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Abstract

Pure exploration in bandits formalises mul-
tiple real-world problems, such as tuning
hyper-parameters or conducting user stud-
ies to test a set of items, where different
safety, resource, and fairness constraints on
the decision space naturally appear. We
study these problems as pure exploration
in multi-armed bandits with unknown lin-
ear constraints, where the aim is to iden-
tify an r-optimal and feasible policy as fast
as possible with a given level of confidence.
First, we propose a Lagrangian relaxation
of the sample complexity lower bound for
pure exploration under constraints. Second,
we leverage properties of convex optimisa-
tion in the Lagrangian lower bound to pro-
pose two computationally efficient extensions
of Track-and-Stop and Gamified Explorer,
namely LATS and LAGEX. Then, we pro-
pose a constraint-adaptive stopping rule, and
while tracking the lower bound, use opti-
mistic estimate of the feasible set at each
step. We show that LAGEX achieves asymp-
totically optimal sample complexity upper
bound, while LATS shows asymptotic opti-
mality up to novel constraint-dependent con-
stants. Finally, we conduct numerical ex-
periments with different reward distributions
and constraints that validate efficient perfor-
mance of LATS and LAGEX.

1 INTRODUCTION

Multi-Armed Bandit (MAB) serves as an archety-
pal framework for sequential decision-making un-
der uncertainty that allows us to study the corre-
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sponding information-utility trade-offs (Lattimore and
Szepesvari, 2020). In MAB, at each step, an agent in-
teracts with an environment consisting of K decisions
(also knows as arms) corresponding to K noisy feed-
back distributions (or reward distributions). At each
step, the agent takes a decision, and obtains a reward
from its unknown reward distribution. The goal of the
agent is to compute a policy, i.e. a distribution over
the decisions, maximising a utility metric (e.g. ac-
cumulated rewards (Auer et al., 2002), probability of
identifying the best arm (IKaufmann et al., 2016) etc.).

In this paper, we focus on the pure exploration prob-
lem of MABs, where the agent interacts by real-
ising a sequence of policies (or experiments) with
the goal of answering a query about the environ-
ment as correctly as possible. A well-studied pure ex-
ploration problem is Best-Arm Identification (BAI),
where the agent aims to identify the arm with highest
expected reward (Bubeck et al., 2009; Even-Dar et al.,
2002a; Jamieson and Nowak, 2014; Kaufmann et al.,
2016). Kaufmann et al. (2016) derives an information-
theoretic lower bound quantifying the minimum num-
ber of agent-environment interactions needed to iden-
tify the best arm with a given level of confidence. The
lower bound depends on optimising the weighted sum
of KL-divergences between the reward distributions of
arms and their most confusing counterparts (Equa-
tion (3)). In this paper, we leverage the lower bound
for algorithm design that plugs-in the empirical esti-
mates of the reward distributions in lower bound and
solves the optimisation problem on-the-go (Carlsson
et al., 2024; Degenne et al., 2019b; Kaufmann et al.,
2016).

BAI has been applied in hyper-parameter tuning (Li
et al, 2017), communication networks (Lindstahl
et al., 2022), influenza mitigation (Libin et al., 2019),
finding the optimal dose of a drug (Aziz et al., 2021a)
etc. However, real-world scenarios often impose con-
straints on the arm pulls (Carlsson et al., 2024). For
example, Baudry et al. (2024) considers a recommen-
dation problem with the aim to guarantee a fixed
(known) minimum expected revenue per recommended
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content while identifying the best content from bandit
feedback. Additionally, if we have multiple objectives
in a decision making problem, a popular approach to
optimize them is finding the optimal policy for one
objective while constraining the others (Fonseca and
Fleming, 1998).

Pure Exploration under Constraints. The afore-
mentioned problems motivated the study of pure ex-
ploration under a set of known and unknown con-
straints (Carlsson et al., 2024; Katz-Samuels and
Scott, 2018; Li et al., 2023; Wang et al., 2021b; Wu
et al., 2023). Specifically, we aim to find the opti-
mal policy that maximises the expected reward ob-
tained from the set of arms and satisfies the true con-
straints, with confidence 1 — §. This is known as the
fized-confidence setting of pure exploration (Carlsson
et al., 2024; Wang et al.; 2021b). On the other hand,
there is also the fixed-budget setting, which is of inde-
pendent interest (Faizal and Nair, 2022; Katz-Samuels
and Scott, 2018; Li et al., 2023). Existing literature
has studied either the general linear constraints when
they are known (Camilleri et al.; 2022a; Carlsson et al.,
2024), or very specific type of unknown constraints,
e.g. safety (Wang et al.; 2021b), knapsack (Li et al.,
2023), fairness (Wu et al., 2023), preferences (Lindner
et al., 2022) etc. Here, we study the pure exploration
problem in the fized-confidence setting subject to un-
known linear constraints on the policy, which gener-
alises all these settings (Section 2). A detailed discus-
sion on related works is deferred to Appendix B.1.

Recently, Carlsson et al. (2024) derives a tight lower
bound and designs asymptotically optimal algorithms
for this problem when the constraints are known, and
show that a bandit instance might become harder or
easier depending on the geometry of the constraints.
They pose that studying similar phenomenon for un-
known constraints is an open problem as constraints
are also estimated.

The challenge is that the lower bound dictating the
hardness of the constrained pure exploration problem
is sensitive to the active constraints, and for unknown
constraints, we only have access to estimated con-
straints with non-zero error. This affects the exact
detection of the optimal feasible policy.

FEzample. Let us consider a bandit environment with 4
arms with Gaussian rewards — means g = [1.0, 0.8, 0.6)
and variance 1. The constraints are Aw < 0 where

0.0,-0.3,—-0.2 . S
A= 20.2,0.1,0.1 Here, the optimal policy is
7 = [1.0,0,0], and the first constraint is active at

the optimal policy. Figure 1 shows a perturbation of
the active constraint by 0.005 shifts the optimal pol-
icy, and the sample complexity (Carlsson et al., 2024)
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Figure 1: Effect of rank-one update of active constraint
blows with O(4 x 10%).

For rigour, we relax the problem of finding the optimal
feasible policy to finding an r-optimal feasible policy.
For a given r > 0, an r-optimal policy has mean reward
not more than r away from that of the optimal pol-
icy (Jourdan and Degenne, 2022; Jourdan et al., 2023;
Mason et al., 2020). This leads us to two questions:

1. How does the hardness of finding r-optimal fea-
sible policy change under unknown constraints?

2. How can we design a generic algorithmic scheme
to track both the constraints and optimal policy with
sample- and computational-efficiency?

Our Contributions positively address the questions.

1. Lagrangian relazation of the lower bound. Mini-
mum number of samples required to conduct r-optimal
pure exploration with fixed confidence is expressed by
a lower bound— an optimisation problem under known
constraints (Eq. (3)). To efficiently handle unknown
constraints, we propose a novel Lagrangian relaxation
of this optimisation (Section 3). At every step, we con-
struct optimistic feasible policy set, and plug it in the
relaxation. Lagrangian multipliers balance the identi-
fiability of an r-optimal policy and the feasibility under
estimated constraints. We leverage results from con-
vex analysis to show that the relaxed lower bound with
optimistic feasible set preserves all the desired proper-
ties of the lower bound under known constraints, and
thus, allows designing lower bound tracking algorithm.

2. Generic algorithm design. First, we propose a
new stopping rule accommodating the estimated con-
straints.This ensures concentration of the estimates of
mean rewards and constraints to their true values be-
fore final recommendation. We further show this stop-
ping rule recommends a policy that is both feasible
and r-optimal with confidence at least 1 —§. Then, we
extend the Track-and-Stop (Garivier and Kaufmann,
2016) and gamified explorer (Degenne et al., 2019D)
approaches with the Lagrangian lower bound to de-
sign LATS (LAgrangian Track and Stop) and LAGEX
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Algorithm 1 Pure Exploration in Bandits with Un-
known Linear Constraints

1: Input: Tolerance r > 0, Confidence level § €
(0,1)

2: fort=1,...do

3:  Decision/sampling: Play an arm a; € [1, K]

4: Reward-cost Feedback: Observe reward r; ~
P,, and cost ¢; ~ Aa; + n¢

5. if more than 1—¢ confident about the estimated
answer being correct then

6 Stop and stopping time 75 <t

7. end if

8: end for

9: Recommendation: & = arg MaXp ey, ﬂ;ﬂ'

TS

(LAgrangian Gamified EXplorer), respectively in Sec-
tion 4.

3. Upper bounds on sample complexities. We derive
upper bounds on the sample complexities of LATS
and LAGEX (Section 4). This requires proving a
novel concentration inequality for the constraint es-
timates. As a consequence, LATS achieves an upper
bound, which is (1 4 s) times the asymptotic upper
bound of TS under known constraints, while LAGEX
exhibits optimality. s is the shadow price (ratio be-
tween maximum and minimum index value of the slack
vector) that quantifies its stability under perturba-
tion. Finally, we conduct experiments across synthetic
and real data. We observe that LAGEX requires the
least samples among competing algorithms and ex-
actly tracks the change in hardness due to constraints
across environments (Section 5).

2 EXPLORATION: UNKNOWN
CONSTRAINTS

Notations: x, X, and X denote a vector, a matrix,
and a set, respectively. Detailed notations are in Ta-
ble 1. We augment the simplex constraints in A, and
normalise each row of A, i.e. |[A4;]|2 =1 for all ¢ € [d].

Problem Formulation. We work with a MAB in-
stance consisting of K € N arms. Each arm a € [K]
has a reward distribution P, with unknown mean
n, € R. At each step t € N, the agent chooses an
action A; € [K], and observes a stochastic reward
Ry ~ Pjy,. A feasible policy w € Ak satisfies Aw <0
with respect to d linear constraints A € R4*K,

If A is known, the agent has access to the non-empty
and compact set of feasible policies F £ {m € Ay |
Am < 0}. The agent aims to identify an r-optimal
optimal feasible policy, i.e. any feasible policy which

belongs to Il'= £ {w € F | ' +r > pT 7%}, given

7% 2 argmax p ! . (1)
weF
Definition 1 ((1 — §)-correct and (1 — 0)-feasible
r-optimal pure exploration). For § € [0,1), an r-
optimal pure exploration algorithm is called (1 — 0)-
correct and (1—9)-feasible if the policy & recommended
by it satisfies Pr[@w ¢ 1] < ¢ and Pr[Ax > 0] < 4.

In our setting, we do not have access to the true
set of constraints. Hence, using the observations, we
construct A as an estimate of A. Then, the agent
builds an estimated feasible set F £ {7 € Ag |
Ar < 0} to identify the optimal feasible policy as

. £ argmax p' . In addition, the estimated

F weF
r-optimal policy set is II. LireFlpu m+r>
[,I,Tﬂ';:_}. We know that obtaining accurate estimates
of these quantities would require us to collect feedback
of satisfying constraints over time. This poses an ad-
ditional cost of using observations to estimate p.

Goal. In order to recommend a (1 — d)-correct and
(1—9)-feasible policy that is r-optimal with respect ot
the true optimal policy 7%, we aim to minimise the
expected number of interactions E[75] € N.

2.1 Extension of Prior Bandit Problems

Now, we clarify our motivation by showing that differ-
ent existing problems are special cases of our setting.

a. Thresholding Bandits. Thresholding ban-
dits (Aziz et al., 2021a) are motivated from the safe
dose finding problem, where one wants to identify the
most effective dose of a drug below a known safety
level. This has also motivated the safe arm identifica-
tion problem (Wang et al., 2021b). Our setting gener-
alises it further to detect the optimal combination of
doses of available drugs yielding highest efficacy while
staying below the safety threshold. Formally, we iden-
tify 7 = argmax ca . p'm, such that I < 16 for
thresholds 6, > 0.

b. BAI with Fairness Constraints across Sub-
populations (BAICS). Wu et al. (2023) aims to
select an arm that must be fair across M sub-
populations. Here, the arm belongs to a set C = {k €
[K]|pty. m > 0,m € [M]} where the observation for arm
k and population m comes from N (g, ,,, 1). It ensures
that the chosen arm does not perform too bad for any
sub-population. Like standard BAI, finding only the
optimal arm might not be enough because it might not
perform equally good for all of the sub-populations.
This is similar to having M groups of patients and K
drugs to administer, where we are looking for a mix-
ture of drugs such that #* = argmax,ca . w7, such
that ]l;mZOTF =1,Ym € [M].
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We refer to Section B.2 for further discussion on gen-
eralisation to the existing bandit settings.

3 LAGRANGIAN RELAXATION

Now, we derive Lagrangian relaxation of lower bound
and its properties under a structural assumption.

Assumption 1 (Structures of means, policy, and con-
straints). (a) The mean vector p is in a bounded subset
D of RE. (b) There exists a unique optimal feasibly
policy (Eq. (1)). (c) The true constraint A yields a
non-zero slack vector I': maxgen, (—Aw) =T.

We impose the unique optimal and feasible policy as-
sumption following Carlsson et al. (2024). The as-
sumption on slack is analogous to existence of a safe-
arm (Pacchiano et al.; 2020), or Slater’s condition for
the constraint optimisation problem (Liu et al., 2021).

3.1 Information Acquisition: Estimate
Constraints

The agent acquires information at every step ¢ € N by
sampling an action a; ~ w;. As the arms are inde-
pendent, we represent the a-th arm as the a-th basis
in R¥, denoted by a € RX. w, € Ag is called the
allocation policy. As shown in Algorithm 1, pulling
the arm a; yields a noisy reward r; € R and cost vec-
tor ¢; € R4, The cost vector ¢; = Aa; + m,, where
1, is an independent and identically distributed noise
vector whose each component uis generated from a 1-
subGaussian distribution with mean zero.

Thus, using the observations obtained till ¢, we es-
timate the mean vector as fi, 2 X, (Zi;ll rsas>.

Here, ¥, £ I + Z;l asa, , is the Gram matrix or the
design matrix. Similarly, the estimate of the i-th row
of the constraint matrix is A¢ 2 %! (22;11 Abas as>.

But naively using A, to define the feasible policy set
does not ensure that for any ¢, the estimated feasible
set Fisa superset of F. Hence, we define a confidence
ellipsoid around A, that includes A with probability at
least 1 — 0, and construct a optimistic estimate of A.
Formally, the confidence ellipsoid is

Co & {A e RUK|||A" — Az, < f(t,0)Vi € [d]}, (2)

where f(6,t) =1+ \/% log % + 1 log detY; is a mono-
tonically non-decreasing function of ¢.

Lemma 1 (Optimistic feasible sets). At any time
t € N, we construct the optimistic feasible policy
set such that with probability 1 — 6, Fy Aé {m €

Ak : mingee, A'm < 0}, satisfies F C Fy, where
= f ;
Ay = argmin 4o, A'm.

Figure 2 plots this result using the numerical values
obtained from our algorithms. Note that as we acquire
more samples, estimated feasible policy set Fr — F.

Remark 1. To ensure that the true optimal and fea-
sible policy % € F, is inside the estimated feasible
policy set, and F # 0 for any t, we use the optimistic
estimate of the feasible set F, ensuring F C F, with
high probability. Our construction of the optimistic
estimates of feasible set resonate with the optimistic-
pessimistic algorithms for regret-minimisation under
constraints (Chen et al., 2022b; Liu et al., 2021; Pac-
chiano et al., 202/, 2020). Note that, similar confi-
dence bounds for estimating constraints are used to test
feasibility of linear programs (Gangrade et al., 202/).

3.2 Relaxation with Estimated Constraints

Search for the optimal policy is essentially a linear pro-
gramming problem when we know the mean vector
p and a constraint matrix A. The challenge in ban-
dit is to identify them from sequential feedback, i.e.
to differentiate p from the other confusing instances
in the same family of distributions. These are called
the alternative instances. The strategy is to gather
enough statistical evidence to rule out all such confus-
ing instances, specifically the one that has minimum
KL-divergence from p as observed under the alloca-
tion policy w (Garivier and Kaufmann, 2016). This
intuition has led to the lower bound of Carlsson et al.
(2024)— the expected stopping time of any (1 — J)-
correct and always-feasible algorithm satisfies

Elrs] > Tro(u) In 3o ®)

if A is known and there exists a unique optimal policy
5 = argmax,crp ' w. Tr.(p) is called the char-
acteristics time. Its reciprocal is a max-min optimi-
sation problem over the set of alternative instances
Ar(p) = {)\ € D | maxger ATw > /\Tﬂ'j_-}, where |,
ie.

K
Zwad (Nav)‘a)

Tro(p) = s inf
Fh) £ s S
2 qup inf w'd(p,N). (4)

weA AEAF (1)

Ar(p), referred as the Alt-set, is the set of all bandit
instances whose mean vectors are in a bounded subset
D € R but the optimal policy is different than that
of u € D. Now, we inspect the change in this lower
bound at any step ¢ > 0, when we only have access to
a optimistic estimate F, and the confidence ellipsoid
C; but do not know F. For brevity, we exclude ¢t from
the subscripts for where it is clear from the context.

We realise non-uniqueness of r-optimal policies follows
from the definition of II’;, thus there exists multiple
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“correct answers”. Thus, in the spirit of (Degenne and
Koolen, 2019), we define Lagrangian relaxation of the
lower bound, i.e. T;;(u)

Z5uPgea  nfacar(u @' d (1, )

<inf min sup max inf w'd(p,A) 1 Aw, (5)

TIERT ATEC e Ay TEITL NEA £(1)

where the Alt-set given F is defined as

Az(p) £ {XxeD]| max ' 7w — 7 > )\Tﬂ‘}, (6)
weF

where m € argmax, - p'm. Since F C .7:', we ob-
F
serve that A z(u) € Ar(p) (Figure 3).

We denote this Lagrangian relaxation (Equation (5))
of the characteristic time with F as T;lr(,u) For non-

negative Lagrange multipliers I € Rff_, the first in-
equality is true due to the existence of a slack for true
constraints A. The inequality holds due to the opti-
mistic choice of the estimated constraint. Equation (5)
shows that the reciprocal of the Lagrangian relaxation,
T];,T(;L)7 serves as a upper bound on the characteris-
tic time T (p) for known constraints (Carlsson et al.,
2024). This leads to a natural question:

Does the dual of the optimization problem for

T}__i(u) yield the same solution as the primal?

We formalise the strong duality result and self-
bounding property of the Lagrangian multiplier of the
relaxation in Equation (5) in Theorem 1 below.

2021). Our proposed algorithm LAGEX (Algorithm 3)
is a prime example where the “self-boundedness” of
the dual variables results in tighter constraint violation
guarantees (Figure 8 and 9).

I. The Inner Optimisation Problem. Now, we
peel the layers of the optimisation problem in Eq. (7)
and focus on obtaining

D(w, p, F) £ min max  inf w'd(p,A) -1 Aw.

leL eIl XeAz(n)

For known constraints and r = 0, Carlsson et al. (2024)
has leveraged results from convex analysis (Boyd and
Vandenberghe, 2004) to show that the most confus-
ing instance for p lie in the boundary of the normal
cone Ar(p)¢ spanned by the active constraints Ars
for m%. Axs is a sub-matrix of A consisting at least
K linearly independent rows. This is called the pro-
jection lemma.  Specifically, D(w,pu, F | r = 0) =
minﬂ/ cvr(m) min)\:AT(ﬂ'fﬂ',):O w'd (IJ" A) :

In our setting, we are sequentially estimating both the
mean vectors and the constraints, and thus, the normal
cone. Now, we derive the projection lemma for our
optimistic feasible set and r # 0.

7

Proposition 1 (Projection Lemma for Unknown

Constraints). For any w € F and p € D, the fol-
lowing projection lemma holds for the Lagrangian

relazation in Equation (5), D(w,u, F) =
w'd(u, ) — 1" Aw.

(8)

min max min min
leL ""GHT]:— w’ Evz(m) AAT (=7 )=r

Theorem 1 (Strong Duality and Range of La-
grange Multipliers). The optimisation problem in
Equation (5) satisfies

inf min sup max inf w'd(u,A)—1"Aw=

1ER? A'EC A, WENT AEA £ (1)

sup min max inf wTd(u,)\)—lelw. (7)

weAy lEL eIl XeA z(w)
Here, L= {L € RL | 0 < [II]y < %D(w,u,]—')},
where y 2 minie[l’d]{ffliﬂ:*}, i.e. the minimum

slack w.r.t. the estimated optimal feasible policy.

\.

Detailed proof is in Appendix C. Hereafter, we use
the RHS of Eq. (7) as T;lr(p,) Theorem 1 provides

a hypercube to search for the Lagrangian multipliers,
which is a linear programming problem.

Remark 2 (Connections with Lagrangian-based
Methods in Bandits.). Regret minimisation litera-
ture leverages Lagrangian-based optimistic-pessimistic
methods (Slivkins et al., 2023; Tirinzoni et al., 2020)
to obtain both the sub-linear regret and constraint vio-
lation guarantees (Bernasconi et al., 202/; Liu et al.,

Proposition 1 reduces the inner minimisation problem
to a less intensive discrete optimisation, where we only
have to search over the neighbouring vertices of the
optimal policy in F for a solution. Now, a natural
question arises around this formulation:

Can we track D(w, u, F) in the projection lemma
over time as we sequentially estimate the con-
straints?

To answer this, we first prove convergence of estimated
feasible set and alternating instance in order to prove
convergence of D(w, p, F;) in the theorem below. De-
tailed proof is in Appendix D.

Theorem 2. For a sequence {]:'t}teN and {S\t}teN,
we show that (a) lims_, oo F— F, (b) X* is unique,
and (c) limy_, o Xt = X*. Then, for any w € F
and p, lim;_, o D(w,u,]:}) — D(w, u, F), where
A" eargmingep,w ' d(p,A).

II. The Outer Optimisation Problem. AAs we
guarantee the convergence of D(w, u, Fy) as Fy — F,
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Figure 2: Convergence of the optimistic feasible set and optimal policy. Figure 3: Normal cones over time.

we are left with the outer optimisation problem in
Equation (7). Since it is a linear problem in w, we can
use a linear programming method leading to a vertex
of ft. But to be sure of an existence of a solution at
each t € N, we need well-behavedness properties of the
optimal allocation w*(u). First, we observe that our
estimates of the mean vector converge to p as t — oc.
Hence, we also get limy_, o0 D(w, fi;, F1) — D(w, w, F).
Now, we ensure well-behavedness and existence of an
optimal allocation for all ¢ > 0.

Theorem 3 (Existence of unique optimal alloca-
tion). For all p € D, w*(u) satisfies: 1. Both
the sets F and w*(p) are closed and convex. 2.
For all p € D and w € F, limy_oo D(w,/ftt,]:"t)
is continuous. 3. Reciprocal of the characteris-

tic time limy_, o T}T_lr(,u) is continuous for all p €
t

D. 4. For all u’e D, p — w*(w) is upper
hemi-continuous. Thus, the optimization problem
max, .z p' T has a unique solution.

\. J

Characterising Lower Bound for Gaussians.
Since we can derive explicit form of the optimisation
problem for Gaussian reward distributions, we char-
acterise it further to relate our lower bound with the
lower bound for known constraints (Appendix F).

Theorem 4. Let {P,}qc(x) be Gaussian distribu-
tions with equal variance 0% > 0 , T}flr 18

(r—p" (r—7"))*

max min max min prelr— 1" Aw
wEAK leL TTGHT]:_ﬂ'/EVﬁ(ﬂ') oI =T IDiag(1/wa)

where Diag(l/w,) is a K-dimensional diagonal ma-
triz with a-th diagonal entry 1/w, and vz(w) is the

set of neighbouring policies of w in F.

\. J

We get the lower bound under known con-
straints (Carlsson et al., 2024), if » = 0, i.e we search
for the ‘true’ optimal policy 7% rather than an r-
optimal feasible policy.

* 2
Al ""HMLT

Corollary 1. Let d2 = —
™ 7% —=[3
the projection of p on the policy gap (7% — 7).

be the norm of

Part i. Then, we get

202K
(L+54) <Tpo(p) < ;

known

202K

Cknown

where Cyxnown = Milgrey, (x
Part ii.

) d3

Tji‘,o (N) >

max; A‘ll' . .
e T E s the estimated shadow

Z

price and H is inversely proportional to the sum of
squares of gaps and Kinown S condition number of a
sub-matriz of A with K linearly independent active

constraints for mw*.

>

where s z FT— v

Remark 3 (Connection to Existing Lower Bounds.).
(a) Pure exploration under known constraints.
The upper and lower bounds on characteristic time co-
incides with the existing lower bound under known con-
straints, i.e. when e =0, i.e. F = F. (b) BAI with-
out constraints. In BAI, we consider only deter-
ministic policies (or pure strategies) of playing a sin-
gle arm. Then, we get dn, = “‘(T%*_;%)‘“ =p* —p,,
i.e. the sub-optimality gap for arTrJLr a. Here, u* is the
mean of the best arm. In our setting, if there are no
constraints involved then A = A and so e = 0. Then
the lower bound expression in Part 4. of Corollary 1 is
inversely proportional to the sum-squared sub-optimal
gaps which resonates with the complexity measure in
standard BAI with only simplex constraints (Kauf-
mann et al. (2016)). Though the lower bound stated in
Corollary 1 successfully encompasses the effect of un-
known linear constraint by introducing novel constraint
dependent factors that scales the lower bound.

4 ALGORITHM DESIGN

Now, we propose two algorithms to conduct pure ex-
ploration with Lagrangian relaxation of lower bound,
and derive upper bounds on their sample complexities.

Assumption 2 (Distributional assumptions on re-
wards and constraints). We require two distributional
assumptions on rewards and constraints. (i) Reward
distributions {P,}X | are sub-Gaussian one parame-
ter exponential family with mean vector p € D. (i)
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Each constraint follows a sub-Gaussian K -parameter
exponential family parameterised by A for i € [d].

These distributional assumptions are standard in ban-
dits under constraints (Carlsson et al., 2024; Degenne
and Koolen, 2019; Pacchiano et al., 2024, 2020).

Algorithm Design. Any algorithm in pure explo-
ration setting consists of three main components. The
first one is a sequential hypothesis testing that decides
whether we need to keep sampling or not, popularly
known as the “stopping criterion”. To come up with
such a criterion we need to make sure that we have
gathered sufficient information about all the parame-
ters in estimation, specifically p and A in our case. So
it seems natural to enforce criterion on both mean and
constraint concentration.

Lemma 2. If the recommended policy is (1—3)-correct
then it is (1 — §)-feasible.

Thus, while implementing Algorithm 2 and 3, we just
need to check the first condition to stop sampling.

Component 1: Stopping Rule. During explo-
ration, once we gather enough statistical information
about the parameters in the system, the test statistic
crosses the stopping threshold with the chosen confi-
dence §, and we stop to recommend the optimal policy.

Theorem 5. The Chernoff stopping rule to ensure
(1 — &)-correctness and (1 — §)-feasibility is

K
max inf . Na,td(ftg ¢ Aa) > B(1,0),

wEll, AeAz, (A, m) “—a=

Bt 8) 2 3Splog(1 + logN,:) +
SoT (%) and 0 < Sy < K.

where

J

Component 2: Recommendation rule. Once the
stopping rule is fired, the agent recommends a policy
based on the current estimate of ft, according the rule
T = arg MaXep, /ltTTr.
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Component 3: Sampling Strategy. We present
two novel sampling algorithms: LATS and LAGEX.

LATS. The algorithm LATS (Algorithm 2) uses the
Track and Stop strategy adapted to the unknown con-
straint setting.

The algorithm warms up the parameter estimates by
playing each arm once. Until the stopping rule is fired,
it computes the optimal allocation (Line 4) under the
estimated feasible space by solving the Lagrangian re-
laxed optimization problem in Proposition 1. By plug-
ging the optimal allocation we perform a bounded opti-
misation on the Lagrangian multiplier using Theorem
1. The algorithm further uses C-tracking (Garivier

Algorithm 2 LATS - LAgrangian Track and Stop
L: Input : Tolerance r > 0, Confidence level 0>0
2: Initialization : Ay = O4xx, ftg = Ox, X0 = vlk,

lo

3: Play each arm once to set p; and 1{11.

4: while 3(t — 1,6) > D(w;_y, ft;_1, Fi—1,1;_,) do

5. Ty = arg maXrerry, pul

6: Optimal allocation: Wy €
arg max,, . z, D(wi—1, fy_q, 78, Fro1,l5_1)

7. Optimize Lagrangian Multiplier : I; €
arg minleﬁt D(“‘"?v /ltflv w1, Fr—1, l)
8:  C-Tracking: Play a; € argmin, ey g Najt—1 —
t *
Zs:l wa,s
9: Feedback : Observg reward r; and cost ¢;, and
update 3, ft, and A;
10: end while

11: Recommended policy: & = arg max ﬂtTﬂ'
mell”,
Fi

and Kaufmann, 2016) to track actions taken per step.
Finally, we observe the instantaneous reward and cost
feedback to update the parameter estimates (Line 9).

Theorem 6. Let s be the shadow price s & fmax —

Pmin
) _Ax*
maXiep,q(ZATz) of the slack T'. Under Assump-
mmie[l,d](*Aﬂ'}-)

tion 1 and 2, the expected stopping time of LATS
satisfies

E[7s]

im % <
lim Tog(1/8) = oTr (1) (1 +5)

for any a > 1.

J

Implications. Theorem 6 suggests that LATS (Al-
gorithm 2) is asymptotically optimal up to problem
dependent constants. This upper bound captures the
effect of unknown linear constraints in shadow price,
novel in the constrained bandit literature. If any one
of the constraints in the bandit environment becomes
more and more sensitive, minimum slack decreases,
consequently s increases and the identification problem
becomes harder to solve. Thus, s behaves as a sensi-
tivity or stability parameter that explains the hard-
ness of the pure exploration problem in hand through
the structure of the true constraints. LAGEX. Al-
gorithms based on track and stop mechanism tend to
fail in case of larger problems where efficient optimiza-
tion becomes a challenge due to the use of a max-
min oracle per step. To improve on this, we leverage
the two-player zero sum game approach introduced in
Degenne et al. (2019b). Algorithm 3 also starts by
playing each arm once to warm up parameter esti-
mates. Then it uses a allocation player (We have
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Algorithm 3 LAGEX-
EXplorer
1: Input : Tolerance r > 0, Confidence level § > 0
2: Play each arm once to set p; and A,
3: while 3(t —1,0) > D(w}_y, ft; 1, Fi—1,17_;) do
4:  wy =arg MaXpeqrr, i

LAgrangian Gamified

5. Optimal allocation wy ~» Using AdaGrad via
Theorem 4

6: Optimize Lagrangian Multiplier:
l: € arg minleﬁt D(wt_l, ﬂt_17 T, -Ft—la l)

7. C-Tracking: Play a; € arg minae[l’K] Ngt—1—
Ei:l wz,s

8:  Feedback : Observe reward r; and cost c;, and
update ¥, 1, and A,

9: Compute confusing instance :
Proposition 1 plugging in w}, I}

10:  Confidence intervals: for all a € [K]
(a5 Bra] + {C 1 Naed(foy 0, €C) < g(t)}
Ut = max { £ d(oy.a, A o), d(Bras Ava) }

11:  Update loss for regret minimizer: Update
with Ly = (w}, Uy) — I " Ay

12: end while

13: Recommended policy: 7 = arg max /thT ™
mell”,
Fi

)\t ~» Via

used AdaGrad) to optimize the allocation w; in Line 5
against the most confusing instance w.r.t current esti-
mate of p optimised by a instance player which min-
imizes S5 Wa,td(fty 45 Aa) —17 " Ayw; with respect to
A € Ag (p, ). Since our search space in closed and
convex, the allocation player enjoys sub-linear regret
of O(y/tlogt), whereas the instance player computes
the best confusing instance using Proposition 1. Then
in Line 11, Adagrad loss function is updated with a
loss by introducing optimism as U; defined in Line 10.
Rest of the mechanism goes as usual

[ Theorem 7 (Asymptotic Optimality of LAGEX). ]
Under Assumption 1 and 2, the expected sample
complexity of LAGEX satisfies

. Elr]
}%W <Tr.,(p).

. J

Detailed proofs of this section are in Appendix G.
5 EXPERIMENTAL ANALYSIS

Now, we empirically test performance of proposed al-
gorithms and the baselines. We refer to Appendix |
for additional experiments and other details necessary
for reproducibility. Code is available at this Link."

!Baselines: “CTnS-WLag” and “CGE-WLag” is the
CTnS and CGE algorithm of Carlsson et al. (2024) un-

Synthetic Data: Setup 1 We evaluate with two en-
vironments having means [1.5, 1.0, u3,0.4,0.3,0.2,0.1].

Observation 1: Universality. We vary ps from 0.5
to 2.5. For each environment, we plot the correspond-
ing unconstrained BAI lower bounds (in red) and lower
bounds under constraints (in blue) in Figure 4. We
observe that the constraint problem gets easier with
increasing pz. In contrast, the BAI problem changes
non-monotonically. BAI problem gets harder when us
is around 1.5 as the suboptimality gap gets very small.
But the constraint problem stays easier than BAI. In
Figure 4, we also plot the median sample complexity
of LAGEX across these environments over 500 runs.
LAGEX grows parallel to the lower bound under con-
straints and can track it across environments.

Observation 2: Efficiency. We run all algorithms in
two environment: (i) hard with p3 = 0.5 and (ii) easy
with us = 1.3. We call the first environment hard as
it is harder than solving BAI and similarly, the second
environment easy. In Figure 5 and 6 we observe that
(i) among the algorithms with unknown constraints
LAGEX incur the least sample complexity, and (ii)
we pay a minimal cost than the known constraint La-
grangian algorithms in hard env whereas the price of
estimating constraints is prominent in easy env.

Real Data: IMDB-50K Dataset We evaluate
LATS, LAGEX, and the baselines on IMDB 50K
dataset (Maas et al., 2011). For ease of comparison,
we use the same bandit environment as in (Carlsson
et al,, 2024). We use 12 movies. We search for the
optimal policy which allocates weight at most 0.3 to
action movies and at least 0.3 to family and drama
movies.

Observation: LAGEX has better sample com-
plexity. From Figure 7, we observe that LAGEX per-
forms better than other algorithms in the unknown
constraints setting. LATS also performs well on the
IMDB environment but notably we cannot distinguish
its performance from that of the Uniform explorer.

6 DISCUSSION & FUTURE WORK

We study pure exploration under unknown linear con-
straints. We encode the coupled effect of estimating
both mean vector and constraints via a Lagrangian re-
laxation of the lower bound for known constraints. We
further design an optimistic estimate of the feasible set
to ensure identification of the r-optimal feasible policy-
leading to two algorithms, LATS and LAGEX. We
prove their sample complexity upper bounds and con-
duct numerical experiments to observe that LAGEX

der unknown constraints without Lagrangian relaxation.
“PTnS” is Projected Track and Stop algorithm.
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Figure 6: Sample complexity (median+std.) of algo-
rithms for easy env. in Setup 1.

is the most efficient among baselines.

From the lower bound perspective, one might be inter-
ested to derive the lower bounds when both constraints
and rewards are considered as feedback. Algorithmi-
cally, it would be intriguing to extend our Lagrangian
technique to non-linear constraints.
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used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes]

4. TIf you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:
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(a) Citations of the creator If your work uses ex-
isting assets. [Not Applicable]

(b) The license information of the assets, if ap-
plicable. [Not Applicable]

(¢) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Not Applica-
ble]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable]
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A Notations

Notation ‘ Definition
Ag K-simplex
K Number of Arms
A True constraint set
d Number of constraints
F True feasible set w.r.t A, F = {A € R™>*K : Ax <0}
A, Optimistic estimate of constraint set at time ¢, A, = A — f(t, 5)||wt||2;1
.7:} Estimated feasible set w.r.t pessimistic estimate A at time t, F = {At e R*E . A,z < 0}
A The action set of K possible choices
Wy Allocation chosen at time ¢
ag Action at time ¢ among K possible actions
N Number of Constraints
T Slack of the optimisation problem, i.e., T' £ min; (g (—An%)
o? Variance of the reward distribution (Gaussian) of arms
T, Cy Reward and cost observed at time ¢
) Chosen confidence level
l; The Lagrangian multiplier at time ¢
PN The covariance matrix (Gram matrix) at round t
Ar(p) Set of alternative (confusing) instances for bandit instance p
Az(p) Estimated set of alternative (confusing) instances for bandit instance p
v(m*) Neighboring set of optimal r-good feasible policy 7*
v(7*) Neighboring set of estimated optimal r-good feasible policy #*
Ts Stopping time of (1 — d)-correct algorithm
T True optimal policy w.r.t actual constraint set A
71'} Optimal Policy for the estimated feasible set
™ Optimal r-good feasible policy with respect to 7%
* Optimal r-good feasible policy with respect to 7r;__
s Shadow price = %

Table 1: Summary of Notations
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B Additional discussion on problem setting

B.1 Extended Related Work

Historical pioneering works. Literature on bandits has come a long way since the problem of optimal
sequential sampling started with the works of Bechhofer and Blumenthal (1962) and Paulson (1964) with the
assumptlon of the populations belng normally distributed. To talk about pure exploration setting, FEven-Dar
et al. (2002b), Bubeck et al. (2010) should be mentioned as the first ones who worked in this specific setting for
stochastic bandits.

Existing work on adapting known constraints. In Multi-armed bandit literature, people often introduce
constraints as a notion of safety where they impose known constraints on the chosen arm or on the exploration
process. Wang et al. (2021b) considers pure strategy (only one co-ordinate as chosen action) and imposes a
safety threshold on the linear cost feedback of the chosen arm. On the other hand, the setting considered in
Carlsson et al. (2024) is closer as it tracks an optimal policy w.r.t to a known set of known constraints. On the
other hand, Liu et al. (2021) (Improvement over Pacchiano et al. (2020) in MAB setting) generalized the known
constraint regret minimization setting by assuming existence of a set of general constraints. Our work captures
the hardness of not knowing the constraint set while tracking the lower bound and also in sample complexity
upper bounds of Algorithm 2 and 3. Our work also introduce shadow price as a novel term in pure exploration
literature which characterises the extra cost that arises due to tracking the unknown constraints.

Learning unknown constraints. Lindner et al. (2022) considers constrained linear best-arm identification
arm are vectors with known rewards and a single unknown constraint (representing preferences) on the actions.
Works on adapting to unknown constraints is discussed in the related work section of the main paper.

Transductive Linear Bandit. In this setting formalised by Fiez et al. (2019), Camilleri et al. (2022b) studies
this setting with unknown linear constraints where we have to find the best safe arm in a finite set Z different
than actual arm set 4. Our setting generalises the setting in the sense that the finite feasible set Z is not static,
rather we track Z; per time step ¢ € N and explore within that set to find the optimal allocation. At the end
of exploration after hitting the stopping criterion at 75 the agent recommends the optimal policy inside the set
Z,,.

Regret Minimization with Unknown constraints. In bandit literature, constraints are often introduced
in the setting to study regret minimization. Moradipari et al. (2020) studies regret minimization using Linear
Thompson Sampling (LTS) imposing known safety constraints on the chosen action. Amani et al. ( )19) studies
contextual bandits under unknown and unobserved linear constraint, whereas Kazerouni et al. (2017) Pacchiano
et al. (2020) studies UCB based algorithms for regret minimization for linear bandits which assumes existence
of a safe action space in case of unknown anytime linear constraint. In line with these, recent works Hutchinson
et al. (2024) Pacchiano et al. (2024) Shang et al. (2023) improved on regret guarantees and the first one relaxed
the assumption of existence of a pessimistic safe space. Chen et al. (2022a) introduces doubly-optimistic setting
to study safe linear bandit(SLB). Liu et al. (2021) generalised the setting of Pacchiano et al. (2020) not only
relaxing the condition of having a safe action but also considered a set of general constraints and also captured
the notion of both anytime and end-of-time constraints which we also see in Carlsson et al. (2024). Liu et al.
(2021) also shows the trade-off between maximising reward or minimizing regret and constraint violation using
Lyapunov drift. In this work we do not focus on regret guaranties but finding the optimal policy with sample
complexity as least as possible while tracking and satisfying a set of unknown linear constraints.

BAI with Fairness Constraint. Considering fairness constraint in our setting can be an interesting appli-
cation to our setting. Recently Wu et al. (2023) studied Best Arm Identification with fairness Constraints on
Subpopulations (BAICS), where they have discussed the trade-off in the standard BAI complexity if there are
finite number of subpopulations are given and the best chosen arm must perform well (not too bad) on all those
subpopulations. Another important line of work Wang et al. (2021a) Singh and Joachims (2019) explores regret
analysis of BAI with positive merit-based exposure of fairness constraints where the chosen policy has to satisfy
some fairness constraint across all its indices. Our setting comes as a direct application to these settings. Further
discussion in Section B.2.
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BAI with Knapsack constraint. While the existing literature on bandit with knapsack Badanidiyuru et al.
(2018) Agrawal and Devanur (‘)()l(j) Immorlica et al. (2022), Agrawal and Devanur (2014) Agrawal et al. (2016)
Sankararaman and Slivkins (2018) Ma (2014) focused on mainly regret minimization, our setting aligns more as
a special case of the Optimal Arm identification with Knapsack setting in Li et al. (2023, 2021); Tran-Thanh
et al. (2012). Though we aim to find the best policy rather than a specific arm in the constraint space. Our
setting should be considered as a special case of these settings. Further discussion in Section B.2.

Algorithms on Pure exploration. Algorithm 2 is an extension of the Track and Stop(TnS) strategy from
(Garivier and Kaufmann, 2016), while the motivation for Algorithm 3 comes from the Gamified Explorer strategy
from (Degenne et al., 2019b) where the lower bound is treated as a zero-sum game between the allocation and the
instance player. We refer to (G;u‘ivi( r and Kaufmann, 2()21),((};11'1\'1( r and Kaufmann, 2016),(Kaufmann et al.,
2016),(Degenne and Koolen, 2019), Boyd and Vandenberghe (2004),Jourdan et al. ( )21) ete for important
concentration inequalities, tracking lemmas.

Dose-finding and Thresholding Bandits. Another special case of our setting is Dose-finding or Thresholding
bandits in structured MAB literature Chen et al. (2014) generalized the problem, then a line of work Aziz et al.
(2021Db) Garivier et al. (2018) Cheshire et al. (2021) aims to find the maximum safe dose for a specific drug in
early stages of clinical trials. In some sense our setting generalizes this setting. If we have to administer more
than drugs to a patient, our setting generalises to track the best possible proportion in which the drugs should
be administered with maximum efficacy. Further discussions in Section B.2.

B.2 Motivations: Reductions to and Generalisations of The Existing BAI Settings

Before delving into the details of the lower bounds and algorithms, we first clarify our motivation by showing
how different setups studied in literature and their variations are special case of our setting.

Thresholding Bandits. Our setting encompasses the thresholding bandit problem (Aziz et al.; 2021a). Thresh-
olding bandit is motivated from the safe dose finding problem in clinical trials, where one wants to identify the
highest dose of a drug that is below a known safety level. This has also motivated the studies on safe arm
identification (Wang et al., 2021b). Our setting generalises it further to detect the dose of the drug with highest
efficacy while it is still below the safety level. We can formulate it as identifying 77* = argmax p ' 7, such that
I7 < 16. Rather, generalising the classical thresholding bandits, our formulation can further model the safe
doses for the optimal cocktail of drugs, and 8 can have different values across drugs, i.e we can consider different
thresholds for different drugs.

Optimal policy under Knapsack. Bandits under knapsack constraints have been studied both in best-arm
identification (Li et al., 2023, 2021; Tran-Thanh et al., 2012) and regret minimisation (Agrawal and Devanur,
2016, 2014; Agrawal et al., 2016; Badanidiyuru et al., 2018; Immorlica et al., 2022; Ma, 2014; Sankararaman and
Slivkins, 2018) literature. BAT under knapsacks is motivated by the fact that detecting an optimal arm might have
additional resource constraints in addition to the number of required samples. This has led to study of BAI with
knapsacks only under fixed-budget settings (Li et al., 2023). But as in regret-minimisation literature (Ma, 2014;
Sankararaman and Slivkins, 2018), one might want to recommend a policy that maximises utility while satisfying
knapsack constraints. For example, we want to manage caches where the recommended memory allocation should
satisfy a certain resource budget. Thus, the recommended policy has to satisfy 7 = arg max, ¢, /ljsﬂ', where

Ca = {Am,, < c}. Naturally, this is a special case of our problem setting.

Feasible arm selection. We look at the pure exploration problem of feasible arm selection studied by Katz-
Samuels and Scott (2018). Here, we think of a problem of workers having a multi-dimension vector representation
where each index denotes the accuracy of that worker being able to identify a specific class label in a classification
task in hand. The problem turns to be a feasible arm selection from a simple BAI problem when we impose a
feasibility constraint that for example, the chosen worker should show more than 90% accuracy across all labels.
We can generalise this setting in the sense that we are now not looking for a specific worker, rather we want to
make a team of workers that has the highest utility. The recommended policy at time ¢ € N, maxyen,_, g ™
such that fT7 > 7 where 7 is the desired threshold level. The generalisation of the setting pitch in as thresholds
of 7 can have different values corresponding to different workers.
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BAI with fairness across sub-populations. The Best Arm Identification with fairness Constraints on
Sub-population (BAICS) studied in Wu et al. (2023) aims on selecting an arm that must be fair across all sub-
populations rather than the whole population in standard BAI setting. Let, there are I sub-populations and g,
are the means corresponding to the a-th arm. Finding only the optimal arm Kpar = arg max, ¢ () p;, may not be
enough because it may not perform equally good for all the [ sub-populations. Then the arm should belong to a
set C':= {k € [K]|py,,,, > 0,m € [I]} where the observation for arm k and population m comes from N (pg,m, 1)
It ensures that the chosen arm does not perform too bad for any sub-population. Let us think of a problem where
there are [ sub-groups of patients and we have K number of drugs to administer with reward means py, k € [K].
We are looking for a combination of drugs rather than a single drug to administer as 7* = argmax, A, p'r
such that ]l;mzoﬂ‘ = 1,Vm € [l]. Thus, BAICS is a special case of ours.

Fairness of exposure in bandits. Wang et al. (2021a) introduced positive merit based exposure of fairness
constraints (Singh and Joachims, 2019) in stochastic bandits standing against the winner-takes-all allocation
strategy that are historically studied. The chosen allocation in this setting should satisfy the fairness constraint
ﬁ‘*‘;) = %N@' € [K] where f(.) transform reward of an arm to a positive merit. Though Wang et al. (2021a)
studied this setting in regret analysis, this setting in BAI setting is a direct application of our setting as we

are looking for an optimal policy 7* = argmax u' 7 such that 7* satisfies A;(“)ﬂ’ = 0 where Ay, is of order

w X K and Ay, is expressed as,

o ifaK —3(a—1)(a-2)<j<aK - ja(a—1) and i =a,
(Afu))ij = f(jzlj-) ifaK —f(a—1)(a—2)<j<aK-3a(a—1)and a <i < K,
0 otherwise.

For example, when K =3, Ag,) = [[i, —i7 0,0, +, —-L],[,0,—-L].
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C Strong Duality and the Lagrangian Multiplier: Proof of Theorem 1

Theorem 1. For a bounded sequence of {li}ten, strong-duality holds for the optimisation problem stated in
Equation (5) i.e.

inf min sup max inf w'd(u,A) -1 Aw
leRE A'CC e Ay TEIL AEA £ (1)

= sup min max inf w'd(u,A) -1 Aw.
weAy IEL wETlr AeA (1)

Here, L= {l € R4 | 0 < U1 < %D(w,u,]—')}, where v = minie[lyd]{—fliﬂ:*}, i.e. the minimum slack for

optimistic constraints w.r.t. the estimated optimal feasible policy.

Proof. This proof involves three steps. In the first step we prove convexity and other properties of the sets
involved in the main optimisation problem 7. In the next step, we show that Slater’s sufficient conditions hold
for 7t as a consequence of these properties. Once we prove the unique optimality of = we state bounds on the
Ll-norm of the Lagrangian multiplier. We conclude by establishing strong duality and proving the statement of
the theorem.

Step 1: Properties of perturbed feasible set and alt-set. Let us first check the properties of F, Az(p)
and vz(m). For that, let us remind the definitions of these sets. The estimated feasible set is defined as F A

{71' €Ak : Arw < 0}. The set of alternative (confusing) instances for the optimal policy #* = arg max, ¢ p'm
F
is Az () £ {)\ eD:r+ MaX ey, ATw > )\Tﬁ'*}. For 7’ being a neighbour of 7™ or in other words, an extreme

point in F , we decompose the alternative set as the union of half-spaces as,

#(p) = U {/\ AT (7 —7) < T}

' v (f¥)

We should note, 7w’ shares at least (K — 1) active constraints with #*. It is clear that F is bounded and convex
in 7. Since, convex combination of any two extreme point 7}, 7% in the neighborhood of the optimal policy
v#(7*) also shares K — 1 active constraints with #*, so vx(#*) is convex in 7’

Let, 7, and 7}, are two policies in the neighborhood of #*, such that for any alternative instance A, X' (7} —7}) >
0, which implies that the policy &} is closer to the optimal policy in the neighborhood that the policy ﬂ_’?
Therefore, any convex combination of these neighbourhood policy, A" (7% — (am) + (1 — a)wh)) = A (&% —
7)) —aX ' (7! — 7}) < ¢. Therefore, the set A z(p) is also bounded and convex in 7.

Also, since we are working with optimistic estimate of A, the set F will always be non-empty, because we will
find at least one A which is non-singular and it’s inverse exists.

Step 2: Slater’s condition. From step 1 of this proof we have the following properties

1. Fis non-empty, bounded and convex in .
2. The perturbed neighborhood v 4(7r) is convex for any 7’ € v4(m)

3. Az(p) is also bounded and convex in 7r.

Leveraging these three results we claim that there exists a #* that uniquely solves the optimisation problem in
Equation (7) and satisfy the constraints with strict inequality. Thus, we claim Slater’s sufficient conditions hold
for .

Step 3: Bound on the Lagrangian multiplier. Here, we try to bound the L-1 norm of the Lagrangian
multiplier. Since, ||I||; cannot be less than 0, then we already have a lower bound.

Now we refer to lemma 5 for the upper bound. An immediate implication of this result is that for any dual
. . . * * 1 _ * . ) I 3 . . .
optimal solution I*, we have ||I*||; < 3 (f(Z) — ¢*). Since Slater’s conditions hold in our case for 7, we can write

that the optimal solution of the Lagrangian dual,



Udvas Das, Debabrota Basu

1 .
0 < ||Z*H1 < ;D(w*auaf)

where, v £ n{lir}l]{—fliﬁ'*}
iell,

Where, t* is the r-optimal feasible policy.

Step 4: Establishing strong duality. Therefore the domain of the Lagrangian multiplier is also bounded and
convex. So again we say that I} uniquely minimises Equation 7. We define £ = {l ¢ R? | 0 < ||I]|; < %T;lr(ﬂ)},
where v £ minie[l’d]{ffiiw*} Then according to Heine-Borel’s theorem (Theorem 9) we can say that these
sets are compact as well. We can then conclude that Strong duality holds which means that it perfectly make
sense of solving the Lagrangian dual formulation of the primal optimisation problem because there is no duality
gap. We later on will consider this formulation as two player zero sum game. Due to strong duality we claim
that the agent wile playing this game, Nash equilibrium will be eventually established.

Now that everything is put into place we can conclude with the very statement of the theorem that due to strong
duality the following holds

inf min sup max inf w'd(p,A) -1 Aw
leRd A'€C we Ak TEIL A€A £ (p)

= sup min max inf w'd(p,A) -1 Aw.
WEAK lel WEH;»_ AEA £ (1)
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D Lagrangian Relaxation of Projection Lemma: Proof of Theorem 2

Theorem 2. For a sequence {Fi}en and { A }een, we first show that (a) limy_s F; — F, (b) X* is unique,
and (¢) limi—00 Ay = X*. Thus, for any w € F and p,

tlim D(w, p, Fit) = D(w, u, F),
where X* € argminy ey, (@' d (1, A).

Proof. Here, we prove the three parts of the theorem consecutively.

Statement (a): Convergence of the limit lim; F. To begin with the proof of the first statement of
Theorem 2 we leverage the results stated in Theorem 10. Let H(A) £ {ﬂ' € Ag: A < O} and the set function

A — H(A)NC where C = F is a non-empty compact (proven in Section C' subset of Ax Then the set H(A)NC
can be written as

H(/I)ﬁC’z{rEﬁ:[lﬂ'gO}

To apply Theorem 10, {Ar,r € N}, must be a convergent sequence of affine function. It is evident that A" for
any 7 € N is an affine function since A is linear in A and the induced pessimism works as a translation. Then we
can proceed to the next part of the proof of statement 1 where we prove that {AT}TeN is a convergent sequence
of functions. For ease of notation we will denote A; for the t-th element of the sequence { A"}y for t € N.

The definition of the confidence radius for any constraint i € [d] follows from the Definition 2 as f(6,t) =

1+ \/% log % + %log detX;. It is evident from the definition that f(¢, ) is a non-decreasing function w.r.t time
and it grows with order of at least O(+/logt)

We have from the definition of the confidence set, for all i € [d]

P (A = f(t,0)[willyr < A" < AL+ f(t0)|lwnllgr) 218
t,(s -1 Ai_ 4 t,6 —1
P(f( Nellss _ Aj— i _ F(E0)llarlls, )Zlé

AA) T ) T ()
. (_f(t,mgtutl . f<t,6>|gt|zt1> .
o(A) o(A)
o0 (f(t75)|idlt|2;1> S9 5
o(A)
. f(tvfs)H‘:-"tHz;l - (1_ 5)
7(A) 2
— J(t 0kl > oo (1-3)

where Z £ Ai(l_&?; and ®(.) is the cumulative distribution function of N(0,1) distribution.
ASE

limy 00 f(2, 5)”“)’5“251 — 0 since o(Al) = (’)(\/lngt). Leveraging CLT at this point we say

Al 4 A vi e [d)
Then by Slutsky’s theorem (Slutsky, 1925), we conclude A? — f(t76)‘|WtHE;1 4 Alvie [d].

It implies that {flr}reN is a convergent sequence of function for A. Now, we use Theorem 10 and get the following
properties of the feasible set.
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1. HA)NC C lim, o HA")NC
2. lim, 00 H(fl’“) N C is a closed convex superset of H(;l) nc.

3. H(A) N C has non-empty interior because of the feasibility condition and no component in A is identically
0.

lim H(A")NC = H(A)NC

T—00

4. Even if the set H (fl) N C has empty interior or some component if fl is identically zero, by the last statement
of the Theorem 10 we can say for any closed convex set Q of H(A) N C we can design the function {A"} in
such a way that lim, ., H(A") N C includes Q.

As the convergence of A, is guaranteed now asymptotically, we can guaranty convergence of the following limit
limt_>oo Fi e F.

Statement (b) : Proof of Uniqueness of A\* Here, we prove if there exists a confusing instance A* € A z(u)
which uniquely minimises the the function D(.) defined as

D 2inf inf w! —1TA
(w, p, F) N e d(p,A) =1 Aw

We observe that only the leading quantity on the R.H.S associated with the KL is dependent on A. So, in this
proof we will only show that A* minimizes the KL divergence uniquely and since the KL is linearly dependent
on the expression, proving this will be enough to ensure uniqueness of A*.

Now, from the properties of KL we know that d(u, A) is convex on the pair (p, A). But it is also strictly convex
on A if supp(A) C supp(pu) which is true in our case, since u, A € D C R,

Let us assume there are two local minima A; and A5, with the condition,

d(p, A1) < d(p, A2)
Then, we can write from the property of strict convexity, for some {h:0 < h < 1},
d(p, hAr + (1 — h)A2) < hd(p, A1) + (1 — h)d(w, A2)
Now, from the assumed condition on A; and Ay, we can write —

d( M) < d(p, o)
= hd(p, A1) < hd(p, A2) , since h >0
— (s, M) + (1= B M) < he(p, Ao) + (1 — B)(p, Ao)
= hd(p, A1) + (1 = h)d(p, A2) < d(p, A2)

Putting this result in the strict convexity condition we get
d(p‘a hXi + (1 - h))‘Q) < d(iu'v >‘2)

which is a contradiction.

Thus, we conclude that for a strictly convex function f(x) with supp(x) being convex as well, the set of minimisers
is either empty or singleton. Then, we can say A* uniquely minimizes the KL, or say D(w, u,f" ). Let us now
once again remind the definition of perturbed alt-set Az(pu) £ {A € D : max__» A (7% —m) < r}. Let us
denote v(7*) as the neighborhood of #*. Any w € F is called a neighbor of #*, if it is an extreme point of

F and shares (K-1) active constraints with #*. Then, we can decompose the perturbed alt-set as As(p) =
Urev, 7 {)\ A (7 —7) < O}, which is a union of half-spaces for each neighbor. From this decomposition

we can observe that 7* is not the r-optimal policy for A, i.e, {37’ € Ax(p) : )\T(ﬂ'} — ') < 0}. Then, it follows
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similar argument in Carlsson et al. (2024) to argue that the most confusing instance w.r.t p lies in the boundary
of the normal cone, which lands us to Proposition 1.
For any w € F and p € D, the following projection lemma holds for the Lagrangian relaxation,
D(w, pt, F) =min max  min min w'd(u, ) —1" Aw
leL 71'61_1;:_ ‘rrlEVj_.(Tr) AT (7* =7’ )=0

=min min min w'd(u,A) —1" Aw
el 7' cvp (%) AAT (7* —7')=0

Statement (c): Convergence of the sequence {;\n}neN. In known constraint setting the agent has access
to F. That means there is the actual sequence {A; }nen for which A,, — A* asn — oo since D(w, u, F) is convex
and continuous on A £(p, 7). But in this setting we try to estimate F as JF,, at each time step n € N. So there

exists the {j\n}neN such that A\, € A 7. (pe, ) and we have to ensure it converges to the unique optimal A* i.e
A" € Ar(p) Climy, o0 Ap (p, ) implies {An} = AT asn — oo

We use the fundamental theorem of limit to carry out this proof with the help of properties of the sets F and
A. The properties we have already proven for these sets are

1. F, for any n € N is a superset of F due to the optimistic choice of A.

2. ]:"n is a non-empty compact subset of Ax and lim,,_, ]:"n =F.

3. Az (p, ) is a closed convex set and it also is a superset of the real alt-set A z(p).
Leveraging these properties we claim that for any p € D, lim, 0o Az (p,m) = Az (). Since we have already
proven uniqueness of A in statement 2, we say An uniquely minimises Az (p, 7). Now from the (e, §)-definition

of limits we say if Az (p, ) is an e-cover of Az(p) for € > 0, then A, — A*| < 6 for § > 0 sufficiently small.

It implies for a sequence of {)\An}neN we claim lim, oo A, = A* i.e the sequence convergence. Therefore we
conclude by the statement itself

{Xn}nGN — >\*

Hence, proved. U
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E Characterization of the Unique Optimal Policy: Proof of Theorem 3

Theorem 3. For all p € D, w*(u) satisfies the conditions

1. Both the sets F and w* () are closed and convez.

2. Forallp € D and w € F, limy_s oo D(w, [Lt,]:'t) 18 continuous.

8. Reciprocal of the characteristic time limy_, o T;tlm(u) is continuous for all p € D.
4. For all p € D, p — w* () is upper hemi-continuous.

Thus, the optimization problem max_ # p' T has a unique solution.

Proof. The theorem has four statements as the sufficient condition for the existence of unique optimal policy.
So naturally we will dictate the proof structure in four steps and prove the statements one by one.

Statement 1: Convexity of feasible space and optimal set function. Let us first analyse the properties
of F. For any two member of wi,wsy € F satisfying Aw; < 0 and Aws < 0, their convex combination for any
a € 0,1],

121 (aw1 + (1 — Oé)wg) = O(/lel + (1 — OJ)AUJQ <0

Therefore we can say F is convex because it is closed under convex operation. We claim F is also closed since

(a) The complement of F, F¢ 2 {rr € Ak : Am > 0} is an open set. (b) we have already proven the limit of F
to be F which is always contained by F.

The elements in the domain of optimal allocation set function must be included in F. So compactness of w*(p)
is a direct consequence of compactness of F.

Statement 2: Continuity of limit. We have already proven in Section D that lim;_, F, — F. Also by
convexity of KL and CLT we claim f1, — p as t — oo and since w is linear in D(wy, M]:—t) it will converge
to w*(u) as t — oo, also due to convergence of fi,. Then we can say that the limiting value is same as the
value if we plug in the limits in D i.e lim; o D(wy, fir, Fr) = D(w* (), , F). So we ensure the continuity of
limt_)oo D(wt, llt’ ]:)

Statement 3: Continuity of limit of inverse sampling complexity. This statement directly follows from
the statement 2. Due to convexity of KL-divergence and convergence of F, the limiting value exists and it is
equal to the inverse of characteristic time with the limiting value.

Statement 4: Upper hemi-continuity of optimal allocation function. We refer to (Magureanu et al.,

2014) (see Lemma 12) for this proof. We denote Q(A’) £ lim ¢, » maxy,en, { Zle wad (p, A) — 1T A w|Aw <
0,w, > 0Vi € [K] p = w(p) where A” € RE*K is the rank-1 update of A’ which is a sub-matrix of A with K

number of active constraints. We define limiting set as

Q*(A") = {w: lim Zw d(p,A) = Q(A")

}'—>]-'

A'w <0,w, > 0Vi € [K}} =w"(p)

As a direct consequence of Lemma 12 we get the following results

1. The function w*(u) is continuous in (REXK) x RE

2. w*(p) is upper-hemicontinuous on (REXK) x RE

Leveraging these four sufficient statements ensure that there exist unique solution for the optimization problem
max, .z p 7w,V € D i.e the image set of the set-valued function w*(.) is singleton. O
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F Lagrangian Lower Bound for Gaussians: Proof of Theorem 4

Theorem 4. Let {P,}.c[x] be Gaussian distributions with equal variance a2 >0

(r—pT(m—m)® Aw} |

202w —m ”Dlag(l/wa)

T:' () = maxmin max min
Fir weF leL ﬂEHT T Evz ()

where Diag(l/w,) is a K-dimensional diagonal matriz with a-th diagonal entry 1/w,.

Proof. We start the proof by the definition of D(w, u, .7:') as per Equation (8)

D(w, p, F) = min max min Zw Ay, Aa) — 1" Aw
leL well, XeAz(p)
= min max min Zwa HgsAa) — 1T Aw 3 ~» via Proposition 1
leL well w/eve(my) A )\T (w— Tr’) L et

The Lagrangian formulation of D(w, g, F) is written as

K
L Ti B
L(w,p, F) = ?%1? 7}_161%}5 min {Zwa (Hgs A ' Aw — v <Z AaVq r) }

' vy () =

where v, 2 (7 — 7).

We assume both the instances p and A follow Gaussian distribution with same variance o2.

Then, we can rewrite the Lagrangian putting the value of the KL as —

K
[ﬁ(w,u,f") = min min max min {Zwa Aa)” 1T Aw — v <Z AUy — ) }

YERL leL ﬂEHT 7' Ev () vt
Differentiating the Lagrangian w.r.t A, and equating it to 0, we get

Vka,ﬁ(kv w, H) =0

-
or, — Yol —Aa)
g
vvaa2

a

Or7 Aa = l‘l’a +

Then putting back the value of A, in Equation 10 we get

K
L(w, p, F) = min min max mln { Z 21} o’ — 1" Aw — 5 (Zﬂa”a r)}

Ry 1 o =
vER leL welll, w/evy ~

Again differentiating the Lagrangian w.r.t v and equating it to 0, we get

K K 2
V’Y‘C(wvljﬂ]:) =0 ZT—ZNaUa—WZ:*Ua =0
a=1 a=1 ¢

T
r—p'v
SR e 7AL0

Za 1wv2

Putting the value of v in Equation 11, we get —

T2 B
L(w, p, F) = min max min {(uv) — lTAw}

leL well, n/ 2
‘rr meve(m) | 20 Za 1 w,

(9)

(11)
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1 T —_ ='))2 -
=min max min { ~— (r—pt (;r m) 17 Aw
leL mell, w'cvp(m) 202 || — Tr/HDiag(l/wa)

Therefore inverse characteristic time for Lagrangian relaxation with unknown constraints satisfies,

1 ., T \\2 ~
TZ!' (@) = maxmin max min { (r—p (r—m)) —lTAw}

For weF 1oL welly wevy(m) | 20 |7 — ]300 sy
O
F.1 Bounds on Sample complexity: Proof of Corollary 1 Part (a)
9 o llmF—ml? + o . N
Corollary 1. Part (a) Let d7 = ﬁ be the norm of the projection of p on the policy gap (7% — ).
F 2

Part i. Then, we get C%:niifn(l +55) <Tg,(p) < 62‘1:7 K where Cinown = Ml ey (5 d?

Part ii. Additionally, Tz ,(p) > %(1 +5;), where H is inversely proportional to the sum of squares of gaps and
Kknown 18 the condition number of a sub-matriz of A consisting K linearly independent active constraints for m*.

!

Proof. Here, we derive explicit expression for gaussian characterisation of the lower and upper bound on the
characteristic time. We start the proof with the difference in sample complexity between unknown and known
constraint setting

D(w .7:") — D(w,p, F) =min  min 1 ||7r o ﬂJHQ — 1" Aw
s My 2 s o lelL w 'evg (71'*) 20—2 Hﬂ- 7T/||D1ag (1/wa)

1w —="l2,

. (12
7r”€VJ—‘(7T]:) 202 ||7T_7-‘ 7TH”Dlaug(l/(«Ja)

Let us remind, due to pessimistic choice of fl, FCF nisa neighbor of 71';:_ if it is an extreme point in the

polytope F and shares (K-1) active constraints with m%. Then 7% and 7" lies in the interior of F ie, they
can be expressed as a convex combination of w* and 7’. Let, 30 < t; < 1: T = tm’} + (1 — ¢1)n’" and

0 <ty <1:w"” =tom’ + (1 —ta)m’ Then, (7% — n') = t1(w%: — «') and (7" — 7') = t2(w’z — «’). Then,

I =71 = N = ) = (7 = ) = (= ) = taly = )27 = (11— 1) — 2,0
Applying this equality in Equation 12, we get —
’D(wa/»”af) 7D(w /1’7-7:—)
//||

* 712
P, {1 s — )2 0 _mw}
)

a vr”emw;) 202 || — ﬂ-//HDlag (fwo) L mevzmy) | 202 7% = 7 Big1 s,
1 t1 —to 71' ! 1 w5 — 7’ 2 ~
= min - ( Fl ” —min min ] ! . 5 ”“”T — 1" Aw
’GV}_(ﬂ'* ) 20 (tl — tz) ||7T . — T HDlag(l/w ) lel 7"/61’]:(7"'* ) 20 Hﬂ-]} - ||Diag(1/wa)
= minl' Aw
lel
< D(w,p, Fsj (13)

The last inequality is a direct consequence of Lemma 6.
Part 1. Since min;c 1" Aw >0 by the design of the Lagrangian and the constraints, we get

D(w,u,]:") > D(w, u, F)
= T (1) = Tr () (14)
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This leads us to the upper bound. For ease of comparison, we follow the same notation used in Carlsson et al.
* 2
(2024) and define for any m € Ag_q, d2 = M, which is the squared distance between p and the

75—l

hyperplane (7% — 7) = 0. Therefore, using (Carlsson et al., 2024, Corollary 1) and Equation (14), we get

202K

: 2
Millyr ey p () dz,

T]:‘,O(H) <

Along with Equation (13), this implies that

D(w,p,}') (1 +5A) < D(‘-‘%H’]‘—)
= T7 (1) (L+54) < Tro(p) (15)

We again leverage (Carlsson et al., 2024, Corollary 1) to get lower bound on the characteristic time as,

202

min,,// Evr(ms) dg‘_//

Ty o) = (1+55)

2

Further, we define Cinown = Millyrr ey p (n%) dz.,, which concludes the proof.

F.2 Impact of Unknown Linear Constraints: Proof of Corollary 1 Part (b)

_ 2
Corollary 1. Part (b) Let d% = HH;}%L‘”‘%T be the norm of the projection of p on the policy gap (7% — ).

Then, the characteristic time T]:-7O(u) satisfies T]:‘70(ll’) > % (1 - 5) H is the sum of squares of gaps. k is the

condition numbers of a sub-matrixz of A that consists K linearly independent active constraints for m*.

Proof. This result a direct implication of Corollary 2 in Carlsson et al. (2024), that states,

Here, H = @, where A? = Zle(p,* — p,)?%, i.e the sum of squares of sub-optimal gaps in the arms and  is
the condition number of a sub-matrix of A consisting at least K linearly independent active constraints for 7*.
Referring to the proof structure of Corollary 2 in (Carlsson et al., 2024) is of independent interest.

Now we leverage equation Equation (15) to get

T]f‘,o(“) >

X
¥
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G Sample Complexity Upper Bounds (Analysis of Algorithms)

G.1 Proof of Lemma 2 : Implication of (1 — §)-correctness

Lemma 2. If the recommended policy is (1 — §)-correct then it is (1 — §)-feasible.

Proof. Let the recommended policy 7 is (1 — d)-correct. It means
Plr=ny%)>1-9¢
= Pr=nr2NAnr<0)>1-96
= PAr <0)>1-9§

Hence (1 — §)-correctness automatically implies (1 — §)-feasibility. O

G.2 Stopping Criterion

Theorem 5. The Chernoff stopping rule to ensure (1 — §)-correctness and (1 — 0)-feasibility is

f Nad(frg 4, Aa) > B(L,0),
B AGA“;WZ tlftags do) > At

where 3(t,8) = 38y log(1 + log N,.+) + SoT (%) and 0 < Sy < K.

Proof. We dictate the proof in 2 steps. In the first step, we prove that the stopping time 75 is finite. Then, in
next step, we give an explicit expression of the stopping threshold by upper bounding probability of the bad
event for stopping time 7.

Let us first go through some notations.

~T ~ : K ~ T
7 £ arg MaXxerr He T, where f1, € arg MIMxeAz, (i) a1 Naad(Bg s Aa) — 1 AeNay.
t t

Algorithm 2 and 3 stops at a finite 75 € N if the events infxca . (a,) {3t € N: Z([f:l Na,td(fto ¢ Aa)} > B(t,0) and
{3t e N: (A, — A)Ny|so < tp(t,8)} jointly occurs.

Step 1: Finiteness of the stopping time. A stopping time is finite if the parameters in the system converges
to their true values in finite time, in our case the means of arms and the constraint matrix. Let us define
A2 {a € [K] : limy_yoo Nay < 00} as a sampling rule i.e if an arm belongs to this set A, it has been sampled
finitely and otherwise the arm has been sampled enough number of times so that the mean of that arm has
converged to it’s true value and the column in the constraint matrix corresponding to that arm as also converged.
For arms a € [K]anda € A° f1,, — fi, # p,. When all parameters are concentrated A = (), we say
Va € |K] : 1, = p,- We also define the limit of this empirical sampling rule as ws, = lim;_, %Va € [K].
We then write the stopping condition in a new way infyep,(a,) {3t € N : ZK N, £ d(f1g 4 Aa) > %&)} By
continuity properties and knowing S(t,.) — 1og logt and p( ) — 0 as t — oo, we claim by taking taking
asymptotic limits both sides infxea . (a,) Z =d(fty4,Aa) > 0. We get strict inequality for the both the
cases by the virtue of construction of the set .A buch that for arms a € A, ws # 0 and the KL-divergence is
non-zero as A, # p since A € Az (f1,).

Step 2: Probability of bad event to Stopping threshold. Let w; is the allocation associated to Ny. Then
we define the bad event as

K
U 2 {m,, ¢ 1%} = U {Elt eN:myy; =mA max  inf Z Naid(frg ¢ Aa) > 6(7,‘,(5)}

GHT AEA
g TR AShA (B oD

Therefore probability of this bad event

P(U;) =P U {ﬂt eN:my 1 =7 A max inf ZNQ td(frg 4> Aa) > ﬁ(t,é)}

7T€HT AEA 2
mglly Ft (Ht)



Pure Exploration under Unknown Linear Constraints

K
<> IP’{EIteN: max  inf ZNaytd(;la,t,)\a)}>B(t,5)}
1

ph r
ngll’, wEHﬁt )\EA}-t (fey)

K
<> P {Elt €N Nagd(fig 4 ) > Blt, 5)} (16)

Il a=1

We define I; = Supp(#*)ASupp(7) and also Sy = maxy, |I|. We note that 0 < Sy < K.

We get from Theorem 9 in (KKaufmann and Koolen, 2021) with the notation of 7(.) follows from Lemma 9

1 |7"t‘_1
Z P {Elt eN: Z Na,td(ﬂa,taua) 2 Z 310g(1 +1ogNa7t) + |So|T <0g56>} <4
0

gl a€lx a€lx

where § is chosen to be # such that log # < log(%) < (K Ad)+]logi

Also Zael,, 3log(1 +log Ny < 3Splog(l +log N, ;). Therefore the stopping threshold is given by

K log 1
B(t,8) = 3So log(1 + log No.) + SoT ((/\d)"'()gg)

So

In practice, we use Sy = K. O

G.3 Upper Bound of LATS

Theorem 6. The sample complezity upper bound of LATS to yield a (1 — 0)-correct optimal policy is

E[7s]

im ———— <
%IL% IOg(l/(S) = a(l +5)T.7:,T(:u‘)7

where s is the shadow price of the true constraint A, Tr ,(p) is the characteristic time under the true constraint
(Equation (4)), and § € (0,1].

Proof. We will prove this theorem in 5 steps. In the first step, we define what is considered to be the good
event in our unknown constraint setting, then we go on bounding the probability of the complement of this good
event in step 2. Once the parameter concentrations are taken care of, we show how we can lower bound the
instantaneous complexity of the algorithm in step 3. In step 4, we finally prove the upper bound on stopping
time for both good and bad events. We conclude with the asymptotic upper bound on stopping time i.e when
4 — 0 and € — 0 in step 5.

Step 1: Defining the good event. Given an ¢ > 0, for h(7T") = max VT, f(T,8) we define the good event G
as,

-
Gr2 () Al — plle < &) AI(A] = Al < d(e)Vw € F}
t=h(T)
where, £(€) < max max tp'(m —7'), and ¢(€) = max(1,€) for a given € > 0. The good event implies that
el w'evy(mw)

the means and constraints are well concentrated in an e-ball around their true values. Thus, we have to now
bound the extra cost of their correctness and the number of samples required to reach the good events.

We also observe that ||/ — pt]|oo < £(€) and ||(A} — A))w||so < ¢(€) implies that  sup sup |jw' —wl|| <€

W/ Ew* (1) wEw* (1)
due to upper hemicontinuity of w*(u) (Theorem 3).

Step 2: Samples to Achieve the Good Event. Now, let us bound the probability of bad event,

PG = Y (P LIl — plloe > &)} + P{IIAL = ADwlloe > 6(e) })

t=h(T)
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T T
< Y Pl plleo > 6@+ D0 P{IIAL - ANl > 6(e)}
t=h(T) t=h(T)

}
1
< BTexp (—CT%)+K >

The first inequality is due to the union bound. The second inequality is due to the Lemma 7 (Lemma 19
of Garivier and Kaufmann (2016)), which states that

T

> PAllis — nllos > §(0)} < BT exp (=CT#)
t=h(T)

and also due to Lemma 4 that proves concentration bound of the constraint matrix over time.

Step 3: Tracking argument. Now, we state how concentrating on means and constraints leads to good
concentration on the allocations too. Since we use C-tracking, we can leverage the concentration in allocation
by(Lemma 17 of Degenne et al. (2019b)). We use this lemma than D-tracking or the tracking argument in
(Lemma 7 of Garivier and Kaufmann (2016)) because the optimal allocations might not be unique but the set
w*(p) is convex (Theorem 3).

Hence, there exists a T, such that under the good event and ¢ > max (7., h(T)), we have,

(= o) T < (= ) T (= ) T (7 = 75| < 4€(e)

< max max ' (w—7')

- welll, n/€v g (m)
We have replaced the perturbed alt-set with the true one because for ¢ > max(7, h(T)), we can ensure the
convergence of F almost surely i.e F =3 F

Step 3: Complexity of identification under good event and constraint. Now, we want to understand
how hard it is to hit the stopping rule even under the good event. First, we define

= inf D', F) - 1" Aw.
wil| = pl oo <E(e)
~ w':“w'wa(x,SBe
Al (A= A)w]|oo <¢(e)

C.r

Now leveraging Lemma 6, we obtain

(1+1) inf D, W', F) > inf D, w', F)—1"Aw,
B[ — gl oo <€ (€) K — ]| oo <€ (€)
Wi —w|[e<3e w|w —w|]eo <3e
Af|(A-A)w|loc <(e) A|[(A=A)w]|oo <o (e)

where definition of ¢ follows from Lemma 6. It quantifies how the Lagrangian lower bound relates with the
Likelihood Ratio Test-based quantity in the stopping time.

Therefore by the C-tracking argument in Theorem 10, we can state

X R tC -
D(fuy, N¢, F) > t inf D(p,w', F) > —=.
(B, N, ) w1 =l oo <E(6) ( ) 1+
~c./:Uc«;/—cu'l\oo§3€
A|(A=A)w||oo <o(e)

Here, LHS is the quantity that we use to stop and yield a (1 — §)-correct policy.

Step 4: Bounding the stopping time with good and bad events. We denote 75 as the stopping time. So
for T' > T. we can write upper bound on this stopping time for both good and bad events as

i
min(7s, T) < max(VT, f(T,6)) + Y T

t=T,



Pure Exploration under Unknown Linear Constraints

By the correctness of the stopping time, the event 7(8) > ¢ happens if D(jfi,, Ny, F) < B(t, ) for any t < T.

Now using the lower bound on D(fi,, Nt, F) (Equation 17), we get

.
min(rs,T) < B(t,0)) < max(VT, B(T,6)) + > _ 1

T ~
< max(VT, B(T,6)) + Y ]l(t Coz < B(T, 5))
< max(VT, B(T, )) + PO +Y)

Let us define T5 2 inf{T € N : max(v/T, f(T,6)) + w < T}. To find a lower bound on Ty, we refer to
e F

(Garivier and Kaufmann, 2016). Specifically, let us define ¢(n) £ inf{T : T — max(v/T, 3(T, §)) >

> %} for some
1 > 0. Therefore,

. , Cer
Ts <c(n)+inf{T e N: Tm > B(T,9)}

Thus, finally combining the results, we upper bound the stopping time as

E[rs] <Te+ Ts + Thad -
Here, Thaqa = Y 1oy BTexp (—CT'/®) + K((1) < oo is the sum of probability of the bad events over time. ((.)
denotes the Euler-Riemann Zeta function.

Step 5. Deriving the asymptotics. Now, we leverage the continuity properties of the Lagrangian character-
istic time under approximate constraint to show that we converge to traditional hardness measures as € and ¢
tends to zero.

First, we observe that for some o > 1

. E[rs] a(l+1z)(1+mn)
P i <

Now, if also € — 0, by the Equation 3, we get A — A, and thus, F o F.
Thus, by continuity properties in Theorem 3 and Theorem 2, we get that

~ maXiG[l,N]F A Imax S

D(F,.) = D(F,.) and ¢z —

. £ 5.
minie;; N i

Here, s is the shadow price of the true constraint matrix, and quantifies the change in the constraint values due
to one unit change in the policy vector.
Hence, we conclude that

E[7s]

i '
}13}) log(1/4) — oTrr (W)l +s5)

G.4 Upper Bound for LAGEX

Theorem 7. The expected sample complexity of LAGEX limgs_, % <Tr, ().

Proof. We will do this proof in two parts. In part (a) we will assume that the current recommended policy is
the correct policy and try to find an upper bound on the sample complexity of LAGEX. In the next part (b) we
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break that assumption and try to get an upper bound on the number of steps the recommended policy is not
the correct policy.

Part (a) : Current recommended policy is correct. Proof structure of this part involves several steps.
We start with defining the good event where we introduce a new event associated with the concentration event
of the constraint set, then proceeding to prove concentration on that good event. Third step starts with the
stopping criterion explained in G.2. In step 4 we define LAGEX as an approximate saddle point algorithm. The
next step further transforms the stopping criterion with the help of allocation and instance player’s regret that
play the zero-sum game. We conclude with the asymptotic upper on the sample complexity characterised by the
additive effect of the novel quantity shadow price s.

Step 1: Defining the good event. We start the proof first by defining the good event as

Gi = {t < TVa € [K] s Naad(jg s 1) < 9(0) AI(Ar — Awlloe < plt,6)}

where, ¢g(t) = 3logt + loglogt and p(t,d) is defined in Lemma 3. The choice of g(t) is motivated from (Degenne
et al., 2019a) which originates from the negative branch of the Lambert’s W function. This eventually helps us
upper bounding the cumulative probability of the bad event.

Step 2: Concentrating to the good event We denote GY as the bad event where any one of the above events
does not occur. Cumulative probability of this bad event

T T
> P( ZP (ZNM (B oo 1) > 9(s ) +ZP (H (As = A)wlloo > p(s,0)Vw € AK)
s=1 s=1
We get the upper bound on
il exp(2
ZIP’ (ZN“d Plos: ta) > g(s ) < 1+Z s3logs )+ g2(s)log s) < 19.48
as a direct consequence of (Lemma 6 of Degenne et al. (2019a)). The second cumulative probability is bounded

by ¢(1) < 0.578 using Lemma 4, which is finite.

In the next step, we work with the stopping criterion where we do not have access to F rather a bigger feasible
set F;.

Step 3: Working with the stopping criterion. The stopping criterion implies that

> f N,
ﬁ(t,é)_wrggg et Z atd(fq 1 Aa) 5

where the exact expression of 3(t,0) is defined in Theorem 5.

We use the C-tracking lemma (Lemma 8) to express the stopping in terms of allocations

B(t,6) > max  inf ZZwaé g s Aa) — (1+VtH)K (18)

‘I\'EHT AGA]_-f fy) =1 a1

L-Lipschitz property of KL divergence gives

At M) — g 0 A)| < 1y 2020 (19)

Using this result in Equation (18) we get

t K
Zzwab fro o A ZZ d(fry; Xa) — L/202 Ktg(t)

s=1a=1
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a,s@(fbg o Aa) — L/20%Ktg(t) — 2L\/202g(t) (K? + 2v2Kt)

M-
Mw

@
Il
J
5}
Il
=

Mﬁ
M=

wa,sd(i&a,sa )\a) - O( V tlog t)

la

1

w
Il

the penultimate inequality yields from using the Equation (19). Using this result in Equation (18)

B(t,8) > max  inf Zw‘” (Ba:Aa) — (1 + VK — O(y/tlogt) (20)

mENL NeAy, (i) =

Step 4: LAGEX (Algorithm 3) as an optimistic saddle point algorithm We follow the definition of
approximate saddle point algorithm in (Degenne et al., 2019a). LAGEX acts as an approximate saddle point
algorithm if

max inf g g ws o d(f1
7'r€HTA AEA];.t(ut sa @87 )

s=1a=1

t K
> max Z Zw Uags — RY — Zzwa,sca,s + lth‘Nltwt ) (21)

we}-ta 1s=1 s=1a=1

where U, , £ max{ 9(s) ,MaXecla, . Ba.] A& Aa S)}, Cos = Uss — d(fy 5:Na,s), and Ry is defined in Equa-
tion (23).

Step 5: Bounds cumulative regret of players Algorithm 3 at each step solves a two player zero-sum game.
First one is the allocation player who uses AdaGrad to maximize the inverse of characteristic time function to
find the optimal allocation.

Step 5a. A-player’s regret.

t K t K
R, £ Wa.sd(fb, o, Aa.s) — ma inf Wasd(fr, ., Aa) <0
AEDY D wasd(frg s has) L AeAﬁt(ﬂt)ZZ sl o Aa) <

s=1a=1 s=1a=1

The last inequality holds because we take infimum over A in the perturbed alt-set. now let us prove that LAGEX
is a optimistic saddle point algorithm. From the definition of regret of the A-player we get

t
max inf E E was Maé, E E was a,s E § was a,s -
WGHT]:-t XEA £, (fry) s—1a=1

s=1a=1 s=1a=1

Then we have from Equation (20) and Equation (21)

t K
B(t, 5) ZZZ a,sUas Zzw“ s — (L+ VK — O(y/tlogt), (22)

s=1a=1
Step 5b. Allocation player’s regret.
t K t K
w A
72 0 2 et 2 el ”3)

We note that AdaGrad enjoys regret of order RY < O(1/Qt) where Q is an upper bound on the losses such that
Q = MaxXy yefp, st AT Y)-

Now, from the allocation player’s regret, we have

t K

)\e}&f(“)ZZwa s(fg,5 As) 2 InaXZZwa a,s — At T Zzwavscw +1 Aw,

s=1a=1 s la=1 s=1a=1

T1
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t K
>maXZZwa a,s \/@)7zzwa,soa,s+l:14twt

wE]:é la=1 s=1a=1

T1

which shows that LAGEX is a approximate saddle point algorithm with a slack R¥ + S S5 w, (C, s —
ltfltwt.

Step 5c. Bounding T1. Now we have to ensure that T'1 in the slack is bounded.

Z Zwa sca s S Z Zwa S < a s EE[;?,E:,XBa,s] d(£7 Aa,s) - d(ﬂa,s’ Aa,s))

s=K+la=1 s=K+1a=1

w w
as+L\/2o_27 a,s
s;'rlaz:l Na,s 9;1;\/ Na,s

g(t) (K2 + 2K log ;) + Ly/202g(t)(K? + 2V2Kt)
< O(4/tlogt). (25)

Equation (24) holds due to L-Lipschitz property of KL under the good event Gr. Specifically,

A(pa: ) — g 0 A)| < Ly 2029

Step 6. From the two-player regrets to stopping time. Finally, combining the results in Step 5, i.e.
Equation (22) and Equation (25), we get

WEAK
a=1 s=

K t
B(t,6) > max (Z wad(ua,xa,s)> —0(/Qt) —O(/tlogt) — (1 + VDK +1] Ajw,

> max ZZwa Pas Aass) — O(/Qt) — O(\/tlogt) — (1 + VK + 1] Aw,

wEAK

> max ZZwa Par Aas) — O(/Qt) — O(\/tlogt) — (1 + VI K — Ve . (26)
weAKa 1s=1 T]:-t(u)

The last inequality is true due to Lemma 6, i.e. fljfitwt < Td}izu)
Ft

Now, we observe that

max ZZwad(ua,)\ms) >t max max inf Zw dp,, Aa) = tT}Ztl(,u)

™
WwEAK —la—1 WwEAK Tl'EH AEA}-t (/J,f)

Replacing this inequality in Equation (26), we finally obtain
LTy, (1) (B(t0) + Ry + O(/Flogh) ) + v

Part (b) : Current recommended policy is wrong (not r-good). To get on with the proof for this part we
will use similar argument as (Carlsson et al.; 2024). Though the argument was motivated by the work (Degenne
et al., 2019b). We define the event
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B, & {7\'* 2 argmax i, 7 ¢ H’]}}

-
ﬂ'EHﬁt

i.e the current recommendation policy is not correct which implies that the mean estimate or the con-
straint estimate has not been concentrated yet. If we define Chernoff’s information function as ch(u,v) =
inf,ep(d(u, z) + d(v,x)). Therefore the current mean estimate will yield positive Chernoff’s information since it

has not been converged yet i.e 3¢ > 0: ch(f, 4, p,) > €. Consequently under the good event G defined earlier

Q)

a,t

Q

<e

=

since ch(ft, ¢, ,) < d(fty 4, 1,)- At time s € N, let 7 be an extreme point in F, that is not the r-good optimal

policy. But since it is an extreme point in F, that shares (K — 1) active constraints with 7v*, it has to be an
r-good optimal policy w.r.t some A € Az (fi,,7) : © = argmax, - A" . So we again define the event B, as
s 5.

B, & {/\ €Az (1) 7' = argmax ' m ¢ H}}
ﬂeH;t
We again define n, (t) be the number of steps when w5 = 7/, s € [t]. Therefore

t

K K
€= Z Zwmsd(ﬂa,svl’éa)z Z )\ié’lgs Z Zwa,sd(l}'a,wua) (27)

s=1,B; a=1 w’QH}: s=1,ms=m' a=1

Now to break the RHS of the above inequality we go back to step 5 of the proof of part (a) where we
showed LAGEX is an approximate saddle point algorithm. In this case the slack will be z; = RY ;o T

Zizlﬂrszﬂ./ Zle Wa.sCa.s — Ui Ajw;. Therefore we can write the RHS of Equation (27) as
¢ K
S Y S e

¢l s=1,ws=7m’ a=1

¢ K t K

T
SR YD SURTIET "R SR DY ey 29
mES, s=1l,ws=n’a=1 s=1l,ws=n’a=1
T1 T2

We apply the same logic as in (Carlsson et al., 2024) and (Degenne et al., 2019b) that Ja’ € [K] for which
Uy s > €. That means the term T'1 grows at most linear with n,/ (¢). From the proof of part (a) it is clear that

the term T2 = O ( N () log nag (t)) < O(y/tlogt) and the allocation player regret is bounded by R, ) =

O(/Qnqx (t)) < O(v/Qt). That means the number of times the event B, occurs is upper bounded by O(y/tlogt).
Now the extra term in Equation (28) appearing with term 7’1 and T2 induces same implication as part (a).

Then incorporating part (a) and (b) to get the upper bound on the expected stopping time asymptotically
Elrs] < T, (1) (,B(t, 5+ 0 (\/t logt) +0 (\/Qt)) + 2,

as Fy — F and 1y — s, we have the explicit upper bound

E[r] < To(5) + 25 + CK (29)

where Ty(8) = max {t € N: t < Tx(p) (B(t,0) + O (Vtlogt) + O (/Qt)) } and C is a problem independent con-
stant that appears due to the concentration guaranty to good event G, i.e concentration of mean vector and
constraint matrix. Thus, dividing both sides by log(%) and taking the limit § — 0 we conclude the proof. Note
that, we do not see the effect of not knowing the constraints in the asymptotic guaranty, though in non-asymptotic
sense in Equation (29), we see an additive effect of the shadow price on the sample complexity. O
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G.5 Applications to Existing Problems

End-of-time Knapsack. We can model the BAI problem with end-of-time knapsack constraints as discussed
in Section B.2. In such a setting the shadow price comes out to be s < ¢ i.e the maximum consumable resource.
So if we were to implement LATS for this the asymptotic sample complexity upper bound will translate to
aT'z(p)(14c), the multiplicative part being the effect of the end of time knapsack constraint. In case of LAGEX
the unknown knapsack constraint will leave a additive effect quantified by 2¢. Recently people have deviated
from only devising a no-regret learner in BwK rather people are interested to also give good sub-optimal
guaranties on constraint violation as well. We think algorithms like LAGEX will perform well if we translate
this model to our setting since it has shown not only good sample complexity but also better constraint violation
guaranies as well.

Fair BAI across subpopulations. This problem is a direct consequence of our setting. The shadow price

*
max;ec K 7|'i

in this setting s = > 1 i.e the ratio between maximum and minimum non-zero weight in the

min;e i T
recommended policy. Similar to the knapsack scenario, here also this ratio will appear as a extra cost of not
knowing the fairness constraint in multiplicative way in case of LATS and gets added to the sample complexity

upper bound of LAGEX.

Pure exploration with Fairness of exposure. We can think of a problem where we want to select a pool
of employees from different sub-sections of a whole population for a task. As we want to maximise the reward
or utility of this selected group we also must also give fair exposure to all race or say gender. As discussed
earlier in Section B.2, a direct application of our algorithms LATS and LAGEX to use them in the problem of

pure exploration with unknown constraints on fairness of exposure. The shadow price in such a setting would
1 1
maXi,jE[K](Tiffj) _ omaxy jex)(B;—Hy) >1

min; ;e (k] (‘%_%) Toming e (B —py)

be s =

Thresholding bandits. The problem of Thresholding bandit is motivated from the safe dose finding problem
in clinical trials, where one wants to identify the highest dose of a drug that is below a known safety level. From

the translated optimisation problem in Section B.2 we easily find out the shadow price for this setting to be
_ maxek)(w—0)"
T mingek(w—0)°
Our setting generalises thresholding bandit problem by giving the liberty of choosing different threshold levels
for different support index of 7. Similarly to other settings this shadow price will come as a price of handling

different unknown thresholds for every arm as addition in case of LAGEX and as multiplication for LATS.

> 1. This shadow price is similar to ours because the constraint structure is very similar.

Feasible arm selection. Feasible arm selection problem is motivated by the spirit of recommending an optimal
arm which should satisfy a performance threshold. For example one might be interested to find a combination
of food among a plethora of options which maximises the nutrient intake, rather the nutrient value of the food
combination should exceed a threshold value. The structure of the optimisation problem for such a setting is
discussed in detail in Section B.2. Then the shadow price comes out as s = T:fﬂ > 1 where f € RS"P(™) can
be compared to a utility function. In our setting we will not have access to the true utility function rather we
have to track it per step. This shadow price again get multiplied to the LATS sample complexity upper bound

as a cost of not knowing the true utility of the arms, whereas we see a additive cost incurred in case of LAGEX.
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H Constraint Violations During Exploration

H.1 Upper Bound on Constraint Violation

In a linear programming problem we say constraint is violated if the chosen allocation fails to satisfy any of the
true linear constraints. In other words when the event Aw; > 0. We start with the optimization problem relaxed
with slack if the constraints were known,

max ™
ﬂ'GH’ u

such that, Aw +T' <0

where, I' is the slack. Cumulative violation of constraints can be expressed as V; = 22:1 maX;e k] [Aiwt] N
where [z]; = max{z,0}. Then, at any time step ¢t € [T], instantaneous violation is given by, v; =
max;e k] [Azwt]Jr. Since, A is feasible, we define the game value as, n = max,er max;c(g] A'w < —I' and

7 = MaXy,eF MaX;c(K] Alw > minAech max,,.  MaxX;e(x] Ai wp = A ‘wy, holds due to optimistic estimate of A.

Again, we define, imin(w) = arg min;e (g A'w.
max [A'w;] = max(A’ — — ADw; 4+ max Alw,
1€[K] 1€[K] 1€[K]

< ma - Wills, ax Ajw
nél[X]H( ADl=. | tllspr + max A

< F(t O)llwelle;s + max Ajw < p(t,8) -

where the last inequality holds because max;e(x] Alw, < max;e(x] Alwy < —T

Let stopping time is denoted by 75 < T following the expression from the Stopping criterion section. Then
expected cumulative constraint violation is denoted by,

Z st < Z [p(t,9) Z {p(t,8) = T'} because p(t,0) — T is positive.

t<E[rs] t<E[rs] t<E[7s]

\/dez( [T, ]5)10g< lerE[Té]>—F

The last inequality is a direct consequence of Lemma 3. Thus the expected constraint violation is of order

@) (t\/g)7 ignoring the lower order dependence on t.
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H.2 Experimental Results on Constraint Violation

We compare the constraint violation i.e the number of times Aw; > 0, where A is the true constraint matrix.
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gorithms for IMDB environment.

Observation: LAGEX is the “safest” among the existing baselines.

Setup 1. From Figure 8 unlike LAGEX, we see LATS shows comparable amount of constraint violation with
Uniform sampling, whereas in Figure 9 we prominently observe LATS and LAGEX outperforming other algo-
rithms in safety.

Setup 2. In the hard env as per Carlsson et al. (2024) in Figure 10 we observe both LAGEX and LATS show
constraints violation as low as Uniform sampling outperforming other algorithms, but in the easy env in Figure
11 we see all the algorithms except CGE without Lagrangian relaxation shows more or less same amount of
safety violation while choosing allocation.

IMDB env. During the experiment with IMDB-50K dataset wee see that LAGEX proves to be the safest
among all other algorithms with a distinguishably low safety violations. Though again LATS shows comparable
violation with Uniform sampling.

Therefore, we see that across multiple environments LAGEX is the ”safest” out of all the competing algorithms.
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I Experimental Details

Computation resources. We run the algorithms on a 64-bit 13th Gen Intel®) Core™ i7-1370P x 20 processor
machine with 32GB ram with a disc capability of 1TB and graphics Mesa Intel® Graphics (RPL-P). The
hardware model is HP EliteBook 840 14 inch G10 Notebook PC.

Throughout this paper we have set » = 0.01 and S(t,6) = log for all the experiments. For CGE we
have used g(t) = logt. Each plot has been generated over 500 random seeds.

1+loglogt
o

Baseline algorithms.We compare LAGEX and LATS with the two algorithms under known constraints, i.e.
CTuS and CGE (Carlsson et al., 2024). Also, to understand the utility of Lagrangian relaxation, we implement
versions of CTnS and CGE with estimated constraints. In these variants, we solve the constrained optimisation
problems without Lagrangian relaxation but with estimated constraints. We also compare with PTnS (Projected
Track and Stop), a variant of TnS, where the algorithm computes the allocation by solving the unconstrained
BAI optimisation problem and projects this allocation in the feasible set as necessary.

J Discussion on Impossibility Result

Suppose that we are given a bandit instance v = (P,, C’a)f:1 with Erp,[R] € R and A, £ Ec.c,[C] € RY.
Note, P, and C, denote reward and cost distributions for arm a € [K], respectively. Here, we follow our paper for
the definition of true optimal policy 7%. In bandit literature, we call another bandit instance A £ (P, C’;)le an
alternative instance for v, if its optimal policy is different than #%. Thus, complexity of the inner optimisation
problem, in most cases translates to indistinguishability of v and A, i.e.,

D(w, p, F) < KL ((Pa, Ca) | (Pg,C5)) -

In the true environment v, let 3 at least one tight constraint at the optimal policy. That means Ji € [d] :

Original Feasible Region

Perturbed Feasible Region (¢=0.005)
e Original Opt Policy
Perturbed Opt Policy

0.4 0.5 0.6 0.7 0.8 0.9 1.0
Ty

Figure 13: Effect of rank-one update of active constraint

A;rﬂ"}_- = 0. Now, if we perturb each element of this tight constraint by some ¢ > 0 as A} « A, + elg. It

a)le, since under this perturbed constraint set, 7% is no longer feasible,
thus cannot serve as an candidate optimal policy. Hence, for even simple multivariate Gaussian cost vectors i.e.,
Co = Ny (A, Variance ) and C, & Ny (Al , Variance), we have

produces an alternative instance (p,,, A!

(A=A (A - A)
D(w,p, F) x KL(C, | C) = 5 Variance x €.

Finally, then the expected number of interaction satisfies: E [r5] o 6%

Now, € can be arbitrarily small, any positive value of € results in infeasibility of the true optimal policy 7%. If we
plug in € = 0.005, we get the complexity mentioned in Example of the paper. We chose 0.005 as the perturbation
specifically, so that visually it is easy for a reader to be able to distinguish optimal policies (Figure 1).



Udvas Das, Debabrota Basu

K Technical Results: New and Known

In this section, we will devise some technical lemma using the help of standard text on online linear regression
to ensure the convergence of unknown constraints. We specifically give the expression of the radius of confidence
ellipsoid mentioned in the main text in Equation 2. We then prove an upper bound on the bad event i.e when
the constraint matrix is not concentrated around the true matrix. We also acknowledge some known theoretical
results from BAI and pure exploration literature that are used in this work.

K.1 Concentration Lemma for Constraints

Here, we want to get concentration on the deviation of the pessimistic estimate of the constraint matrix from
the actual one quantified by ||(A — A)w|| o, it becomes very crucial to prove upper bounds on sample complexity
of our proposed algorithms. The following lemma ensures the concentration of the constraint matrix.

Lemma 3. For the pessimistic estimate A of A, the following holds
1. (A" = Awl| < p(t,6) where p(t,6) & f(t,0)[|w]|s;

2. i, wal2s < 2dlog (14 12

5. 4oy pls,6) < ty/2df2(t, 0) log (1 + 142

Proof. The first result gives control on the deviations (A — A)w for A € C/(6). Then Vi € [d]

(A" = ANw| < |(4] = ANw| <2 sup A} = A's,[|lwlls < f(t6)|wlg s < plt,6)
Aeci(8) ) )
here, we define p(t,d) £ f(t, 5)”“’”2 1. The penultimate inequality follows from the definition of the confidence
set defined in Equation 2. Now we Want to derive an explicit expression of this upper bound. It is natural to

use the concentration of the gram matrix 3; over time. We refer to Abbasi-yadkori et al. (2011) for the control
over the behaviour of 3, and we directly get the second as

t

t
> llwsll3,+ < 2logdetTr < 2dlog (1 + ;)
s=1

Refer Abbasi-yadkori et al. (2011) for the context. Now we have to control the cumulative deviation because
later on when we define the bad event based on this concentration we will need to know the cumulative behavior
of p(t,0).

Then for an arbitrary sequence of actions {ws}sejr)

;pQ(& 5) < \/thf2(t, 5)log (1 + 1d+t>

where, 22:1 p?(s,0) < 2dtf?(t,6) (1 + 1) using result 2 of this lemma. This holds because as we have already
stated {f(s,0)}serr is a non-decreasing sequence of function and f(t,9) is the maximum possible value in the

set i.e 22:1 f2(s,6) < tf2(t,6)

O
Now we proceed to state an upper bound on the cumulative probability of the bad event i.e the event |(14~1t —

Al > (AL = A)w| > p(t,9).
Lemma 4. The cumulative probability of the bad event till time t;T,

DI =~ Aol > o(.8)) < (1)

where ((.) is the Euler-Riemann zeta function.
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Proof. We already have stated in the main paper

K K
f(t,é):1+\/ log — 5 logdet2t<1+\/ log — 5 dlog <1—|—2> 2 f'(t,6)

by Lemma 3 and we define p/(t,6) 2 f'(t, §)lwl[g-1- It implies P(Hte [T]|(As — Ao >p’(t,5)) <
P (Ht € [TI(A; — Aw|loo > p(t,é)) < 6. Now if we replace log 3 by u, we can write

- ) 1 d t
P <E|t € [T),Vi € [d)|||4; — A*||g, > 1+ \/2 log K + g + Zlog <1+ d)) < exp(—u).

We can directly assign logt as the simplest and natural choice for u, since > o, % = ((1), ¢(.) being the Euler-
Riemann zeta function. Though this integral is improper, it has a Cauchy principal value as Euler—Mascheroni

constant which means Y - | t ~ v = 0.577. So we assign u = logt

S B (A~ Al > 01.8)) <3 L <31 < ¢y m 0577
t t
s=1

O

Lemma 5. Let i > 0 be a vector, and consider the set Qu = {p > 0| q(p) > q()}. Let Slater condition
hold. Then, the set Qp is bounded and, in particular, we have ||pl1 < %(f(‘) —q(p)), Y € Qpn where,
v = mini<j<m {—g;(Z)} and T is a Slater vector. f(.) and q(.) respectively denotes the primal and the dual
function of the optimization problem.

Using the aforementioned lemmas we give a bound for the part in the inverse of the characteristic time function
that gets added for Lagrangian relaxation which eventually helps up landing on a unique formulation of sample
complexity upper bounds of our proposed algorithm.

Lemma 6. For anyl € £ and w € Ak, —1" Aw < D(p,w, F)

(A= A)w|| oo +maxiep, v] (~Aw)
min;e (1, N (—Aw)

where, 1 =

Proof. For any l € £ and w € Ak we write
(17 Aw) =1 (~A+ A= A < (A = Ao+ 1] macg (~A'e)
€[1,N]
(A = A)w|loo + maxep, vy (—Aw)

min;ep, N (—flw)

<t (14 = Al + o (~4w))

< D(w, u, F)

Plugging in the definition of 1) mentioned in the statement of the lemma concludes the proof. O

K.2 TUseful Results from BAI and Pure Exploration Literature

Lemma 7 (Lemma 19 in (Garivier and Kaufmann, 2016)). There ezxists two constants B and C (depends on p
and €), such that—
.
. 1
Y P{llis — bl > &(€)} < BT exp(~CT*)
t=h(T)
Lemma 8 (Lemma 7, Garivier and Kaufmann (2016)). For all t > 1 and Va € [K], C-Tracking ensures

Nt > Vi+ K?2— K and

t
ax |Ng ¢ — wes| < K1+ vVt
max [N Z S SE1+VY)
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Lemma 9 (Theorem 9 in (Kaufmann and Koolen, 2021)). Leté > 0,v be independent one-parameter exponential
families with mean p and S C [d]. Then we have,
)] <s.

n (3)

P, |3t € N: Y Niadr (raia) = > 3In (1 +ln (Nt,a)) +ISIT <1

acS a€S |S‘
- h_1(1+m)+ln(ﬁ)
Here, T : RT — RTis such that T (x) = 2hs» (23> with
Yu>1, h(u)=u—In(u) (30)
; = ) fx>h™' (=
Vze[l,e],Ve >0, h.(z)= {exp (h 1(”)> (@) == (ln(z)> , (31)

z(z — In(In(2))) else

Lemma 10 (Lemma 17 in (Degenne and Koolen, 2019)). Under the good event Gr, there exists a T, such that
for T where h(T) > T. C-tracking will satisfy

K? h(T
o (2 hD)
wew* (1)

N,
‘tt —wH < 3e, Vit >

[e)

Lemma 11 (Theorem 2 in (Degenne et al.,, 2019b)). The sample complezity of GE is E[r] < Tp(8) + £

a

where Ty(6) = max {¢t € N: ¢ < T(p)c(t,8) + Cp (RY + R + O(yV/tlogt)) } where R is the regret of the instance
player, Ry’ the regret of the allocation player and C,, an instance-dependent constant.

K.3 Useful Results for Continuity of Convex Functions

Definition 2 (Definition of Upper Hemicontinuity). We say that a set-valued function C : © — w is upper
hemicontinuous at the point 0 € © if for any open set S C w with C(6) € S there exists a neighborhood U around
0, such that Vx € U,C(x) is a subset of S.

Theorem 8 (Berge’s maximum theorem, (Berge, 1963)). Let X and © be topological spaces. Let f: X x© — R
be a continuous function and let C : © — X be a compact-valued correspondence such that C(0) # @V0 € ©.
If C is continuous at 0 then f*(0) = sup,ec(q) f(x,0) is continuous and C* = {x € C(0) : f(z,0) = f*(0)} is

upper hemicontinuous.

Theorem 9 (Heine-Borel theorem, due to Eduard Heine and Emile Borel). For a subset S in R™, the following
two statements are equivalent

1. S is closed and bounded.

2. S is compact, means every open cover of S has a finite sub-cover.

Theorem 10. Let C be a closed convex set with nonempty (topological) interior. Let f and {f"} be affine
functions from E™ to E™ with f© — f. Then

(11.1.2) lim, o (H (f7)NC) C H(f)NC
(I1.1.8). lim,_, . (H (f") N C) is a closed convex subset of H(f) N C,

(11.1.4). If H(f) N C has nonempty interior and mno component of f is identically zero, then
lim, e (H (f7) N C) = H() N C.

Lemma 12 (Lemma 13, Magurcanu et al. (2011)). Consider A € (RY)"* ¢ € (RY)*, and T ¢ (RT)"* x
(R*)k, Define t = (A, c¢). Consider the function Q and the set-valued map Q*

Q(t) = inf {cz | Az > 1,2 > 0}
z€RF

Q*(t) ={zr:cx <Q(t) | Az > 1,2 > 0}.

Assume that: For allt € T, all rows and columns of A are non-identically 0 and mingc7 ming ¢, > 0. Then, 1.
Q is continuous on T, 2. Q* is upper-hemicontinuous on 7T .
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