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ABSTRACT

Recent advances in mechanistic interpretability have shown that many features
represented by deep learning models can be captured by dictionary learning ap-
proaches such as sparse autoencoders. However, our understanding of the structures
formed by these internal representations is still limited. Initial “toy-model” analy-
ses showed that in an idealized setting features can be arranged in local structures,
such as small regular polytopes, through a phenomenon known as superposition.
However, these local structures have not been observed in real language models.
In contrast, language models display rich structures like semantically clustered
representations or ordered circles for the months of the year which are not pre-
dicted by current theories. In this work, we introduce Bag-of-Words Superposition
(BOWS), a framework in which autoencoders (AEs) with a non-linearity are trained
to compress sparse, binary bag-of-words vectors drawn from Internet-scale text.
Our framework reveals that under restrictive bottlenecks, or when trained with
weight decay, non-linear AEs linearly encode the low rank structure in the data,
arranging feature representations according to their co-activation patterns. This
linear superposition gives rise to structures like ordered circles and semantic clus-
ters, similar to those observed in language models. Our findings suggest that
the semantically meaningful structures observed in language models could arise
driven by compression alone, without necessarily having a functional role beyond
efficiently arranging feature representations.

1 INTRODUCTION

Despite the constant progress in Deep Learning (DL), our ability to trust DL models is limited by our
lack of understanding of their inner workings. DL models, including Large Language Models (LLMs),
are still considered ‘black boxes.” The field of mechanistic interpretability (MI) aims to address
these limitations by decomposing models into interpretable parts such as features or circuits, and
understanding how these interact (Olah et al.,|2020). A promising avenue within this field focuses on
identifying meaningful “features” within model activations, using techniques like dictionary learning,
particularly sparse autoencoders (SAEs) (Bricken et al., 2023} Templeton et al., [2024; |Gao et al.,
2025)). These approaches have successfully uncovered interpretable units corresponding to semantic
concepts, syntactic roles, or specific input patterns.

While methods for finding features continue to advance, our understanding of how these features
arrange themselves geometrically within high-dimensional activation spaces remains limited. This
problem was highlighted as one of the main open problems in MI (Sharkey et al., [2025), while
Hindupur et al.| (2025) highlighted the importance of understanding feature geometry to design
better SAEs. A key challenge arises from the phenomenon of superposition (Elhage et al.| [2022),
where models represent more features than the number of dimensions of the activation space, forcing
features to interfere with each other. Early theoretical explorations using simplified “toy models”
(Elhage et al.| [2022) suggested that, under superposition, features might optimally arrange themselves
into local geometric structures, such as the vertices of regular polytopes or antipodal pairs (Figure|[T]
middle). These arrangements, combined with non-linearities like the Rectified Linear Unit (ReLU),
could allow the model to filter out interference from features in the same local structure.

However, regular polytope structures have not been observed in standard LLM activations, instead,
researchers have found evidence of different kinds of geometric organization, such as striking ordered
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Figure 1: BOWS, our new framework to study superposition in realistic data (left) highlights
the existence of two kinds of superposition, linear (middle) and non-linear (right). Linear super-
position appears under more realistic circumstances (correlated features, weight decay) explaining
the prevalence of the phenomena caused by linear superposition in real language models.

circles of features (e.g., days of the week, months of the year) (Engels et al., 2025) and broader
semantic clusters (Bricken et al., 2023} [Templeton et al.,2024)). Intriguingly, such circles and clusters
resemble the global semantic organization first reported in distributional word embeddings (e.g.,
Word2Vec, GloVe), which arise from compressing word co-occurrence statistics (Mikolov et al.|
2013bj Levy & Goldberg, 2014). This motivates exploring whether similar principles — structure
arising as a byproduct of compressing data statistics — might also explain the geometric patterns
observed within the internal representations of modern deep learning models.

To investigate these phenomena, we introduce Bag-of-Words Superposition (BOWS), a framework
designed to investigate feature geometry in a controllable way with known ground-truth features.
BOWS involves training a simple autoencoder (AE) — with a linear encoder and a linear decoder
followed by a ReLU non-linearity (Figure [1] left) — to reconstruct sparse, binary bag-of-words
vectors derived from large-scale internet text corpora. This setup is designed to mimic the behavior
of a residual stream in a transformer-like model, which is often thought of as storing features in
superposition without performing any computation (Elhage et al.l [2021} [Hénni et al., [2024) with
the crucial difference that in BOWS we have access to the ground-truth features. Using BOWS
reveals that when encoding features with realistic correlations in superposition, and particularly when
using weight decay, the features are encoded in linear superposition, which gives rise to semantically
meaningful structures rather than the previously studied regular polytopes.

Our main contributions are as follows:

* We design the BOWS framework as a controlled setting to study superposition in a controlled
setting with realistic features.

* We introduce the distinction between non-linear and linear superposition. With the latter corre-
sponding to non-linear autoencoders linearly encoding low-rank structure of the data, giving rise to
semantically meaningful representations in the case of text data.

* We use BOWS to establish the prevalence of linear superposition in autoencoders with tight
bottlenecks or trained with weight decay.

* We show that linear superposition in our BOWS setup reproduces and provides an explanation for
the geometry of feature representations in real language models as a byproduct of compression.

* We introduce the distinction between presence-coding and value-coding features to explain the
existence of structured representations in the absence of feature correlations (Section [5).

Our findings suggest that the feature geometry observed in real language models can be parsimo-
niously explained as the optimal arrangement of some features under linear superposition, without
appealing to any functional relevance of these structures. We will make our implementation and ex-
perimental setup publicly available upon publication and it is currently available in the supplementary
material.

2 BACKGROUND

We introduce definitions of linear and non-linear superposition and present our setting for studying
superposition under realistic data distributions. We define superposition for abstract features f, then
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discuss the relevance of superposition when these features are properties of data under the linear
representation hypothesis.

2.1 DEFINITIONS

Let D¢ be a distribution over vectors of features f = [f1,..., fa]" € R%, with Varp,[fi] > 0 for
all 7. We consider linear encoders W € R™*? with m < d, and representations z = Wf. Given a
decoder ¢ : R™ — R, we define a score function

d — Y(WH),)?
Z (Wf);)?]

oW =1 S

ey

Q..M—‘

corresponding to the mean coefficient of determination (R2) across coordinates.

Definition 1 (Superposition). Let W € R™*? with m < d. We say that W encodes the features
of D¢ in superposition if there exists a decoder v : R™ — R< such that Sp, (W, ) > 1 — ¢ for a
chosen tolerance € > 0.

Definition 2 (Linear Superposition). We say that W encodes the features of Dy in linear superpo-
sition if there exists a linear decoder vy;, : R™ — R? such that Sp, (W, ¢y,) > 1 — €.

Definition 3 (Non-linear Superposition). We say that W encodes the features of Ds in non-linear
superposition if

1. there exists a non-linear decoder ¢ : R™ — R with Sp, (W, ) > 1 — ¢, and
2. for every linear decoder vy;, : R™ — R?, we have Sp, (W, ¢i,) < 1 —e.

Superposition in deep learning models. The definitions above apply to any features f. However,
superposition becomes central to mechanistic interpretability under the linear representation hy-
pothesis (LRH). The LRH reflects the empirical finding that high-level concepts such as language
(Gurnee et al} [2023)), entity attributes, or specific landmarks (Templeton et al.,[2024)) are often linearly
represented in model activations. Concretely, let x € X" denote a data sample (e.g., an image or
text) and let p1, ..., pqs : X — R be interpretable properties (e.g., “is written in French”, “contains a
dog”). These induce a feature vector f(x) = [p1(x), ..., pa(x)]".

Definition 4 (Linear Representation Hypothesis). Let x € X be a data sample and h(x ) e R™
be a neural network layer’s activation. The network linearly represents properties {pJ} _, with

: X — Ras directions {w }j:1 if:
d
X) ~ Z P (X)W 2)
j=1

A model that linearly represents more concepts than its hidden dimension must encode them in super-
position for downstream use. Under the LRH, understanding how these concepts are geometrically
arranged is thus a key challenge for mechanistic interpretability.

2.2 BOWS: REALISTIC DATA IN SUPERPOSITION

Studying superposition in the hidden representations of deep learning models relies on postulating
some properties of the data p(x) which are linearly represented. However, in most cases we do
not have access to a ground truth for these features or their representations. We now introduce
Bag-of-Words Superposition (BOWS) as a setup to study superposition of features drawn from a
realistic distribution that goes beyond the iid. and pairwise correlation cases studied in
and introduces low rank structure in the covariance of the data.

Dataset. Let C be a corpus of text segmented into records (lines or paragraphs). After word-level
tokenisation, we construct a vocabulary of the V' most frequent words, discarding common English
stop-words and prepositions. This vocabulary includes words such as sun, code, and January which
often correspond to linear features in sparse autoencoders trained on language data (Engels et al |
12025; Bricken et al.,[2023). Each record is then encoded as a binary bag-of-words vector x € {0, 1}V
whose j-th component is 1 iff the j-th vocabulary word appears in the record.
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We choose a context size ¢ € N. For every contiguous block of ¢ records we take the element-wise
logical OR of their individual vectors, obtaining a single sample. The resulting dataset is

D = {x}¥,, x¢€{0,1}", A3)
where N is the number of c-record chunks in the corpus.

Experiments in the main text use the WikiText-103 corpus (Merity et al 2017). With V' = 10,000
and ¢ = 10 we obtain N = 1,801,255 training examples. We refer to this pre-processed collection as
WikiText-BOWS. We include replication of the main results using OpenWebText in Appendix

Autoencoder. We use the autoencoder setup for superposition introduced in [Elhage et al.|(2022),
consisting of an encoder with weights W € R™*V and bias b € RV, where the input f € R" is
reconstructed using a ReLU AE with loss:

LreLu—ae(x, W, b) = ||f — ReLU(WTWT + b)||3 “

We also use a Linear AE as a baseline with loss:

‘CLinearfAE(fa W7 b) = ||f - (WTWf + b)”% (5)

3 LINEAR SUPERPOSITION IN NON-LINEAR AES

We now study how data covariance structure and optimization constraints shape the solutions learned
by linear and non-linear autoencoders. While linear AEs are restricted to linear superposition,
non-linear models such as ReLU-AEs can leverage both linear and non-linear superposition. We
characterize when each regime emerges.

3.1 SUPERPOSITION AND INTERFERENCE

Superposition requires encoding more features than dimensions, implying non-orthogonal representa-
tions and thus interference between features. For tied-weight AEs with weight matrix W € R™*¢
and columns {w; }<_,, the reconstruction of feature f; decomposes as:

fi= U<||W7:||2fi+z<wmwj>fj +bi)- (6)
J#i
Signal Interference Z;

In the linear case, the optimal bias satisfies b* = (I — W T W)E[f], so the autoencoder effectively
operates on centered features f — E[f]. We therefore analyse the centered setting with b = 0 when
o = id without loss of generality.

Let X = E[ff ] denote the feature covariance. Interference from superposition is typically viewed
as noise that must be filtered out non-linearly (Elhage et al.} [2022). We show this is not always the
case: when 3 is approximately low rank, interference can be harnessed rather than filtered, aligning
constructively with the signal

Non-linear superposition (X ~ I, sparse features). When features are independent and sparse,
7, is indeed unstructured noise uncorrelated with f;. Accurate reconstruction requires filtering this
interference via a non-linearity (e.g. o = ReLU) and negative bias such that E[ReLU(Z; + ;)] =~ 0,
while maintaining ||w;||? & 1 to preserve the signal. This yields |[W||% ~ d.

Linear superposition (rank(X) < m). For linear AEs (¢ = id), the optimal map P = W T W is

the orthogonal projector onto the top-m principal components of 3 (Baldi & Hornik}, [T989}; Jolliffe)
2002)). Defining the reconstruction residual €; = f; — f;, we can rearrange Equation l@i to isolate
interference:

L= (1= |lwil*)fi — <. Q
'Elhage et al.|(2022) also consider pairwise correlated features, but in their setup, all principal components

carry significant variance and PCA collapses correlated pairs onto indistinguishable points. However, when X is
low-rank or has fast spectral decay, fewer principal components suffice making linear superposition viable.
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Figure 2: Autoencoding synthetic correlated features reveals different superposition regimes.
Weight inner products (W T W) at convergence for AEs encoding d = 12 features with cyclic
covariance, varying latent size m. Top (Linear AE): Captures top-m principal components; at
m = 2, represents all 12 features via the circular structure. Bottom (ReLU AE): Matches linear AE
for small m (linear regime), but forms antipodal pairs for larger m (non-linear regime) to exploit
ReLU for interference filtering.

When rank(X) < m, the data lies in the principal subspace, so e = 0 and Z; = (1 — P;;) f;, meaning
interference is proportional to the signal. This arises because P;; = (w;, w;) reflects the correlation
between features 7 and j within the principal subspace. Each f; contributes to the reconstruction of
fi in proportion to their shared variance. This reframing of PCA through the lens of superposition
clarifies why interference need not be filtered: for correlated data, the optimal linear solution arranges
representations so that interference reinforces the signal. In practice, P is learned from finite data
and reflects the sample covariance; for test samples whose correlations deviate from the training
distribution, interference will be imperfectly aligned with the signal.

The case of real data(3 approximately low rank). In real-world data, such as the ones we consider,
the covariance is often well approximated by a few principal components (Deerwester et al., 1990
Blei et al., 2003} |Udell & Townsend, 2019)), rendering ¥ approximately low-rank. In this regime,
interference acts as signal contaminated by a residual €;, corresponding to variance orthogonal to
the top-m eigenvectors: e[| = Y, Ak(X) > min_ s <m 1= — f]HF (Eckart & Young,

1936). In other words, the interference concentrates along low energy directions, lower bounding the
Frobenius-optimal truncation error.

When do non-linear models use linear superposition? Considering models trained on real data
using weight decay. Non-linear superposition requires ||W||% a d, while linear superposition with
an m-dimensional projector satisfies |[W||% = >, Ax(P) = m < d. Therefore, weight decay
combined with tight bottlenecks (m < d) biases even non-linear models toward linear superposition,
where a linear decoder ¢y, = W T suffices (Definition . Since ReLU-AEs lack closed-form
solutions, we verify this prediction empirically.

3.2 EVIDENCE OF LINEAR SUPERPOSITION IN NON-LINEAR AES

We start our empirical analysis with a simplified setting where two AEs of latent dimension m with
and without a ReLU in the decoder are trained on 12 dimensional data with a cyclic covariance
structure (Figure [2]left). Details for the data generation process are provided in Appendix [A] Figure[Z]
(top row, Linear) shows the baseline learned by the linear AE, which learns the projection onto the
principal subspace (Baldi & Hornikl [1989). We then study the emergence of linear superposition in
non-linear autoencoders, specifically looking at autoencoders with a ReLU in the decoder of the kind
described in Section 2.2]

Linear superposition. When the bottleneck is very tight (m < d), the ReLU AE recovers the
circular structure dictated by the top principal components Figure 2] (bottom row, ReLU, m < 6).
These are examples of a non-linear AE leveraging linear superposition.

Non-linear superposition. Figure|2| (bottom row, ReLU, m > 6) shows that as m increases, the
ReLU AE abandons the circular PCA structure and instead represents features as antipodal pairs.
This specific geometry is one of the cases studied by|Elhage et al. (2022)), whereby features are placed
in anti-correlated pairs such that activating one feature negatively activates its antipodal partner, with
negative interference zeroed out by the ReLLU as an example of non-linear superposition.
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Figure 3: Linear superposition appears in ReLU AEs which have small latent sizes (a) or are
trained with weight decay (d), giving rise to semantic clusters. UMAP projections of word
embeddings from AEs of different latent dimensions (m) and weight decay values (wd). Points are
colored by semantic category (e).

Structure disappears as features become orthogonal. As the latent size approaches the input size,
the autoencoder weights converge to the identity, representing each feature orthogonally for a perfect
reconstruction. As these models (m = 12) approach a perfect reconstruction of the data, the circular
covariance structure is no longer reflected in the weights, and any notion of superposition is lost.

4 LINEAR SUPERPOSITION EXPLAINS FEATURE GEOMETRY IN REAL DATA

In Section [3] we showed that ReLU AEs can leverage linear superposition particularly when trained
with weight decay on correlated data, linearly capturing the covariance structure in the weights and
leading to constructive interference that does not need to be filtered out. In this section we extend this
analysis to our main WikiText BOWS setting.

Semantic clustering under linear superposition. One prominent observation in studies interpreting
LLM activations is that learned features often form clusters based on semantic relatedness leading to
anisotropic superposition, where features are no longer arranged to minimize pairwise dot products
(Bricken et al.,2023; |Templeton et al.,2024). While previously unexplained, these kinds of structures
are to be expected if LLMs leverage linear superposition to capture low rank structure in the data as
described in Section 3

In Figure 3| we show UMAP (Mclnnes et al., 2018)) projections of the word-embeddings (columns of
‘W) learned by a ReLU AE trained on WikiText-BOWS (V' = 10, 000) with varying latent dimensions
m. In panel (a), where compression is high (m = 200), we observe distinct clusters corresponding
to semantic categories (e.g., verbs, proper names, sports). While this clustering disappears as the
latent size increases to m = 600 (Figure [3¢), introducing weight decay during training recovers
this structure even at larger latent sizes (Figure[3d). These results suggest linear superposition as a
straightforward mechanism for the semantic clustering observed both in BOWS and in the internal
representations of LLMs which are trained with weight decay.

Cyclical structures inherited from data statistics. Another notable observation of feature geom-
etry in real models is that of circular structures appearing in the principal components of feature
embeddings. This has been observed for concepts like the months of the year or the days of the week
(Engels et al., [2025]).

Consider the features corresponding to the twelve months of the year. In Figure[dal we show that
there is a cyclical correlation structure between these features in WikiText. For example January
co-occurs more often with February and December than with August. This cyclical correlation drives
the leading principal components of the month activations, producing a circle in the 2D PCA plot
Figure b} Notably, the learned latent representations reflect the same geometry (Figure [dc). For a
fully linear AE this would be expected since its weights span the PCA subspace (Baldi & Hornik,
1989) (more detailed argument in Appendix [C). However, our non-linear AE shows the same pattern,
supporting the existence of linear superposition in non-linear AEs.

Compression alone being sufficient to give rise to this circular structure in the PCA of the weights
suggests that it may not be actively constructed by language models for a specific non-linear function
(e.g. modular addition (Engels et al.| 2025)), but rather passively inherited from the statistical
structure of the input data when subjected to dimensionality reduction.
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Figure 4: Circular representation of months arises from data covariance via PCA. (Left)
Empirical correlation matrix of month words in the WikiText-103 BOWS dataset, showing cyclic
correlations. (Middle) PCA applied directly to the 12 month dimensions of the WikiText-103 BOWS
data vectors, projected onto the top 2 PCs, reveals a circle. (Right) PCA applied to the 12 learned
encoder features (W columns) for months from a ReLU AE trained on WikiText-BOWS (V' = 10k)
with (m = 1000), projected onto their top 2 PCs, also recovers the circular structure. This suggests
the AE inherits the structure from the data via PCA-like compression.

Characteristics of realistic data and their impact on linear superposition. A key characteristic
of the BOWS setup is that the correlations in realistic data introduce low rank structure, making
linear superposition possible. Figure [5a shows that the amount of linear superposition, measured
by the FVE using a linear probe, increases significantly as we increase the context size (details for
the FVE methodology are provided in Section [2.2). Figure[5b|also shows that as the context size
increases, the number of principal components needed to explain 95% of the data decreases. This
shows that a larger context leads to lower sparsity and stronger correlations making representing
principal components more beneficial, and aligning with the observation by [Elhage et al.| (2022)
that non-linear superposition requires sparsity. These findings suggest a possible explanation for
why residual streams of LLMs display similar patterns to those observed in AEs performing linear
superposition (Templeton et al.,[2024)), as LLMs often have very large context windows which can
increase correlations in the data.

While the features in our setup in Section [3|all occur with the same frequency leading to distinct
linear and non-linear superposition regimes, word occurrences on real data are known to follow a
power-law distribution (Zipfl |1949; [Clauset et al., 2009). Therefore, words have a wide range of
frequencies Figure [5c|which can lead to a hybrid regime where some words reflect their covariance
structure while others are in non-linear superposition or fully orthogonal to each-other. In Figure [6a]
we show an example of this by isolating two groups of words: the months of the year, and the first 10
roman numerals. We isolate the weights W o and Wi, and take the off diagonal Frobenius
norm of the matrices Wgomhswmomhs and WrTmanWmman to measure how much they interfere with
each-other. An off-diagonal Frobenius norm of 0 means all the months or roman numerals are
orthogonal to each-other. Figure[6]shows that the weights of both the months and the roman numerals
appear in order, reflecting their covariance structure when the latent size is small. As the latent size
increases, the structure in W onms disappears first as the off-diagonal Frobenius norm approaches 0.
This example showcases that, while in the simple case described in Section [3| we observe distinct
regimes (linear and non-linear), in realistic data with features of different frequencies, groups of
features can be in different regimes in the same model.

5 VALUE-CODING FEATURES: ANOTHER CAUSE OF FEATURE GEOMETRY

While the BOWS framework can replicate the kind of semantic structure observed in the hidden
representations of language models, there are some examples, like the circles that appear in models
performing modular addition (Power et al., [2022; [Nanda et al.| 2023), which appear in the absence
of correlations in the data. To explain this kind of structure, we introduce the distinction between
value-coding and presence-coding features and explain how value-coding features can give rise to
apparent structures in features that are not actually represented in superposition.
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Figure 5: Bigger context size leads to stronger correlations, thus linear superposition. (Left)
Increasing the amount of text encoded by each sample (C) increases the fraction of the variance of
the ReLU AE reconstructions that can be explained from its latent space by a linear probe. (Middle)
Increasing C also decreases the number of PCs needed to account for 95% of the variance while
increasing the average number of active features per sample. (Right) Word frequencies follow a
power-law distribution (Zipf} |1949)) with words like the months being more common than roman
numerals.

Presence-coding features. We say that a representation h(x) € R? contains a presence-coding
feature if some binary or categorical variable y(x) (e.g. “this token is the word caz”) is recoverable by
a linear classifier. Formally, there exist weights {wy, by} such that §(z) = arg maxy (w; h(x) + by)
predicts y(z) with low error. Presence-coding features thus behave as detectors for discrete properties,
and different values of y are treated as separate classes without requiring any particular geometric
relation between them in representation space a priori. For presence-coding features structured
representations are contingent on correlations in the data and capacity constraints that lead the
features to be represented in linear superposition.

Value-coding features. In contrast, we say that a representation h(z) contains a value-coding feature
if a real-valued variable v(z) € R (e.g. an angle, a coordinate, or a continuous latent factor) is linearly
decodable. That is, there exist w € R? and b € R such that 9(x) = w ' h(z) + b approximates
v(x) with low error. A collection of such value-coding features vy (z), ..., v (z) defines a low-
dimensional value space R”; plotting examples in this space can reveal semantically meaningful
structures (for instance, a 2D map from (x, y) coordinates, or a circle from (sin 6, cos #) in modular
addition). Crucially, these structures are fully accounted for by the existence of linear value codes for
the underlying variables and therefore exist even in the absence of superposition.

Empirical evidence for value-coding fea- Taple 1: Value-coding (VC) ablations on two datasets.
tures To exemplify this, we look at a sim- V™ keeps the VC subspace and zeros its orthogonal
plified modular addition setup similar to  complement; VC™ ablates VC coordinates.

that in/Nanda et al.|(2023)), as well as a rela-

tive map position setup inspired by |Gurnee MAP
& Tegmark| (2024). In the latter, we take Condition
the top 1,000 most populated cities in the Loss |  Acc.(%)T Loss|  Acc.(%) 1T
US and calculate their relative positions in  Baseline 0.0536 97.94 0.0001 100.00
terms of quadrants (e.g. Seattle is north- vC* 0.2879 93.16 0.1649 93.99
west of Denver). The cities are embedded VC~ 6.3943 22.43 11.7464 3.11
separately, fed through a 1-hidden layer
ReLU MLP (details in Appendix [A). This latter dataset is designed to incentivize the model to learn
2 value-coding features encoding the coordinates of each city since relative positions of the cities can
easily be calculated by subtracting coordinates. For both of these tasks, each integer or city pair only
appears once across the train and validation sets so no pair of cities or integers are correlated and we
do not expect any kind of low rank structure coming from linear superposition.

Key-freq

We validate that the cardinal direction model is learning value coding features for the coordinates
by training a linear probe to predict the coordinates of a subset of the cities from their embeddings.
We then use this probe to predict the coordinates of some held-out cities. The result is an average
R? validation score of 0.98 and a correct arrangement of the held out cities on the US map when
projected onto the directions identified by the linear probes (Figure[7). Similarly, we validate that the
relevant sine and cosine values are linearly represented by projecting the representations onto the
corresponding Fourier components in the case of modular addition (details in Appendix [A].
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Figure 6: Different feature structures disappear at different latent sizes. As the latent size of
the AE increases, the structure in the weights appears and disappears at different times for different
groups of figures (a). We look at 2D PCA plots of the months and roman numeral embeddings at
two key latent sizes. In (b) we see a case where both groups of features appear in order with some
structure, while in (c¢) we show a case where the representations of the months have already become
orthogonal while the roman numerals are still represented in an ordered structure.

We have shown two examples where neural networks need linearly represent values like coordinates
or trigonometric functions, in order to perform computations with them. We have then shown in
Figure|[/|that in doing this, models implicitly create structures like circles or maps when we project
the data onto these value-coding features.

Ablating the subspace orthogonal to the value-coding features. Having isolated the value coding
features both in the modular addition and map datasets, we ablate the subspace of the embedding
space that is orthogonal to these value-coding features. In both cases, the ablation results show that
most of the test accuracy is preserved if we replace over 90% of the dimensions with their mean
(Table[T). Conversely performance breaks down if we remove only the value coding features. This
serves as further evidence that these value coding features are the units of computation that the model
is using to perform these tasks (replicating the results from |Nanda et al.|(2023)) in the modular case).

Distinguishing feature geometry and feature manifolds. At first glance, feature manifolds such
as those in Figure[7|may appear deceptively similar to geometric arrangements like Figure [d} Yet,
our findings offer a principled way to distinguish the two. When features exhibit a recognizable
structure, we can ask whether that structure reflects genuine co-activation patterns. In Figure[d] for
instance, the latent arrangement clearly aligns with co-activations among month-related features,
pointing to a superposition-based representation. In contrast, the patterns in Figure [/|emerge despite
inputs being uncorrelated, suggesting the model has instead learned value-coding features through
task-driven projections. Disentangling these phenomena in more complex, real-world scenarios
remains a compelling direction for future research.

6 RELATED WORK

Superposition. Initial works in MI studied interpretable monosematic neurons in DL models |Olah
et al.| (2020); (Cammarata et al.| (2020) but faced challenges in interpreting polysemantic neurons
which activate for seemingly unrelated concepts. [Elhage et al.|(2022) introduced superposition as an
explanation for neuron polysemanticity. This view of DL models inspired further studies (Scherlis
et al.| 2025) and sparse dictionary learning approaches like sparse autoencoders to decompose model
activations into an overcomplete basis of linear features (Gurnee et al., 2023} Huben et al.| [2024;
Bricken et al.| 2023)). This approach has successfully been scaled to frontier language models and
multimodal models by |Gao et al.|(2025) and Templeton et al.|(2024).

Feature geometry. |Park et al.[|(2024) proposed a formalization of the LRH and proposed an inner
product that preserves language structure. |Park et al.|(2025) studied how features with hierarchical
relations are encoded in language models while they show that categorical features which form
polytopes, we note that these are different from regular polytopes posited by [Elhage et al.[(2022]).
Lee et al.|(2025) studied geometric similarities in token embeddings of different language models,
while Zhao et al.|(2024) studied the kind of structure that emerges in the representations of models
trained on next token prediction. [Li et al.| (2025) showed that language models represent integers
in a helix structure to perform modular addition echoing the results from Nanda et al.|(2023) and
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Figure 7: In the embeddings of a model performing modular addition, the circular structure is isolated
by projecting onto directions corresponding to sine and cosine values (left). In the case of the map
directions dataset, two linear probes reconstruct the city coordinates, reconstructing their positions on
the map for both train and validation samples. (right).

Liu et al.|(2022) on transformers trained for modular addition. |Gurnee & Tegmark] (2024} showed
that longitude and latitude as well as a notion of time, are encoded as linear features in language
models. The main results highlighted in this paper are circular structures formed by features and
semantic feature clusters, described in [Engels et al.| (2025) and |Bricken et al.[(2023) respectively.
These structures have also been studied as feature manifolds in Modell et al.| (2025)), and [Hindupur
et al.| (2025) highlighted the importance of understanding feature geometry when designing SAEs.
These findings sparked a discussion around the potential limitations of SDL approaches and the LRH
suggested by this non-linearly encoded semantic information (Sharkey et al.| 2025).

Structure in word representations. Classic work on distributional semantics and word embeddings
(e.g., Word2Vec (Mikolov et al.l 2013a), GloVe (Pennington et al.,2014))) demonstrated that training
simple models on large text corpora leads to vector spaces where geometric relationships capture
surprisingly sophisticated semantic and syntactic relationships. [Levy & Goldberg (2014)) showed that
methods like Word2Vec with negative sampling implicitly factorize the Pointwise Mutual Information
(PMI) matrix shifted by a constant, while others show connections to PCA or SVD on co-occurrence
counts or PMI (Allen & Hospedales, [2019).

7 DISCUSSION & CONCLUSION

Summary of findings. In this work, we introduce BOWS to highlight the existence of two kinds
of superposition, linear and non-linear. We argue that features in linear superposition inherit their
structure from their covariance matrix, explaining previously observed, semantically rich structures in
language models (Bricken et al., [2023; [Engels et al., [2025). We show this on synthetic data(Section[3)
as well as in realistic internet data (Section 4)) where semantic clusters and circles appear as a
byproduct of linear superposition. We show linear superposition is particularly prevalent in models
trained with weight decay, with potential implications about the kind of superposition we should
expect to observe in real language models. Finally, we make the distinction between presence-coding
and value-coding features and show how value-coding features can parametrize feature manifolds,
leading to a different kind of structure Section 3]

Limitations and future work. The BOWS framework, while simple, gives rise to many kinds of
interesting behavior, leaving ample room for future work. As discussed in Section[d] we expect real
models to exhibit both linear and non-linear superposition, leaving room to explore how linear and
non-linear superposition can complement each-other. Additionally, while we show that structured
representations do not require a functional role beyond efficient compression, this does not need to be
a dichotomy as this kind of structure could be both functional and efficient.

Our results suggest the rank of the data, weight decay and bottleneck size as particularly relevant
variables, but a more complete mathematical characterization of the relationship between linear and
non-linear superposition is an important avenue for future work. Avenues for future work also include
studying BOWS setups with untied encoder and decoder weights as well as using BOWS as a setup
for SAE evaluation in which we know the arrangement of realistic ground truth features, addressing
one of the main limitations in current SAE evaluations.
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LLM USAGE STATEMENT

This work used LLMs to assist in literature search, suggest alternative phrasing and help with figure
formatting. We also used an LLM to sort 4000 words into semantic categories which were then
inspected and refined by hand, as discussed in Appendix [A]

REPRODUCIBILITY STATEMENT

We include code to reproduce the main results of this paper (including Figure 2} Figure[3]and Figure[4)
in the supplementary material. Details about the BOWS setup are given in Section[2.2]and further
details about our experiments are provided in appendix [A]
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APPENDIX

A IMPLEMENTATION DETAILS

WikiText-BOWS. All the models trained in the WikiText BOWS setup use a cosine annealing
scheduler with a starting learning rate of 1e — 3 and are trained for 20 epochs with a batch size of
1024.

Synthetic “Months” dataset. Each document is a 12-bit vector z € {0, 1}'? whose entries stand for
the calendar months. One sample is generated as follows.

1. Latent month angle. Pick a discrete month m € {0,..., 11} (uniformly or by cycling) and add
Gaussian blur:
6 =2mm/12 + e, e~ N(0,03).
2. Embed on the unit circle. z = [cos 0, sin G}T € R2.

3. Project onto month directions. Let

11
W = [(cos 2k sin %)} o € R12%2

whose k-th row corresponds to month k. Compute log-odds ¢, = Wz + b, where b < 0 fixes

the global sparsity and 5 > 0 controls sharpness.

4. Binary activations. Draw the bits independently:

z ~ Bernoulli(o(¢y)), o(u) = k=1 12.

_1
Tfe—u> Yty
With 09=0 and large ( the code is nearly one-hot; decreasing 3 or increasing oy mixes neighboring
months, producing a rank-2 correlation structure that is analytically tractable yet retains the extreme

sparsity of real bag-of-words data.

Modular addition. Let a,b € 0, ..., 112 make an input pair of integers with the task being addition
modulo 113. We learn a shared embedding matrix £ € R!!3*190 that maps each integer to a
100-dimensional vector. For a given pair, we look up E[a] and E[b], concatenate them into a 200-
dimensional feature vector, and feed this through a three-hidden-layer MLP. Each hidden layer has
200 ReLU neurons. The output layer produces logits over the 113 possible sums. We train the entire
model end-to-end via cross-entropy loss using the AdamW optimizer with weight decay set to 4.

Relative map positions. From the Cities1000 Dataset (GeoNames), [2025)), we take the top 1,000
most populated cities in the US and sample two subsets of city pairs out of the 1,000, 000 possible
pairs. For each pair of cities a, b, the task is to predict their relative position on the US map out of
eight possible classes (North, South, East, West, North—East, North—West, South—East, South—West).
We learn a 200-dimensional embedding matrix E € R1090%200 to map each city to a 50-dimensional
vector; for each pair (a, b), we concatenate their embeddings F[a] and E[b] into a 100-dimensional
feature vector, which is then fed through a single hidden-layer MLP with 200 ReLU units. The MLP’s
output layer produces logits over the eight classes, and the entire model is trained end-to-end using
cross-entropy loss and an Adam optimizer.

UMAP plots and semantic clusters. For the UMAP plots in Figure 1 and Figure 3, the categories
are created by using Gemini 2.5 Pro to split the top 4000 words into categories, with each category
inspected and refined by hand. The exact word to category mappings can be found in the code
provided in the supplementary material. The UMAP plots are made with 15 neighbors, a min distance
of 0.01, and a cosine metric.

Linear probes. In this work, we argue that non-linear AEs can sometimes linearly encode low-rank
structure of the data. To quantify how linear the representations learned by the ReLU-AE are, we
deploy a simple linear probe. After fully training the ReLU-AE, we freeze its encoder and collect
the latent activations h = Wx € R. A probe is a single linear layer P € RY*"™ that is trained from
scratch to reconstruct the input without any non-linearity:

)A(probe = ['probe(xa P) = HX - ’A(pmbeHz' ®)
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Figure 8: Tow-layer transformer trained on Wikitext-103 for the multi-task token-recovery
task exhibit semantic clusters and ordered circular representations for the months of the year.
This replicates the main results in Figure ] and Figure 3 on a different dataset. Colors correspond to
different semantic categories (Figure Ekl).

pC2

(a) UMAP of BOWS word em-
beddings (b) PCA of the data (c) PCA of the weights

Figure 9: Autoencoders trained on OpenWebText exhibit semantic clusters and ordered circular
representations for the days of the week. This replicates the main results in Figure ] and Figure 3]
on a different dataset. Colors correspond to different semantic categories (Figure Ep).

To measure how much of the ReLU-AE’s predictive power can be captured by a linear mapping we
use the Fraction of Explained Variance (FEV) of the probe relative to the ReLU-AE:

~ ~ 2
Ei Hxi,ReLU - Xi,probeH2

FEV =1- 9)

~ _ 2
Ei ||Xi,ReLU - XReLU||2

where ¢ indexes data points and Xg.ry is the mean ReLLU-AE reconstruction over the evaluation set.
An FEV of 1 indicates that a purely linear map can reproduce the ReLU-AE’s outputs perfectly; an
FEV of 0 means the probe does no better than predicting the mean. We report the FEV on a held-out
validation split.

B ToY TRANSFORMER SETTING

We train a two-layer transformer on WikiText-103 to predict, at each position, the set of vocabulary
items that has appeared so far in the causal context.

Architecture. One encoder block with pre-norm attention and MLP:
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Figure 10: UMAP embeddings of features from AEs trained with context size of 20 records with
wd=0 (top) and wd=4 (bottom) across different latent sizes. The plot shows that semantic structure
remains for a larger fraction of context sizes when using weight decay. Colors correspond to different
semantic categories (Figure Ep).

» Token embedding dimension dpoqe; = 768, tied to the output projection.

e Multi-head self-attention with 8 heads, dropout 0, causal masking, and learned positional
embeddings.

 Feed-forward network of width 4d ;041 (GELU activation), followed by layer normalization.

Data and tokenization. WikiText-103 is tokenized at the word level with a fixed vocabulary of
16,000 tokens. The tokenizer and reserves <pad> and <unk>. Sequences are constructed with
window length 512 and stride 512, padding to full length.

Targets. For each sequence position, the target is a multi-hot vector over the vocabulary indicating
whether the token has appeared anywhere in the prefix (inclusive). This is computed from the
sequence with padding tokens masked out.

Loss and optimization. Training uses binary cross-entropy with logits over the multi-hot targets.
Optimization uses AdamW with learning rate 3 x 10~%, weight decay 5 x 102, batch size 8, and
cosine annealing schedule. Gradients are clipped to norm 1.0.

In Figure[8] we see that, similarly to the BOWS setup, semantic clusters and circular structures appear
in the residual stream of the transformer as a byproduct of compression.

C PCA & GEOMETRY PRESERVATION

We compute correlations in data by the Pearson correlation coefficient. A Pearson correlation
matrix R is a Gram (inner-product) matrix of the standardized vectors. Due to the normalization, the
Euclidean distance (chordal) distance monotonically links to the angular distances:
2 2 T
di; = |xi —x;]” = 1 —cos (x; x;) =2(1- Ryj),

where ||x;|| = 1, and R;; is the i*® and j'" entry of R. So correlation induces Euclidean geometry
(up to rotation/reflection) on the embedded points. Hence, performing PCA on R is equivalent to
performing classical multidimensional scaling (MDS) (Cox & Cox} [2008)) on chordal distances,
which explicitly aims to embed vectors such that between-vector distances are preserved as well as
possible. Hence PCA yields embeddings which reflect the geometry induced by the correlations in
data.
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Figure 11: Reconstructions at different latent-vector sizes. Top: “Months” dataset; middle: “Roman

numerals”; bottom: corresponding latent size m.

D OPENWEBTEXT REPLICATIONS

In Figure[9 we replicate the main results of the paper show-
ing that the appearance of circular structure for the months
of the year and semantic clusters is not a phenomenon lim-
ited to WikiText. These results are from an OpenWebText
BOWS setup with v = 10,000, ¢ = 10 and a stride of 10.
Similarly to the WikiText case studied in the main text, we
observe semantic clustering of word embeddings and that
circular structures appear both when taking the PCA of
the data and the trained encoder weights.

Figure
E WEIGHT DECAY AND SUPERPOSITION
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12: Zooming into the cluster for

science features in the UMAP plot with
a latent size of 200, we observe sub-

sclusters within it. Medical features are

In Figure we show an extended comparison of the
UMAP plots presented in Figure 3] comparing models
trained with weight decay (top) and without it (bottom)
across different latent sizes. The results show that semantic
structure is visible in UMAP plots across a wider range of
latent sizes in models trained with weight decay.

F MORE DETAILED EXAMPLE OF GROUPS OF FEATU

In the main paper we only show the feature structures for some
representative latent sizes due to space constraints. In Figure
we show the structures studied in Figure 6 for an extended range
of latent sizes.

We also show a zoomed in version of one of the UMAP plots in
Figure[T2] This figure highlights the rich structure of the features
beyond simple clustering of high-level classes. We see that words
corresponding to sciences are clustered together, but within this
high level cluster, sub-groups like words about medicine (top
left), astronomy (lower left), chemistry (lower center) and biology
(center) are also grouped in smaller clusters.

F.1 SOME EXAMPLES BEYOND 2D

Beyond the 2D examples presented in the main paper, we include
2 examples showing that the days of the week and months of the
year have structure beyond a 2D circle (Figure[I3). This is clear in
the case of the months where an ondulation in the third principal
component is present beyond the 2D circular structure.
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in the top left while astronomy features
are in the lower left and chemestry fea-
tures are in the lower center.

(b) Days

Figure 13: 3-D PCA of the em-
beddings for the words and the
days in a WikiText BOWS setup.




Under review as a conference paper at ICLR 2026

ear Figure8 ReLU Circul

ReLU Figure8 Lin

ar Sphere

-
L
&

ere Line:

ReLU Sph
-
-

Figure 14: Extension of Figure 1 to include all values of m between 2 and 12, as well as a comparison
with the weight patterns for AEs trained on data drawn from data with different correlation strucutres:
figure-of-eight and spherical.

G OTHER CORRELATION STRUCTURES IN SYNTHETIC DATA

In Figure[14] we show the superposition patterns for the values of m missing in Figure 1, as well as
examples for autoencoders trained on data with a figure-of-eight correlation structure or a spherical
structure. In all 3 cases we see that the Gramm matrix structure is similar in the linear and ReLU
cases for d = 2 and d = 3 but they diverge at larger latent sizes as the ReLU-AEs start leveraging
non-linear superposition which is indicated by sparse interference patterns (for example for d = 8).

We reuse the “synthetic months” pipeline described in Appendix [A]but change only the latent curve
z(+) and the feature directions W; Steps 1 (phase selection), 4 (Bernoulli sampling), and the log-odds
by, =0 W,Iz + b are identical, with defaults 8 = 5.0, b = —2.0, noise = 0.1, seed = 42.

For the Figure-8 (Lissajous) (Lawrence, |1972), we replace Steps 2-3 by:

F-1

“6) = Li&%ﬂ W= e sin2e)] L= 3.

For the Sphere (S?), we replace Steps 2-3 by a 3D unit-sphere embedding:
F—1
z ~ Unif(S?), W = [(cos 0 sin ¢y, sin Oy sin ¢y, cos qﬁk)} ,
k=0
where a Fibonacci lattice (Marques et al.,[2013) gives approximately uniform feature directions:

o = arccos(l - M), 0 = (1 +V5) (k + 0.5).

Full implementation details are provided in the supplementary material.

H A TAIL OF PARTIALLY RECONSTRUCTED FEATURES

An interesting observation is that some features seem to appear in the correct semantic cluster while
the AE is only able to capture a small fraction of their variance (e.g. R? < 0.3). In Figurewe show
that wether we filter for features with lower or higher reconstruction scores (R? < 0.3 or R? > 0.3)
they still form semantic clusters. An explanation for why features with very small R? scores seem to
have semantically meaningful representations is that, if a model is learning principal components of
the data, it might project all the features, even uncommon ones, onto these principal components.
This would mean that the representations of these features is only their projection onto some principal
components, even if they only explain a small fraction of their variance, explaining the observed
structure in poorly represented features.
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Figure 15: UMAP embeddings at different latent-vector sizes including only features with R? < 0.3
(top) and R? > 0.3 (bottom). Semantic clusters at different latent sizes are still observed in both,
although this effect is combined with an increase in the number of features above the threshold in the
lower one.

I IMPLICATIONS FOR THE LINEAR REPRESENTATION HYPOTHESIS

While the linear representation hypothesis (LRH) is one of the pillars of current mechanistic inter-
pretability (MI) approaches. There is still no consensus on the correct formulation of this hypothesis.
The LRH can be taken to mean that internal features of a model correspond to activations along
one-dimensional directions in activation space (Engels et al., [2025)). However, the LRH can also be
formalized around the mathematical notion of linearity meaning the representation of two features is
the addition of their representations and scaling a feature corresponds to scaling its representation
(Elhage et al.,2021).

While some works have suggested that observed feature geometry like the ordered circles formed
by the months undermine the first definition (Engels et al., [2025}; |Sharkey et al.,[2025)), our results
show that these structures can emerge from the compression and reconstruction of one-dimensionally
linear features. This means that these structures do not necessarily undermine either formulation
of the LRH. On the other hand, our results in Section 5 do suggest that some features used by DL
models can be value-coding meaning they can encode concrete trigonometric values or coordinates
along linear directions which do not fulfill the constraints for mathematical linearity. For example
scaling the value of a cosine-coding feature leads to a different (and potentially invalid) cosine value,
rather than a stronger activation of the same cosine value.

An interesting line of research would be Table 2: Validation MSE and linear VE ratio for ReLU
to explore if presence-coding features can sparse auto-encoders (mean £ SD over three seeds).

have value-coding components. Findings

like the fact that city representations in  Latent MSE Linear VE ratio
language models can be projected linearly size  mean £  SD mean + SD
onto a coordinates subspace (Gurnee & 50 0.021 +£4.500x107% 0.765 +0.003
Tegmark;, [2024), or that integers can be pro- 100 0.019 £1.920x107¢ 0.756  £0.002

jected onto a helix subspace (Li et al.,[2025) 200 0.018 +7.080x10-% 0.738 +0.000
could be understood through this lens. In 400 0.015 =7.000x10~% 0.693 +0.000
this VieW, City representations could have 600 0.013 + 8.780 % 1076 0.659 +0.001
a coordinate-coding component and inte- 800 0.011 <+1.510x10-% 0.632 +0.000
gers could have a size-coding component 150 0010 +4.320x10~¢ 0.616  =0.000
ments which combine 1o make a bl ste. 2000 0004 £2.400x1070 0624 £0.000
ture 4000 0.001 £4.700x107% 0.756  40.000

’ 6000 0.000 +2.340x10~7 0.867 +0.000
Overall, our findings show that rich feature 10000 0.000 +9.960x10~% 0.997 +0.001

geometry can be explained away by linear
superposition recovering the structure inherent in the data, without appealing to non-linearly encoded
information with a functional role in calculation. However, we believe the existence of value-coding
features could be in conflict or an exception to features being mathematically linear.
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Figure 16: A reproduction of Figure 6a with the filled in areas reflecting two standard deviations
across 3 seeds.

J  VARIATION ACROSS SEEDS

We now provide some additional results with the variance across seeds for the main numerical
results in the paper. In Figure[T6] we show a version of the curves in Figure 6a, with shadded areas
corresponding to two standard deviations across 3 seeds. This highlights that the order in which
feature geometry appears and disapears for different features is maintained across seeds. We also
provide the standard deviations for the values in Figure 1 across 3 seeds in Table[2]

K  OTHER DIMENSIONALITY REDUCTION METHODS

To verify that the semantic clusters are not dependent on the choice of dimensionality reduction
method, we include t-SNE (van der Maaten & Hinton, 2008)) and PACMAP (Tuncer et al.| [2015)) as

two alternatives in fig. [T7]

AP tSNE PacMAP

= Military & Conflict

BN Sports & Competition

B Music & Audio

B Film, TV & Media
Politics & Government
Geography & Places
Transportation & Travel
Time, Numbers & Measurement
Science, Nature & Environment
People, Society & Roles

. Proper names
¢ Verbs
Other

Figure 17: We show the latent representations of the top 4000 most frequent words using UMAP
(left) t-SNE (middle) and PACMARP (right) to highlight that these semantic clustering results are not
dependent on the choice of dimensionality reduction technique.
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