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Abstract

Doubly robust (DR) scores are a standard method in causal inference and policy evaluation:
they make policy-value estimates insensitive to global nuisance estimation error. Differential
privacy (DP), however, requires a different form of robustness: the released output must be
stable under the replacement of any one individual. This paper shows that these two notions
of robustness can differ significantly in private policy selection. We study the problem of
selecting a high-value policy from a finite public library using learned DR utilities and the
exponential mechanism. Although fixed or frozen-nuisance utilities have constant sensitiv-
ity, we identify a sensitivity spillover effect: replacing one record in the nuisance-training
block can change the learned score map, and that changed score map is then evaluated on
all records in the scoring block. We prove a separation showing that double robustness,
vanishing nuisance error, and even zero DR population bias can coexist with order-n re-
alized utility sensitivity, invalidating the usual fixed-utility privacy calibration. We then
give a sufficient certification route based on deterministic replace-one prediction stability
of the nuisance learners, which yields a valid pure-DP exponential mechanism and a regret
bound separating library approximation, concentration, DR product remainder, and certi-
fied privacy cost. Semi-synthetic experiments confirm that spillover can be large even when
DR statistical diagnostics look benign, and that stability-oriented regularization controls
the privacy-relevant movement. The investigations in this paper highlight an important
future need that the private causal policy selection method requires both orthogonality for
statistical robustness and algorithmic stability for individual replacement robustness.

1 Introduction

The growing availability of user-specific observational data has made personalized decision making increas-
ingly central in medicine, education, public programs, and online services (Murphyl 2003; |Qian & Murphy,
2011; [Zhao et al., |2012; |Dudik et all [2011} [Kitagawa & Tetenov, |2018; |Athey & Wager) 2021). The basic
causal object behind such decisions is a policy value: for a candidate policy w, what mean outcome would
be obtained if the population were assigned actions according to 77 Estimating this quantity from obser-
vational data is statistically delicate because actions are not randomized and counterfactual outcomes are
unobserved. A successful line of offline policy evaluation and offline policy learning (OPE/OPL) addresses
this difficulty by estimating nuisance functions, such as propensities and outcome regressions, and then eval-
uating or optimizing policies using inverse probability weighting (IPW) or doubly robust (DR) scores over
a constrained class (Kallus, |2018; [Zhao et al., 2019} |Athey & Wager, 2021)). The appeal of doubly robust
score is its stability with respect to nuisance error: under standard rate conditions, policy-value estimation
can remain valid even when one nuisance component is misspecified, and first-order nuisance errors do not
propagate directly into the target value (Chernozhukov et al., [2018). This robustness has made learned DR
scores a default interface between flexible machine learning and causal policy evaluation.

In real applications, causal policy evaluation often involves sensitive individual records, and differential
privacy (DP) protects such records by requiring the released output to be stable under the replacement of
any one individual (Dwork et al., [2006; Dwork & Roth, 2014]). Recent work at the intersection of DP and
causal inference suggests a natural but unresolved tension. On the one hand, privacy mechanisms introduce
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deliberate perturbations, and these perturbations can affect causal estimands in mechanism-specific ways:
perturbing outcomes, treatments, covariates, nuisance predictions, estimating equations, or the final released
estimand need not have the same statistical effect (Lee et al.,[2019; |[Farzam & Sapiro; /Ohnishi & Awanl, |2024)).
On the other hand, several recent private causal methods deliberately build on DR structure, because the
DR score is robust to nuisance error and compatible with flexible nuisance learning (Niu et al.| [2022; [Lebeda,
et al.l 2025 |Schroder et all 2025a3bl). These works make DR-based causal estimation appear especially
attractive under privacy constraints, but they also reveal that the benefit is not automatic: multi-stage
estimator construction and nuisance estimation errors can incur additional variance, sensitivity, or privacy
cost under DP (Niu et al.| 2022; [Lebeda et al., [2025).

A common deployment scenario sits between offline policy evaluation and full offline policy learning. Instead
of releasing a value estimate for a single policy (OPE), or optimizing over a rich data-dependent policy
class (OPL), the analyst may have a finite public library II = {m,..., 7} of candidate policies and wish
to release one policy with high population value. Such libraries arise when policies must be interpretable,
pre-specified for regulatory or operational reasons, or generated by a separate public or privacy-accounted
procedure. We refer to this problem as policy selection. Statistically, policy selection can be viewed as
evaluating the candidates in the library and choosing a high-value one. Privately, however, the released
identity of the selected policy is itself a data-dependent output and must be stable under the replacement
of any one individual.

This selection viewpoint suggests a natural use of the exponential mechanism (McSherry & Talwar, 2007)).
Given a finite public policy library, one computes a utility for each policy and samples with probability
increasing in that utility. For fixed bounded utilities of the form Ugx(D,7) = >, ¢x(Z;) with |¢.| < B,
replacing one record changes only one summand, so the global sensitivity is at most 2B. The same constant-
sensitivity argument also applies to frozen-nuisance DR scores after conditioning on the nuisance functions, as
discussed in Section[d Since learned DR scores are the standard interface between flexible nuisance learning
and policy-value estimation, it is tempting to train nuisances form learned DR utilities for all policies in
the library, and pass these utilities directly to the exponential mechanism. The premise of this paper is that
this path is NOT seamless. Double robustness and pure differential privacy control different objects. Double
robustness controls population bias or statistical error caused by nuisance estimation. Pure DP controls
the worst-case movement of the realized utility under every adjacent pair of datasets. When the DR score
map is learned from protected records, replacing one nuisance-training record can change the fitted nuisance
functions, and this changed score map is then evaluated across the entire policy-scoring block. Thus a single
protected record can affect many summands of the realized utility. We call this effect sensitivity spillover.
It is invisible to the usual DR product remainder, but it is exactly the object that governs the privacy
calibration of the exponential mechanism. This distinction leads to the central question of the paper:

When can a learned doubly robust policy-value score be validly used as the utility in a pure-
DP policy selection mechanism?

This terminology is important. The core object of this paper is private policy selection: the mechanism
releases one policy from a finite public library. OPE and OPL provide the causal estimators and optimization
viewpoint that motivate our utility, but our privacy analysis is neither an OPE accuracy theorem, nor an
end-to-end private policy learning algorithm for constructing the library. It investigates whether the learned
DR utilities used to rank an already fixed library have a valid pure-DP sensitivity calibration.

We answer this question by separating the statistical and privacy roles of learned scores. Section [3] intro-
duces three utility regimes: fixed scores, frozen-nuisance DR scores, and internally learned DR scores. In
Section we first introduce the constant-sensitivity baseline (Appendix |A]) for the first two regimes, and
then show that internally learned DR utilities introduce a new source of sensitivity: replacing one nuisance-
training record can perturb the fitted score map, and that perturbation is evaluated across the full scoring
block. Section [£.2] proves that statistical orthogonality can coexist with large global sensitivity, so double
robustness alone cannot certify pure-DP calibration. Section [4.3] gives a sufficient certification route: a pub-
lic deterministic replace-one prediction-stability certificate bounds the spillover and yields a valid pure-DP
exponential-mechanism calibration. The resulting regret bound separates approximation, scoring concentra-
tion, the DR product remainder, and the certified privacy cost.
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Our contributions are threefold:

e To our knowledge, this is the first work to study pure-DP policy selection with learned doubly robust
utilities. We identify sensitivity spillover: one nuisance-training record can perturb the fitted score
map evaluated on many scoring records. Our separation result shows that vanishing DR population
bias can coexist with order-n realized utility sensitivity, so double robustness alone cannot justify
pure-DP calibration.

o We give a sufficient certification route based on public deterministic replace-one prediction stabil-
ity. The certificate yields Agery = max{2By,np},} and hence a pure-DP exponential mechanism.
The accompanying regret bound separates approximation, scoring concentration, the DR product
remainder, and the certified privacy cost.

o Experimental results show that standard DR accuracy metrics can fail to reveal large adjacent-
dataset movement in learned policy utilities. The experiments further confirm the qualitative predic-
tion in theoretical analysis that stability-oriented regularization reduces nuisance-induced spillover,
and a deterministic ERM positive control instantiates the public-certificate route. These results
suggest a design principle for private policy selection: orthogonality controls statistical error, while
replace-one prediction stability must certify privacy.

2 Related Work

Policy-value estimators based on outcome regression, inverse propensity weighting, and doubly robust scores
are standard building blocks for comparing covariate-dependent interventions (Qian & Murphyl, 2011} |Zhao|
let al., [2012; Kitagawa & Tetenov, [2018} [Kallus, 2017; |2018; [Zhao et al., [2019; |Athey & Wager} 2021).
Several works use these estimators as objectives that are subsequently optimized over policy classes, and
recent extensions address many-treatment settings and distribution or concept shifts (Zhu et al.| 2025;
let all, [2023} [Kallus et all, [2022; Wang et all [2025]). Orthogonal scores statistically decouple value error from
first-order nuisance errors (Chernozhukov et al., 2018). This robustness controls expected error, while privacy
calibration requires worst-case utility stability across adjacent datasets. Concurrently, DP causal inference
has focused on privatizing specific estimands or uncertainty statements, including private ATE estimation via
IPW or covariate balancing (D’Orazio et al [2015} Lee et al., [2019; [Ohnishi & Awanl [2024} |Guha & Reiter],
[2025} [Yuan et all, [2025)), locally private randomized inference (Ohnishi & Awanl 2025), private CATE and
confidence intervals (Niu et al) 2022} [Schrdder et al 2025afb), and model-agnostic prediction-aggregation
mechanisms (Lebeda et al.,[2025). Our output is a privately selected policy from a fixed public library. This
is a policy-selection problem, rather than only OPE or unrestricted OPL: the learned DR score is used to
rank a pre-specified library, and the released object is one selected policy. This shifts the technical challenge
because the utility passed to the private selection mechanism is a learned DR policy value whose adjacent-
dataset sensitivity is driven by the replaced record and by how that record perturbs the fitted nuisances used
to score all other records.

The exponential mechanism and private empirical risk minimization guarantee private selection or optimiza-
tion for objectives with known bounded sensitivity, convexity, or fixed per-user contributions
|& Talwarl 2007; Dwork & Roth| [2014} |Chaudhuri et all 2011} Bassily et al. 2014). Learned DR policy-
value evaluation violates this fixed utility viewpoint. Replacing one nuisance-fitting record alters the fitted
propensity and outcome predictions across all scoring records, inducing a sensitivity spillover invisible to
usual fixed score calibrations. DP also addresses sequential decision making in bandits and reinforcement
learning (Shariff & Sheffet, 2018; |Zheng et al., [2020; Garcelon et al., 2022; [Huang et al.l 2023; Wang &|
[Zhu|, [2024; Qiao & Wang, [2023ajb; [Liao et all [2023). These sequential models sidestep the unobserved
counterfactuals of static observational settings. Classical algorithmic stability and local sensitivity metrics
(Bousquet & Elisseefl, 2002; |Shalev-Shwartz et al., |2010; Nissim et all 2007) do not automatically certify
the global worst-case sensitivity required by a pure-DP exponential mechanism. Typical case or local sensi-
tivity bounds would require a modified approximate-DP mechanism, e.g., smooth sensitivity, together with a
separate proof controlling bad neighboring datasets. Deterministic replace-one prediction stability provides
the auditable certificate used in our pure-DP learned utility calibration.
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3 Problem Setup

Policy value and private policy selection. Our paper follows the potential outcome causal inference
framework. Consider a dataset of N = m + n records partitioned into a fixed, public, and data-independent
split: D = (DY, D), D" = {Z1,...,Zn}, and D> = {Z,,41,..., Zm+n}. We assume each record Z; =
(X, A;,Y;) is drawn independently from a population distribution P. Throughout, Pf denotes Ep[f]. Here,
X; € X denotes the covariate vector, A; € A= {1,..., K} the discrete action, and Y; € [y,7] the bounded
observed outcome. Let Y (a) denote the potential outcome under action a. We make the standard causal
assumptions of consistency, ¥ = Y (A4), and unconfoundedness, Y (a) L A | X for all a € A. The population

outcome regression and propensity score are respectively defined as:
poo(z) =EY |A=0qa,X =z, €0,a(x) =P(A=0a| X =zx).

To ensure identification, we assume multi-action overlap: there exists a deterministic constant ¢ € (0,1/K]
such that eg ,(x) > ¢ for all @ and x.

The target of the paper is pure-DP policy selection from a public, deterministic, and data-independent library
IT,, = {m,..., 7, }. Let II be a target policy class and let II,, C II be the finite release library, where each
7j : X = A. The expected value of a policy 7 is defined as Vp (1) = E[Y (7(X))]. Let 7} € arg max en V()
denote the population oracle over II, and let 7} € arg max e, Vp(m) denote the optimal policy within the
finite release library. Restricting the output space to the pre-fixed library II,, decouples the release problem
from candidate generation: OPE/OPL tools supply policy-value utilities for comparing the fixed candidates,
while the object analyzed here is the privacy and regret of the mechanism that selects and releases one
candidate.

The doubly robust score. To evaluate policies efficiently, we utilize the doubly robust (DR) score |Cher-
nozhukov et al.| (2018). For a given nuisance pair n = (u, e), the DR score for a record Z under policy 7 is

defined as: 1{A=7(X)}
W{Y — Bar(x) (X))} )

Assumption 1. Throughout the privacy analysis, learned nuisance functions are deterministically projected,
and the true nuisance functions lie in the same ranges. Thus, for every training sample S, action a, and
covariate x,

7/%(2;77) = :U'Tr(X)(X) +

-~

1< po.a(@) isa(@) ST, eo(),8s(x) € A == {p € Mg :  min_pe > C}.

Under Assumption [1} let B, = max{|u|,|a|} and Ry, = max{|y — p|,|y — &|}. Then, for any nuisance
pair satisfying the deterministic ranges, ¢ (Z;n)| < B, + ("' Ry,, =: By.

The statistical appeal of DR scores stems from the following identity:

PU(n) = Ve(r) = 3 [10r(x) = ) (S0 (00 - poatxn] . @)

This yields the well-known product remainder bound in causal inference (doubly robust property):

K
Pn(n) = Vo(m] < ¢S e — Hoallz, (g e — €0l - (3)

a=1

The identity and the product-remainder bound are proved in Lemma |3} We state them here because
they are the statistical benchmark against which the privacy-sensitivity results below are contrasted.

Differential privacy and utility regimes. We say two split datasets D = (D', D*¢) and D’ = (D", D3%)
are adjacent, denoted D ~ D', if they differ by the replacement of a single record in either the training block
or the scoring block. The split is public and index-based: the replaced record remains in the same block
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under adjacency. A randomized mechanism M satisfies e-differential privacy (e-DP) if, for all adjacent
datasets D ~ D’ and all measurable events S,

P{M(D) € S} < eP{M(D’) € S}.

To privately select a policy from II,, we use the exponential mechanism with utility U(D, 7). Given a
calibration parameter A, the mechanism samples

PG =r| D)ocexp{gU(;Zﬂ}, A> Sup  sup \U(D,m) = U(D', )] (4)

For causal-inference readers, is a randomized release rule, not a causal model or an estimating equation.
Conditional on the observed dataset, each candidate policy receives a weight that increases with its empirical
utility U(D, 7); the normalizing constant over II,, turns these weights into probabilities. The scale A must
be a deterministic upper bound on the largest possible change of any policy utility under a one-record
replacement. The factor £/(2A) is the standard exponential-mechanism calibration: larger utility gaps make
high-utility policies more likely, while a larger sensitivity bound flattens the distribution to maintain pure
differential privacy. Thus the privacy question reduces to identifying a valid global sensitivity bound for the
realized utility. This is immediate when the score map is fixed before observing the private data, but becomes
subtle when the score map itself is learned from protected records. To further distinguish, we consider the
following three utility regimes in this paper:

Ux(D*,m) =Y ax(Zi), Un(D*,7w) =D 9n(Zisn'), Uie(D,7m) =Y b (Zi; (D).

1€ D¢ 1€ D¢ i€ DsC

Here Ugy is the fixed-score utility, Uy, is the frozen-nuisance DR utility, and Uy is the internally learned DR
utility. The specific details are as follows:

Regime I: Fixed-score utility Ugy. The score map ¢, : Z — R is bounded and fixed before the private
dataset is observed.

Regime II: Frozen-nuisance DR utility Up.. The nuisance object n' is fixed relative to the protected
scoring/release block and is conditioned upon in the privacy analysis. For this regime only, the privacy
statement concerns replacements in the scoring/release block alone: the two scoring blocks may differ by one
record, while n' is held fixed. Auxiliary records used to construct n' lie outside this DP guarantee unless
protected by a separate privacy analysis.

Regime III: Internally learned DR utility Ujs. The nuisance estimator 77 = (fi, €) is learned from the
protected training block. The DP guarantee is with respect to the full split dataset D = (D' D) so a
neighboring change may occur in either block.

4 Sensitivity Spillover: Separation and Certification

4.1 Sensitivity Spillover Decomposition

We first isolate the sensitivity term that is absent from fixed-score selection. If the score map is fixed before
accessing the protected dataset, then replacing one scoring record changes only one bounded summand. The
same constant-sensitivity argument applies to frozen-nuisance DR scores after conditioning on the fitted
nuisances, and Appendix [A] records this baseline.

Internally learned scores are different: a replacement in D" can change the fitted nuisances 7(D') =
(1, €), hence the score map used on the entire scoring block D¢. This nuisance-induced movement is then
accumulated over all n scoring records. We call this effect sensitivity spillover. For adjacent nuisance-fitting
samples S ~ S’ of size m, define

Tym = sup maxsupmSa( ) — b o)l Lem = sup maxsup|65a( ) —€eg qo(z)]. (5)
S~ S’ a S~ S’ a
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These are deterministic replace-one prediction movements, measuring uniform stability for the fitted predic-
tion functions, so they are different from estimation errors ||fi — pol|z,(px) oF ||€ = €oll1.(Px)-

Lemma 1. Let p,, := (1 +§*1)I‘#,m +C*2Ry,#Feﬁm. Under Assumptz’on the internally learned DR utility
has global sensitivity

AB = sup sup |Ui(D,w) — Ure(D', )| < max{2By, npm}. (6)
D~D' rell,,

The proof of Lemma [I] is stated in Appendix [B]

The two terms correspond to the two possible locations of the neighboring replacement. If it occurs in DS,
only one bounded score changes, which gives the fixed-score term 2B,,. If it occurs in D, the scoring records
are unchanged but the learned score map can move by p,, at each of the n scoring points, which gives the
spillover term np,,.

Thus bounded realized DR, scores control individual summands but not the dataset-dependent movement of
the score map. Pure-DP calibration for learned DR utilities therefore requires a deterministic replace-one
stability certificate for the nuisance predictions. The next subsection shows that this certificate is not implied
by double robustness, nuisance accuracy, or orthogonality alone.

4.2 Double Robustness Does Not Certify Privacy

Lemma [T] shows that learned-score privacy requires a deterministic replace-one stability bound for the fitted
nuisances. Such a bound is not implied by standard doubly robust guarantees. The product remainder in
controls population-average bias, whereas pure DP requires worst-case control of the realized utility over
all adjacent datasets.

The next theorem makes this gap explicit. It constructs a setting in which the usual statistical diagnostics
for DR estimation are ideal: one nuisance is exactly correct, the other has vanishing Ls(Px) error, and the
DR population bias is zero. Nevertheless, a single replacement in the nuisance-training block can change the
learned score map on a region that is negligible under Px but can be populated by the scoring block in a
worst-case adjacent pair. As a result, the realized learned-score utility can move by n, the full size of the
scoring block. Hence the global sensitivity relevant for pure DP can be order-n even when the DR statistical
error is zero.

Theorem 1. There exist a fized population distribution P, a fized policy w, and deterministic nuisance
learners {fin}n>1 such that, for every split N = m + n, the propensity is exactly correct, the outcome
nuisance satisfies

max |fin,s.0 = Ho.all o) < N2

uniformly over training samples S, and the DR population bias is zero: P, (n(S)) = Vp(w). Nevertheless,
there exist adjacent datasets D ~ D' with the same scoring block for which

|U15(D,7T)—U15(D/,7T)‘ =n. (7)

Consequently, the learned-score utility has worst-case sensitivity at least n for this instance. Moreover, for
any fized calibration Ay > 0 and privacy budget € > 0, there is a two-policy version with bounded realized
scores, correct propensities, vanishing outcome error, and zero DR population bias for which the exponential
mechanism calibrated at Aq fails e-DP whenever n > 2.

The proof of Theorem [I] is stated in Appendix[C] The construction toggles predictions on a covariate region
with vanishing Px mass. This perturbation is negligible for Ls(Px) nuisance error and for the DR product
remainder, but it can be hit by a worst-case scoring block. Since the learned nuisance is then evaluated
on all n scoring records, the single training-record replacement is amplified into an order-n realized utility
movement. This is precisely the sensitivity spillover effect: an individually small change in the training block
becomes a collective change in the scoring block.

Thus the theorem shows that orthogonality, nuisance accuracy, zero DR population bias, and bounded
realized scores do not certify privacy sensitivity. The failure is that pure-DP calibration depends on worst-case
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adjacent-dataset movement of the realized utility. Learned-score private selection therefore needs an explicit
stability certificate controlling how much the fitted nuisance predictions can change under one replacement.
Appendix [C| gives both the construction and the two-policy likelihood-ratio proof, and Appendix [F] gives a
nearest-neighbor spillover example without a sample-dependent rare-region learner.

4.3 Certified Private Selection via Prediction Stability

The previous subsection gives a negative message, but it also identifies the right positive target. The
exponential mechanism cannot be calibrated from a population bias bound. Before release, it needs a
deterministic upper bound on how much the realized utility can move under any one-record replacement.
For learned DR utilities, Lemma|[I]shows that this movement has two channels: a scoring-record replacement
contributes the usual bounded-summand term 2B, whereas a nuisance-fitting replacement contributes the
spillover term accumulated across the scoring block. Therefore the missing ingredient is not another DR
accuracy condition, but a certificate that the nuisance learner has small replace-one prediction movement.

We use the following deterministic certificate. Assume the nuisance learner is deterministic, with determin-
istic tie-breaking, and that any public randomness is fixed before observing the private data. For every
adjacent pair of fitting samples S ~ S’ of size m, suppose that

m(?x sup |ﬁs,a($) — s a(7)] < Bu,m mgx sup [€s,a(7) — €s7.a(2)| < Bem- (8)
xT xT

The constants in are public, deterministic upper bounds that hold uniformly over neighboring fitting
samples. They are not average-case nuisance errors and are not estimated from the private scoring block.
Their role is to certify the algorithmic stability of the learned score map that will be evaluated on the scoring
records.

Define
P = (L+ ¢ HBum + ¢ 2Ry uBem, Acers 1= max{2By, np;,}. (9)

By Lemmal[l] this Ay is a valid global-sensitivity bound for the internally learned DR utility. The certified
selection mechanism therefore fits 77 on D', evaluates Ujs(D, w) on D¢, and releases

Ui (D,
%NPr(W)ocexp{&—?lA(W)}, € IL,.
cert

This construction is the promised bridge between learned causal scores and pure DP: orthogonality will
control the statistical error of P, (7)), while the public prediction-stability certificate controls the privacy
calibration of the realized utility. We now combine these two ingredients into a regret bound. Let M,, = |IL,|
and
A, (P;11L,11,) := sup Vp(m) — max Vp(m),
mell mell,
the approximation error of the public finite library. The result is stated in the following theorem.

Theorem 2. Under the causal identification, bounded-range, public-split, data-independent-library, and
stability-certificate conditions above, the certified selection mechanism is pure e-DP for all users in D" U D*C.
Moreover, suppose that with probability at least 1 — o, over D,

Hl(?,X H//J’a — Ho,a ‘LZ(PX) < Tums m(iiX ||€a - eO,aHLz(Px) < Tem- (10)

Then, with probability at least 1 — oy, — o — 3,

log(2M,, _
Vp(rh) — Vp(7) < An(P;IL1L,) + CB, M + O KC T T em
C”ACEI‘
+ Tt{IOgMn-HOg(l/ﬁ)}, (11)

where C,C",C" are universal constants.
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The proof of Theorem [2] is stated in Appendix Theorem [2] separates the regret into four conceptually
distinct terms: finite-library approximation, scoring-sample concentration, the DR product remainder, and
the exponential-mechanism price. Only the last term depends on the sensitivity calibration. Since

Acer 2B .
t:maux{w,pm}7 (12)

ne ne 3

the fixed-score component has the familiar 1/(ne) scaling, whereas the learned-score component is controlled
by the certified spillover radius p},. Thus privacy depends on replace-one prediction stability, not on the
DR product remainder: orthogonality governs the statistical term 7, ¢ m, While certification governs the
privacy term pJ, /e.

This decomposition also makes clear when the learned-score selection mechanism is consistent. The ap-
proximation, concentration, DR, and privacy terms must all vanish, and the last requirement is precisely a
stability requirement on the nuisance learner.

Corollary 1. Fiz ¢ > 0. If A, (P;II,II,) — 0, log(M,)/n — 0, Krymrem — 0, and %{logMn +
log(1/8)} — 0, then the regret bound in Theorem@ vanishes for fixed failure probabilities. In particular, if a

certifiable strongly convex regularized ERM learner gives pl, = O((mM,,)~1), then the spillover privacy term
log M,,+log(1/8)

vanishes whenever
EMAm

— 0, while the DR statistical term requires v, m7em — 0.

The proof of Corollary [I]is stated in Appendix

It remains to say when such public stability certificates are available. For some deterministic learning
algorithms, they follow directly from the optimization problem defining the nuisance learner.

Remark 1. For deterministic finite-dimensional strongly convex reqularized ERM nuisance learners with
bounded features, globally G-Lipschitz losses, Lg-Lipschitz prediction maps, deterministic tie-breaking, and
deterministic clipping or simplex projection,

2L,G
mAm

sup |g@\S (x) — 9., (x)] < for every S ~ S'. (13)
xr

Hence Bym and Beq are explicit for this class, giving pf, = O((mAy)™1). Appendix@ gtves the multi-

action statement and proof. More adaptive learners require their own deterministic stability analysis before

the pure-DP guarantee applies.

5 Experiments

This section investigates four questions: (1) Can learned nuisance fitting create large adjacent changes in
the learned DR, utility while DR accuracy diagnostics remain favorable? (2) Does the fixed-score calibration
become too small on the resulting likelihood-ratio audit? (3) Do regularization and sample splitting change
the empirical movement and regret in the directions predicted by the spillover and regret decompositions?
(4) Can the sufficient certification route be instantiated by replacing the flexible learner with a deterministic
strongly convex ERM learner whose stability constants are public?

We use flexible boosted-tree and logistic-regression nuisance learners for the stress tests, and a separate
deterministic regularized ERM learner as a positive-control certificate. We report nuisance accuracy, DR
product diagnostics, empirical replace-one movement, likelihood-ratio audits, regret, and, where applicable,
public certificate scales.

5.1 Experimental Setup

Data and semi-synthetic design. A central challenge in empirical causal inference is that counterfactual
outcomes are unobserved. Following established semi-synthetic practice (Curth & Van der Schaarj 2021}
Curth & Van Der Schaar}, [2023; Huang et al. |2024), we use covariates from the ACIC 2016 benchmark (Dorie
et al., [2019) and generate treatments and outcomes from known response surfaces. After preprocessing, the
design matrix has 4,802 rows and 58 encoded covariates.
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Table 1: Separation and privacy audit over 100 repetitions. Appendix states column definitions.

n  nuis. Ly DR prod. unstable move/floor naive logLR/e stable logLR/e stable cover

300 0.0950 0.00963 0.37 0.13 0.053 1.00
700 0.0946 0.00958 0.87 0.37 0.148 1.00
1200  0.0952 0.00968 1.49 0.69 0.221 1.00
2000  0.0961 0.00986 2.40 1.17 0.319 1.00
3000  0.0945 0.00955 3.36 1.48 0.336 1.00

The main separation audit uses a rare-region DGP, a finite-sample analogue of Theorem [II The purpose
is to create a low-probability covariate region that is nearly invisible to population-average nuisance error
but can still induce large realized movement on stress scoring blocks. Let R(z) indicate that a nonlinear
rare-region score exceeds its empirical 95th percentile. We define

eo(x) = clipe 1 {o(ge(x) + 1.7R(x))}, ¢ =0.10,
7(z) = 0.20tanh{1.4g,(x)} + 0.11 - 1{zy > 0} — 0.07 - 1{zs > 0} + 0.45R(x),
fo,0(z) = Clip[o.oz,o.gs]{0'25 +0.450(go(®))}, po,1(x) = Clip[o.oz,o.%}{ﬂo,o(ﬂf) +7(z)},

where g., go, g, are fixed sparse functions with nonlinear terms. We sample A ~ Bernoulli(eg(X)) and
Y = clipg 1j{#0,4(X) + £} with Gaussian noise . The rare region affects both treatment assignment and
treatment effects, while clipping enforces the overlap and bounded-outcome conditions used in the theory.

Policy library, learners, and diagnostics. The public policy library contains 160 deterministic policies:
structured threshold and rare-region rules, together with random linear threshold rules generated from
public randomness. Each repetition uses m = 1500 nuisance-fitting records and n = 1500 policy-scoring
records unless stated otherwise. True policy values are approximated by Monte Carlo evaluation of the
known conditional means, and regret for randomized selection mechanisms is reported in expectation under
the selection distribution. Propensities are fit by logistic regression and outcome regressions by fixed-seed
boosted trees. We compare a more regularized stable variant with a deeper, weakly regularized stress
variant. Under the imposed overlap ¢ = 0.10, clipped DR scores satisfy By, = 1+ 1/¢ = 11, so the fixed-
score sensitivity floor is 2B, = 22. For adjacent datasets D, D’, we audit learned-utility movement by

~

Amove := maxrer, |Uis(D, ) — Uis(D’,7)|. We also report the DR product proxy 7pr = 3 {RMSE(fio) +
RMSE(fi1) }JRMSE(€), and, in the regularization and split experiments, the prediction-movement proxy ppred
from Lemma Il

Appendix [G.]] gives more specific details of preprocessing, DGP, stress-audit construction, policy construc-
tion, learner hyperparameters, experiment grid, and remaining diagnostics.

5.2 Results and Analysis

DR accuracy does not imply learned-score stability. We first construct adjacent nuisance-fitting
samples that differ in one rare-region anchor record and evaluate the resulting learned utilities on rare-region
scoring blocks of increasing size. Table [I] reports averages over 100 repetitions. The first two diagnostic
columns behave like ordinary statistical quantities: nuisance Lo error and the DR product proxy are nearly
unchanged as n grows. The utility movement behaves differently, increasing from 0.37 to 3.36 times the
fixed-score floor 2B,. This is the empirical signature of spillover: one changed fitting record perturbs the
learned score map, and the perturbation is accumulated over the scoring block. This matches the np,, term
in Lemma [I] and the separation in Theorem

The privacy diagnostic shows the consequence of this movement, as visualized in Figure [1] The fixed-score
scale A = 2By, would be appropriate if the score map were fixed or frozen, but it becomes too small for the
unstable learned-score utility once the observed adjacent movement exceeds that floor. The left panel shows
this crossing directly, while the middle panel shows that the audit-calibrated scale for the stable learner stays
above the observed movement on the sampled adjacent pairs. The right panel reports the corresponding
empirical max log-likelihood ratio divided by e: at n = 2000 and n = 3000, naive learned-score exponential-
mechanism calibration reaches 1.17 and 1.48, whereas the stability-calibrated audit stays below the target
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Figure 1: Empirical sensitivity and privacy-loss audits across scoring sizes. Left: learned-score (Is) movement
for the unstable learner versus the fixed-score floor A = 2B,,. Middle: stable learner’s movement versus the
stability-audit scale. Right: empirical max log-likelihood ratio divided by e; naive learned-score exponential
mechanism uses the fixed-score floor, while stability-calibrated exponential mechanism uses the audit scale.
Values above one fail the audited pure-DP likelihood-ratio target.

Table 2: Regularization diagnostic over 100 repetitions. Appendix [G.2] states column definitions.

A b\pred move audit A audit/floor floored A floor rate regret

0.01 8.87 40.18 52.23 2.37 54.70 0.23 0.0211
0.03 8.84 39.72 51.63 2.35 54.13 0.26 0.0210
0.10 8.72 39.27  51.05 2.32 53.55 0.23 0.0209
0.30 8.45 37.39 48.60 2.21 51.11 0.24 0.0207
1.00 7.60 33.94 44.12 2.01 46.55 0.25 0.0201
3.00 4.63 2541 33.04 1.50 36.15 0.41 0.0185
10.0 237 17.54 2280 1.04 27.76 0.57 0.0167
30.0 1.39 1294 16.82 0.76 23.90 0.77 0.0157
100 0.48 5.15 6.70 0.30 22.00 1.00 0.0149

line at one. This demonstrates that DR accuracy and privacy sensitivity measure different objects, exactly
as motivated by the separation between the product remainder and the spillover term.

Regularization reduces prediction movement and spillover. Theorem [2| identifies deterministic pre-
diction stability as the interface between learned DR utilities and certified private selection. Since XGBoost
is outside the strongly convex ERM class certified in Appendix [E] this experiment studies the corresponding
empirical stability proxy. We hold the adjacent pair, scoring set, and policy library fixed while sweeping
the XGBoost regularization parameter A. Table [2] shows the intended monotone pattern: as A increases,
the prediction-movement proxy falls from 8.87 to 0.48, and the observed learned-utility movement falls from
40.18 to 5.15. The audit scale after applying the fixed-score floor becomes floor-dominated at A = 100.
Thus regularization targets the empirical prediction movement component of the spillover decomposition.
Appendix reports the corresponding theorem-proxy scale and clarifies the gap between sampled audit
diagnostics and theorem-level deterministic certificates. To close this gap constructively, Appendix [G.4] re-
places the boosted-tree nuisances with a deterministic strongly convex ERM learner, evaluates the resulting
public certificate, and verifies that the certified scale covers all audited adjacent movements while retaining
small regret.

Sample-splitting decomposition. Holding the public policy library fixed, the split experiment isolates
three sample-dependent terms in the regret bound: nuisance quality, scoring-sample concentration, and the
learned-score movement component. We fix the total sample size at 3,600 and vary the nuisance-fitting
fraction. Table [3] shows the resulting trade-off. Increasing the fitting fraction from 0.20 to 0.80 improves
nuisance RMSE from 0.0838 to 0.0608 and reduces observed movement from 2.61 to 0.51, reflecting the
stability side of the bound. At the same time, the scoring block shrinks from 2,880 to 720 records, 1/v/n
increases, and empirical expected regret rises from 0.0232 to 0.0326, reflecting the concentration side of the

10
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Table 3: Sample-split decomposition over 100 repetitions. Appendix [G.2] states column definitions.

fit frac. m n  nuis. RMSE Z’\pred move floored A floor rate 1/4/n  regret

0.20 720 2880 0.0838 9.04 2.61 22.00 1.00 0.0186 0.0232
0.25 900 2700 0.0785 6.61 2.12 22.00 1.00 0.0192 0.0242
0.35 1260 2340 0.0725 4.61 1.41 22.00 1.00 0.0207 0.0258
0.50 1800 1800 0.0664 2.93 1.01 22.00 1.00 0.0236 0.0284
0.65 2340 1260 0.0631 269 0.73 22.00 1.00 0.0282 0.0304
0.75 2700 900 0.0615 1.89 0.56 22.00 1.00 0.0333 0.0320
0.80 2880 720 0.0608 1.80 0.51 22.00 1.00 0.0373 0.0326

bound. The audit scale after applying the fixed-score floor remains 22 for every split because the observed
spillover movements are below 2B, = 22.

In summary, the separation audit shows that statistical DR diagnostics can remain stable while learned-score
utility movement grows and fixed-score calibration fails on audited adjacent pairs; the regularization audit
shows that regularization targets the empirical prediction-movement component of the spillover decomposi-
tion; the sample-split experiment illustrates the trade-off between nuisance accuracy, scoring concentration,
and empirical movement. Finally, the certified ERM positive control in Appendix [G.4] instantiates the
sufficient condition from Section [£.3] with a public deterministic certificate instead of a sampled audit proxy.

6 Conclusion

This paper shows that double robustness, a well-known statistical robustness property in causal inference, is
not a privacy certificate for private policy selection: it controls population-level nuisance error, whereas pure
DP requires worst-case control of the realized utility under one-record replacement. This distinction leads
to sensitivity spillover, where a replacement in the nuisance-training block changes the learned score map
and this change is evaluated across all scoring records. Our separation result shows that vanishing nuisance
error and even zero DR population bias can coexist with order-n realized utility sensitivity, invalidating
the usual fixed-utility calibration of the exponential mechanism. We give a sufficient certification route
based on deterministic replace-one prediction stability of the nuisance learners, yielding a valid pure-DP
exponential mechanism and a regret decomposition that separates library approximation, concentration, the
DR product remainder, and certified privacy cost. The experiments support the same message: statistical
DR diagnostics and privacy-relevant adjacent-dataset movement can behave very differently, while stability-
oriented regularization can control the spillover term. Our investigations suggest a two-certificate principle
for private causal policy selection: orthogonality is needed for robustness to global nuisance estimation error,
and algorithmic stability is needed for robustness to individual replacement.

The current study also has several limitations. It applies to selection from a finite, public, data-independent
policy library under a public split, and does not by itself cover data-dependent library construction, end-to-
end private policy learning, or adaptive policy-class search. In addition, the deterministic uniform stability
certificate is also a sufficient condition rather than a universal recipe, and obtaining tight certificates for
forests, boosting methods, or neural networks remains important future challenges. Therefore, we hope
our results might bring some insights, encouraging future studies to develop auditable stability analyses for
richer nuisance learners, combine causal orthogonality with local or smooth sensitivity under approximate-DP
guarantees, and extend the framework to large or data-dependent policy classes.
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Appendix
A Fixed and Frozen Utilities

Proposition 1. If | (2)| < B for all 7,2, then Agy < 2B. If ' is fized relative to the protected scoring
block and | (z;n")| < By for all m, z, then under scoring-block adjacency with n' held fized, Ag < 2By.

The proof of Proposition [1] is stated below.

Proof of Proposition [l Fix an arbitrary policy = € II,. If D ~ D’ differ in one scoring record, then all
summands except the replaced record coincide. Writing the replaced records as Z and Z’, we have

|Uﬁx(D77r) - UﬁX(D/vﬂ-)‘ = |QTr(Z) - QW(Z,)‘ S 2B.

If the replacement occurs outside the scoring block and the score map is fixed, every summand is identical
and the utility change is zero. Taking the supremum over 7 proves the fixed-score bound.

For frozen DR scores, condition on the fixed value of nf. Under the stated adjacency relation, replacing a
protected user does not alter nf, so the function z + 1. (z;n!) is a deterministic bounded score map. If the
replacement is in the scoring/release block, the same one-summand calculation gives

|Us (D7) — Ufr(D/,Tr)| < 2By,

If the replacement is outside the scoring/release block and leaves n' fixed, the frozen utility is unchanged.
Taking the supremum over 7 gives Ay, < 2By. The proof therefore protects only records whose replacement
is covered by this adjacency relation. Auxiliary records used to build 5t are not protected by this argument
unless their data dependence is separately privatized or included in the sensitivity calculation. O

B DR Score Lipschitz Bound and Sensitivity Decomposition

Lemma 2. Let n = (u,e) andn' = (i, €’) satisfy the deterministic ranges. If

maxsup |pa (v) — 1 (2)] < 8, maxsuplea(w) — e (x)] < 6,

then for every z and T,
[thr(25m) = ¥r(zi0)] < (L4 ¢80 + (T Ry 0.

The proof of Lemma [2 is stated below.
Proof of Lemma[d Write z = (2, 4,Y), set a = m(z), and let I = 1{A = a}. From (T)),

Y)Y o))
Q@) @ S

elai) — i) = (i) = i)} +1{
For the inverse-propensity part, add and subtract (Y — pul (z))/eq(x) to obtain

‘Y—mmx_Y—%w>
ca(®) e, (@)

!

|Ha () — po ()]
= eq(T)

1 1

+|Y_N;(‘T)‘ ea(a:) - el (J)) .

The deterministic range assumptions give eq(x), el (z) > ¢ and |uq(x) — pl(x)] < 0,. They also give
Y — py(x)| < Ry, since Y € [y,7] and p,(z) € [p, 7], the maximum of |y — u| over this rectangle is
max{|y — pf, [y — 7l}. Finally,

Jeal@) — @)l _ s
= @ ¢
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Combining these bounds and using I < 1 yields
|7/}7r(z§77) - %(2;?7/)| < 5# + {4715u + RY,uciz(Se}
= (1 + C_l)(slt + <_2RY,,LL6€'

O

Proof of Lemmal[d] If adjacent datasets differ in one scoring record, D" is unchanged. Hence 7j(D"™) is fixed
and only one bounded score changes, giving

‘U]S(D,ﬂ') — UlS(D/,T(‘)| S QBw.

If they differ in one training record, write the adjacent training samples as S ~ S’. The scoring block is
unchanged, while the nuisance changes from 7js to 7js/. For every fixed T,

|U15(D77T) - UIS(DI7W)|
<3 el ZisTis} — vn{Zis s}

i€ Dse
<n{(1+¢ T m + ¢ Ry ylem} = npm,
where the second inequality is Lemma@together with the definitions of I',, ,,, and I'¢ ,,,. Taking the supremum

over 7 and the maximum over the two possible replacement locations proves the result. O

C Proof of Theorem [} Separation and Naive Calibration Violation

This appendix proves the separation theorem. It first constructs the order-n learned-score sensitivity ex-
ample, and then gives the two-policy likelihood-ratio argument showing that a fixed-score calibration can
violate pure DP.

C.1 Order-n Learned-Score Sensitivity

Proof of the separation part of Theorem[]l We construct a single population distribution and a triangular
sequence of deterministic learners. Let P be the distribution with binary actions A = {1,2}, covariates
X ~ Unif|0, 1], potential outcomes Y (1) = Y (2) = 0, and propensities eg 1(x) = eg2(z) = 1/2 for all z. Let
the policy be m1(z) = 1. The true outcome nuisances are 191 = o2 = 0, and Vp(m) = 0.

For each sample size N = m + n, define the rare sets
By=[0,N"%, COy=(N"*2N",
and define the deterministic trigger functional
Tn(S)=1{3j€ S: X; € Cn}.
The learner 7y maps a nuisance-fitting sample S to
en,s1(x) =enga(x) =1/2,

finsi(z) =z € By}Tn(S),  Hnsaz(z) =0.

This definition is allowed to depend on N, as stated in the theorem, but the population distribution P is
fixed across IN.

For every training sample 5,

max [y, 5.0 — m0ally ey < 114 € Ba}lpy iy = VPx(Br) = N2,
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and max, ||€n,s.a — €0.all La(Px) = 0. Because the propensity nuisance is exactly correct, the product identity

gives
Ptpr, (1N (S5)) = Vp(m1) =0

for every training sample S.

It remains to show large worst-case sensitivity. Construct adjacent training blocks S ~ S’ as follows. Let S
contain exactly one record with X € Cy, let S’ be obtained by replacing that record with a record whose
covariate is outside Cly, and let all other training covariates in both samples lie outside Cy. Then T (S) =1
and T (S’) = 0. Use a common scoring block for D = (S, D*¢) and D’ = (S’, D*¢) with every scoring record
satisfying X; € By, A; = 2, and Y; = 0. These records have vanishing probability under P", but they are
valid points in the sample space. Pure-DP global sensitivity is worst-case over all adjacent datasets in the
sample space, not high-probability under P™.

For each scoring record in this block, A; # 71(X;), so the inverse-propensity correction in is zero and
Ve {Zi; 1IN (9)} = Iin 51 (X3) = 1, Ve {Zi; 1 (S")} = Fin,s7,1(Xi) = 0.
Therefore each of the n scoring summands changes by one, and
|Uis(D, 1) — Ups(D', 1) = n.
This proves the order-n sensitivity, correct-propensity, nuisance-accuracy, and zero-bias claims for the single-

policy construction. O

C.2 Two-Policy DP Violation Under Naive Calibration

Proof of the two-policy part of Theorem[1l Use the same fixed population distribution as in Appendix [C}
X ~ Unif[0,1], A ={1,2}, Y(1) =Y (2) =0, and ep,1 = eg2 = 1/2. Let II,, = {mp, m1} with mo(x) =2 and
m(z) = 1. For N =m+n, let

By =[0,N71], Cy = (N4 2N, Tn(S)=1{3j € S: X; € Cn}.
Define the learner, for every training sample S, by
en,s1(7) =ensz2(z) =1/2, [in,s2(w) =0,

and
iin,sa(z) =z € By H2TN(S) — 1}
This is a fully specified deterministic sample-size-dependent nuisance learner.

We verify the statistical properties first. The true outcome nuisances are zero, so for every .5,
~ -2
max [|in,s,a = o.all pypyy = 11 € BN}, pgy = N7
and the propensity error is zero. Since ey = eg, Lemma |3 gives
Pyr, (v (S)) = Vp(m) =0, be{0,1},

for every training sample S. The realized scores are uniformly bounded. Indeed, for 7w, uo =0 and Y = 0,
s0 ¥, = 0. For m, outside By the learned mean is zero and the score is zero. On By, ji11 equals either +1
or —1. If A =2, the inverse-propensity term is absent and the score is 1, while if A =1 the score is

fir(X) +2{0 — in (X)} = = (X),
also in {—1,+1}. Hence |9, (275 (5))| < 1 for b=0,1, all z, and all S.

Now choose adjacent training blocks S ~ S’ such that Ty (S) = 1 and Tn(S’) = 0, as in Appendix [C| Use
the same scoring block in both datasets, with X; € By, A; =2, and Y; =0 foralli=1,...,n. Then

U(D,ng) =U(D',m) =0, U(D,m) =mn, U(D' 7)) = —n.
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For the exponential mechanism calibrated at the fixed value Ay, put a = en/(2A¢). The probability of
outputting 71 under D is e*/(1 + e*), while under D’ it is e=*/(1 +e~*) = 1/(1 + ). Therefore

PIM(D)=m} _ . [en
PIM(D) =m) p{mo}'

If n > 2Ay, this ratio is strictly larger than e°. Taking the measurable event {m;} violates the defining
likelihood-ratio inequality for pure e-DP. O

D Proofs of Theorem [2] and Corollary 1]

This appendix proves the certified learned-score selection result in three steps. First, Appendix proves
the pure-DP claim using the sensitivity certificate from Section [£:3] Second, Lemma [4 proves uniform
statistical accuracy of the learned DR utilities by combining scoring-sample concentration with the DR
product remainder. Third, Lemma [5] gives the finite-library exponential-mechanism oracle inequality, after
which we assemble the regret bound in Theorem Corollary [] is then an immediate consequence of the
four vanishing terms in the theorem.

D.1 Differential Privacy Guarantee

Proof of the DP part of Theorem[3 The certificate gives T')ym < Bum and Tepy < Bem, hence Lemma
gives

sup sup ‘UIS(D) 77) - Uls(D/y 7T)| S Acert-
D~D' well,

The standard exponential-mechanism proof then applies. The sensitivity bound implies both U(D,w) <
U(D',7t) 4+ Acert and U(D, p) > U(D’, p) — Acert for every m, p € II,,. Hence the numerator ratio is at most
exp{e/2}, and the normalizers satisfy

> exp{eU(D, p)/(20cert)} = €7/* Y " exp{eU(D’, p) /(28 cert) }-

p p

Therefore, for any output 7,

P{m == | D}
m S eXp{€/2} . eXp{€/2} = 65.
Summing over events gives pure e-DP. O

D.2 Doubly Robust Identity and Product Remainder

Lemma 3. For any nuisance pair n = (u, e) satisfying eq,(x) > 0 for all a,x and any deterministic policy 7,

P(n) = Vi(m) = 3 [1r(x) = ) 20 1 (3) — )

Consequently, under the overlap range e,(x) > (,
K
| Pt (n) — Vp(m)| < C_l Z | 1ta — M07a||L2(PX) Hea - 60,a||L2(pX) .
a=1
The proof of Lemma [3] is stated below.

Proof of Lemma[3 Fix x and let a = w(z). By consistency and unconfoundedness,

EY |A=a, X =z] = po,q(x), PA=a|X =1z) = ep,q().
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Taking the conditional expectation of the score in given X = x gives

LY (Zn) | X =] = 1a(o) + 245 o o(0) ()
—iale) + (1= 225 fua(0) = o)

— t0ae) + 0 1 0) < (o)),

Since Vp () = Eluo,»(x)(X)], taking expectation over X and decomposing according to the events {7(X) =
a} proves the identity.

We now prove the product-remainder bound explicitly. Starting from the identity,

| P () — Vp ()]
K
<)'E {1{7@() ~ a} €a(X) —e0a(X)

| I8~ poa(X))

K

<MY ER{R(X) = a}lea(X) — eo.0(X)1a(X) — poa(X)]]
K

<Y Elea(X) = e0.a(X)||a(X) = p10,a(X)]]
a=1
K

<Y {Blea(X) — eoa(X)P Y {Blna(X) — pro.a(X) 2}
a=1

K
= (S Nlea = coall gy 0 = ol oy

a=1

The first inequality is the triangle inequality, the second uses e, (X) > ¢, the third uses 1{n(X) = a} < 1,
and the fourth is Cauchy—Schwarz applied to the ath summand.

D.3 Regret Bound and Vanishing-Regret Corollary

Lemma 4. Under the deterministic ranges and nuisance accuracy , with probability at least 1 — o, — v,

Us(D log(2M,,
sup ’n_l 1s(D, ) — Vp(ﬂ')! < CBy Og(TM
well,

-1
+ Ky mre,m-

The proof of Lemma [] is stated below.

Proof of Lemma[j] Define the nuisance event

&= {mgx 1a — po,a ‘LQ(PX) < Tums Inax lea — 607a||L2(PX) < Te,m} .

By assumption, P(&,) > 1 — o, over the nuisance-fitting block. Condition on an arbitrary realization of D™,
so that 77 = 7(D™) is fixed. Conditional on this training block, the scoring records are independent, and for
every fixed m € II,, the variables ¥, (Zy14;7) satisty ¢ (Zm+i;7)|] < By. Hence each summand lies in an
interval of length at most 25,,. Hoeffding’s inequality gives, for every t > 0,

t2
P ([0 U(D, ) — Por(@)| > t| D) < 2exp{ —os .
287

19



Under review as submission to TMLR

Choose
2log(2M,,
L= By 2082 Mn/c)
n
Then
nt? «
2exp {—235}} = 2exp{—log(2M,,/a)} = L

Thus, for each fixed 7,

P <|n1UIS(D,7r) — Py (7)| > By % D”) < Mi
Applying the union bound over the M,, policies,
P (f&% [n~'Uis(D, ) — PYr ()| > By w D“)
<> P <|n1Uls(D,ﬂ') — Py (7)| > By w Dtr> < o
mell,

Equivalently, there is a conditional scoring event (D) with conditional probability at least 1 —« on which

. log(2M,,/c
sup In~'U(D,7) — Py (1) < CBy %7
well,

where C' absorbs the displayed constant v/2. Because the conditional bound holds for every training block,
integrating over D' gives P(€) > 1 — «, and hence P(€, N &) > 1 — oy — .
On &,, Lemma [3 gives, uniformly over 7 € II,,,

K
Pn (@)~ Vo) < 3¢ [n — ol ) I1a — Hoall 1y(pey < KC Tmrem:

a=1

On &, N &, the triangle inequality combines the concentration bound and the product-remainder bound to
prove the stated uniform value bound. O

Lemma 5. Condition on any dataset D. If the exponential mechanism uses utility Ui = n‘A/ls and sensitivity
Agert, then with probability at least 1 — (3,

17 17 2Accr
max Tiy(r) — Vis(®) < 22 {log M, +1og(1/5)}.

well,
The proof of Lemma [5] is stated below.

Proof of Lemma[3 Let U* = maxyren, Uis(D, ) and

- QAccrt
- 15

t {log M,, + log(1//)}.

Define the bad set
By ={melIl,: Us(D,nr) <U* —t}.

Since at least one policy attains utility U*, the exponential-mechanism normalizer is at least
exp{eU*/(2Acert)}. Therefore,

|Bt| eXp{e(U* - t)/(QAcert)}
exp{eU*/(2Acert) }
S Mn eXp{_Et/(2Acert)} = 5

Thus, with conditional probability at least 1 — 3, the selected policy has utility loss at most ¢. Dividing by
n proves the stated inequality for Vis = n~1Uj. O

P(m e B | D) <
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Proof of the Regret Bound in Theorem [ The pure-DP claim was proved in Appendix We now prove
the regret inequality with the advertised probability. Let

Vis(m) = n~ Uy (D, 7), 7 € arg max Vp(m).

well,

Let £.a1 be the event from Lemma It has probability at least 1 — o, — o over D™, D*¢. Conditional on
the realized dataset D, Lemma [5| gives an event Eqp, (D) over only the exponential-mechanism randomness
with conditional probability at least 1 — 8 on which

. IS 2A cor
max Vi (1) — Vis(7) < Tjt{log M,, +log(1/8)}.

well,

Integrating this conditional probability bound over the data and applying a union bound gives
]P)(gval n 5em(D)) >1- Qp — Q@ — B.
On this intersection of events,

V() — Ve(7) = {Ve(rp) — Ve(rs)} + {Ve(as) — Ve(7)}
< A (P IL L) + {Vp(nh) — Vis(72))
+ {Vis(m) = Vis(®)} + {is(7) — Vo (7))}

< A (P;TLIL,) + 2 sup ‘1715(#) _ vp(w)\
well,

2Acer
+ ?t{log M, +log(1/8)}

log(2M,, /&)

< A, (P;TLTL,) + 20By, +2K¢  rymTem

2Acer
+ 2= fog M,, +log(1/8)}.
ne
Renaming numerical constants as C,C’, C" yields (11)). O

Proof of Corollary[1, Apply Theorem Under the stated assumptions, the library approximation term,

the scoring-sample concentration term, and the doubly robust product term vanish. The privacy term also

vanishes because

A 2By pk

= fNog M, + log(1/8)} = max {w Prm
€ n

)
3 3

: b tog b1, +10g(1/)) 0

where the first component is controlled by log(M,,)/n — 0 and the second by the assumed stability condition.
If p, = O((mA;,)~1), the displayed condition follows from (log M,, + log(1/83))/(emA,;,) — 0. O

E Regularized ERM Stability Proof and Extensions

As discussed in Section achieving non-vacuous deterministic stability certificates is crucial for applying
the certified private selection mechanism. In this appendix, we formally establish the baseline algorithmic
stability certificate for scalar regularized Empirical Risk Minimization (ERM) (Proposition , explicitly for-
malize its extensions to multi-component and vector-valued settings (Corollary, and provide the complete
unified proof.

Proposition 2. Let a scalar nuisance estimator solve the following regqularized objective (with deterministic
tie-breaking if necessary):

-~ . 1 A Arn 2
0s € arg min {m EZSE(Q, Z;) + 2|9||2} .
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Assume the loss function £(0; z) is convex and G-Lipschitz in 0 for all z, which ensures the overall objective
is Am-strongly convex. Further assume the scalar prediction map go(x) is Lg-Lipschitz in 0 uniformly over
x. Then, for any adjacent training samples S ~ S’, the mazrimum pointwise deviation satisfies:

2L,G
mAm

~ — g~ <
Sgp\ges(w) 5, (@) <

The proof of Proposition [2] is stated below. The Lipschitz loss assumption is used only through a uniform
bound on the loss gradient along the parameter region in which the two adjacent minimizers lie. Hence, for
a differentiable convex loss, the same proof applies whenever one can exhibit a public set ©,,, containing all
possible minimizers and a public constant G such that supycg, . [[Vel(0;2)[l2 < G. This localized form is
the one used for the ridge outcome learner in the certified ERM experiment below; squared loss is not globally
Lipschitz, but the bounded design and ridge penalty give a public norm bound on every fitted parameter
vector, and therefore a public gradient bound on the relevant fitted domain.

Corollary 2. Suppose the conditions of Proposition |3 hold.

1. Coordinate-wise outcome learning and simplex propensity post-processing: If each outcome
component p, is learned by an independent scalar ERM learner whose objective is averaged over all m
records and then deterministically clipped to [u,Ti], then

2L97H7GG,U«7G

153 < max
L,m =
s a m)\,u,,a

If, in addition, K coordinate-wise propensity score predictors ge. are learned by independent scalar

ERM objectives averaged over all m records and the preliminary vector ge(x) = (ge,1(x), ..., ge,x (X)) s
deterministically post-processed as e(x) = C¢(ge(x)) € A%, where C¢ is Le oo-Lipschitz from lo to oo,
then ol G
Bem < LcwmaXM.
’ ' a m)\e,a

2. Vector-valued propensity learning: Alternatively, suppose the multi-action propensity is learned
jointly via a single vector ERM with a prediction map g : X — RE satisfying sup, ||ge(z) — geor (7)||2 <
Lg.c|l0 — 0'||2. If the deterministic projection map Cc : RE — A% used to produce e(x) = Cc(gy(x)) is
Le¢-Lipschitz from £y to Lo uniformly in x, then the propensity certificate satisfies:

2L¢LgGe

<
Be,m = m}\e

The proof of Corollary [2]is stated below.

Proof of Proposition[3 and Corollary[3 We first prove the scalar stability statement of Proposition[2} Define
the empirical objectives on the adjacent samples S and S’ as:

1 A 1 A
Fs(0) = ooy 25(9; Z;) + 7”9”%7 Fs(0) = ooy Z 00; Z;) + 7”9\\3-
i€S i€s

Let 60 = 55 and 6/ = é\s/. By the \,,-strong convexity of the objectives and the optimality of § and ', we
obtain the inequalities:

Am Am
Es(0') = Fs(0) + 110" - 013,  Fs(0) 2 Fs (') + < 10— 0l3-
Adding these two inequalities yields:

Amll0” = 0113 < {Fs(0') — Fs:(0')} + {Fs(0) — Fs(6)}.-

22



Under review as submission to TMLR

Because S and S’ differ only by the replacement of a single record, say z in S replaced by 2’ in §’, the
regularization terms and the losses evaluated on all common records perfectly cancel. The right-hand side
simplifies to:

%{E(Q'; 2)—L(0";2") +£(0;2") — £(0; )}
Applying the G-Lipschitz continuity of the loss function ¢ with respect to 6, we bound the differences:
00'52) —L(0;2) < GJlO" — 02, 00;2") =005 2") < G|6 — 0.
Substituting these bounds yields: .
2
Anll0" = 0]13 < HHQ, — 02

If ' = 0, the desired bound holds trivially. Otherwise, dividing by ||0" — 8|2 gives ||0' — 0|2 < 2G/(mAn,).
Finally, applying the Lg-Lipschitz continuity of the scalar prediction map gy () provides the scalar certificate:

~ A 2L,G
suplgg (z) = g5, (@)] < Lyllfs = Osllz < ———.

m

We now prove the extensions detailed in Corollary 2] For coordinate-wise outcome learning, deterministic
clipping to a fixed interval is a 1-Lipschitz operation. Applying the scalar stability result separately to each
action-specific outcome learner immediately yields:

2L97H7(1Gﬂya

- m — g <
mL?XblipmS’“(x) fisa(@)] < max MAua

For coordinate-wise propensity learning, the scalar argument gives

2Lg,e,aGe,a

S — , < ma;
gpl\ge,s(z) ge.s' (%) o0 < max -

The released denominator vector is not obtained by independent coordinate clipping. It is the deterministic
post-processing eg(z) = C¢(ge,s()) € A%. By the assumed foo-to-f Lipschitz property of Ce,

2Lg,e,aGe,a

max sup [€g,q() — €s.a(z)| < L¢, oo max
a T ’ a m)\e,a

The maximum over actions simply introduces the maximum of deterministic action-specific constants. No
probabilistic union bound is required since the certificate is deterministic and holds simultaneously for all

ac A.

For the vector propensity implementation, the identical strong-convexity argument applies to the vector-
valued objective, yielding ||0s — 0s/|l2 < 2G./(mA.). The vector prediction Lipschitz condition then guar-
antees:

2Ly .Ge

~ — g~ <
Sgpllggs(x) 5, @2 < -y

Because the deterministic post-processing map C¢ is L¢-Lipschitz from £ to £ uniformly in z, we map this
to the maximum element-wise deviation:

2Lc¢LgyGe

= Y <
max sgp |€s,q(x) — ey a(z)] < mA,

Thus, both the scalar outcome learners and the multi-action vector propensity learners successfully produce
the deterministic certificates required by . Substituting these components into @ confirms the stated
O((mAp)~1) order for the spillover modulus pf,, provided the primitive constants are bounded and the
regularization levels are of common order A,,. O
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F Additional Example: Nearest-Neighbor Spillover

Consider binary actions, a constant policy m (z) = 1, fixed propensities € (x) = €2(x) = 1/2, and outcomes
in [0,1]. Let fig1 be clipped one-nearest-neighbor regression using action-1 training records, and let fig o = 0.
Construct adjacent samples S ~ S’ by replacing a single action-1 record at covariate xg with outcome 1 in
S and outcome 0 in S/, with all other action-1 covariates farther from zq. Then

sup [fs,1(x) — fisr 1 ()] = 1.

Use a common scoring block with all X; = zg, 4; = 2, and Y; = 0. Since A4; # m1(X;), the inverse-propensity
correction is zero and each DR score equals the learned action-1 mean. Therefore

|Uis(D, 1) — Us(D', m1)| = n.

G Additional Experimental Details

G.1 Experimental Setup Details

ACIC preprocessing. We preprocess the ACIC 2016 covariates as follows. A raw column is treated as
numeric if parseable numeric entries account for at least 90% of all rows; otherwise it is treated as categorical.
Missing numeric entries are imputed by the column median, and numeric columns are standardized to have
zero mean and unit empirical standard deviation. Categorical columns are one-hot encoded, with missing
values treated as an additional level. This produces 4,802 rows and 58 encoded covariates.

Rare-region DGP. Let

min{8,d}
hR(JJ) = Z C;T; + 1{d > 15}{05 sin(xg) + 0.255811.1‘15},
j=1
where (c1, ..., Cmin{s,q}) is linearly spaced from 1.2 to —0.9. The rare-region indicator is

R(z) = 1{hr(x) > qo.05},

where qg.95 is the empirical 95th percentile of the rare-region score on the ACIC covariate pool. For k =
min{10, d}, define sparse coefficient vectors

w, = linspace(0.85, —0.65, k), wo = linspace(0.55, —0.35, k), w, = linspace(—0.75,0.95, k),

padded with zeros outside the first k£ coordinates. The main rare-region separation audit uses

() 12ITwe+04s'( ) — 0.25221{x3 > 0}
z)=1. Asin(z1) — 0.25x01{x ,
Ge NG 1 2 3

T
go(z) = L0403 sin(z1z4) + 0.21{z5 > 0},

vk
TUJ

8

T

gT(x) = \/E :

The response surfaces used in the main text are those in Section Standard samples use Gaussian noise
with standard deviation 0.06. In the targeted adjacent-pair construction, non-anchor outcomes use standard
deviation 0.04, and the rare anchor outcome is deterministically set to 1 in one fitting sample and 0 in its
adjacent counterpart.
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Targeted adjacent-pair audit. The rare-region separation audit uses adjacent nuisance-fitting samples
designed to expose the spillover channel. Each base fitting sample contains one rare-region anchor and m — 1
nonrare records. The adjacent sample keeps the same covariates and treatment assignments but flips the
anchor outcome from 1 to 0. The stress scoring block is sampled from the rare pool. This construction
changes one training record while evaluating the resulting learned score map on a scoring block concentrated
in the low-mass region, matching the mechanism highlighted by Theorem [I]

For each audited adjacent pair, we compute
Amove = max |Uis(D, ) — Us(D', m)].
well,
When a reference audit scale is needed in plots, we use
Aaudit = max{QBw, 1.3 Amove}~
Separately, on the same scoring block we compute the empirical prediction movement

L

max Imax

ac{0,1} z€Dse fis,a(®) = Bsr,a(@)],

P = max [es(x) — s (2)],

and the empirical decomposition proxy
Porea = (L4 C T, 4+ CTes Aprony = max{2By, nfpred -

We use the term “audit” for empirical replace-one measurements and reserve “certificate” for deterministic
public upper bounds of the form .

Policy library. For the default library size M = 160, the public policy class consists of 18 structured
policies and 142 random linear policies. The structured policies are:

always treat, never treat,
1{z; >0}, 1{z; <0}, j=1,...,min{6,d},
1{z w, >0}, 1{z"w, <0},
H{hr(z) > qo.05}, H{hr(r) < qo.95}-

The remaining policies are generated from public randomness. For each random linear rule, we sample
a Gaussian direction; with probability 0.70, we retain a uniformly random subset of max{2, min{8,d}}
coordinates and zero out the rest. We then normalize the direction to unit Euclidean norm, draw an
intercept from N(0,0.22), and use the threshold rule 1{x"w + b > 0}. The policy library is generated
independently of the private sample.

Nuisance learners. Propensities are fit by logistic regression and clipped to [¢, 1—(]. In the regularization
sweeps, the logistic penalty is max{0.1, A\}. Outcome regressions are fit separately for the two treatment arms
using boosted-tree regressors with squared-error loss, subsampling and column subsampling set to one, one
computational thread, and fixed public seeds. The stable default learner uses depth 3, 100 trees, learning
rate 0.06, and A\ = 6. The unstable stress learner uses depth 7, 180 trees, learning rate 0.06, and A = 1075,
In the regularization audit, the adjacent pair, scoring block, and policy library are held fixed across values
of A so that changes in movement are attributable to learner regularization.

Certified ERM positive-control learner. The certificate experiment differs from the boosted-tree stress
tests in two ways. First, every covariate is deterministically clipped to [—3, 3] and rescaled to [—1, 1] before
fitting. This public preprocessing gives the feature vector with intercept the deterministic radius R, =
vd+ 1, with d = 20 in the reported run. Second, the nuisance learner is a deterministic strongly convex
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ERM rather than a flexible boosted tree. For each treatment arm, the outcome nuisance solves the ridge
objective for the centered residual Y — 1/2,

1 & 1 ~ A
- ; 1{4; = a}g{QaTXi - (Y, -1/2)F + é”eaﬂi

and predicts clipjg 1{1/2+ QJ)} }. The propensity nuisance solves the ¢s-regularized logistic ERM with fixed
Newton/backtracking optimization and prediction clipping to [(,1—(]. We use A\, = Ac = 50, m = n = 1500,
¢ = 0.10, and the same public policy library construction as in the main experiments.

With the bounded design, the public prediction-stability constants used in the certificate are

2L, .G, 2Lg,.Ge

= ) e,m —

me

Here the outcome constant is not obtained from a global Lipschitz property of squared loss. Let r =Y —1/2,
so |r| < 1/2. For any possible outcome training sample, comparing the ridge objective at its minimizer 6,
with the objective at 0 gives

m

1 1 A
Zl{Ai = a}irf < 3 SO [0all2 <

1

For the per-record squared residual loss, Vgl (6; Z) = 1{A = a}(87 X —r)X. Since || X||2 < Ra, every fitted
minimizer satisfies the uniform gradient bound

1

Au A
210413 <

A 1 R,
; < — = .
IVola(0a; Z) |2 < Ry (2 + 5 Au) Gu

The prediction map 6 — 1/2 + 0T X, followed by clipping to [0,1], is Ly, = R,-Lipschitz in 6. The
localized-gradient version of Proposition [2] therefore yields the displayed 53, ,,. For the logistic propensity
learner, the regularized logistic loss has gradient norm at most R,, and the clipped sigmoid prediction map
is R, /4-Lipschitz in 0; hence G. = R, and L, . = R, /4. The resulting learned-score stability radius is

p:n = (1 + C_l)ﬁlhm + C_Qﬁem’w Acelrt = max{zBde np:n}

The empirical replace-one movement and likelihood-ratio audits reported below are diagnostics only; the
calibration scale itself is the public deterministic quantity Acert.

Experiment grid and reported quantities. The main repetitions use m = 1500 fitting records,
n = 1500 scoring records, library size M = 160, and 100 repetitions. The separation audit varies
n € {300, 700, 1200, 2000, 3000}. The regularization audit uses

A € {0.01,0.03,0.1,0.3,1, 3,10, 30, 100}.
The sample-split decomposition fixes total sample size 3600 and varies the training fraction over

{0.20, 0.25, 0.35, 0.50, 0.65, 0.75, 0.80}.
Additional robustness outputs generated by the code vary the DGP regime, overlap level ¢, dimension d,
policy-library size, and privacy budget. The certified ERM positive-control experiment uses 100 repetitions

with m = n = 1500, d = 20, A\, = Ac = 50, and reports both public certificate quantities and empirical
adjacent-pair diagnostics.
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G.2 Column Definitions for Tables [IH3] and

All three tables report averages over 100 repetitions. In Table “nuis. Ly” is nuisance RMSE; “DR
prod.” is the empirical doubly robust product-remainder proxy; “floor” is the fixed-score sensitivity 2B,;
“unstable move/floor” is Amove /(2By,) for the unstable learner; “naive logLR/e” is the audited maximum
log-likelihood ratio for learned-score exponential mechanism calibrated with the fixed-score floor, divided by
g; “stable logLR/e” is the same audit after stability-based calibration; and “stable cover” is the fraction of
sampled adjacent pairs whose observed movement is bounded by the stability-audit scale.

~

In Table l ‘Pprea”’ is the empirical replace-one prediction-movement proxy; “move” is Amove =
maxger, |Uis(D, ) — U(D',m)]; “audit A” is the unfloored audit scale 13Amove, “audit/floor” is that

scale divided by 2B,; “floored A” is max{2By, 1.3Amove} in each repetition; “floor rate” is the fraction of
repetitions in which 2B, is active; and “regret” is expected exponential-mechanism regret.

In Table [3] “fit frac.” is m/(m + n); “nuis. RMSE” is nuisance RMSE; “pprea”, “move”, “floored A”, “floor
rate”, and “regret” have the same meanings as in Table |2} and “1/y/n” is the scoring-sample concentration
scale from the regret decomposition.

In Table[5] py, is the public deterministic stability radius computed from the bounded-design ERM constants,
“emp. p” is the sampled prediction-movement proxy, “cert. A” is Acert, “move/cert.” is the observed utility
movement divided by Acert, “logLR/e” is the empirical privacy-loss audit divided by the target privacy level,
“cover” is the fraction of audited adjacent pairs covered by Acert, “regret” is expected exponential-mechanism
regret under the certified scale, and “nuis. RMSE” is the average nuisance RMSE across the two outcome
nuisances and propensity nuisance.

For statistical diagnostics, we report nuisance RMSE for jig, fi1, €, the DR product proxy
- 1 ~ ~ 5
TDR = i{RMSE(uo) + RMSE(fz1) JRMSE(e),

and empirical regret. For exponential-mechanism policy-selection mechanisms, regret is the expectation
under the mechanism’s selection distribution rather than a single draw from the mechanism. For sensitivity
diagnostics, we report the observed utility movement Amove, the audit scale Aaudlt, the prediction-movement
ProxXy Ppred, and, in the output files, the decomposition scale Apmxy

G.3 Diagnostic Gap Between Sampled Audits and Theorem-Style Proxies

Table [4] compares the sampled adjacent-pair audit scale with the algebraic theorem-proxy scale

Aproxy = max{2By, NPpred }-

For boosted-tree nuisances, ppred is an empirical prediction-movement proxy measured on sampled adjacent
pairs, not a public deterministic stability certificate. Therefore ﬁpmxy should be read as a theorem-shaped
diagnostic scale: it shows the magnitude obtained by plugging the empirical prediction movement into the
theorem’s spillover formula, but it is not itself a formal pure-DP calibration unless pprea is replaced by a
deterministic upper bound of the form .

The comparison highlights two points that are useful for interpreting the main experimental claims. First, the
empirical audit movement and audit scale decrease with stronger regularization and with larger nuisance-
fitting fractions, matching the qualitative direction of the spillover decomposition. Second, the plug-in
theorem-proxy scale remains substantially larger than the sampled audit scale for boosted trees. This gap is
expected: the audit scale measures observed movement over sampled adjacent pairs, whereas theorem-level
pure DP requires a public deterministic upper bound that holds uniformly over adjacent datasets. Thus the
boosted-tree experiments should be interpreted as stress-test diagnostics for the spillover mechanism; the
formal guarantee in Theorem [2] applies when the empirical proxy is replaced by a certified stability bound.
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Table 4: Theorem-proxy and sampled audit scales over 100 repetitions.

setting move audit A floored A proxy A proxy/floored floor rate

0.01 40.18 52.23 54.70 13300 367.7 0.23
0.03 39.72 51.63 54.13 13300 368.3 0.26
0.10 39.27 51.05 53.55 13100 366.3 0.23
0.30 37.39 48.60 51.11 12700 364.2 0.24
1.00 33.94 44.12 46.55 11400 343.5 0.25
3.00 2541 33.04 36.15 6900 237.0 0.41
10.0 1754 22.80 27.76 3600 140.1 0.57
30.0 12.94 16.82 23.90 2100 89.45 0.77
100 5.15 6.70 22.00 719.0 32.68 1.00
0.20 2.61 3.39 22.00 26000 1200 1.00
0.25 2.12 2.76 22.00 17900 811.5 1.00
0.35 1.41 1.83 22.00 10800 490.9 1.00
0.50 1.01 1.31 22.00 5300 239.3 1.00
0.65 0.73 0.95 22.00 3400 154.2 1.00
0.75 0.56 0.73 22.00 1700 77.24 1.00
0.80 0.51 0.66 22.00 1300 58.91 1.00

Table 5: Certified ERM positive-control diagnostic over 100 repetitions. Appendix states column defi-
nitions.

o5, emp. p pr,/emp. p cert. A move/cert. logLR/e  cover regret nuis. RMSE
0.0191 7.49x10~4 26.87 28.61 1.25x107° 4.88x10~% 1.00 0.0146 0.0423

G.4 Certified ERM Positive Control

Table [5] reports the deterministic ERM certificate described in Appendix The experiment uses ACIC
covariates with public clipping and rescaling, d = 20, m = n = 1500, A\, = A, = 50, ¢ = 0.10, and 100
repetitions. Unlike the boosted-tree audits above, the calibration scale is not the sampled adjacent-pair
movement and is not obtained by plugging an empirical proxy into the theorem’s formula. It is the public
deterministic scale Agery = max{2By,np}, } computed from the bounded-design ERM constants.

The results verify the intended positive-control behavior. The public stability radius is conservative but
non-vacuous for this purpose: p}, = 0.0191 is about 27 times the sampled prediction-movement proxy,
and the resulting certified scale is 28.61. All audited adjacent movements are covered by this scale. The
mean observed movement divided by the certified scale is 1.25 x 107°, and the maximum over repetitions is
2.36 x 107°. The empirical likelihood-ratio audit is also far below the privacy target, with mean logLR/e =
4.88 x 107% and maximum 9.57 x 1076, At the same time, the certified selection mechanism retains useful
statistical behavior: the average nuisance RMSE is 0.0423 and the expected regret under the certified scale
is 0.0146.

In summary, the main experiments demonstrate why empirical DR accuracy and sampled audit movement
are distinct, Section gives a sufficient public stability condition, and this positive control instantiates
that condition with a deterministic strongly convex ERM learner on the same ACIC covariate design.
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