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Abstract

Federated Learning (FL) enables collaborative training on decentralized data. Differential Privacy
(DP) is crucial for FL, but current private methods often rely on unrealistic assumptions (e.g.,
bounded gradients or heterogeneity), hindering practical application. Existing works that relax
these assumptions typically neglect practical FL. mainstays like partial client participation or multi-
ple local updates. We introduce Fed-a-NormEC, the first differentially private FL framework pro-
viding provable convergence and DP guarantees under standard assumptions while fully supporting
these practical elements. Fed-a-NormEC integrates local updates (full and incremental gradient
steps), separate server and client stepsizes, and, crucially, partial client participation—essential for
real-world deployment and vital for privacy amplification. Our theoretical guarantees are corrobo-
rated by experiments on private deep learning tasks.

1. Introduction

Federated Learning (FL) [33, 44] enables collaborative training across multiple devices or organi-
zations without centralized data collection. Despite its advantages, FL faces key challenges: com-
munication bottlenecks due to slow or unreliable networks [6], partial client participation caused
by scale and intermittent availability [8], and heterogeneous local datasets [26, 50]. These issues
have motivated specialized distributed optimization algorithms to improve communication, handle
partial participation, and mitigate heterogeneity [25, 63].

Although FL avoids raw data exchange, it does not ensure full privacy. Model updates may
still leak sensitive information to servers or adversaries [4, 47]. To address this, Differential Pri-
vacy (DP) [13] has become the standard framework, typically enforced via gradient clipping with
added noise, as in DP-SGD (Abadi et al., 2016). However, clipping introduces bias that can hinder
convergence [9, 32], e.g., FedAvg with clipping fails on convex quadratics [67]. Existing conver-
gence guarantees rely on restrictive assumptions such as bounded gradients [37, 39, 66] or bounded
heterogeneity [35, 51], leaving the general case unresolved.

Error Compensation (EC) [17], also known as Error Feedback (EF) [54, 61], mitigates clipping
bias by tracking and reusing errors, ensuring convergence without privacy noise [29]. Recent works
combine EF with DP: Shulgin et al. [60] use EF with local momentum, while Islamov et al. [24]
replace clipping with smoothed normalization [5, 65], which is more robust to parameter choices.
These approaches achieve strong convergence and privacy guarantees under standard assumptions,
without bounded gradients or limited heterogeneity. Yet, they remain restricted to distributed opti-
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mization, lacking core FL features such as partial client participation and local training steps. Thus,
rigorous analysis of private FL methods under realistic settings is still largely open.

2. Preliminaries

Federated optimization problem. Consider an FL setting with the server being connected with M
clients over the network. Each client ¢ € [1, M] has a private dataset. The objective is to determine
the model parameters = € R? that solves the following optimization problem:

min, f(z) Zfz ), fi(z): me 1)

Here, f; j(x) is the loss of the model « on training data j € [1, N] of client i € [1, M]. Also, we
assume that the objective functions f, f;, and f; ; satisfy the following conditions.

Assumption 1 Consider Problem (1). Assume that each individual function f; j(x) is L-smooth
and bounded below by fmf > —o0, that each local function f;(x) is bounded below by fiinf > —00;

and that the global objective f(x) is bounded below by f™f > —oco.

DP-FedAvg. A basic FLL method for Problem (1) is DP-FedAvg [46], which alternates local
client updates with server aggregation:

$k+1 _ $k o % Zs:k \I’(xk _ ﬁ(xk)) + sz ’
1€

where S* is a client subset of size B, ¥(-) is a bounding operator (e.g., clipping or normalization),
7:(2*) is the local update of client i, and z¥ € R? is DP noise. Since ¥(-) limits update magnitude,
the variance of zf can be calibrated to guarantee privacy. Subsampling further reduces required
noise variance via privacy amplification.

Bias from Clipping or Normalization. Clipping/normalization introduce bias, so DP-FedAvg
may not converge even without noise; e.g., Zhang et al. [67] show FedAvg with clipping fails on
convex quadratics. Most analyses avoid this issue by assuming bounded gradients [37, 39, 66, 67].
Das et al. [12] study convergence without this assumption, but only for convex smooth problems
with step sizes depending on inaccessible constants.

3. Fed-a-NormEC

Now, we describe Fed-a-NormEC for solving federated optimization under privacy and communi-
cation constraints. The method proceeds in communication rounds k£ = 0,1, ..., K. Ateach round,
the server broadcasts the global model z* to a subset of clients. Each client computes a local update
T:(z*) (e.g., via gradient descent) and maintains a memory vector vf for error feedback. This vector
is updated as

k1 k ot =Ti(a* k
v, = v + fNorm, (% - Ui) ,
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where 5 > 0 controls error compensation and v > 0 is a local stepsize. The smoothed normalization
operator is defined as Norm, (g) := ensuring bounded sensitivity since || Norm, (g)|| < 1
for all g € R.

_ 1
a+gN9>

Algorithm 1 (DP-)Fed-a-NormEC

1: Input: Tuning parameters v>0,8>0,and n E (0 1); normalization parameter o > 0;
initialized vectors 2°, v € R for i € [1, M] and ©° = §; ZZ L vY; local fixed-point operators
7:(+); probability of transmitting the client’s local vector to the server p € [0, 1]; Gaussian noise
with zero mean and O']%P -variance zf” € R

2: for each iteration £k = 0,1,..., K do

3:  foreachclienti = 1,2,..., M in parallel do

4: Compute local updating 7; ()
5: Compute A¥ = Norm,, (% - vf)
6: Update vf“ = vF + BAF
7: Choose qf = 1/p with prob. p and 0 otherwise
8: Non-private setting: Transmit Ak =gq; Af
9: Private setting: Transmit A¥ = ¢F(AF 4 2F)
10:  end for
11:  Server computes 91 = % + 7 B M Ak
_ k+1 _ ok _ kot 1
12:  Server updates z =z vk+1 I ( )

13: end for
14: Output: z%+1

Each client sends an update Af with probability p, modeling partial participation. In the
2 Ti@h) v’?), while in the private setting it is AF =

non-private case, A¥ = quorma( - !

(K
gF (Norm, (% - vf) + 2F), with ¢¥ = 1/p w.p. p and O otherwise. The noise 2F is

Gaussian with mean 0 and variance U%P.
The server aggregates client updates, forming the global memory vector ¥, and updates the
model:

~k+1 _ ~k M Ak k+1 _ .k ~k+1
PH =k BT AR g o gk g

with server stepsize 7 > 0. The complete procedure is summarized in Algorithm 1.
Now, we provide the convergence result for Fed-a-NormEC that incorporates multiple local
gradient descent (GD) steps and partial participation in a differentially private setting.

Theorem 2 Consider Fed-a-NormEC for solving Problem (1) where Theorem 1 holds. Let T( k) =
-7 sz( 9, where the sequence {x I is generated by z; il = ’J =z sz( TN, for j =
0,1,... ,T 1, given that :ci = ¥, Furthermore, let B, > 0 be chosen such that i < 1 with
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0 _ «°=Ti(z°)

3 0 Ainf
R:maXZ‘G[LM] ’U,L — f” If‘n’y S ﬁm, 0< n S %L and 0 < AR < 2L,th€n

xO __ finf
i B[[V7ah]]] < g HE 2R

+ 20/ B2 (K +1) + 7 Irp [SLVILVAH | 41

for B = 2( ) + 2UDP Alnf — fmf + sz\il fiinf > 0.

Nl

From Theorem 2, Fed-a-NormEC with multiple local GD steps achieves sub-linear convergence,
with additive constants due to smoothed normalization R, partial participation and DP noise B =

2@—1— %, and data heterogeneity A™. Unlike Shulgin et al. [60], our result holds under partial
participation. It also supports local steps without bounded heterogeneity assumptions, unlike Li
et al. [35], Noble et al. [51].

Fed-a-NormEC with One Local Step. We further study the case 7;(z) = = — YV fi(z)
for i € [1, M] to isolate the effects of smoothed normalization, participation, and DP noise on
convergence.

Full participation and non-private setting. When 7' = 1, p = 1, and opp = 0, the

additive constants ]IT# S8Lv2LV At | and B vanish. The bound then reduces to three terms:

Kil M + 2R + L*. In this case, Fed-a-NormEC recovers the convergence of a-NormEC.
Similar to Corollary 1 of Shulgln et al. [60], with tuned n, 5, R, the rate nearly matches standard
gradient descent at O(1/+/K + 1) in gradient norm.

For constant opp, careful tuning of 7, /3 is required to guarantee convergence of Fed-a-NormEC,
as shown below:

Corollary 3 Consider Fed-a-NormEC for solving Problem (1) under the same setting as Theo-
rem2. LetT = 1and N = 0 (one local GD step). If v? € R? is chosen such that v = 5L

max;e[1, M] w — Y| = (K+1)1/6 with D1 > 0, and 8 = %2)2/3 with Dy > 0, and
LD D
77 = WMFW’ then
ké?olI]l{]E [va H] (K+1 1/6 + (K+1)5/6’

0y_ sinf _ 2 202
where A = L& =T ,)70 I 2Dy + 2D2\/2p(1Ml/p) + =55 A2 = %’ and 1o = Q%i)ﬁlD)f)‘

Theorem 3 shows convergence of Fed-a-NormEC under partial participation with constant
variance opp. Unlike a-NormEC, its bound includes an additional term from client sampling,

B =2 )" 1) +20DP /p. Smaller p lowers communication but increases B. In practice, p often varies

with chent availability. For full participation (p = 1), Fed-a-NormEC matches the (9(
rate of o-NormEC in the private setting with constant opp.

DP utility bound with privacy amplification. Fed-a-NormEC satisfies (¢, §)-DP with noise
calibrated via Abadi et al. [1], setting opp = ¢ - py/(K + 1)log(1/6)/e for constant ¢ > 0 and
0 < p < 1. Due to subsampling amplification, opp depends more weakly on p, leading to the
following utility guarantee:
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Corollary 4 Consider Fed-a-NormEC for solving Problem (1) under the same setting as The-
orem 2. Let T = 1 (one local GD step), let opp = cp\/ K+1) log 1/5)/6 with ¢ > 0,

. B . CCO flnf Amf(a—l—R)
and let p = —forBG [1,M]. If B = K—szthﬁ VE ALk
=R=0 <\f v ZO) /o a B2> with By = 2c¢ 23 log(l/é) ,andn = i_l%ﬁ%, then

iy B([V74)] < 0 (A/EG)

where A = max(a, 2)v/ L/ f(x0) — finf,

Theorem 4 gives the utility bound of Fed-a-NormEC under partial participation and privacy.

With p = B/M, where B clients are sampled per round, Fed-a-NormEC attains O (A \/ d-2> 1ogg/ %) ) ,

improving over a-NormEC ’s O <A y dﬁlogiw via privacy amplification by subsampling. For

p = 1, Fed-a-NormEC recovers the same bound as «-NormEC.
Our results extend to Fed-a-NormEC with multiple local GD or IG steps; see Appendix D.

4. Experiments

We evaluate the performance of Fed-a-NormEC on solving a non-convex optimization task involv-
ing deep neural network training. Following the experimental setup from prior work [60] com-
mon for DP training, we use the CIFAR-10 dataset [34] and the ResNet20 architecture [22]. De-
tailed settings and additional results are provided in the Appendix. We analyze the performance
of Fed-a-NormEC in the differentially private setting by setting the variance of added noise at
pB+y/Klog(1/8)e~! for e = 8,6 = 1075 and vary 3 to simulate different privacy levels. The
step size -y is tuned for every combination of parameters p and . The behavior of test accuracy is
shown in Figure 1, with the corresponding training loss depicted in fig. 4.
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Figure 1: Left. Convergence of Fed-a-NormEC under Full [solid] and Partial participation [dotted]
for p = 0.25. Right. Fed-a-NormEC under varying participation rates; x-axis shows total client-to-
server transmissions.
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Appendix A. Related work and contributions

Clipping. Two popular clipping operators for FL algorithms are per-sample clipping and per-update
clipping. Per-sample clipping [38] bounds the norm of the local gradient being used to update the
local model parameters on each client, and ensures example-level privacy [1]. Per-update clip-
ping [16] limits the bound of the local model update, and preserves user-level privacy [16, 67],
which provides stronger privacy guarantee than example-level privacy. The convergence of FL al-
gorithms, such as FedAvg [44] and SCAFFOLD [26], with per-sample and/or per-update clipping
was analyzed by [35, 38, 51, 64, 67]. In this paper, we leverage per-update smoothed normalization,
introduced by Bu et al. [5] as an alternative to clipping, to design FL algorithms that accommodate
local training and differential privacy.

Federated learning with clipping and privacy. A simple yet popular FL algorithm, Fe-
dAvg [44], has been adapted to provide differential privacy (DP) by clipping model updates and
injecting random noise [16, 45, 62]. These DP-FedAvg algorithms were outperformed by DP-
SCAFFOLD [51], a DP version of SCAFFOLD [26]. However, these existing results require restric-
tive assumptions that do not hold in practice, especially in deep neural network training, such as uni-
formly bounded stochastic noise [11, 38], bounded gradients [37, 39, 66, 67] (which effectively ig-
nores the impact of clipping bias), and/or bounded heterogeneity [35, 51]. To the best of our knowl-
edge, there has been a recent work by Das et al. [12] that provides convergence guarantees for DP-
FedAvg without these restrictive assumptions, but their results are limited to convex, smooth prob-
lems and require a stepsize to depend on an inaccessible constant A; := f;(z*) — min,pa fi(z),
where z* = argmin,cga f(x). In this paper, we provide convergence guarantees for private FL
algorithms with smoothed normalization and error feedback. In particular, our guarantees do not
rely on the restrictive assumptions commonly found in prior work, and our theoretical stepsizes can
be implemented in practice.

Communcation efficiency. The most common and natural way to reduce communication is
by skipping rounds through the use of local updates, which has become a standard approach in
federated learning. This strategy has been extensively studied [18, 28, 30, 40, 52]

Another common biased estimator, besides clipping and normalization, is compression, which
improves communication efficiency by reducing message size. The convergence of FL algorithms
with compression—such as FedAvg [20], local gradient descent [27, 59], and fixed-point meth-
ods [10]—has been studied, but typically under the assumption of unbiased compression. While
biased compression of local updates has been explored [19], it often requires integration with other
techniques for effective gradient tracking. To our knowledge, no FL. method to date uses biased
compression to both address data heterogeneity and enhance communication efficiency.

Server and local stepsizes. The use of separate server and local stepsizes has been shown to be
crucial in federated learning [7, 42, 53]. This separation provides greater flexibility in optimization.
The local stepsize helps mitigate the impact of data heterogeneity and controls the variance from
local updates [43], while the global (server-side) stepsize manages the aggregation process and
stabilizes extrapolation during model updates [36].

Random reshuffling. Random reshuffling, a without-replacement sampling strategy, is widely
used in SGD and often outperforms sampling with replacement. Its convergence properties have
been extensively studied [21, 48, 57, 65], including in FL settings [41, 49, 55]. Other without-
replacement strategies include Shuffle-Once [56] and Incremental Gradient methods [3, 31]. In this
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work, Fed-a-NormEC can be extended to support IG updates, partial participation, and differential
privacy with provable convergence guarantees.

Error feedback. Error feedback, also known as error compensation, has proven effective in
enhancing the convergence of distributed gradient algorithms with compressed communication,
leading to faster convergence and improved solution accuracy. Popular error feedback mecha-
nisms include EF14 [58], EF21 [54], EF21-SGDM [14], EControl [15], and EFSkip [2]. Beyond
compression, error feedback has been adapted by substituting compression with other operators.
EF21 has inspired the development of Clip21 [29] (using clipping instead of compression) and
a-NormEC [60] (employing smoothed normalization). In this paper, we contribute by adapting
a-NormEC to the FL setting, resulting in Fed-a-NormEC.

Contributions. We describe our contributions below.

e A practical method private Federated Learning. We introduce Fed-a-NormEC —a fed-
erated learning algorithm that integrates smoothed normalization and the error feedback mecha-
nism EF21 into clients’ local updates. Unlike previous approaches, Fed-a-NormEC enables partial
client participation and local training through multiple gradient-type steps. It also leverages separate
server and local step sizes, offering flexibility in managing the effects of local updates and global
aggregation. To reduce the need for full gradient computations, the algorithm incorporates a cyclic
incremental gradient method.

e Convergence guarantees for non-convex, smooth problems under standard assumptions
We establish the convergence of Fed-a-NormEC for minimizing non-convex, smooth objectives
without relying on commonly imposed but restrictive assumptions such as bounded gradients or
bounded heterogeneity. Our analysis encompasses both local gradient descent and incremental gra-
dient updates. Notably, in the special case of full client participation with a single local gradient
step, we recover the convergence guarantees of a-NormEC. For the more practical scenario involv-
ing multiple local steps, we provide— to the best of our knowledge—the first convergence analysis
of differentially private federated learning methods incorporating local training. Furthermore, by
introducing a server-side step size, we are able to disentangle the effects of data heterogeneity and
server aggregation, leading to a clearer characterization of their individual contributions to the opti-
mization error.

¢ Differential privacy guarantees with amplification via partial participation. We provide a
privacy analysis of the proposed method for both single and multiple local update steps. Specifically,
we consider an independent client sampling scheme, where each client participates in each round
with probability p, independently of others. Our analysis shows that this partial participation setup
enables significant reduction in differential privacy (DP) noise variance via privacy amplification
through subsampling.

¢ Empirical validations of Fed-a-NormEC on image classification. We demonstrate the effec-
tiveness of Fed-a-NormEC by applying it to the image classification task on the CIFAR-10 dataset
using the ResNet20 architecture. Experiments highlight the impact of key algorithm parameters and
client participation levels, corroborating our theoretical insights on convergence and privacy trade-
offs. Notably, we show that partial participation, by leveraging privacy amplification, can achieve
target accuracy with significantly improved communication efficiency compared to full participa-
tion, showcasing Fed-a-NormEC’s utility for real-world private deep learning.

13
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Appendix B. Conclusion

This paper presented Fed-a-NormEC, the first differentially private federated learning algorithm
to offer provable convergence for nonconvex, smooth problems without resorting to unrealistic as-
sumptions such as bounded gradients or heterogeneity. Fed-a-NormEC uniquely combines smoothed
normalization and error compensation with essential practical FL. components: local updates, dis-
tinct server/client learning rates, partial client participation (vital for privacy amplification), and DP
noise. Our contributions pave the way for more reliable and deployable private FL systems. Fi-
nally, we verify the effectiveness of Fed-a-NormEC by experiments on private deep neural network
training.

Appendix C. Notations

We use [a, b] for the set {a,a + 1,...,b} for integers a, b such that a < b, E [u] for the expectation
of a random variable u, and f(x) = O(g(z)) if f(x) < Ag(x) for some A > 0 for functions
f,9 : R% — R. Finally, for vectors z,y € R%, (x,y) denotes their inner product, and ||z|| denotes
the Euclidean norm of x.

Appendix D. Fed-a-NormEC with Multiple Local Steps

In this section, we present the convergence of Fed-a-NormEC with multiple local steps in a partial
participation and private setting.
Local GD steps. We obtain the convergence of Fed-a-NormEC with local GD steps in Theo-

rem 2. The convergence bound comprises an error term due to data heterogeneity 71 [8L V2L -V Al

where A = finf L S™M inf - Our theorem does not assume bounded heterogeneity that is
imposed by Li et al. [35], Noble et al. [S1]. Notably, if all clients share the same infimum, i.e.,

mf flrlf = mf , this data heterogeneity error term vanishes. Furthermore, this error term
is proportlonal to the local step size vy, due to the presence of a separate server update and distinct
server- and client-side step sizes. These theoretical results highlight that the less heterogeneous the
client data is, the more effective Fed-a-NormEC becomes.

Local IG steps. To avoid full gradient computations in the clients, we also introduce a variant
of Fed-a-NormEC that uses cyclic incremental gradient (IG) steps. In particular, for each client,
local updates are performed using gradient steps of the individual loss functions f; ; for each client,
applied in a cyclic manner over the local dataset. The local fixed-point operators 7;(-) are defined as
Ti(zh) = aF—v-3 Z Vi ]( /). Here, we focus on the deterministic version of the algorithm,
avoiding hlgh probablhty analyses that are typically required for methods involving clipping or
normalization. Generalization to random reshuffling and arbitrary numbers of epochs is left for
future work. Further note that using cyclic incremental gradient updates introduces an additional

error term of y - 4Lv/2L - \/ 37 LS M A where Alrf = finf _ ~ Z o f mf . This error vanishes

if all functions f; ; share the same infimum fimf, in which case we recover the previous result for
the local GD setting.

A more detailed discussion of convergence and privacy for the method with local steps, along
with formal statements of the theorems, is presented in the supplementary materials.
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Appendix E. Additional experiments and details

The convergence behavior of Fed-a-NormEC as a function of communication rounds is depicted
in Figure 1. The plots illustrate performance for Full (p = 1.0, solid lines) and Partial client
participation (p = 0.25, dotted lines) across three settings for the hyperparameter 3. The choice
of 5 markedly influences performance. Empirically, 5 = 0.01 (orange lines) consistently delivers
the best results, achieving the lowest training loss and highest test accuracy for both full and partial
participation. For instance, with full participation, 5 = 0.01 leads to approximately 70% test
accuracy, while 8 = 0.1 (green lines) results in the poorest performance (around 55-60% accuracy).
Our theory (Theorem 2) supports this sensitivity, as 8 influences both error feedback and the DP
noise term (since opp o pf3). The convergence bound includes a term /32 B(K + 1)/M, implying
an optimal S balances error compensation and noise.

Per communication round, Full participation (p = 1.0) outperforms Partial participation (p =
0.25) for a fixed S. This is consistent with Theorem 2: the client sampling variance component of
B ((p — 1)?/p) is zero for p = 1 but positive for p = 0.25. Although the DP noise contribution to
B (U]%P /p o pB?) is smaller for p = 0.25, the client sampling variance appears more dominant in
round-wise performance. These results underscore the trade-offs in selecting § and the impact of
client participation on round-wise performance.

?? further analyzes Fed-a-NormEC’s performance against the total number of client-server
communications (i.e., k X p X M). This visualization offers direct insights into communication
efficiency. Notably, configurations with smaller client participation probabilities (p = 0.25 and
p = 0.5) achieve target performance levels with significantly fewer total client-server transmissions
compared to full participation (p = 1.0). For instance, to reach approximately 65% test accuracy,
p = 0.25 (blue circles) requires about 1200 total communications, whereas p = 1.0 (green line)
needs nearly 4500.

Additional details. All methods are run using a constant learning rate, without auxiliary tech-
niques such as learning rate schedules, warm-up phases, or weight decay. The CIFAR-10 dataset is
partitioned into 90% for training and 10% for testing. Training samples are randomly shuffled and
evenly distributed across n = 20 workers, each using a local batch size of 32. We use a fixed random
seed (42) to ensure reproducibility. Our implementation builds upon the publicly available GitHub
repository of Idelbayev [23], and all experiments are conducted on a single NVIDIA GeForce RTX
3090 GPU.

We use a fixed smoothed normalization parameter o« = (.01, as it was shown to have an in-
significant effect on convergence [60]. Server normalization (Line 12 in Algorithm 1) is not used,
as omitting it empirically improves final performance [60]. All methods are evaluated across the
following hyperparameter combinations: step size v € {0.001,0.01,0.1} and sensitivity threshold
g € {0.001,0.01,0.1}. We analyze the performance of Fed-a-NormEC in the differentially private
setting by training the model for 300 communication rounds.
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E.1. Fed-a-NormEC vs FedAvg

We compare the performance of our Algorithm 1 (Fed-a-NormEC) with the standard FedAvg ap-
proach, as defined in Section 2:

icSk

where ¥ is the smoothed normalization operator, 7;(x) = = — vV f;(x) is the local gradient map-
ping, n = -, and p = 1 in the Differentially Private (DP) setting. We follow the same experimental
setup as described in Section 4.

Figure 2 presents the convergence of training loss and test accuracy for both methods across
different values of the sensitivity parameter 5. The results demonstrate that the Error Compen-
sation (EC) mechanism in Fed-a-NormEC consistently accelerates convergence and improves test
accuracy compared to FedAvg, across all privacy levels (i.e., all tested values of ). Notably, Fed-
a-NormEC achieves its best performance for 5 = 0.01, which aligns with the findings in Section 4.
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Figure 2: Error Compensation (EC) provides significant benefits across various 5 values.

To further analyze the effect of hyperparameters, Figure 3 shows the highest test accuracy
achieved by FedAvg for each (f3,) pair. The optimal performance for FedAvg is observed at
B = 0.1, while the best results are generally found along the diagonal, where the product 8 - v =
0.001.

Importantly, prior work [29, 60] has shown that FedAvg with clipping or normalization may fail
to converge in certain settings, whereas Fed-a-NormEC remains robust and convergent. Our results
further support this observation, highlighting the effectiveness of the Error Compensation mech-
anism in improving both convergence speed and final accuracy, especially in privacy-constrained
federated learning scenarios.
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Figure 4: Training loss convergence of Fed-a-NormEC corresponding to the test accuracy plots
shown in the main text.

Appendix F. Useful Lemmas

and

We introduce useful lemmas for our convergence analysis.
k_T(gk
2= Ti(x?) —foH, two

First, Theorem 5 establishes the bounds for w — vk 5

quantities that will be applied in the induction proof to establish the first convergence step of Fed-
a-NormEC.

Lemma$5 Let vf € R? be governed by

zF — T; (%)

vF !t = o + BNorm,, ( S

—v§> , fori e [1,M]and k > 0,
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and let the fixed-point operator T;(+) satisfy
| Ti(x) = Tiw)|l < plle = yll, for p > 0 and z,y € R™.

k—Ti(a® k k k c
If %(:C)—vi < C for some C' > 0, H$ t_ g Hgn,wic<1,andn§(l_~_;’)ﬂw,then

xF —T; (z*) k+1
Y - S C.

k+1_ 77 (pk+1
i ki UZICHH < Cand

Proof From the definition of the Euclidean norm,

o

+1
Pt = ot "= || B - of - BNG(B(®) — of)

P,(a¥) = v} = Normq (Pi(a*) - of) | .

< |

Pi(xk—l—l) —Pi(fﬂk)H n ‘

where P;(z) = (z — Ti(z)) /7.
Next, by the triangle inequality and by the fact that || 7;(z) — T;(y)|| < p ||z — y|| for p > 0 and

z,y € R? we bound the first term:

xk+1 _ ﬁ(ka“l) xk _ 7;(1:’“)

Y Y
(e =+ ety =i )

Hpi(xk—&-l) _ Pz‘(xk)H _

IN

1
S
1
<Z(1+p) ka“ - ka .
Y

Therefore,

Pi(z*) — vF — Norm, (R(ack) - vk> H .

(2

1
HPi(xk+1) _ vf“H <Z(14p) kaﬂ _ka n ‘
Y

Next, from Lemma 1 of [60], we can bound the second term:

k _ 7.k
’Pi(xk)—vf—Norma (H(xk)—vf>u <|1-— - b - v = Ti() —of
o+ %Z(I)ifo Y
If w—vf §Cf0rsomeC>O,anda+iC<1,then
‘P‘ k k ok k < B
5 (%) — v — Normyg, | Pi(z") — v ) || < 1_a—|—C' C
p
<(1- 2
_< a+C>C

Hence, we obtain

|

R I ) (1 - 5) c.

18



FIRST PROVABLE GUARANTEES FOR PRACTICAL PRIVATE FL

If kaﬂ — ka < 7, then

1 g
k+1 k+1
Ifn < %p (anC)’ then ‘ Pi(x’”l) — vf“ H < C. Furthermore, we can show that
ot
[P -t S|P - ok - ANom, (B - of)|
Lemma 1 of [60] B zk — 7;(.7;]@) &
— k_T:(xk ?
o+ %(x) — 'Uf v
B/(a+C)<1 5
< 1-
< o+ C)
< C
|
Next, Theorem 6 bounds || || under the recursion of e*+1 = ¥ +- B Zf\i | 2, where zF is the

random vector, and by utilizing Theorem 6, we obtain Theorem 7, which bounds ﬁ Zf‘il vf -

k

!

the quantity that will be applied to conclude the convergence of Fed-a-NormEC.
Lemma 6 Let ¢* € R? be governed by
=k 4 B2F for0<k <K,

where zF = ﬁ Zf\i 1 zf and each zf € R% is an independent random vector satisfying

E [zﬂ =0, and E U zf

2
] < a2
Then,

E [Hekﬂm <E[|)] + BQ(KJ\}L 1)02'

k+1

Proof By applying the recursion of e recursively,

k
Ml =0 ¢ ﬁZzl.
1=0

From the definition of the Euclidean norm, and next by the triangle inequality and by taking the
expectation,

e [Je) <2l + 2

k
ox

=0
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By Jensen’s inequality,

B e+l

IN

E[|l€°)] + \ E Hﬁlzk;zl

o

k -
= B[] + |82 B [I20°] + 82 3Bz, 29))
=0 i#]

7

Since z* is independent of one another, we obtain E [<zi, zjﬂ = 0fori # j,and E [sz’ﬂ =

o Zf\il E [HZZI“HQ] < 02 /n. Therefore,

E [Hekﬂm <E [HQOH] n /52 (K Ll)crz'

Lemma 7 Consider Fed-a-NormEC with any local updating operator T;(-) for solving Prob-
lem (1), where Theorem 1 holds. Then,

M
1 2B
E||lg7 2ot -t ] < %(Iﬁr 1),
i=1
where B = 2p(1 — 1/p)? + 2(1 — p) + 2035 /p.
Proof Define e* := SM vk — 4%, Then,
| M
o1 _ " Z o+l gt
i=1
R | M ) X )
= — Z vy — 0" + fn
M=
=+t

k_T.(pk
where n* = L Zi‘il n¥ and n¥ = (1 — ¢¥)Norm, (%Z(:C) - vf) — qF2k.
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Next, as ¢¥ and z¥ are independent random vectors, n¥ is also independent of one another, and

satisfies E [nﬂ = 0and

EU 2] _

<

k
n;

[Norma (-)[[<1
<

qf and zlk are independent

<

=
|

2E | (1 — ¢F)?

2E

2p(1 —1/p)® +2(1

(1 o
Norm, (
(1- qf)ﬂ +2E [(czf)2

25 (1~ of)?] + 26 [t} B |

k __ 1(..k 2
" —Ti(z") k)_qkzk

— U
17
’7

b — Ti(«") k)

y o
]
k

Z

2

k
%

+28 (¢}

]

%

|

—p) +2p/p* - opp.

k

Therefore, from Theorem 6 with z¥ = n* and zf = n;, we obtain

B2(K+1)-B

2 o] < i)+ EE 2

where B = 2p(1—1/p)*+2(1—p)+203p /p. Finally, since 0 = L 3% | of

i—1 V; » We obtain HeOH =0,
and complete the proof.

Finally, Theorem 8 provides the descent inequality for f(z*) — f*f in normalized gradient de-
scent. From these established descent inequalities, and Theorem 9 derives the sublinear convergence
up to constants.

Lemma8 Let f : RY — R be lower-bounded by f™ > —oco and L-smoooth, and let z* € R? be
governed by
Gk

k1 k
PV
IG¥|)’

X =T

where v > 0. Then,

f(xkﬂ) _ finf < f(xk) _ pinf va(zk)H + 2y va(xk) - GkH X L;Q

Proof By the lower-bound and smoothess of f(-), and by the definition of 2*+1,

f(ﬂj‘k—H) _ finf < f(l'k) _ finf _

e (VIR + L

1G] 2
2
< 1) - P (656 ¢ g (6 - .66 ¢ 1
2
= 96 = 6]+ g (6 - v 64+
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By Cauchy-Scwartz inequality, i.e. (x,y) < ||z|| ||ly|| for z,y € R,

Flakrty = pinf < f(xk)_finf_,yHGkH_’_,vaf(xk)_GkH_’_L;Q.

Finally, by the triangle inequality,

f(xk—i-l) _ pinf < f(xk:) _ pinf _,vaf(xk)H +2,y“vf<xk> _ GkH v L;Q

Lemma 9 Let {VF}, {W*} be non-negative sequences satisfying

VI < (1+ b1y )VF = by WP + byy.

Then,
min Wk < SPOAE 1) VO by
ke[0,K] - K+1 boy by
Proof Define w" := LHQ for all £ > 0. Then,
14+b1y
wk.Wk. S wk(l =+ 1)172)Vk _ wkvk'H + bj
b2y bay b2
wk—lvk o wkvk+1 b3
= + _
bay b2
By summing the inequality over K = 0,1,..., K,
K _ K
Zwkwk - w 1Vo_,vaK+1 +bjzwk
o bg’y(K + 1) by Py
st _wt Ve s S uk
boy(K +1) by —
Therefore,
1 K
min WF < —— wr Wk
ke[0,K] S wk kZ:O
w1V b3
< j74 + —.
bay(K +1) Y pgwh b2
Next, since
K
Zwk > (K+1) min w®
b ke[0,K]
= (K+1)w"t!
(K +1w™?

(1 + b1’72)K+1’
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we get

. L4 by?)EH1V0 by
wk < ( =,
ké?(}g(} T bey(K+1) + bo

Finally, since 1+ < exp(z), we have (1 +byy?)5+! < exp(b;7y?(K +1)). Hence, we obtain

the final result.
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Appendix G. Multiple Local GD Steps

We derive the convergence theorem of Fed-a-NormEC using multiple local gradient descent (GD)
steps (Theorem 2).

G.1. Key Lemmas

We begin by introducing key lemmas for analyzing Fed-a-NormEC using multiple local GD steps.
Theorem 10 bounds 7 Zf\i 1 IV fi(z)||, while Theorem 11 proves the properties of local GD steps.

Lemma 10 Let f be bounded from below by f™ > —oco, and each f; be bounded from below by
fiinf > —oo and L-smooth. Then,

Lo 2L . .
IV <\ g @) — F7 4 VRLAWT,
=1

where A = finf _ Ve Zf‘il fiinf > 0.

Proof Let f be bounded from below by f™f > —oo, and each f; be bounded from below by
finf' > —oo and L-smooth. Then,

IV fi(2)|* < 2L[fi(z) — f;"1].

Therefore,
1 Y |
S IVA@IP < Alf() - 7 + B
i=1

where A = 2L, B = 2LA™ and A = finf _ i Zf\il fiinf > (. Thus, we obtain

Jensen’s inequality

1 & 1 )
M;Wﬂ(@” < MZHVfi(x)

< \/A — ff] + B
Alf (= ) - f™+B
VAf(2) — [ + B

f(.Z’)Zfinf A inf
< “—[f(x) — ™+ VB.
< \/E[f (z) — ]
|
Lemma 11 Let each f; be L-smooth, and let T;(z*) = % — 2 Z Vfl( %1), where the se-

quence {xf’l} is generated by

=l — IV, for 1=01,...T -1,

(3 3

given that J;f = 2P Ify < 5, and ||2F — 2F|| < nwithn > 0, then
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1 gl =gk — * sz( )

2. 3500 o)

k+1,j x{w’H <o

“

P ot - ab|| < 22|V e
| Ti(@*+) = Ti(=")]| < 2n.

|(z% =4V fi(a¥)) = Ta(z®)|| < 2L4? ||V fi(2F)|)-

A

“

Proof We prove the first statement by recursively applying the equation for a:i” *for j=0,1,...,1—
1.

Next, we prove the second statement. From the definition of the Euclidean norm, by the triangle
inequality, and by the L-smoothness of f;(-),

k,j B
k+1,1 k|| T k+ i k:+1, k.,j
)azi - ‘ = |z TZO Vfi(zi ) = Vfi(xi7))
N k41,5 k.j
< P sl oo
< okt = H k+1,y s, JH '
If |2+ — 2%|| < withn > 0, then
Ly -1
k+1,0 kil k+1, k.j
R RPN Py
7=0
T-1
I<T I ,
< g+ Ly ‘xiﬁl,y . iw
T 4
7=0
Therefore,
T-1 ‘
3 ‘ g+ kaH <nT+ILy). ‘ gt foH
— —
Ify < 2L, then Ly < 1/2, and
=
k+1, k.j
7o et = ol < 2
j=0
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Next, we prove the third statement. From the definition of the Euclidean norm, and of xf’l from
the first statement,

=] -

[V fi(2§7) = Vfi(z") + V fi(2")]

=0

.

By the triangle inequality, and by the L-smoothness of f;(-),

IN

k k.3
(2

[

TZHW M) - Vit H+TZHW )

ot 35 ]
j=0

By the fact that [ < T and that ||z|| > 0 for x € R,

Jor-ats] < B3|

<

i ARI el E

=0
Therefore,
T-1 A A
ka—xf’] xf’] —a:kH —i—’yTHVfi(a:k)H.
§=0
Ifv < 2L’ then Ly < 1/2, and
T-1 ‘
et s oo
j=0

Next, we prove the fourth statement. From the definition of 7;(x*),
Hﬁ(ka)_ﬁ(wk)H |k ok ;;}Vﬂ 2 Vfi(:vf’l)]

By the triangle inequality, and by the L-smoothness of f;(-),

Ti(ak+) _ﬁ(xk)H

IN

o= oy -net
7=0

kl+1l xf,l

IN

ka—l-l 7ka
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(2

By the fact that kaH — ka <, that ] < T, and that Z?;ol ‘ T

Finally, we prove the fifth statement. From the definition of 7;(z*),

e H—H( e - (- F v )H

By the triangle inequality, the L-smoothness of f;(+), and the fact that

ktlj _ meH <o,

. . Ly<1/2
T = b <n+ 1y < 2,

T
5~ ot st < s
j=0

we obtain
|@* =V = Tt | < TZIHW Vil
=0
S
- T =0 Z
< wese]

G.2. Proof of Theorem 2

Now we are ready to prove the convergence rate of Fed-a-NormEC using multiple local GD steps.

Theorem 12 (Fed-a-NormEC with local GD steps) Consider Fed-a-NormEC for solving Prob-
T-1 . .
lem (1) where Theorem 1 holds. Let T;(z*) = 2% — v2 3 Vfi(xf’]), where the sequence {xf’]}

j=0
is generated by x’?vﬂ-l - x _ ’VVfZ( ), for j=0,1,....,T — 1, given thatx RO _ ok
Furthermore, letﬁ,a > 0 be chosen such that ’BR < 1lwithR = maX;e|1, _ 7( )
1 BR
nm s K+14L\ﬁ 0<n< 3a+R,andO<’y< 2L,then
f(a%) — ™ 3B
B {[[vrb|] o+ 2|28 (1 1
o) VIO =% - +2R+ 24/ (K +1)

: L
TIPS P 8L\/2L\/Amf} +1- 5,

where B = 2p(1 — 1/p)? +2(1 —p) + 20Dp/p, and A = finf _ i f\il fiinf > 0.

Proof
We prove the result in the following steps.
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P Tiwh) H by induction, vt L_ ' H We prove that
vf — w — w ‘ by induction. It is trivial to show the condi-
tion when £ = 0. Next, suppose that - w
T-1 .
From Theorem 11, T;(z%) = 2 — 2 37 Vfi(xf’]) satisfies
|7t = 7" | < 2m.
930—7'1-(3:0)

Therefore, from Lemma 5 with p = 2, C = R = max;c Hvo —
18R k1 _ ab T -Ti(ak )

Bt
‘ < R. We complete the

that by choosing a—i—LR <landn < W v, 5
induction proof.
k “(nk iy ot
ot — o=l _77;(2 ) ‘ < maxe vy ||v) — it G Z(IO)
Step 2) Bound f(z*) — f"f.  From Theorem 8 with G¥ = ¥+1,
in in ~ L77
JEEY =< @) = ||V R + 20| Tty - o - 2
triangle inequality .
<T@ = || ViR | + 20 [Vt - o
2
-]+ 2
where v = L Zz L vFT! Next, since

va(xk) _Uk:—i-lH _

1 M
Z k+1
Mz’:l

Ufﬂ _ vfi(l'k)H

triangle inequality

triangle inequality k+ 1 ."L‘ _ 7; ( iL‘k )

~y
ﬁz T g,
i=1
where T;(2*) = TZ Vfl( 7Y, we get
HVf(w kHH—MZ‘ e xk_;r ) ‘ ,1YM§:H —Vfi(x )H
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Plugging the upperbound for ||V f(z*) — v**!|| into the main inequality in f(z*) — f inf ' we obtain

M
f(ka) - finf < f(xk) o finf —n va(xk)u + 277% Z ‘ ,Uf+1 _ w
=1

'Y
2n 1 k“ NS} k+1H Ly?
= — Vi : 2 - i/
+ ZHx AV fi(xF)) = Ti(2®)|| + 2 || v +2
By the fact that va“ — WH < R from Step 1),
FEY) = < f(@) = ||V iR | + 2R
M
2n 1 Ln?
ST @t =19 i(a") = Ti(a") | + 2ot et — o+ =

To complete the proof, we consider two possible cases for 7;(z*): 1) when T = 1 and 2) when
T # 1.

Case 1) 7;(z") with T = 1. When T;(2*) with T =

((z%)) — Ti(z*)|| = 0, and

; ; L
f(ﬂfk+1) _ flnf < f(xk) _ flnf — va(mk:)H +2nR + 2n H,&k—l—l _ vk+1H + Tn
Case 2) T;(z*) with T > 1. When T;(z*) with T > 1, from Theorem 11,
@) = < @) = || ViR | + 2R

L 2
R _ k1 n
it Y[t | 42 |+
Therefore, from two cases, we obtain the descent inequality,
) = < f(@) = ||V iR | + 2R
Ln?
PRl _ L
ity Y [wiah | 42 |+

Next, from Theorem 10,

fakh -t < (1+4Nﬁ )(f(w’“)—fi“f)—nHVf(w’“)HJr%R

< AT 7
- Ln?
+ALN 2LV ARE 4 2 [[pFH — phH] H + Tn
Since
1 M
E[ Skl k+1m < 1 1 k41
D v < 7 i ; -
Theorem7 ] ﬂQB
< — K+1
E T L]
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by taking the expectation,

e = (1 i) ol ] - foscen]]
2

328 L
+8LV2LynV AN + 2 M(K+1) 777

By applying Theorem 9 with ny < ﬁ4ﬁ;§i and using the fact (1 + ny=5%5=

exp(n'y‘lLA‘l/nT(K +1)) <exp(l) < 3 we finalize the proof.

4LV2L\K+1
Amf ) S

G.3. Corollaries for Fed-a-NormEC with multiple local GD steps from Theorem 2

Corollary 13 (Convergence bound for Fed-a-NormEC with multiple local GD steps) Consider
Fed-a-NormEC for solving Problem (1) under the same setting as Theorem 2. Let T' > 1 (multiple

local GD steps). If v = IO—”/Y?‘(IO) — )

Ainf D1D2 )

m, vo € R? is chosen such that MaX;e[1,M]

s with Dy > 0, and 8 = K+1) —as7g With Dy > 0, andn = meithﬁ:min(

(K+1) (K+1) 2v2L’ 4L(a+D1) )’
then
kén(}r}qE H’Vf ‘H 1/8 (K fi)?/s’

where Ay = 3/U=L" 1 op, 4 2VBDs 4 4/5T\/ARF and Ay = L /2.

Proof Let T > 1. Then, from Theorem 2,

. f(a®) — finf 5B L
B{|[vsa] < g
Jin_ F(2b) <ET ; t2R+ 2\ 5 (K + 1)+
- [8L\/ﬁ\/m] ,
where B = 2p(1 — 1/p)? + 2(1 — p) + 203p/p.
Next, suppose that
oy = W to guarantee that v < 1/(2L)
0_7:(,0 .
. v? € R% such that MaX;e(1,M] %’(I) - U? =R= (Kfﬁ with D1 >0

* B = et with Dy > 0.

_ 1 withd = mi At D, Dy LA
K1) with /) = min (2\/ﬁ, 4L(a+D1)> to ensure that ny < =7 1LV

andn < 3 ﬁ R . Therefore,

Then, we choose =

<
SKA 0B (K is

i B (v 6] < 5
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where A, = 3{@)=" ) S + 2D + 2\?2 +4v2LVA™ and Ay = AHL/2.

Corollary 14 (Utility bound for Fed-a-NormEC with multiple local GD steps) Consider Fed-a-
NormEC for solving Problem (1) under the same setting as Theorem 2. Let T' > 1 (multiple local

py/(K+1) log(1/3)

€

GD steps), let opp = ¢ with ¢ > 0 (privacy with subsampling amplification), and
letp = %forB € [1, M] (client subsampling). If B = KLH with 3 = w ¢ BMQ, v <

A (atR) a=R=0 (\f\/ (z0)—finf 4 BQ> with By = QCZBlog(l/J) andn = A1 BR

V2LAR K+12a+R’
then

min E[HVf mﬁ(’) A4(1B10gg/5)+ﬁ\/@

k€[0,K] M?

where A = max(a, 2)v/ L/ f(x0) — finf,
Proof Let T > 1. Then, from Theorem 2,

3 f(xO) _ finf
K+1 i

y- [8L\/ﬁm] ,

B*B L

Jin B[ V70)|] <

+2R+2

where B = 2p(1 — 1/p)? + 2(1 — p) + 203p/p.
PV (E+1) log(1/6)
€

with ¢ > 0, and let p = E for B € [1, M] is the number of

clients being sampled on each round. Then, B = <1 — —A> + 2 (1 — %) + QCivKHJOg(l/‘;),

and

el [HVf m K+1 )n_ = +2R+2B\/%+25\/%(K+1)+77'§

v - [SL\/E\/F] ,

Also, let opp =

~ 2 .
where 5 = 3 (1= 4)" + 4 1] ana 5, =22 f o2y,

If 8 = KL ith 3 > 0, then

)_finf . B By L
2 28y | ——< +2 - =
+2R+25 M(K+1)+ B +1n

min E [HVf

k€[0,K] m K—|—1

o [8L\/2L\/Ainf .

M 2
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Since § = K 1> We obtain

<#min Ainf 1 BR
77—K+1 2oL 2a+R )|’

If Ainf > 7\/:5}%, then

1 ~ BR
TS K ii2at R

Ifn =% %B—R then

.

: k 6a(f(20) — fi) | 6(f(20) — f™h) . | B

i E [HVf(x )H] < T + 3 +2R+26\/ 2
+28 B 1 VLR

M(K+1)  K+1 4(a+R)
+ - [BLV2LVA]

If@z \/wﬁ,then
([[7r@h)|] < 2fa\/w\/372 4\[w B2 2 2R

min E
kel0,K]

[ B 1 fyLﬁR .
2 : [srv2rvan] .
TN K ) T R+1 fatR) ) SLVRLVAR]

fa=R=0 <<‘/&Wc(i%"““4 %),then

e llvsen]] <o (s ) o (its) v ()
v [SL\/E\/E}

<0 (AW%% by [swﬁ\/ﬁ})

ro () o)

where A = 2v/3 max(a, 2). Finally, if v = 1/(2L), then we complete the proof.
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G.4. Proof of Theorem 3

Corollary 15 (Convergence bound for Fed-a-NormEC with one local GD step) Consider Fed-a-

NormEC for solving Problem (1) under the same setting as Theorem 2. Let'T' = 1 and N = 0 (one
O—Ti(a%) 9 = Dy

v | T (K+1)1/6
then

local GD step). If v = 2 L, U € R? is chosen such that maxle[l M]

with D1 > 0, and 3 = DDy

e With ) = by
A
(K +1)5/6’

K+1)2/3 with Dy > 0, and n =

kénon}(]E [va ‘H 1/6

where A1 = SM +2D1 + M# and Ay = L /2.

Proof Let T = 1. Then, from Theorem 2,

3 f(xl)) _ finf

] o
TK+1 n

L
2R+ 2y ——(K +1 -
TR+ 2\ 5 (K + 1)+ 5,

in B[ V5t

where B = 2p(1 — 1/p)* + 2(1 — p) + 20}p/p.
Next, suppose that

_ 1
of}/_ﬁ

0
_vi

0 d z9—T;(29)
® 'UZ' S R f

. B:(KfﬁwithDg>0.

% 6— Therefore,

Then, we choose 1 = = with /) =

7
(K+1)5/

B [770] <

keOK]

D1Do
ﬁ to ensure that n <

Ay n Ag
K+1)1/6 (K +1)5/6’

where A = SMJCmf +2Dq + 2‘/\/172 and Ay = nL/2.

G.5. Proof of Theorem 4

Corollary 16 (Utility bound for Fed-a-NormEC with one local GD step) Consider Fed-a-NormEC for
solving Problem (1) under the same setting as Theorem 2. Let T' = 1 (one local GD step) let
(K+1)log(1/96)

opp = C— with ¢ > 0 {, prlvacy with subsamplmg ampllﬁcatlan ) and let p = 37 B for
xO) fmf Alnf(()é+R)
B € (1, M] (client subsampling). If B = Ki—i-l with B = /2 ALiR
—R=-0 <\f\/ f(z0)—finf Bg) with By = 2¢ 2B 10g(1/5) andn — %iﬁ’ then

1/ dB log(1/9)

B [ <0 (/2 4m),

k€[0,K]
where A = max(a, 2)v/ L/ f(x0) — finf,

33



FIRST PROVABLE GUARANTEES FOR PRACTICAL PRIVATE FL

Proof Let T = 1. Then, from Theorem 2,

)_finf 62 L
i —(K+1)+n- o

2R+ 2
m K+1 n + +

Jin B[ V5t

where B = 2p(1 — 1/p)? +2(1 —p) + QU%P/p'

P (K+1) log(1/9)

Also, let opp = ¢ with ¢ > 0, and let p = B for B € [1, M] is the number of

clients being sampled on each round. Then, B = (1 — E) +9 ( ) 4 geV/K1log(1/) log(l/ 5)
and
) - finf By By L
EH(V )H R+ 281/ 2L (K +1) 4261 2(K +1)+1- =,
poa Ut K+1 7 +2R 426\ p (K1) +20\ (K + 1) +n- 3
where B; = [(1 — E) + M — 1} and By = 202%“%?“-

If5 = K+1 with 3 > 0, then

) _ finf . B R 32 L
2R+ 2 2 —.
+2R+2p +2p i +n- 5

minE[HVf I < e TR TT)

ke[0,K)

Since § = K 1> We obtain

1 Alnf v /éR
——— min , = .
U_K—i-l 2V2L 2a+ R

If Ainf > 7\/:}51%, then

1 ~ BR
TS K ii2at R

6a(f(z%) — /™) | 6(f(2") — f™) By
min [HW H] ST + 3 +2R+ 26\ 2
A B, 1 ~LAR
TN MK D T K11 1ot R)

If 3 = 73(f(x02y*finf) 4 BMQ, then

el <2 I R 4 IR B o

min E
ke[0,K]

5 B 1 ’yLBR
2 . .
TN R D TR dat B
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fa=R=0 (WW#/%),then

e llvsen]] <o (s TR o (L) vo ()

where A = 2v/3 max(a, 2). Finally, if v = 1/(2L), then we complete the proof.
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Appendix H. Multiple Local IG steps

In this section, we derive the convergence theorem of Fed-a-NormEC with multiple local steps using
the Incremental Gradient (IG) method. The IG method has the following update rule.

N—-1
1 .
Tk =2k~ D Vi), )
j=0

kg -

where ;> is updated according to:

)

In the update rule of the IG method, the number of local steps is equal to the size of the local
data set. This implies that each client performs local updates Til &(.) using their entire local dataset.
Furthermore, the IG method employs a fixed, deterministic permutation for its cyclic updates, unlike
the well-known Random Reshuffling method.

H.1. Key Lemmas

First, we introduce key lemmas for analyzing Fed-a-NormEC using multiple local IG steps. Theo-
rem 17 bounds ﬁ Zf\il % Zj.v:_ol ’ 20
steps.

Lemma 17 Consider the local IG method updates in (2). Let f be bounded from below by f™f >
—o0, let each f; be bounded from below by fii“f > —oo, and let each f; ; be bounded from below
by f; mf and L-smooth. Then,

z* H while Theorem 18 proves the properties of local IG

M N—-1 inf
1~ 1 g kH 2v2LA(f(a*) — f™) /T A ¢
il il R 29+ | L— Alnf,
Miz;Njo‘IZ ’ v LAinf V2 M Z
where Amf flnf Z flnf and Amf fll’lf Z 1nf

M' =1 N £uj=1

Proof Applying Lemma 6 from [43] for the local IG method updates in (2), we have

1 N-1
N <
=1 7=0

M
, 2 ) ) 1 .
afd = |7 < 4La? (F@F) = ) 4 292LAM 4 292 S AP,
=1

Next, by Jensen’s inequality,

Gt ENE I

N—

—_

. 2
k
i _ka

M
i . 1 .
4L’y2 (f(a:k) _ flnf) + 272LAmf + 272L E :A%nf

i=1 " ;=0

<
\ M =1
< \JAL2 (f(ak) — i) +- 292000 1 |2920 ZAmf.
=1
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Therefore,

lf:“”’ | AL (f(ak) — finf) 4 221 AN
Mz N §=0 T VALA? (f(aF) — finf) 4 242 LAt

2 kY _ frinf 2 inf
_ ALy (f(2F) — b)) + 292 LA N

= /o2 LA
kY _ frinf M

- 2V2Ly(f(2*) - f )_i_\/i,y,/LAinf_i_Q,y L%ZA;@
=1

v/ L AInf
|
Lemma 18 Let each f; be L-smooth, and let T;(z*) = 2% — Z V fij(z; R0), where the

sequence {:cfl} is generated by
xf’”l = mf’l - %Vfi’j(arf’l), for 1=0,1,...,N —1,
given that mf’o =2k Ify < ﬁ, and H:ck“ — ka < nwithn > 0, then
1. :Uf’l =zh -3 Zé-_:% Vfi,j(xf’l).
2. L ZN 1 ‘ k41,5
3. HTi(ka) - ﬁ(xk)H <2n.
4. ﬁZfilHﬁ(ﬂf — (a* =V filaM)|| < 7Ly Py 1NZ ‘

k:j+1

k?j
-

7]

Proof The first statement derives from unrolling the recursion for z;
Next, we prove the second statement. Let us consider

j—1 i1
‘ 1 b1l 1 k.l
’ +1,7 JH _ _,yﬁzvf“(xi-‘rl,)_ (xk_f),NZVfi,Kﬁ?i’))H
1=0 1=0
1
A K k10 Kkl
<t = abl+ ALy Dl -2
1=0
L N1
k k ktlj _ kg
<2t -z H+’YLNZ||$¢ gk
=0
Therefore,
1 N—-1 1 N-1 N-1
k“‘rl,’ k k k k'+17 k‘:’
3 2l ol < 30 (1 - ety S e -t
3=0 7=0 =0

k k'
< ot = ot 4Ly Zux Il
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If v < 5=, then

k k k
xzjl - [l

<=
=7 x

k
Lij

1 N—-1
v 2|
§=0
< 2||l‘k+1 _ l,kH

= 2n.

Next, we prove the third statement. Let us consider

N-1 N-1
1 ; 1 j
7;(‘,1:k+1) _ ﬁ(xk)H — ||kt 7N Z vf@j(xf—i_ld) I . ,YN Z vfi,j(xfd)
=0 =0

N—-1
1 Ay .
<l =t 3 [ VAl ™) - Vi)
3=0

| Nl

k k k+1,5 k,j

<o —af L5 Y Ml - 2.
=0

By the fact that ka*l —a* H < nand that v < i and by the second statement,

Ti(zh ) — ﬁ(xk)H <.

Finally, we prove the fourth statement. Let us consider

[7*) — (=29 5:) | = [ = 7 > Vhsleh) - (@ — VA
j=0
e
— 7<N ' Vfw(a:l’])—Vfi(xk)>H
1 er:_01 1 N-1
1 N—lZ:O =
e 3 [Fhtet) - |
e
<oy 3 [t — ot
Therefore, -
1 U k k k 1 al 1 play k,j k
B[t - (v < 4 3ot 3 - ]
1 M 1 N—-1 . i
S"YLMZN ‘:Ei’j X H

38



FIRST PROVABLE GUARANTEES FOR PRACTICAL PRIVATE FL

H.2. Convergence Theorem for Fed-o-NormEC with local IG steps
Theorem 19 (Fed-a-NormEC with local IG steps) Conszder Fed -a-NormEC for solving Problem (1)

where Theorem 1 holds. Let T;(z*) = 7N Z Vf”( 7, where the sequence {xiw} is
generated by iﬁf’jﬂ = iﬂk - 7Vfw( MY for j = 0,1,...,T — 1, given that xf’o = zF.
Furthermore, let 3, > 0 be chosen such that LR <lwithR = maxX;e|, — xo+2(x0) f

1 R
ny < K+14L\/ﬁ 0<n< 3aﬁ+R,and0<'y< 2L,then

A P IEIES LS Lz
min [l
ke[0,K] TK+1 n M

M

. 1 : L

+ v 8LV2LVAM 4 . 4L\2L ME A;nf+n.§,
=1

where B = 2p(1 —1/p)* + 2(1 — p) + 203p/p, and A = finf L Ef\il finf > 0, and
Amf flnf + Z] L mf >0

Proof We prove the result in the following steps.

k_7.(rk k_ T (nk k_ T (rk
Step 1) Bound va - %@)H by induction, vFtt %@) ‘ We prove ||vf — %@)
0— ; 0 . . . ..
v? — %l(x)‘ by induction. We can easily show the condition when k£ = 0. Next,
E_ 2Tz

let ||v

)H < maxen vy ||V — MH Then, from Theorem 18, 7;(z*) satisfies

Tt = Ti(a") | < 2n.

- _ _p_ 0_ z0=Ti(z)
Therefore, from Lemma 5 with p = 2, €' = R = max;c[1, 1] HUZ —
. k+177; k+1
by choosing MLR <landn < m,f% vkﬂ #H < R. We complete the proof.
k_T1° O0_7:(,0
Uf+1 oz ’g ‘ < max;c () 0_ = 7’;2(:6 )
Step 2) Bound f(z*) — f™f.  From Theorem 8 with G* = 9F+1,
. . L
JEE =2 @) = | V)| 2n |Vt - o+ 2
triangle inequality .
<) ||Vt | + 20 [Tt - o
Ln?
o |lgk+L — R+t H L~
+2n + 5
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S| ~
where o1 = L SV 5+ Next, since

forer-a] -

triangle inequality 1

M
< g

i=1
trlanglegequahty iz Uf‘i‘l xk — ’7;(:1: ) ‘
M 4 Y
=1
M
1 ok — Ti (%) &
+M ; ~ - Vfl(l' ) s

where 7;(2*) = zF —VNZ Vfw( 7Y, we get

k+1 _ ak — Ti(«*)

M
HVf(xk) ka+1H < ]\14; ‘ v;

Plugging the upperbound for ||V f(z*) — v**!|| into the main inequality in f(z*) — f inf ' we obtain

11 - k k k
‘HMEHQC ~Tilah) Vi)

M
f(xk-i-l) _ finf < f(l‘k) - finf —n va(xk)H + 27]% Z ‘ Uf+1 _ xk_zmk)
=1

. Ln?
PLa! _Uk+1H n n

ﬁﬁiz“ — VY filah)) = Tilah)|| + 29 2

By the fact that ‘

k+1 WH < R from Step 1),

J@ = < f@h) = || V)| + 208

+2£LZH (z% — AV fi(z®)) — -(:ck)H+277 ﬁk+1—vk+1H+L;72.
From Theorem 18,
@) = < flah) - = ||V b + 20R
+2;]7L1 - ]17]:__01 a:i” — :ckH + 2n Rt — kaH + L;72
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Next, from Theorem 17,

f($k+1) _ finf < (1 + 4L\/ﬁ

NI W) (f(a*) = F25) = ||V 7 @b) | + 20

M

- 1 :
+ALNV2LynV A + 41/ 2Ln Y Z Alnf
i=1

2
o Hﬁk—l—l _ vk+1” I L777

5
Since
1 1 4
E [ SRl _ vk+1m < SR o | 2 P S
|l &
Theorem7 ] 523
—/— (K +1

by taking the expectation,

e e O g B e

A /Amf

M
_ 1 :
+8LV2LynV A + AL\2Lyn 7 § “Alnt
=1

3B L
2 K+1 .
+2\/ = — (K +1)+
By applying Theorem 9 with 7y < 1~ A™_ and using the fact (1 + nyiL2)K+L <
S EliLvaL A =
exp(ny 4me (K +1)) < exp(1) < 3 we finalize the proof. n

H.3. Corollaries for Fed-o-NormEC with multiple local IG steps from Theorem 19

Corollary 20 (Convergence bound for Fed-a-NormEC with multiple local IG steps) Consider Fed-
a-NormEC for solving Problem (1) under the same setting as Theorem 19. Let T' > 1 (multiple

local GD steps). If v = 10*772(10) _ 0

v) € RY is chosen such that maX;e|, i

1
2L(K+1)1/8’

. . N~ . Ainf D+D
(K+1)1/8 with Dy > 0, and f = K+1)5/8 with Dy > 0, andn = m with 7j = min (ﬁ’ 4L(01+1271)),
then

kénolrll{]E [va ‘H = (K f11)1/8 + (K fj)?/s’

where Ay = BM +2D1 + 2\522 +8V2LVAR +4v/2 A7 E At and Ay = QL/2.
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Proof The proof is analogous to the proof of Corollary 13. |

Corollary 21 (Utility bound for Fed-a-NormEC with multiple local IG steps) Consider Fed-a-

NormEC for solving Problem (1) under the same setting as Theorem 19. Let T' > 1 (multiple local
py/ (K+1)log(1/9)
€

GD steps), let opp = ¢ withc > 0 ( privacy with subsampling amplification), and

letp = Mfor Be [1, M] (client subsampling). If B = K+1 with 3 = w Y BMQ, v <

inf 0 inf A
AT o= R = 0<fv Sl e BZ) with By = 22 B0/ qpgyy = L1 7 Ok
then

min £ |[v64)[] <0 A4dél()g(€§/‘”+\/z@+\/z fW:ZW;A;nf ,

ke[0,K] M?2

where A = max(a, 2)v/ L/ f(x0) — finf,

Proof The proof is analogous to the proof of Corollary 14. |
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