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Abstract

We address the problem of active online assortment optimization problem
with preference feedback, which is a framework for modeling user choices
and subsetwise utility maximization. The framework is useful in various
real-world applications including ad placement, online retail, recommender
systems, and fine-tuning language models, amongst many others. The prob-
lem, although has been studied in the past, lacks an intuitive and practical
solution approach with simultaneously efficient algorithm and optimal re-
gret guarantee. E.g., popularly used assortment selection algorithms often
require the presence of a ‘strong reference’ which is always included in the
choice sets, further they are also designed to offer the same assortments
repeatedly until the reference item gets selected—all such requirements
are quite unrealistic for practical applications. In this paper, we designed
efficient algorithms for the problem of regret minimization in assortment
selection with Plackett Luce (PL) based user choices. We designed a novel
concentration guarantee for estimating the score parameters of the PL model
using ‘ Pairwise Rank-Breaking’, which builds the foundation of our proposed
algorithms. Moreover, our methods are practical, provably optimal, and
devoid of the aforementioned limitations of the existing methods. Empirical
evaluations corroborate our findings and outperform the existing baselines.

1 Introduction

Studies have shown that it is often easier, faster and less expensive to collect feedback on a
relative scale rather than asking ratings on an absolute scale. E.g., to understand the liking
for a given pair of items, say (A,B), it is easier for the users to answer preference-based
queries like: “Do you prefer Item A over B?', rather than their absolute counterparts: “How
much do you score items A and B in a scale of [0-10]7". Due to the widespread applicability
and ease of data collection with relative feedback, learning from preferences has gained much
popularity in the machine-learning community, especially the active learning literature which
has applications in Medical surveys, Al tutoring systems, Multi-player sports/games, or any
real-world systems that have ways to collect feedback in terms of preferences. The problem
is famously studied as the Dueling-Bandit (DB) problem in the active learning community
[411, 3, [45] [46], [44], which is an online learning framework for identifying a set of ‘good’ items
from a fixed decision-space (set of items) by querying preference feedback of actively chosen
item-pairs. Consequently, the generalization of Dueling-Bandits, with subset-wise preferences
has also been developed into an active field of research. For instance, applications like
Web search (e.g. Google, Bing, or even in some versions of ChatGPT), online shopping
(Amazon, App stores, Google Flights), recommender systems (e.g. Youtube, Netflix, Google
News/Maps, Spotify) typically involve users expressing preferences by choosing one result (or
a handful of results) from a subset of offered items and often the objective of the system is to
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identify the ‘most-profitable’ subset to offer to their users. The problem, popularly termed
as ‘Assortment Optimization’ is studied in many interdisciplinary literature, e.g. Online
learning and bandits [10], Operations research [40, 2], Game theory [15], RLHF [20, [30], to
name a few.

Problem (Informal): Active Optimal Assortment (AOA) Active Assortment Opti-
mization (a.k.a. Utility Maximization with Subset Choices) [13] 2 23] 22] is an active
learning framework for finding the ‘optimal’ profit-maximizing subset. Formally, assume
we have a decision set of [K]:={1,2,... K} of K items, with each item being associated
with the score (or utility) parameters 8 := (61,65, ...,0x) (without loss of generality assume
61 >0 > ... >0k >0). At each round ¢t = 1,2,..., the learner or the algorithm gets to
query an assortment (typically subsets containing up to m-items) S; C [K], upon which
it gets to see some (noisy) relative preferences across the items in S;, typically generated
according to an underlying Plackett-Luce (PL) choice model with parameters 0 . Further,
to allow the event where no items are selected, we also model a No-Choice (NC) item, indexed
by item-0, with PL parameter 6y € R .

(Objective 1.) Top-m: identify the top-m item-set: {61,...,0,,}, for some m € [1, K].

(Objective 2.) Wtd-Top-m: A more general objective could also consider a weight (or
price) r; € R associated with the item ¢ € [K], and the goal could be to identify the
assortment (subset) with maximum weighted utility EL as detailed in Sec.

Related Works and Limitations: As stated above, the problem of AOA is fundamental
in many practical scenarios, and thus widely studied in multiple research areas, including
Online ML/learning theory and operations research.

 In the Online ML literature, the problem is well-studied as Multi-Dueling Bandits [39} [14],
or Battling Bandits [35] [34) [I1], which is an extension of the famous Dueling Bandit problem
[461, [45]. The main limitation of this line of work is the lack of practical objectives, which either
aim to identify the ‘best-item’ 1(= arg max;¢(x) 0;) within a PAC (probably approximately
correct) framework [36] [16], [I7] [31] or quantifying regret against the best items [35] [12]. Note
the latter actually leads to the optimal subset choice of repeatedly selecting the optimal item,
arg max; 0;, m times, i.e. (1,1,...1), which is unrealistic from the viewpoint of real-world
system design. Selecting an assortment of distinct top-m items (Top-m-AOA) or maximum
expected utility (Wtd-Top-m-AOA) makes more sense.

e On the other hand, a similar line of the problem has been studied in operations research
and dynamic assortment selection literature, where the goal is to offer a subset of items to
the customers in order to maximize expected revenue. The problem has been studied under
different user choice models, e.g. PL or Multinomial-Logit models [2], Mallows and mixture of
Mallows [22], Markov chain-based choice models [23], single transition model [27] etc. While
these works indeed consider a more practical objective of finding the best assortment (subset)
with the highest expected utility for a regret minimization objective, (1) a major drawback
in their approach lies in the algorithm design which requires to keep on querying the same set
multiple times, e.g. [2, 29, 18, []. Such design techniques could be impractical to be deployed
in real systems where users could easily get annoyed if the same items are shown again and
again. For example, in ad-placement, music/movies/news/tweets/reels recommendations,
offering the same assortment could increase user dissatisfaction and disengagement.

(2) The second major drawback of this line of work lies in the structural assumption of
their underlying choice models which requires the existence of a reference/default item, that
needs to be part of every assortment Sy. This leads to assuming a No-Choice item, typically
denoted as item-0, which is a default choice of any assortment S;. Further a stronger and
more unrealistic assumption lies in the fact that they require to assume that the above pivot
is stronger than the rest of the K items, i.e. 0y > max;c(k);, i.e. the No-Choice (NC)
action is the most likely outcome of any assortment S;. This is often unrealistic, e.g., during
user interactions with language models, or online shopping, or Route recommendation in
GPS navigation, a NC action is highly improbable. Consequently, such assumption limits the
use in real-systems. In the existing literature [2] 28] [T} [24], such assumptions are primarily

!This is equivalent to finding the set with maximum expected revenue when r;s represents the
price of item ¢ [2]
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adapted solely for theoretical needs, precisely for maintaining concentration bounds of the
PL parameters 6, and hence not well justified from a practical viewpoint. Some recent
developments also generalized the AOA problem to linear MNL scores to incorporate large
actions embedded in d-dimension [43] 42] 28], however, their approaches are either limited
to the above restrictions or suffer sub-optimal regret guarantees without those assumptions
(e.g. the regret bound of [28] is O(d®/2v/T) which is suboptimal by a d-factor). Considering
the above limitations of the AOA literature, we set to answer two questions:

(1) Can we consider a general AOA model where the default item, like the NC item defined
above, is not necessarily the strongest one, i.e. 6y > max;c(x) 0;7

(2) Can we design a practical and regret optimal algorithm for the AOA framework, without
needing to play the same repetitive actions and yet converge to the optimal assortment?

Contributions We answer these questions in the affirmative and present best of all
scenarios. We design practical algorithms on practical AOA framework with practical
objectives—Unlike the existing approaches of the AOA, literature [2, [I§], we do not have to
keep playing the same assortment multiple times, neither require a strongest default item
(like NC satisfying 6y > max;¢[x) 0;). Moreover, our objectives do not require us to converge
to a multiset of replicated arms like (1,1,...1), but converge to the utility-maximizing set of
distinct items. We list our contributions below:

1. A General AOA Setup: We work with a general problem of AOA for PL model,
which requires no additional structural assumption of the @ parameters such as #y > max; 6;,
unlike the existing works. We designed algorithms for two separate objectives Top-m and
Wtd-Top-m as discussed above (Sec. .

2. Practical, Efficient and Optimal Algorithm: In Sec. we give a practical,
efficient and optimal algorithm for MNL Assortment (up to log factors and the magnitude of
Omax). The regret bound of our algorithm AOA-RBpy, (Alg. (1) yields O(vV KT) regret for
both Top-m and Wtd-Top-m objective. Our algorithms use a novel parameter estimation
technique for discrete choice models based on the concept of Rank-Breaking (RB) which is
one of our key contributions towards designing the efficient and optimal algorithm. This
enables our algorithm to perform optimally without requiring the No-Choice item to be
the strongest. Appendix [A] details the key concept of our parameter estimation technique
exploiting the concept of RB. Our resulting algorithm plays optimistically based on the UCB
estimates of PL parameters and does not require repeating the same subset multiple times,
justifying our title.

3. Improvement with Adaptive Pivots: In Sec. we refine the performance of
our algorithm by employing the novel idea of ‘adaptive pivots’ (a reference item) and
proposed AOA-RBpy-Adaptive. Performance-wise this removes the asymptotic dependence
on Oy = max; 6; /6y in the regret analysis. This enables the algorithm to work effectively
in scenarios where the No-Choice item is less likely to be selected, i.e., Ohax > 1. This
leads to a huge improvement in our experiments, especially in the range of low 6y, where
AOA-RBp-Adaptive drastically outperforms over the existing baseline. Comparison of our
regret bound with existing work is detailed in Table

4. Emperical Analysis. Finally, we corroborate our theoretical results with empirical
evaluations (Sec., which certify our superior performance in the general AOA setups.

‘Work Framework Assume 0y = 0. = 1 Regret
Our (Alg.[1) | MNL model (Obj. 2) No /min{fuax, K} KT log T
2] (Thm 1) | MNL model (Obj. 2) Yes VKT logT
2] (Thm 4) | MNL model (Obj. 2) No VOmax KT logT
1 MNL model (Obj. 2) Yes \/KT log(mT) + K log*(mT)
[24] MNL model with No - log T
constraints (Obj. 2)

Table 1: Our Contribution vs the Existing Results in the K-armed MNL-Assortment literature
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It is also worth mentioning that our proposed algorithm and their respective regret analysis
could be extended to any general random utility (RUM) based preference models [38], 37],
as explained in Rem. However, to keep the focus on the AOA problem and ease the
presentation, we stick to the special case of MNL choice model based preferences.

2 Problem Setup

We write [n] = {1,2,...,n} and 1{-} denotes the indicator function. The symbol <, employed
in the proof sketches, represents a coarse inequality.

We consider the sequential decision-making problem of Active Optimal Assortment (AOA),
with preference/choice feedback. Formally, the learner is given [K], a finite set of K items
(K > 2). At each decision round ¢ = 1,2,. .., the learner selects a subset S; C [K] of up to
m items, and receives some (stochastic) feedback about the item preferences of S;, drawn
according to some unknown underlying Plackett-Luce (PL) choice model with parameters
0 = (61,0s,...,0K) € Rf. We assume 0; > 0 > ... > O without loss of generality. An
interested reader may check App. for a detailed discussion on PL models. Given any
assortment Sy we also consider the possibility of ‘no-selection’ of any items given an S;.
Following the literature of [2], we model this mathematically as a No-Choice (NC) item,
indexed by item-0, and its corresponding PL utility parameter 6y. Unlike most existing
literature on assortment selection, we are not assuming y 2 max;c(x) ¢;. Further, since the
PL model is scale independent, we set 8y = 1 and scale the rest of the PL parameters.

Feedback model The feedback model formulates the information received (from the
‘environment’) once the learner plays a subset S; C [K] of at most m items. Given S; we
consider the algorithm receives a winner feedback (or index of an item) ¢, € S; U {0}, drawn
according to the underlying PL choice model as:

P(iy = i|Sy) = 0:/ (00 + X jcs, 05), Vi€ St (1)

We consider the following two objectives for the learner:

1. Top-m-Ojective. One simple objective could be to identify the top-m item-set:
{61,...,0n}, for some m € [1,K]. The performance of the learner can be captured by
minimizing the following regret:

T
Og« — O
Regy® :zg =51 7 St where S*:= argmax {@5 ::g Hi}.
=1 m SC[K]:|S|=m =

2. Wtd-Top-m-Objective. Here, each item-i is associated with a weight (for example
price) r; € R, and the goal is to identify the set of size at most m with maximum weighted
utility. One could measure the regret of the learner as:

T

ri0;

Regit® := ) (R(S*,0) — R(S;,0)), where R(S,8):= — VS CI[K], (2)
; ; b0+ > jes 9

denotes S* := argmaxgcx)|sj<m R(5,0) is the optimal utility-maximizing subset. This

7

objective corresponds to the standard objective in the MNL litterature [2].

3 A Practical and Efficient Algorithm for AOA with PL

In this section, we introduce our first algorithm, which works for both objectives.

3.1 Algorithm Design

At each time ¢, our algorithm (Alg. [I) maintains a pairwise preference matrix f’t € [0, 1]™>™,
whose (i, j)-th entry p;; + records the empirical probability of ¢ having beaten j in a pairwise
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duel, and a corresponding upper confidence bound pisy. Let (K] := [K]U{0}. We define for

each pair (i, 7) € [K] x [K],

20iit(1 —Dije)r 3z Wi

ucb ._ > ij,t Dijt ~ Wiy

Pist = Dijt + + , where p;j; = , (3)
Mgt Mgt Mgt

where w;;+ = 22;11 1{is = i,j € S5} denotes the number of pairwise wins of item-i over j
and n;;; = w;j ¢+ wji being the number of times (4, j) has been compared. The above UCB
estimates picP are further used to design UCB estimates of the PL parameters 6; as follows

it
075> = piiss /(1 — Pl +-

The estimates H;ﬁbs are then used to select the set Sy, that maximizes the underlying objective.
This optimization problem transforms into a static assortment optimization problem with
upper confidence bounds Hyftb as the parameters, and efficient solution methods for this case
are available (see e.g., [7, 21] [32]).

Algorithm 1 AOA for PL model with RB (AOA-RBpL)
1: input: z >0 ~
2: init: K «+ K+ 1, [K] = [K]U{0}, W1 + [0z 1
3: fort=1,2,3,...,T do ~ ~
4: Set Nt = Wt + W;r, and Pt = % Denote Nt = [nijyt]f(xf( and Pt = [ﬁij,t]f(va

5:  Define for all 7, p?ﬁ? =1 and for all i, j € [K],i # j
pucb _ 23\ 4 (21/9\1‘.7’,t(1*1/9\i_7‘,t)1>1/2 + 3z
it — Pij,

MNij,t MNij,t
. ucb .__ ,ucb ucb
6: P = pich /(1 — pich) +
Top-m items from argsort({63%, ..., 0%5}),

for Top-m objective
7: St — ucb
argmaxgc(xj|sj<m R(S, 0;%°),

for Wtd-Top-m objective
8: Play S, ~
9:  Receive the winner i, € [K] (drawn as per ()
10: Update: Wt+1 = [wij7t+1]k><k s.t. Wi 4,41 — Wi, gt +1 V] € St @] {0}
11: end for

3.2 Analysis: Concentration Lemmas

We start the analysis by providing two technical lemmas, whose proofs are deferred to the
appendix and that provide confidence bounds for the 6;.

Lemma 1. Let T > 1 and x > 0. Then, with probability at least 1 —3KTe ™, for allt € [T
and i € [K]: 0; < Gﬁfb atleast one of the following two inequalities is satisfied

/26000, 222 (0o + 0;)?
10,t < 69%(00 + 01) or gggb S 91 + 4(90 + 92) oYi + 1’( o+ ) .
’ 150,¢ 1540,¢

The above lemma depends on n;0; the number of times items ¢ have been compared with
item 0 up to round ¢. The latter is controlled using the following lemma:

Lemma 2. LetT > 1 and x > 0. Then, with probability at least 1 — KTe™": simultaneously
for allt € [T] and i € [K]

0o + 0i)7i
Tit < 21‘(90 + @sx)2 or Nyo ¢ > ( o+ )T,t

~ 2(0p+ Og-) )

where ;1 = Zi;ll 1{: € Ss} denotes the number of rounds item i got selected before round t.
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3.3 Analysis: Top-m Objective:

We are now ready to provide the regret upper bound for Algorithm [I] with Top-m objective.

Theorem 3 (Top-m Objective). Let Omax > 1. Consider any instance of PL model on K
items with parameters 0 € [0, Omax], 0o = 1. The regret of Alg. |1 with parameter x = 2log T

s bounded as
Regy® = O(03/2/KTlogT) when T — co.

The above rate of O(KT) is optimal (up to log-factors), as a lower bound can be derived from
standard multi-armed bandits [5, [6]. We only state here a sketch of the proof of Theorem
The detailed proof is deferred to the App. [B]

Proof Sketch of Theorem[3 Let us define for any S C [K],
Os =) 0, and OF":=> 6

ies =
Let £ be the high-probability event such that both Lemma [I| and [2] holds true. Then, P(E) >
1 —4TKe™*. Let us first assume that £ holds true. Then, by Lemma [l} ©5- < %" < OF®,
which yields

T T T

o 1 1 uc 1 uc

Regy® = — > 05— 65, < — > ey 05 S+ ~ SN - 0)1{ri > 7o},
t=1 t=1 t=14i€S,

where 79 = 138x(m + 1)262,_, corresponds to an exploration phase needed for the confidence
upper bounds of Lem [ and [2] to be satisfied. Then, noting that if £ holds true, we can show
by Lemma that L{r; s > 70} < 1{n;0+ > 692(0y + 6;)}. Therefore, we can apply Lemma

that entails,

1 - ucb — 1 d 9091.73
™ Z Z(ei,t —0)1{7i¢ > Rio} S - Z Z ((90 +0;) 1{r; > 7'0}>

.
t=11€S5; t=14icS, 20,t
T K
Lem. 2 1 mz _ 1
3/2 3/2 3/2 ./
S — E E am/ax S - E en{axvmxTiat 5 em/ax zKT.
M ies Tt ML
=148, =

where we used Y i 1/vi < 2y/n and Y, 7is = mT together with Jensen’s inequality in the
last inequality. We thus have under the event £ that RegtTOP < O(Qi{ax\/ 2KT) and the proof
is concluded by taking the expectation with = = 2logT to control P(€€). O

3.4 Analysis: Wtd-Top-m Objective

We turn now to the analysis of the Wtd-Top-m objective . We start by stating a lemma
from [2] that shows that the expected utility R(S*,6) that corresponds to the optimal
assortment S* = argmaxgcgj,|s|<m R(S5; ) is non-decreasing in the parameters 6.

Lemma 4 (Lemma A.3 of [2]). Assume 0%<° > 0, for alli € [K], then R(S*,0) < R(S*, §%?).

Theorem 5 (Wtd-Top-m Objective). Let Opmax > 1. Then, for any 0 € [0,0max]% and
weights v € [0,1]%, the weighted regret of AOA-RBpy, (Alg. 1) with x = 2logT

Reg#® = O(\/Oimax KT log T) when T — oco.

The complete proof is postponed to App.|B| The rate Q(v/KT) is optimal as proved by the
lower bound in [T19] for MNL bandit problems for 6y, = 1. Our result recovers (up to a factor
V1ogT) the one of [2] when 6,,,x = 1. However, their algorithm relies on more sophisticated
estimators that necessitate epochs repeating the same assortment until the No-Choice item
is selected. Note for our problem setting, where it is possible to have Oy, > 09 = 1, the
length of these epochs could be of O(K0,.x), which could be potentially very large when
Omax > 1. This reduces the number of effective epochs, leading to poor estimation of the PL
parameters. We see this tradeoff in our experiments (Sec. [5) where the MNL-UCB algorithm
of [2] yields linear O(T) regret for such choice of the problem parameters.
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Remark 1 (Beyond MNL Models). Although, in this paper, we primarily focused on MNL
based choice models, it is worth mentioning that our proposed algorithms can be generalized
to more general random utility based models (RUMs) [9, [33] pursuing the ideas from [36]
that extends the RB based parameter estimation technique to any RUM(O) choice models.
Our algorithms and analyses thus apply to any general RUM(0) based choice models; we stick
to the special case of MNL models in this paper for brevity and keep the main focus on the
AOA problem and the related algorithmic novelties.

Proof sketch of Thm.[5. Let £ be the high-probability event such that both Lemma [I] and
are satisfied. Then,

Regit® = > E[R(S,0) = R(S:,0)] <D E[(R(S*,0) — R(S:,0))1{E}] + TP(£°)
t=1 t=1
T
SO E[(R(S: 07°) — R(S:,0))1{E}] + TP(E°) (5)

t=1

because R(S;, 05P) > R(S*,08®) > R(S*,0) under the event €& by Lemma [4l We now
upper-bound the first term of the right-hand-side

im[((n(st,egcb) ~ R(5,,0)) ) 1{€}] = ZE[( Z 90192)3;% . i-f)ést)n{e}}
o5 e

€St

bound using an exploration parameter 79 = O(log(7T’)) so that the upper-confidence-bounds
in Lemmas [[l and B are satisfied

Because @‘fgi'ft > ©g, under the event £ by Lemma (I} Then, using ; < 1, we further upper-

‘ eucb

ZE[( (S0, %) — R(S),0) )1{5}} ZE[Z((MG?)]IHES,:,E}]
+; [Z Hucb

]l{’L € Stath > 7-0’6}‘|

K

T
SO(m)+Y | D E

i=1 t=1

0,1{i € S;}
0o + ®St

02® — 0;\* 6 + O,
0o + O, 0;

T
ZE
t=1

IL{Z c St,TZ t > To,g}‘|

:AT(Z)

(6)

where the last inequality is by Cauchy-Schwarz inequality. Now, the term Ar(i) above may
be upper-bounded using Lemmas [T] and 2]

(eﬁb 0; ) (90 + 9¢)2$
Ar(D) =Rl %t " q it > T, < El—————1{4
7(1) 5000 + ©35.) {i € S, 154 > 710,E} N; nr02 B0+ 05)) {i € S;}
T .
(00 + 07,)]].{7, S St} ]l{lt € {Z 0} xS St}
< emax E = max < emax logT
~ ! ; (6o + Os,)nio,t EZ: 10,1 ~ 708

where in the last inequality we used that anl n~! < 1+ logT. Substituting into @,
Jensen’s inequality entails,

T

STE[(R(S:,6%)-R(S:, ) 1{E}] £ O(r) +E

t=1

OmaxxlogT
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The proof is finally concluded by applying Cauchy-Schwarz inequality which yields:

i ZGIL{ZGSt}S KZE 19ﬂ{l€5t}§\/ﬁ.

T \io fotOs, t=1 0o + Os,

Finally, combining the above result with and @ concludes the proof
Regit® < TP(E°) + O(10) + /Omaxt KT log T .
Choosing z = 2log T ensures TP(E°) < O(1) and 79 < O(logT). O

4 Improved dependance on 6., with Adaptive Pivot Selection

A problem with Algorithm [I] stems from estimating all 6; based on pairwise comparisons with
item 0. When 0, > 6y = 1, item 0 may not be sampled enough as the winner, leading to
poor estimators. This deficiency contributes to the suboptimal dependence on 6, observed

in Theorems |3 I and |9 I and in prior work, such as [2]. We propose the following fix to optimize
the pivot. For all 4,5 € [K] U {0} we define Vij = ev and the estimators:
J
Vist = Pisa/(1 =P+ and iR =1,
where p‘;jg are defined in . For all rounds t, the algorithm AOA-RBpr-Adaptive selects
S, = argmax R(S, 9:) where gree :— VESRYI6n -
|S|<m ' [ ]U{O}

We offer below a regret bound that underscores the value of optimizing the pivot when
Omax > K. Note that while the algorithm and analysis are presented for the weighted
objective with winner feedback only, it can be adapted to other objectives by replacing
R(S,6) with the new objective in the analysis, as long as Lemma 4| remains valid.

Theorem 6. Let 0oy > 1. For any 6 € [0, Omax]® and weights r € [0,1)%, the weighted
regret of AOA-RBpy,-Adaptive is upper-bounded as

Reg#*® = O(y/min{bpax, K} KT log T)

ucb

as T'— oo for the choice v = 2logT (when definining pis; ).

Asymptotically, when 6,y is constant, the regret is O(K+v/T logT), eliminating any depen-
dence on 0,,. This allows for handling scenarios where the No-Choice item is highly unlikely,
which is not achievable in previous works such as [2 [I]. [2] did attempt in their Thm. 4 to
relax the assumption of 0,,,x = 0y and shows a bound of order O( max{Omax/00, 1}/2VK T),
which unfortunately blows to oo as §y — 0 or equivalently 0,.x — 00, leading to a vac-
uous bound. Here, lies the stark improvement and one of the key contributions, as also
corroborated in our experimental evaluation Sec. 5| (Fig. .

The proof is deferred to the App. [Bl with a key step relying on selecting the pivot
Ji = argmaxeg, g0y 05 The use of |03 — 0;] < |v}<°, — 6;| provides confidence upper-
bounds with an 1mproved dependence on 0.y , leveraging the fact that 0;, > 6;. Due

to the varying pivot over time, a telescoping argument introduces an addltlve factor VK

5 Experiments

We provide here a synthetic experiments. All results are averaged across 100 runs. We
evaluate the performance of our main algorithm AOA-RBpp-Adaptive (Sec. , referred
as “Our Alg-1 (Adaptive Pivot)", with the following two algorithms: AOA-RBpy, (Sec.
referred as “Our Alg-2 (No-Choice Pivot)", and MNL-UCB, the state-of-the-art algorithm
for AOA ([2], Alg. 1).

Different PL (6) Environments. We report our experiment results on two datasets with
K = 50 items: (1) Arith50 with PL parameters 6; = 1 — (i — 1)0.2, ¥i € [50]. (2) Bad50
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with PL parameters §; = 0.6, Vi € [50] \ {25} and 625 = 0.8. For simplicity of computing
the assortment choices S, we assume r; = 1, Vi € [K].

(1). Averaged Regret with weak NC (01ax/00 > 1) (Fig. [I): In our first experiment,
we set set m = 5 and 0y/0max = 0.01 and report the average regret of the above three
algorithms for our two objectives.
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Figure 1: Averaged Regret for m =5, 6 = 0.01

Fig. [1| shows that our algorithm AOA-RBpr-Adaptive (with adaptive pivot) significantly
outperforms the other two algorithms, while our algorithm AOA-RBpy, with no-choice (NC)
pivot still outperforms MNL-UCB.

(2). Averaged Regret vs No-Choice PL Parameter (0i.x/00) (Fig. [2): In this
experiment, we evaluate the regret performance of our algorithm AOA-RBpy-Adaptive. We
report the experiment on Artith50 PL dataset and set the subsetsize m = 5, Opax/00 =
{1,0.5,0.1,0.05,0.01,0.005,0.001}. Fig.[2|shows the increase in the performance gap between
our algorithm AOA-RBpy,-Adaptive (with adaptive pivot) with decreasing 6p/0max.

Arith50 (m:?g) o Arith50 (m:’(ii)

gw - 2
Baon &0 i
i fu 1o
2 2] &
Em §.20 é’mo
£100) ?m <

o 0.001 0005 001 005 0.1 05 1 o 0.001 0.005 0.01 005 0.1 05 1 ° o 1000 m-r ,3000 4000 5000
No-Choice parameter (l/n) > No-Choice parameter (Hu) >

Figure 2: Comparative performance Figure 3: Tradofff: Averaged Regret vs
for varying 6y/0max, m =5 length of the k& rank-ordered feedback

(3). Averaged Regret vs Length of the rank-ordered feedback (k) (Fig. [3): We
also run a thought experiment to understand the tradeoff between learning rate with k-length
rank-ordered feedback, where given any assortment S; C [K] of size m, the learner gets to
see the top-k draws (k < m) from the PL model without replacement. This is a stronger
feedback than the winner (i.e. top-1 for k = 1) feedback and, as expected, we see in Fig.
an improved regret (for both notions) when increasing k. The experiment are run on the
Artith50 dataset with m = 30 and k € {1, 2,4, 8}.

6 Conclusion

We address the Active Optimal Assortment Selection problem with PL choice models, in-
troducing a versatile framework (AOA) that eliminates the need for a strong default item,
typically assumed as the No-Choice (NC) item in the existing literature. Our proposed
algorithms employ a novel 'Rank-Breaking’ technique to establish tight concentration guar-
antees for estimating the score parameters of the PL model. Our approach stands out for
its practicality and avoids the suboptimal practice of repeatedly selecting the same set of
items until the default item prevails. This is beneficial when the default item’s quality
(0p) is significantly lower than the quality of the best item (fyax). Our algorithms are
computationally efficient, optimal (up to log factors), and free from restrictive assumptions
on the default item.

Future Works. Among many interesting questions to address in the future, it will be
interesting to understand the role of the No-Choice (NC) item in the algorithm design,
precisely, can we design efficient algorithms without the existence of NC items with a regret
rate still linear in @,,x? Further, it will be interesting to extend our results to more general
choice models beyond the PL model [I8] 22, 23]. What is the tradeoff between the subsetsize
m and the regret for such general choice models? Extending our results to large (potentially
infinite) decision spaces and contextual settings would also be a very useful and practical
contribution to the literature of assortment optimization.
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NeurIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately
reflect the paper’s contributions and scope?

Answer: [Yes]

Justification: In the abstract, we list the main claims of this paper in a general
fashion. Then, in the introduction we state them in more detail. They accurately
reflect the paper’s contribution and scope.

Guidelines:

o The answer NA means that the abstract and introduction do not include the
claims made in the paper.

o The abstract and/or introduction should clearly state the claims made, including
the contributions made in the paper and important assumptions and limitations.
A No or NA answer to this question will not be perceived well by the reviewers.

e The claims made should match theoretical and experimental results, and reflect
how much the results can be expected to generalize to other settings.

e It is fine to include aspirational goals as motivation as long as it is clear that
these goals are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the
authors?

Answer: [Yes|

Justification: We discuss the limitations and assumptions of our work throughout
the paper. Additional limitations are highlighted in the discussion.

Guidelines:

e The answer NA means that the paper has no limitation while the answer No
means that the paper has limitations, but those are not discussed in the paper.

e The authors are encouraged to create a separate "Limitations" section in their
paper.

e The paper should point out any strong assumptions and how robust the results
are to violations of these assumptions (e.g., independence assumptions, noiseless
settings, model well-specification, asymptotic approximations only holding
locally). The authors should reflect on how these assumptions might be violated
in practice and what the implications would be.

e The authors should reflect on the scope of the claims made, e.g., if the approach
was only tested on a few datasets or with a few runs. In general, empirical
results often depend on implicit assumptions, which should be articulated.

e The authors should reflect on the factors that influence the performance of the
approach. For example, a facial recognition algorithm may perform poorly when
image resolution is low or images are taken in low lighting. Or a speech-to-text
system might not be used reliably to provide closed captions for online lectures
because it fails to handle technical jargon.

e The authors should discuss the computational efficiency of the proposed algo-
rithms and how they scale with dataset size.

« If applicable, the authors should discuss possible limitations of their approach
to address problems of privacy and fairness.

o While the authors might fear that complete honesty about limitations might
be used by reviewers as grounds for rejection, a worse outcome might be that
reviewers discover limitations that aren’t acknowledged in the paper. The
authors should use their best judgment and recognize that individual actions in
favor of transparency play an important role in developing norms that preserve
the integrity of the community. Reviewers will be specifically instructed to not
penalize honesty concerning limitations.
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3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assump-
tions and a complete (and correct) proof?

Answer: [Yes]

Justification: The assumptions can be found in the Problem Setup section and in
the paragraphs before the theorems and remarks. We provide proof sketches in the
main text and complete proofs in the appendix.

Guidelines:

o The answer NA means that the paper does not include theoretical results.

o All the theorems, formulas, and proofs in the paper should be numbered and
cross-referenced.

e All assumptions should be clearly stated or referenced in the statement of any
theorems.

e The proofs can either appear in the main paper or the supplemental material,
but if they appear in the supplemental material, the authors are encouraged to
provide a short proof sketch to provide intuition.

e Inversely, any informal proof provided in the core of the paper should be
complemented by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce
the main experimental results of the paper to the extent that it affects the main
claims and/or conclusions of the paper (regardless of whether the code and data are
provided or not)?

Answer: [Yes]

Justification: experimental details including algorithms and setups are clearly pro-
vided. In addition, the main contribution of the paper is theoretical and synthetic
experiments are mostly provided as an illustration.

Guidelines:

e The answer NA means that the paper does not include experiments.

e If the paper includes experiments, a No answer to this question will not be
perceived well by the reviewers: Making the paper reproducible is important,
regardless of whether the code and data are provided or not.

o If the contribution is a dataset and/or model, the authors should describe the
steps taken to make their results reproducible or verifiable.

e Depending on the contribution, reproducibility can be accomplished in various
ways. For example, if the contribution is a novel architecture, describing the
architecture fully might suffice, or if the contribution is a specific model and
empirical evaluation, it may be necessary to either make it possible for others
to replicate the model with the same dataset, or provide access to the model. In
general. releasing code and data is often one good way to accomplish this, but
reproducibility can also be provided via detailed instructions for how to replicate
the results, access to a hosted model (e.g., in the case of a large language model),
releasing of a model checkpoint, or other means that are appropriate to the
research performed.

o While NeurIPS does not require releasing code, the conference does require all
submissions to provide some reasonable avenue for reproducibility, which may
depend on the nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it

clear how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should
describe the architecture clearly and fully.
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(c) If the contribution is a new model (e.g., a large language model), then there
should either be a way to access this model for reproducing the results or a
way to reproduce the model (e.g., with an open-source dataset or instructions
for how to construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which
case authors are welcome to describe the particular way they provide for
reproducibility. In the case of closed-source models, it may be that access to
the model is limited in some way (e.g., to registered users), but it should be
possible for other researchers to have some path to reproducing or verifying
the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient
instructions to faithfully reproduce the main experimental results, as described in
supplemental material?

Answer:
Justification: experimental setups are synthetic and can easily be reproduced.
Guidelines:

e The answer NA means that paper does not include experiments requiring code.

o Please see the NeurIPS code and data submission guidelines (https://nips)|
cc/public/guides/CodeSubmissionPolicy) for more details.

o While we encourage the release of code and data, we understand that this might
not be possible, so “No” is an acceptable answer. Papers cannot be rejected
simply for not including code, unless this is central to the contribution (e.g., for
a new open-source benchmark).

e The instructions should contain the exact command and environment needed
to run to reproduce the results. See the NeurIPS code and data submis-
sion guidelines (https://nips.cc/public/guides/CodeSubmissionPolicy)
for more details.

e The authors should provide instructions on data access and preparation, in-
cluding how to access the raw data, preprocessed data, intermediate data, and
generated data, etc.

e The authors should provide scripts to reproduce all experimental results for
the new proposed method and baselines. If only a subset of experiments are
reproducible, they should state which ones are omitted from the script and why.

e At submission time, to preserve anonymity, the authors should release
anonymized versions (if applicable).

o Providing as much information as possible in supplemental material (appended
to the paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits,
hyperparameters, how they were chosen, type of optimizer, etc.) necessary to
understand the results?

Answer: [Yes|
Justification: All details are provided to reproduce the experiments.
Guidelines:

e The answer NA means that the paper does not include experiments.

e The experimental setting should be presented in the core of the paper to a level
of detail that is necessary to appreciate the results and make sense of them.

e The full details can be provided either with the code, in appendix, or as
supplemental material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other
appropriate information about the statistical significance of the experiments?
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Answer: [Yes|
Justification: [Yes]
Guidelines:

e The answer NA means that the paper does not include experiments.

e The authors should answer "Yes" if the results are accompanied by error bars,
confidence intervals, or statistical significance tests, at least for the experiments
that support the main claims of the paper.

e The factors of variability that the error bars are capturing should be clearly
stated (for example, train/test split, initialization, random drawing of some
parameter, or overall run with given experimental conditions).

e The method for calculating the error bars should be explained (closed form
formula, call to a library function, bootstrap, etc.)

o The assumptions made should be given (e.g., Normally distributed errors).

o It should be clear whether the error bar is the standard deviation or the standard
error of the mean.

o It is OK to report 1-sigma error bars, but one should state it. The authors
should preferably report a 2-sigma error bar than state that they have a 96%
CI, if the hypothesis of Normality of errors is not verified.

e For asymmetric distributions, the authors should be careful not to show in
tables or figures symmetric error bars that would yield results that are out of
range (e.g. negative error rates).

o If error bars are reported in tables or plots, The authors should explain in the
text how they were calculated and reference the corresponding figures or tables
in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the
computer resources (type of compute workers, memory, time of execution) needed
to reproduce the experiments?

Answer: [NA]
Justification: [NA]
Guidelines:

e The answer NA means that the paper does not include experiments.

e The paper should indicate the type of compute workers CPU or GPU, internal
cluster, or cloud provider, including relevant memory and storage.

e The paper should provide the amount of compute required for each of the
individual experimental runs as well as estimate the total compute.

e The paper should disclose whether the full research project required more
compute than the experiments reported in the paper (e.g., preliminary or failed
experiments that didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with
the NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines|?

Answer: [Yes|

Justification: We do not see any potential negative social impact of this work and it
follows the NeurIPS code of ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code
of Ethics.

e If the authors answer No, they should explain the special circumstances that
require a deviation from the Code of Ethics.

o The authors should make sure to preserve anonymity (e.g., if there is a special
consideration due to laws or regulations in their jurisdiction).
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10.

11.

12.

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and
negative societal impacts of the work performed?

Answer: [NA]

Justification: This work addresses the problem of designing efficient and optimal
algorithms for different assortment selection problems with MNL models. Our
work is purely theoretical and studies a fundamental mathematical optimization
framework that is unrelated to societal considerations

Guidelines:

e The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no
societal impact or why the paper does not address societal impact.

o Examples of negative societal impacts include potential malicious or unintended
uses (e.g., disinformation, generating fake profiles, surveillance), fairness consid-
erations (e.g., deployment of technologies that could make decisions that unfairly
impact specific groups), privacy considerations, and security considerations.

e The conference expects that many papers will be foundational research and
not tied to particular applications, let alone deployments. However, if there
is a direct path to any negative applications, the authors should point it out.
For example, it is legitimate to point out that an improvement in the quality
of generative models could be used to generate deepfakes for disinformation.
On the other hand, it is not needed to point out that a generic algorithm for
optimizing neural networks could enable people to train models that generate
Deepfakes faster.

e The authors should consider possible harms that could arise when the technology
is being used as intended and functioning correctly, harms that could arise when
the technology is being used as intended but gives incorrect results, and harms
following from (intentional or unintentional) misuse of the technology.

o If there are negative societal impacts, the authors could also discuss possible
mitigation strategies (e.g., gated release of models, providing defenses in addition
to attacks, mechanisms for monitoring misuse, mechanisms to monitor how a

system learns from feedback over time, improving the efficiency and accessibility
of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for
responsible release of data or models that have a high risk for misuse (e.g., pretrained
language models, image generators, or scraped datasets)?

Answer: [NA]
Justification: [NA]
Guidelines:

e The answer NA means that the paper poses no such risks.

o Released models that have a high risk for misuse or dual-use should be released
with necessary safeguards to allow for controlled use of the model, for example
by requiring that users adhere to usage guidelines or restrictions to access the
model or implementing safety filters.

o Datasets that have been scraped from the Internet could pose safety risks. The
authors should describe how they avoided releasing unsafe images.

e We recognize that providing effective safeguards is challenging, and many papers
do not require this, but we encourage authors to take this into account and
make a best faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models),
used in the paper, properly credited and are the license and terms of use explicitly
mentioned and properly respected?
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13.

14.

15.

Answer: [NA]
Justification: [NA]
Guidelines:

e The answer NA means that the paper does not use existing assets.

e The authors should cite the original paper that produced the code package or
dataset.

e The authors should state which version of the asset is used and, if possible,
include a URL.

o The name of the license (e.g., CC-BY 4.0) should be included for each asset.

o For scraped data from a particular source (e.g., website), the copyright and
terms of service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in
the package should be provided. For popular datasets, paperswithcode.com/
datasets| has curated licenses for some datasets. Their licensing guide can help
determine the license of a dataset.

o For existing datasets that are re-packaged, both the original license and the
license of the derived asset (if it has changed) should be provided.

o If this information is not available online, the authors are encouraged to reach
out to the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the
documentation provided alongside the assets?

Answer: [NA]
Justification: [NA]
Guidelines:

e The answer NA means that the paper does not release new assets.

 Researchers should communicate the details of the dataset/code/model as part
of their submissions via structured templates. This includes details about
training, license, limitations, etc.

e The paper should discuss whether and how consent was obtained from people
whose asset is used.

o At submission time, remember to anonymize your assets (if applicable). You
can either create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does
the paper include the full text of instructions given to participants and screenshots,
if applicable, as well as details about compensation (if any)?

Answer: [NA]
Justification: [NA]
Guidelines:
e The answer NA means that the paper does not involve crowdsourcing nor
research with human subjects.

o Including this information in the supplemental material is fine, but if the main
contribution of the paper involves human subjects, then as much detail as
possible should be included in the main paper.

e According to the NeurIPS Code of Ethics, workers involved in data collection,
curation, or other labor should be paid at least the minimum wage in the
country of the data collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research
with Human Subjects
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Question: Does the paper describe potential risks incurred by study participants,
whether such risks were disclosed to the subjects, and whether Institutional Review
Board (IRB) approvals (or an equivalent approval/review based on the requirements
of your country or institution) were obtained?

Answer: [NA]
Justification: [NA]
Guidelines:
e The answer NA means that the paper does not involve crowdsourcing nor

research with human subjects.

o Depending on the country in which research is conducted, IRB approval (or
equivalent) may be required for any human subjects research. If you obtained
IRB approval, you should clearly state this in the paper.

o We recognize that the procedures for this may vary significantly between insti-
tutions and locations, and we expect authors to adhere to the NeurIPS Code of
Ethics and the guidelines for their institution.

e For initial submissions, do not include any information that would break
anonymity (if applicable), such as the institution conducting the review.
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Supplementary: Optimal, Efficient and Practical
Algorithms for Assortment Optimization

A Preliminaries: Some Useful Concepts for PL choice models

A.1 Plackett-Luce (PL): A Discrete Choice Model

A discrete choice model specifies the relative preferences of two or more discrete alternatives
in a given set. A widely studied class of discrete choice models is the class of Random
Utility Models (RUMs), which assume a ground-truth utility score 6; € R for each alternative
i € [n], and assign a conditional distribution D;(-|;) for scoring item i. To model a winning
alternative given any set S C [n], one first draws a random utility score X; ~ D;(-|6;) for
each alternative in S, and selects an item with the highest random score.

One widely used RUM is the Multinomial-Logit (MNL) or Plackett-Luce model (PL), where
the D;s are taken to be independent Gumbel distributions with parameters 0, [8], i.e., with
probability densities

—(z;—0")

D;(zi|0)) = e~ @30 e 7, 0 eR, Yien].

Moreover assuming ¢, = In#6,, 6; > 0 Vi € [n], it can be shown in this case the probability
that an alternative i emerges as the winner in the set S 3 i becomes: P(i|S) = %

jes J
Other families of discrete choice models can be obtained by imposing different probability
distributions over the utility scores X;, e.g. if (X3,...X,) ~ N(0,A) are jointly normal
with mean 8 = (64, ...6,) and covariance A € R"*" then the corresponding RUM-based
choice model reduces to the Multinomial Probit (MNP).

A.2 Rank Breaking

Rank breaking (RB) is a well-understood idea involving the extraction of pairwise comparisons
from (partial) ranking data, and then building pairwise estimators on the obtained pairs by
treating each comparison independently [26] [25], e.g., a winner a sampled from among a, b, ¢ is
rank-broken into the pairwise preferences a > b, a > c. We use this idea to devise estimators
for the pairwise win probabilities p;; = P(i|{i,j}) = 6;/(0; + 6;) for our problem setting.
We used the idea of RB in both our algorithms (AOA-RBp;, and AOA-RBpr-Adaptive) to
update the pairwise win-count estimates wj ;; for all the item pairs (¢, j) € [K] x [K], which

~

is further used for deriving the empirical pairwise preference estimates p;; ¢, at any time ¢.

A.3 Parameter Estimation with PL based preference data

Lemma 7 (Pairwise win-probability estimates for the PL model [34]). Consider a Plackett-
Luce choice model with parameters @ = (61,0a,...,0,), and fix two items i,j € [n]. Let
S1,...,57 be a sequence of (possibly random) subsets of [n] of size at least 2, where T is
a positive integer, and i1,...,i7 a sequence of random items with each iy € S¢, 1 <t < T,
such that for each 1 <t <T, (a) Sy depends only on Si,...,Si—1, and (b) iy is distributed
as the Plackett-Luce winner of the subset Si, given Si,i1,...,S:_1,i1—1 and Sy, and (c)
Vit 2 {i,j} C S¢ with probability 1. Let n;(T) = Zthl P(iy = i) and n;;(T) = Zthl P{i; €
{4,7}}). Then, for any positive integer v, and n € (0,1),

. ( n(T) 0

>n, ni(T)>v ) < 6_2”’72,
nlj(T) 014‘0] =" J( )_ ) -
0;

P (TL”(T) B 01 + 0j

2

< —n, ny(T) > v) <e T
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B Omitted Proofs from Sec. Bl and Sec. [4]

B.1 A concentration bounds for the p;;;

We first prove below a concentration inequality based on Bernstein’s inequality for the
estimators p;; ;.

Lemma 8. Let (i,j) € [K] x [K]. Let T > 1 and x > 0. Then, with probability at least
1—-3Te™ ",

we 20i(1 —pij)z  1lx
Pij < piji < pij+2¢) = i B t e (8)
195 135

stmultaneously for all t € [T).

Proof of Lemma[8 Let T > 1,2 > 0and 4,j € [K]. Applying Thm. 1 of [4], with probability
at least 1 — B(x,T), we get simultaneously for all ¢ € [T,

. 20iit(1 —Dijr)r 3w
|pij,t—pijf§\/ sl = Do)t : (9)

Nijt Nijt

where f(z,T) = 3infi<o<3min { log T T}efz/”‘ < 3Te™*. Note that the inequality holds

loga?
true although n;;, is a random variable. This, shows the first inequality

ucb

Pij < Dijt-

For the second inequality, @ implies

5. 2pijt(1 = Pije)T 3x
p‘if,‘%pij,wr\/ Pigi(1 = Py)T |

it Mgt
2035 +(1 — Dy 6
< pij +2 Pijt(1 = Pije)x L (10)
J
nij,t nij,t

Furthermore, because z — x(1 — z) is 1-Lipschitz on [0, 1], we have
it (1 = Dije) — pij (1 — pij)| < |Pije — pij|
0 \/2@j,t(1 ~ Pz 3

Nijt Nijt

Therefore,

Mgt Mgt

3z 2
< (\/pij(l —pij) + ) ,
\ 7.t

" R 2piit(1 —Dije)x 3z
Dijt(1 = Dije) < pij(1 —pij) + \/ it i) +

which yields

3z

Nijt

\/@j,t(l — Dijt) < \/pij(l — pij) +
Plugging back into , we get

pij (1 — pij) i

Nijt Tijt

b
plil;,t <2
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B.2 Proof of Lemma [1]

Proof. Let i € [K] and 2 > 0. Then, by a union bound on Lemma [§| and 2} with probability
at least 1 —4Te™", and hold true for all ¢ € [T]. We consider this high-probability
event in the rest of the proof. Define the function f : z — /(1 — )4+ on [0,1] (with the
convention f(1) = +00), so that 675> = f(pis;) and 0; = f(pi). Because f is non-decreasing,

and pi§5, > pio by (8), we have

02 > 0; . (12)
Furthermore, denote
2 (1 —pij)z 11z 26000;x 11z
Ajyi=2 z I+ =2 + : 13
! N0t N0, (B0 +0:)*n0 Moy (13)

In the rest of the proof we assume, 1,0+ > 69x(6p + 6;). Then, using that 6p8; < 0 + 0;
since 8y = 1, it implies

[2606,2 11 )1
(B0 +0:)A; <2 bobiz + (0o +6:) <=,
40, 10, 2

0; 0; +1/2
= Vi A, B
904-491'Jr TS0+ 1

and

Dio + Ay < 1.

Thus, because f is non-decreasing
0: — 0 = F(055%) — [ (pio)

H f(pio + Aii) — f(pio)
Dio + Nt __DPio
Cl-pio—Air  1—pio
AVY:

(1 =pio)(1 — pio — Ai)
(B0 +0:)20
1= (00 +0)A s
<2000+ 0;)2 Ay

(3) [2000;x  22(0 + 0;)*
< 4(00 + 0:) AL, z(% + 6) ,
10,¢ 1540,
which concludes the proof. O

B.3 Proof of Lemma [2

Proof. Let T > 1 and ¢ € [K]. Recall that 7, ; = 22;11 1{i € S;} is the number of times i
was played at the start of round ¢ and n;o = 22;11 1{i; € {i,0},¢ € S;} is the number of
times ¢ or 0 won up to round ¢ when played together. When ¢ is played the probability of 0
or ¢ to win is

o +0; _ 6o+0;

00_"@5} ~ Oy + Og- '

Therefore, applying Chernoff-Hoeffding inequality together with a union bound (to deal with
the fact that 7;, is random), we have with probability at least 1 — Te™?

ne o > ot [T
10,t = 90 + @S* 7, 2
simultaneously for all ¢ € [T]. Noting that
0y + 0; Tit & 0y + 0;
= Tit — 4/ > Tit
0o+ Og- 2 2(600 +Og+)

if 7, > 22(00 + Og-)? > % concludes the proof. O

P(i; € {i,0}|S;) =
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833 B.4 Proof of Theorem 3

834 Proof. Let us define for any S C [K],

Os =Y 0, and OF":=> 6

ieS €S

835 Let £ be the high-probabality event such that both Lemma [I] and 2] holds true. Then,
836 P(E)>1—4TKe *. Let us first assume that £ holds true. Then, by Lemma

tOP Z Og- — @St

IN

1
— Zmin {05,057~ 05} « because O5. < OFF < O under the event £
m

= —Zmln{@S* Z@“b }

lESt

*@s* ZTzo +— Z D03 = )1 {7is > Tuo}

t 1:2€8S;

837 where 7,0 = 22(0y + Og+) max{fy + Og~,69} < 138z(m + 1)262_ ., where 0oy := max; 0;.
833 Then, noting that if £ holds true, by Lemma [2| we also have n;p, > 2(00+71@s*)(90 +60,)Ti,

839 which yields

I A

]1{7’1‘775 Z 7_-z'0} S ]l{nm’t Z 691‘(90 + 91)}
ga0 Therefore, we can apply Lemma [I| that entails,

T
NS 01 > 7o)

t=1 €5,
LemlIl 1 2000; 22x(0y + 0;)?
ZZ( (0 -+ 0) | 200y 20O 0Ny 0, > 6000, + 0,))
t—1i€S, 0.t 0.t

Tit Tit

)

Lcmﬁl 1 Z Z ( \/ (6o + Og+) (00 + 0,)000,;x n 442(00 + O5+) (6o + 90)

t 1ieS

K K
1
<— ; 16,/ (60 + ©5-) (80 + 6:)fobiars 1 + 44(6p + Os-) Z (B0 +0,) (1 + log(Ti 7))
sa1 where we used Y 1/Vi <2y/nand Y i i~! <1+ logn. We thus have

Regi?® < 138x(m 4+ 1)2K602 , + — Z 1603/2 \/(m + V)ar 7

K
+ 442(m + 1)(1 4 Omax)® Y (1 +log(7i7))
i=1

T
< 138z(m 4 1)2K6? 4 160>/2 V2r KT + 88x(m + 1) K62, (1 + log (%)) :
sa2  Therefore,
T
E[Regy?] < 12v2xmK02 . + 16032 V22 KT + 88xmK02,, (1 + log (m?))

+ 4mKT?e " o -
843 Choosing x = 2logT concludes the proof. O
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saa  B.5  Proof of Theorem [5]
s Proof. Let € be the high-probabality event such that Lemma [I] and 2] are satisfied, so that
g6 P(E) >1—4KTe *. Then, denoting = A y := min{x, y},

Re Wtd

E[R(S*,0) — R(S¢,0)] (14)

MH

~
I
—

E[(R(S*,0) — R(S,0))1{E} + (R(S*,0) — R(S;,0))1{E}]

I
M’ﬂ

~
Il
—

HM’%

R(Sh, 02°) — R(Sy, 0)) AR(S*,0))1{E} + R(S, 9)11{50}}

R(S*,02P) > R(S*,0) under the event £ by Lemma |4l Then, using

87 because R(S;, H“Cb) >
<1, we get

a8 R(S*,0) <max;r; <
T
et < Z [ (S, 5P) — (St,G))/\l)]l{S}—i—]l{Ec}]

<AT?Ke @ + ZT:]E K(R(St, 020) — R(Sy,0)) A 1)11{5}} :

89 Let us upper-bound the second term of the right-hand-side

Z]E (RS0, 0%) = R(S1,0)) A1) 1{E}] (15)
T -
eucb 70,

=) E - AL)I{E

; _(<Z<90 o¥®, 90—!—953) ) { }]

d [ Tl QUCb — b, ) ucb
< ZIE (( Z 5 + O, ) A 1)]1{5}] because O%; > Og, under £
t=1 G- €St o+

T r 9“Cb
§;E_(<les %o + Os, ) Al)]l{é'}} because r; <1

IA
NE
&=

I eucb 9
Z ( % T O3 A 1)]1{2’ € st}n{g}]

Lt=1

.
Il
_

< 138zm*K60%, + Z E

eucb
. S 292
Z % T 05, 11{1 € i, 7is > 138z(m 4 1) Gmax}]l{é‘}]

t=1

T

< 1382m>K02,,, + Z \l Y E

s
X E
(16)

gso  where the last inequality is by Cauchy-Schwarz inequality. Now, the term Ar (i) above may
ss1  be upper-bounded as follows

:zT:IE (I9§i°t"—9i|) fo + Os,
t=1

o +0Os, ) L+,

(% +6;)1{i € S}
0o + Og,

<|9§1,Ctb - 9i|> 0o + Os,
0o +Os, ) L4y,

]l{ S St7T7,t > 138x(m+ 1 max}ﬂ{g}]

=:Ar(i)

1{i € Sp, 710 > 1382(m + 1)20 ax}ﬂ{f}]
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852

853

854

855

856

857

858

859
860
861
862

(07> — 0:)°
(% + 9i)90 + Og,

1{i € Sy, i > 1382(m + 1)29303,(}]1{5}] :

Now, since under the event £ by Lemma [2, 7;; > 138z(m + 1)262

max

140, > 6993(90 + 91)(771 =+ l)émax > 69:6(90 + 97) .

implies

Therefore, we can apply Lemma [T} which further upper-bounds

26(By + 6;)%x 2(22x)2(90+9)4
<] (M )

HM

90 +®Sf,
] ‘
Z_: [(26‘ (B0 + 6% 152(60 +6:)° > « Hi€ St}ll{f}}

. S 202
% IL{Z S St77_z7t = 138.7}(777/ + 1) Gmax}]l{g}‘|

N0+ 140,t0max (6o + mb;) 0o + Og,

where we used 104 > 692 (6 + 6;)Mbmax in the last inequality. Then, we get

T .
) < ZEK(QO 0% 30x(6y +9¢)> L Nie St}]l{g}]

40,1 N0t 0o + Og,

4 49 E
(04+6 Z (6o + Os5,)ni0.4

0() +9 ]l{’L S St}‘|

= (94 + 646,)2E

1 0.t

Z 1{i, € {i,0},i € St}]

= (94 + 646,)2E [1 +1og (ni0 (T))}
< 1580maxx(1 +1logT) .

Substituting into , we then obtain using Cauchy-Schwarz inequality,

ZE[( (S, 63 — R(St,ﬁ))/\l)]l{g}]

K T
< 1382m° K02, + 13/ Omaxz(1 +10g T) Y ([ Y E

(% 4 9)1{i e St}]

i=1 \ t=1 % + Os,
oS E (2 y0)1{ies
< 1382m* K0}, + 131/ Omaxa(1 +1og T) | E| K ) Lz (i + 01 € S}
p 6o + Os,

= 1382m* K62, + 13/ Omaxz(1 +log T)KT .

Finally, replacing into Inequality yields

Reg}’:“d < AT?’Ke™ + 138xm2K6?

max

+ 131/ Omaxz(1 +log T)KT .

Choosing x = 2log T concludes the proof. O
B.6 Proof of Theorem

The proof follows the one of Theorem [5] except that the concentration lemmas should be
generalized to any pairs (i, 7) instead of only with respect to item 0, whose proofs are left

to the reader and closely follows the one of Lemma [1] and [2 For simplicity, this proof is
performed up to universal multiplicative constants, using the rough inequality <.
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Lemma 9. Let T > 1 and x > 0. Then, with probability at least 1 — 3K (K + 1)Te™ ",
ucb

stmultaneously for allt € [T] and i # j in [R] D= —z? < 7ifi and one of the following
; ;
two inequalities is satisfied

ue 2viix  22z(~v; + 1)?
nije < 69z(1 + vij) or V5t < vig + 4y + 1)1/ n%] + (5 +1) .
ij,t

Nijt

Lemma 10. Let T > 1 and = > 0. Then, with probability at least 1 — 3K (K + 1)Te™*,
simultaneously for all t € [T] and i € [K]: 0} := min; v{$}yis% > 0i and for all j one of
the following two inequalities is satisfied

nije S (14 7i5) or njor S x(140;)%0;"
or
’Yij,?’on,bt*Qi S/ (v + 1)91$<\/( J)Jr\/( J)>+(%j+1)( i) + it ) .
Nij,t 1nj0,t Nij,t njo,t

Proof of Lemma[I( The proof follows from Lemma [0 If ng; > Cx(1+ 7i;) and njo: >
Cz(1 + ;) for some large enough constant C, we have

2viix 22x(v; + 1)
Vist < vij + 405 + 1)\/7 L 2yt
Nijt Nt

u 2vj0x  22z(vj0 + 1)2
V5% < vjo + 4(vjo + 1)\/ — + G ) < 2750 -
Tv50,t Tv50,t

ucb_ucb 70' __ _ucb_ucb
=

Yij,t V50, Yijt V50, — VijVi0o = (’Y?jc,lt) - ’Yij)’Y}lS})t + Yij (7;82 — 50)
< 20958 — i) w50 + Yis (Vi — vs0)

1292 Adayio(vi: + 1)2
< 8’73'0(%‘]‘ 1) Vij + 'YJO('VJ )
Nijt Nijt
2vi0x 2227 (vio + 1)?
+ 475 (o + 1)y f 0% 20 + 17
Nj0,t T j0,t

Replacing ~;; = 6;/60; and ;o = 0; concludes the proof. O

and

This implies,

Lemma 11. Let T > 1 and x > 0. Then, with probability at least 1 — K(K + 1)Te™*

(0o + Og+)? (0; +0;)Tij4

> , 17
0, +0, " "= 900, + Og.) (17)

Tijt < 2x
where T;;; = Ei;ll 1{{i,j} C S5} simultaneously for allt € [T] and i # j € [K].

Proof of Theorem[f Let & be the high-probabality event of Lemmas [I0] and [T1] are satisfied,

so that P(€) > 1 — 4K?Te™®. First, note that since we have under the event &, 3% < <P,
our procedure also satisfies the regret upper-bound

Reg™® < O(\/Omax KT log T)

of Theorem [5] Indeed, all upper-bounds of the proof of Theorem [f] remain valid upper-bounds
except the probability of the event £¢ which is O(T~!) for x = 2logT.

Let us now prove that we also have Ry < O(K VT log T') with no asymptotic dependence on
Omax when T — oo.
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Then,

M%

Regi® = E[R(S*,0) — R(S;,0)] (18)

~
Il
-

Il
[M]=

E[(R(S*,0) — R(S;,0))1{E} + (R(S*,0) — R(S,0))1{E}]

~
Il
-

[M]=

E {((R(Sh 62°°) — R(Sy,0)) AR(S™,0))1{E} + R(S", 9)11{56}] .

o~
Il
_

Then, using R(S*,0) < max; r; < 1, we get

Reg td<ZE[ (S, <P) — R(St,Q))Al)]l{E}Jr]l{SC}]

T
<ATPK(K +1)%¢" + > E [((R(St, 05°°) — R(S;,0)) A 1)11{5}] . (19)

Follow the proof of Theorem [B] we upper-bound the second term of the right-hand-side

of ([):

Z]E [( (S, B2°) — R(Sy, 0)) A 1)1{5}] (20)
T Nucb
03 0.
= ZE (< min ribs ) A 1>]l{5}]
—_ JE[K] i€S, 1+Z]€S QUCb 1+Zj€St ej
= TZ equ ) ucb
< ZIE (( Z fo + Os, ) A 1)]1{5}] because Z ;i > ©s, under £
t=1 1€ES i€ES
T ucb
< P <
721&3 (( 0+@ )/\1)]1{5}} because r; < 1
t=1 1€St
K T ucb — 0, |
< )
< ;E z:: ( 5 T O, A 1)11{2 € St}n{g}]
L& uCbt’Yucé)t 0i]
< 2Jt,t 1 Jt -
< ;E ; (00 o 1)]1{1 < St}ﬂ{e}]

where j; = argmax;cg o) 0j, where the last inequality is by definition of G“Cb. Now,
from Lemma, [L0f u paying an additive exploration cost to ensure that n;;¢ 2 (1 + 7ij) and
njot 2 x(1+6;)%0; for all j € S; such that 6; > . From Lemma [L1} this is satisfied if for
some constant C' > 0

Tij,t > Cm Hmax

242 —

max

Such a condidtion can be wrong for a couple (i,j) € S? at most during CK?m
O(log T') rounds (since 7;;+ increases then). Thus, for C' large enough,

iE (RS0, 8%) = R(S1,0)) A1) 1{E}]

K T ucb .ucb
Vi Vieow — bal
S O(logT) + ;E[; jaoj——(—')st]l{l S St7’7—ijt’t A\ Tjt’t 2 me2912nax}]l{g}
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< 0(logT) + Z [Z<m(\/(9iﬁﬁ)+\/(1f€j)>

i=1 =1 Mgyt Nj,0,t

;i +0; i (L+65,)%2\ 1{i
+(%‘jt+1)( + “)x+’y”( +9;.) m) {i € Si}
Mgt 15,0,¢ 0o + ®St
(0; +6;,) (14+6,,)\1{i € S;}
OogT) +3 % m( 1) )
804 where the last inequality is because using that {4, j;, 0} C S, we have
T -
1+06; i, € {5,0}} }
E —Jt | =F — 1= < K(1+logT).
[tz_; (14 Os,)nj,0. ] ;; o {7 =4} (1+1ogT)

gos and

T -
{Z 0; +9jt -E Z 1{i; € {Jvl}}]l{ t}} < K(1+1logT).

= (1+Os,)niji ¢ ] Li=1 j=1

so6  Then, by Cauchy-Schwarz inequality we further get

ZE[( (S1, 02) — R(Sy,0)) A1)1{5}}
K ) i, +1)0;1{i € S}z
O(logT)Jr;J l; Vi 90+6{St€ }

K T
1)6;1
OlosT) + Y [Z Lot Bl E Al
i=1

0y + @S,

T .
Z ((91+9Jt) I (1+9]t)> ]l{l S St}

Mgyt 15,0t 0o + Og,

t=1

VElogT

K T
0;1
S O(logT) + Z lz {i € Sijw v KlogT (because v;;, <1 by definition of j;)

i=1 0o + Os,
< O(K+\/TxlogT) = O(KVTlogT), (22)
sor  where the last inequality is by Jensen’s inequality and the equality by setting x = 2logT to
sos  control the probability that £¢ occurs. This concludes the proof. O
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