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Abstract

We determine exact limits of local, message-passing GNNs (Graph neural net-
works) on graphs of high girth. We prove upper bounds for any GNN with a
receptive radius of L on graphs with a maximum degree of d and girth exceeding
2L + 1. The central contribution is a finite-dimensional linear program that char-
acterizes the optimal performance of any L-local randomized algorithm on the
infinite d-regular tree. We demonstrate that this value serves as a hard asymptotic
ceiling for local GNNSs on large, high-girth graphs and prove the tightness with a
GNN construction that achieves this bound.

1 Introduction

Message-passing GNNs are widely used for node-level and combinatorial tasks [23]. The expressive
power of such GNNss is limited, dependent upon their finite receptive radius, much like other neural
architectures that depend on locality (eg. CNNs) [20, 12, 18, 16], and hierarchical residual designs
[3]. Thus, it becomes quite natural to raise the question: given an architecture that exchanges
information only within a radius L, what is the maximal information that training and arbitrary
supervision can achieve on sparse graphs that are locally tree-like at a scale L?

This question resonates with broader themes in deep learning, where the tension between locality,
expressiveness, and scalability has driven major architectural innovations. Recurrent networks [11],
convolutional networks [20, 12], and U-Nets [18] each exploit locality in distinct ways, while resid-
ual [12], normalization [2], and distillation methods [13] have enhanced their scalability. At the
same time, stochastic optimization [15, 9] has been crucial for training these models effectively.

The shift to attention-based models, initiated by the introduction of the transformer [22], further
extended receptive fields beyond locality, enabling breakthroughs in language modeling [7, 4, 1, 21],
vision [8, 6], and multimodal learning [17]. Such architectures underpin state-of-the-art systems in
vision-language alignment [17], large-scale representation learning [5], architecture search [25], and
reinforcement learning [19, 24]. These advances highlight the central importance of expressiveness
and receptive fields in neural networks.

In this research, we wish to answer the locality-expressiveness tradeoff for GNNs with precision.
We show that the maximal achievable performance with any L-local GNN on bounded-degree high-
girth graphs is equivalent to the value of a finite linear program. That linear program can be solved
numerically for any degree bound d and any radius L, producing a rigorous and generalizable upper
bound theory. We further show the tightness of this bound by constructing randomized L-local
GNNss that approximate the LP optimizer arbitrarily.

The reduction from local GNNs to factor-of-i.i.d. processes and local algorithms is known infor-
mally in the literature. The contribution is to render this reduction fully quantitative, to give an
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explicit finite-dimensional convex program that computes the optimal value, and to prove matching
approximation theorems that show the LP value is realizable. This connects the expressiveness of
local algorithms to the broader arc of deep learning research—from adversarial learning [10], to
amortized inference [14], to foundation models that unify modalities and tasks [21, 1].

2 Contributions

1. We introduce a finite-dimensional linear program that, for any maximum degree d and
receptive radius L, exactly computes the optimal performance achievable by any L-local
randomized algorithm on the infinite d-regular tree.

2. We rigorously prove that this value, C(d, L), serves as a hard asymptotic performance
ceiling for any L-local GNN on large graphs with girth greater than 2L + 1, formally
bounding the GNN’s approximation ratio.

3. We provide a constructive proof that this bound is tight and apply the framework to derive
concrete, numerically-solvable linear programs for Max-Cut and Min-Vertex-Cover for any
given pair (d, L).

2.1 Notation

Letd > 2 and L > 1 be integers fixed throughout unless stated otherwise. For a finite undirected
graph G = (V, E) and vertex v € V we denote by By (G, v) the rooted induced subgraph of G
consisting of all vertices at graph distance at most L from v, together with the root v. The infinite
rooted d-regular tree is T,; with root o. For a random variable X we write P[X] for its law and E[X]
for its expectation. For a finite set S, A(S) denotes the simplex of probability distributions over S.
(This just means the set of all probability distributions on )

3 Modeling Local Randomized GNNs and Factor-of-i.i.d. Maps

We define the class of radius-L randomized message-passing rules and show that any fixed-
parameter GNN in the standard synchronous setting belongs to this class. This formalization isolates
the only relevant property: locality.

Definition 3.1 (Radius-L randomized rule). A radius-L randomized rule is a measurable map
®:B, x=VB 5y,

where B, is the set of rooted graph isomorphism classes of radius-L balls with maximum degree at
most d, B denotes a canonical representative of an element of 1, = is a seed space equipped with
the product measure ﬂ?‘V(B) I, and )Y is the decision space. The interpretation is that, given a rooted

ball type b € B, and independent random seeds on the vertices of the ball, the decision at the root

is (b, §).

Every synchronously executed message-passing GNN with L layers and i.i.d. node-level random-
ness is an instance of a radius-L randomized rule: the per-node output depends only on the isomor-
phism class of the radius-L ball and the seeds inside that ball. We therefore work with the abstract
class of all measurable ®.

4 Reduction theorem

Let {Gy, }n>1 be a sequence of finite graphs with maximum degree at most d and |V (G,,)| — oc.
We will sample a uniform vertex v,, € V(G,,).

Theorem 4.1 (Reduction to tree factors). Fix integers d > 2 and L > 1. Let ® be any radius-
L randomized rule measurable as above. Let ¢ be the law of i.i.d. node seeds. For each n let
G, = (Vp, E,) be a finite graph with maximum degree at most d. For v,, sampled uniformly from

Vi, and £ ~ ;Lg@‘v"‘ i.i.d. seeds, set

Yvn = (I)(BL(GH,’Un), {51(;1) tu e BL(G”’”")})'



Let p, € A(BL) be the distribution of the random rooted ball BL,(G,,,vy,). Let po € A(BL) be
the distribution of By, (Ty,0). Then for every bounded measurable function f : Y — R we have

B[ (V)] = Bopo B v [F(@0,O)]| < 1flloe - P = poclh- )

In particular, if ||pr, — Pool|l1 — O then E[f(Y,,)] converges to the expectation obtained by applying
D to the truncated tree law.

Proof. Because By, is finite the distribution p,, is well defined. Conditioning on the rooted ball
yields
E[f(Ya)] = D pa(b) Eelf(2(b,€))].
beBL,
The same equality holds with p,. Subtracting the two and applying the triangle inequality gives

|ELS (Ya)] = Bonp Ee[F (R0, ))]] < D [pn(b) = poc(B)] - [EelF(@(5, )] lloc,

beBy,

and the integrand is bounded by || f||oo. This yields inequality (1). The remainder follows immedi-
ately. O

5 Finite-dimensional LP characterization

Let By, be the set of rooted radius-L ball types with maximum degree at most d. We consider
combinatorial objectives that can be written as expectations of bounded local reward functions.
These include node-additive or edge-additive objectives.

Definition 5.1 (Local objective). A local objective consists of a measurable reward function
0:B,xE0 xy SR,

together with a normalization factor p, which is either [V'| or |E| for finite graphs. For a radius-L
randomized rule ®, the expected normalized reward is

R(®) = Eppp. Ec[£(D, €, B(b,€))].

Our goal is to characterize the supremum of R (®) over all radius-L randomized rules. The key idea
is that the joint distribution of

(radius-L ball, seed labels on the ball, decision at the root)

takes values in a finite set and must satisfy natural consistency constraints inherited from the tree
structure. Maximizing R(®P) over such distributions becomes a finite linear program.

Definition 5.2 (Labeled ball types). After discretizing the seed and decision alphabets (if needed),
let 71, denote the finite set of isomorphism classes of rooted radius- L balls whose vertices are labeled
by the seed alphabet and whose root carries the decision label. Each type t € 7}, determines a local
reward value, denoted r(t).

Proposition 5.1 (LP characterization). Let T, and r(-) be as above. The supremal expected reward
supg R(D) equals the optimal value of the following finite linear program:

maximize Y . 7(t) q(t)

subjectto  q € A(Tr),
marginal consistency constraints on overlapping radius-{ interfaces for all { < L,
automorphism symmetry constraints induced by By, .

The program is feasible and its optimal value is attained.

Theorem 5.1 (LP exactness). Assume the seed and decision alphabets are finite. Then the supre-
mum of R(®) over measurable radius-L randomized rules equals the optimum value of the finite
linear program described in Proposition 5.1. Moreover the LP optimum can be computed in time
polynomial in | T1,| up to standard LP solver complexity.



Proof. Let Ty, denote the set of labeled radius-L balls (seeds + root decision). Any measurable
radius-L randomized rule ® induces a distribution ¢ € A(77) giving the joint law of the labeled
ball and root decision. By construction, ¢q satisfies the interface consistency constraints, and R (®)
is linear in gg. Hence every randomized rule corresponds to a feasible point of the LP.

Conversely, let ¢ € A(Ty) satisfy the LP constraints. One can sequentially sample labels and
decisions along any finite ball of the tree, extending radius-L neighborhoods in a manner consistent
with g; this produces a randomized local rule ®, whose induced distribution equals ¢ and attains the
LP objective.

Compactness of A(77) ensures the supremum is attained. Since |77| is finite and the constraints
are polynomial in |77 |, the LP optimum can be computed in polynomial time using any standard LP
solver. O

Remark 5.1. The finiteness assumption on seeds and outputs can be removed by approximation:
discretize to arbitrary precision and bound the approximation error. As the discretization is refined
the LP optimum converges to the true supremum.

6 Realization by randomized local GNNs

We show that any optimal LP solution can be implemented, up to arbitrary precision, by an L-local
randomized GNN.

Theorem 6.1 (Realizability and tightness). Let ¢* be an optimal solution to the LP of Theorem 5.1.
For every € > 0 there exists an L-local randomized GNN ® such that

R@) = 3 1) (1) <.
teTr
Hence the LP value is the exact performance ceiling for all L-local GNNs on graphs of girth ex-
ceeding 2L + 1.

Proof. By Theorem 5.1, the optimal point ¢* corresponds to a feasible set of radius-L local distribu-
tions satisfying the LP consistency constraints. Such a distribution can be realized by a randomized
radius-L rule: at each node, one samples local randomness and outputs a label according to the
prescribed conditional distribution of ¢* on its radius-L neighborhood.

An L-layer randomized GNN can implement any such rule. The seeds are given as node features,
message passing exposes the entire radius-L neighborhood, and the final node-level MLP can ap-
proximate the desired output distribution arbitrarily well because the domain (the set of labeled
radius-L balls) is finite. By standard universal approximation, the resulting GNN matches the re-
ward ), 7(t)g*(t) up to an additive error at most €.

Thus every LP optimum is realizable to arbitrary precision by an L-local randomized GNN. [

7 Max-Cut and Min-Vertex-Cover Upper Bounds

Both objectives fit into the local LP framework by taking 77, to encode the labeled radius-L ball
together with the root decision; the LP variables are a distribution ¢ € A(7},) subject to interface-
consistency (and any hard feasibility) constraints, and the objective is the expected local contribution
expressed linearly in q.

7.1 Max-Cut

Label vertices by spins o, € {—1,+1}. The cut density on a finite graph G = (V, E) is
1 1—o0y0,
cut(G, o) = T Z —

{uv}eE
For the LP one encodes in each ¢t € 77, the labeled radius-L ball together with the root spin; the local
reward r(t) is the sum of contributions of edges incident to the root, normalized by the degree d (so

that summing 7(t) over vertices recovers the per-edge normalization). Let a4 7, denote the optimal
LP value.



Corollary 7.1 (Max-Cut ceiling). Let g1, be the LP optimum for Max-Cut over radius-L factors.
Then for any sequence of graphs G, with maximum degree < d and girth > 2L + 1, every L-local
(randomized) GNN attains expected cut density < oq 1, for all sufficiently large n. Conversely, a1,
is asymptotically achievable by randomized L-local GNNs.

Sketch. Reduction to the infinite d-regular tree identifies any limit law of radius-L neighborhoods
with a feasible ¢ for the LP, so Theorem 5.1 yields the upper bound ¢4, 1. Realizability follows from
Theorem 6.1. O

7.2 Min-Vertex-Cover

Encode a cover by indicators z,, € {0, 1} where x,, = 1iff v is in the cover. The (normalized) cover
size is )
cover(G,z) = — Z Ty
|V| veV

In the LP take each t € T, to record the labeled radius-L ball and the root indicator x ;.. The local
cost is c(t) = Zro0r, SO the objective is to minimize ) _, ¢(t) ¢(¢). Enforce covering as a hard (almost-
sure) constraint: for every possible adjacent-pair overlap pattern, the LP contains linear constraints
forcing the probability that an edge is uncovered (both endpoints have 2 = 0 with matching overlap)
to be zero. Concretely, the uncovered-edge probability can be written as a linear combination of the
single-ball g-variables (summing over those ¢ whose local patterns, when paired with compatible
neighbors, yield both roots uncovered), and we set that linear expression to zero.

Let 34,1, denote the optimum of this LP.

Corollary 7.2 (Vertex-cover ceiling). Let B4 1, be the LP optimum for Min-Vertex-Cover with the
interface and uncovered-edge constraints described above. Under the same hypotheses as in the
Max-Cut corollary, every radius-L randomized GNN attains asymptotic expected cover fraction
> Ba.r, and Bq 1, is asymptotically realizable.

Sketch. Exactly as for Max-Cut: any limit of L-local computations on large-girth graphs yields a
feasible ¢, so the LP lower-bounds achievable cover fraction. The hard covering constraint in the
LP enforces feasibility (no uncovered edges) in the limit. Realizability is obtained from Theorem
6.1 (the LP-optimal local law can be implemented by an L-local randomized GNN up to arbitrary
precision). O

8 Limitations

The theoretical results present in this work are subjected to several key assumptions. Our tight
bounds that we present are derived for the class of local, message-passing GNNs and do not apply
to more expressive non-local architectures (e.g., think about those involving positional encodings or
transformer-like mechanics). Furthermore, our core analysis relies on the assumption of high-girth
graphs (specifically, girth greater than 2L 4 1), and the derived bounds may not hold for graphs with
dense clusters or numerous short cycles. Finally, our results are asymptotic in nature, describing the
performance limits on sequences of large graphs, and may not precisely characterize the behavior
on a specific, small-graph instance.

9 Conclusion

We provided a fully constructive and theory of the limits of radius-L message-passing GNNs on
bounded-degree high-girth graphs. The tight LP characterization converts the informal folklore into
a practical tool: for any pair (d, L) a practitioner can compute an exact performance ceiling for local
GNNs on locally tree-like graphs and then decide whether architectural changes are necessary to
exceed that ceiling.
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A Appendix for Fundamental Limits of Local Graph Neural Networks on
High-Girth Graphs

Max-Cut and Min-Vertex-Cover Upper Bounds

Throughout, 77, denotes the set of labeled radius-L rooted balls (labels include seeds and the root
decision). An L-local randomized GNN induces a distribution ¢ € A(7) satisfying the interface-
consistency constraints. The LP optimum is computed over all such feasible q. All convergence
statements use the fact that for any sequence of d-regular graphs G,, with girth > 2L + 1, the law
of a uniformly rooted radius-L ball equals the radius-L truncation of the d-regular tree.

A.1 Max-Cut

Represent spins by o, € {—1,+1}. The cut density is

1 1—o040,
Cut(G,O') = E Z T
{uv}eE

For the LP we use the local reward
1 ]- — OrootOu
t) == —rootw
T( ) d uwzro:ot 2

For any d-regular graph,
3 H(Bi(G.v).0) = cut(Co)
yeners T V),0) =cCcu ag).
|V| L ) ) )
veV
Let aq, 1, be the LP optimum.
Corollary A.1 (Max-Cut Upper Bound). Let G,, be d-regular with girth > 2L + 1. For any L-local

randomized GNN ®,
lim sup E[cut(G,,, 0®)] < QgL

n—oo

Moreover, for every € > ( there exists an L-local randomized GNN ® with

lim inf E[cut(Gy, 0®)] > aqr — €.
n—oo

Proof. Fix ®. Let v be uniformly random and let 7, = r(Br,(G,,v),c?). Since r depends only on
the radius-L ball,

Eleut(Gy,o®)] = E[7,).
Because G, has girth > 2L + 1, the rooted radius-L ball distribution equals that of the d-regular

tree. Hence
lim E[f,] = Eigy [r(1)],

n— 00

where q¢ is the induced feasible LP distribution. Therefore

lim sup E[cut(G,,, 0®)] = Zr(t) go(t) < aqr.

n—oo t

For achievability, let ¢* be an LP optimizer. By the realizability theorem (Theorem 6.1), for any
€ > 0 there exists an L-local randomized GNN & with induced distribution g¢ satisfying

Y or)as(t) =Y rt)a*(t)] < e

t t

Thus for all large n,
E[cut(Gp,0®)] = Zr(t) go(t) > agqr — €.
t

oo



A.2 Min-Vertex-Cover

Represent covers by x,, € {0,1}, and define
1
cover(G,z) = — Z Lo
V]
For the LP use the local cost
c(t) = Troot-
To enforce that no edge is uncovered, include linear constraints ensuring that for every oriented edge

type, the probability (determined linearly from ¢ via interface-consistency) that both endpoints have
x = 01is zero. Let 84,1, be the LP optimum.

Corollary A.2 (Vertex-Cover Upper Bound). Let G,, be d-regular with girth > 2L + 1. For any
L-local randomized GNN ® that always outputs a valid vertex cover,

lim inf E[cover(G,,, z%)] > Ba,L-

n—oo

For every € > 0 there exists an L-local randomized GNN ® whose outputs are valid covers and
satisfy
lim sup E[cover(G,,, z%)] < Ba.r + &.

n—oo

Proof. Fix ®. Let &, = ¢(BL(Gy,v),z?) = 22 for v uniform. For every n,
E[cover(G,, z%)] = E[,).

As before, the rooted-radius-L distribution converges to that of the d-regular tree, hence

lim E[é,] =Y c(t) qa(t),

n—00
t

where ¢ is the induced law. Since ® always outputs a valid cover, gs satisfies the linear uncovered-
edge constraints, so qg is feasible. Therefore

Zc(t) qa(t) > Ba,r-

t

For achievability, let ¢* be an LP optimizer. By Theorem 6.1, for any ¢ > 0 there exists an L-local
randomized GNN @ inducing g3 with

Selt)galt) = ety (1) <.

t t

Since ¢* satisfies the uncovered-edge constraints, the realized GNN also produces valid covers on
all large-girth graphs. Thus

E[cover(G,,,z%)] = Z c(t)qa(t) < Bar +e.

t



B Extensions to Real-World Applications

The LP framework applies directly to other networked systems where decisions are made using
only radius-L neighborhood information. Below are two concise examples with clear mathematical
interpretations. Note that Random Regular Graphs (RRGs) are high-girth, a standard benchmark for
combinatorics, which show up quite often in epidemiology models and traffic problems.

B.1 Epidemiology Modeling

Let each individual be a vertex and ea,ch contact an edge. Let seeds encode local states (e.g.,
infection indicator s, € {0,1}). A radius-L rule ® outputs an intervention a,, = ®(B(G,v), s)
such as “isolate” or “no action.”

Define the local transmission probability on an edge (u, v) as
Ptrans(U,v) = Prls, =1, a,, = 0] - Pr[s, = 0| Br(G,v)].

The expected transmission rate under ® satisfies

1
Trans(@, G) = E Z ptrans(u7v)7
{u,v}eE

which can be written as a linear functional ), 7epi(t) ¢(t) of the LP variables. Thus the LP
optimum gives the minimum possible transmission achievable by any L-local policy.

B.2 Traffic Modeling
Let intersections be vertices and road segments edges. Seeds encode local traffic states. A radius-L
rule ® outputs a control action a,, (e.g., signal phase).

Let the delay contribution on edge (u,v) be a known function D(qy, ¢y, @y, a,). The mean delay
under P is

1
Delay(®,G) = E Z E[D(Qu7Q’Uaauvav)]a
{u,v}eE

which again equals a linear form ), 7trafic(t) (7).

Therefore, the LP optimum yields the best achievable delay for all radius-L local controllers on
high-girth networks.

10
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