tool Scalability: A modular node-based 137

design allows flexible integration of exter- 138

nal tools, effectively mitigating the inherent 139

knowledge limitations of SLMs. 140

2 Method 141

We propose a reasoning framework for SLMs draw- 142

ing on cognitive insights into human problem- 143

solving, which constructs structured reasoning 144

traces in the form of a DAG. 145

2.1 Cognitive Prior Knowledge and Atomic 146

Thinking Library U 147

To achieve optimized test-time scaling in SLMs, 148

it is crucial to formalize core reasoning primi- 149

tives that guide efficient inference while avoiding 150

the inefficiencies of stochastic exploration. Draw- 151

ing from cognitive science literature, we identi- 152

fied core reasoning patterns indispensable for hu- 153

man problem-solving and defined these as Cogni- 154

tive Prior Knowledge. We then implemented this 155

knowledge as Atomic Thinking units, represented 156

as executable functions f . 157

The collection of these functions constitutes the 158

Atomic Thinking Library U , where each Atomic 159

Thinking unit f ∈ U modularizes an abstract cog- 160

nitive strategy into a concrete input–output schema. 161

Such a unit can be implemented either as a system- 162

prompt-based function for specific inferential tasks 163

or as a code module encompassing API calls and 164

computational logic for external tool integration. 165

These units serve as independent nodes within a 166

DAG, ensuring that the model operates within a val- 167

idated reasoning framework rather than searching 168

an unstructured space. The library U is categorized 169

into five functional groups based on their cognitive 170

roles in Table 1. 171

2.2 Reasoning Framework via Dynamic DAG 172

Construction 173

This section details our framework’s mechanism 174

for constructing and executing task-specific DAG 175

from library U in Figure 1. 176

2.2.1 Problem Analysis and DAG 177

Construction 178

The type and complexity of the input X , a natu- 179

ral language query or problem instance, are ana- 180

lyzed to establish strategic planning for problem 181
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Figure 1: Our framework dynamically assembles task-specific Directed Acyclic Graph from the Atomic Thinking
Library U and executes them through topological sorting. It employs a Markovian context aggregation mechanism
to maintain logical consistency while ensuring token efficiency throughout extended inferential processes.

Group Description

Structural
Decomposition
(G1)

Implements Pólya’s (Pólya, 1945) Un-
derstanding the Problem and Devis-
ing a Plan phases as discrete prompts
to prevent premature intuitive reason-
ing.

Directional
Reasoning (G2)

Modularizes deduction and induc-
tion into discrete prompts based on
Johnson-Laird (Johnson-Laird, 2010)
to guide logical reasoning.

Contextual
Reasoning (G3)

Drawing on Theory of Mind (ToM)
from Kosinski (Kosinski, 2023) and
Premack & Woodruff (Premack and
Woodruff, 1978), it implicitly infers
intent and context.

Causal
Reasoning (G4)

Performs association, intervention,
and counterfactual reasoning based
on Pearl’s Hierarchy of Causality
(Pearl, 2009).

External
Knowledge
Retrieval (G5)

Consists of specialized nodes for ex-
ternal tool use (e.g., Web Search,
RAG (Lewis et al., 2020)) to over-
come parametric knowledge limita-
tions.

Table 1: Categories of Atomic Thinking Library defined
in our framework.

solving. At this stage, from an Atomic Thinking182

Library U = {f (1), . . . , f (m)}, a subset S ⊆ U of183

functions required to solve the input X is selected.184

These functions are arranged according to logical185

dependencies to generate a Directed Acyclic Graph186

G = (V,E). E is a set of directed edges represent-187

ing logical dependencies between nodes, where188

(vi, vj) ∈ E indicates that the execution of the189

subsequent node vj conditionally depends on the190

output of the preceding node vi. In this context,191

considering that the same type of thinking may be 192

used multiple times depending on the context, each 193

node vi ∈ V is defined as a tuple of Function and 194

Reasoning Intent: 195

vi = ⟨fi, ri⟩. (1) 196

Here, fi ∈ S denotes the Atomic Thinking function 197

to be executed, and ri describes the reasoning intent 198

required at that step. The detailed system prompt 199

is provided in Appendix A.1. 200

2.2.2 Topological Execution and Markovian 201

Context Aggregation 202

The generated graph G is converted into a linear 203

execution sequence T = (v1, v2, ..., vN ) through 204

topological sorting. To maximize token efficiency, 205

our framework adopts a Markovian approximation 206

(Sutton and Barto, 2018), assuming that the reason- 207

ing at the current step depends only on the states 208

of its immediate predecessor nodes rather than the 209

entire history H<t = {(vτ , oτ )}τ<t. Specifically, 210

the Local Context Ct at execution time t is defined 211

as the aggregation of outputs from the predeces- 212

sor nodes directly connected to the current node vt 213

within the graph: 214

Ct = ⊕vk→vtok (2) 215

where ok denotes the execution result of node vk, 216

and ⊕ represents an aggregation operator that con- 217

catenates or synthesizes prior outputs into a co- 218

herent state. This process leverages SLM-based 219

summarization to unify previous reasoning results 220

into a single condensed contextual state. Accord- 221

ingly, the execution of an Atomic Thinking unit 222

3



and the probability of its output generation are ap-223

proximated by assuming conditional independence224

as follows:225

P (ot | H<t) ≈ P (ot | Ct, ft, rt) (3)226

In this mechanism, Ct functions as a sufficient227

statistic that encapsulates the essential information228

of all preceding steps. By referencing only the229

localized state Ct instead of the full history, the230

framework prevents information overload while231

ensuring that past contextual information is con-232

densed and transmitted. This serves as a core mech-233

anism for maintaining the logical consistency even234

throughout extended inferential processes. Upon235

completion of all sequences, the framework synthe-236

sizes the accumulated reasoning steps to generate237

the final answer Y . The resulting full reasoning238

trace H = {(vt, ot)}Tt=1 serves as an explainable239

reasoning trace that demonstrates the logical basis240

for the conclusion.241

2.3 Modular Design for Scalable Tool242

Integration243

To overcome the limitations of internal parametric244

knowledge and augment reasoning with external245

information, our framework integrates Specialized246

Nodes for Tools. In particular, we ensure the gen-247

eral scalability of the framework by varying the248

configuration of necessary tool nodes according to249

the specific requirements of each task.250

2.3.1 Web Search Node for Open-Domain251

Reasoning252

When up-to-date information or external fact-253

checking is required, the task is processed by con-254

structing a Sequential DAG consisting of five spe-255

cialized nodes to maximize search quality and256

relevance: Generate Search Motivation, Search257

Keyword Extraction, Search Execution (Wikipedia258

API), Title Selection, and Summarization. As all in-259

termediate outputs are fully recorded in the reason-260

ing trace, the search process is embedded within the261

reasoning trace, rather than treated as an indepen-262

dent pipeline, with context shared across preceding263

and subsequent nodes. The detailed functionalities264

of these nodes are described in Appendix A.2.265

2.3.2 Memory Retrieval Node for266

Long-Context and Recall267

For memory recall tasks that require retrieving268

specific historical information, the Atomic Think-269

ing Library U is configured to include a Mem-270

ory Search Node. This node adopts a Retrieval- 271

Augmented Generation approach (Lewis et al., 272

2020) to overcome the limitations of the model’s 273

finite context window. Upon node execution, the 274

input query is transformed into a high-dimensional 275

vector, and the top-k most semantically relevant 276

knowledge chunks are retrieved from a pre-indexed 277

embedding-based vector database. The retrieved in- 278

formation is immediately integrated into the gener- 279

ation input context, enabling the stored knowledge 280

to be effectively utilized in the ongoing reasoning 281

process. 282

3 Experiments 283

3.1 Experiment setup 284

Models. The proposed framework requires reli- 285

able instruction-following capability and structured 286

JSON-based outputs. Based on prior findings that 287

models below 10B parameters lack such capabili- 288

ties (Liu et al., 2024a), we adopt gemma-3-27b-it- 289

qat-q4_0-gguf (Gemma Team, 2025) and Mistral- 290

Small-3.2-24B-Instruct (Mistral AI, 2025) as back- 291

bone SLMs. Mistral-Small-3.2-24B-Instruct is exe- 292

cuted under a 4-bit quantization setting. 293

Benchmarks. To comprehensively evaluate the 294

reasoning capabilities of the models, we utilize 295

six diverse benchmarks. Mathematical reasoning 296

is assessed using the test set of MATHQA (2,985 297

questions) (Amini et al., 2019) and AIME (Com- 298

mittee, 2025), which consists of 30 problems from 299

a high-difficulty U.S. mathematics competition. 300

Causal reasoning is evaluated with CounterBench 301

(Chen et al., 2025b), which consists of 1,000 ques- 302

tions covering four types of counterfactual reason- 303

ing. For an in-depth assessment of commonsense 304

and open-domain reasoning, we use StrategyQA 305

dataset (Geva et al., 2021), which contains 2,290 306

questions, and the QA subset of CoLoTA (Toroghi 307

et al., 2025), consisting of 1,739 questions. Fi- 308

nally, we evaluate long-term memory recall and 309

long-context reasoning capabilities using LoCoMo 310

(Maharana et al., 2024), a long-conversation bench- 311

mark, with the QA subset (ID 1; 199 questions). 312

Baseline. To validate our framework, we cat- 313

egorized the baselines into three groups. First, 314

Standard Reasoning Strategies include Zero- 315

shot (question-only input) and Chain-of-Thought 316

Prompting (Wei et al., 2022b; Kojima et al., 2022). 317

Second, we selected advanced frameworks such as 318

ReAct (Yao et al., 2023b) and Tree of Thoughts 319

(Yao et al., 2023a). All hyperparameters followed 320
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Model Method MATHQA AIME2025 CounterBench StrategyQA CoLoTA

Gemma

Zero-shot 0.3776 0.1777 0.5131 0.5642 0.4030
CoT Prompting 0.3696 0.1444 0.5190 0.5577 0.3565
Tree of Thoughts 0.8526 0.2502 0.7590 0.6520 0.5950
ReAct 0.6191 0.0667 0.6637 0.6278 0.6130
Ours 0.8411 0.2670 0.7380 0.6664 0.6222
Ours (+Web) 0.8010 0.2333 0.7380 0.7576 0.6504

Mistral

Zero-shot 0.2178 0.0333 0.5440 0.5483 0.4687
CoT Prompting 0.2916 0.0667 0.6400 0.6289 0.4903
Tree of Thoughts 0.8110 0.0834 0.7020 0.6750 0.5555
ReAct 0.3031 0.0333 0.6430 0.6149 0.5265
Ours 0.8111 0.1167 0.7520 0.7485 0.5934
Ours (+Web) 0.8139 0.1167 0.7450 0.7524 0.6527

Table 2: Main Results: Performance Comparison. The best scores are in bold, second-best scores are underlined.

MATHQA AIME2025 CounterBench StrategyQA CoLoTA

GPT-4o(Nov 24) 0.3853 0.1000 0.6243 0.7581 0.6600

Gemma + Ours 0.8411 0.2670 0.7380 0.6664 0.6222
Gemma + Ours (+Web) 0.8010 0.2333 0.7380 0.7576 0.6504
Mistral + Ours 0.8111 0.1167 0.7520 0.7485 0.5934
Mistral + Ours (+Web) 0.8139 0.1167 0.7450 0.7524 0.6527

Table 3: Performance comparison with GPT-4o(Nov 24).

validated, competitive settings from existing liter-321

ature to focus on structural comparison. Finally,322

GPT-4o(Nov,24) (OpenAI, 2024) was included to323

assess the performance gap against frontier models.324

Detailed hyperparameters and configurations for325

each baseline are provided in Appendix B.1.326

Evaluation Metric. Model performance is re-327

ported as the mean accuracy (ACC) over two runs,328

and all experiments are performed on an RTX329

A6000 GPU.330

3.2 Main Results331

3.2.1 Comparison with Existing Reasoning332

Enhancement Methods333

We evaluated our framework against four major334

methodologies—Zero-shot, CoT Prompting, ToT,335

and ReAct—using gemma-3-27b-it-qat-q4_0-gguf336

and Mistral-Small-24B-Instruct backbones in Ta-337

ble 2. Across all benchmarks, our framework con-338

sistently outperformed Zero-shot, CoT prompting,339

and ReAct. Notably, on MATHQA, Gemma-Ours340

(0.8411) and Mistral-Ours (0.8111) more than dou-341

bled their respective Zero-shot scores of 0.3776342

and 0.2178.343

Compared to ToT, our framework performs com-344

parably on mathematical and causal benchmarks,345

while achieving an absolute improvement of over346

10% on commonsense reasoning benchmarks. Un-347

like ToT, which is confined to the SLM’s internal348

deliberation and self-evaluation, our framework ex- 349

plicitly interacts with and integrates external knowl- 350

edge and contextual information into the reasoning 351

process. Consequently, our approach demonstrates 352

superior generalization not only in internal logi- 353

cal reasoning but also in tasks that require implicit 354

world knowledge. 355

3.2.2 Comparison with Large-Scale LLM 356

We further analyze whether the proposed frame- 357

work can achieve competitive performance against 358

a frontier model in Table 3. Notably, our frame- 359

work outperforms GPT-4o across several reasoning 360

domains. On MATHQA, Gemma-Ours (0.8411) 361

achieves more than a 2x improvement over GPT-4o 362

(0.3853), and on the causal reasoning benchmark 363

(CounterBench), it surpasses GPT-4o (0.7380 vs. 364

0.6243). On StrategyQA, Gemma-Ours (+Web) 365

(0.7576) attains performance comparable to GPT- 366

4o (0.7581). These results indicate that structured 367

test-time scaling can effectively mitigate perfor- 368

mance gaps arising from model scale differences, 369

enabling smaller models to achieve competitive 370

reasoning performance. 371

3.2.3 Efficiency Analysis 372

We evaluate the efficiency of our framework against 373

ToT (Yao et al., 2023a) in terms of the average per- 374

problem token usage, execution time, and number 375

of LLM calls. In mathematical reasoning tasks, dif- 376
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Figure 2: Accuracy and token efficiency comparison on mathematical benchmarks (AIME 2025 and MATHQA).
Results are shown for Gemma and Mistral backbones using our method (Ours) and Tree of Thoughts. The left
y-axis reports accuracy, and the right y-axis reports the average number of tokens per problem.

ferences in runtime and token consumption across377

reasoning frameworks tend to be particularly pro-378

nounced, as even problems with short final answers379

often require multi-step computations and explicit380

intermediate reasoning (Wei et al., 2022b). Indeed,381

ToT has been reported to incur substantially higher382

computational costs on mathematical tasks (Yao383

et al., 2023a).384

Token efficiency. Across both Gemma and Mistral385

backbones, our framework consistently uses fewer386

average tokens per problem than ToT while achiev-387

ing comparable accuracy levels in Figure 2.388

Execution time. At comparable accuracy levels389

(±1%), on the AIME benchmark with the Gemma390

backbone, our framework requires an average of391

239 seconds per problem, compared to 939 sec-392

onds for ToT, resulting in a 3.9× speedup. On the393

MATHQA benchmark with the Mistral backbone,394

our framework solves each problem in an average395

of 74 seconds, compared to 180 seconds for ToT,396

corresponding to a 2.4× speedup.397

LLM calls. Our framework requires an average of398

7–8 LLM calls per problem, compared to 25–26399

calls for ToT.400

Overall, these results show that our framework sig-401

nificantly reduces computational overhead while402

preserving strong reasoning performance. Detailed403

efficiency analyses and additional benchmark re-404

sults are reported in Appendix B.3.405

3.2.4 Scalability Analysis406

We conduct an analysis on the long-term mem-407

ory benchmark LoCoMo (Maharana et al., 2024).408

10 50 100 300
Number of Retrieved Dialogue Chunks (K)

40
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55
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65
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cu

ra
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%

)

Gemma (+ RAG)
Gemma + Ours (+RAG)
Mistral (+ RAG)
Mistral + Ours (+RAG)

Figure 3: Scalability of memory retrieval under long-
context conditions. Accuracy as a function of the num-
ber of retrieved dialogue chunks K.

As a preprocessing step, dialogue histories are 409

first encoded into semantic embeddings using 410

Sentence-BERT (all-MiniLM-L6-v2) (Reimers 411

and Gurevych, 2019), based on which a high- 412

dimensional vector database is constructed (Lewis 413

et al., 2020). We then progressively increase the re- 414

trieval size K ∈ 10, 50, 100, 300 to analyze mem- 415

ory retrieval and reasoning performance under long- 416

context conditions. 417

Figure 3 compares performance with and with- 418

out the proposed framework as the amount of re- 419

called context increases. When the context length 420

exceeds a critical threshold (K > 100), models 421

without the proposed framework exhibit substan- 422

tial performance degradation, indicating difficulty 423

in effectively integrating large volumes of retrieved 424

information. In contrast, models equipped with our 425

framework consistently maintain higher accuracy 426
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Setting MATHQA CounterBench StrategyQA

Zero-shot 0.3776 0.5131 0.5672

w/o G1 0.6693 0.7080 0.6279
w/o G2 0.8265 0.7305 0.6461
w/o G3 0.8294 0.7280 0.6397
w/o G4 0.8221 0.7230 0.6308

Full Framework 0.8318 0.7380 0.6664

Table 4: Impact of cognitive prior knowledge groups
(G1–G4) on reasoning performance. The Full Frame-
work achieves the best performance, while removing
Structural Decomposition (G1) results in the largest per-
formance drop across benchmarks.

under long-context settings. These results suggest427

that the proposed method goes beyond simply ap-428

pending retrieved chunks; instead, it enables robust429

long-context reasoning and memory retrieval by430

structurally connecting salient information across431

extended dialogue contexts while progressively fil-432

tering out irrelevant noise. Detailed experimental433

settings and evaluation protocols are provided in434

Appendix B.4.435

3.3 Ablation Study436

We conduct ablation studies of the cognitive prior437

knowledge groups and the web search node.438

3.3.1 Impact of Cognitive Prior Knowledge439

To evaluate the contribution of cognitive prior440

knowledge, we use the Gemma backbone on441

three benchmarks—MATHQA, CounterBench,442

and StrategyQA—and systematically remove each443

of the four Atomic Thinking groups (G1–G4), mea-444

suring the resulting performance changes shown445

in Table 4. The results show that performance re-446

mains above the zero-shot baseline even when indi-447

vidual groups are removed. However, removing G1448

(Structural Decomposition) leads to the largest per-449

formance drop across all benchmarks, suggesting450

that SLM failures are primarily driven by incorrect451

initial problem interpretation and strategy formula-452

tion. These results highlight that accurate problem453

definition and early-stage plan formulation are key454

determinants of model performance.455

3.3.2 Impact of Web Search Node456

We analyze the effect of incorporating the Web457

Search node using the results in Table 2. For math-458

ematical and causal reasoning tasks, which are pri-459

marily driven by internal logical reasoning, the460

inclusion of the Web Search node has a limited461

impact or even leads to slight performance degra- 462

dation, likely because the retrieved information in- 463

troduces additional noise. In contrast, for common- 464

sense reasoning tasks that require external knowl- 465

edge, the Web Search node serves as a decisive fac- 466

tor for performance improvement. Gemma-Ours 467

achieves a 9.1%p improvement on StrategyQA, and 468

Mistral-Ours gains 5.9%p on CoLoTA. These re- 469

sults indicate that integrating web search into the 470

reasoning process effectively compensates for the 471

limited internal knowledge of SLMs. 472

3.4 Interpretability 473

We compare the summarized reasoning processes 474

H generated by our framework with those pro- 475

duced by CoT and ToT on the same AIME 2025 476

problem in Figure 4. CoT (Wei et al., 2022b) rep- 477

resents reasoning as a single sequential text, which 478

often leads to error propagation, where mistakes in 479

intermediate steps carry over to later stages. As a 480

result, it becomes difficult to trace individual step 481

contributions or identify the root cause of errors. 482

ToT (Yao et al., 2023a) partially alleviates this lim- 483

itation by exploring multiple reasoning paths, but 484

it does not explicitly structure inter-branch depen- 485

dencies or global reasoning objectives. As a result, 486

redundant computations over symmetric cases may 487

occur, and inefficient backtracking is often required 488

after entering incorrect paths. 489

In contrast, our framework explicitly defines 490

reasoning objectives and inter-step dependencies 491

through prior problem analysis and dynamic DAG 492

construction. The reasoning process is composed 493

of goal-oriented Atomic Thinking units, enabling 494

direct monitoring of step-level success or failure 495

and their downstream effects. This structured 496

design allows the model’s decision-making pro- 497

cess to be explained in a human-interpretable man- 498

ner. More detailed qualitative analysis of the sum- 499

marized reasoning processes is provided in Ap- 500

pendix C.1. 501

3.5 Additional Analysis 502

In this section, we analyze the experimental re- 503

sults of existing reasoning enhancement methods 504

on SLMs to identify which reasoning strategies 505

are most effective. As shown in Table 2, CoT and 506

ReAct yield limited improvements over Zero-shot 507

prompting and underperform compared to ToT, in- 508

dicating that methods effective for LLMs do not 509

necessarily transfer reliably to SLMs. 510

Concretely, in CoT prompting, minor logical in- 511
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“We are given $12x^2 - xy - 6y^2 = 0$. 
Trying to factor: $4x(3x-y) + 3y(x-2y) = 0$. 
This doesn't seem to lead to a factorization. 
Instead, treat as quadratic 
in $x$: $12x^2 - yx - 6y^2 = 0$. 
Using quadratic formula: $x = (y \pm 17|y|) 
/ 24$. If  $y > 0$, then $x = 18y/24 = 3y/4$ or   
$x = -16y/24 = -2y/3$. 
Since $x, y$ are integers in $[-100, 100]$: 
For $x = 3y/4$, $y$ is multiple of 4. 
This gives 51 solutions. 
For $y < 0$, $x = -2y/3$. 
Let $y=3k$,  then $x=9k/4$ 

... 
This gives 17 solutions
The total number of solutions is $1 + 51 + 17 
= 69$.”

[Thought Generation]
Path A: “Factorization of $12x^2 - xy - 6y^2 = 0$.”
Path B: “Quadratic formula for $x$ in terms of $y$.”

...
[State Evaluation & Selection]

Evaluation: Path A looks complex. Path B is more systematic.
Selection: Expand Path B.

[Branching: Path B]
Sub-branch B1 ($y \ge 0$): $x = 3y/4, -2y/3$. Found 51 + 67 solutions.
Sub-branch B2 ($y < 0$): $x = -2y/3, 3y/4$. Found 67 + 51 solutions.
Note: Branch B1 and B2 are symmetric but calculated independently.

[Global Aggregation & Backtrack]
Current Sum: $51+67+67+51 - 3 (\text{double counted } 0,0) = 233$.
Critical Review: The count 233 exceeds range logic. Backtrack to Path A

[Late Discovery: Path A]
Factorized: “$(4x+3y)(3x-2y)=0$.”
Simplified Count: “$51 + 67 - 1 = 117$.”

...
Final Answer: “117"

[Problem Analysis and DAG Construction]
Selected Nodes: extract_corefacts, Deconstruct_Problem, Inductive_Abstraction ...
Execution Flow: extract_corefacts -> Deconstruct_Problem -> Inductive_Abstraction ...

[Reasoning Trace (Execution)]
[Extract_Core_facts] “Equation: $12x^2 - xy - 6y^2 = 0$. Range: $x, y \in [-100, 100]$..” 

       Factorization Strategy: $(4x + 3y)(3x - 2y) = 0$.
[Deconstruct_Problem] 

      1. “Analyze Case 1 ($4x+3y=0$).
      2. Analyze Case 2 ($3x-2y=0$).
      3. Aggregate and remove duplicates.”

[Inductive_Abstraction]
“Case 1: $y = -4x/3$. Let $x=3k, y=-4k$.

              Bounds: $-100 \le 3k \le 100$ and $-100 \le -4k \le 100 \rightarrow -25 \le k \le  25$.
              Count: $25 - (-25) + 1 = \mathbf{51}$.

Case 2: $y = 3x/2$. Let $x=2k, y=3k$.
              Bounds: $-100 \le 2k \le 100$ and $-100 \le 3k \le 100 \rightarrow -33 \le k \le 33$.
              Count: $33 - (-33) + 1 = \mathbf{67}$.

Aggregation : Total = $51 (\text{Case 1}) + 67 (\text{Case 2}) - 1 (\text{common solution } 0,0) =
\mathbf{117}$.      

...
Final Answer: “117”

Find the number of ordered pairs $(x,y)$, where both $x$ and $y$ are integers between $-100$ and $100$, inclusive, such that $12x^{2}-xy-6y^{2}=0$.

Tree-of-Thoughts (ToT)Let’s think step-by-step (CoT) Efficient Structured Reasoning Framework for SLMs (Ours)

       Logic Error        Wrong Answer        High Redundancy        Correct Answer        More Efficient Reasoning Path        Correct Answer

Trying to factor: $4x(3x-y) + 3y(x-2y) = 0$. 
This doesn't seem to lead to a factorization. 

Using quadratic formula: $x = (y \pm 17|y|) 
/ 24$. If $y > 0$, then $x = 18y/24 = 3y/4$ or
$x = -16y/24 = -2y/3$. 

For $y < 0$, $x = -2y/3$. 
Let $y=3k$, then $x=9k/4$ 

Evaluation: “Path A looks complex. Path B is more systematic.”
Selection: “Expand Path B.”

Current Sum: “$51+67+67+51 - 3 (\text{double counted } 0,0) = 233$.”
Critical Review: “The count 233 exceeds range logic. Backtrack to Path A”

Sub-branch B1 ($y \ge 0$): “$x = 3y/4, -2y/3$. Found 51 + 67 solutions.”
Sub-branch B2 ($y < 0$): “$x = -2y/3, 3y/4$. Found 67 + 51 solutions.”

Selected Nodes: “Extract_Core_Facts, Deconstruct_Problem, Inductive_Abstraction ...”
Execution Flow: “Extract_Core_Facts -> Deconstruct_Problem -> Inductive_Abstraction ...”

Factorization Strategy: $(4x + 3y)(3x - 2y) = 0$.”

Aggregation : Total = $51 (\text{Case 1}) + 67 (\text{Case 2}) - 1 (\text{common
solution } 0,0) = \mathbf{117}$.”

Figure 4: Comparison of summarized reasoning processes for the same AIME 2025 problem, highlighting structural
differences between CoT, ToT, and our framework.

consistencies introduced in intermediate reasoning512

steps can be amplified throughout the reasoning513

chain (Wei et al., 2022b), leading to error prop-514

agation issues that are particularly pronounced515

in SLMs. ReAct also exhibits limitations when516

the model’s intrinsic planning capability is insuffi-517

cient, causing it to fall into inefficient action loops518

that prevent the development of deeper reason-519

ing (Yao et al., 2023b). In contrast, ToT consis-520

tently achieves the strongest baseline performance521

across all benchmarks by decomposing problems522

into a tree, exploring multiple reasoning paths, and523

pruning unpromising branches (Yao et al., 2023a).524

These findings highlight structured reasoning as a525

key factor for effective reasoning in SLMs.526

4 Related Work527

LLM Reasoning Strategies. A variety of reason-528

ing strategies have been proposed to enhance the529

reasoning performance of language models, includ-530

ing Chain-of-Thought (Wei et al., 2022b; Kojima531

et al., 2022), Tree of Thoughts (Yao et al., 2023a;532

Long, 2023), and Graph of Thoughts (Besta et al.,533

2024). While these approaches attempt to guide534

intermediate reasoning processes through explicit535

prompting or search-based exploration, they gen-536

erally lack mechanisms to actively incorporate ex-537

ternal tools or interactions with the environment538

into the reasoning loop (Yao et al., 2023a; Long,539

2023). As a result, their applicability is limited540

in real-world scenarios where external information541

acquisition, such as search or API calls, is essential.542

To address these limitations, we propose a practical543

SLM reasoning framework that flexibly integrates544

tool usage into the core reasoning process.545

Agentic AI Frameworks. Agentic AI research has546

increasingly focused on enabling LLMs to solve 547

complex tasks through tool use. ReAct (Yao et al., 548

2023b) showed that coupling reasoning with action 549

allows models to leverage external information and 550

reduce hallucinations, while more recent work ex- 551

tends this line by enabling autonomous knowledge 552

management and research behaviors (Wu et al., 553

2025). At the same time, the rise of on-device AI 554

has driven active research on SLM-based agents 555

(Erdogan et al., 2024; Chen et al., 2025a; Khiabani 556

et al., 2025). However, these approaches mainly 557

emphasize stable tool usage and accurate function 558

calling under resource constraints, and remain lim- 559

ited in supporting high-level reasoning that fully 560

exploits parametric knowledge. Building on their 561

strengths in execution efficiency and tool robust- 562

ness, we propose a framework that enhances the 563

reasoning capability of SLMs for complex problem 564

solving. 565

5 Conclusion 566

In this work, we propose an Efficient Structured 567

Reasoning Framework for SLMs via Dynamic 568

DAG Construction, inspired by cognitive insights. 569

Experimental results show that, despite using only 570

a 20B-scale model, our approach outperforms GPT- 571

4o on mathematical and causal reasoning tasks, 572

while achieving higher efficiency than Tree of 573

Thoughts, thereby enabling practical test-time scal- 574

ing. These results indicate that performance im- 575

provements in SLMs are driven primarily by struc- 576

tured reasoning, and further suggest that such rea- 577

soning frameworks can serve as a key foundation 578

for future on-device AI systems aiming to achieve 579

high-level intelligence under strict resource con- 580

straints. 581
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6 Limitations582

The proposed Efficient Structured Reasoning583

Framework achieves substantial reasoning improve-584

ments for SLMs. However, several limitations re-585

main and warrant further investigation. One chal-586

lenge is that the reasoning scope of the framework587

remains bounded by a predefined Atomic Think-588

ing Library. Although these primitives cover broad589

reasoning patterns, they may lack the flexibility re-590

quired in scenarios that demand highly fine-grained,591

domain-specific reasoning or previously unseen592

cognitive strategies. This constraint could poten-593

tially be mitigated by extending the framework to-594

ward the dynamic generation of Atomic Thinking595

patterns conditioned on the problem context. The596

framework also has limitations stemming from its597

plan-then-execute paradigm, which may restrict598

real-time adaptation or plan revision during the ex-599

ecution stage. This static nature presents an oppor-600

tunity for incorporating meta-cognitive feedback601

mechanisms in future iterations. Such an exten-602

sion would allow the framework to dynamically603

calibrate its reasoning path based on intermediate604

execution outcomes, mirroring the iterative self-605

correction characteristic of human problem-solving.606

We believe that transitioning toward such an adap-607

tive architecture will be a crucial step in further608

enhancing the robustness of structured reasoning609

in SLMs.610
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A Implementation Details819

This appendix describes the implementation details of the proposed reasoning framework, including820

the system prompt for problem analysis and DAG construction and the design of specialized nodes for821

external tool integration.822

823

A.1 System Prompt for Problem Analysis and DAG Construction824

System Prompt

Task Description:
You are given the following problem: {{input_query}}
You have access to reasoning Actions ONLY from the following Atomic Thinking Library.

Atomic Thinking Library:

• Extract_core_facts – Identify only the essential facts and conditions of the problem.

• List_assumptions – Explicitly list all assumptions you’re making.

• Deconstruct_problem – Solve the problem by breaking it into concrete, executable steps and
carrying out each step in order.

• Deductive_synthesis – Start from the big picture and reason down to the details.

• Inductive_abstraction – Use small details to infer the overall structure or meaning.

• Trace_causal_chain – Lay out events in time order with cause-effect links.

• Map_causal_graph – Visualize causal links among key elements in a diagram.

• Simulate_counterfactuals – Imagine how outcomes change if conditions were different.

• Predict_social_behavior – Predict what a typical person would do in this situation.

Rules:

1. Only use actions from the list.

2. Select the actions that are most relevant for solving the problem.

3. Organize them as a directed acyclic graph (DAG) representing the reasoning flow.

4. Do NOT output any explanation or commentary. Only return pure, valid JSON.

5. Before finalizing, re-check that all rules are followed.

Output Format:

{
"nodes": [{"name": "...", "reason": "..."}],
"edges": [["node_a", "node_b"]]

}

825

In our framework, based on the analysis of the input problem, the required Atomic Thinking units826

are selected from the Atomic Thinking Library U and reassembled into a DAG that explicitly represents827

both the reasoning intent of each node and their logical dependencies. The Atomic Thinking Library U828

is a predefined set but can be flexibly extended by adding specialized nodes, such as web search nodes829

or memory retrieval nodes, to the library. This allows external tools to be integrated into the reasoning830

process without modifying the DAG construction logic. In addition, the JSON-based input–output831

interface enables stable and controllable execution throughout the reasoning pipeline while maintaining832

an interpretable structure.833
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A.2 Implementation Details of Web Search834

Nodes835

When external information or fact-checking is re-836

quired, the framework constructs a sequential DAG837

composed of multiple connected nodes rather than838

issuing a single search call. Each node corresponds839

to a specific step in the search process—such as840

search motivation generation, keyword extraction,841

search execution, document title selection and re-842

sult summarization—forming a coherent reasoning843

flow in Tabel 5. In our implementation, the node re-844

sponsible for search execution uses the Wikipedia845

API; however, this choice is interchangeable, and846

the search backend can be replaced by alternative847

search engines or knowledge sources without alter-848

ing the overall reasoning structure. Except for the849

search execution node, all other nodes are imple-850

mented as prompt-based reasoning modules exe-851

cuted by the language model.852

Importantly, the framework follows a design in853

which the search procedure is decomposed into854

multiple reasoning nodes, with intermediate out-855

puts recorded in the reasoning trace and shared856

with subsequent nodes. Under this design, external857

knowledge access is integrated as a structural com-858

ponent of the overall reasoning process, rather than859

as a single tool invocation, thereby enhancing the860

model’s reasoning capability.861

Node Type Description

Generate Search Motivation Generates explicit motivation
to align the search direction
with the reasoning objective.

Search Keyword Extraction Extracts core entities and
queries based on the gener-
ated motivation.

Search Execution Calls the Wikipedia API to ac-
quire candidate documents.

Title Selection Filters noise by selecting titles
matching the search motiva-
tion.

Summarization Refines selected text into es-
sential context for the reason-
ing path.

Table 5: Specification and functional roles of specialized
nodes for web search.

B Experimental Details862

B.1 Experimental Setup863

To ensure fair and reproducible comparison, all864

methods were evaluated under a unified inference865

setting with max_new_tokens=3000 and tempera- 866

ture=0.1 per call. 867

• CoT Prompting. CoT is a representative and 868

effective prompting technique for enhancing 869

the reasoning capabilities of large language 870

models. However, since few-shot CoT (Wei 871

et al., 2022b) requires intensive manual ef- 872

fort to craft task-specific exemplars, we adopt 873

zero-shot CoT (Kojima et al., 2022) instead. 874

By simply appending the prompt “Let’s think 875

step by step.” to the input question, this ap- 876

proach improves reasoning performance with- 877

out the need for explicit, human-authored 878

demonstrations. 879

• ReAct. ReAct (Yao et al., 2023b) follows 880

the implementation and prompt configuration 881

described in the original paper. The use of 882

the Wikipedia search engine is also consistent 883

with the original setup. The maximum number 884

of reasoning steps is set to 7, and if a final 885

answer is not produced within the allowed 886

steps, the most recently generated reasoning 887

output was used to determine the final answer. 888

• Tree of Thoughts. For ToT (Yao et al., 889

2023a), hyperparameters were calibrated 890

through preliminary experiments with the goal 891

of preserving its original reasoning capability 892

while maintaining a search scale comparable 893

to that of the proposed framework. Breadth- 894

First Search (BFS) is used as the exploration 895

strategy. We set Ngen = 3, Neval = 1, and 896

Nsel = 3, with the tree depth fixed to 3. 897

Prompts are adapted from those proposed in 898

the original ToT work and tailored to the spe- 899

cific requirements of each benchmark. 900

• Frontier Models. For comparison with large- 901

scale frontier models, GPT-4o(2024-11-20) 902

(OpenAI, 2024) is used, and GPT-5 (Medium) 903

(OpenAI, 2025) is additionally evaluated in 904

Table 6. 905

B.2 Additional Comparison with GPT-5 906

(Medium) 907

As shown in Table 6, GPT-5 (Medium) achieves 908

the highest overall performance across most bench- 909

marks, reflecting the strong reasoning capabilities 910

associated with large-scale parameterized models. 911
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MATHQA AIME2025 CounterBench StrategyQA CoLoTA

GPT-5 (Medium) 0.8885 0.3670 0.6860 0.7721 0.6768

Gemma + Ours 0.8411 0.2670 0.7380 0.6664 0.6222
Gemma + Ours (+Web) 0.8010 0.2333 0.7380 0.7576 0.6504
Mistral + Ours 0.8111 0.1167 0.7520 0.7485 0.5934
Mistral + Ours (+Web) 0.8139 0.1167 0.7450 0.7524 0.6527

Table 6: Performance comparison with GPT-5. Despite the model size difference, our method surpasses GPT-5 on
the CounterBench task. Best scores are shown in bold, and second-best scores are underlined.

Nevertheless, when the proposed framework is ap-912

plied to a 20B-scale SLM, the resulting model at-913

tains performance comparable to GPT-5 (Medium)914

on multiple tasks, and notably surpasses it on the915

causal reasoning (CounterBench) benchmark.916

These results demonstrate that structured reason-917

ing design can effectively enhance the reasoning918

performance of SLMs by efficiently leveraging test-919

time computational resources, and suggest that the920

performance gap arising from differences in pa-921

rameter scale can be partially mitigated without922

additional model scaling.923

B.3 Detailed Efficiency Analysis924

B.3.1 Comparison of Average Execution Time925

per Problem on Mathematical926

Benchmarks927

This analysis focuses on the AIME and MATHQA928

benchmarks, where differences in computational929

cost across reasoning frameworks tend to be most930

pronounced in Table 7. On MATHQA, our frame-931

work is consistently faster than ToT by a margin of932

several minutes across both the Gemma and Mis-933

tral backbones. On AIME, a substantial execution934

time gap is observed with the Gemma backbone,935

whereas the difference is relatively small with the936

Mistral backbone. This reduced gap can be at-937

tributed to the fact that, under the Mistral setting,938

both methods exhibit low accuracy, which leads to939

early termination of the ToT search process before940

a valid solution is found.941

Overall, these results indicate that the proposed942

framework can solve mathematical reasoning tasks943

with significantly lower computational cost than944

ToT when sufficient reasoning is required.945

B.3.2 Comparison of Average LLM Calls per946

Problem across All Benchmarks947

The average number of LLM calls per problem is948

compared in Figure 5. Across all benchmarks and949

both Gemma and Mistral backbones, the proposed950

framework consistently requires fewer LLM calls951

Model Benchmark Ours (sec) ToT (sec)

Gemma AIME 2025 239 939
MATHQA 64 474

Mistral AIME 2025 147 154
MATHQA 74 180

Table 7: Average execution time (seconds per problem)
comparison between our framework and ToT on math-
ematical reasoning benchmarks. Lower is better; bold
indicates the fastest method.

than ToT. In particular, our framework completes 952

each problem with an average of 7–8 LLM calls, 953

whereas ToT typically requires 25–26 calls. 954

This reduction can be attributed to our struc- 955

tured DAG-based reasoning design, which mini- 956

mizes unnecessary exploratory branching and en- 957

ables more efficient use of inference-time compu- 958

tation. The consistency of this reduction across 959

diverse benchmarks further indicates that the pro- 960

posed framework exhibits robust efficiency across 961

different tasks. 962

B.3.3 Comparison of Average Tokens per 963

Problem across All Benchmarks 964

Figure 6 illustrates the trade-off between reasoning 965

accuracy and computational cost across all bench- 966

marks. The x-axis denotes task accuracy (%), while 967

the y-axis represents the average number of tokens 968

consumed per problem. Each marker corresponds 969

to a benchmark result, where stars indicate the pro- 970

posed framework and circles denote ToT. Lines 971

connecting paired markers highlight the relative 972

token reduction achieved by our method at compa- 973

rable accuracy levels. 974

Across both Gemma and Mistral backbones, our 975

method consistently attains comparable or higher 976

accuracy while consuming fewer tokens, indicating 977

improved reasoning efficiency. 978
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B.4 Scalability Analysis Details979

• Preprocessing. For the memory retrieval980

task, we use the dialogue history associ-981

ated with ID 1 in the LoCoMo (Maha-982

rana et al., 2024). Each dialogue en-983

try is normalized and concatenated into a984

single textual string following the format:985

{speaker} : {text} [{date}]. These di-986

alogue strings are encoded into semantic em-987

beddings using Sentence-BERT (all-MiniLM-988

L6-v2) (Reimers and Gurevych, 2019) and989

stored in a high-dimensional vector database.990

• Evaluation. For question answering evalua-991

tion, we use the QA subset associated with ID992

1, which consists of 199 questions. Due to the993

nature of long-context memory retrieval tasks,994

correct answers may be expressed in diverse995

linguistic variations while preserving the same996

semantic meaning. Accordingly, performance 997

is measured by averaging the accuracy (ACC) 998

scores assigned by three human experts, who 999

judge whether each model output is semanti- 1000

cally equivalent to the reference answer. 1001

C Interpretability Details 1002

C.1 Comparison of Summarized Reasoning 1003

Processes across CoT, ToT, and Our 1004

Framework 1005

Figure 4 compares the summarized reasoning pro- 1006

cesses generated by CoT, ToT, and our framework 1007

on the same AIME 2025 problem. 1008

CoT begins reasoning without an explicit struc- 1009

tural analysis of the problem. Although it briefly 1010

attempts factorization, it quickly abandons this ap- 1011

proach and reformulates the equation as a quadratic 1012

in x, which is then solved using the quadratic for- 1013

mula. During subsequent handling of integer con- 1014
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straints, case distinctions and boundary conditions1015

are not systematically managed. Because the rea-1016

soning proceeds as a single linear text sequence,1017

early strategic decisions are not revisited, causing1018

intermediate judgment errors to propagate through1019

later steps. As a result, portions of the solution1020

space are omitted or miscounted, leading to an in-1021

correct final answer.1022

ToT mitigates some of these issues by generating1023

and exploring multiple reasoning paths in parallel,1024

including both factorization-based and quadratic-1025

form approaches. However, since inter-branch de-1026

pendencies and global reasoning objectives are not1027

explicitly structured, symmetric cases are repeat-1028

edly computed as independent branches. This re-1029

dundancy leads to inflated intermediate solution1030

counts, which are only corrected at a late stage af-1031

ter the aggregated result is found to violate basic1032

range constraints. Although ToT ultimately discov-1033

ers the correct factorized form, this occurs after1034

substantial redundant exploration and inefficient1035

backtracking.1036

In contrast, our framework performs explicit1037

prior problem analysis and employs dynamic DAG1038

construction to define reasoning objectives and1039

inter-step dependencies before execution. The sum-1040

marized reasoning process first identifies factoriza-1041

tion as the core structural property of the equation1042

and decomposes the problem into two indepen-1043

dent cases accordingly. For each case, inductive1044

abstraction is applied to derive a general solution1045

form, followed by systematic boundary analysis1046

to count valid integer solutions. Shared solutions1047

are explicitly handled during aggregation, allowing1048

the correct answer to be obtained in a single pass.1049

Because each reasoning step is grounded in a pre-1050

defined goal-oriented structure, step-level contribu-1051

tions and their downstream effects can be clearly1052

traced, yielding human-interpretable explanations1053

of the model’s decision-making process.1054
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C.2 Full Reasoning Trace Examples 1055

Input Query : 1056

p and q started a business investing rs. 48,000 and rs. 24,000 respectively. In what ratio will the profit 1057

earned after 2 years be divided between p and q respectively? 1058

Full Reasoning Trace for a Math Task (MATHQA)

[
{
"step": 0,
"actions": [
{
"node": "Extract_core_facts",
"reason": "To identify the key information needed to solve the problem.",
"inputs": [],
"result": "p invests rs. 48,000\nq invests rs. 24,000\nTime period = 2 years\nFind the ratio of profit earned

between p and q."
},
{
"node": "Trace_causal_chain",
"reason": "To understand the sequence of events and their impact on the profit calculation.",
"inputs": [],
"result": "1. Investment amounts: P invested Rs. 48,000 and Q invested Rs. 24,000.\n2. Time period: The business

runs for 2 years.\n3. Profit division: Profit is proportional to investment since time is equal.\n4. Ratio
calculation: 48,000 : 24,000 = 2 : 1.\n5. Conclusion: Profit is divided in the ratio 2 : 1."
}

]
},
{
"step": 1,
"actions": [
{
"node": "List_Assumptions",
"reason": "To state any underlying assumptions made while solving the problem.",
"inputs": [
{
"source": "Extract_core_facts",
"type": "result"

}
],
"result": "Assumptions:\n1. Profit is proportional to investment and time.\n2. Both p and q invest for the full

2 years.\n3. No additional investments or withdrawals occur.\n4. Profit is distributed at the end of the
period.\n5. The rate of return is the same for both partners."
}

]
},
{
"step": 2,
"actions": [
{
"node": "Deconstruct_Problem",
"reason": "To solve the problem in a structured manner.",
"inputs": [
{
"source": "Extract_core_facts",
"type": "result"

},
{
"source": "List_Assumptions",
"type": "result"

}
],
"result": "Step 1: Compare investments of p and q.\nStep 2: Use proportionality since time is equal.\nStep 3:

Simplify the ratio.\nStep 4: Select the correct option."
}

]
},
{
"step": 3,
"actions": [
{
"action": "final_answer",
"inputs": [
{ "source": "Extract_core_facts", "type": "result" },
{ "source": "Trace_causal_chain", "type": "result" },
{ "source": "List_Assumptions", "type": "result" },
{ "source": "Deconstruct_Problem", "type": "result" }

],
"result": {
"final_synthesis": "c",

1059
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"reason": "Since both partners invest for the same duration, the profit ratio equals the investment ratio
48,000 : 24,000, which simplifies to 2 : 1."

}
}

]
}

]

1060

Input Query :1061

Ziklo causes Blaf, Blaf causes Trune, Trune causes Vork, and Vork causes Lumbo. Would Lumbo occur if1062

not Ziklo instead of Ziklo?1063

Full Reasoning Trace for a Causal Task (CounterBench)

[
{
"step": 0,
"actions": [{
"node": "Extract_core_facts",
"reason": "To identify the key relationships provided in the problem.",
"inputs": [],
"result": "Ziklo causes Blaf.\nBlaf causes Trune.\nTrune causes Vork.\nVork causes Lumbo."

}]
},
{
"step": 1,
"actions": [{
"node": "Trace_causal_chain",
"reason": "To establish the order of events based on the given causal relationships.",
"inputs": [{"source": "Extract_core_facts", "type": "result"}],
"result": "1. Ziklo causes Blaf.\n2. Blaf causes Trune.\n3. Trune causes Vork.\n4. Vork causes Lumbo."

}]
},
{
"step": 2,
"actions": [
{
"node": "Simulate_counterfactuals",
"reason": "To determine if Lumbo would still occur without Ziklo.",
"inputs": [{"source": "Trace_causal_chain", "type": "result"}],
"result": "If not Ziklo, then Blaf would not occur. If Blaf would not occur, then Trune would not occur. If

Trune would not occur, then Vork would not occur. If Vork would not occur, then Lumbo would not occur."
},
{
"node": "List_assumptions",
"reason": "To explicitly state any underlying assumptions made during the reasoning process.",
"inputs": [{"source": "Trace_causal_chain", "type": "result"}],
"result": "Assumptions:\n1. The causal chain is complete and unidirectional: Ziklo -> Blaf -> Trune -> Vork ->

Lumbo is the only way for Lumbo to occur.\n2. The relationships are deterministic.\n3. 'Instead of Ziklo' means
Ziklo does not occur, and nothing else changes.\n4. The system is closed: No external factors influence the chain
of events."
}

]
},
{
"step": 3,
"actions": [{
"action": "final_synthesis",
"inputs": [
{"source": "Extract_core_facts", "type": "result"},
{"source": "Trace_causal_chain", "type": "result"},
{"source": "Simulate_counterfactuals", "type": "result"},
{"source": "List_assumptions", "type": "result"}

],
"result": "{ \"final_answer\": \"No\", \"reason\": \"If Ziklo does not occur, then Blaf, Trune, and Vork will not
occur, and therefore Lumbo will not occur based on the given causal chain.\" }"

}]
}

]

1064
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