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ABSTRACT

In federated learning, data heterogeneity is the main reason that existing
theoretical analyses are pessimistic about the convergence error caused by local
updates. However, empirical studies have shown that more local updates can
improve the convergence rate and reduce the communication cost when data
are heterogeneous. This paper aims to bridge this gap between the theoretical
understanding and the practical performance by providing a theoretical analysis
for federated averaging (FedAvg) with non-convex objective functions from
a new perspective on data heterogeneity. Identifying the limitations in the
commonly used assumption of bounded gradient divergence, we propose a
new assumption, termed the heterogeneity-driven Lipschitz assumption, which
characterizes the fundamental effect of data heterogeneity on local updates. In
the convergence analysis, we use the heterogeneity-driven Lipschitz constant
and the global Lipschitz constant to substitute the widely used local Lipschitz
constant and we show that our assumptions are weaker than those used in
the literature. Based on the new assumption, we derive novel convergence
bounds for both full participation and partial participation, which are tighter
compared to the state-of-the-art analysis of FedAvg. This result can also imply
that more local updates can improve the convergence rate even when data
are highly heterogeneous. Further, we discuss some insights of the proposed
heterogeneity-driven Lipschitz assumption. One interesting finding is that for
some quadratic objective functions, we can identify a region where FedAvg (also
known as local SGD) can outperform mini-batch SGD even when the gradient
divergence is arbitrarily large.

1 INTRODUCTION

Federated learning (FL) has emerged as an important technique for locally training machine learning
models over geographically distributed workers. It has advantages in improving training efficiency
and preserving data privacy. In this paper, we consider the following optimization problem in FL:

miny {f(x) = %Zi\;l E—(x)}7 (1)
where N is the number of workers; F;(x) is the expected loss function of worker 1'| given by
Fy(x) := E¢,~p, [0(x; &), 2

where £(-) is the loss function, {; is the random data sample on worker ¢, and D; is the data
distribution on worker . In addition, we use D to denote the global data distribution. In FL,
each worker performs I > 1 local iterations using its local dataset to reduce the communication
cost, which is called local updates. Federated averaging (FedAvg), also known as local stochastic
gradient descent (local SGD), is one of the most popular algorithms to solve the above optimization
problem (McMahan et al., [2017). In addition to FedAvg, a number of FL algorithms (Yu et al.,
2019a; Karimireddy et al.,2020; Reddi et al.,2020; |Li et al., 2020b; [Wang et al.,|2020a;b)) have been
proposed, whereas the core mechanism, local updates, is still the foundation of FL. Nevertheless,
existing theoretical analyses are pessimistic on the convergence error caused by local updates. In

!'The objective function can be extended to weighted average by multiplying each local objective function
by a possibly distinct constant.
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Table 1: Estimated Ly, L, L, with the MNIST dataset. Heterogeneity is shown by the percentage
of data on each worker that are not uniformly sampled from the global dataset. Results for linear
regression can be found in Appendix E}

Obj. Function Two-layer Neural Network

Heterogeneity 25% 50% 75% 100%
L 127.62 £10.21 | 130.97 +11.67 | 134.24 £12.23 | 141.92 £+ 12.78
Ly 0.35 £ 0.06 0.82£0.11 1.66 +0.23 2.36 £0.29
Ly 122.23 £9.75 122.23 £9.75 122.23 £9.75 122.23 £9.75

particular, some works (Yu et al.,[2019ajb) showed that convergence error of FL algorithms grows
as the number of local updates increases, which is inconsistent with empirical studies. This will be
explained in detail as follows.

There is a gap between the theoretical understanding and the experimental results. Unlike
the centralized SGD running on a single machine, where the gradients are directly sampled from the
global data distribution D, the local gradients in FedAvg are sampled from the local data distributions
{D;}, which are often highly heterogeneous (Kairouz et al.l 2021). This can deteriorate FL’s
performance since the local models could drift to different directions during local updates (Zhao
et all 2018} Karimireddy et al.l |2020). Therefore, a common understanding is that local SGD
can have a larger convergence error than that of centralized SGD due to local updates. Existing
theoretical analyses for non-convex objective functions (Yu et al., [2019aib; Wang & Joshi, 2019;
Yang et al., 2020) confirmed this intuition and showed that the convergence error caused by local
updates grows fast when the number of local updates I increases. However, in practice, local updates
have been successfully applied (Li et al., 2020a; Niknam et al., 2020; |Rieke et al.,2020) and showed
superior experimental performance compared to mini-batch SGD (each worker performing I = 1
local iteration per round) (McMahan et al., 2017 |Lin et al.,2020). This means that increasing I can
improve the convergence rate and reduce the communication cost when data are highly non-IID in
practice. This inconsistency between the pessimistic theoretical results and the good experimental
results for the local updates implies that the existing theoretical analysis may overestimate the error
caused by local updates. It is indeed challenging to show theoretically when local SGD (I > 1) can
outperform mini-batch SGD (I = 1) (Woodworth et al., 2020azb)).

Although local models could drift to different
directions, the average of local models can still be close
to the centralized model. To the best of our knowledge,
the only metric of data heterogeneity in existing works
(Yuetal.,2019b; Wang & Joshil 2019; |Karimireddy et al.|
2020; Woodworth et al. 2020b)) is gradient divergence
(¢), which characterizes the difference between the
expected local gradient VF;(x) of worker ¢ and the
expected global gradient V f(x). As shown in Figure
the intuition behind the gradient divergence is that
when ( is large, the difference between local gradients
and the global gradient is large. Then after multiple

Local updates Centralized updates

Figure 1: An illustrative comparison

local iterations, the local models will drift to different
directions. Previous theoretical results based on the
gradient divergence show that when ( is large, I has to
be small to avoid the divergence of the FL algorithms.
However, in FL, the final output is the global model on
the server, which is the average of local models after local
updates. As shown in Figure [1] although ( is large, the
averaged model X™* can still be close to the centralized
model x”** obtained using centralized SGD. This means
that the convergence error caused by local updates is close
to zero. While ¢ successfully characterizes the variance
among local gradients, it cannot capture the difference

between local updates and centralized
updates. X" is the global model at rth
round. The local models after k£ local
iterations at the rth round are denoted
by x* and x5*. The average of

X% and x5* is X™*. The centralized
model after £ centralized iterations is
denoted by x’*. Tt can be seen that
¢ shows the difference between x7*
and x;’k,i = 1,2 and L;, shows the

difference between x7-* and X",

between the averaged model and the centralized model. Consequently, relying solely on the gradient
divergence in convergence analysis can lead to an overestimation of the convergence error caused by
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local updates. To obtain a better convergence upper bound, it is necessary to introduce a new metric
which can characterize the difference between the averaged model and the centralized model.

To address the inconsistency between the theory and the practice, we introduce a new metric Ly,
referred to as the heterogeneity-driven Lipschitz constant. As shown in Figure[I] the proposed metric
Ly, captures the difference between the averaged model and the centralized model, which cannot be
characterized by (. In our analysis, we use the heterogeneity-driven Lipschitz constant Lj;, and the
global Lipschitz constant L, to substitute the widely used local Lipschitz constant L. This is based
on our important observation that L is affected by data heterogeneity, which is neglected by previous
theoretical results. In the literature (Yu et al.,[2019b; Yang et al.,2020; Khaled et al., 2020), Lisused
to characterize the smoothness of the gradients for all local objective functions under any degree of
the data heterogeneity. However, as shown in Table|l| L increases fast as the percentage of non-IID
data increases. We use Ly, to characterize the information on data heterogeneity contained in L and
we use L, to show the smoothness. We will show that using L, and L, to substitute L can make
the assumptions weaker.

Contribution of this paper. In this paper, we reveal the fundamental effect of the data heterogeneity
on FedAvg by introducing a new perspective shown by Lj, the heterogeneity-driven Lipschitz
constant in Assumption In particular, our main contributions are as follows. (1) Using the
new assumptions, which are proved to be weaker than those in the literature, we develop a novel
analysis for FedAvg with general non-convex objective functions, which shows that if L is small
enough, even for a large (, the convergence error caused by local updates can still be small so that a
large I can be used to obtain a good convergence performance and to reduce communication costs.
(2) Our analysis can incorporate partial participation where only a subset of workers are sampled to
perform the local updates in each round. We show that with partial participation, increasing I can
still improve the convergence rate. (3) We discuss the significance of the proposed Lj,, by which,
we identify a region where local SGD can outperform mini-batch SGD for some quadratic objective
functions. (4) Our theoretical results are validated using experiments.

2 RELATED WORKS

FedAvg, also known as local SGD, was first proposed in McMabhan et al.| (2017) and there have
been a considerable amount of works analyzing the convergence rate of local SGD with non-convex
objective functions including FedAvg (Haddadpour, Farzin et al., 2019; [Yu et al., 2019bj [Redd1
et al.l 2020). There is also a line of work focusing on the partial participation (Yang et al.,
2020), compression and quantization (Jiang & Agrawall 2018} [Richtarik et al., [2021) in local
SGD. However, in these works, the gradient divergence is the only metric of data heterogeneity.
Thus, it is hard to show that local updates can improve the convergence rate when data are
highly heterogeneous (Woodworth et al., [2020a3b) while our paper show that more local updates
can improve the convergence rate. Based on local SGD, some works aim to overcome the data
heterogeneity by introducing additional control variates, such as SCAFFOLD (Karimireddy et al.,
2020). However, the communication overhead is larger compared to local SGD. There are two
papers (Wang et al., 2022; Das et al.,|2022)) closely related to our work, which also aim to find new
assumptions that can better characterize the effect of data heterogeneity in local SGD. However,
both works cannot capture the information on the data heterogeneity contained in the local Lipschitz
constant as shown in our paper so their convergence upper bounds can be worse compared to ours.
A detailed discussion for related works can be found in Appendix |A.1

3 PRELIMINARIES

In FedAvg, each round is composed of the local update phase and the global update phase. The
global model is initialized as X”. At the start of round r, the server distributes the global model X"
to all workers. During the local update phase, each worker updates its local model with the local
learning rate «y and the stochastic gradients sampled from their own local data distribution D;,

xpF = xPF g (xR G, 3)

where x:’k is the local model at the rth round and kth iteration. For simplicity, we use g;(+) to
denote the gradient g(+; ¢;). In addition, g(-) denotes the gradient sampled from the global dataset
D. We assume that the local stochastic gradient is an unbiased estimate of the expected local gradient

E [gl(x:k) |x:k} = VF;(x]'F). After I local iterations, worker i sends the local model update at
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the rth round A} := x" — X:’I to the server. During the global update phase, the server updates the
global model using the following equality:

=g —n LN Ar (4)

where 7 is the global learning rate. Let X"* be the “virtual” averaged model during the local update
phase and

Xkt = LSV xR =k g LS g (xR, (5)

where k € {0,1,2,...,I — 1}. Note that the virtual model X™** may not be observed in the system,
and is mainly used for the theoretical analysis. We define x’"* as the model obtained by applying
centralized update at kth iteration of rth round given the averaged model X"°*, which means that
the gradient is sampled from the global data distribution D. Specifically,

XM= X — g3, (©)
where E [g(x")] = V f(x™F).
The following assumptions are widely used in the literature for the analysis of algorithms including

FedAvg (Karimireddy et al., 2020; Yu et al., 2019b; |Khaled et al., [2020; [Wang et al.| [2020a).
Assumption 3.1 (Local Lipschitz Gradient).

IVFi(x) — VE(y)| < L|x—yll,vx,y,i. (7)

There are also some works (Khaled et al.,|2020) assuming that Lipschitz gradient condition holds for
each data sample ||V{(x; &) — VI(y;€)|| < L' ||x =y, Vx,y, &, which is stronger and can imply
local Lipschitz gradient condition.

Assumption 3.2 (Bounded Stochastic Gradient Variance).
E [[lg:(x) - VE)’] <02, Vi,x. ®)
Assumption 3.3 (Bounded Gradient Divergence).
IVE;(x) = VF(x)|* < ¢, Vi, x. )

Assumption [3.3]is often the only metric of data heterogeneity in the literature (Yu et al) 2019a;
Wang & Joshi, [2019), where it was shown that there is a term O(2L2I2¢?) in the convergence
upper bound. This means that the gradient divergence () and the number of local updates (1) are
coupled, and the error caused by ¢ grows fast as I increases and the effect of I2¢? is amplified by
L2, In this paper, we find that this result can be pessimistic since it can be seen from Table |1| that
L can be very large, which means that the error caused by I2¢? can become much larger due to the
large L2. In the next section, we will solve this problem using our new assumption and analysis.

4 MAIN RESULTS

In this section, we present the convergence upper bound for non-convex objective functions using the
proposed new assumption. We also consider the partial participation in the analysis. We summarize
the technical novelties and provide proofs for all theorems and propositions in Appendix

In the literature, three classes of assumptions on stochastic gradient variance, gradient divergence
and smoothness are often made for theoretical analysis (Yu et al., |2019bj; Wang et al.| [ 2020a}; Khaled
et al., 2020). We keep Assumption for stochastic gradient variance and Assumption for
gradient divergence. Assumptions [.1]and {f.2] will replace Assumption [3.1] In Section[5] we will
show that Assumptions .| and [4.2] are weaker than Assumption [3.1]

Assumption 4.1 (Global Lipschitz Gradient). The global objective function f(x) satisfies
V) = V)l < Lgllx =yl vx,y. (10)

Note that the model x7* is different from the model obtained by applying the centralized updates from
the beginning of the algorithm. We use this for ease of analysis, and leave the consideration of the “actual”
centralized model for future work.
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In our analysis, the Lipschitz gradient condition is only needed for the global objective function
instead of for each local objective function as in Assumption or for each data sample as in
Khaled et al. (2020).

Assumption 4.2 (Heterogeneity-driven Lipschitz Condition on Averaged Gradients). There exists
a constant Ly, > 0 such that Vx;,

2 2
N - L N —12
|3 2 VAG) - V)| < 2T Ik - %P, an
where X = % Zivzl x; and Ly, is referred to as the heterogeneity-driven Lipschitz constant.

We consider Assumption [4.2] as a new perspective on data heterogeneity for the following reasons.
First, L;, can be used to characterize the convergence error caused by local updates. In particular,
we will show that L can be replaced by Lj in the convergence error caused by local updates in
the literature. Second, unlike Assumption Ly, can characterize the difference between averaged
model and the centralized model. This difference captures the real impact of data heterogeneity as
discussed in Section[I} We will discuss these new perspectives of Assumption[d.2]and L,, in detail
in this section and in Section[5} Next, we present the theoretical results for full participation.

Theorem 4.3 (General Non-convex Objective Functions). Assuming Assumptions[3.2] [3.3]
hold, when v < m and yn < ﬁ, then after R rounds of FedAvg, we have
9 g

. _ F ynL,o?
E T 2: g9
B

error caused by SGD

+2 L5 (I = 1) + LI — 1)0'2), (12)

error caused by local updates

where F := f(xq) — f*.

An improved bound by using new assumption. In (I2), the stochastic gradient variance in the
error caused by SGD depends on L, while the error caused by local updates depends on Lj. It
can be observed that, in|Yu et al.| (2019bja)); |Yang et al.| (2020), the variance in the error caused by

SGD is O(Lli\f'z) and the error caused by local updates is O(y2L2(I — 1)2¢% + 42 L*(I — 1)0?),
where L is substituted by Ly and Ly, respectively, in . As shown by the experimental results
in Table |1} both L, and L, are smaller than L. In Section |5} we also prove theoretically that Ly,

and L, are smaller than L. In particular, Lj can be far less than L. Therefore, existing theoretical
results overestimate both the error caused by SGD and the error caused by local updates while the
convergence upper bound using new assumption is better.

New insights about the effect of data heterogeneity. It can be observed that in the error caused
by local updates, both ¢? and o2 are multiplied by L;,. A key message is that when (? is large, as
long as L3 is small enough, the error caused by local updates can still be small. Since Ly, and ¢
characterize the effect of the data heterogeneity in different perspectives, we show that it is possible
that Lj, = 0 while ¢ can be arbitrarily large by providing an example in Section[3} In this case, no
matter how large ( is, the convergence error of local SGD is the same as that of centralized SGD,
which means that I can be arbitrarily large and only one aggregation is sufficient. Moreover, when
L;, = 0, we can see that the impacts of v and 7 on the convergence upper bound are the same
since the error caused by local updates is zero and the error caused by SGD is a function of 7. In
this case, the two-sided learning rates may not help and only a single learning rate, e.g., let n = 1,
suffices to achieve the desired convergence upper bound.

It is worth noting that although L}, increases with the percentage of heterogeneous data, Ly, can still
be small even if the percentage of heterogeneous data is large as shown by the experimental results
for the two-layer neural network in Table[IT]and the experimental results for CNN in Section[6] The
following corollary shows that more local iterations can improve the convergence rate.

Corollary 4.4. With vyn =, /%, there exists v < m such that
g v g

_ [FLy0%2 (%2 +0%)1
: v T\[2 __ g
f?[lﬁ]]E” FEI™ = O( RIN ' RIN ' (13)
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From (T3), it can be seen that FedAvg achieves linear speedup in the number of iterations RI with

respect to the total number of workers N since the convergence rate is given by O ( \/RlIiN + ﬁ) .

If we keep the product of R and I, the convergence rate will be the same. This means that we can
choose a large I and a small R such that the communication cost can be reduced. From the second

2 2
term O (C ;}TN/ I), it can be observed that although ( can be large, more local updates can still
improve the convergence rate.

Analysis for Partial Participation. We also use the new assumption to derive the convergence
upper bound for partial participation. At each round, M workers are uniformly sampled with
replacement. The result provides the insights into the relationship between local updates and
partial participation. It is worth noting that the technique for partial participation in existing works
cannot be directly applied in our analysis since the Lipschitz gradient (see Assumption is often
assumed for each local objective function in the literature. Therefore, we develop new techniques to
incorporate the partial participation using Ly, and L, which can be found in Appendix B}

Theorem 4.5 (Partial Participation). Consider uniformly sampling M (1 < M < N) workers in
] 1 A A 1

each roulnd of FedAvg. Assuming Assumptions hold, when v < LT and

M < L, after R rounds of FedAvg, we have

( F ’ynLgUQ . ’ynLgIC2

in B V(") =0
in IV

+
ynRI M M

error caused by SGD ~ €Tror caused by p.p.

PRI - D+ PR - 06?),
error caused by local updates
(14

where “p.p.” means partial participation.

Compared with Theorem[4.3] there are two differences in the convergence bound. First, the variance
term in the error caused by SGD depends on M. This means that more workers sampled in each

. . L,IC? .
round can reduce the variance. Second, there is an extra term =2 < in the convergence bound for

partial participation, which denotes the error caused by partial participation. In the literature (Yang
et al.,|2020), this term is often multiplied by L. In , this term depends on L4 and not on Ly,. This
means that a small Lj, cannot reduce the error caused by partial participation, which can be shown
explicitly by the following corollary.

Corollary 4.6. Consider uniformly sampling M workers during each round in FedAvg. With yn =

MF : 1
\/%, there exists v < O ErTET such that

. i FL,2  [FL,o® 40/l
E = g g . 1
min B[V O( rv TN R T RIN (15

It can be seen from Corollary that increasing I can still reduce the convergence error. However,
the error caused by partial participation, which is shown by the first term in (T3], cannot be reduced
by increasing I. This is because that L;, characterizes the difference between the averaged model
over all workers and the centralized model (we will formally explain this property in Section [3).
However, with partial participation, the global model on the server becomes a stochastic estimate
of the average models over all workers since only a subset of workers are randomly sampled. The
variance caused by the sampling strategy is not characterized by Lj;. In addition, the dominant
term in becomes (’)(« /1/RM ) This means that given the sampling strategy, to achieve a small
convergence error, performing a large number of aggregations is necessary. However, increasing [
can still accelerate the convergence since the other two terms are reduced.

5 DISCUSSIONS

In this section, first, we show that the global Lipshictz gradient (Assumption {.I) and the
heterogeneity-driven Lipschitz constant (Assumption f.2) used in this paper are weaker than the
commonly used local Lipschitz gradient assumption (Assumption [3.1). Second, we explain the
significance of L;, by showing its ability to characterize the difference between the virtual averaged
model (defined in (5)) and the centralized model. Third, we consider a special case of L, = 0,
demonstrating that under such conditions, local SGD can outperform mini-batch SGD.
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Assumptions in this paper are weaker. In the following proposition, we show that Assumptions
and [4.2] are weaker than the commonly used Assumption[3.1]in the literature.

Proposition 5.1. If Assumption holds, then Assumption holds by choosing L, = L and
Assumption holds by choosing Ly, = L.

Proposition also shows how the information about the data heterogeneity contained in L is
captured. The information about the smoothness of the gradients remains in L , which does not
change with the data heterogeneity, while L; characterizes the effect of data heterogeneity. In

addition, Propositionimplies that L, < L and L, < L. However, as shown in Table Ly, can
be much smaller than L. We examine the intricate relationship between L;, and L through a deeper

analysis of the quadrati«ﬂ (potentially non-convex) objective function:
Fi(x) = %XTAZ'X +blx +c;. (16)

By , we directly obtain that the global objective function is given by f(x) = %XTAX +bTx +c,
Wher~e A= ﬁ Zfil A,and b = % vazl b;. In this case, we can derive the explicit forms of Ly,
and L as shown by the following proposition.

Proposition 5.2. For quadratic objective functions defined in (I6), Assumptions [53.1] and {.2] hold
with L = max;e[ny [AN(A4)], Ly = 2 - max;eny [M(A; — A)|, respectively, where |\(A)| denotes
the largest absolute value of the eigenvalues of A.

From Proposition it can be seen that both L;, and L capture the properties of Hessian matrices
for quadratic objective functions. The heterogeneity-driven Lipschitz constant L; characterizes
the largest eigenvalue of the “deviation” of {A;} from the global Hessian matrix A, while L
characterizes the largest eigenvalue of {A,;} themselves. It can be observed that when A; = A, Vi,
which means that the difference of local Hessian matrices is zero, Assumption holds with
Ly = 0. Note that, at the same time, we can pick an A; such that L = max;cn] [A(A;)] is
much larger than zero. This observation shows that while the difference among Hessian matrices
of local objective functions, shown by L;,, can be small, the eigenvalues of the individual Hessian
matrix, shown by L can still be very large.

Explanation of L;,. Assumption [4.2] captures the difference between the averaged model and
centralized model, which can be seen from the following proposition. At the kth iteration of the
rth round, we consider the virtual averaged model in (E]) and the centralized model in @

Proposition 5.3. Given the virtual averaged model at the rth round and kth iteration X™*, we have

"E[&r,k—o—l‘f(r,k] _ E[Xz’k_‘—l‘f(r’k]Hz < 72 . l]zvi Zf\/':1 ’ X:,k _ gk

2
’ . (17)

Proposition shows that although the difference among local models, captured by ng’k — X"k H2
(depends on both ¢ and o), can be large after multiple local iterations, the difference between the
averaged model and centralized model can still be small if Lj is small. This means that while the
variance among local models depends on ¢ and o, Lj, determines how the averaged model is affected
by this variance among local models, which is consistent with the theoretical results in Theorem 4.3
Now we show that when L;, = 0,  can be arbitrarily large.

Proposition 5.4. For quadratic objective functions defined in (I6), when { = 0, Assumption
holds with L;, = 0, while when L;, = 0, ( can be arbitrarily large.

Proposition shows that L;, = 0 is not a sufficient condition for ( = 0, which implies that only
using ¢ can overestimate the effect of the data heterogeneity. This is because that as we have seen
in Proposition for quadratic objective functions, the key effect of heterogeneity on the local
updates is shown on the difference between A and A; while { depends not only on the difference
between A and A; but also on the difference between b and b;. In addition, we notice that in
multi-label learning (Zhang & Zhoul 2014), when A = A;, b can be very different from b; since

3Here we do not assume the Hessian matrix is positive definite so that the quadratic objective function can
be non-convex.
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data examples sharing the same feature can have different labels. This means that L;, = 0but { > 0
is possible in practice.

Extended discussion about Local SGD v.s. Mini-batch SGD. In the following theorem, we
consider the case of L;, = 0, by which we show that local SGD can outperform mini-batch SGD
even when ( is arbitrarily large. Instead of directly applying L; = 0 to Theorem [4.3] we develop a
new technique for Theorem[5.5] The difference on the techniques can be shown by the requirement
on the learning rate, which no longer depends on I while in Theorem [{.3] it depends on I. In
Theorem it is shown that when L, = 0, two-sided learning rates do not have advantage over
a single learning rate for non-convex objective functions. Without loss of generality, we consider
1 = 1 in the following.

Theorem 5.5 (Special Case of Lj, = 0). For quadratic objective functions defined in ({I6), with a
common Hessian A = A;, Vi, if v < m and n = 1, for local SGD with I local iterations,

i omy P = o (L 4 2L g2),
re[g]l}?E[I]]E {va(x )| } =0 (VRI +0 ), (18)
for mini-batch SGD with the batch size I,
i 1P| = Fo kg o
retRiben ™ [Ivs6) =0 <7R TN > 19

A fair comparison between local SGD and mini-batch SGD. In Theorem the cost of
communication and computation is the same for both local SGD and mini-batch SGD since the
number of aggregations is R and the total number of gradients sampled is N RI for both algorithms.
The restriction for the learning rate is also the same. Comparing (I8) with (I9), we see that the
difference is on the place where I appears. For local SGD, I is in the first term of (I8]), which means
that local SGD uses more computation to reduce the error caused by the initialization. For mini-batch
SGD, I is in the second term of @]), which means that mini-batch SGD uses more computation to
reduce the error caused by the variance. When the variance o2 is small (i.e., 02 — 0), the first terms
of (I8) and (T9) dominate, and it becomes beneficial to choose +y to be as large as possible, so we
can choose v = m for both cases. Then, as 2 — 0, the convergence rate of local SGD goes

to O(557) while the convergence rate of mini-batch SGD goes to O(+). This implies that when o2

is small, the speed of convergence for local SGD can be much faster than that for mini-batch SGD,
which will be validated in the experiments in the next section.The discussion on the comparison
between local SGD and mini-batch SGD for non-convex quadratic objective functions with L, # 0
can be found in Section[A.2l

6 EXPERIMENTS

For the non-IID setting, the data on each worker is sampled in two steps. First, X% of the data on
one worker is sampled from a single label. Then we uniformly partition the remaining dataset into
all workers and we say that the percentage of heterogeneous data on this worker is X %. Additional
experimental details and results can be found in Appendix [C]

Results with MNIST dataset. In Table[T] a two-layer neural network with cross-entropy loss and a
linear regression model with mean squared error (MSE) is trained with the MNIST dataset (LeCun
et al.|[1998). The MNIST dataset is partitioned into 10 workers.

Results with CIFAR-10 dataset. A CNN model with cross-entropy loss is trained with the
CIFAR-10 dataset (Krizhevsky & Hinton, 2009). The CIFAR-10 dataset is partitioned into 100
workers, and we randomly sample 10 workers in each round. The results for the general non-convex
functions with partial participation are shown in Table[2]and Figure[2] In Table 2] it can be seen that
Ly, is far smaller than L. In Corollary it is shown that when Ly, is small, increasing I can reduce
the convergence error. This is validated by experimental results in Figure 2] It can be observed
that for both 50% and 75% of heterogeneous data, I = 80 is the best curve and increasing I can
accelerate the convergence.

Results with synthetic data. For the special case of L; = 0, we construct quadratic examples
to validate the insights from Theorem We construct the objective function as F;(x) =

L||Ux — v;||%, where U € R100%100 v, ¢ R, Each column of U and v; are sampled from
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Table 2: Estimated L;,, i, L, for a CNN model trained with the CIFAR-10 dataset.

Obj. Function CNN

Heterogeneity 25% 50% 75% 100%
L 447.59 + 22.27 | 898.49 4+ 38.57 | 1131.36 +£47.82 | 1662.24 £+ 62.18
Ly 0.96 +0.13 1.21+0.19 1.63 +0.26 2.154+0.34
L, 323.35 £ 15.36 | 323.35 £ 15.36 | 323.35 £ 15.36 323.35 £ 15.36
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1=40
— 1=60
— 1=80

-
w

Training Loss
Training Loss

N
=3

— 1=60
— 1=80

Test Accuracy(%)
Test Accuracy(%)
8

-
=)

o

0 200 400 0 200 400 0 200 400 0 200 400
Rounds Rounds Rounds Rounds

(a) Training-50%. (b) Test-50%. (¢) Training-75%. (d) Training-75%.

Figure 2: Results with CNN. The dataset is CIFAR-10. The learning rates are chosen as 7 = 2 and
~ = 0.05. Results for 50% of the heterogeneous data are shown in (a) and (b). Results for 75% of
the heterogeneous data are shown in (c) and (d).

a normal distribution A/(0, I). In this case, the gradient divergence is [|[U(v; — v)|* > 0. Table
shows the results for quadratic objective functions. To distinguish the number of local updates from
the mini-batch size in the experiments, we use a separate variable s to indicate the mini-batch size.
Theorem [4.3] shows that when Lj, = 0, using two-sided learning rates does not have advantages
over a single learning rate. This is validated by the experiments shown in Table (3| where there is no
difference among the results with different learning rates when keeping the product of learning rates.
Comparing results with I = 1, ] = 5,and I = 10 with s = 1 in TableE], it can be seen that more
local updates can reduce the communication cost, which validates the results in Theorem@ By
the comparison between the results of / = 1,5 = 5and I = 5, s = 1 and the comparison between
the results of I/ = 1,s = 10 and I = 10,s = 1, we can see that keeping the number of gradients
sampled in one round the same, local SGD (I > 1) converges faster than mini-batch SGD (I = 1)
when o2 is small, which validates the discussion for Theorem

Table 3: Special case of L, = 0 with the quadratic objective functions. I = 1 is equivalent to
mini-batch SGD. The number of rounds is the communication rounds needed for achieving a target
function value of 0.8. For (7, ), we fix I = 10 and for (I, s), we fix n = 1, v = 0.005.

(n,7) (1,0.005) (2,0.0025) | (5,0.001) | (10,0.0005)
Number of Rounds 86+ 1.6 86+ 1.6 86+ 1.6 86+ 1.6

) (LD&(I5) | (1,10) 5.1) (10, 1)
Number of Rounds 927+ 3.4 925+ 1.7 | 187 £2.3 954+ 2.4

7 CONCLUSIONS AND FUTURE WORKS

In this paper, we bridged the gap between the pessimistic theoretical results and the good
experimental performance for FL algorithms by introducing a new theoretical perspective of the
data heterogeneity, which is shown by the proposed heterogeneity-driven Lipschitz constant Ly,.
Using the new assumption, we developed a novel convergence analysis for FedAvg and identified
the regions where local updates can help to improve the convergence even when data are highly
heterogeneous. Our convergence upper bounds for both full participation and partial participation
can be better compared to the state of the art in the literature. In addition, we showed that the new
assumptions used in this paper are weaker. Moreover, we discussed the significance of the proposed
heterogeneity-driven Lipschitz constant, by which, we successfully identified a region where local
SGD can out perform mini-batch SGD. It is worth mentioning that our new assumption and analysis
have the potential to be applied in the convergence analysis of other FL algorithms besides FedAvg.
The reason is that this new assumption can be employed in a pivotal step shared in existing literature
for the convergence analysis of various FL algorithms. More detailed discussion can be found in
Appendix Hence, our future works include leveraging our new assumption and analysis to
enhance the convergence upper bound of other FL algorithms.
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APPENDIX

This Appendix is composed of three sections. Section [A.T] provides more details of related works
and additional discussions on the theoretical results.  Section [B| provides proofs for theorems,
corollaries and propositions in the main paper. Section [C|provides additional details and results of
experiments.

A ADDITIONAL DISCUSSIONS

A.1 ADDITIONAL DETAILS OF RELATED WORKS

There have been a considerable amount of works analyzing the convergence rate of federated
learning algorithms (not limited to FedAvg), with non-convex objective functions (Haddadpour,
Farzin et al., 2019; [Yu et al.| 2019b; [Wang & Joshil 2019; |Karimireddy et al., [2020; Reddi et al.}
2020). A key step shared by these analyses is to relate the difference of gradients,

1 N
I 22 VFG) = V),

to the model divergence,

1 N
N Z ||Xi - )_(H ’
=1

which can be found, for example, in inequality (10) in the supplementary of [Yu et al. (2019b), the
inequality (6) in the supplementary of Reddi et al.|(2020), and the proof of Lemma 19 in|Karimireddy
et al|(2020). In this step, the local Lipschitz gradient assumption is often applied, which amplifies
the effect of data heterogeneity. In this paper, the heterogeneity-driven Lipschitz constant Ly, is
applied in this step so that the convergence error is much smaller than that based on L, since it can
be seen in Table hat Ly, is often far smaller than L. Therefore, we believe that our techniques can
also be applied to other works to improve the convergence analysis.

There are two papers (Wang et al.,|[2022; Das et al.l [2022) closely related to our work. Both works
assume the Lipschitz gradient for each local objective function while we only assume it for the
global objective function. Therefore, the information about data heterogeneity contained in L is
not characterized in either work. Wang et al.| (2022) try to re-characterize the data heterogeneity
by extending the single gradient divergence assumption ((4) in|Wang et al.| (2022)) to the averaged
gradient divergence assumption ((15) in Wang et al.[(2022)). [Wang et al.|(2022) consider the convex
objective function and their analysis cannot guarantee convergence to a stationary point while we
consider general non-convex objective function and our results can guarantee convergence to a
stationary point. [Das et al.| (2022)) introduce a parameter « in the process of relating the difference
of gradients to the model divergence, which can be covered by Ly, in this paper. But o cannot cover
what L, can show since they still assume Lipschitz gradient for each local objective function. They
only use « as an intermediate step instead of theoretically analyzing the effect of data heterogeneity.
In their theoretical results, the convergence error increases with I even when o = 0.

In the following, we provide more details about the difference between Wang et al.| (2022))) and our
paper. In[Wang et al.|(2022)), a new metric for data heterogeneity, p, the average drift at optimum,
is proposed. The definition of p is

1 1 al r, I —r
p Nzx, —x" ||| = p. (A.1)
=1

We discuss the difference between |[Wang et al.|(2022))) and our paper in the following three aspects.

First, the new metric p in [Wang et al.| (2022)) focuses on the difference on models while in our
paper, we still focus on the difference on the gradients. The key insight in|Wang et al|(2022)) is that
since p is small, when the global model is x*, after multiple local updates, the averaged model does
not change significantly. In our paper, the key insight is that since Lj; can be small, the difference

12
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between the current global gradient and the current averaged local gradients can be small. In
(2022)), the gradient divergence is not used in the analysis. In our analysis, we still use the
gradient divergence jointly with the proposed L;, to measure the data heterogeneity.

Second, in[Wang et al.| (2022)), it is only empirically shown that p can be small. In our paper, we not
only empirically show that Lj can be small, but also provide an analytical example. Our quadratic
example can be non-convex, a case which p cannot cover.

Third, one weakness of using p is that in the convergence bound in Wang et al| (2022)), the
convergence error shown by p cannot vanish. This means that by choosing v = ﬁ, when R
goes to infinity, the convergence bound cannot guarantee that FedAvg can converge to the local
minima of the global objective function. On the contrary, our convergence bound can guarantee the

convergence to the local minima of the global objective function, which is shown by Corollary 4]

A.2 MORE DISCUSSIONS ON THE THEORETICAL RESULTS

In this section, we provide a comparison between mini-batch SGD and local SGD for quadratic
objective functions with Lj, > 0. For simplicity, we consider that all A;’s are invertible.

Theorem A.1 (Quadratic Objective Functions with Ly # 0). With v < {%, ﬁ} for local SGD
with non-convex quadratic functions, we have

1 NP F yLg40?
T ;EHVf(xt)H = o( TR +72L3 (I —1)2¢2 + 42 L2 107 ) . (A.2)
The proof can be found in Section Compared with the theoretical results for general
non-convex objective functions, the main improvement is on the choice of learning rate. We
develop new techniques in the proof to achieve the improvement on the learning rate, which fully
takes advantage of the properties of quadratic objective functions. For the ease of comparison, the
convergence bound for mini-batch SGD is provided as follows. With o < L% for mini-batch SGD,

we have

T—

F al,o?
Z]EHVf :O<aR+a2]§"}‘; > (A3)
t=0

First, we consider the simplest case, o = 0.
Corollary A.2 (o = 0 for Quadratic Objective Functions). When 0 = 0 and I < Ll—h with v =
L T, for local SGD, we have

(RI)3
1 2 F %
= E[|VfEH||" =0 5 =, A4
T ; [vs6] ((RI)s - (RI)s) (A
while for mini-batch SGD, we have
1 — ) FL
TZEHVf(x@HZ:O( R”>~ (A3)
t=0

In this case, when [ %Lg > R%, with non-convex objective functions, the convergence rate of local
SGD is better than that of mini-batch SGD.

Second, we consider the case where o is small
Corollary A.3 (o is small). When 0% < 2L T and I < 2, with v = ﬁ,fm’ local SGD, we
3

have

1= 2 F ¢2 INF
NCEvIEH|P =0 . ; : A6
7 2 BV (<RI>s T (RI)? +L9RP> (Ao
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while for mini-batch SGD, we have

1= Nt NF
T;EHW(X)H _0<W>. (A7)

When (RI )é < %, with non-convex objective functions, the convergence rate of local SGD is
better than that of mini-batch SGD. From above two Corollaries, it can be seen that when L, is
small enough and the stochatstic noise is small, local SGD can be better than mini-batch SGD.

B PROOFS

The description of FedAvg with two-sided learning rates can be found in Algorithm [T} For full
participation, we have S, = {1,2,...,N},Vr and M = N. For partial participation, we have
M < N.

Algorithm 1: FedAvg with two-sided learning rates

Input: v, n, X%, T
Output: Global averaged model x7*
forr=0t0 R—1do
Sample a subset of workers S,, |S,| = M;
Distribute the current global model X" to workers in S,.;
for Each worker i in S, in parallel do
/+ Local Update Phase «/
k=0;
while £ < I do
Sample the stochastic gradient g;(x,");
Update the local model
X;',k-‘rl — X;',k — g (X;',k);
k+k+1;

| Send AT « %" — x" to the server;
/% Global Update Phase =/
Update the global model

ortl o 1 )

Xr+ (—XT—'I']‘ MZiESTA;"

B.1 TECHNICAL NOVELTIES

Before proceeding to the proof of our theoretical results, we summarize the technical novelties as
follows, which provides a reference for our techniques.

(1) We need to develop new techniques to incorporate Assumptions [d.1] and f-2] 1In the proof
of Theorem [A.3] shown in the Appendix, we need to characterize the difference between local
gradients. In the literature, this is done by applying the local Lipschitz constant in shown in
Assumption [3.1] in the main paper. In our paper, since Assumption [3.1]is replaced by our newly
introduced Assumption .2} the proof techniques in the literature cannot be applied. It requires
developing new proof techniques to use Assumptiond.2] as shown in the proof of Lemma

For example, in Lemma due to the application of Assumptions [f.1] and .2} we have to deal
with a new term, the local gradient deviation ||, Zf\il VF;(x;) — VF;j(x;)||*, which is not shown
in other techniques. Another example is in the proof of Theorem 3] Due to that we only use the

global Lipschitz gradient assumption, we have to derive a new method to bound and incorporate the
sampling related term || 57 >, c5 Sr o & (x7F)||2, which can be seen from to (B.40)

(2) In addition to using Assumption £.2] to characterize the new convergence rate of FedAvg,
we also validate this assumption from the theoretical perspective. We develop the proof for

Proposition[5.1}5.3in Appendix.
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(3) In Theorem [5.3] since we use iteration-by-iteration analysis in the proof, the learning rate is not
a function of 7. It can be seen that in the literature, such as Theorem IV in Karimireddy et al.|(2020)),
for quadratic objective functions, the learning rate is upper bounded by /. The advantage of that ~y
is not a function of I can be explarned as follows. In Theorem@ to obtain the optimal dependence
on R and I, we can choose v = f This requires that ﬁ g L , which means that I can be as

large as possible. However, if v < T such that I < which means

IL ,wewﬂlhavemg ST Lz,
that to achieve the convergence rate of O( JF) I cannot be arbitrarily large. Therefore the range

of the learning rate in Theorem [5.3]significantly enhances the convergence analysis.

B.2 ADDITIONAL LEMMAS

In the proof, we use x; to denote the local model of worker 7 regardless of the number of iterations,
and use X := % sz\;r x; to denote the averaged model. Following lemmas are useful in the proof
for main theorems.

Lemma B.1 (Local Gradient Deviation). With Assumption[3.3| F-1|and[#.2] we have
2

N N
1
Z v > VFEi(x;) = VE; (x))|| <3(Lj +L2)- Z % —x;|” +3¢2.  (B.1)
Jj=1 =1
Lemma B.2 (Model Divergence). With v < m, we have
Z vakH < 3e(I —1)392L3C% + o(I — 1)%42L2 02, (B.2)

k= =1

where ¢ = 3 and "% = L SN Xk,
Lemma B.3 (The Change of Averaged Models). With v < 3 I I, rth round, we have

2
X7,k:H

+30I(1 — 1)Y2E || Vf(x")|?. (B.3)

2 2
x| <5 - 1) 430123

B.3 PROOF OF LEMMA (B

We start with the LHS of the inequality in Lemma [B1]

11 & ’
NZ NZVFi(Xi)_VFj (%)
j i=1

N
:NZ
j=1

N
Y VR(x) - VIR) + VIR) - Vi) + V)~ VE (x;)

1=1
1 & ’
<3|+ Y VE(x) - V(% ZHVf — V)P +3- ZIIVfXJ
=1
1 & ’ 1
szmm—Wﬁ>+u%NZw—mﬁm@
=1 j=1
®_ D

N
, 1
<35 Hx—xi||2+3L2-N§ 1% — x;[|* + 3¢

i=1
=3(D*+L?%) . an x|+ 3¢2, (B.4)

where (a) is due to Assumptlon 3.3|and [4.1]and (b) is due to Assumption
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B.4 PROOF OF LEMMA[B.2|

At rth round, we have

2
k S
XT’ — XT’]C H

2

’y?L}% N k—1 1 N
1525 (e - £ g
i=1 m=0 j=1

=1 m=0
1 N 1 N 1 N 2
— 5 2 VEGT + 5 Y VEET) - 5 D e
j=1 j=1 j=1
72L2 N k—1 1 N 2
<2 Nh ZE VFi(XZ’m) _ N ZVFJ( ;,m)
i=1 m=0 j=1
2
'72[/% N k—1 1 N 1 N
+2 > gi(x™) — VE;(x] )+NZVFJ(XJ ),Nzgj(xj )
i=1 [|m=0 j=1 j=1
2
(a) ,)/ZL}QL N k—1 . 1 N .
<2 Z]E VE,(x]™) — NZVFﬂ(Xj )
i=1 m=0 j=1
272 N k—1 2
+2 VN’LZE <gz(x:m)VFi(x:m)>
i=1 |lm=0
272 N k—1 | 2
<2 TGRS B | VR - 5 VAT ||+ 2Lk
=1 m=0 j=1
A2L2 N k-1 1 N 2
<o PSS B R - LY R 42
i=1 m=0 =1

(b) k—1
< 2ky2L3 < Ly +L2)— Z]EH”’” xZ’m2+3C2)+272Lik02

k-1
1
= 6ky2L} (L} + L2) Z Z]En“mf XM 4 6k292 L3 C% + 292 L3 ko, (B.5)
where (a) is due to E3N lyi—y7 < L3N lyil? and we let y; =
an;lo [gi(x;"™) — VE;(x;"™)], and (b) is due to Lernma

Note that when k = I, we have x;’ k xr+1 O — %7+ and when k = 0, we have X;’k =Xx". So we

1
have ||x[" — x™!

’ =0, for £ = 0, I. Then sum over k for one round on both sides, we have

> E|

i=1

k—1 N
1
(GWL? (Lr+L2)> N Y Bz - XM 4 6k2y2 L3 C2 + 272L%k02)
m=0 =1

M- -
M~ 215

2
k or
X;’ — X ’kH

=

el
I

1
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I—-1
1
<3YLG(Ly + LY)I( Z ZEIIX“"— "2
+6(I —1)342L? <2+2(1 )272Lh0. (B.6)

Move the first term on RHS of (B.6) to LHS, we have

<L,% =3 Li Ly, + L) I(I — )

<6(1 —1)>42L3¢% +2(1 — )272Lia2. (B.7)
. 1
With v < o1 Ve have
Ly —3y*Ly(Ly + L2)I(I —1) > 0. (B.8)
Since 17372(L2iL2)I(171) < 3, we can choose ¢ = 3 such that
I—1 L2 2
>k —xrk ‘ < 3e(I = 1)342L2C2 + o(I — 1)292 202, (B.9)
k=0
B.5 PROOF OF LEMMA B3]
At rth round, for £ = 0, we have
E|[[x* — =] = 0. (B.10)
Atrthround, for1 < k <1 — 1, we have
E sk )—(TH2
2
- ork—1 l ’ rk—1 —r
N ;g (x;" )
1N 1N N
_ srk—1 _ gr S A e S ] rk 1 ] rk 1
o R EO WL RS N R N

2

— VIEP) 4 VR - VD) + W(f))

(2) 1
< |1+ 71

+6Iy°E|| V(&) = V|| + 617 E| V£ (x|

(b) 1
— 6I2L2
< (1 gy o) 2l

2 2
S5 |F 4+ -+ 6Iy%E

N

1 e .

& 2 VRO = Vi
i=1

(B.11)

2 2 2r2 N
rk—1  or|2, VO 61v=L3, rk—1  srk—1 2
B H +T+ N Zi_lE‘Xi B H

+6IVE||V (")
(B.12)

(e)

A202 I-1 2 5
< 5(1-1)- - +301 “I 3011 - 1) ?E 9517,

(B.13)

where (a) is due to that [x +y[* < (1 +p)[x|* + (1 + 2)[ly|*,¥p > 0, (b) is due to
Assumptionandﬂand (¢)isdueto (1 + é)q < e,Vq > 0, where e is the natural exponent.
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B.6 PROOF OF THEOREM [4.3]
With Assumption[4.1] we have

I—-1
.7k
gi(X; )
0
I—1

M=

i=1k

gi(x)™")

0
(B.14)

WE

i=1

ol
Il

O

I-1

+2I Y ||V - Vi

k=0

~PE|Vi()|* - E

(@ gy [2r02 A i ka2
SI{ hzz Lk g X’k—XH

~IPE||Vf(x" ; (B.15)

where (a) is due to Assumption[#.1]and Assumption
The third term in the RHS of (B.T4) can be computed as follows.

2

(B.16)
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Substitute (B.13) and (B.16)) to (B.14), we have

E[f(XTJrl)]
I-1 N 2 I—1 5
<E[f(x")]+ S N 7D |
k=0 =1 k=0
I—-1
vnI 2 m (1 1 rk *ILy0?
—E - — | = L, | E||— F;
1vseI = (5= ) N D VEG| L
(a) 12 I-1 N I -
< E[f ’777 X 7kH +’777L£2]ZE )A(r,k )—(7H2
k=0 1:=1 =
’yn[ ’yZnQILgUQ
—E||V
V5N + oy
(b) . ynL? =t ekl I 7T vin2IL,o?
SE[E)+ Y Y E | -zt - R v +
k=0 i=1

2 2 I=lya N 2
L3I (5(1 _ 1)% +30177 ) LD R \ xph — %k \ +30I(1 — 1)7°E IIVf(xT)HQ)
k=0 ]

< 2 ol n2IL,0?
N
© _r 32722 2,272 2 777] o | Vn*IL40?
< E[f(&)]+ 2 [3c<1—1> PIEC +ell - 127 E0%] - TR V) + e
(B.17)
where (a) is due to vy < 177, (b) is due to Lemmaand (c) is due to Lemma
Rearrange the above inequality and average over r, we obtain
R—1
1 2 o ASE) = £ ymLgo?
E|VFE® <+ Y EVAE)|? < g
min E |V < R;o IVFEI" < ===+ =
+24ey? L3 (1 — 1)%¢* + 8ey? L3 (1 — 1)o?. (B.18)

Then we have

min E ||V £&)|? :o(f(xo)f*+””Lg" VL2 (I —1)2¢C% + 2/:%;(1_1)02‘).

r€[R] ynRI N
(B.19)
B.7 PROOF OF COROLLARY [£.4] AND COROLLARY [4.6]
When I > L%,’ we let v = Li[ \/RlliN’ then we can verify that
1 1 1 1
(B.20)

= < < :
LwI VRIN = VRIN ~ 30(Lg + L)1
which satisfy the condition in Theorem 4.3 and implies I < ﬁ. Hence the range of
g h
when [ > LlT is given by
1 RN
eEl—y0F - B.21
(Lh 900(Ly + Lh>2) (52D

In this case, by plugging in v = Li, 7 \/leiN, the last two terms of (12) in Theorem 4.3 can be upper
bounded as

e R S i
27207 1V202 1 A272( — )02 < ¢ / .
VI DAY L= Dot S pre t BiN T T RIN ®22)
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1

TRIN then we have

1 1
When I < ﬂ,letm .

1 1
e < ,
VT JRIN = 30(L, + L)l

which satisfy the condition in Theorem 4.3 and implies I < ﬁ. In this case, by plugging
iny = L%I \/RIIiN’ the last two terms of (12) in Theorem 4.3 can be upper bounded as

o (40?1
VLRI -1+ 2L~ 1) <2+ 42 T =20

7 RIN (B.23)

Hence, the condition of I to make the upper bound of the last two terms of (12) in Theorem 4.3 is

RN
I'< 900(Lg+Ln)2"

Next, we compute the the first two terms of (12) in Theorem 4.3. When I <
./ % Then the first two terms of (12) in Theorem 4.3 can be computed as

_fk 2 2
f(a:()) f + 'WILQU _ ‘FLQU . (B24)
~nRI N V RIN

Hence, we finish the proof of Corollary #.4] Corollary [4.6]can be proved using similar approach.

Ro? —
T6FNL,> et =

B.8 PROOF OF THEOREM [4.3]

Consider the partial participation shown in Algorithm[I] In each round, M workers are uniformly
sampled with replacement. Then Vr, k, we have

N

1 . 1 .

Es, ME VE;(x}F) :NE VE(x"). (B.25)
JES, i=1

With Assumption[4.1] after one round of FedAvg, we have

I-1 I-1
_ _ ey L . VnPLy | 1 r
E[f(x)] <E[f(X)] - ynE <Vf<x’“)7M 22g¢<xl-”“>>+ 5 E 47 gi(x;")
i€S, k=0 i€S, k=0
N I-1 I-1
o oy 1 r V'L || 1 ,
=E[f(%")] = ynE <Vf(x DY VFi(x;’“>>+ 5Bl > D i)
i=1 k=0 i€S, k=0
(B.26)
It can be seen that the inner-product term is the same as that in (B:I3). So we have
| Nt
ST rk
_WE<W(X WZ V(%] )>
=1 k=0
I-1 N I-1
N 2IL%L rk sk 2 2 ork —r||?
<21{NZZE‘Xi =5 2nn2 S EfrE - x|
k=0 i=1 k=0
| NIt 2
2 =\ (12 r,k
~PPE|Vf&E")|*-E Nzlk_owz(xl ) (B.27)

In this case, xf’k, i ¢ S, is the virtual local model on worker ¢, which cannot be seen in the system.
The virtual local model in mainly used for theoretical analysis. For the third term in the RHS of
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1 -1
E i gi(xf’k)
€S, k=0
-1 2
MZZ[ — VEH) + VEH)]
€S, k=0
-1 2 1 I-1 2
€5, k=0 €8, k=0
<E4E Zzwrk (B.28)
M ZES k=0

For simplicity, we use @; to denote the sum of expected gradients of worker 7 during rth round in
the following. Then for the second term in the RHS of (B.28), we have

1 -1 i 2 1 2
MZZVE(XZ- ) MZQi

€S, k=0 €S,
1 1 1< i
=E|l 72 Q- Gty 2@
i€S, Jj=1 =1
1 v 1 :
ORI b 2 ,
) Miez&g, Ng N;Q] , (B.29)

where (a) is due to Es, [77 Yics. Qi] = % Z _, Qj by 1| Further we have

1 A
Bl L Q- v 2
€S, j=1
r 2
1 1 & 1 1 & 1 &
=K WZ Qi—NZQg‘ +WZ Qi_NZQman_NZQm
1€ES, Jj=1 ,JES, IF£] m=1 m=1
L X X
@ 1 1
2 2 B|Qi -y ZQ;‘
1€S, j=1
.
1 ) 1
:WZ ElQi" —E NZQ]
i€S, =1
2
| & , | X
= SNSE|Q)? - —E|~ : B.
Am;HM| N; (B.30)

where (a) is due to that the sampling is with replacement so ith sampling and jth sampling are
independent. Then we have

2 N N 2

1 1 M-1_|1

i > Qi :—MN§ E||Q:|” + E NE Q;l - (B.31)
€S, i=1 j=1

21



Under review as a conference paper at ICLR 2023

Substituting above results back to (B-28)), we obtain

1 ’ _ Io? v | e
rk ) - rk
TPIPIL I ve MNZE Z |+ =3B 2 2 VA
i€S, k=0 j=1k=0
(B.32)

For the second term of (B232)), we have

-1 2
E (Y VE (™)
k=0

-1
=E||Y VEE") = VA + V) = VAEF) + VEEF) = VR + VR

(a)
< 4P¢ 4 al? st K x| APE VS,

2 I-1
| +ar?

k=0

(B33)

where (a) is due to Assumption [3.3|and Assumption Substituting back and rearranging, we
have

N I-1
7 77 L, 2772Lg102 VP Ly(M —1) | 1 rk
—E E:E: r —t— i F NEZ VE (")
163 k=0 i=1 k=0
2P L, 12 2P N e P
e ZZE’X % )
1=1 k=0
272n2L3I N ot 2 292n%L,I?
E sk ST g EIVf(x" 2.
L [*+ 27 el g o |
(B.34)
Substituting all terms back to (B:26), we have
. o ynl  29%PLyI? o
B[] < Bl - (200 - 2l ) B v
VNP Ly(M — 1) 1 n i
S A S B ANVAR b ) | VE (x"*
(21 oM > N2 ™)
1=1 k=0
2,2 2 2,27 722 2,273 I-1 N
VP Lglo®  2v°n*LgI°¢ o 2y Lgl 1 ‘ vk Arkr
2 20T e ) E ||lx™* — %m
+ oM + Vi + | ynl;, + i N,C:(); X; X
2L3]
T <m7L2 )ZE &k — x| (B.35)
With yn < ﬁ and Lemma we have
_ _ I ZVQUQL I? o2 yznzL 1o 272n2L 12C2
E r+1 <E ™ _ ﬂ_ g E T g )
7+ < B - (15 - 2 ) RIS + e T
272772113] 1 I-1 N 2
L g R E‘ T',k sr.k ‘
(e ) ST 3 el

272,'72[/3[2
+ (’YUILE + Tg

20_2 I—-1
~<5(11)-7N+30M ~h

gP ‘2 +30I(I — 1)72E||Vf(xr)||2>

(B.36)
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With v < ﬁ and v < g5 we have

1
30(Ly+Ln)l’

B B T ,YZUQL IO’2 2’}/21’}2L IZCQ ,Y,,YO.Q
E r+1 < E r ’Y’r] IE g g
[f&)] SE[fE)] - 2R V)7 + Tt 4 et s T

27 772L3] 1I—lN
9ynL2 4 LT e )2 ]E‘
+(Wl ht i N Z

With Lemma|[B.2} we have

(B.37)

T 22LIO.2 222L122 0.2
B[/ JM()]””MWf P+ T e 1

2M M N
2 2LSI
2ynL3 (Bl = 1)°4°C* + (I — 1)*4%0%). (B.38)
Then we obtain
R—
8(f° =) | 4ymLgo®  16ynLgIC?
— 2 <
g[mEnw R;E\\Vf SR T w T m
16ynL31
(16L2 %)-(3411)272<2+c(11)fy2a2). (B.39)
Rearrange,
(fo—f*) 777Lg‘72 VULgICQ 272 2 272 22
E =0 L3(I—1 L3(I—1
min IV £(x)|? (WR t et L = Do+ Ly (I - 1%
(B.40)

B.9 PROOF OF PROPOSITION [5.1]

First, using Vf(x) = « va 1 VF;(x), it is straightforward to show that Assumption [3.1|implies
Assumptlonholds by choosing L, = =L

Second, we can see that

N 2
NZ IVFE,(x;) = VF; (%)]

=1

N
1 _
<N Y IVE(xi) = VF; (%)
i=1

1 N
~ Z VF(x;) = Vf (%)

=9 N

(@ L 92
sﬁgllxi - %%, (B.41)
where (a) is due to Assumption By choosing L, = L, Assumptionholds. O
B.10 PROOF OF PROPOSITION
For quadratic functions, we have
VFi(x) = Ajx +b;,x € RY, (B.42)
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LetA:= LSV Ajandb:= L SN b, We have

2

NZVF (x;) — V[ (%)

=1

= | =3 (Asx; + b)) — (Ax+b)

=1
2
1 N N
= —QZZ(Ain A;x;)
i=1 j=1
2
1 L& _ _
= |7z 2o D [(Ai = A) (xi — %) — (Ai — A) (x; —%)]
i=1j=1
2 2
1 N N B 1 N N ~
<2055 ) D (Ai—A) (ki —x)|| 42|55 D> (Ai—A) (x;-%)
i=1 j=1 =1 j=1
9 NN ) i o NN )
< DS A= &) G-+ DD (A - A) -0
i=1 j=1 i=1 ]:1
(%) 2|)‘dlﬁlmax ZZ ||X _ XH 2|/\dlﬂg|max ZZ HX] _ X”
i=1 j=1 i=1j5=1
A Ngiff 2 o
< %Z % — ||, (B.43)
=1

where () is due to Cauchy’s inequality and |Agifr| := max;c|n) [AN(A; — A)].
B.11 PROOF OF PROPOSITION[3.3]
Recall that X™¥ is the virtual averaged model defined in . During one local iteration, we have

E[Ark+1|Ark] % 7,}/ 7ZVF rk (B.44)

Using (6), if we use centralized update at this iteration, we have
E[ rk+1|Ar k;] Ar,k *’)/Vf(f(r’k). (B45)
Using Assumption 4.2} we obtain

N
|‘E[&r,k+l|§(r,k] o E[X?k+1|§(r,k]H2 _ 72 % Z VFi( ) Vf (Ar k)
=1
2 N
<47 %Z‘xj”“fﬂkHQ. (B.46)

B.12 PROOF OF THEOREM[3.3]

It can be observed that for quadratic objective functions when A; = A, Vi, we have L;, = 0 and
Ly = |A(A)]. In this section, we use ¢ to denote the index of the total number of iterations and X" is
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defined as
o {fc’“’k,t:rl—i—k,k;«éo,

X" t=rl.

With Assumption[4.1] after one local iteration, we have
2

Zgz

2

E[f&*] <E[f(x")] - vE<Vf ﬁ_vj >
SONE

~*L 1
_ ot Ly (ot
—E[f(x)]— < > E N;gz(x
B.47)
For the second term in the RHS of (B-47), we have
N > t
—1E( V&), 5 D VE(x)
i=1
L 2 L 2
i . NP
=5 | Bl 2 VEE) - VAE)|| —E[VIE)| -E| 5 > VEAE)
i=1 i=1
v (2 & , , L 2
h t_ ot ot t
<5 F;EH T -E |V -E N;va(xz) (B.48)
For the third term of (B.47)), we have
2 N N 2 2 2
YLyl 1 t 1 t 7 Lyo
S E N;gl(xz) ﬁ;VFi(Xz) TN (B.49)
Substitute (B-48) and (B-49) back to (B.47), we obtain
E[f&x"*1)]
’YL A2 Y NI
<E[f(x hZEH =X = SRV
i=1
(7 ii Ly
2 2 N p 2N
(a) 'yL N 2 7 v2L 02
<E[f T %t IE \V/ g B.50
<E[f(x Z; IV + 53 (B.50)
where (a) is due to y < L% Rearrange the above inequality with L;, = 0, we have
2 2E[f(ERY] - 2Ef(x L 'yLa
E[[ViED[" < hZEHX — X+ =
Y
2K —2Ef(x'*! L
0% N
Take the average over ¢ on both sides, we obtain
min B ||V (x| < lTilE (V|2 < LB =217 | aLe” (B.52)
te[T] T T £~ - ~T N '
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B.13 PROOF OF THEOREM [A 1]

For quadratic objective functions, the global objective functions is

1
f(x) = §xTAx +bTx+c. (B.53)
The local objective function of worker i is
L r T
Fi(x) = 7% A;x+b; x+ ¢, (B.54)
where A = & Zfil A,b=4 Zf\;l b; and ¢ = % Zivzl ¢;. The local stochastic gradient is
gi(x) = Ax+b; +§, (B.55)
where E[¢] = 0 and E[¢?] = 2. By Assumption we have
IVF(x) — Vi(x)|? = [|(A; — A)x + (b; — b)||* < ¢%,Vi,x. (B.56)

By Proposition we have L = max; |\(A;)|, L, = |\(A)| and L;, = 2max; |A\(A — A;)|.

Now we start the proof. During local updates, we have

=t — (A‘XT’k +bi+ &ik) = (I = YA)X]" = Ab; — ik
= (I —7A)*x" —y Z (I — YAy (b + &)
k—1
= (I —7A)Fx" - wZ T—yA)'D; — 7Y (I —7A:)'G,
1=0
@ k—1 k—1
I- vZ I—yA)FA; | X" =7 (I —vA)'b — 3> (I —7A)'&,
k—1 k—1
=%~ 7Y (I —7A) [AK +bi] 7> (I —~A) '€,
1=0 1=0
k—1 k—1
=x" =7 (I —A)'VE(E") =7 (I —vA)'&,, (B.57)
1=0 =0
where (a) is due to 31— (I — vA,)! = % [T — (I —~A)F] A7
Then for the model divergence, we have
2
E ’ x;"k %7k ’
2
©g k— | Nkl
T
ZI A, NZ (I —~vA;)'VE;(x")
=0 j=11=0
2
k—1 mas
+E |7 Y (=AY G =75 DD (= vA) Gl (B.58)
1=0 j=11=0

where () is due to E[§; ;] =0
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For the first term in the RHS of 1| with v < m, we have

k—1

k—1 N
E|vY (I -~vA)'VF(x 1221 YAV E;(X")

=0 j=11=0

k—1 k—1 —
=0 l:0

2

=E

k— k—1 N
Y (T =AY VIR 1 Y (T = AV =7 1 3 S = A, V()
=0 =0
2

+1k_
TN

\g

Z\H

N
s.
~2
D>
)
2
£

(I —yA)'Vf(E"
0

1=

11>

1
VY I = yA)'VEE) =9 > (I —7A)'Vf(X")

el
|

<4E

(I —vA)'VFE) =7 ) (I—7A)'Vf()

=0
2

+4E ||y
+AE > (I = 7A) V(&) =7

k—1 N
o7 1 o7
> (T —vA)'VFE) =7 v SN (I —yA)'VE(RN| . (BS5Y)
j=11=0 j
For the first term in RHS of (B:39), we have
2

k—1

E|y) (I —7A)'VE(X") =7 > (I -7A)'Vf(X)
=0

M:

4, .
+ y N

k—1
<42k || - 1A EIVE(E") - V)|
=0

(a)
< 4K, (B.60)

where (a) is due to ||I —vA||* < 1 since we have v <

For the second term in RHS of (B:39), we have
2

k—1 k—1
E|vY (I —7A)'VFE) =7 > (I -7A)VF(E)
=0 =0
k—1
2 I 2 —ry ()2
<49%6 (I = 7A) — (I —1A) | E |V ()]
=0
@ -— 279,92 12
< 4’k Y LIPE V(R
=0
= ' LRIV, (B.61)

=

where (a) is due to
2 (0)
(I —vA) = (I = 7A)||" < 2T —vA; — T +7A|* = %2 |A; — Al]* <A*L3%
(B.62)
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Now we prove (b). Let B; = I — A, we have | Bl|| < 1 since

When [ is an even, we have

f
i L\ ok L 5 _pgh
IB! - B'| = (B - Bf)(B; +B)|| < [B; - B#||B} +B|
L I3 L I3 L I3
<[Bf —=B2[[([BZ[| +[B=[)) <2[B? - B2||. (B.63)
When [ is odd, we have
IB; = B'| = ||(B: - B)(B;™' + B;*B+B; °B”+...+ B )|
<|B; - B||B"' + BI 2B+ B/ ?B2 + ... + B}
< [1B; = BI(IB; [ + 1B 2B + 1B [B2] + ... + 1B "]])
<l|B; — B|. (B.64)
By recursion, when [ is even, we always have | B! — B!|| < | B; — BJ|.
Taking all terms back to (B.39), we can obtain
k—1 s ?
E|v) (I -~vA)'VF(x Z (I —~vA;)'VE;(x")
=0 ]:1 =0
< 892 (k — 1)2C2 + 8y K LIE |V F(x7)])* . (B.65)
For the second term in RHS of (B:38), we have
k—1 | Nkt g
E|ly Y (= vA) € =75 D Y (I 7A€
=0 j:l =0
k-1 2 RS 2
=E WZ(I*VAJZ&J +E|v- NZZ (I —vA;)'¢
1=0 j=11=0
2
k—1 k— 1 N k-1
B[ ERTTRERSE) o) E5 3 prmvwl s
1=0 1=0 j=11=0
@
< 29%ko?, (B.66)
where (a) is due to || I — fyA,;Hz < 1 since we have v < %
With (B.50), we have
E [f(f(t+1)]
N 2 2
th P o2 (2 7L 1 ‘ V' Lyo
<E[f(x ZEH P - JE[vre) —<2—2 E N;VF( N

ot ﬂ 2,71 1\2,2 47472 ory |2 27 2
<E[fE)] + B0 (89201 - 12 + 89" T LE |V £(x7)| + 29%10?)

2
’)’2L90'2
2N

~ g ||vrh)|? +

=E[f(&)] +7 (9 Li(T - )<2+v2L210)71h—4v5L%14

B[] +y (19731 - 1°C +92L00?) - BV

)+

E||v

v

where (a) is due to v < 5 I i . Rearranging the above inequality, we obtain

FEO|*+
Lga

2N

1 2 AF  2yL,o?
TZE|‘Vf(Xt)H <7 S 4 169°LA (1 - 1)°C + 492 L Io?,

2N

t=0

where the learning rate satisfies v < min{-- T T +land T = RI.
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(a) Training Loss. (b) Test Accuracy.

Figure C.1: Results with MNIST dataset. The model is a two-layer neural network with the
cross-entropy loss. The percentage of heterogeneous data is 50%. The learning rates are chosen
asm =2and vy =0.1.
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Figure C.2: Results with MNIST dataset. The model is a two-layer neural network with the
cross-entropy loss. The percentage of heterogeneous data is 75%. The learning rates are chosen
asn =2and vy =0.1.

C ADDITIONAL DETAILS AND RESULTS OF EXPERIMENTS

In this section, we provide additional details of our experiments. More experimental results are
provided for full participation with the MNIST dataset and the CINIC-10 dataset (Darlow et al.,

2018).
Environment. All our experiments are implemented in PyTorch and run on a server with four

NVIDIA 2080Ti GPUs. The mini-batch size of SGD is 20. We run each experiment 5 times then
plot their average and the stadard deviation.
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Rounds Rounds
(a) Training Loss. (b) Test Accuracy.

Figure C.3: Results with MNIST dataset. The model is linear regression with the MSE loss. The
percentage of heterogeneous data is 50%. The learning rates are chosen as 7 = 2 and v = 0.01.
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Figure C.4: Results with MNIST dataset. The model is linear regression with the MSE loss. The
percentage of heterogeneous data is 75%. The learning rates are chosen as 7 = 2 and v = 0.01.

Model. For experimental results with CIFAR-10 dataset in the main paper, we use a CNN model.
The structure of the CNN is 5 x 5 x 32 Convolutional — 2 x 2 MaxPool — 5 x 5 x 32 Convolutional
— 2 x 2 MaxPool — 4096 x 512 Dense — 512 x 128 Dense — 128 x 10 Dense — Softmax. For
experimental results with MNIST dataset, we use a two-layer neural network with cross-entropy
loss and a linear regression model with MSE loss. For experimental results with CINIC-10
dataset (Darlow et al.;|2018)), we use VGG-16 with the cross-entropy loss.

Further explanation of the percentage of heterogeneous data. For example, the percentage of
heterogeneous data is 50% means that 50% of the data on each worker are with the same label, e.g.,
50% of the data on worker 1 are with label 1. Another 50% of the data are sampled uniformly from
the remaining dataset.

The estimate of L;. Let the global model be x and the local models be x;,7 = 1,2,..., N in the
beginning of a round, then we estimate L;, using the following equations.

2
R \AZES D DA JHC)
Li ~ - ~ —
N Z¢:1 ||X1 - XH

Starting from a global model that is close to convergence, we perform FedAvg for 10 rounds and
estimate L? in each round. Then we use the averaged L7 over 10 rounds as the estimate for L.
The reason for starting from a global model that is close to convergence is that this can make the
variance of the estimate smaller. Similarly, the methods of estimating L, and L are given by

L VI = VI

Ly~ = — )
! 1% =¥l
s [V B0~ VEG0)|
i % =i

The results of estimating Ly, Ly, and L with linear regression and MSE loss can be found in
Table[C 1]

Table C.1: Estimated L, f/, L, with the MNIST dataset.

Obj. Function Linear Regression

Heterogeneity 25% 50% 75% 100%
L 2010.51 +34.68 | 3577.35 +£47.32 | 20563.42 4+ 112.87 | 25402.19 & 143.94
Ly, 226.15£10.13 | 916.20 £ 23.45 3172.41 £57.79 4610.54 £ 66.13
L, 869.07 £18.46 | 869.07 £ 18.46 869.07 £+ 18.46 869.07 £ 18.46

Additional Experimental Results. We partition the MNIST dataset into 10 workers. During each
round, all workers will perform the local updates. Results with a two-layer neural network and the
cross-entropy loss are shown in Figure[C.I]and [C.2] As shown in Table [T] of the main paper, Ly, is
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Table C.2: Training loss/test accuracy of FedAvg with MNIST dataset and MLP model when fixing
the product of R and /. The percentage of the heterogeneous data is 50%.

Training Loss/Test Accuracy I =10 1=20 I =30 1 =40
RI =120 0.34/88.84% | 0.34/89.38% | 0.35/89.70% | 0.35/89.45%
RI = 240 0.21/93.76% | 0.27/91.61% | 0.29/90.96% | 0.25/90.91%
RI = 360 0.19/94.01% | 0.20/93.72% | 0.23/92.57% | 0.23/92.80%
RI =480 0.17/94.46% | 0.18/94.27% | 0.21/93.4% | 0.23/92.84%
RI =600 0.15/95.05% | 0.15/95.47% | 0.16/94.63% | 0.18/94.22%
RI =720 0.12/96.04% | 0.14/95.14% | 0.15/94.68% | 0.17/94.13%
RI =840 0.12/95.90% | 0.12/95.71% | 0.14/95.06% | 0.14/95.17%
RI =960 0.10/96.49% | 0.11/95.95% | 0.13/95.50% | 0.12/96.06%
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(a) Training Loss. (b) Test Accuracy.

Figure C.5: Results with CINIC-10 dataset. The model is VGG-16. The percentage of
heterogeneous data is 50%. The learning rates are chosen as = 2 and v = 0.01.

very small in this case. In Corollary f.4] with full participation, it is shown that when Ly, is small,
increasing I can improve the convergence even when data are highly heterogeneous. As shown in
both Figure [C.T] and [C.2] the curve with the largest number of local iterations, I = 40, converges
the fastest and achieves best accuracy, which validates Corollary .4] Results with linear regression
and the MSE loss are shown in Figure @ and Since Lj, and L are larger compared to that of
the two-layer neural network, a smaller -y and smaller I’s are chosen according to Corollary {.4] It
can be seen in both Figure[C.3]and[C:4] the curve with the largest number of local iterations, I = 20
converges the fastest and achieves the best accuracy.

In order to verify the insight of fixing RI, we ran more experiment as shown in Table [C.2] In
Table[C.2] we provide the training loss and the test accuracy for the different choices of I by fixing
RI. Tt can be seen that by varying I, the training loss and testing accuracy do stay almost the
same if R is given. This verifies our finding and cannot be explained by the existing theory in the
literature. In addition, if we take a closer look, it can be seen that the difference between I = 10 and
I = 20 is negligible. That is, the difference on the training loss is at most 0.06 and the difference on
the test accuracy is at most 1.16%. However, another implication of our results is that the number
of communication rounds are doubled for I = 10 to achieve the almost same testing accuracy.
Especially for RI = 960, the number of communication rounds is R = 96 for / = 10 while the
number of communication rounds is R = 48 for I = 10. Moreover, the difference on the training
loss between I = 10 and I = 40 is at most 0.06 and the difference on the test accuracy is at most
2.85%. However, the number of communication rounds of I = 10 is four times of that for I = 40.
We believe that the experimental results can support our theoretical results very well that we can
keep the product of R and I while increasing I and decreasing R simultaneously to achieve almost
the same convergence rate.
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Figure C.6: Results with CINIC-10 dataset. The model is VGG-16. The percentage of
heterogeneous data is 75%. The learning rates are chosen as n = 2 and v = 0.01.
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