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Abstract

Graph neural networks (GNNs) are frequently used for knowledge graph com-
pletion. Their black-box nature has motivated work that uses sound logical rules
to explain predictions and characterise their expressivity. However, despite the
prevalence of GNNSs that use mean as an aggregation function, explainability and
expressivity results are lacking for them. We consider GNNs with mean aggrega-
tion and non-negative weights (MAGNNSs), proving the precise class of monotonic
rules that can be sound for them, as well as providing a restricted fragment of
first-order logic to explain any MAGNN prediction. Our experiments show that re-
stricting mean-aggregation GNNs to have non-negative weights yields comparable
or improved performance on standard inductive benchmarks, that sound rules are
obtained in practice, that insightful explanations can be generated in practice, and
that the sound rules can expose issues in the trained models.

1 Introduction

Knowledge graphs (KGs) [17] find use in a number of applications [16, 41, 45]. However, KGs are
often incomplete, creating the need for models to predict their missing facts. Neural models such as
graph neural networks (GNNs) [13] are frequently used for this task [18, 22, 25], as well as a variety
of others, including predicting properties of drug combinations [9] and recommender systems [11].

However, the predictions of neural models cannot easily be explained and verified [12]. In contrast,
logic-based and neuro-symbolic methods for KG completion often yield logical rules which can be
used to explain predictions [24, 29, 31, 46]. To ensure that the rules truly express the reasons why the
model makes a particular prediction, it is important to ensure that they are sound, in the sense that
applying the rules to an arbitrary dataset produces only facts that are predicted by the model. Thus,
there is growing interest in models whose predictions can be characterized by sound rules [36, 42].

When it comes to GNNs, Tena Cucala et al. [35, 37] provide sound Datalog rules and equivalent
programs for GNNs with non-negative weights and max or sum aggregation, respectively. Morris
et al. [25] consider GNNs with sum aggregation and show that, in practice, they often provably have
no sound Datalog rules. There is also a plethora of related work considering the logical expressivity
of general aggregate-combine GNNs. Barcel6 et al. [7] show that if a GNN captures a rule, then
it can be expressed in the logic ALCQ. Other works provide GNN expressivity results for various
extensions of first-order logic, including linear programming [26], Presburger quantifiers [8], and
counting terms [14]. Ahvonen et al. [3], Pflueger et al. [27] characterise recurrent GNNs using
fixpoint operators. Cuenca Grau et al. [10] consider GNNs with bounded aggregation functions and
show their equivalence to fragments of first-order logic.

Although any function mapping multisets of real numbers to real numbers can be used for the
aggregation function in a GNN, standard options include mean, sum, max, and attention [40].
In practice, mean aggregation often emerges as the default choice [16, 19, 30, 32, 44] due to its
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simplicity, stability during training, and good empirical performance. With regard to the expressivity
of mean-GNNs5, Rosenbluth et al. [30] study mean, sum, and max aggregation in terms of their ability
to approximate one another. However, to our knowledge, there are no prior works analysing the
logical expressivity of or attempting to extract sound rules from GNNs that use mean aggregation
(mean-GNNss).

Our Contribution To obtain explanatory sound rules for mean-GNNs, we consider mean-GNNs
with non-negative weights (MAGNNSs). This isolates the source of the non-monotonicity to the
aggregation function (since negative weights can also be a source of non-monotonicity), enabling
a simpler analysis. This extends the work of Tena Cucala et al. [37], who proved that GNNs with
non-negative weights and max or sum aggregation are monotonic under injective homomorphisms,
enabling the verification of sound rules, and of Tena Cucala et al. [35] and Morris et al. [25], who
found that restricting GNNs to non-negative weights did not greatly impact performance when using
max or sum aggregation, respectively.

We provide two main theoretical results. First, we prove the exact class of “monotonic rules” that can
be sound for MAGNNS, which turns out to be very limited. We also provide a means for checking
if such rules are sound. Second, in light of the fact that some MAGNNs do not have equivalent
first-order logic (FOL) programs, we instead provide a restricted fragment of FOL that contains
sound rules that can be used to explain any prediction of a MAGNN. In our experiments, we show
that mean-GNN:ss still perform well on benchmark datasets when restricted to having non-negative
weights. We also demonstrate that they recover a variety of sound monotonic rules, as well as
providing examples of the generated rules that explain predicted facts of the GNN. Despite good
model performance on the test set, we find that MAGNN:Ss still learn some nonsensical sound rules,
showing the importance of explainability.

2 Background

Datasets and Graphs We fix a signature of countably infinite, disjoint sets of unary/binary predi-
cates and constants. We also consider a countably infinite set of variables disjoint with the sets of
predicates and constants. A term is a variable or a constant. An atom is an expression of the form
R(t1,t2) or U(t1), where each ¢; is a term and R, U are binary and unary predicates, respectively.
An atom is ground if it contains no variables. A fact is a ground atom and a dataset D is a finite set of
facts. We denote the set of all constants in D with con(D).

For v a vector and ¢ > 0, v[i] denotes the i-th element of v (likewise for matrices). For a finite set
Col of colours and 6 € N, a (Col, §)-graph G is a tuple (V, { E°}.ccol, ) where V is a finite vertex
set, each £° C V' x V is a set of directed edges with colour ¢, and X assigns to each v € V a vector
of dimension §. Each vertex v® € V is defined to correspond uniquely to a constant a from the
signature. When A is clear from the context, we abbreviate the labelling A(v) as v. We uniquely
associate each v[i] with a unary predicate U; and each colour in ¢ € Col with a binary predicate R°.
There is thus a one-to-one correspondence between graphs and datasets [37]. We use N.(v) to denote
the c-coloured neighbours of a vertex v. Graph G is undirected if £ is symmetric for each ¢ € Col
and is Boolean if v[i] € {0,1} foreachv € V andi € {1, ..., d}.

FOL Rules We use standard first-order logic (FOL) syntax, including equality. A variable in a FOL
formula is free if it is not quantified. Barcel6 et al. [7] define first-order logic (FOL) classifiers over
coloured graphs, where for graph G, node v, and FOL formula ¢ with a free variable, (G, v) = ¢
denotes ¢ being satisfied by node v of GG. Similarly, given the correspondence between graphs and
datasets, for a dataset D, constant a € D, and FOL formula ¢ with free variable z, we let (D, a) |= ¢
denote ¢ being satisfied by constant a of D. More precisely, (D, a) = ¢ if for variable substitution
w1 mapping z — a, we have D |= pu. As usual in this setting, D is treated as an interpretation and
D = pu iff ou evaluates to true in D.

We define a FOL rule to be of the form B — A(x), where B is a FOL formula with free variable x
and A a unary predicate. A program is a set of rules. Given a dataset D and FOL rule r : B — A(x),
we define the immediate consequence operator T,.(D) = {A(a) | a € con(D), (D, a) = B}. For a
program «, we likewise define T, (D) = |, ., T-(D). This approach is similar to that of Barcel6
et al. [7], except that instead of binary classification, we are essentially doing multi-class classification.



It is the same approach of Tena Cucala et al. [37], where they find equivalent programs and sound
rules for different GNNSs, but use Datalog semantics.

We also consider fragments of FOL defined by description logics such as ALCQ [6], the concepts of
which are defined by:

Cu=T|L|A|~C|CAD|CUD|YP.C|3PC| <, P.C| >, P.C,

for any relation (binary predicate) P, ALCQ concepts C, D, and atomic concept (unary predicate)
A. We define an ALCQ rule to be a subsumption of the form C' C A. Immediate consequences are
defined in the same way as for FOL, since every ALCQ concept corresponds to a FOL formula with
one free variable.

Graph Neural Networks A function ¢ : R — R is monotonically increasing if x < y implies
o(x) < o(y). We apply functions to vectors element-wise. A (Col,d)- graph neural network M with
L > 1 layers is a tuple

({Achi<e<r, {Bf}eccoi<e<r, {beti<e<r, {oehi<e<r, {agg,}i<e<r, clst ), (D

where, for each £ € {1,..., L} and ¢ € Col, matrices A, and B} are of dimension d; X 6,1 with
8o = 01, = 8, by is a vector of dimension &y, o, : R — R U {0} is a monotonically increasing
continuous activation function with non-negative range, agg, is an aggregation function from finite
real multisets to real values, and cls; : R — {0, 1} for threshold t o4 € R is a step classification
function such that c1s(z) = 1if z > t and cls;(x) = 0 otherwise.'

Applying M to a (Col, §)-graph induces a sequence of labels vg, v1, ..., vy, for each vertex v in the
graph as follows. First, v is the initial labelling of the input graph; then, foreach 1 < ¢ < L, vy is
defined by the following expression:

or(be + Agve_1 + Z B{ agg,({ur—1 | (v,u) € E°})) @
ceCol

The output of M is a (Col,d)-graph with the same vertices and edges as the input graph, but where
each vertex is labelled by cls¢(vy).

When each agg, is mean, we call it a mean-GNN (likewise for max and sum). When all values in
each A, and B are non-negative, we say that the GNN is monotonic. In this paper, we consider in
particular the class of monotonic mean GNNs (MAGNNs). Besides the restriction of non-negative
weights, this is the same model used in R-GCN [32] (where the normalisation constant is set as
described in their paper, to be the number of c-coloured neighbours of the node).

Dataset Transformations Through GNNs A GNN M induces a transformation 7'y, from datasets
to datasets over a given finite signature [37]. To this end, the input dataset must be first encoded into
a graph that can be directly processed by the GNN, and the graph resulting from the GNN application
must be subsequently decoded back into an output dataset. We adopt the so-called canonical scheme,
where enc(D) of a dataset D is the Boolean (Col, §)-graph with a vertex v® for each constant a in D
and a c-coloured edge (v?,v®) for each fact R°(a,b) € D. Furthermore, given a vertex v, vector
component v®[p| is set to 1 if and only if U,(a) € D, for p € {1,...,5}. The decoder dec is the
inverse of the encoder. The canonical dataset transformation induced by a GNN M is then defined
as: Ty (D) = dec(M(enc(D))). We abbreviate M (enc(D)) by M(D).

In this paper, we will only consider (Col, §)- graphs, datasets, and GNNs, unless specified otherwise.
When performing the task of link prediction, we use the additional dataset transformations of
Tena Cucala et al. [37], which enable GNNs to predict binary facts.

Soundness and Subsumption A FOL (or ALCQ) logic program or rule « is sound for a MAGNN
M if T, (D) C Tr (D) for each dataset D. Conversely, a is complete for M if Ty (D) C T, (D)
for each dataset D. We say that « is equivalent to M if it is both sound and complete for M. Finally,
we say that a rule or program R subsumes a rule r if for any dataset D, T,.(D) C Tr(D).

"Note that if > is used for the classifier instead of >, one obtains an entirely different set of theoretical
results from the ones in this paper.



3 Sound Rules and Explanations

We prove a series of theoretical results for MAGNNS, to identify which monotonic rules can be
sound for them and obtain sound explanatory rules. The restriction to non-negative weights isolates
the source of the non-monotonicity to the aggregation function, making analysis easier; however,
MAGNNSs still possess the defining feature of mean-GNNss in their choice of aggregation function.
This restriction is the same approach that was used effectively for GNNs with sum or max aggregation
[25, 35, 37]. First, we show that there exist MAGNNSs with no equivalent FOL programs. Intuitively,
this follows from FOL’s inability to express numerical comparisons.

Proposition 1. There exists a MAGNN M such that for any dataset D and constant a € con(D),
U(a) € Tam(D) if and only at least half of the neighbours b of a in D are such that U (b) € D, where
U is a unary predicate. This logical function cannot be defined in FOL [21].

A full proof is given in Appendix A.l. This means that the task of trying to find equivalent programs
for them, such as the approach of Tena Cucala et al. [37], is impossible. Instead, we aim to extract
sound rules from MAGNNSs, to explain their predictions. Thus, we consider in particular a class
of “monotonic” rules encompassing many common inference patterns, and identify the restricted
fragment that can be sound for MAGNNS. Finally, we define a rule language using a fragment of
FOL that, for any mean-GNN prediction, contains a sound rule that entails the prediction.

3.1 Which Monotonic Rules can be Sound for MAGNNs

Since equivalent programs cannot be found in some cases, we instead first show which simple
monotonic rules can be sound for MAGNNs. Monotonic rules appear commonly in practice [, 23, 34],
are often easily human-readable, and are easier to use for extracting sound rules.

Definition 2. A rule r is monotonic (under dataset extension) if for all datasets D, D’ such that
D CD,T.(D)CT.(D.

Description logics, such as ALCQ [6], are a natural choice for providing a language for sound rules
due to their widespread use in data modelling and their theoretical relationship to GNNs [7]. However,
some ALCQ concepts are inherently non-monotonic: for example, if (D, ¢) = VP.A for some atomic
concept A, binary predicate P, dataset D, and constant ¢ € con(D), then for D’ = D U {P(c,d)}
with a fresh constant d, (D', ¢) [~ VP.A(c).

EL [6] is a more restricted description logic than ALCQ, where concepts use only intersection and
existential quantification—any EL rule is thus monotonic. We define ELUQ, a language in-between
EL and ALCQ, as the language containing concepts defined by

Cu:=T|A|CND|CuUD|3PC| >, PC,

where C, D are ELUQ concepts, P is a binary predicate, A is an atomic concept, and n a positive
integer. Note that any concept 3P.C' can be written equivalently as >; P.C. An ELUQ rule has
the form C' C A. This language is similar (but not equivalent) to that of Datalog with inequalities
considered by Tena Cucala et al. [37] for GNNs with sum aggregation and non-negative weights,
given constraints on the inequalities and the addition of disjunction. All ELUQ rules are monotonic;
however, it remains an open question as to whether this is a maximal monotonic fragment of ALCQ.

We find that for any ELUQ rule r that is sound for a MAGNN M, there exists a set of rules of a very
simple form that (1) are each sound for M and (2) collectively subsume r. This is formalised in the
following theorem.

Theorem 3. Let M be a MAGNN and r an ELUQ rule that is sound for M. Then there exists a finite
set of rules R such that:

1. Eachr’ € R has the form 3P;. T M .. M 3P, T M Ay M ... M Ay 1 T C Agyq, where
each P; is a binary predicate, A; a unary predicate, and j, k € Ny.

2. Eachr' € R is sound for M.

3. R subsumes r.



The proof provides a construction of R. For example, given an ELUQ rule r : >3 P;.(A; U Ag) M
3P,.(3P;.A3) U Ay C As be sound for M, we can construct rules 71 : 3P;. T M3P,. T C A5 and
ro : A4 C As such that both r1 and 75 are sound for M and {ry, r2} subsumes .

As a consequence of this, when checking for sound ELUQ rules it suffices to check for rules of
the above restricted form. In addition, whilst the space of all ELUQ rules is infinite, the restricted
fragment we provide is finite, meaning that all sound ELUQ rules can be covered by instead iterating
over a finite number of restricted rules. Finally, this raises concerns for the logical expressivity of
MAGNNS, since any sound ELUQ rule is ultimately subsumed by a set of much simpler sound rules.

Proof sketch. The full proof of Theorem 3 is given in Appendix A.2. A different »’ is defined for
each concept in the outer disjunction of the body of . To see the crucial step of the proof, consider
some rule r without disjunction in the outer concept, and let 1 := r. Then r; is of the form
>, P.Cy M Cy C A, where P is a binary predicate, C; an ELUQ concept, C5 an ELUQ concept
without disjunction, and n a positive integer. We inductively define a sequence 7o, ..., 1, of ELUQ
rules that such for all ¢ € {1, ...,k — 1}, 7,41 is sound for M and r; 1 subsumes ;. Given r; of the
form >,, P.C; M Cy C A, we define r; 1 as the rule 3P. T M Cy C A. Trivially, r;,1 subsumes ;.

Now consider the following datasets D; and D,,, (parametrised by m € N). In Dy, a concept Cy
annotating a constant a denotes that there exists other facts in the dataset such that (D1, a) = Co
(similarly for D,,).

Dataset D1:  (, @L@ Dataset D,,,:

Note that D; is an instantiation of the body of 7,1 ;. The soundness of ;41 depends on the fact
that as m — oo, the computation of M on D,, at constant a tends to that of M on D; (and that
A(a) € T;, (D).

Since r; contains a finite number of 3 or >,, operators and each ;1 has one fewer 3 or >,, operator
than r;, this inductive construction is guaranteed to terminate for some k. We include 7, in R. Once
this has been done for every r; € R, we have R subsumes r. O

Checking for Monotonic Rule Soundness It remains to be shown how one can verify the soundness
of ELUQ rules. Since we only need to consider rules of the form given in Theorem 3, there are
exactly ¢ - 29°1€! possible rules to check. For rules 71, 2, when considering the sets of body concepts
B,, and B,,, if B, C B, and r; is sound, then 7 is sound: we use this to optimise the procedure.
The following proposition allows one to check the soundness of ELUQ rules.

Proposition 4. Let M be a MAGNN and r : 3P,. T M ... N 3P;. T M Ay M ... N Ay © Apqq be
a rule of the form given in Theorem 3. Define Dyase = {Ai(a), ..., Ax(a), Pi(a,b), ..., Pj(a,b)} for
constants a # b. Then r is sound for M if and only if Ag11(a) € Tra(Dpase)-

For example, to check ifarule r : 3P;. T M 3P,.T M A; M Ay C Ag is sound, it suffices to compute
the output of M on the following dataset Dyyse = {A1(a), A2(a), Pi(a,b), Ps(a,b)}, which can be
represented as follows:

Py

OEBOI

P

Then r is sound for M if and only if A3(a) € Trq(Dpase). Note that this method also works if the
body of the rule r is empty, by simply checking if Ax11(a) € Tar(Dy), where Dy = {P(b,a)}.

Proof sketch. The full proof of Proposition 4 is given in Appendix A.3. It relies on the fact that
(Dpase, @) = B, where B is the body of r. Furthermore, no extension to Dy, Will decrease the output



at v, and any dataset satisfying B is an extension of Dy, (up to constant relabelling, un-merging the
neighbours of v%, and letting b = a). Note that none of these merges / un-merges will decrease the
output at v* and that MAGNNSs are agnostic to the particular constants used in the input dataset. [

Consequences for Link Prediction To perform link prediction, we combine the canonical transfor-
mation with the dataset encoding-decoding scheme defined by Tena Cucala et al. [37], which has
found wide use [22, 25, 35, 37, 43]; it introduces additional nodes in the graph to represent pairs
of constants. Node labels then encode binary facts, instead of unary. Graph edges are used only
to connect nodes that have constants in common; and so the presence of an edge is independent of
whether any specific fact holds in the dataset.

The encoding and decoding can be described by a set of rules [37, Section 3.2], each expressed in a
simple extension of Datalog. Given a sound rule for the canonical transformation, we can combine
it (via unfolding) with the rules representing the encoder and decoder to obtain a Datalog rule that
is sound for the entire link prediction transformation. This observation, combined with Theorem 3,
ensures that each monotonic rule sound for the entire link prediction transformation is subsumed by
rules of the form Ry (z,y) A ... A Ry—1(2,y) = R (2,y), where Ry, ..., R, are binary predicates
from the signature. This is obtained by unfolding a rule of the form given in Theorem 3, since the
unary predicates A; are unfolded into the binary predicates they represent, and the existentials 3P;. T
can safely be removed since the edge presence is independent of any specific fact.

3.2 Explaining MAGNN Predictions

In this section, we provide a family of rules €2 (a fragment of FOL) to explain any prediction of a
MAGNN. More precisely, for any MAGNN M, dataset D, and predicted fact A(a) € Ta((D), there
exists a rule r €  such that A(a) € T,.(D) and r is sound for M. To achieve this, we define a
procedure to derive the rule r € €, given M, D, and A(a).

Logic Language Needed We first define the family of rules using ALCQ syntax, with the addition
of a new operator, rather than defining it directly in FOL. The operator is 3,, (“exists n unique”):
for example: 33 P.(A;, As, T). Its semantics are defined as follows. For concepts C1, ..., C,,, binary
predicate P, dataset D, and constant ¢ € D, we define (D, ¢) = 3, P.(Cy,...,C,) if and only if
there exist distinct constants ¢y, ..., ¢, € con(D) such that (D,¢;) = Cy,...,(D,¢,) E C, and
P(c,c1), ..., P(c, ¢,) € D. Written in first-order logic, it is defined as (D, ¢) = 3, P.(C1, ...,Cp) =

(D,c) E3xy... 3z, (x; # j forall ¢, j € {1,...,n} such thati < j)
ANCL(x1) A oo ACr(an) A P(zy21) Ao A P, 20),

for free variable 2. We then define the family of rules €2 as follows. An 2-concept C' is defined
byCu=T|A|CiNCy |3, P(Ch,...,Cp) N <, P.T, where A is any atomic concept, n any
positive integer, m > n an integer, C1, ..., Cy, any {2-concepts, and P any binary predicate. A rule in
Q has the form C' C A, where C is any §2-concept and A any atomic concept.

Explanatory Rule Let M be a MAGNN, D a dataset, and A(a) € T (D) a prediction of the
MAGNN. We define arule » € 2 by C} T A, where the only part of M that the rule depends on is
L, which is what guarantees that the rule will be finite. The body concept C'{ is defined as follows:

Definition 5. For a dataset D, ¢ € con(D), { € Ny, we inductively define a concept C§ by
Cs:=T M Ay N ... N Ay, where Ay, ..., Ay, are all atomic concepts A; such that A;(c) € D.
Then, if { = 0, we are done: C§ has been defined.

Otherwise, for each binary predicate P, let ¢y, ..., ¢y, be all the constants ¢; € con(D) such that
P(c,¢;) € D. Then, ifn > 0, extend C§ as follows: C§ := C§ 1 3,P.(C;*,,...,C;{~ )N <, P.T.
C5 is extended for each binary predicate P. Note that each C}" | is defined inductively.

The following theorem then shows that the rule both explains the prediction (by producing the same
fact on the dataset as the MAGNN) and is sound for the MAGNN.

Theorem 6. For any MAGNN M, dataset D,, and fact A(a) € Tha(D,), the ruler : C¢ T A
(dependent on D) is sound for M, and A(a) € T,.(D,).



Consider a dataset D, = {A41(a), Pi(a,b1), Pi(a,bs), Py(bs,a), A2(bs), Pa(ba, c), P3(c,d)} and
2-layer GNN M, for example, such that A3z(a) € Tx((D). Then, using Theorem 6, we construct the
rule r : Cg C Ag, where Cg is T M Al Il 32P1.(T,T M AQ M 31P2(T) n < PQT) M <s PlT
Notice that (D, a) = C%, so we have As(a) € T,(D). Furthermore, As(a) € Ta(D) is a sufficient
witness for the soundness of r, as we will prove below.

Proof sketch. The full proof of Theorem 6 is given in Appendix A.5.

(Dg,a) = C¢ follows from the inductive construction of C'¢?, from which we obtain A(a) € T, (D).
It remains to be shown that r is sound for M. Let Dj, be a dataset: to show soundness, we prove that
TT(Db) - TM(Db), so let A(b) eT, (Db)

First, we define a dataset D¢ to be the L-hop neighbourhood of the constant a in D,, (analogously to
how L-hop neighbourhoods are defined for nodes in graphs). Then we show that A(a) € T (D),
since A(a) € Ta(D,) — this follows from the definition of D¢ as the L-hop neighbourhood.
Finally, we prove A(b) € T (Dy), since A(a) € Tr(D%) — this follows from the fact that any
differences between D;, and D¢ cannot yield a lower MAGNN output for v® in comparison to v%,
plus a mapping between constants of Dy, and D¢ .

4 Experiments

We train GNNSs across several benchmark link prediction datasets and a node classification dataset,
showing that sound rules and explanations can be found for MAGNNS in practice, and that the
restriction to monotonicity does not significantly decrease performance. For the model architecture,
we fix a hidden dimension of twice the input dimension, 2 GNN layers, ReLU after the first layer, and
sigmoid after the second layer. The GNN definition given in Section 2, which was chosen for ease of
presentation, describes GNN's aggregating in the reverse direction of the edges. For our experiments,
we follow the standard approach and aggregate in the direction of the edges. Thus, when presenting a
rule, we write each binary predicate as its inverse. For example, “advisor” is written as “advisorOf”.

We use GNNs with max, sum, and mean aggregation. We train each model for 8000 epochs, stopping
training early if loss does not improve for 50 epochs. For all trained models, we compute standard
classification metrics, such as precision, recall, accuracy, and F1 score. For each model, we choose
the classification threshold by computing the accuracy on the validation set across a range of 108
thresholds between 0 and 1, selecting the one which maximises accuracy. We train all our models
using binary cross entropy loss and the Adam optimiser with a learning rate of 0.001. We train models
without restrictions as baselines (denoted by “Standard”), as well as restricting the models to having
non-negative weights (denoted by “Non-Neg”) by clamping negative weights to 0 after each optimiser
step, as in the approaches of Morris et al. [25], Tena Cucala et al. [35]. We run each experiment
across 5 different random seeds and present the aggregated metrics. To compute 95% confidence
intervals, we assume a normal distribution and compute the interval as 1.97x SEM (standard error of
the mean). Experiments were run using PyTorch Geometric, with 2 CPUs and 16GB of memory on a
Linux server, using 34 days of compute time.

Datasets We use 3 standard benchmarks: WN18RRv1, FB237v1, and NELLv1 [38], each of which
provides datasets for training, validation, and testing, as well as negative examples and positive
targets. Importantly, these benchmarks are also inductive, meaning that the validation and testing sets
contain constants not seen during training. We also use the LUBM dataset [15, LUBM(1,0)], with the
train/test split from Liu et al. [23]; this is a node classification dataset, all others are link prediction.

Finally, we utilise LogInfer [23], a framework which augments a dataset by considering Datalog rules
conforming to a particular pattern and adding the consequences of the rules to the dataset. We use the
datasets LogInfer-WN-hier (WN-hier) and LogInfer-WN-sym (WN-sym) [23], which are enriched
with the hierarchy and symmetry patterns, respectively. We also use LogInfer-WN-hier_nmhier [25],
which was created using a mixture of monotonic and non-monotonic rules: rules from the “hierarchy”
and “non-monotonic hierarchy” (R(x,y) A =S(y, z) — T(x,y)) patterns, in this case. We use the
dataset to test whether monotonic rules can be recovered from the dataset, despite the presence of
non-monotonic rules. For the LogInfer datasets, during each training epoch, 10% of the input facts
are randomly set aside and used as ground truth positive targets, whilst the rest of the facts are used
as input to the model.



Dataset Agg Weights | 90 Acc 9Y0Prec %Rec F1

LUBM Mean Standard | 97.14+0.0 96.94+0.0 97.24+0.0 97.14+0.0
Non-Neg | 91.5+0.0 87.8+£0.0 964+0.0 91.9+0.0
WN-hier Mean Standard | 99.54+0.0 99.5+£0.0 9954+0.0 99.5+0.0
Non-Neg | 99.8+£0.0 99.7+0.0 999+0.0 99.8+0.0
WN-sym Mean Standard | 99.44+0.0 99.5+0.0 99.3+0.0 99.4+0.0

Non-Neg | 100£0.0 100£0.0 100£0.0 100=£0.0

WN-hier_nmhier Mean Standard | 86.24+ 0.0 84.7+0.0 88.4+0.0 &86.5+0.0
Non-Neg | 71.6 0.0 80.1£0.1 5884+0.1 67.24+0.0

FB237v1 Mean Standard | 68.7 0.0 954+0.0 393+£0.0 55.7£0.0
Non-Neg | 71.8£0.0 754+£0.0 648=+0.0 69.7£0.0
WNI18RRvl Mean Standard | 93.7+0.0 98.5+0.0 888=+0.0 93.4+0.0
Non-Neg | 95.5+0.0 98.1+£0.0 92700 95.3+0.0
NELLv1 Mean Standard | 75.2+£0.1 93.8+0.0 53.4+0.2 65.7£0.2

Non-Neg | 93.4£0.0 88.8=£0.0 994+£0.0 93.8£0.0

Table 1: Results for mean-GNNs with standard / non-negative weights, across all datasets. Metrics
are computed on the test set and shown with a 95% CI.

Dataset | Tott Un Bin Mix | 0 1 2 3 4 5 6 7 8
LUBM 11.6 1.4 98 0.4 2 96 14 0.6 0

‘WN-hier 22.6 156 0 7 0 26 54 6.6 1.4 38 22 04 02
WN-sym 0.4 0 0 0.4 0 0 0 0 0.4 0 0 0 0
‘WN-hier_nmbhier | 53.6 4.6 0 49 0 0 1.8 162 17.8 126 48 0 04
FB237v1 136 136 0 029 136

WNI18RRv1 0 0 0 0 0 0 0 0 0 0 0 0 0

NELLv1 1 1 0 0| O 0 1

Table 2: Counts of monotonic rules of the form given in Theorem 3. Tot, Un, Bin, Mix are the counts
of the total number of rules, rules with only unary atoms, rules with only binary atoms, and rules with
a mix of atom arities. Each remaining column ¢ counts the number of rules with ¢ body concepts.

Rule Extraction and Explanations On all datasets, we use Proposition 4 to check for monotonic
rules of the form given in Theorem 3. This procedure is described in Algorithm 1 of Appendix B.1.
Given the differing number of unary and binary predicates in each dataset and the exponential growth
of the rule space, we check all rules up to a differing number of a body concepts: 4 for LUBM, all 15
for WN-based-datasets, 1 for FB237v1, and 2 for NELLv1. This yields a total possible number of
sound rules: 383670 for LUBM, all 360448 for WN18RRv1 and the Loglnfer datasets, 56169 for
FB237v1, and 216600 for NELLv1. When a rule is a subsumed by another with fewer body atoms, it
is not counted.

We also compute sound explanatory rules of the form given in Theorem 6 for all true positive
predictions made on the test set of LUBM. Given that the explanatory rules are often large, we
improve the process by first checking if a sound rule of the form given in Theorem 3 derives the fact
on the input dataset, and return the rule as an explanation if it does. If no such rule exists, we use
rules from Theorem 6. Other strategies for improving the rule quality are discussed in Appendix B.2.

Results Mean-GNN performance on the test set is shown in Table 1. For completeness, results
across all aggregation functions are given in Tables 5 to 7 of Appendix C. We see similar behaviour
for mean-GNNss as for sum and max-GNNs when they are restricted to non-negative weights, which
matches the behaviour seen by Morris et al. [25] for sum-GNNs and Tena Cucala et al. [35] for max-
GNNs. On LUBM, the restriction yields a small decrease in performance. For the monotonic LogInfer
datasets, there is a slight increase in performance, and for the non-monotonic one, a substantial
decrease, since the dataset explicitly penalises monotonic model behaviour. Finally, on the benchmark
datasets, the restriction improves performance, sometimes substantially. This demonstrates that the



Dataset | Examples of Sound Rules

LUBM T C Publication
JadvisorOf. T C AssociateProfessor
Department M UndergraduateStudent M JadvisorOf. T C FullProfessor

WN-hier \ _member_of_domain_usage(X,Y) — _member_meronym(X,Y")

WN-sym _has_part(X,Y) A _similar_to(X,Y) —
_derivationally_related_form(X,Y")

WN-hier_nmhier | _hypernym(X,Y") A _synset_domain_topic_of(X,Y") — _also_see(X,Y)

FB237vl T — /music/instrument/instrumentalists( X, Y")
/base/biblioness/bibs_location/state( X, Y) — /film/film/genre( X, Y)
NELLvI organizationterminatedperson(X, Y') Atopmemberoforganization(X,Y) —

organizationhiredperson(X,Y")

Table 3: Randomly sampled sound monotonic rules of the form given in Theorem 3.

Fact | Publication(http://www.Department10.University0.edu/FullProfessor5/Publication3)
Rule | T C Publication

Fact | ResearchAssistant(http://www.Departmentl.University0.edu/GraduateStudent14)
Rule | GraduateStudent C ResearchAssistant

Fact | GraduateStudent(http://www.Department12.University0.edu/GraduateStudent48)
Rule | ResearchAssistant © GraduateStudent

Fact | GraduateStudent(http://www.Department3.University0.edu/GraduateStudent44)
Rule | ResearchAssistant M JauthorOfPublication. T T GraduateStudent

Fact | Course(http://www.Department12.University0.edu/Coursel)
Rule | dcourseTakenBy.T 1M dJhasTeacher. T C Course

Fact | AssistantProfessor(http://www.Department13.University0.edu/AssistantProfessor10)
Rule | JadvisorOf. T C AssistantProfessor

Fact | University(http://www.University772.edu)
Rule | dJgrantedUndergraduateDegreeTo. T C University

Table 4: Randomly sampled explanatory rules that have successfully been reduced in size, shown
with the corresponding facts produced by the MAGNN on LUBM.

restriction of mean-GNNs to MAGNNSs can be done in practice without sacrificing significant model
performance, while enabling the extraction of sound rules. We hypothesize that the occasional
performance increase seen when restricting the models to non-negative weights is due to (1) it
regularizing the model and (2) the dataset patterns not requiring negative weights to be captured.

In Table 2, we present counts of the number of sound monotonic rules that were obtained on each
dataset. On LUBM, WN-hier, WN-hier_nmbhier, and FB237v1, we find a number of sound rules
with a varying number of body concepts. On average, we found 2 sound rules on LUBM that have
empty bodies, and 29 on FB237v1; these rules are clearly absurd, but are what the GNN has learned,
highlighting the need for sound rules so that such issues in the models can be exposed. Further to this,
we note that almost no sound monotonic rules were obtained on WN-sym, WN18RRv1, or NELLv]1.
This is especially concerning for WN-sym, which was populated with the consequences of monotonic
rules. This behaviour is due to the very restricted form that sound monotonic rules can have when
used with the link prediction encoding of Tena Cucala et al. [37], as discussed in Section 3.1. Morris
et al. [25], on the other hand, found that all of the rules used to create WN-sym were sound when
using sum-GNNs with non-negative weights. We show some sample sound monotonic rules in
Table 3, with more given in Table 8 of Appendix C.

In Table 9 of Appendix C, we give samples of explanatory rules of the form given in Theorem 6.
On LUBM, these explanatory rules had 25 body concepts on average. When using the improved



procedure of first checking for explanatory rules of the form given in Theorem 3, the rules averaged
only 11 body concepts. On average, out of 1990 true positive predictions, the process only failed 22
times to explain the predicted fact using a rule from Theorem 3. In Table 4, we give samples of such
explanatory rules, which are useful for providing insights into the data, as well as exposing issues
with the trained MAGNN. For example, the explanatory rule T T Publication exposes a nonsensical
rule learned by the MAGNN, which arises as a consequence of publications in LUBM having no
incoming edges. Likewise, it is sensible that the MAGNN has learned that research assistants are
graduate students, but it has also erroneously learned that all graduate students are research assistants.
Finally, note that the fourth rule in the table is subsumed by the third rule — this is because they come
from two different MAGNNSs, which have learned different sound rules. Table 10 of Appendix C
provides a longer list of explanatory rules that have been reduced in size.

5 Discussion

Our Contribution We considered mean-GNNs with non-negative weights (MAGNNs), showing
first that they can express logical functions that go beyond FOL. We proved which ELUQ rules (a
class of monotonic ALCQ rules) can be sound for MAGNNSs, which turned out to be very limited.
The resulting rule space is finite, which enabled us to define a procedure to check for all sound ELUQ
rules. We also provided a restricted fragment of FOL, from which sound rules can be constructed to
explain any prediction of a MAGNN. In our experiments, we found that mean-GNNss still perform
well on benchmark datasets when restricted to having non-negative weights. We also found a variety
of sound monotonic rules on half the datasets, with provably almost no sound monotonic rules on
the other half. This, alongside several nonsensical sound rules, raise questions about how mean-
GNNs can be encouraged to recover the underlying rules in the datasets, and suggests that max- or
sum-GNNs may be preferable when provable soundness is required. It also shows the importance of
rule extraction techniques, given the good empirical performance of MAGNNSs on the test datasets
but nonsensical rules they have learned (for example, that everything is a publication). Finally, we
computed explanatory rules for predictions made by MAGNNs on the LUBM dataset.

Logical Explanations for GNNs Other works also extract logical explanations for GNN predictions
[4, 5, 20, 28]. However, none of these provide theoretical guarantees that the explanations are sound
for the model, only empirical evidence that they are approximately faithful. Pluska et al. [28], for
example, learn decision trees from GNNs and then extract logical rules from the decision trees —
they are not equivalent to the GNNs they are derived from, so the extracted logical rules are not
provably sound. Furthermore, Kohler and Heindorf [20] only consider explanations in EL, which is a
fragment of ELUQ.

Mean-GNN Theory Further works also provide theoretical analyses of GNNs with mean aggre-
gation. Vasileiou et al. [39] provide a generalisation bound for mean-GNNs. Adam-Day et al. [2]
show that mean-GNNs used for graph classification tend to a constant function as the sizes of the
input graphs tend to infinity (under certain random graph models). Their approach of tending the
size to infinity is similar to our technique used in the proof of Theorem 3. In contemporaneous work,
Schonherr and Lutz [33] identify the FOL expressivity of mean-GNNs in the uniform (standard) and
non-uniform (only on graphs up to a bounded number of nodes) settings. In the uniform setting,
they prove that any continuous mean-GNN (that is equivalent to a FOL classifier) has an equivalent
logical classifier expressible in alternation-free modal logic (AFML). However, they do not provide a
construction of the AFML classifier, a demonstration that such a construction would be obtainable in
practice, or a means to recover sound rules if the mean-GNN is not equivalent to a FOL classifier.

Limitations Our work is limited in several ways. First, despite being able to check the infinite
space of ELUQ rules for soundness by instead checking finitely many rules of the form given in
Theorem 3, the size of this finite space grows exponentially in the number of predicates, making the
search intractable as the number of predicates increases (as seen on FB237v1, for example). Also, it
is an open question as to whether ELUQ is a maximal monotonic fragment of ALCQ, so there may
be other monotonic rules that can be sound for mean-GNNs. Finally, we only consider the < operator
for the mean-GNN step classification function cls, due to its standard use in prior work [25, 35, 37]
and the fact that using < yields an entirely different set of theoretical results (for example, rules with
a body of 3P. A could be sound for such a mean-GNN, without 3P.T being sound).
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The claims made in the abstract and introduction match the theoretical results
given in Section 3 and experimental results in Section 4.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Limitations are given in Section 5.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: Assumptions are given in the definitions in Section 2 and within each theoretical
results presented in Section 3. Full proofs are given in Appendix A, with proof sketches in
Section 3.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: All implementation details necessary for reproducing results are given in
Section 4, and the rule-checking definitions / constructions given in Section 3 describe our
methods for obtaining sound rules.

Guidelines:

» The answer NA means that the paper does not include experiments.

« If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Code and data have been submitted with the supplementary material. The
README in the code and hyperparameters in Section 4 provide the details necessary for
reproducing the experimental results.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: All important details are given in Section 4, with full details in the code.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We compute and present 95% confidence intervals for all of our model
performance metrics, as described in Section 4.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: As stated in Section 4, we used 2 CPUs and 16GB of memory on a Linux
server, for 34 days of compute time. Each individual run was a maximum of 12 hours.
Preliminary and failed experiments used a total additional compute time of 28 days.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Our work does not have human participants and uses publicly available
benchmark datasets for evaluation. We foresee no negative societal impact, as our methods
only allow for explaining and verifying model predictions, which can only expose bias, not
create it. Our work is fully legally compliant.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
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Justification: In Section 1, we point out the importance of explaining and justifying the
predictions of neural models, which is the problem that our work aims to solve. We foresee
no potential negative societal impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: As stated in Section 4, we use only publicly available datasets in our experi-
ments.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: The creators of the codebases and datasets we make use of the in the paper are
all cited in Section 4. The licenses are as follows: (1) LogInfer [23] - source - MIT License,
(2) non-monotonic LoglInfer [25] - source - MIT License, (3) Benchmark Datasets [38] -
source - CC BY 4.0, and (4) LUBM [15] - source - GPL-2.0.
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Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: No new assets are given in the paper.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: No crowdsourcing nor human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
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Justification: No crowdsourcing nor human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: LLMs were not used in the paper.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Proofs

A.1 Proposition 1

Proposition. There exists a MAGNN M such that for any dataset D and constant a € con(D),
U(a) € Tam(D) if and only at least half of the neighbours b of a in D are such that U(b) € D. This
logical function cannot be defined in FOL [21].

Proof. Consider a MAGNN M over a signature with only one unary predicate (U) and only one
binary predicate (P), corresponding to colour ¢ in the canonical encoding. Let M have L = 1
(one layer), with A; = (0), by = (0), and B = (1). Finally, let o; be the identity function and
tam = 0.5.

Consider a dataset D and constant ¢ in D. Then v, the labelling of v® after M is applied to enc(D),

depends only on the number and type of the direct neighbours of v¢. Each neighbour v° either has
U(b) € DorU(b) ¢ D. We end up with

gy = (1007 00) € B and 1] = 1)
- [Ne(o™)
_ |{v| P(a,b) € Dand U(b) € D}|
T [blP@beD)

Now v¢[1] > 0.5 = ¢ if and only if [{b | P(a,b) € DandU(b) € D}| > |{b| P(a,b) €
Dand U(b) ¢ D}|. Le. U(a) € Ta(D) if and only at least half of the neighbours b of a in D are
such that U (b) € D.

However, this logical function cannot be expressed in FOL. To prove this, we consider Libkin [21],
who defines the majority predicate MAJ (¢, 1), which tests if all constants satisfying ¢ contains at
least half of the constants satisfying ). We find that, for every dataset D and constant a € con(D),
we have (D, a) = MAJ(R(a,z) A U(x), R(a,x)) if and only if “at least half of the neighbours b of
ain D are such that U (b) € D” if and only if U(a) € Ta(D).

However, Libkin [21, Corollary 13.17] proves that MAJ queries cannot be defined in an extension of
FOL, from which it trivially follows that they cannot be defined in FOL. Thus, M is equivalent to a
logical function that cannot be defined in FOL. O

A.2 Theorem 3

Theorem. Let M be a MAGNN and v an ELUQ rule that is sound for M. Then there exists a finite
set of rules R such that:

1. Eachr' € R has the form 3P,. T 1 ... M 3P, T M Ay M ... M A 1 T C Agyq, where
each P; is a binary predicate, A; a unary predicate, and j, k € Ng.

2. Eachr' € R is sound for M.

3. R subsumes r.

Proof. First, notice that r is of the form C' U ... U C™ C A for ELUQ concepts C!,...,C™
containing no disjunction in the outer scope (i.e. disjunction is only nested within existential
quantification), m € N, and atomic concept A. Note that r not containing any disjunctions in the
outer scope is covered by m = 1.

Now, let R’ := {C' C A,...,C™ C A}. By the operation of rule application, Tr/ (D) = T;.(D) for
all datasets D. Also, each rule in R’ is sound for M, as a consequence of r being sound for M. We
will construct R by including in it a rule for each rule in R'.

Base Case
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Consider each vy € R’. If 1 contains no 3 or >,, operators, then it is already trivially of the form
specified in the theorem, so let v, = 71 and include it in R. Also, as stated above, r; is sound for M.
Otherwise, we have that r; is of the form >,, P.C; M Cy C A, where P is a binary predicate, C; an
ELUQ concept, C'y an ELUQ concept without disjunction, and n a positive integer.

We now inductively define a sequence 73, ..., 7, of ELUQ rules that such for all ¢ € {1, ...,k — 1},

1. r;41 is sound for M

2. 7341 subsumes r;
Inductive Step

For this purpose, consider the last defined rule r;: we define r; 1 and prove the above properties.

If r; contains no 3 or >,, operators, then let k£ := ¢ and cease the inductive construction. As
assumed in the inductive hypothesis, r; is sound for M. Otherwise, we have that r; is of the form
>, P.C; M Cy C A, where P is a binary predicate, C; an ELUQ concept, Co an ELUQ concept
without disjunction, and n a positive integer.

Now let ;1 be the rule AP. T M Cy T A. Trivially, 7,11 subsumes r;, since they have the same head
and whenever the body of r;, ; is satisfied, so too is the body of r;. It remains to prove that ;1 is
sound for M. For this purpose, assume to the contrary that ;1 is not sound for M.

If for all datasets D; such that P(a,b) € D; and (D;,a) = Cj for some constant b, we have
A(a) € Tpy(Dy), then r; 1 would be sound for M. This follows from these conditions covering all
datasets that satisfy the body of r;.

Likewise, if for all datasets D; such that P(a,b) € D, (D1, a) = Cs, b # a, and b is not mentioned
in any other fact of Dy, we have A(a) € Th(D1), then 7,11 would be sound for M. This is because
neither mentioning b in another fact of Dy nor having a = b will decrease the output of M (D;) for
node v%,

So instead there exists some dataset D1 such that P(a,b) € Dy, (D1,a) |= Cs, and A(a) & T (D)
for some constants a # b, where b is not mentioned in any fact of D besides P(a, b). Here follows a
representation of Dy :

526

Now consider v{, the output for node v* when M is applied to enc(D;), andlet 1 < p < J be in
the index of the unary predicate A in the canonical encoding. Since A(a) & Ta((D1), we must have

v [p] < tag. Lett := aYilel

We now define a dataset D,,, parameterized by a non-negative integer m. We define
D,, = D1\ {P(a,b)} U{P(a,c1), ..., P(a,c,)} U{P(a,b1),..., P(a, by,)} for distinct constants
Cly +eey Cpy b1, -y by (all also distinct from @) and further require that (D,,,, ¢1) = C1, ..., (D, ¢n) E
(1, by including other facts necessary for the satisfaction to hold. We also require that by, ..., b,,
are not mentioned in any other facts of D,,. These further requirements may be satisfied in several
different ways, but any of them will suffice for the definition of D,,,. Here follows a representation of
D,,:

© (n) (e)e

P| P Ch
P P
q
02020
Cy
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Notice that (D,,,a) = Cs and (D,,,a) = >, P.C1, so A(a) € T;,(D,,). But from the soundness
of r;, we also have A(a) € Tr(D,,). However, as m — oo, the computation in node v* when M
is applied to enc(D,,) tends to that of M being applied to enc(D;) — this is consequence of the
definition of MAGNNS. Thus, there exists some m such that when considering v, the output of
M applied to enc(D,, ), we have v§ [p] < t (note that this requires the use of continuous activation
functions, otherwise it is possible that v§ [p] > ¢ for every m).

But since ¢ < taq, we have v [p] < trq. And since A(a) € Ta((Dyy), we have v [p] > t 4. This
is a contradiction, so ;1 is sound for M.

End of Inductive Construction

Since r1 contains a finite number of 3 or >,, operators and each ;1 has one fewer 3 or >,, operator
than r;, this inductive construction is guaranteed to terminate for some k.

We thus have a sequence 71,9, ..., 7 of ELUQ rules such that for all ¢ € {1,...,k — 1}, 741
subsumes ;. Since ;11 subsumes 7, for all datasets D we have T;. (D) C T}, (D). So T, (D) C
T,,(D) C ... € T;, (D), and thus T, (D) C T,, (D). Also, notice that ;, contains no existential
quantifiers or disjunction, so it is of the form specified in the theorem. Furthermore, 7, is sound for
M, as was shown above. We include 7, in R.

Conclusion

We now have a set R of rules of the form specified in the theorem, such that each is sound for M. It
remains to be shown that R subsumes 7.

Let D be a dataset. Recall that T,.(D) = Tr/(D). But for each r; € R/, there exists r; € R such
that 7., (D) C T, (D). Thus U, ¢ g T, (D) € U, cg Tri (D), and so Tr/ (D) C Tr(D). Hence,
we have T,.(D) C Tr(D), so R subsumes r, as required.

O

A.3 Proposition 4

Proposition. Let M be a MAGNN and v : 3P,. T 1 ... T 3P, T M A1 N ... 1M Ay C Agyq bea
rule of the form given in Theorem 3. Define Dy := {A1(a), ..., Ax(a), Pi(a,b), ..., Pj(a,b)} for
constants a # b. Then r is sound for M if and only if Ag11(a) € Trar(Dpase)-

Proof. We prove both direction of the if and only if. First, assume r is sound for M. Notice that
(Dpase; @) = B, where B denotes the body concepts of r, so we have Ayy1(a) € T;.(Dpyse). But
since r is sound for M, T).(Dyase) € Tt (Drase) and thus Ay 11 (a) € Tar(Dypase) as required.

Now assume that Aj41(a) € Tar(Dypase). We prove that r is sound for M. For this purpose, let D
be an arbitrary dataset: we prove that 7,.(D) C T((D). So let Axy1(c) € T,.(D).

Extending The Base Dataset

Consider the set Dqpyiis, consisting of every dataset {A1(a), ..., Ax(a), Pi(a, b1), ..., Pj(a, b;)} for
(not necessarily mutually distinct) constants by, ..., b; that are distinct to a. Then for each such
D, € Dygpigs, the computation of M (D) is identical to that of M(Dhyase). So Agy1(a) € Taq(D1).

Now consider the set Diyerges, consisting of every dataset {A;(a), ..., Ax(a), Pi(a,by), ..., Pj(a,b;)}
for (not necessarily mutually distinct) constants by, ..., b; that are not necessarily distinct to a. Each
Dy € Dierges €ither has a distinct to all by, ..., b;, or it does not. If it does, then Dy € Dgpyiiss, in
which case Aj11(a) € Ta(D2) Otherwise, D5 has a corresponding Dy € Dgyjis Where each b; such
that b; = a is swapped out for another constant b; # a.

Consider v and v¢', the outputs for node v® when M is applied to Dy and D respectively. Notice
that, by the operations of MAGNN:Ss, for all p € {1, ..., §} we have v§ [p] < v¢'[p]. This is because
merging each of the neighbours b} of a into b; = a will never decrease the output of the MAGNN.
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Now let p be the index of A1 in the canonical encoding. Then since v§ [p] < v%'[p] and Aj1(a) €
Tam(Dy), we have ta < v [p] < v¢'[p], and thus Ay y1(a) € Taq(D2). So for every Do € Dierges
we have Ak+1(a) € Th (DQ)

Conclusion

We now prove that Ayy;(c) € Ta(D). Since Apt1(c) € T,-(D), there exists (not necessarily
distinct) constants dy, ...,d; in D such that D" := {44 (c), ..., Ax(c), Pi(c, d1), ..., Pj(c,d;)} C D.
There are potentially multiple such constants d; that could be used for D’ C D. For each i €
{1, ..., 7}, if there exists constant d; # a such that P;(c, d;) € D, then choose this d; to be in D’.

But then, up to the relabelling of the constant ¢ — a, we have D’ € Dipyerges, 50 Apy1(c) € Taq(D'),
since MAGNNSs are agnostic to the specific constants used.

D is a superset of D’. Consider v¢ € enc(D’) and the application of M to D’ and D, resulting in
v$' and v§, respectively. Any unary facts in D that are not in D’ will preserve v§’ < v§, from the
definition of MAGNNSs and the canonical encoding. The only binary facts in D that are not in D’ that
could decrease the computation of v§’ (leading to v§'[p] > v§ [q] for some index ¢) are of the form
Pi(c,d;) for ¢ # d;, where D’ contalns some fact P;(c, ¢). However, as was stated in the definition
of D', if D contains a fact P;(c, d;) with ¢ # d;, then D’ will not contain P;(c, ¢). So, no facts added
when extending D’ to D will decrease the computation of v§’, and we obtain v§' < v§.

Now let p be the index of A1 in the canonical encoding. Then since Ax11(c) € Ta(D’), we have
tam < v§'[p] < v§[pl, and thus A1 (c) € Ta(D), as required.

O

A4 Lemma?7

We provide a lemma that is used in the proof of Theorem 6.

Lemma 7. Let M be a MAGNN, D, a dataset, and a € con(D,) a constant. For any { € Ny and
¢ € con(D,), we have (D, c) = C§, where Cj is dependent on D,,.

Proof. We prove this by induction on /.
Base Case

For ¢/ = 0 and some ¢ € con(D,), we have C§ =T M Ay M ... M A, where Ay, ..., Ay, are all
atomic concepts A; such that A;(c) € D,. But then (D,, c¢) = A; for every A; in the conjunction of

€G30 (Da, ¢) = C§.
Inductive Step

Consider some ¢ € N, and assume that the claim holds for ¢ — 1. Let ¢ € con(D,). We have
Cf=A,MN..MNA,NC, where Ay, ..., Ay, are all atomic concepts A; such that A,(c) € D, and C’
denotes the remainder of the concept. Slmllarly to the base case, we obtain (Dg,¢) = Ay M ... M Ay.

C’ is a conjunction of T with a concept Cp for each binary predicate P such that there exists
P(e,¢;) € Dg. So consider such a P: we prove that (D,, ¢) | Cp.

Let ¢y, ..., ¢, be all the constants ¢; € con(D,,) such that P(c,¢;) € D. Then we have Cp :=
3,P.(C)24,...,Cpm) M <, P.T. Since chas exactly n P-neighbours in D, we have (D,, c) = <,
P.T. By induction, (Dg,¢;) = Cj', forevery i € {1,...,n}. Also, all ¢, .. c,L are dlstlnct. So
from the semantics of 3,,, (Dg, ¢) = 3,P.(C;2 4, ..., Cecjl) Thus, we obtain (D, ¢) = Cp.

Now since (Dg,¢) = Cp holds for every binary predicate P, we have (D, ) E ', and thus
(Dg,c) E C7, as required. O
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A.5 Theorem 6

Theorem. For any MAGNN M, dataset D, and fact A(a) € Tym(D,), the ruler : C¢ T A
(dependent on D, ) is sound for M, and A(a) € T,.(D,,).

Proof. First, we have A(a) € T,.(D,), since A is the head of r and (D,,a) = C¢ follows directly
from Lemma 7. It remains to be shown that r is sound for M. Let D, be a dataset: to show soundness,
we prove that T,.(Dy) C Ta(Dy). For this purpose, let A(b) € T,.(Dy) be an arbitrary fact; we
prove A(b) € Tra(Dy).

Minimal Satisfaction Dataset

We define a dataset D¢ in an analogous fashion to the definition of C7, to be the L-hop neighbourhood
of the constant ¢ in D,,.

Given ¢ € con(D,), { € Ny, we inductively define a dataset D§ by Dj := {A;(c) | A;(c) € Dg}.
Then, if £ = 0, we are done: Dj has been defined. Otherwise, for each binary predicate P, let
€1, ..., ¢y, be all the constants ¢; € con(D,) such that P(c, ¢;) € D,. Then, if n > 0, extend Dj as
follows: Dj := Dj UD;*, UD;?, U..UD;™ U{P(c,¢;) | P(c,c;) € Do}. Dy is extended for
each binary predicate P. Note that each D;’ , is defined inductively.

At this point in the proof, we have three datasets to consider:

» D, — the original input dataset from which a fact A(a) was produced by the MAGNN T\,
e Dy — an arbitrary dataset instantiated for the proof of soundness

* D¢ — the L-hop neighbourhood of the constant a in D,

In the remainder of the proof, we show the following in sequence:

(1) A(a) € Tm(DY), since A(a) € Ta(D,) — follows from definition of D¢ as the L-hop
neighbourhood.

(2) A(b) € Tram(Dy), since A(a) € Ta(D$) — follows from the fact that any differences between

Dy, and D¢ cannot decrease the MAGNN output for v® / v°, plus a mapping between constants of
Dy and Df.

(1) Prove A(a) € Tam(DY) Using A(a) € Tam(D,)

First note that D¢ C D, since only facts from D, are included in its definition. Consider v, vaL’,
the output of M on D,, D respectively for the vertex corresponding to a, and let p be the index of
A in the canonical encoding. Since A(a) € Tam(D,), v [p] > tar. However, since M has only L
layers, the computation of v¢ is affected only by vertices in the L-hop neighbourhood of v¢.

Since D¢ contains exactly the L-hop neighbourhood of a, we thus have v¢ = v¢’. This implies
v4'[p] > ta and thus A(a) € Ta(DE).

(2) Prove A(b) € Ty (Dy) Using A(a) € Ty (DY)

First, we inductively construct a mapping 7 : con(D¢) — con(D;) from constants to constants.
Intuitively, this will track “corresponding” constants from the two datasets in the computation of
M. We also assign a “level” to each constant of con(D$ ) from the set {0, ..., L}. We perform the
induction on ¢ from L to 0, simultaneously proving that for each constant ¢ € con(D¢) of level ¢,
we have:

(D, ¢) = Cf and (Dy, m(c)) = CF (©)

Inductive Construction of Constant Mapping
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For the base case, we define 7(a) = b, and let the level of a be L. Since A(b) € T,.(Dy), (Dy,b) =
C¢, the body of . So we have (Dy, 7(a)) = C¢ and also trivially (D¢, a) = C?.

Now consider each constant ¢ € con(D%) of level ¢ > 1; we define 7 for constants of level ¢ — 1.
For each binary predicate P, let ¢y, ..., ¢, be all the constants ¢; € con(D,) such that P(c, ¢;) € D,.
Let the level of each ¢4, ...,c, be £ — 1.

Let d := w(c). By the inductive assumption, (Dy,w(c)) | C¥, so we have that (Dy,d) =
3,P.(Cy,...,Cpm) M <, P.T. So there exist distinct constants dy, ...,d, € con(Dy) such
that (Dy,dy1) = C;q, ..., (Dy,dy) = Cy™y and P(d,dy) € Dy,...,P(d,d,) € D,. We define
m(c1) =du,...,m(¢,) = dy. Notice that we have that (Dy, w(c1)) = Ci, ..., (Dy, m(cn)) = C) s
and trivially from the construction of D} that (D¢ ,c1) = Cy1 4, ..., (Dy, cn) = Cy™4, as required
for the induction proof.

Monotonicity

For each constant ¢ € con(D}) and d € con(Dy), let v, v§ be the outputs when M is applied
to D} and Dy, respectively. Likewise, let £°, Z° denote the edges and N,, N, the neighbours in
enc(D¢) and enc(D,) for colour o, respectively. We prove the following claim by induction on ¢
fromOto L.

Claim: For each ¢ € {0,..., L}, constant ¢ € con(D¢) of level ¢ € {{,...,L},and i € {1,...,0,},

we have v§[i] < V;(C) [].

Base Case

For the base case ({ = 0), leti € {1,...,00}, let ¢ € {0,...,L}, and consider each constant
¢ € con(D?) of level ¢'.

As proven in Equation (3), we have (D¢, ¢) = C§, and (Dy, 7(c)) = Cf,. Recall that Cf, includes
T M A; M ... N Ag, where Ay, ..., Ay, are all atomic concepts A" such that A’(¢) € D,,. From the
definition of D¢, the unary facts in D¢ that mention c are precisely A;(c), ..., Ax(c). Then since
(D, m(c)) = Cypr, we have Aq(m(c)), ..., Ag(m(c)) € Dy.

So if v§[i] = 1, then A;(c) € D¢, where A; is the unary predicate with index 7 in the canonical
encoding. This implies that A;(7(c)) € Dy, and thus \73(0) [i] = 1. This proves the base case, since
vili] =1 = vg(c> [i] = 1 and the definition of the canonical encoding let us conclude that

vilil < 5.
Inductive Step

For the inductive step, we prove the claim for £ > 1; to do so, assume the claim holds for £ — 1. Let
0 e{l .. L} leti € {1,..,0.}, and consider each constant ¢ € con(D$) of level £'. We prove

that v¢[i] < v “[i]. Consider the computation of v¢[i] and ¥} “)[i]:

do—1 do—1
vilil = o0 [ beli) + D Aeli, v [l + D D Beli, j] mean({ug1[j] | (v, u) € E°})
j=1 0€Col j=1
@)
Sp—1 do—1
Vil = o0 | bl + Y0 A GVl + D0 Y Beli ) mean(fueals] | (07, u) € E°P)
Jj=1 0€Col j=1
(%)
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From the induction hypothesis, since ¢ is of level ¢/ > ¢ — 1, we have v§_,[j] < \‘fgfcl) [4]- Since

all else in the above equations is equal, it remains to be shown that, for all colours o € Col and
je{l, ..., 01}

mean({ug_1[j] | (v°,u) € E°}) < mean(far_1[j] | (o™, u) € E°})

Soleto € Col, j € {1,...,8¢—1}, and let P be the binary predict corresponding to colour o. Now
if there exists no ¢ € con(D,) such that P(c,c) € D,, then by the definition of E° as the edges
from enc(D9$ ), we have E° = () and thus mean({uy_1[j] | (v°,u) € E°}) = 0. So the inequality
trivially holds, since each uy_1[j] is non-negative.

Thus, instead consider all ¢y, ..., ¢, € con(D,) such that P(c,c) € D,. Note that each such ¢, has

level ¢/ — 1. Then since ¢’ — 1 > ¢ — 1, from the inductive hypothesis, we have v;* , [j] < \’fﬁcl’“) [7]

for each c,.

Furthermore, since ¢ € con(D9 ) has level £/, we obtain (Dy, 7(c)) = C§, from Equation (3). Thus,
we have (Dy, 7(c)) = 3, P.(Cp_y,...,Cp_ 1) M <, P.T. So there exist exactly n distinct constants
dy,...,d, € con(Dy) such that P(w(c),dy) € Dy, ..., P(n(c),d,) € Dy. However, recall from the
definition of 7, that these constants are precisely di = 7(c1), ..., d,, = 7(cy).

From the canonical encoding, we thus have a one-to-one correspondence between the sets
{’Uck ‘ (UC,UCk) c Eo} and {,Uﬂ(ck.) | (Uﬂ(c),vﬂ(ck)) c Eo} _ {Udk ‘ (vﬂ(c)’vdk) c EO}. Also, as
stated above, from the inductive hypothesis, we have vj* , [j] < V?ﬁcl’“) [7] for each ¢;. Combining
these, we obtain the inequality mean({u,_;[j] | (v¢,u) € E°}) < mean({u,_1[j] | (v, u) €
E°}). This allows us to conclude v§[i] < V?(C) [i], as required.

Conclusion

We have shown that for each ¢ € {0, ..., L}, constant ¢ € con(D¢) of level ¢’ € {¢,...,L}, and
i €{1,..., 60}, we have v&[i] < v7 [i].

Now let p be the index of A in the canonical encoding. We obtain v§ [p] < ‘_fz(a) [p]. and thus
v4[p] < ¥4 [p], since b = 7(a) and a is of level L. But since A(a) € T (D%), v¢[p] > ta, thus
VY [p] > ta, and finally A(b) € T (Dy). O
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B Algorithms

B.1 Checking Soundness of ELUQ rules

Algorithm 1: Check the soundness of all rules of the form given in Theorem 3 for MAGNN M

Input :MAGNN M

Output : S: set of sound rules for M of the form given in Theorem 3 that together subsume
every ELUQ rule that is sound for M

S« 0 // result set

foreach n € {1,...6 + |Col|} do

// consider rules whose body contains exactly n concept atoms
foreach candidate rule r of form
r: dP..T M ... 11 HPJT mA; M...M A, C Ak+1
with exactly n body concepts do
// check subsumption by a sound (smaller) rule
if 3" € S with head Ay, whose body concepts are contained in those of r then
S+ Su{r}
continue
// construct dataset with fresh constants a # b
Dbase — {Al(a)7 ey Ak(a)7 Pl(aa b)7 ... 7Pj(a’? b)}
// test the soundness of r, using Proposition 4
if Ak+1(a) €Ty (Dhase) then
| S« Su{r}
return S

B.2 Refining Explanations

There are two primary issues with the rules defined in Theorem 6.

First, the size of the rules can be large in practice, making them difficult to read, and also limiting
their ability to generalise to other datasets. The size of the rule can be iteratively refined by pruning
facts from D, and then recomputing Cf.

More precisely, for D/, := D, \ {«a} for some unary fact &« € D, such that A(a) € Ta(D}), the rule
r’: C§ C A (dependent on D) is still sound for M, by the same argument made in Theorem 6. This
can be done iteratively, until we find that A(a) & Ta((D2,). This works similarly for D!, := D, \ D,
where D, = {P(c,c1), ..., P(c,cp,)} for some binary predicate P and constants ¢, ¢y, ..., ¢, such
that there is no fact P(c,d) € D, with P(c,d) & D, and A(a) € Trp(D’). Note that there are
many different choices for « and D,, in each iteration, so the space should be searched to find
explanatory rules with minimal size. Only facts « and sets D,, within the L-hop neighbourhood of a
should be considered for pruning, as this is what will decrease the number of concepts in the body
Ct.

The second issue is that the inclusion of the <,, P.T term limits their ability to produce facts on other
datasets with higher numbers of neighbours. As a possible solution, we can substitute n for some
m > n. Consider a dataset D, and fact A(a) € Tr(D,). Instead of defining Cf :== ... N <, P.T
in Definition 5, we can define C7 := ... M <, P.T, for some m > n. Any m can be chosen
such that extending D, with D§ := {P(c,d4), ..., P(c, dm—n)} for fresh constants d, ..., dp,—p, still
leads to A(a) € T (D, U Dj). If the above is done for multiple constants ¢y, ..., ¢ and £1, ..., U, it
must be ensured that A(a) € Ty (D, U Dyl U...UDg¥).

The simple approach we take in this paper is as follows. Given a predicted fact A(a) on a dataset D,
we first identify all atoms Ay, ..., A,, such that A;(a) € D, and check if therule 4; M ... M A4, C A
is sound using Proposition 4. If it is not, we then identify all binary predicates P, ..., Py, such that
P;(a,b) € D for any constant b, and check if therule A; 0 ... M 4, N 3A.TMN..N3P, TC A
is sound using Proposition 4. If either of these rules is sound, it explains the prediction A(a) on D.
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Dataset Agg  Weights | 90 Acc YPrec 9%Rec F1

LUBM Mean Standard | 97.1£0.0 96.9£0.0 972£0.0 97.1£0.0
Non-Neg | 91.5+0.0 87.8+£0.0 964+00 91.9+0.0

Max  Standard | 95.7+0.0 953+0.0 96.3+0.0 95.8=+£0.0

Non-Neg | 91.6 £ 0.0 88+0.0 96.3+0.0 921+0.0

Sum  Standard | 96.1+0.0 95.9+0.0 96.2+0.0 96.1+0.0

Non-Neg 91+0.0 881=£00 949+00 91.4+0.0

Table 5: Results for GNNs across various aggregation functions and standard / non-negative weights,
for the LUBM dataset. Metrics are computed on the test set and shown with a 95% CIL.

Dataset Agg Weights | Y% Acc 9Prec %Rec F1

WN-hier Mean Standard | 99.54+0.0 99.54+0.0 99.54+0.0 99.5+0.0
Non-Neg | 99.8+0.0 99.7£0.0 999+0.0 99.8+0.0

Max  Standard | 99.34+0.0 99.54+0.0 99.14+0.0 99.34+0.0

Non-Neg | 99.9+0.0 99.8+£0.0 100£0.0 99.9+0.0

Sum  Standard | 98.94+0.0 99.54+0.0 98.34+0.0 98.940.0

Non-Neg | 98.8+£0.0 97.6+0.0 100£0.0 98.8+£0.0

WN-sym Mean Standard | 99.4+0.0 99.5+0.0 99.3+0.0 99.4+0.0
Non-Neg | 100£0.0 100£0.0 100£0.0 100+ 0.0

Max  Standard | 99.3+0.0 99.1£0.0 99.5£0.0 99.3+0.0

Non-Neg | 100£0.0 100£0.0 100£0.0 100=+£0.0

Sum  Standard | 99.1£0.0 99.3+£0.0 98.8+0.0 99.14+0.0

Non-Neg | 100£0.0 100£0.0 100£0.0 100=£0.0

WN-hier_nmhier Mean Standard | 86.24+ 0.0 84.7+0.0 88.44+0.0 8&86.5+0.0
Non-Neg | 71.6 £0.0 80.1+0.1 588+0.1 67.2£0.0

Max  Standard | 86.94+0.0 &85.1+0.0 89.5+0.0 &7.2+0.0

Non-Neg | 69.5+0.0 70.1+£0.0 68.44+0.0 69.2+0.0

Sum  Standard | 89.5+0.0 88.1+0.0 91.4+0.0 89.74+0.0

Non-Neg | 66.9+0.0 73.5+0.1 59.3+0.2 62.74+0.1

Table 6: Results for GNNs across various aggregation functions and standard / non-negative weights,
for the LoglInfer datasets. Metrics are computed on the test set and shown with a 95% CI.

C Full Results

Full results for mean, sum, and max aggregation are given in Tables 5 to 7. Randomly sampled
sound monotonic rules of the form given in Theorem 3 are shown in Table 8. Randomly sampled
explanatory rules for predictions on LUBM of the form given in Theorem 6 are shown in Table 9.

Randomly sampled explanatory rules that have been reduced in size are shown in Table 10. The final
entry in the table is an example of a predicted fact where the size reduction process failed and fell
back to using Theorem 6.

On average, out of 1990 true positive predictions, the model only failed 22 times to explain the
predicted fact using a rule from Theorem 3. For 4 of our 5 trained MAGNNS, it only failed 10 times
each. For the other MAGNN, it failed 72 times. One factor that brought up the average number of
body concepts is that some of the explanations were very large: for example, the rule that explained
the prediction Department (http://www.Department2.University0.edu) had 1914 body concepts.
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Dataset Agg  Weights | 90 Acc 9%Prec %Rec Fl1

FB237v1 Mean Standard | 68.7£0.0 954+£0.0 39.3+£0.0 557£0.0
Non-Neg | 71.8+0.0 754+0.0 64.8+0.0 69.7+0.0

Max  Standard 67+00 949+0.0 359£0.0 521+0.0

Non-Neg | 75.8+0.0 859+£0.1 63.4£00 72.6=+0.0

Sum  Standard | 68.4+0.0 99.7+0.0 36.8+0.0 53.8+0.0

Non-Neg | 73.8+0.0 79.8+£0.1 64500 71.2+0.0

WNI18RRvl Mean Standard | 93.7+0.0 98.5+0.0 888+£0.0 93.4£0.0
Non-Neg | 95.5£0.0 98.1+£0.0 927+£0.0 95.3+£0.0

Max  Standard | 93.6 £0.0 97+£0.0 90.1+£0.0 93.4£0.0

Non-Neg | 95.56£0.0 98.7£0.0 921+£0.0 95.3£0.0

Sum  Standard | 93.9+£0.0 96.1£0.0 91.6+0.0 93.8+£0.0

Non-Neg | 94.9+0.0 97+0.0 92.7+£0.0 94.84+0.0

NELLv1 Mean Standard | 75.2+0.1 93.84+0.0 53.44+0.2 65.74+0.2
Non-Neg | 93.44+0.0 88.8+0.0 994400 93.8+0.0

Max Standard | 51.2+0.0 18.8+04 3.5+0.1 59+0.1

Non-Neg | 93.24+0.0 924+0.0 94.1+00 93.24+0.0

Sum Standard | 51.8 0.0 18.3+04 4.9 +0.1 7.84+0.2

Non-Neg 924+0.0 86.3+0.0 100+0.0 92.6+0.0

Table 7: Results for GNNss across various aggregation functions and standard / non-negative weights,
for the standard benchmark datasets. Metrics are computed on the test set and shown with a 95% CI.

Dataset Sample Sound Rules

LUBM T C Publication

T E UndergraduateStudent

JauthorOfPublication. T T ResearchAssistant

dadvisorOf. T T AssociateProfessor

JeourseTakenBy. T M JhasTeacher. T C Course

Department I UndergraduateStudent M JadvisorOf. T C FullProfessor

WN-hier _member_of_domain_usage(X,Y) — _member_meronym(X,Y")
_derivationally_related_form(X,Y) A _similar_to(X,Y) —
_synset_domain_topic_of(X,Y)

_also_see(X,Y) A _similar to(X,Y) A _verb_group(X,Y) —
_instance_hypernym(X,Y)

WN-sym _has_part(X,Y) A _similar_to(X,Y) —
_derivationally_related_form(X,Y)

WN-hier_nmhier | _has_part(X,Y) A _member_meronym(X,Y) —
_member_of_domain_usage(X,Y")
_has_part(X,Y) A _verb_group(X,Y’) —

_member_of_domain_usage(X,Y")
_hypernym(X,Y’) A _synset_domain_topic_of(X,Y) — _also_see(X,Y)

FB237v1 T — /music/instrument/instrumentalists( X, Y)

T — /people/person/sibling_s./people/sibling_relationship/sibling(X, Y")
/base/biblioness/bibs_location/state( X, V) — /film/film/genre(X,Y)
/olympics/olympic_games/sports(X,Y") —
/base/popstra/celebrity/dated./base/popstra/dated/participant( X, V)

NELLvI organizationterminatedperson (X, Y') Atopmemberoforganization(X,Y) —
organizationhiredperson(X,Y")
worksfor(X,Y) A organizationterminatedperson(X,Y) —

organizationhiredperson(X,Y")

Table 8: Randomly sampled sound monotonic rules of the form given in Theorem 3.
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Fact | Publication(http://www.Department2.University0.edu/AssociateProfessor7/Publication0)
Rule | T C Publication

Fact | University (http://www.University370.edu)

Rule | T M 3;grantedUndergraduateDegreeTo.(GraduateStudent M 3; authorOfPublication.
Publication) M <; authorOfPublication. T) M <; grantedUndergraduateDegreeTo. T C
University

Fact | GraduateStudent(http://www.Department6.University0.edu/GraduateStudent29)
Rule | T n T authorOfPublication.(T, T, Publication, Publication) M <4
authorOfPublication. T C GraduateStudent

Fact | TeachingAssistant(http://www.Department10.University0.edu/GraduateStudent46)
Rule | GraduateStudent r JzauthorOfPublication.(T, T, Publication) M
authorOfPublication. T C TeachingAssistant

IA
w

Fact | GraduateStudent(http://www.Department14.University0.edu/GraduateStudent?)
Rule | ResearchAssistant 1 JsauthorOfPublication.(T, Publication, Publication, Publication,
Publication) M <5 authorOfPublication. T C GraduateStudent

Fact | UndergraduateStudent(http://www.Department5.University0.edu/UndergraduateStudent87)
Rule | T C UndergraduateStudent

Fact | TeachingAssistant(http://www.Department6.University0.edu/GraduateStudent48)
Rule | T M 3JzauthorOfPublication.(T, Publication, T) M <3 authorOfPublication. T C
TeachingAssistant

Fact | GraduateStudent(http://www.Department6.University0.edu/GraduateStudent1)
Rule | T M JjauthorOfPublication.(T) M <; authorOfPublication. T C GraduateStudent

Fact | Course(http://www.Department14.University0.edu/Course39)

Rule | T n J14courseTakenBy.(T, UndergraduateStudent, UndergraduateStudent,
UndergraduateStudent, UndergraduateStudent, UndergraduateStudent,
UndergraduateStudent, UndergraduateStudent, UndergraduateStudent, T, T,
UndergraduateStudent, UndergraduateStudent, UndergraduateStudent) 1 <4
courseTakenBy. T r J1hasTeacher. (AssistantProfessor M JradvisorOf.(
UndergraduateStudent, UndergraduateStudent, T, T, TeachingAssistant ' GraduateStudent,
GraduateStudent, T) M < advisorOf. T M JsauthorOfPublication. (Publication, Publication,
Publication, Publication, Publication) I <5 authorOfPublication. T) I <41
hasTeacher. T C Course

Fact | ResearchAssistant(http://www.Department] 1.University0.edu/GraduateStudent71)
Rule | T M JjauthorOfPublication.(Publication, Publication, Publication, Publication) M <4
authorOfPublication. T C ResearchAssistant

Fact | Course(http://www.Department14.University0.edu/Course46)
Rule | T M dgcourseTakenBy.(T, T, UndergraduateStudent, T, UndergraduateStudent, T,

UndergraduateStudent, T, UndergraduateStudent) mn <g
courseTakenBy. T M I hasTeacher. (Lecturer) M <
hasTeacher. T 1M 3;hasTeachingAssistant.(TeachingAssistant M GraduateStudent 1

JsauthorOfPublication. (Publication, T, Publication, Publication, T) I <5

authorOfPublication. T) M <; hasTeachingAssistant. T = Course

Fact | University (http://www.University138.edu)

Rule | T M JograntedUndergraduateDegreeTo.(GraduateStudent M 35 authorOfPublication.
Publication) M <; authorOfPublication. T, GraduateStudent M JsauthorOfPublication. (
T, Publication, T, Publication, Publication) M <5 authorOfPublication.T) M <,
grantedUndergraduateDegreeTo. T C University

Table 9: Randomly sampled explanatory rules of the form given in Theorem 6, shown with the
corresponding facts produced by the MAGNN.
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Fact | Publication(http://www.Department10.University0.edu/FullProfessor5/Publication3)
Rule | T T Publication

Fact | UndergraduateStudent(http://www.Department8.University0.edu/UndergraduateStudent170)
Rule | T C UndergraduateStudent

Fact | TeachingAssistant(http://www.Department5.University0.edu/GraduateStudent45)
Rule | GraduateStudent M JauthorOfPublication. T C TeachingAssistant

Fact | ResearchAssistant(http://www.Department14.University0.edu/GraduateStudent91)
Rule | GraduateStudent M JauthorOfPublication. T T ResearchAssistant

Fact | ResearchAssistant(http://www.Department].University0.edu/GraduateStudent14)
Rule | GraduateStudent C ResearchAssistant

Fact | ResearchAssistant(http://www.Department4.University0.edu/GraduateStudent26)
Rule | JauthorOfPublication. T T ResearchAssistant

Fact | GraduateStudent(http://www.Department6.University0.edu/GraduateStudent86)
Rule | JauthorOfPublication. T T GraduateStudent

Fact | GraduateStudent(http://www.Department12.University0.edu/GraduateStudent48)
Rule | ResearchAssistant = GraduateStudent

Fact | GraduateStudent(http://www.Department3.University0.edu/GraduateStudent44)
Rule | ResearchAssistant M JauthorOfPublication. T T GraduateStudent

Fact | GraduateStudent(http://www.Department0.University0.edu/GraduateStudent67)
Rule | TeachingAssistant M JauthorOfPublication. T C GraduateStudent

Fact | GraduateCourse(http://www.Department4.University0.edu/GraduateCourse31)
Rule | JcourseTakenBy.T M ZhasTeacher. T T GraduateCourse

Fact | Course(http://www.Department12.University0.edu/Coursel)
Rule | JcourseTakenBy.T M JhasTeacher. T T Course

Fact | AssociateProfessor(http://www.Department7.University0.edu/AssociateProfessor4)
Rule | JadvisorOf. T C AssociateProfessor

Fact | AssistantProfessor(http://www.Department13.University0.edu/AssistantProfessor10)
Rule | JadvisorOf. T C AssistantProfessor

Fact | FullProfessor(http://www.Department6.University0.edu/FullProfessor3)
Rule | dadvisorOf. T C FullProfessor

Fact | University (http://www.University772.edu)
Rule | dJgrantedUndergraduateDegreeTo. T C University

Fact | University(http://www.University547.edu)
Rule | University M dgrantedUndergraduateDegreeTo. T C University

Fact | University (http://www.University900.edu)

Rule | University r JograntedDoctoralDegreeTo. (3 advisorOf.( T, GraduateStudent,
GraduateStudent 1 ResearchAssistant, GraduateStudent M TeachingAssistant) M <4
advisorOf. T I 31 7authorOfPublication. (T, Publication, Publication, Publication,
Publication, Publication, T, T, Publication, Publication, Publication, T, Publication,
Publication, Publication, Publication, Publication) M <37 authorOfPublication. T,
F14advisorOf. (UndergraduateStudent, UndergraduateStudent, UndergraduateStudent,
UndergraduateStudent, T, T, GraduateStudent, GraduateStudent 1 ResearchAssistant,
GraduateStudent, T, TeachingAssistant n GraduateStudent, GraduateStudent,
GraduateStudent 1 TeachingAssistant, GraduateStudent M TeachingAssistant) M <j4
advisorOf. T M JgauthorOfPublication.( T, Publication, Publication, Publication,
Publication, Publication, Publication, T, Publication) M <g authorOfPublication.T)
M <, grantedDoctoralDegreeTo. T 1 3;grantedMastersDegreeTo.(Lecturer) M <;
grantedMastersDegreeTo. T = University

Table 10: Randomly sampled explanatory rules that have been reduced in size, shown with the
corresponding facts produced by the MAGNN. The rules are grouped by similar bodies / heads.
These rules come from 5 MAGNNSs trained with different random seeds.
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