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ABSTRACT

Since WGANSs were first introduced, there has been considerable debate on
whether their success in generating realistic images can be attributed to minimiz-
ing the Wasserstein distance between the distribution of generated images and the
training distribution. In this paper, we present theoretical and experimental re-
sults that show that WGANs do minimize the Wasserstein distance but the form
of the distance that is minimized depends highly on the discriminator architec-
ture and its inductive biases. Specifically, we show that when the discriminator is
convolutional, WGANs minimize the Wasserstein distance between patches in the
generated images and the training images, not the Wasserstein distance between
images. Our results leverage the advantages of discrete generators for which the
Wasserstein distance between the generator distribution and the training distribu-
tion can be computed exactly and the minima can be characterized analytically.
We present experimental results with discrete GANs that generate realistic fake
images (comparable in quality to their continuous counterparts) and present ev-
idence that they are minimizing the Wasserstein distance between real and fake
patches and not the distance between real and fake images. Our code is available
athttps://github.com/arield4l15el/DiscreteGANs.git

1 INTRODUCTION

In a seminal paper, (Arjovsky et al.l [2017) showed the relationship between generative adversarial
networks (GANSs) and the Wasserstein distance (W) between two distributions. They argued that
when the data lies on a low dimensional manifold, the Wasserstein distance is a more sensible
optimization criterion compared to the KL divergence and showed that the Wasserstein distance can
be approximately optimized using an adversarial game between two neural networks: a generator
network and a critic network. The key difference between their method, the Wasserstein GAN
(WGAN), and previous GANSs is that the critic is regularized to be 1-Lipshitz, and a great deal
of subsequent research has focused on improved regularization techniques (Gulrajani et al., 2017;
Miyato et al.| 2018 |Anil et al.| 2019). WGANSs have been used in many applications and can provide
excellent sample quality in different challenging image datasets (Radford et al., 2015 [Isola et al.,
2017; Brock et al.l 2018 [Karras et al., 2020; Sauer et al., 2022} |Pan et al., [2023)).

In recent years, however, the connection between the success of GANs and the Wasserstein distance
has been questioned (Stanczuk et al.l 2021} |[Fedus et al., [2018; Mallasto et al., 2019 [Korotin et al.,
2022; Milne & Nachman, 2022). The first criticism is the extent to which WGANs do minimize
the Wasserstein distance. Several authors have shown that approximately minimizing W; using
WGANS can yield a poor approximation (Pinetz et al., 2019; Mallasto et al.,|2019; [Stanczuk et al.|
20215 |[Korotin et al., 2021). A second criticism is whether minimizing the Wasserstein distance be-
tween two distributions is a sensible optimization criterion for generative models of images. Figure[T]
shows a result from Mallasto et al.| (2019): a model that does a much better job of minimizing an
empirical estimate of the Wasserstein distance actually produces results of much lower visual qual-
ity. This has led to an alternative view whereby "GANs succeed because they fail to approximate
the Wasserstein distance” (Stanczuk et al., 2021) and that GANs should not be seen as minimizing a
loss function (Goodfellow et al.,2020; |[Fedus et al., 2017). Many papers have completely abandoned
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Figure 1: When a WGAN generator is trained using gradient clipping, the approximation to Wasser-
stein distance is poor and a batch of generated faces have a higher Wasserstein distance to a batch
from the training set compared to when the “c-transform” method is used (Mallasto et al., [2019).
Nevertheless, the visual quality is higher with the poor approximation.

the distribution- matching approach and focused instead on analyzing the adversarial game and its

equilibrium (Sidheekh et all 2021}, [Farnia & Ozdaglar, [2020; [Schifer et al., 2019} [Qin et al., [2020).

A seemingly simple approach to answering the question of whether WGANSs succeed because they
minimize W7 is to measure the Wasserstein distance between P , the distribution over fake images
defined by the GAN, and Pyata, the true distribution, and to compare that distance with alternative
methods that minimize W7 (P, Pyata). Unfortunately, an exact calculation of W1 (P, Q) where P, Q
are continuous distributions can only be done for a limited class of distributions. In previous works
(e.g. figure , an empirical approximation to W1 (P, Q) was used, but this approximation is known
to be poor for high-dimensional data such as images (Weed & Bach|,[2019). Thus as long as we use
continuous, non-parametric distributions for the data and the generated images, it is impossible to
give a rigorous answer to whether WGANSs minimize W;.

In this paper, we present an alternative approach that allows us to give a rigorous answer. We
leverage the advantages of discrete GANS. These GANS are identical to the standard GANs in
which a noise vector z is passed through a neural network f to generate an image. But in discrete
GAN:Ss, the noise vector z is sampled uniformly from M possible fixed noise vectors and thus the
generator can generate at most M possible images. Our work was motivated by our initial findings
that when M is sufficiently large, discrete GANs generate images that are of comparable quality to
that of standard GANs with the same architecture. Figure 2]shows images generated by a variant of
FastGAN|[|that we trained as a discrete GAN with M = 70, 000 fixed noise vectors. The results are
comparable in quality to training the same architecture with continuous noise vectors and similar
results are obtained with other values of M.

By using a discrete GAN we obtain the following advantages:

* We can exactly compute the Wasserstein distance between the GAN distribution P and the
empirical distribution Pyata

* We can analytically characterize the optimal distribution P that minimizes W1 (P , Pyata)
for different values of M.

* We can directly optimize W1 (P , Pqata) and compare these (locally) optimal solutions to
the ones found by WGAN:Ss.

In this paper, we leverage these advantages of discrete GANs to provide theoretical and experi-
mental evidence that successful WGANs do minimize the Wasserstein distance but the form of the
distance that is minimized depends highly on the discriminator architecture and its inductive biases.
Specifically, we show that when the discriminator is convolutional, WGANs minimize the Wasser-
stein distance between patches in the generated images and the training images, not the Wasserstein
distance between images.

'See appendix
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