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Abstract—Mobile manipulators find use in several applications
in distinct setups. The current issues with mobile manipulation
are the large state space provided by the mobile base and the
challenge of modeling high degree of freedom systems. In this
work, we propose a Lie theory and optimization based approach
for whole body planning of mobile manipulators to address
these issues. Existing kinematics based approaches are unable to
converge to an optimized joint state due to a seemingly infinite
state space provided by the unconstrained motion of the base.
We propose using a Lie theory based optimization framework to
find the inverse kinematic constraints by converting the kinematic
model, created using screw coordinates, between its Lie group
and vector representation. An optimization function is devised to
solve for the desired joint states of the entire mobile manipulator
while including collision check constraints. This allows the
motion of the mobile base and manipulator to be planned and
applied in unison. The optimization framework also allows other
desired conditions to be considered without large changes to the
structure of the method. The performance of the whole body
state planner is validated on multiple mobile manipulators in
simulation with both holonomic and non-holonomic mobile bases.
Our solver is available with further derivations and results at
https://github.com/peleito/slithers

Index Terms—mobile manipulation, lie theory, optimization,
trajectory planning, motion planning

I. INTRODUCTION

Mobile manipulation is a fundamental task in robotics that
has valuable applications in various fields. Mobile manipula-
tors were first used for space exploration on the surface of
celestial bodies [[1]] where the robots were teleoperated. The
importance of space robotics to perform in remote locations
has increased research of online methods without the use
of an operator [2]. In recent decades, with the proliferation
of robotic systems, mobile manipulators have found use in
several domains such as construction [3l], agriculture [4]],
additive manufacturing [3], telehealth [6], mapping [Z, 8], etc.
The presence of mobile manipulators is also growing in the
manufacturing setting as industries switch to a smart factory
system [9] with a focus on reliability [[10] and scalability [[11]].
New companies have even been formed to push mobile ma-
nipulators to low level consumers in offices or homes [12].
Due to the many use cases and immense potential of mobile
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manipulators, it is imperative to provide solutions for state
planning to aid in its practical use.

A common problem for all mobile manipulation tasks is
maneuvering the mobile base and the manipulator in unison
to complete a task. Attempts have been made to integrate a
robotic manipulator with a mobile platform, but the motion
of two robots is typically controlled separately [13] leading to
sporadic movement of the entire robotic system. This paper
proposes the motion of a robotic manipulator and mobile
platform be controlled in unison, increasing the usability of
mobile manipulators in practical applications.

A. Previous Work

The existing methods of state planning for mobile manip-
ulators can be broadly classified into two approaches. The
first approach is kinematic based planning methods that solve
all of the joint states for the robot to follow. The states
are then connected with conventional planning methods and
interpolated to create a finely sampled path in state space. In
the second approach, the problem can be separated into the
motion of the mobile base and the motion of the manipulator.
This allows for individualized methods to be used for planning
the states of the mobile base and manipulator separately and
then synchronizing the solutions.

For the first approaches, many kinematic based planning
methods start by finding the optimal desired state in state
space based on a given pose goal. The path is then converted
into joint states using inverse kinematics [14]] or optimiza-
tion based inverse kinematics [15) [16]]. Due to the under
constrained nature of inverse kinematics, optimization based
approaches [17, [18] have been pursued when the joint mo-
tions are fully constrained. The states are then connected
using a planning algorithm, such as rapidly exploring random
trees (RRT) [19] and its variants. Many different techniques
have been used to find the optimal desired states including
evolutionary algorithms [20] and constrained inverse kine-
matics [21, 22[]. Other techniques have been implemented
in Movelt [23], an open-source framework for manipulator
motion planning, allowing the user to pick and choose the best
methods along each step. These formulations emphasize the
final state of the mobile manipulator and less concern about
the path followed along the way.

In the second approaches, the motion of mobile manipula-
tors and bases are separated, combining traditional manipulator
state planning techniques with classical mobile robot path
planning methods to reduce the complexity of the planning
problem. Simply the mobile base is maneuvered towards
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regions to maximize the manipulability for the respective
task [24, 25]). This leads to a discretized path that has the base
stop frequently to allow for the manipulator to actuate [26, [27]].
Many approaches aim to determine the optimal positions for
the mobile platform to separate the motion of the base and
manipulator [28]. The optimal base positions are typically
determined by trying to minimize joint motion [29} 30] and
minimize unnecessary base motion [25]. These methods then
make use of conventional inverse kinematics [31] to actuate the
manipulator. Since these techniques mostly focus on moving
from one state to another and do not consider the continuous
motion along the path, it is difficult for the robot to smoothly
follow long paths.

The two different approaches are appropriate for planning
mobile manipulator states with low degrees of freedom but
have limited scalability to higher degrees of freedom. Con-
sequently, these methods are not suited for problems that
require mobile manipulation in large work environments, such
as construction [32] or agriculture [33]]. For such systems,
the motion of the base is often planned separately due to the
large workspace containing many state solutions to any given
desired end effector pose. The separated motion will increase
wasted time and disrupt smooth end effector motion as the
robot stops to allow for proper positioning of the manipulator.
Therefore a state planner for a mobile manipulator with
continuous and unified motion of the base and manipulator
is desired to improve the performance of maneuvering in
unrestricted environments.

B. Our Contributions

This paper presents a Lie theory based optimization ap-
proach for whole body planning of mobile manipulators. Given
a sequence of desired end effector poses, the proposed method
solves for the joint values incrementally using kinematic
constraints found through Lie theory. The joint state values
are estimated by solving a constrained optimization problem
which yields the sequence of states given the current pose
and desired pose. The cost function is modified to ensure the
smoothness of the joint states. In this study, our contribution is
three-fold: 1) firstly, we successfully developed a new whole
body kinematic planner given unrestricted motion in high
degrees of freedom, 2) the proposed method is generalizable
and can be easily adjusted for mobile manipulators of differ-
ing degrees of freedom, 3) and lastly the proposed method
ensuring smoothness in the joint states with unified motion
between the base and manipulator by minimizing jerk in the
motion trajectory.

Additionally the proposed method also seamlessly integrates
self-collision check to ensure feasibility. The proposed opti-
mization framework also allows to choose between distinct
constraint types such as minimizing energy, time or jerk
making highlighting the tractability of the proposed approach.
The proposed method is validated qualitatively and quanti-
tatively in a simulated experiment on both holonomic and
non-holonomic mobile bases. A comprehensive analysis is
performed on the proposed method by testing different robotic

setups against different desired end effector poses. In the
validation step, it is found that our method can follow all the
given paths with significantly high accuracy and considerable
smoothness.

This paper is organized as follows. Section [[I| describes the
forward kinematics of a manipulator using screw coordinates
and Lie theory. Section presents our proposed approach,
the optimization based state planner for mobile manipulators.
Experimental validation is presented in Section and Sec-
tion [V| summarizes conclusions and ongoing work.

II. BACKGROUND: MANIPULATOR KINEMATICS

Kinematics describes the motion of bodies without consid-
ering the forces or moments that cause the motion [34]]. It is
essential to formulate suitable kinematic models for robotic
systems to analyze the behavior of robot manipulators. The
robot kinematics are composed of forward kinematics [35],
finding the end effector state given joint states, and inverse
kinematics, finding the joint states given the end effector state.
To develop a kinematic model of the mobile manipulator,
the physical parameters of the robot must be measured. The
Denavit-Hartenberg (DH) [36] method utilizes four parameters
and is the most common method for deriving the homogeneous
transformation matrices of a robotic manipulator. Even though
the process for determining the kinematics of a manipulator is
simplified through the DH method, the process requires that
a strict convention be followed when assigning body fixed
frames to all of the joints.

Conventional kinematic models are constructed by ana-
lyzing the multi-link system and assembling a product of
transformation matrices, which is unsuitable for high degree
of freedom mobile manipulation. By contrast, Lie theory’s
generic format makes it easier to model manipulator kine-
matics and dynamics for better planning and control. Since
a mobile manipulator consists of both a manipulator and a
mobile base, the forward kinematics must be calculated for
both the base and manipulator. In this section, Lie theory based
forward kinematics are shown for constructing the kinematic
model of a manipulator.

A. Screw Coordinates

Conventionally, homogeneous transformations found using
DH parameters are used to represent the relationship between
two robot links. Instead, screw coordinates can be used to
define the motion for all of the joints in a robotic manipulator.
Screw theory [37] helps define the position and motion of rigid
bodies with respect to a fixed reference frame by classifying
all motion as a screw coordinate system which is combination
of rotation and translation. This allows for a generic method
to be applied to all motions regardless of the degrees of
freedom associated with the motion. Body fixed frames are
not necessary to be defined as only one frame representing the
fixed reference frame is necessary. A twist, S € RS, is a screw
composed of two three dimensional vectors. It represents the



rotational, S,,, and translational, S,,, motion about an axis as

given by
w
S:{v+dxw}’ M

where w € R3 is the angular motion, v € R? is the linear
motion, and d € R? is a translation from the reference frame
to the joint. Since screw joints can be used to represent all of
the joints of a mobile manipulator, screw theory can be used
to represent the kinematic relationships of the entire robot.
Screw theory is useful for forward and inverse kinematics
since revolute and prismatic joints are represented in the
same format. Since most actuators only provide one degree of
freedom, many systems can be divided into a set of revolute
and prismatic joints corresponding to the total motion. In a
revolute joint (v = 0), the twist element, S, is defined by
rotational motion and translational vectors as given by

e fm)

A prismatic joint (w = 0) has a twist element, S,,, defined by
the linear motion vector as given by

0
Sy, = {v} . 3)

The defined screw coordinates can then be used to compute
the forward and inverse kinematics from the fundamentals of
Lie theory using the product of exponentials.

B. Lie Groups and Lie Algebra

Lie theory is the foundation that relates the Lie group and
its corresponding Lie algebra through the exponential map.
Lie groups are special smooth manifolds commonly found
in the field of robotics [38]]. Typical groups in robotics are
for rotations defined by the special orthogonal group, SO(n),
and rigid motion defined by the special Euclidean group,
SE(n). Through the matrix exponential, the motion at a
given time can transform the current pose into the next pose,
as seen in Figure [} The matrix exponential directly maps
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Fig. 1. Tllustrative representation of using Lie theory to move across the
Lie group using the corresponding Lie algebra. The motion in between each
point on the Lie group (manifold) can be represented as a motion on the
corresponding Lie algebra (tangent surface).

the motion from the Lie algebra to the Lie group enabling
fundamental mathematical operations to be performed in the
tangent space and then mapped back to the group. One

advantage of performing planning on the Lie algebra is the
ease of finding the shortest path between points as compared
to solving for a manifold. On the Lie algebra, the shortest
path is the line connecting the two points which represents the
geodesic when mapped back to the Lie group. In the case of
a three dimensional rigid body transformation, [P] € SE(3),
any element in the Lie group can be defined by a rotation
matrix, [R], and translation vector, t, as given by

P = Ff}] ﬂ . o)

The corresponding Lie algebra can be found by creating a
tangent space on the group manifold at the group identity.
Due to the properties of a Lie group, the tangent space at any
point on the manifold is identical and therefore the Lie algebra
can be used to represent the tangent space of any point on the
manifold. The Lie algebra, [S]" € se(3), for a homogeneous
transformation is defined by the twist governing the motion
and given by

v+dxw
0 o | (5)

where [-]x indicates a skew symmetric matrix.

Lie theory is especially helpful for forward kinematics of
robotic manipulators as joints are broken down into purely
revolute and prismatic joints. The matrix exponential is used
to map [S(q)]" onto the SE(3) manifold changing the pose
from [Pg] to [P] as given by

[P] = S@I" [Py, 6)

where [Pg] is the configuration state at the identity and S is
a function of ¢, the joint state. Since the twist coordinates
are defined with respect to a fixed reference frame, right
hand multiplying [P] ensures [S(q)]" is time invariant. When
there is a kinematic chain of rigid links as in a manipulator,
the product of exponentials is used to solve for the forward
kinematics along the entire chain as given by

B3] = T (5" Pl ™
1€EN
where n is the number of links in the robotic system. It can
be seen that the forward kinematics takes a similar form as
compared to using DH parameters but allows for all motion,
including the motion of the mobile base, to be modeled in the
same manner.

III. PROPOSED METHOD: WHOLE BODY PLANNING USING
LIE THEORY KINEMATICS

Figure [2] shows the basic schematic for the proposed
state planning method. Let us assume the desired path
of the end effector is specified and given by Pj,. =
{[P2]*(0), [PY)(At), -, [PY)(T)} where [P¥](t) €
SE(3) is the pose of the end effector at any given time.
The time sampling duration is represented by At and the total
time duration is represented by T'. At any given time the state
of the robot is defined as x, = [q,q,t,, v, 0,,w,]". Here



q = [01,0s,---,0,] € R™ represents the state vector of the
manipulator in joint space and consequently, q represents the
joint velocity vector. The mobile base position in the world
coordinates is represented by t € R? and v € R3 represents
the mobile base velocity. The global orientation and global
angular velocity of the mobile base are represented by 6, and
w,, respectively. The current state of the robot is assumed to
be known with minimal uncertainty from joint encoders and
state estimation of the base. Onboard motion controllers will
then take the desired state to determine the low level input
based on the dynamical model. After the elapsed time, the
desired states will be computed again until all of the desired
poses are reached.

A proper inverse kinematics solver should be grounded in
a strong forward kinematic model of the robot. Since the
inverse kinematics of a mobile manipulator are rank deficient,
the forward kinematics can be used as the basis for an
optimization problem. Analytical and numerical methods are
the two main techniques used to solve inverse kinematics
problems. The joint variables can be calculated analytically
based on given configuration data but there is not always a
solution due to the rank of the resulting system of equations.
Therefore, a numerical method is pursued to estimate the
joint variables required to achieve the desired state. Several
optimization methods could be utilized in state planning, such
as minimum time, minimum energy, and minimum jerk.
In the following subsection, an optimization method to achieve
manimum jerk is proposed to achieve a desired pose while
maintaining the smooth motion of the base and joints.

A. Inverse Kinematic Constraints Using Lie Theory

The first step in state planning is to use inverse kinematics
to determine the required joint states to achieve the desired
pose goals. Lie theory and screw coordinates are useful for
computing the inverse kinematics since it uses the change in
states which is naturally suited for executing planned states. It
also takes advantage of connecting poses along the geodesic
of the manifold, reducing major unnecessary motion. The
transition from forward kinematics to inverse kinematics is
intuitive since the state variables can be easily separated from
the pose variables.

First, the forward kinematics of the robotic system are
represented using the product of exponentials as seen in
Equation [7] but are adapted to consider a time series of motion
by introducing time steps denoted by the subscript k. The
screw coordinates and configuration state are defined with
respect to a body fixed frame on the base of the robot to
ensure they are time invariant. The entire pose is then projected
into the world frame through the transformation from the base
frame to the world frame. The forward kinematics to the next
pose, [P}, ], are now given by

[Py k1] = [quifk]e[s"(v"k“’w“’k“)]A

o T (S} [Pol. @)

1EN

where [P,] is the transformation from the base frame of
the robot to the world frame, S, is the screw coordinates for
the robotic base, and n is the number of links in the robotic
manipulator. In the case of a mobile manipulator, the Lie alge-
bra, [S, (V, k+1,wr k+1)]", represents the degrees of freedom
provided by the mobile platform. Common mobile platform
configurations provide one to three degrees of freedom.

The inverse kinematics can be solved by isolating the joint
states from the poses to yield

[ :«U,k]_l[Pﬁ,kH][PO}_l =
e[Sr(Vr,k+l;wr,k+l)]/\ H (e[si(qi,k+l)]/\> .9

1EN

The resulting system is complex to solve and difficult to
isolate the state variables using basic linear algebra. Therefore,
the matrices are mapped to vector space, RS, using the Log
operator as given by

™ = Log ([P]) = log ([P))", (10)
where 7 € RS is the screw coordinate representation com-
prising the rotation and translation between poses. The Log
operator maps between the manifold and vector space. The
entities on the manifold are first mapped to the tangent space
with the matrix logarithm, log(-). They are then mapped from
the tangent space to the vector space with the vee operator,
()V. Therefore the inverse kinematic constraints in vector
form are denoted by

Log ([P)] 7 [Py k[Pl ") =

Log [ elSr(vrrsiwrisn)l” I1 (e[sxqi,kmr)

iEN
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For simplification purposes let

Tposes ([P s1]) = Log ([PY] ' [Py i ]Po] ™), (12)

where Tposes ([ng +1]) represents the pose transformations
and let
Tjoints (ukJrl) =

Log [ elSr(vrrsiwris)]” I1 (e[sxqi,kmr)

iEN

13)

where Tjoints (Urt1) represents the joint transformations in
vector form and ugi1 = {dk+1, Vr k+1, Wr k1) is the input
vector. The resulting augmented matrix made up of the two
vectors cannot be solved using elementary linear algebra
because it is nonlinear. Analytical methods are not pursued
since the matrix is rank deficient with free variables, so a
numerical optimization technique will be used to solve for the
joint states.
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Fig. 2. The framework of the proposed method takes in a set of desired end effector poses, computes the desired state based on an objective function and

executes the motion to achieve the desired states.

B. Optimization Based Inverse Kinematics

The optimization problem is formulated to solve for the joint
variables with the main constraint derived from the inverse
kinematics in Equation [TI] The objective function can be
created and adapted for the specific task of the robot with
the addition of other constraints. Since different tasks expect
different performance from the mobile manipulator, it is best
to start with the generic formulation. The basic formulation of
the optimization problem is given by

argmin desired constraints
upg

(14
s.t. required constraints

where uj | is the optimization variable representing the next
desired state of the mobile manipulator, ‘desired constraints’
are constraints that can be afforded with an associated cost
A, and ‘required constraints’ are constraints that can not be
afforded. The state consists of the controllable parameters for
the mobile robot including the linear and angular velocities of
the mobile base, and the joint values of the manipulator.

As the optimization problem is made more specific for the
task, the set of available states is reduced. The simplest for-
mulation is minimizing the pose error between the next point
in the path and the end effector by reformulating Equation [IT]
as a difference in the objective function without violating joint
constraints. The poses can be achieved by setting the pose error
as a ‘desired constraint’, which minimizes the predicted pose
error between the forward kinematics of the end effector and
the desired pose. Joint constraints are ‘required constraints’
because the mobile manipulator can not physically occupy
positions outside of the minimum and maximum joint values.
For a simple task with no contact forces, the states can be

planned to follow the poses in Pg. by

ar%min ||Tjoints(uz+1) — Tposes ([Pg,k-&-l]) H2

Ukt

St Uy ;> Upin (15)

*
Uy 1 < Upax.

The ‘required constraints’ are simply the joint limits given
by Upin and up.x. The current formulation can guarantee
state smoothness between individual points, but to achieve
continuous operation other constraints must be considered. An
issue with such a basic formulation is the state smoothness
of the joint solutions across the entire path, which is not
currently considered at all. The pose error is likely to approach
zero from the optimized joint values but the motion will not
necessarily be feasible with many self collisions and joint
discontinuities present.

Self collisions must be prevented to ensure the manipulator
can move from state to state without obstruction. The redun-
dancy in state motion and preplanned end effector path allows
for collisions to be avoided by ensuring the desired state is
collision free. Collision detection between two bodies has
been well studied with a focus on manipulators [40]. Given
the joint states, the collision detection algorithm will return
the collision status of the mobile manipulator as given by

1 if collision

detectSelfCollision(q) = { (16)

0 if no collision

where detectSelfCollision is the self collision detection algo-
rithm [41]] and q is the state variable for the manipulator. To
improve the speed and performance capabilities for optimiz-
ing, an ellipsoid approximation is used for the collision geom-
etry, and only manipulator joints affecting possible collisions
are checked. The self collision detection will be a ‘required



constraint‘ in the final optimization function since the motion
cannot be executed if the desired state leads to a collision.

To combat the smoothness issues present in the basic formu-
lation, several constraints can be added as ‘desired constraints’
to make the joint states more continuous. Since the time
between points is given and the smoothness is of high priority,
an optimization method to achieve minimum jerk is proposed
to plan states for following a path. If minimum jerk is achieved
along each joint, the robot will maintain smooth motion of
the mobile platform and manipulator. Smoothness is ensured
by adding two ‘desired constraints’ to the problem, through
minimizing the motion of each joint and minimizing the jerk of
each joint. Minimizing the motion of each joint increases the
continuity of the computed states and ensures the robot does
not make any unnecessary movements between poses. The jerk
of the joints, i, 1» ensures the joints transition smoothly from
one state to another along the length of the path. The objective
function is reformulated to achieve smooth state planning as
follows

argmin = A, HTjointS(u2+1) — Tposes ([ :,k-i-l]) Hg

up g
A0 © (W =)y + A5 |54

s.t.  detectSelfCollision(uj,, ;) =0 a7

*
uk+1 2 Umin
<

*
U1 Umax,

where [A] ©® [B] is the Hadamard product and uy is the
current configuration state. The other ‘desired constraints’ are
used for state smoothing, so the path is feasible for low level
controllers to follow. The ‘required constraints’ simply remain
the joint limits, given by Ui, and U,ay, with the addition
of the self collision detector. The joint state continuity is
controlled by H)‘v O] U—Z+1H2 through limiting the motion of
each joint in a weighted fashion. The jerk of the system, U} |,
is approximated by backwards finite differences as given by

%u,”;H —9ug + 12up_1 — Tup_o + %uk,g
A3

where At is the duration of each time step and ensures the joint

motion is not sporadic compared to the previous states. It is to

be noted that A., A,, and \; are scaling factors representing

the relative importance.

The goal pose is updated and the desired states are executed
by low-level controllers to achieve the necessary motion to
reach the desired states. The next states are to be solved in a
step wise manner for the entire length of the path.

i, ~ . (18)

IV. EXPERIMENTAL VALIDATION

The proposed method of Lie theory based optimization
state planning was tested on simulated mobile manipulators.
The experiment was conducted to determine the feasibility
of the proposed method as a state planner by ensuring suc-
cess on varying path types and various robotic systems. A
successfully planned state has high pose accuracy and no
violated constraints. It was assumed the system was fully
controllable and observable with minimal sensor noise. The

planning performance of the proposed method was validated
by accurately and smoothly following various end effector
paths. The goal was for all of the joint states for the current
time step to be planned smoothly and efficiently to achieve
the next desired pose. The experimental setup ensured the
proposed method is universal with tests conducted on various
robotic setups and complex paths.

The proposed method was experimentally validated by
having the robot follow various paths for the end effector
with different robot platforms. The robot was initialized at
a different initial pose than the starting pose of the path, so
the robot had to first travel to the path before continuing to
the next point. The remaining states would then be solved
in a step wise manner for the entire length of the path. Two
mobile manipulators with different base configurations were
used for experimentation. The robots tested were an indus-
trial collaborative manipulator on a non-holonomic mobile
platform and the same manipulator on a holonomic mobile
platform, as seen in Figure 3] The manipulator was a six

(2) (b)

Fig. 3. Mobile manipulators consisting of a six degree of freedom indus-
trial robotic manipulator mounted on a (a) non-holonomic mobile platform
(Clearpath Robotics Husky) and (b) holonomic mobile platform.

degree of freedom industrial collaborative manipulator, the
non-holonomic platform was a differential drive mobile robot,
and the holonomic platform was an x-drive robot. Figure {4
shows the three test paths that were used, namely, vertical
helix, sine wave, and horizontal helix. The test paths used have
non-zero derivatives to test the continuity of states planned for
differing path configurations. Table [[] lists the parameters used
for the experiment, which were chosen to achieve the goal
with feasible and continuous states.

The results of the experiment show that the proposed
method is a successful inverse kinematic solver, suitable for
a variety of robot and path configurations. The error for

Vertical Helix

Sine Wave Horizontal Helix

54
2N >

x (m) v (m) y

Fig. 4. Test paths used for the simulated experiment with the colored axes
representing the desired pose of the end effector. The red, blue, and green
axes represent the X, y, and z axes, respectively.



TABLE I
PARAMETERS USED FOR THE STATE PLANNER DURING THE FULL
SIMULATED EXPERIMENT.

Parameter  Value
At (s) 0.1
T (s) 20.0
Ae 25.0
Aj 0.001
Av [1.0, 1.0, 0.25, 0.25, 0.1, 0.1, 0.1, 0.1]

the different test paths is shown in Figure [5] with both the
position and orientation error approaching zero for both robot
configurations after the mobile manipulator converges with the
path. The average position and orientation root mean square
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Fig. 5. The error of the end effector on each of the different paths for both the
position and orientation when using a non-holonomic and holonomic mobile
platform.

error (RMSE) for all of the paths across all of the time
steps are shown to be 0.0243 meters and 0.0573 radians,
respectively. A majority of the error comes from the initial
two seconds as the robot converges with the desired path. The
computed linear and angular velocities of the non-holonomic
base are shown in Figure [6] The optimized joint states of
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Fig. 6. The computed angular and linear velocity for the mobile manipulator
with a non-holonomic base.

the manipulator on the non-holonomic base are shown in

Figure [7} All of the computed inverse kinematic variables are
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Fig. 7. The computed joint states for the robotic manipulator mounted on the
non-holonomic base.

observed to be smooth and within reasonable bounds for a
low level controller to execute. The mobile manipulator with
a holonomic base performed similarly by accurately achieving
the poses, as seen in Figure [5] The holonomic base exhibits
smooth base and joint solutions, as seen in Figures [§] and
[ respectively. The main metrics required for performance
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Fig. 9. The computed joint states for the robotic manipulator mounted on the
holonomic base.

validation on each of the paths are shown in Table [lI| for the



TABLE 11
SUMMARIZED METRICS AND RESULTS FROM THE SIMULATED EXPERIMENT WHEN TESTING THE STATE PLANNER ON THE MOBILE MANIPULATOR WITH A
NON-HOLONOMIC AND HOLONOMIC BASE.

Mobile Base Configuration — Non-holonomic Holonomic
Trajectories J Vertical Helix Sine Wave Horizontal Helix | Vertical Helix ~ Sine Wave  Horizontal Helix

Position RMSE (m) 0.0415 0.0299 0.0031 0.0472 0.0147 0.0094
Rotation RMSE (rad) 0.0214 0.0159 0.0016 0.0199 0.2841 0.0011
Max Forward Velocity (m/s) 0.8317 0.3004 3.6881 2.0000 1.4923 0.5514
Max Translation Velocity (m/s) - - - 0.9933 0.9028 0.9650
Max Angular Velocity (rad/s) 2.5299 1.7195 0.6449 3.1416 24128 0.4185
Max Forward Acceleration (m/s2) 1.1774 0.5491 1.1238 3.4888 3.1030 1.2341
Max Translation Acceleration (m/s?) - - - 0.6746 0.5749 0.4107
Max Ang Accel (rad/s?) 5.8892 4.2186 1.2413 6.1535 5.1969 1.0681
Max Forward Jerk (m/s3) 5.8309 1.5568 3.4703 24.6442 15.3703 11.4400
Max Translation Jerk (m/s3) - - - 1.1581 0.6296 0.3900
Max Angular Jerk (rad/s3) 23.7865 19.4592 6.7439 36.1791 25.6212 3.4932
Max Joint Velocity (rad/s) 1.7848 1.8732 1.0609 6.1663 1.2688 2.6576
Max Joint Acceleration (rad/s2) 1.9905 2.5079 1.1399 5.4608 1.4042 1.8988
Max Joint Jerk (rad/s%) 10.0259 7.9320 2.6727 9.6929 2.7737 3.4553

non-holonomic and holonomic bases. The maximum values
shown in the table, mostly come from the initial motion of the
robot to achieve the first state and are otherwise significantly
less. The metrics and figures show the inverse kinematic
planner can generate smooth and feasible state curves for a
mobile manipulator. Since the state and its derivatives do not
violate the bounds of the robot and the jerk is low enough for
control, it shows that the entire states are feasible to execute.
Using Lie theory to formulate the objective function allowed
for the high performance of the proposed method. Due to
the kinematic constraints in the product of exponentials, the
steady state error tends towards zero and the motion is smooth
in between points. Since the objective function also includes
costs associated with sporadic motion, the state solutions are
smooth enough between desired points to be executed. The
low error and smooth states show the benefits of using an
optimization based approach to determine the desired states
for the mobile manipulator. The performance of the proposed
method on different mobile manipulators shows the method is
generalizable for different robotic bases and manipulators.

V. CONCLUSIONS

This paper presented a method for whole body motion
planning of mobile manipulators using Lie theory and con-
strained optimization to generate the proper states from inverse
kinematics. The input for the proposed method is a path of
poses for the end effector to follow as efficiently as possible.

In this paper, it was found that the inverse kinematics
planner can generate smooth and feasible state curves. The
RMSE of the end effector pose compared to the desired pose
is approaching zero upon reaching steady state. The base and
joint velocities and accelerations are all within reasonable
bounds and have no major discontinuities. Due to the evaluated
performance, the proposed method is found to be a suitable
state planner for mobile manipulators. The results clearly show
the capabilities of the proposed approach to plan the motion

for a mobile manipulator to follow and achieve the desired
end effector trajectory.

Future work includes testing the state planning performance
on real world robots with noise and disturbances. The addition
of position based force control using estimated deformations
is being researched and pursued. Evaluation for planning with
higher degrees of freedom systems, including humanoids, is
sought to present in the upcoming opportunities including
conferences and journals.
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