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Abstract

Knowledge distillation (KD) is widely used to compress
large language models, yet its impact on models’ rea-
soning capacity remains poorly understood. We present
a theoretical framing of data-free and recursive KD
as a self-referential learning process in which students
approximate their teachers’ approximations. Using
Kolmogorov complexity and computable information-
theoretic proxies, we show that such recursive com-
pression enforces a monotonic reduction of information
and bounds representational richness. This perspective
has direct implications for mathematical and symbolic
reasoning, where epistemic depth and compositional
structure are essential. We further relate this infor-
mation reduction to Shannon entropy and Minimum
Description Length (MDL), and outline new evalua-
tion paradigms grounded in epistemic fidelity to assess
whether distilled models retain the structural knowledge
required for robust reasoning.

Introduction

Knowledge distillation (KD) [13] has become a corner-
stone of efficient large language model (LLM) develop-
ment, enabling smaller student models to approximate
the behavior of larger teachers with reduced computa-
tional cost. Distilled models often match or even outper-
form their teachers on standard benchmarks [22, 14, §],
suggesting that behavioral imitation can suffice for many
applications. However, such benchmarks typically mea-
sure surface-level accuracy rather than the depth or
robustness of learned representations. They rarely as-
sess whether the student has acquired the structural
knowledge needed to generalize beyond its teacher’s
distribution or to perform novel reasoning tasks.

We argue that data-free distillation forms a closed
epistemic loop: the student learns only the teacher’s
approximations of the data, producing an approxima-
tion of an approximation. This self-referential structure
imposes an upper bound on representational complexity
and risks epistemic flattening, echoing collapse dynamics
seen in adversarial systems such as GANs [9, 24]. Un-
like GANSs, however, which retain a limited grounding
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via the discriminator’s access to real data, distillation
in its data-free form provides no such external correc-
tion signal. Similar risks arise in self-learning pipelines
[29, 28, 33|, where models are trained on their own
synthetic outputs. Our perspective complements prior
information-theoretic analyses of representation bottle-
necks [1, 31] by framing distillation as an epistemically
bounded process with implications for mathematical and
symbolic reasoning. This paper advances a conceptual
and theoretical hypothesis: that data-free or recursive
distillation constitutes a form of self-referential learning,
in which students approximate teachers that themselves
approximate data. We analyse this regime through
information-theoretic lenses, Kolmogorov complexity,
Shannon entropy, and Minimum Description Length
(MDL), and propose that such recursive compression
induces a monotonic reduction of information across
generations. Beyond its information-theoretic fram-
ing, the process can also be interpreted geometrically
[20, 18, 30, 11, 21]: each model defines a manifold of rep-
resentations in logit space, and the KD objective aligns
the student’s manifold with that of the teacher. In the
data-free regime, this alignment occurs without reference
to the original data manifold, offering a complementary
geometric view of the monotonic information-reduction
hypothesis developed below. Rather than presenting
new empirical results, our contribution is an analytic
framework and formal proposition clarifying when and
why epistemic degradation may occur. We also outline
how this framing connects to reasoning tasks such as
theorem proving, symbolic manipulation, and composi-
tional abstraction, where preserving epistemic richness
is essential. Our goal is not to dismiss the practical value
of KD, but to highlight the potential risks of epistemic
degradation in recursive or data-isolated settings. As
KD becomes a standard tool for scaling and deploying
reasoning systems, it is essential to ask not only whether
students imitate their teachers, but whether they pre-
serve the epistemic depth required for robust abstraction
and generalization.

Background and Related Work

KD transfers the behavior of a large teacher to a
smaller student [13]. Recent work has explored im-



proved objectives [32, 8], multi-step distillation [5], and
self-supervised extensions such as Self-Instruct [29], Al-
paca [28], and LIMA [33]. However, these approaches
are typically evaluated through surface benchmarks, not
through the lens of epistemic content preservation. Our
work complements information-theoretic analyses of rep-
resentation bottlenecks [1, 31] by focusing on epistemic
limits in model-to-model transfer.

KD and compression. Beyond objective tweaks
[32] and training dynamics [8, 14], most evaluations op-
timize for accuracy or throughput rather than epistemic
content. By contrast, we foreground preservation (or
loss) of structural knowledge under teacher-only super-
vision.

Self-learning and recursive distillation. Meth-
ods like Self-Instruct [29], Alpaca [28], and LIMA [33]
train models on teacher- or self-generated data; related
techniques include self-refinement [26] and born-again
distillation [5]. These raise questions about long-term
representation fidelity under recursive supervision.

Epistemic and information-theoretic perspec-
tives. Prior work explores representation bottlenecks
and generalization [1, 31] and examines grounding, ab-
straction, and hallucination in LLMs [3, 15]. We add
an explicitly epistemic lens on model-to-model transfer,
arguing that data-free distillation forms epistemically
closed loops.

Theoretical Framing
Distillation as Self-Reference

In adversarial learning, such as in Generative Adversar-
ial Networks (GANSs), a generator G learns to produce
outputs that a discriminator D cannot distinguish from
real data, while D co-trains on both real and generated
samples [7, 2]. This creates a feedback loop in which
each model’s signal is defined by the other. In data-
free distillation, by contrast, the student S is trained
to mimic the output distribution of a teacher T', typi-
cally via a KL-based loss, [13, 27, 25| without a direct
grounding signal from the data. In typical settings, T
is significantly larger than S, further constraining S to
compress T’s outputs under tighter capacity limits.

If S never sees raw data, its learning signal is en-
tirely mediated through 7. Thus, S does not learn
the real training distribution Pgats, but an approxima-
tion induced by 7. This yields a form of epistemic
self-reference: S encodes an approximation of an ap-
proximation, which may fail to capture structure not
externally visible in T’s outputs. If T has already com-
pressed or filtered aspects of Pga¢a, S has no mechanism
to recover them, making it fundamentally unable to
exceed the epistemic reach of 7.

Kolmogorov Complexity and Information
Loss
Let C(z) denote the Kolmogorov complexity of an ob-

ject x, i.e., the length of the shortest program (for a fixed
universal Turing machine) that outputs z [16]. In the

KD setting, let D be the original data distribution, T’
the teacher trained on D, and S the student trained to
approximate 7. If T is a (lossy) compressor of D, then

O(T) < C(D),  CO(S)<C(T) = C(S) < C(D),

indicating cumulative information loss through two-step
compression. For iterative distillation S;—---—S,,

C(S,) < --- < C(S) < C(T) < C(D).

This expresses a qualitative hierarchy of representational
complexity.

Computable proxies. Because C(-) is uncomputable,
we employ computable surrogates capturing the same
intuition: (i) Shannon entropy H(-) of model outputs or
latent states; (ii) Minimum Description Length (MDL),
which upper-bounds total codelength via model plus
data description; and (iii) Mutual Information (MI) be-
tween representations and data. These quantities make
the analysis empirically testable and address concerns
about operationalisation.

Proposition 1 (Monotonic Information
Reduction)

Let Pp, Pr, and Pg denote the predictive distributions
of the data, teacher, and student over a common input
support X'. If T is a lossy compressor of D and S is
optimized only to approximate 7', then

H(S) < H(T) < H(D),

with equality only when the mappings are lossless with
respect to Pp.

Sketch. Because S minimizes divergence to T rather
than to D, information absent from 7”’s outputs is unre-
coverable by S. By the data-processing inequality, infor-
mation cannot increase along the chain D —T — S, giv-
ing the stated ordering. Iterating the argument across n
generations yields H(S,)<---<H(S,)<H(T)<H(D).
O

Recursive intuition. If each distillation step reduces
representational entropy by a constant factor e (0,1),
then H,, = a™Hy, illustrating exponential decay of rep-
resentational richness under repeated model-to-model
transfer.

Terminology. FEpistemic flattening refers to reduced
diversity (e.g., lower entropy) of internal states such that
distinct underlying structures map to equivalent repre-
sentations. By inference over an inferred distribution
we mean that S conditions on 7T’s induced predictive
distribution rather than directly on Pgaqa.

Relation to Information Bottleneck and
MDL

The Information Bottleneck (IB) principle formalizes
compression by minimizing I(X;Z) while preserving
predictive information I(Z;Y) [23]. Knowledge dis-
tillation can be interpreted as an ungrounded IB pro-
cess: the student minimizes mutual information with
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Figure 1: Knowledge Distillation as a self-referential system. The student approximates the teacher, which itself is an
approximation of the real training data. Teacher and student logits are ¢; and s;, respectively.

the teacher’s latent distribution rather than with the
true data. This makes epistemic compression a pre-
dictable outcome when I(Zg;Yp) decreases across re-
cursive transfers. Under the MDL principle, the total
codelength L(M, D) = L(M)+ L(D|M) increases as the
student’s model Mg loses explanatory capacity relative
to Mr. Both frameworks corroborate the monotonic-
entropy bound in Proposition 1.

Recursive Distillation and Information
Decay

Consider a teacher T trained on D with predictive distri-
bution Pr(y|z). A first-generation student Sy is trained
via Lxp = KL(Pr||Ps,); a second-generation student Sa
is trained on Sy, and so on. If C(D) > C(T) > C(S;) >
-+« > (C(Sy), the resulting models exhibit progressively
reduced entropy and diversity of outputs unless exter-
nal information (data or stochastic regularisation) is
re-injected. This recursive compression clarifies how
epistemic flattening can compound even in the absence
of overt training collapse.

Epistemic Hierarchies and Exceeding the
Teacher

While Proposition 1 establishes monotonic compression
under purely data-free transfer, a student may exceed
its teacher’s epistemic reach when one or more of the
following hold: (i) capacity expansion (the student has
a larger function class); (ii) structural priors aligning
with Piata (e.g., modularity or disentanglement); or
(iii) external grounding through limited labeled data or
feedback. Such factors inject new information channels,
breaking the closed loop assumed in Proposition 1. Our
bounds therefore characterise the idealised, teacher-only
regime and serve as an upper limit on epistemic depth
within recursive KD.

Geometric view. From a geometric perspective, each
model defines an embedding f : X — R? whose image

forms a manifold of representations M in logit space.
Knowledge distillation can be viewed as a manifold-
alignment process [11] in which the student seeks a
mapping whose image Mg approximates the teacher’s
manifold M7, minimizing a divergence between their
local distributions. In the data-free setting, however,
Mg is anchored only to Mr, not to the original data
manifold M p. Hence the composition Mp — Mp —
M can only reduce or preserve intrinsic dimensionality,
providing a geometric interpretation of the monotonic
information-reduction bound in Proposition 1.

Implications and Extensions

Framing knowledge distillation as a self-referential, epis-
temically bounded process clarifies when information
reduction becomes problematic, how it can be measured,
and how such pipelines might be mitigated or redesigned.
This section connects the theoretical result of monotonic
information reduction to practical implications for rea-
soning systems.

When is epistemic loss consequential? Distillation-
induced degradation may be masked by in-distribution
benchmarks but becomes critical when generalization be-
yond the teacher’s scope is required (e.g., theorem prov-
ing, symbolic manipulation, compositional reasoning, or
regulated domains) [19]. In such settings, epistemically
shallow students can produce fluent yet brittle outputs
that lack structural fidelity. Self-distillation pipelines
(Self-Instruct [29], Alpaca [28], LIMA [33]) intensify this
risk by relying on synthetic supervision [17]. We suggest
under this framing that such models perform well in-
distribution but may fail on extrapolative or adversarial
reasoning tasks that demand preserved epistemic depth.
Compression vs. exploration. Recursive KD reg-
ularizes the hypothesis class and can reduce variance,
but may also truncate exploratory capacity in reasoning.
In symbolic domains, this trade-off can simplify search
over proof trees while limiting expressive compositional



abstraction, aligning with observed hallucination and
brittleness phenomena in large language models [3, 15].
Why symbolic and mathematical reasoning are
sensitive. These domains rely on maintaining latent
compositional structure (e.g., proof trees, symbolic
equivalence classes, logical dependencies). Recursive
compression can collapse such structure into surface
correlations, reducing capacity for compositional gener-
alization.

How can epistemic degradation be measured? Be-
yond accuracy, one can probe latent structure [12], eval-
uate calibration [10], and employ entropy/MDL /mutual-
information proxies [1] as quantitative diagnostics.
Tasks deliberately outside the teacher’s distribution
(counterfactual or adversarially constructed mathemat-
ical problems) can further reveal retained epistemic
depth.

How might distillation be epistemically aug-
mented? If KD imposes an epistemic ceiling by severing
access to raw data, it can be mitigated by mixing KD
with limited supervision; injecting high-entropy auxil-
iary objectives [4]; or applying regularization methods
such as dropout-as-Bayesian inference [6]. Incorporat-
ing structural priors (modularity, disentanglement) may
also scaffold reasoning and partially restore epistemic
diversity.

Toward Epistemic Evaluation Frameworks. Fu-
ture evaluation regimes should explicitly test models’
epistemic depth rather than surface fluency. Promis-
ing directions include: (i) synthetic reasoning datasets
that isolate structural generalization (e.g., compositional
algebra or logic puzzles); (ii) entropy tracking across
intermediate layers as a measure of epistemic diversity;
and (iii) counterfactual perturbations designed to expose
second-order inference failure. Such diagnostics would
operationalize the theoretical framework developed here
and provide concrete means of monitoring information
reduction in distilled reasoning models.

Open Questions

Formal measures of epistemic fidelity. Can entropy-
, MDL-, or mutual-information-based proxies serve as
reliable, computable indicators of epistemic degradation
during model-to-model transfer?

Grounding in recursive pipelines. What forms of
minimal re-grounding, such as curated data, feedback, or
hybrid supervision, are sufficient to prevent cumulative
information reduction in recursive distillation loops?
Exceeding the teacher. Under what conditions (e.g.,
capacity expansion, architectural priors, or structural
constraints) can a student exceed its teacher’s epistemic
reach and recover information absent from teacher out-
puts?

Failure analysis. Can specific hallucination or brit-
tleness phenomena in reasoning models be empirically
linked to upstream epistemic loss predicted by the theo-
retical framework?

Benchmarks and evaluation. What benchmark fami-
lies best capture epistemic depth, such as counterfactual,
compositional, or adversarial mathematical diagnostics,
and how can they complement standard accuracy-based
metrics?

Conclusion

As knowledge distillation and synthetic supervision be-
come central to LLM development, it is essential to
ask not only whether students imitate their teachers,
but what epistemic depth they retain. We analyzed
data-free, model-to-model training as a self-referential
loop that constrains representational complexity. Using
Kolmogorov complexity and computable information-
theoretic proxies (entropy, MDL, and mutual informa-
tion), we framed recursive distillation as a monotonic
information-reducing process that can progressively limit
epistemic richness even when surface performance re-
mains strong. We further outlined conceptual strategies
and diagnostics for preserving epistemic depth, through
partial re-grounding, structural priors, and information-
based evaluation. Our analysis motivates the develop-
ment of empirical metrics and benchmarks that directly
measure epistemic fidelity, providing a foundation for
future work on safe and interpretable model compres-
sion.
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