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Abstract

We investigate the convergence guarantee of two-layer neural network training with Gaussian
randomly masked inputs. This scenario corresponds to Gaussian dropout at the input
level, or noisy input training common in sensor networks, privacy-preserving training, and
federated learning, where each user may have access to partial or corrupted features. Using
a Neural Tangent Kernel (NTK) analysis, we demonstrate that training a two-layer ReLU
network with Gaussian randomly masked inputs achieves linear convergence up to an error
region proportional to the mask’s variance. A key technical contribution is resolving the
randomness within the non-linear activation, a problem of independent interest.

1 Introduction

Neural networks (NNs) have revolutionized AI applications, where their success largely stems from their
ability to learn complex patterns when trained on well-curated datasets (Schuhmann et al.| 2022} [Li et al.l
2023b; |Gunasekar et al., [2023; [Edwards| [2024)). A component to the success of NNs is its ability to model a
broad range of tasks and data distributions under various scenarios. Empirical evidence has suggested neural
network’s ability to learn even under noisy input (Kariotakis et al., [2024), gradient noise (Ruder} 2017)), as
well as modifications to the internal representations during training (Srivastava et al., 2014; Yuan et al.,
2022)). Leveraging such ability of the neural networks, many real-world deployment adopts a modification to
the data representations during training to achieve particular goals such as robustness, privacy, or efficiency.
Among the methods, perturbing the representations with an additive noise has been studied by a number of
prior works (Gao et al.l 2019} [Li et al., [2025; [2023a; Madry et al.l 2018} [Loo et al., |2022; [Tsilivis & Kempel,
2022} [Ilyas et al.l [2019)), showcasing both the benefit of such perturbation and the stable convergence of the
training under this setting. Compared with additive noise, perturbing the representations by multiplying it
with a mask has rarely been studied theoretically.

Perturbing the representations with multiplicative noise appears in many real-world settings, either by
design or unintentionally. For instance, in federated learning (FL) settings (McMahan et al., 2017; |Kairouz
et al.l 2021)), particularly vertical FL (Cheng et al. 2020; [Liu et al.| |2021} Romanini et al.l |2021} [He et al.,
2020; |Liu et all 2022; 2024), different features of the input data may be available to different parties,
effectively creating a form of sparsity-inducing multiplicative masking on the input space. Moreover, the
drop-out family (Srivastava et all 2014} Rey & Mnih| |2021)) is a class of methods to prevent overfitting and
improve generalization ability of neural networks during training. Lastly, training models under data-parallel
protocol over a wireless channel incurs the channel effect that blurs the data passed to the workers through a
multiplication (Tse & Viswanath! (2005).

Theoretically analyzing the training dynamics of neural networks under these settings are difficult, especially
when the introduced randomness are intertwined with the nonlinearity of the activation function. While
there has been previous work that studies the convergence of neural network training under drop-out (Liao &
Kyrillidis, [2022; Mianjy & Aroral [2020)), they often assume that the drop-out happens after the nonlinear
activations are applied. From a technical perspective, statistics of the neural network outputs are easier to
handle as the randomness are not affected by the nonlinearity.
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In this paper, we take a step further into the understanding of multiplicative perturbations in neural network
training by considering noise applied before the nonlinear activation. In particular, the setting we consider
is the training of a two-layer MLP where the inputs bears a multiplicative Gaussian mask. This prototype
provides a simplified scenario to study the noise-inside-activation difficulty, while generalizes various training
scenarios ranging from input masking (Kariotakis et al.l |2024) to Gaussian drop-out (Rey & Mnihl [2021)), if
one views the input in our setting as fixed embeddings from previous layers of a deep neural network. Under
this setting, we aim to answer the following question:

How do multiplicative perturbations at the input level propagate through the network
and affect the training dynamics?

Our Contributions. Analyzing the training dynamics under the Gaussian masks over the input means that
we have to study the statistical properties of random variables inside a non-linear function. Our work takes
a step towards resolving this technical difficulty. Moreover, we utilize an NTK-based analysis (Du et al.,
2018; [Song & Yang, [2020; |Oymak & Soltanolkotabil 2019; [Liao & Kyrillidis, 2022) to study the training
convergence of the two-layer MLP under sufficient overparameterization.

To our knowledge, this work provides the first convergence analysis for neural network training under Gaussian
multiplicative input masking. Specifically, for inputs x masked by x ® ¢ where ¢ ~ N (1, k), we prove that:
1) The expected loss decomposes into a smoothed neural network loss plus an adaptive regularization term; 1)
Training achieves linear convergence to an error ball of radius O(x). Empirical results showcase and support
our theory.

Our Contributions. To our knowledge, this work provides the first convergence analysis for neural network
training under Gaussian multiplicative input masking. Our main contributions are summarized as follows:

e Theoretical Analysis of Input Masking. We provide a rigorous characterization of the training dynamics
for two-layer ReLLU networks where noise is injected before the non-linear activation. We overcome the
technical challenge of resolving the expectation of non-linear functions of random variables, proving that
the expected loss decomposes into a smoothed objective plus an adaptive, data-dependent regularizer.

o General Stochastic Training Framework. We develop a general convergence theorem for overparameterized
neural networks trained with biased stochastic gradient estimators. This result, which establishes linear
convergence to a noise-dependent error ball, is of independent interest beyond the specific setting of
Gaussian masking.

o FExplicit Convergence Guarantees. We derive constructive bounds for the convergence rate and the final
error radius. We show explicitly how these quantities depend on the mask variance x?, the network width
m, and the initialization scale, demonstrating that the training converges linearly up to a floor determined
by the noise level.

o Empirical Validation and Privacy Utility. We confirm our theoretical predictions regarding the expected
gradient and loss landscape through simulations. Furthermore, we demonstrate the practical utility of
this training regime as a defense against Membership Inference Attacks (MIA), highlighting a favorable
trade-off between privacy and utility.

2 Related Work

Neural Network Robustness. The study of neural network robustness has a rich history, with early work
focusing primarily on additive perturbations. Results such as (Bartlett et al., [2017) and (Miyato et al. 2018)
established generalization bounds for neural networks under adversarial perturbations, showing that the
network’s Lipschitz constant plays a crucial role in determining robustness. Subsequent work by (Cohen
et al., |2019)) introduced randomized smoothing techniques for certified robustness against ¢» perturbations,
while (Wong et al., [2018) developed methods for training provably robust deep neural networks.

Regularization techniques have emerged as powerful tools for enhancing network robustness. Dropout
(Srivastava et all [2014) pioneered the idea of randomly masking internal neurons during training, effectively
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creating an implicit ensemble of subnetworks (Yuan et al.l 2022; [Hu et al.,|2023; Kariotakis et al., 2024; Wolfe|
let al., 2023; |Liao & Kiyrillidis, 2022; |Dun et al., 2023; 2022). This connection between feature masking and
regularization was further explored in (Ghorbani et al., [2021), who showed that dropout can be interpreted as
a form of data-dependent regularization. Note that sparsity-inducing norms, based on Laplacian continuous
distribution, have a long history in sparse recovery problems (Bach et al.| 2011; lJenatton et al. [2011} Bach|
let al [2012; [Kyrillidis et al., 2015). Empirical studies on the effect of sparsity, represented by multiplicative
Bernoulli distributions, can be found in (Kariotakis et al., [2024).

Neural Tangent Kernel (NTK). Jacot et al|(2018) discovers that infinite-width neural network evolves as
a Gaussian process with a stable kernel computed from the outer product of the tangent features of the neural
network. Later works adopted finite-width correction and applied the framework to the analysis of neural
network convergence Du et al.| (2018; 2019b); Oymak & Soltanolkotabi| (2019). The Neural Tangent Kernel
framework is one of the few theoretical tools focused on theoretical understanding neural network training.
Later works extended the proof to classification tasks, where the notion of tangent features is considered as a
feature mapping onto a space where the training data are separable |Ji & Telgarsky| (2020). Although the NTK
framework has been treated as "lazy training" that prevents useful featuers to be learned, it enables exact
analysis of the neural network training dynamic under various scenarios for different architectures
(2021)); Du et al.| (2019a)); Truong (2025); [Wu et al| (2023)). Based on the NTK framework, several paper
studies the convergence of training shallow neural networks under random neuron masking (e.g. dropout
[Srivastava et al| (2014)) [Liao & Kyrillidis| (2022)); Mianjy & Aroral (2020). However, these works usually
considers the masking applied after the nonlinearity is applied, which allows direct computation of the
statistics of the output and gradient under randomness.

3 Problem Setup

Given a dataset {(x;,y;)},_,, we are interested in training a neural network f (6,-) that maps each input
x; € R%s to an output f (0,x;) that fits the labels y; € R. We consider f (8,-) as a two-layer ReLU activated
Multi-Layer Perceptron (MLP) under the NTK scaling:

f(0,x)= %Zara (w, x),

where 8 = ({w,}|", ,{a,}",) denotes the neural network parameters, and o (-) = max{0, -} denotes the
ReLU activation function. We assume that the second-layer weights a, € {£1} are fixed, and only the
first layer weights w,’s are trainable. Thus, we will be using f(W,x) = f(6,x) where W € R™*¢ unless
otherwise stated. This neural network set-up is studied widely in previous works 2018). We
consider the training of the neural network by minimizing the MSE loss £ (W) over the dataset {(x;,y;)}.;:

> (Woxi) — i)

i=1

L(W) =

N | =

With the influence of the ReLLU activation, the loss is both non-convex and non-smooth. However, a line
of previous works (Du et all 2018 [Song & Yang|, |2020; |Oymak & Soltanolkotabi, 2019) proves a linear
convergence rate of the loss function under the assumption that the number of hidden neurons is sufficiently
large by adopting an NTK-based analysis (Jacot et al., |2018).

While there have been theoretical approaches and assumptions that go beyond the NTK assumption, our focus
is on a generalized scenario where the input data may be corrupted in each iteration under a multiplicative
Gaussian noise: Let ¢ ~ N (ld, H2Id) be an isotropic Gaussian random vector centered at the all-one vector
1,4, the neural network output is given by f(W,x ® c¢), where ® denotes the Hadamard (element-wise)
product between two vectors. Under the multiplicative noise, the neural network is trained with gradient
descent where each gradient is computed based on the surrogate loss Lo (W) defined over the neural network
with the masked input:

n

1

Lo (W) =53 (F(W.x;i @) — i)’
i=1
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Here C = {c;}; denotes the collection of the masks for all input x;. We assume that ¢;’s are independent.
In real-world applications, this scheme can be considered as training on an imprecise hardware, where each
input data point is read-in with noise. Alternatively, one could view each x; as the output of a pre-trained
large model, and our training scheme can be considered as fine-tuning the last two layers with the Gaussian
drop-out (Wang & Manning, [2013; |[Kingma et all 2015; Rey & Mnih| 2021 in the intermediate layer.

Let {Wk}szl be generated from the stochastic gradient descent given by:
Wi = Wy —nVwLc, (Wi), (1)

where Cj, is sampled independently in every iteration of the gradient descent. Our goal is to study the
convergence of the loss sequence {£ (W)}, . Notice that the loss involved in the weight-update is the
surrogate loss L¢, (Wy), but the loss we aim to show convergence is the original loss £ (W).

Our set-up marks some differences from previous works. First, our set-up is distinct from unbiased estimators
in current literature; our setup does not have such favorable property, since the randomness is applied at the
input level of the neural network. Second, although there is a line of work that analyzes the convergence of
vanilla drop-out tranining on two-layer neural networks (Liao & Kyrillidis| 2022; Mianjy & Arora, [2020), in
their analysis the mask is applied to the hidden neurons after the activation function. On the contrary, our
mask is applied directly to the input, which is contained in the non-linear function. Therefore, any analysis
of the mask randomness must go through the ReLU function, which brings technical difficulty. We assume
the following property for the training data.

Assumption 3.1. The training dataset {(x;,y;)}i—; satisfies || x|y < 1, |ys| < O (1), and for any pair i # j,
there exists no real number q such that x; = q - x;.

This assumption guarantees the boundedness of the dataset, and that the input data are non-degenerate,
which is a standard assumption in |Du et al| (2018); [Song & Yang| (2020); Liao & Kyrillidis (2022).

4 Expectation of the Loss and Gradient under Gaussian Mask

A formal mathematical characterization of the expected loss and gradient is essential not only in prior
literature of neural network training convergence (Liao & Kyrillidis, [2022; Mianjy & Aroral 2020) but also in
the classical analysis of SGD even in the convex domain (Shamir & Zhang), 2013; |Garrigos & Gowerl 2023;
Tang et al. 2013]). In this section, we focus on the derivation of the explicit form of the expected surrogate
loss Ec [Lc (W)] and the expected surrogate gradient Ec [VwLc (W)]. Starting with gradient calculations,
the surrogate gradient with respect to the r-th neuron can be written as:

Vw, Lo (W) = a;.n Z (f(W,x; ©¢;) —ui) (xi ©ci) [{w, (x; ©¢;) >0} (2)

N

Setting ¢; = 1 for all i € [n] gives the gradient of the original loss V, £ (W). Let ®; () denote the CDF of
the standard (one-dimensional) Gaussian random variable, and let ¢, 1 : R — R be defined as:

¢ (z) = exp (=2%); ¥ (2) = |z] ¢ (2). 3)

Observe that ¢ (z) € (0,1] and ¢ (z) € (0, 1/v2e]. Before we state the results in this section, we need to define
the following quantities.

Definition 4.1. Fix a first-layer weight W € R™*? and training data {(x;,y;)}?,. We define the:
+ Data-related quantity: Byx = max;e[y) [|Xill o , By := maXien |¥il-

» Weight-related quantity (row-wise): Ry = maX,c[m] [|[Wl,-

« Mixed quantity: Ry := maX,¢[m],ic[n] [[Wr © X/, and

WTX1‘ W, X;
(. S Py L
refmlieln]  \ 2k ||[W, © X5 refmlicln] = \ 2k ||[W, © X,



Under review as submission to TMLR

3.0 ... Standard ReLU o(z) 1.4 — Theoretical &(w, x)

2.51 — d(z%k=0.01) Empirical £.[o(w (x®¢))]
3 5o f(m:o.z) 25
S —— d(xk=0.5) g o
.S 1.5 — G4(nx=1.0) 5 1.2
§ 10 (2 £=2.0) ‘;‘6
= =
2 05 <11

0.0 e 1.0/

-05 -3 -2 -1 0 1 2 3 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
Z:WTX K
(a) (b)

Figure 1: (a). Effect of the noise standard deviation x on the shape of the smoothed activation function
6(z;k) = 2+ ®1(2/(k||lw ®x|2)), where z = w x. For this visualization, |w © x||2 is held constant at 1.0. As
Kk increases, the activation becomes progressively smoother compared to the standard ReLU (dotted black
line). For small k (e.g., kK = 0.01), & closely approximates the standard ReLU. (b). Theoretical smoothed
activation &(w,x) versus its empirical estimate Ec[oc(w ' (x ® ¢))] for a fixed pre-activation value w'x ~ 0.77
(actual value depends on fixed w,x) as the noise standard deviation k varies. The close match across a range
of—relatively small—k« values validates the theoretical model for 6. Note that this behavior consistently
follows empirically for different w, x values.

Expected Surrogate Loss. To start, we focus on the expected loss under the Gaussian input mask. For a
fixed neural network f (W, ), we have the following result.

Theorem 4.2. Let u;, = w, ©X;. Define the smoothed activation and neural network as:

WTX m
b (W,x) =W x-®; () , f(W Zaran Wy, X

rlw © x|l

Let ¢max; Ymax, By, Ru, and Ry be defined in Definition , If By < 3\/mRy,, then we have that:

2
uzrq)l( W Xi )
/<5Hu”,||2

T T2

n

Eo (Lo (W) =&+ 5 (F(W.x) —ui). +

i=1

)

with the magnitude of € bounded by:
€] < mn (K* Ritiax + (W2 Ry + KRw) $pmax) - (4)

Remark 4.3. The core of our analysis of the expected loss involves understanding how the ReLU activation
behaves under the multiplicative Gaussian input mask. Lemma in the appendix provides the analytical
form for the expectation of a truncated Gaussian random variable. This leads to the definition of a smoothed
activation function, as presented in Theorem [£.2] Figure [Ib] demonstrates the correspondence between the
theoretical and empirical values of this smoothed activation across a range of noise levels k for a fixed input
w ' x: being an approximation of ReLU, as  increases, it is expected the two curves to deviate, yet for
small enough x values (here, x < 0.2) the two curves coincide. Figure [2b| visually compares this theoretical
smoothed activation & with its empirical estimate E¢[o(w ' (x ® ¢))] for a fixed k = 0.2 as the input w'x
varies. The close agreement validates our analytical derivation of 6 and illustrates its smoothing effect
compared to the standard ReLU.

Thus, the term ®4 (

To visualize the impact of the noise variance x“ on the shape of this smoothed activation, see Figure |1a] for
various values w,x (For this illustration, we assume a fixed value for ||w ® x||2 = 1.0 to isolate the effect
of z = w'x and k). As s increases, the transition of & around the origin becomes progressively gentler
compared to the sharp kink of the standard ReLLU activation.

) can be interpreted as a smoothed version of the indicator function I{w " x > 0}.
2

w
HHWGXII
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(a) Exact expectation 6(w,x) = 2®(z/0) + op(z/0)

Input w'x

Input w'x

(b) Proxy 6(w,x) = 2®(z/0)

Figure 2: Smoothed ReLU under multiplicative Gaussian input masking for fixed x = 0.2, where z = w ' x

and o = k||lw ® x||2. (a) Exact closed-form expectation 6(w,x) = Ec[o(w'(x ® ¢))] = 2®(2/0) + op(z/0)
(as shown in [19)) matches the Monte Carlo estimate. (b) Proxy smoothed activation &(w,x) = 2®(z/0)
(used in Theorem differs mainly near z ~ 0 due to the missing op(z/0) term.

Remark 4.4. Theorem shows that the expected loss can be approximated by the combination of terms
Ti and Tz, with an additive error term defined by £. Notice that the smoothed activation 6, (w,x) satisfies

(see ([19)):
bw,x) = wTx - @, (WTX> ~ Bexenlo(w (x0 )] 0 (e fwo xl,0 (WTXD

K|lw o x| 2 klw o x|,

Therefore, here 7; can be seen as loss defined on the smoothed neural network f (W, ) with the same weights

and dataset.

Remark 4.5. One may notice that the form of 75 is similar to the /5 regularization in the ridge regression.
To understand 73, we first notice that:

A~ W, X
f(W Xz ~ a/rxz¢l (Z>
Z K[y 7“”2

Therefore, 75 can approximately be written as:

2

2 n m R :‘<62 n d 2 .
T g 2 [ Ve S Wox) 0w | = 5373 (Ve (Woxo) ;) = vee (W) Fivee (W),
i=1 [|r=1 2 =1 j=1
Here W, is the jth row of the matrix W = [wy,...,w,,] € R™X™ vec (W) = concat (W1,..., W) is the

concatenation of the w;’s, and H ¢ Rmdxmd jg the block-diagonal matrix whose jth diagonal block is
= > Ve, [ (W,x;) Vg, [ (W, x;)" € R™*™ for j € [d]. Intuitively, H can be seen as a matrix
consisting of the tangent features’ (Baratin et al.| |2021; LeJeune & Alemohammad, [2024) outer products. As
a result, 75 can be seen as the regularization term of W in terms of a norm defined by the tangent feature
outer product matrix H.
Remark 4.6. The magnitude of £ is given in . At a first glance, one could see that the term decreases
monotonically as k decrease, implying a smaller error when x is small. As discussed in the beginning of
this section, ¢max and ¥max are upper-bounded by some constant. Therefore, in the worst case, we have
€] <O (mn (K,ZRU + /-@Rw)), which scales linearly with .

Below, we sketch the proof of Theorem [£.2] The full proof of Theorem [.2]is deferred to Appendix [B.2]

Proof sketch. Our proof starts with the decomposition of the expected loss as:

olLe (W) =3 3 Be [(F(Wx @ )] + 5307 = Y wEe[(f(

VV7 X; [O) Cl))] .
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It boils down to analyzing the terms Ec {(f (W,x; ©® ci))Q] and Ec[(f (W,x; ®c;))]. Plugging in
f (W, x; ®¢;), it suffices to analyze the following expectations:

Ei=E[o(w, (x®¢c))o(w),(xoc)]; E=E[o(w, (x@c))].
The trick of evaluating Ey and E» is to notice that w,| (x ®¢) = ¢’ (w, ®x;). Since ¢ ~ N (1, x%I), we
T

must have that ¢ (w, ©®x) ~ N (W;'—x,%;2 W @XHg) Therefore, we can define z; = ¢' (w, ®x) and

23 = ¢! (W ®x). Then the problem of evaluating F; and E, becomes computing:
E1 = E21,22 [212’2]1 {Zl Z O, z9 2 0}] ) E2 = E21 [21]1 {21 2 O}] .
Here Cov (21, 22) = (W, © xi)—r (W, ®x;). To complete the proof, we prove the following two lemmas.

Lemma 4.7. Let z1 ~ N (,ul, /i%) Then, we have that:

E[z11{z; > 0}] = V%exp( 5 22) + u®y (’Z)

Lemma 4.8. Let z; ~ N (uh/{%) and zo ~ N (/12,/{%), with Cov (21, z2) = K1kep. Let ®o (a,b, p) denote the
joint CDF of standard Gaussian random variables 21, 2o with covariance p at z1 = a,z2 = b. Then, we have:

1
E [z1221{z1 > 0;22 > 0}] = (12 + K1k2p) B2 (ul r2 p) + —— (K121 + Ko Ts)
K1 K2 V2o

K1K9 1 I 2001 42 &
* o P ( 2(1—p?) <I€% K1K2 + K3
Here, T1,Ts are defined as:

2 2
H1 1 M2 pi Ha 1 H1 o ppe
T = - @ - D Ty = — o —
1 exp( 2&%) 1( ﬁ—pQ <I€2 K1 >>, 2 exp( 2&%) 1( ﬁ—p2 <H1 g >>

Plugging z; = ¢’ (w, ©®x) and 22 = ¢ (w,,x) back into Ec [(f (W,x; ® ci))Q} and Ec [(f (W, x; © ¢;))]
and bounding the emerging error terms would give the desired result. Details are deferred into the appendix.

Expected Surrogate Gradient. In the following part, we study the expectation of the surrogate gradient.

Theorem 4.9. Assume that c; ~ N (1, HQI) for some k < 1. Let ¢max, Ymax, By, RBu, and Ry, be defined in
Definition[{-1. Then, we have that:

2 m

c[Vw, Lo (W)] = Vw, L(W) + g + % > apDiag (xi)* wp - T{w]x; > 0;w,x; > 0} (5)
S =1

where the magnitude of g, can be bounded as:

)

lg.ll, < (GnszQRw + 5nkRyVd ) Bunax + Tmax (X Tmax W) L (W2 4 61k Rutbmas. (6)

f
Remark 4.10. Theorem [£.9]shows that the expected gradient can be written as the summation of the vanilla
loss gradient Vy, £ (W), a term 73 above, and a gradient error g,. The magnitude of g, is controlled in ().
As discussed previously, when |WTT xi| > 0, both ¢pax and .« decreases exponentially as « decreases. Note
that, although the second term scales with £ (W), when £ (W) decreases during training, that term will also
contribute less to the overall gradient error.

Remark 4.11. One could observe that the third term on the right-hand side of is the gradient of the
function R (W) with respect to w,., where R (W) is given by:

3/<;

R(W) = Z ar Wy @ x5l {wr,xZ > 0}

r’'=1

2

Therefore, R (W) can be seen as a scaled version of the Ta-term in Theorem This again verifies the
regularization effect of the Gaussian random mask.
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The proof of Theorem is provided in Appendix and we provide the proof sketch below.
Proof sketch. By the form of the surrogate gradient in , we focus on the following two terms:
’T1 = f(W,XiQCi) ()(l‘QC,')}Ile;r (Xi @Ci) > 0},75 = yi(xiQCi)H{WI (XiQCi) > O}

Plug in the form of f(W,x; ® ¢;), we can write 77 as:
1 m
Ti=— aro(w) (x5 0¢)) - (x; ©c) I{w,] (x; ®¢;) >0
= 2 { }

= % Z aDiag (x;) cic] I {c;r (W, ©x;) >0} -1 {c;r (W ©x; > 0)} (W ©x;),
r'=1

while 73 can be written as:
To =yix; ® (ciH {c;r (W, Ox;) > O}) .
This allows us to focus on the following quantities instead
E [ccT]I {cTu > 0; c'v > 0}] JE [CH {cTu > OH

with multi-variate Gaussian random variable analysis. The rest of the proof then proceeds similarly as in the
proof of Theorem [1.2]

5 Convergence Guarantee of Training with Gaussian Mask

Here, we study the convergence property of a general framework of stochastic neural network training, which
gives us a theoretical result that can be of independent interest. Recall also the setting in Section [3} Consider
f (W, -) as a two-layer ReLU activated MLP, as described above. Let & denote the randomness in one step of
(stochastic) gradient descent. Let £ (W, £) and V, £ (W, £) denote the stochastic loss and the stochastic

gradient induced by &, respectively. We consider the sequence {Wk}szl generated by the following updates:

W1 = Wy, — nVwi (W, &) (7)

Instead, the connection between VWTEA (W, €) and L (W, &) with respect to w,., along with other requirements,
are stated in the assumption below.

Assumption 5.1. For all £, W, we assume that the following properties hold:

Ee [ﬁ (W,E)] < 2L (W) + &1, (8)
H]E£ [vw,,f, (W,g)] v (W)H2 < o3l (W)? + e, 9)
[ w8 <2t w.e). (10)

Here, and @ provide an upper bound on the expected loss and the error of the expected gradient.
can be seen as a relaxed form of the smoothness. Our analysis is based on the standard NTK-type argument
as in (Du et al.; 2018; [Song & Yang), 2020; [Liao & Kyrillidis, [2022)), which considers the infinite-width NTK
H® given by:

HY; = XZTXJ'EWNN’(O’I) [H {WTXZ* > 0; WTXj > 0}] . (11)

It is shown in Du et al| (2018]) that H* is positive definite. We define Ag := Apin (H*) > 0.

Theorem 5.2. Assume that the first-layer weights of a neural network are initialized according to wo , ~
N(O,TQI) for some T > 0, and the second-layer weights are initialized according to a, ~ Unif{£1}. Let
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the number of hidden neurons satisfy m = €0 (%) and the step size satisfy n = O (ﬁ) Assume that

n

Assumptions (3.1} [5.1] hold for some v = C1 - 1 with some small enough 1, 2,3 satisfying:

om 5)\0 )\0
< < < .
€1 O<HK4>’ 62_0(71[(2)7 53_O< %mn> (12)

Then, with probability at least 1 — 25 — n? exp ( STy 2)\ ) for all k € [K], the sequence {W}_, generated
by @ satisfies:

A
B £V < (1-20) £ (wo) 40 (%0 421 (13)
Furthermore, we can guarantee that ||wy,, — wo|l, < O (222) for allr € [m] and k € [K].

In short, Theorem [5.2| shows that under a small enough €1, 9,3 and -, if the neural network is sufficiently
overparameterized, then with a small enough step size 1, we can guarantee the convergence under the training
given by @ and that the change in each w, is bounded by O (¥22). As shown in (13), the expected loss
converges linearly up to a ball around the global minimum with radius given by O ( 53 €3 + 51). This error
(0]
region monotonically decreases as the error in the expected loss and gradient, namely 1 and &5, decreases.
Training Convergence with Gaussian Input Mask. We apply the general result in Theorem to
the scenarios of Gaussian input masking, as given by . To apply Theorem one need to make sure

that the requirements in Assumption are guaranteed. Here, we present two corollaries as extensions of
Theorem and Theorem with the goal of showing and @[)

Corollary 5.3. Let By, dmax; Ymax, Ru, and Ry be defined in Definition . If By < 3v/mRy,, then we have

c[Lc (W)] <2L(W) + 2mnk’R2 + mn (K° R + Rw) ¢p 0y + mnk® (RE + 1) 17,

max max

Corollary follows simply from Theorem by upper-bounding the difference between the smoothed

neural network function f (W, -) and the vanilla neural network function f (W, -), and by upper-bounding

the regularization term In particular Corollary implies the bound of the error €; as 2mnx?Ry +
n (HQRa + /-@Rw) hax T MNE (R2 + 1) ax-

Corollary 5.4. Let By, dmax, Ymax, Bu, and Ry be defined in Definition , If By < 3y/mRy,, then we have
IEc [Ve, Lo (W)] = Veg £ (W), < O ((MZB?RW + nnRu\/a) qﬁmax) 40 ((Fmax X) Smax ) a3
- ” 2 x \/ﬁ
+ O (nkRu¥max + °V/mBERy)
Similar to Corollary Corollary follows from upper bounding the regularization term in Theorem

as g0 = O ((’I’LKZB}Q(RW + nmRu\/E) quax) +
O (nsRymax + K2/mB2 Ry ) and likely e3 = O (M . The proof of Corollary nd Corollary

By Corollary |5.4] we can write 5 and €3 in Assumption

Jm

are deferred to Appendix [C.2] To complete the requirements in Assumption [5.1] we can show the following

lemma for .

Lemma 5.5. Assume that Assumption[3.1] holds. Then, we have:
n
IV, Lo (W)[5 < O Lo (W).

The proof can be found in the appendix

With the help of Corollary [5.3]5.4] and Lemma we can derive the convergence guarantee of training the
two-layer ReLLU neural network under Gaussian input mask.
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Theorem 5.6. Assume that the first-layer weights are initialized according to wq . ~ N (0,7’21) for some
T > 0, and the second-layer weights are initialized according to a, ~ Unif{+1}. Let the number of hidden

neurons satisfy m = ) ( n K* ) and the step size satisfy n = O (%) Assume that for all W € {Wk}szl,

o272
the following hold:

VOAg

"=\ e () (e 5 ) "
e (X) b < 0 (2. (15)

Then, we have that, with probability at least 1 — 26 —n? exp (—75222/\3), for all k € [K], the sequence {W, }H< |
0
generated by @ satisfies:

o \” L
Bo..co LWL < (1= 52) LW +0 (srtmni? (St 12)) (16)
+0 (f{Qsz,Qnd) + (17)

where Q?)max = MaXke[K) Gmax (Wy) and '(Z)max = MaXke[K) Ymax (Wk)-

In short, Theorem [5.6) guarantees the convergence of training a two-layer ReLU neural network under Gaussian
input mask in the form of (16)) under the condition of sufficient overparameterization, proper step size, and
the requirement in and (|15). In particular, requires a sufficiently small Gaussian variance k. The
condition in requires either a small maximum singular value of the input data matrix X, or a small ¢payx.
Lastly, (16]) shows a linear convergence of the expected loss up to some error region. Notice that the first
part of the error region depends both on x,7 and on ¢pax and ¥max, and the second part of the error region
depends solely on k and 7. This means that one can guarantee an arbitrarily small error region when the
Gaussian noise x and the initialization scale 7 is sufficiently small.

Remark 5.7. Both the requirement and the error region in Theorem [5.6} . 6| depend on the quantity Pmax and
7/)max Recall that:

T T
. W, X; w!x;
Pmax = MAax { €xp —(T—l)z ¢ Ymax = max |W xZ’ exp (T—Z)Q )
koryi 4r? ||lw, © x5 kryi 4r? ||w, © x5

Both quantities decay exponentially fast as x decays, when w,x; # 0 for all k,7,i. As the sequence {Wk}f ]
is generated under the randomness of Cy’s, intuitively it is almost never the case where w; x; = 0. Therefore,
in most cases Theorem [5.6| m should require only a log-dependency of x on other parameters in order for
and ( . ) to be satisfied. However, it should be noticed that  still need to decay in powerlaw if one want to
sufficiently decrease the second part of the error region.

6 Experiments

6.1 Empirical Validation of Training Convergence with Gaussian Mask.

Theorem asserts that training a sufficiently overparameterized two-layer ReLU network with Gaussian
multiplicative input noise results in linear convergence of the expected loss to an error ball. The radius of
this error ball is proportional to the noise variance (controlled by x) and other network and data-dependent
terms. We empirically verify this convergence behavior.

Simulation Setup. We train a two-layer ReLU MLP: As a toy example, the network has d = 20 input
features and m = 100 hidden units. The training dataset comprised n = 500 synthetic samples, with input
features x; normalized such that ||x;|l2 < 1, and target values y; generated from a non-linear function of x;
with small added noise. First-layer weights W were initialized using Kaiming uniform initialization, and

10
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Figure 3: (a). Training loss £L(W}) (log-scale) versus training iteration for a two-layer ReLU network
(n =500,d = 20, m = 100) trained with full-batch gradient descent under different levels of input multiplicative
Gaussian noise standard deviation k. (b). Distributed training with Gaussian mask for differen x and number
of local steps.

second-layer weights a, € {£1} were fixed. The network was trained for 2000 iterations using full-batch
gradient descent with a learning rate of 0.005. We performed separate training runs for different noise levels:
k€ {0.0,0.05,0.2,0.4,0.6,1.0,2.0}. For each run, we tracked the evolution of the clean training loss £L(Wy,).

Results and Discussion. The training trajectories, plotted in Figure illustrate the theoretical predictions.
For clean training (k = 0.0), the loss exhibits an initial linear convergence phase. When multiplicative
Gaussian noise is introduced, the initial linear convergence trend is preserved. However, as training progresses,
the loss converges not to the same minimal value but to a distinct error ball, plateauing at a value higher
than the clean case. As expected, the size of this error ball, indicated by the final converged loss value,
systematically increases with the noise level k. This direct relationship between s and the size of the error
ball provides strong empirical support for the convergence guarantees outlined in Theorem [5.6]

6.2 Impact of Multiplicative Gaussian Noise on Model Accuracy

We trained a 1-hidden-layer MLP (4096 hidden units, GELU activation, dropout=0.2) on CIFAR-10 for 80
epochs using AdamW optimization with cosine annealing, label smoothing, and standard data augmentation.
During training, we injected multiplicative Gaussian noise z < z - (1 + kZ) where Z ~ AN(0,1). and
evaluated the impact of noise strength x on clean test accuracy. The results reveal that small amounts of MG
noise k = 0.2 improve generalization, acting as an effective regularizer beyond the existing random cropping
and flipping. This suggests that modest input perturbations help the model learn more robust features
that transfer better to the test set. However, accuracy degrades monotonically beyond this point, dropping
to 49.88% at x = 1.8. Next, to assess the impact of multiplicative Gaussian noise on a well-regularized
convolutional architecture, we trained a CNN on CIFAR-10 with varying noise strengths k. The architecture
consists of 4 convolutional layers (32 — 32 — 64 — 64 filters with 3 x 3 kernels), batch normalization after
each convolutional layer, three dropout layers with rates 0.2,0.3 and 0.5 respectively, and a fully connected
layer with ReLU activation. We trained the CNN for 80 epochs using the Adam optimizer with Ir = 1073,
weight decay= 107" and batch size= 128. During training, we applied Multiplicative Gaussian (MG) noise
x <+ x-(1+kZ) where Z ~ N(0,1), while all accuracy measurements were performed on the clean test set
(noiseless). As shown in Figure we observe that the model exhibits robustness to low-magnitude MG
noise, maintaining its baseline accuracy (= 71%) at k = 0.2. Beyond that point though, accuracy degrades
monotonically and excessive noise corrupts the training signal.

6.3 Application: Distributed Training over Wireless Channels

Communicating signals over wireless channels incurs fading phenomena to the signals (Tse & Viswanath)
2005). Specifically, a time-varying signal z(t) transmitted over channel given by h(t) and additive noise z(t)

11
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Figure 4: Test accuracy versus multiplicative Gaussian noise strength « for (a) a 1-hidden-layer MLP and (b)
a CNN, trained on CIFAR-10. Small noise levels (k & 0.2) can improve generalization for the MLP, likely due
to regularization effects. In contrast, the CNN exhibits robustness by maintaining baseline accuracy. Beyond
this point, accuracy degrades monotonically for both architectures as noise corrupts the training signal.

result in y(t) = z(t)h(t) + z(t). For data parallel distributed training over wireless channels, each input data
is passed through the channel to the workers to perform local training. We consider using the Gaussian
masked input training scheme studied in this paper as a simplified setup to model the channel fading in
wireless communication. In particular, we let x be the signals transmitted z(t), and ¢ ~ N (1, HQId) be the
channel effect h(t). For simplicity, we set the additive noise to 0. The time-depending behavior of z(t) and
h(t) are transformed into the masking scheme that in each iteration, a new mask is applied to the sample.

Under this setup, we train a two-layer MLP with 128 hidden neurons for the MNIST dataset using Fed Avg.
That is, we assume that the total training process is partitioned into multiple global iterations, where in each
global iteration, the central server passes the updated model parameter together with the current copy of
training data through a wireless channel. Each worker receives the training data with channel fading (in our
case, modeled with Gaussian multiplicative noise), and updated its local copy of the model using gradient
descent starting from the parameter shared by the server for some number of local steps. After the local
update, the workers sends the updated parameter to the central server to perform an aggregation by averaing
the worker’s weights. Under this setup, we train an aggregated model with 5 workers and the choice of {1,
20, 40} local steps with a batch size of 128. We also vary the variance of the Gaussian mask to study the
relationship between the number of local steps and the noise scales. For each combination of local steps and
Gaussian variance, we run 5 trials and record the mean and standard deviation of the resulting accuracy.

We plot the result in Figure In general, for all choices of the number of local steps, we observe a decay in
the test accuracy as the input masking variance grows larger, indicating the negative influence of the noise to
the overall training performance. In particular, we can also observe that, in the low noise regime (x ~ 0), the
resulting final accuracy is not influenced much by the number of local iterations. However, as the noise scale
grows larger (larger k), the final accuracy decays drastically as we increase the number of local iterations.
We hypothesis that this behavior is due to the fact more local iterations allows the workers to fit more to the
noise instead of the original signals in the data.

6.4 Efficacy of Multiplicative Gaussian Noise Against Membership Inference Attacks

In this section, we empirically evaluate the effectiveness of training with input multiplicative Gaussian (MG)
noise as a defense against Membership Inference Attacks (MIAs). In simple words, the primary goal of a
MIA is to determine if a specific data point x was part of the training set of a target model f.

12
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Threat Model and Attack Methodology. We adopt the black-box shadow model attack methodology
(Adversary 1) from the ML-Leaks framework (Salem et al., |2019)). In this setup, the adversary aims to
determine whether a specific data point was part of a target model’s training set using only the model’s
output posteriors. Because the adversary lacks the target’s training labels, they employ a shadow model
trained on a proxy dataset to mimic the target’s behavior. By observing how the shadow model treats its
own members versus non-members, the adversary generates labeled data to train an attack model. This
binary classifier learns to identify the statistical "signatures" of membership—such as increased confidence
or reduced entropy—enabling it to perform membership inference on the original target model. A detailed
breakdown of the data partitioning and the five-stage attack pipeline is provided in Appendix [A22]

Experimental Setup. We evaluate the effectiveness of Multiplicative Gaussian (MG) noise as a privacy
defense using the CIFAR-10 dataset. The data is partitioned into four disjoint sets to train and audit both
target and shadow models independently. Our evaluation covers two architectures—a fully-connected MLP
and a multi-block CNN—to ensure the defense generalizes across different model complexities. We measure
privacy leakage by training a Logistic Regression attack model against target models subjected to varying
noise intensities (k € {0.0,0.5,1.2,1.8}) and training durations (20-120 epochs). The defense is quantified
via Precision, Recall, and AUC, where an AUC of 0.5 indicates perfect privacy (random guessing). Detailed
hyperparameters, partitioning sizes, and architectural specifications are provided in Appendix

6.4.1 Results and Discussion

Our experiments confirm that training with multiplicative Gaussian noise systematically enhances a model’s
resilience to membership inference attacks. The results for the MLP and CNN model are presented in Figure [f]
and [7] respectively, with the AUC values of our experiments illustrated in Figure [5]

Attack AUC vs Epochs Attack AUC vs Epochs

—— K=0
0.804" k=0.5

—e— K=1.2

—e— k=1.8

0.75 1 /

0.60
0.55 A Y
0.55 1

Attack AUC
Attack AUC

T
030 T T T T T T 050 T T T T T T
20 40 60 80 100 120 20 40 60 80 100 120
Number Of Epochs Number Of Epochs
(a) MLP (b) CNN

Figure 5: Attack AUC on the target model when it is (a) an MLP and (b) a CNN. Higher values indicate
greater privacy leakage. Training with MG noise (larger x) consistently reduces attack success.

Figure [7]demonstrates the attack success for £ = 0.0, in which case as the number of training epochs increases
from 20 to 120, AUC rises from 0.578 to a significant 0.782. This validates that our attack implementation
correctly captures privacy leakage.

The central finding is the consistent defensive benefit of multiplicative Gaussian noise. As shown in Figures [f]
for MLP, for any given number of training epochs, applying MG noise (increasing ) retains (relatively)
constant both the precision and recall of the attack. For example, after 120 epochs of training, the standard
model is highly vulnerable (Attack AUC = 0.782). In contrast, the model trained with x = 0.5 reduces this
leakage (AUC = 0.692), and models with stronger noise achieve even better privacy (AUC = 0.585 for k = 1.2
and AUC = 0.543 for x = 1.8). This demonstrates a clear dose-response relationship: greater noise variance
leads to stronger privacy protection against MIAs. Similar trends were observed for the CNN architecture
(see Figure . Figure [4]illustrates the classic privacy-utility trade-off. In essence, by sacrificing some model

13
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Figure 6: MLP target. Multiplicative Gaussian noise provides resilience against the attacks as k increases.
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Figure 7: CNN target. We observe a similar trend as the MLP

utility, training with multiplicative Gaussian noise effectively obfuscates the statistical signature of data
membership, thereby mitigating privacy risks.

7 Conclusion

This work investigates the fundamental question of how independent multiplicative Gaussian masking affects
training dynamics. Focusing on a two-layer ReLU network in the NTK regime, we demonstrate that the masked
objective admits a closed-form decomposition into a smoothed square loss plus an explicit, data-dependent
regularizer. This structure allows training with the gradient from the masked objective to achieve linear
convergence toward a noise-controlled error ball given small step size and large enough over-parameterization.
Beyong our theory, We provided experimental result to validate the convergence to small ball, and presented
applications in distributed training under channel fading and how the masking can defend against attacks.

Limitations and Future Work. Our theoretical analysis is currently constrained to the small-noise
regime and the extreme over-parameterization typical of NTK models. Furthermore, our proofs rely on the
independence of masks across iterations and do not yet incorporate a formal privacy accounting pipeline,
such as subsampling or composition. Despite these constraints, multiplicative Gaussian masking represents a
provable and practically viable method for injecting input-level uncertainty. These results provide a principled
foundation for future exploration of deep networks and more complex noise settings in feature-wise training.
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A Additional Experimental Results and Related Details.

A.1 Empirical Validation of Expected Gradient Properties (Theorem .

Theorem characterizes the expected gradient under Gaussian input masking as Ec¢ [Vw,.Lc (W)] =
Vi, L(W) + T3, + gr. Here, Vi, L (W) is the clean input gradient, 73, is a systematic deviation term
proportional to x2, and g, is a residual error bounded by Eq. @

Simulation Setup. We used a two-layer ReLU MLP with d = 20 input features, m = 100 hidden units,
on n = 500 synthetic samples (||x;||2 < 1, y; ~ N(0,0.5%)). First-layer weights W are from A(0,0.12);
second-layer a, € {£1} are fixed. We analyze Vi, Lc(W) by averaging N = 2000 Monte Carlo samples
for k € [0.001,1.0], for a representative neuron r. For this setup, the clean loss L(W) =~ 71.52 and
Va0, L(W)]|2 2 0.981.

Results and Discussion. Our simulations validate the decomposition in Theorem Figure |3a] displays
the fo-norms of the gradient components versus . The clean gradient norm is constant. The 73 ,’s norm,
| 7. ||2, scales with  (e.g., from ~ 8.1 x 10~7 at x = 0.001 to ~ 0.81 at x = 1.0), confirming its theoretical
dependence. The norm of the empirically estimated expected masked gradient, |[Ec[Vw,.Lc(W)]||2, follows
the clean gradient for small k and reflects the vector sum with the growing teal term for larger k in Eq.

%) 10° = ) 3: —e— ||g,||» (Estimated Error)
g 10-1 :5 10 Theoretical Bound on ||g, ||, (Eq. 13)
=4 g 2:
- 104}
$1072 u |
c S |
210-3 5 104
£ - B
C 10 5 100
-g -5 —— ||Vy,L(W)]|> (Clean Grad) = |
g 10 |75..||2 (Teal Term Approx.) ‘25 10’15
© 10-6 —— [|Ec[Vw,Lc(W)]||2 (Emp. Mean Masked Grad) |
10—2.
1073 1072 107! 10° 103 1072 1071 100
 (Std. Dev. of Gaussian Mask)  (Std. Dev. of Gaussian Mask)

(a) £2-norms of key components of the expected gradient (b) Comparison of the £2-norm of the empirically estimated

Ec[Vw,Lc(W)]:the clean gradient norm (||Vw, L(W)]||2), gradient error term, ||g,||2, against its theoretical upper

the 73,’s norm (||7s,+(|2), and the total expected masked bound from Eq. (). The empirical error (solid line) re-

gradient norm. 73, scales with x2. mains below the derived bound (dashed line) across all
tested k. Log-log scale.

Figure 8: ¢2-norms of the gradient components (left) and residual error bound check (right).

Figure examines the residual error term g,.. It compares the ¢5-norm of the empirically estimated gg
with its theoretical upper bound from Eq. @ The estimated error norm, ||g,||est, increases with s (from
~ 1.65 x 1072 at k = 0.001 to ~ 0.53 at x = 1.0). Importantly, the theoretical bound on ||g,||2 consistently
upper-bounds the empirical error across the entire range of k. For instance, at k = 0.001, ||g;||est = 0.0165
while its bound is ~ 7.85.

In summary, the simulations confirm that the expected gradient under Gaussian input masking, with
sufficiently small » values, is well-approximated by the sum of the clean gradient and the x?-dependent term,
with a residual error that is effectively bounded by our theoretical derivation.

A.2 Experimental Details for Section [6.4]

We adopt the black-box threat model and the shadow model attack methodology (Adversary 1) proposed in
the ML-Leaks framework (Salem et al., 2019).

Threat Model. The adversary has black-box access to a trained target model f. This means the adversary can
query the model with any input x and observe its output posterior probability vector p = f(x) (i.e., the
softmax output over the classes), but has no access to the model’s parameters, gradients or original training
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data. The adversary’s goal is to train an attack model A that, given the posterior ps(x) from the target
model for a point x, predicts whether x was a member of the target’s training set.

Shadow Model Attack Pipeline. Since the attacker does not have access to the target model’s training set,
they cannot directly generate labeled data (member vs. non-member posteriors) to train their attack model.
The shadow model technique circumvents this by creating a proxy environment where the attacker controls
data membership. The pipeline is as follows:

1. Data Partitioning: The attacker possesses a dataset Dgpadow, disjoint from the target’s training set but

drawn from the same data distribution. This set is split into D32t “and DU, .

2. Shadow Model Training: A shadow model S, which mimics the target model’s architecture and training

. . Train
process, 18 trained on DShadow'

3. Attack Dataset Generation: The trained shadow model S is queried on its own training data (members,
Ddrain ) and its hold-out data (non-members, DU, ). The resulting posterior vectors pg(x) are
collected. Following (Salem et al.l |2019), the top-3 sorted probabilities of each posterior are used as
features: ¢(ps(x)) = (P(1),P(2),P(3))- These feature vectors are labeled “17 if x € D2 = and “0”

otherwise.

4. Attack Model Training: A binary classifier, the attack model A, is trained on this generated dataset of
“(feature, label)” pairs. It learns to distinguish the statistical “signature” of a member’s posterior from
a non-member’s. This signature often manifests as higher confidence (larger p(l)) and lower entropy for
members, a result of the target/shadow model overfitting to its training data.

5. Inference on Target Model: To attack the original target model f, the adversary queries it with a point
of interest x, extracts the features ¢(ps(x)), and feeds them to the trained attack model A to get a
membership prediction.

Dataset and Partitioning. We use the CIFAR-10 dataset, consisting of 60,000 images. The full pool is
shuffled and divided into four disjoint sets of 10,520 images each: target_train (training MG-protected
models), target_test (non-member audit data), shadow_train (training shadow models), and shadow_test
(shadow non-member data). All data is normalized using the mean and standard deviation of their respective
training sets. For protected models, inputs x are modified via elementwise multiplication with a random
mask m, where m; ~ N(1,k2).

Model Architectures.

o« MLP (“nn”): A fully-connected network with one hidden layer of 100 neurons (Tanh activation).
Input layer: 3,072 features.

o CNN (“cnn”): Two Conv-ReLU-MaxPool blocks, followed by a Tanh-activated fully-connected layer
with 100 hidden units.

Training and Hyperparameters. Both models are trained using the Adam optimizer (Learning Rate:
1073, ¢y Regularization: 10~7) for intervals between 20 and 120 epochs. The attack model A is a
LogisticRegression classifier (scikit-learn), trained on a balanced dataset of member and non-member
posteriors.

A.2.1 Multiplicative Gaussian noise vs Differential privacy

We evaluate the privacy-utility tradeoff of Multiplicative Gaussian (MG) noise against Differential Privacy
(DP-SGD) using the CIFAR-10 image classification dataset. Following the standard ML-Leaks evaluation
protocol [Shokri et al., 2017], we utilize the dataset partitioning described in the previous section and employ
a Standard CNN architecture, i.e. a shallow baseline consisting of two convolutional layers (5 x 5 kernels, 32
filters) followed by max-pooling and a fully connected layer. For the multiplicative gaussian defense, we sweep
the noise parameter x € {0.0,0.2,0.4,0.6,0.8,1.0,1.2} where x = 0.0 represents the undefended baseline. For
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each training batch, we apply element-wise multiplicative noise to input features £ =z ©® (1 + kZ ) ywhere
Z ~ N(0,1) is the standard Gaussian noise. For the the Differential Privacy, (DP-SGD) part, we sweep the
noise multiplier o € {0.3,0.5,0.8, 1.0, 1.5, 2.0, 3.0} using the opacus library (Yousefpour et al. (2021))). We set
the per-sample gradient clipping norm C' = 1.0 and target § = 10~°. The empirical findings for this experimet
are illustrated in Figure @ The plots map the privacy leakage (Attack Precision and Recall) against the
model’s utility (Target Accuracy) across the swept noise parameters.
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Figure 9: Privacy-utility tradeoff for the Standard CNN. The left panel shows Attack Precision vs. Accuracy,
and the right panel shows Attack Recall vs. Accuracy.

Evaluation on High-Capacity Architecture: We repeated the evaluation using an Improved CNN
architecture. This model features a deeper convolutional structure (convolutional blocks with increasing
filter sizes (32 — 64 — 128) using 3 x 3 kernels) and also incorporates Batch Normalization and Dropout to
achieve higher baseline utility. Figure [L0] below illustrates the results for the improved CNN architecture. We
observe that the performance gap between the two methods narrows and the MG noise curve remains much
closer to the near-random guess of the attacker for a longer stretch of the accuracy spectrum.
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Figure 10: Privacy-utility tradeoff for the Improved CNN. Unlike the Standard CNN, the MG noise curve
stays much closer to the DP-SGD curve across the accuracy range

B Proofs in Section [

In this section, we first prove an exact form of the expected surrogate loss function.
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B.1 General Form of Expected Loss

Lemma B.1. Let w;, = w, O x;, let 6,(w,x) = - Py (W), and let f(O,x) =
rZT 146 (Wy,x). Then we have
1 & 2 T ’
N K W, X;
E 0 = = ( 0,Xi — Z) + — u; r@ (H>
C[ C( )] 2;:1 f( ) Y 9 5 H‘HULTHQ ,

+i§; S v (Coov s 00
m 4 r RN 9 @7,

n m ( 1 m
aT iwr | T — Z a;-T%,T','I" - y)
V2mm = vm r=1

i=1r=

where C; yrry Ei v, T; v o and G are defined as

w, x; wx; u/
C; = WTX; W, x + K uTu C r /2 0,7
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2
(s, 7””2 ( ;X l) -2 (u Ui, ) (WrTXi) (W;Xi) + Huiﬂ’Hg (W;Xi)
Eiry = ”uimHz Hui,r’”gexp - 5 - 3
262 (a3 s ol = (] i,0)°)
Tt = W, - By il i lly - wlx —ul ui - wix;

2 2 2
B2 Wl Ity (i1 i 3 = (0], wi)?)

T 2
W, X;
Gi,r = ||ui,r||2€Xp <_(TZ)>

2x2 |[u, |3

Proof. By definition, we have

n

Bo Lo (6)] = 5 3 Ee, [(7 (0% @ ci) 1)’

i=1

For simplicity, we fix i € [n], and study E. {(f (0,xoc)— y)ﬂ In the analysis below, we let u, = w, ® x.
In particular, we have

Ec (£ (0.x 0 ¢) = )| = Ec [£(0.x 0 ¢)*| = 24Ec [f (0,x 0 )]+

Here we shall evaluate the two expectations separately. To start, for the first-order term, we have

Ec[f(8,x@¢ Zar Zar (w, ©x))] (18)

Notice that since ¢ ~ N (1,x?I). By Lemma |D.13|{ we have that ¢ (w, ®x) ~ N (W:X,KJQ [|w ®x||g),

since 17 (w, ® x) = w,/ x. Applying Lemma [D.18 with z = ¢ (w,. ® x), mean w, x, and standard deviation
K ||w, ® x||, we have that

2
k|wr, O x| (w, x) T W, X
Elo(c" (w, 0x))] = ——2exp| ———"—— | + W x® | ————— (19)
[ ( )} /o 952 ||WT®X||§ K |lw, ©x]|,

Plugging in to the form of (18)) gives
T.3\2
W, X
262 u, [} u,

Ec[f (0,x ©® c)] ZaraK W, X
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Next, we focus on the second-order term. Since w,! (c ® x) =c' (w, ® x), we have

[f (0,x®c) }: Z ara,,/E c ur) (cTuw)]
ror/=1
.

Let 23 = ¢'u, and 2z = c¢'u,,, we have that z; ~ N(W:X, K2 ||u,||§) Zy ~ N( wlx, k2 [[u|; ), and

Cov (21, 29) = k?u, u,». Applying Lemma with a = b = 0 gives
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For the simplicity of notations, we define T ,,» = [[u. || - wx - Tl,m’ and T, = |luy||, - w, X - Tgmr,.

Moreover, we define
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Lastly, we use the definition of the Gaussian Copula function C (a, b, p) = ®2 (a,b,p) — ®1 (a) P, (b) and
define

T T T
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Plugging back into the expression of E [ f(0,x06 c)ﬂ gives
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Combining the expression of E [f (0,0 c)ﬂ and E. [f (0,x © ¢)], and noticing T4, ,» = T2 47, we have
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To extend to the case of x;,y;, we need to re-define
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Moreover, let f (8,x) = —= S ap6, (Wy,x). Then we have that
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B.2 Proof of Theorem

Proof. Let u;, = w, ®x;. By Lemma we have that
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Therefore, the proof of the theorem relies on the upper bound of C; v, E; 7, T; r and G; . To upper-bound
C; rr, we utilize the result in that
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T T
sl oy (L el <z>( T >¢( Wy Xi )
T, 1,7
4 2 2\ il i\ 25 [Jug |, 2% [[ui |,

gl (v (G Yo (Gor ) o (e ) o ()
4 3,719 7,77 |2 2/€Hui,r”2 2/€||lli,r/H2 2/<;||u1-,r||2 2/4;”111.,7“,”2

T 2
where we use the definition P; ;. = |w,T xi| - exp ( (wx)l) For the term Ej; , ., we notice that by letting
2

IN

4k2]|u
WX WX _ulM
a= ST, = wwe L and p = ||u7:,r|\2||lui,7,/H’ we have
exp ||111 7 ||2 (w,lx ) =2 (ul,u,) (wlx;) (whx;) + ||u“||§ (wsz) . (c12—2pal)—|—l)2>
2 o — 2
262 (gl gl = (uf00,)°) 2(1- %)

Using exp <7%) < exp (7#), we have that

2 2
1 w, x; w.x;
| B | < [ [l (i ||, exp <_W <( - Z)2 + (v, 1)2 >>

Hui,r”z ”ui,r’Hz

T T
W, X; WX
= ||lu; u; _ R A —
|| Z,T||2 H l,r’||2 ¢ (QK, ||ui7r|2> ¢ (2/‘5 ||ui,r’2)

Therefore, we have
2

K
Ci,r,r/ + 7Ei,r,r’
2m

K2 ( ( W, X; ) w.x; w,! x; wx;
< b il (o (G o (o ) v (e ) o (5o )
1 el Tl \ ¥ {5 0 ) Y \ ar T AR G

This gives that

m ,‘{2
Ay Gyt Ci,'r,r’ + 7Ei,r,r’
27
ror/=1

2
K? W, X; W, X;
< (Znuﬂn w(%”u“”» <Z||u”||2 (%mb))

By definition, we have |[u; ||, < Ry. Therefore

2 2
m I’€2 ) 1 m WTX‘ W <
Ay Gyt C’L rrl 7E’L r,r’ S K'/QRIQJ ’l/J (H) E QS ( : )
r,§r’::1 ( T o b Z 25 (g, 2k [[ug [,

r=1

=~
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Next, we focus on the term T ;. ,» and G; . By the property of CDF, we have that |1}, /| < {w;':/xi| < |lwelly-
Therefore

lewrllz+|yz|<\fR + By <2VmRy

r’fl

\/—Zar’Ter Yi

r’'=1

where we applied ||w,|, < Ry and B, < 3\/mRy,. Thus

m 1 m m m WTX'
Soncr (i oo n)| < B 2 < v o (55020 )

where we used [|u;,,||, < Ry. Combining the inequality above and (21)), we have

2
nm2R2 " W, X; W, X; ’fLK',RW W, X;
= <Z¢ (2n||uw|2>> (Z‘b (%numz)) Z¢ (%Hu”ng)

Applying the definition of ¥yax and ¢max gives the desired results. O

B.3 Proof of Theorem 4.9

Proof. By the form of the gradient, we have

Ec, [Vw,Lc (0 f(0,x; ©c;) —yi)x; © ;I {(w,,x; ®¢c;) > 0}]

e, [F(0,%; ©¢;)x; © c;I{{w,,x; ©c;) > 0}]

Zyz o [xi ® ;L {(Wr,x; O ci) > 0]

\F

Let u,; = w, ®x;. For T; ;, we further have

arEe, [0 (W) (xi © ¢;)) x; @ eI {w, (x; ©® ¢;) > 0}]

NE

Tii =

ﬁ\
Il
_

NE

amEe, [(xl ©c)(x;0 Ci)T w1 {W,T (x; ®c¢;) > O;W;'—/ (x; ®¢;) > 0}}

1\
Il
_

ar (Ee, [cic;r]l {W;r (xi ©ci) > 0w (% ©¢;) > 0} ® (XZXZT)) Wi

%\
Il
—

NE

Qs (Eci [cic;r]l {u;':ici > O;UI’iCi > OH ® (xzx;r)) W,

S- 4= ¢ s
NE

1

N

1

NGD

For 75, we can easily obtain

Zar/Diag (X)iECi [CiCiT]I {uIiCl' > 0; u;7ici > 0}] Uy’ 5
=1

Tz, = Ee, [c] {U-Iici >0} ox;
Abstractly, we are thus interested in the following quantity:
E. [ccT]I {cTu > O;CTV > OH i Ee [c]I {cTu > 0}]

T

where ¢ ~ N (,u, 521), and u, v are fixed vectors. Let z; = ¢'u and 2z, = ¢'v. Then we have

s N (T )z~ A (v Vi)
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According to Lemma and Lemma and by defining p = 1, we have that A,(Clll € R? and

AP, € R4 defined below
A(l) E [ H{ T > 0}] 1. W:Xi
.= .| Cy C. W, _ A WA
k,r,i c; 7 i YUre — 1 - ||wr ) XiHQ
Apyrri=Ee [ec'T{u,c; > 0;u} c; >0} up;
Te. Te.
— (117w + 3670, ;) @4 (W7X1> b, <WT’X7)
kW, © x4, K we © %,
satisfies

1
Jar

HA(2)

-~ 1 g
i

S HRLI d)max
o0

<4k 1Vly (Vddmax + Vi)

Here we used [|p[|, =1 and p" (w, ©®x;) = wj . x; when g = 1. Therefore, for 77 ;, we have

1 G WT/Xi WT/XZ' 2)
Tii = —— " o, Diag (x)) ( wix; 1) @, <> B, <) +A®), )
2 (e 1) 1 (o, ) B e oy ) T4

3k? wx; wx;
IS o) o (2 ()
m Z "f”WT@Xin ’illwr’@Xinz

r’'=1
1 i T WT/XZ' WT/XZ' 1 Ui (2)
= — apwx; x| ————— | P [ ———F——— —&-72@ (X'@A )
\/ﬁ; ! W Rq 1 E 1 (K}|W7/S®XZ||2 1 K}”WT./ @Xle \/ﬁr/zl r! 1 r,r!
3H2 - 2 WT/Xi WT,XZ*
+— Z a.Diag (x;)” w, @1 z P, L
Vi 2 D bl (o e ) e ol

2 m
= f(0,x;)x,0 {W:XZ‘ >0} + 3im Z a, Diag (xi)2 w1 {W:—Xi > 0w, x; > 0}

r’'=1

+ — Qyr (Xi OA z) + 81, + 82,
vm 72 "

where

1 & T W, x; wx;
== Y A WX X @ r @ r —T{wx; > 0;w,x; >0
g1, \/ﬁ,«/zlar W, X; Xz( 1<K||WT/S®X¢||2 A wr oxil; {w)!x; > 0;w,x; >0}

k2 & ) 9 w X wx; T T
82 = Z a-Diag (x;) " wp [ &) | ——LF—— | Py | ——— | =1 {W,. x; > 0w, x; > O}
r’'=1

m wlwrs oxill, ) 5 ke o xil,

3

Likely, for 73; we have

Ty,
o — (14,1 <WX) N A;g?) 6%,
wlweoxill,) T

Ty,
= x7;‘1>1 (WT Xi > + Aﬁ? ®Xi
w W © xill ’

=x;1{w x; >0} + ASZ-) O X+ 83,
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-
where g3 ; = x; - (<I>1 (m) —I{w, x; > O}) Therefore, the final gradient is given by

[vwr ‘CC

f(0,x;) —y;) x;1 {W:xi}

(m (o) nalton)

r'=1

\/» Z a,Diag (x;) WT/H{W xX; > 0;w ,xZ > O}

r'=1

a)’,- n
+ \/E Z (gl,z + 82 — Vi g3,l)

=Vw,.L(0)+ ?\7» Z a,Diag (x;) WT/H{W x; > 0; vv,a/xz > O}

=1
+ ;% ; <\/1% T{Z:law (xi ® A( ),’i) + yZ-ASZ ® Xi)
g4
I
+ Jm - (81, + 82, — Vi 83,i)

Notice that we can re-write g ; as

W:Xi
g1i=X; (‘51 <IM> —I{w, x; > 0}) Z apwx1{(whx; >0)}

r’ 1
T T
W, X; W, X;
+ x; P4 (H) AW, Tx; ( (H> —I{w x; >0 )
F Fwr ol Z e (@ T o, ) T2 0)
T m T
W, X; 1 W, X;
=x;P, H) arw, Tx; ('I’l (l> —I{w|x; >0 )
1 (mwwxz-nz g 2 e\ o, ) ek 20}

WTX'
—+ X; (I)l <H>I[ W;erZO )f(@,xz)
(= (epear,) 2ot

Then, by the definition of g3 ;, we have that

> < W:—Xi > Z (‘I’ ( ;Xi ) H{ Tx. > 0})
Y e = X - a/w,x —_— ] — W . X;
81, Yi - 83, i1 P ||W7 @Xin \/77”/ ‘ ! Wl &g 1 HHWT/ ®Xz||2 r/r =

WTXi
+(f(0,%i) — i) x; (‘1’1 (M) —T{w, x; > O})

Using Lemma we have that

|®1 (a) —I{a > 0}] < exp (_“2> <6 (g)
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Therefore, we have that

n

Z(gl,i — i - 83,i)

i=1

< —

Tx.:
Z owins (0 (22 ) 1 {wx 2 0}
Kl & %] :

W,,Txi
00 =w-x (s (T, )~z )
N Z |w,\xi| (Tx> + ||Diag (A) X (f (6 —y))ll,

r/ 1 2k |w ©x ”2

2

= [Q\/ERlﬂ/Jmax + Omax (X) ¢max£ (0)%

Moreover, we can bound g ; as

\/* Z ”X” [Werll - 2¢max < 6/‘92\/>B2 Rw¢max

Lastly, we can bound g3 as

1 n m 1 n
ool < 70323 o0 A% + 7 o Al ox,
M= = Vim £ 2
1 n m 2
<33Rl + Z el [ AL | el
i=1 /=1
m
< L3S A+ Zs A,
Mmoo 7’00\/m1::1 o
B,
< 4nkRy, (\/g(bmax + d’max) + \/7% : nHRu¢max
< 5nkRy (\/E¢max + dJmax)
when B, < v'md. Therefore, we have that
Ec [Vw,Lc ()] — (VWTE Z ~Diag (x;) wr/]I {w x; > 0; wr/xZ > 0})
= 2

Omax ( ) ¢max

Jm
L£(0)% + 6nk>B2Ry + 5m:Ru\/&> Do + 615 Rutmax

< neRuYmax +

< Omax (X)

<("7%

C Proofs in Section

C.1 Proof of Theorem

Proof. To start the proof, we define the following quantity in the standard NTK-based analysis of two-layer

ReLU neural network. Let R = C - TTA“ for some C7 > 0, we define event A;, and set S;, SZ-J- as

Air={3we B(wo,, R): 1 {W(ITXZ- >0} # ]I{wai >0}}
Si = {T € [m] : _‘Ai,'r'}; SL = [m] \ Sz

(2
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Lemma 16 from shows that with probability at least 1 — nexp( "LR)7 we have that ‘Sﬂ <
AmE In the follovvlng of the proof, we assume that such event holds. Define K' =
mm{k eN:3Irem]st. |[wi,r—worl, > R}. Then for all £ < K’, we have that wy, € B(wq,,R)
Fix any k < K’ — 1. Consider the expansion of £ (6y41) as the following
1 n
L (Or+1) = 5 ; (f (i1 xi) — i)

*Z (Oh1,%:) = f Ok, %)) + (f (Ok, %) — :))”
(25)
= Z (Ors1,%i) — [ (k%)) + Z (Ors1,%i) — f (Or,%x3)) (f (Or,xi) — i)

+ = Z akyxz i)2

We will analyze the three terms separately. To start, notice that

5 Z (1, %:) — i)” = L (64) (26)

For the first term, by the definition of f (6,x), we have

‘f (ek-‘rlaxi) —f (ekvxi” = ‘1”1 Z ar (J (W;—_mei) -0 (w;—,rxl))|

r=1
1 m

< 7m E ‘ ‘(Wk+1 —Wk) X;
r=

where in the first inequality we use the fact that « = +1, and in the second inequality we use the 1-Lipschitzness
of ReLU. Applying Assumption [5.I} we have that

Zn: f (O, %:) — f Bk, %:))* < %jzn: (i Hv“”“ﬁ(ek’gk)Hz)

=1 =1

< e : <m' VL (Gkvgk))Q 27

= n*mnyL (), &)

Lastly, to analyze the second term, we use the following definition of I; ; and If,-k

o= = o i) T = = 3 e (o)

TGS 7'65’1.L
Then we have that f (0y,x;) = I 1 + Iifk. Therefore

f Orr1,%:) = f (O, %) = (Lipgr — Lie) + (In — Iii)
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By the 1-Lipschitzness of ReLU, we have that

1
’ i,k+1 | = \/7% TZS‘:} ar (O’ (W;‘r-i-l,rxi) -0 (WZ:TXZ))

1

< ﬁ TGES; |J (W£+17Txi) -0 (WZTXZ-H
1 T

< —= Z ‘(W/H—Lr _Wk7r) Xi

\/ETESI.L

n .

< \/ETGZS,L va,ﬁ(@k,ﬁk)HQ

IN

|2 £ (6160

Applying |Sf-| < @ gives I'Z-J,-k_s_1 — If‘k’ < @‘/’ymﬁ (Ok,ﬁk)%.This gives that

> (F (Orar,x:) = £ (0, %)) (f (O, %) — yi)
i=1

= Z (Ligr1 — Lik) (f (O, xi) —wi) + Z (L1 — L) (f Ok, xi) — wi)

=1 =1
< Z (Li g1 = Lie) (f Ok, xi) — i) + <Z (I — ) (Z (O, %) — vi) )
1=1 =1 1=1

(k1 — Liw) (f (On,xi) — i) + 7\/ C(Glmfk)% L6 )%

-

N
Il
-

Plugging (26)), (27), and into gives

Nl

L (k1) < L(Ox)+1 mn7£(9k7§k)+47\/7£(0k,£k)% £(6y)

+ Z (Li k1 — Lik) (f (Ok, %) — ys)
=1

=

Under Jensen’s inequality, we have that Eg, {EA (O, Sk)%] < Eg, {EA (O, &)} . Using the property that

Ee, [£(6,€)] <2£(64) +21
from Assumption [5.I} we can also obtain that

Ee, [ﬁ (Ok’,ék’)%] < (2L(0)) +1)?
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Therefore, taking the expectation of £ (041) gives

[N
Wl

E¢, [£(O1+1)] < L£(Or) +n’mny (2L (6x) +€) + @\/W(% (0r) +€1)* L(Ok)

+ Y e [Linar — Lik] (f (On, %) — 1)
=1
10nR inR
< L(01) + nPmavy (2L (8y) + 1) + 7;7 JymnL (8y,) + —Z Jymn €1

+ Y Ee [Linsr — Lik] (f Ok, %) — i)
i=1

= (1 + 2n*mny + 10CnAo / Fy:?) L(0x) + (annv +4CnXoy/ ry:?) €

+ ) Eey Likrr — Tik) (f Bk, %i) — v)
=1

where in the last inequality we use the property that /a(a +b) < ga + b. Recall that wyi1,, Wi, €
B (wo,, R). Therefore, for r € S;, we must have that I {W,L_eri > 0} =1 {w(—{rxi > 0} =1 {w,;'—,rxi > 0}.
Thus, we have

1
EEk [ ik4+1 — Ii,k] = ﬁ Z a?”Eﬁk [Wk-‘rl,r - Wk,r]T x;1 {W;,rxi > O}
res;

_% Z CL7-E§k [v\mﬁ (Hka gk):| ! Xi]I {W;Txi > 0}

res;

(30)

Let gy, = Eg, [VWTLAZ (O, Ek)} — Vw, L (0;). Then by Assumption [5.1) we have that ||g ||, < e3L (0)% +eo.
Using g, we can write as

Ee, [I; k41 — Z \F Vw, L T x;1 {wlrxi > O} — % Z arg;mxi]l {wg,rxi > 0} (31)

res; res;

By definition, we have

n
a’T

Vi, £(6) = —& > (F(8x:) — i) xyT {w,x; > 0}

Therefore, we have that

n

1
(Gk x;1 {Wk rXi > O} = Z (f (Gkvxi) - yi) XiTXjH {W;r,rxi > OWE,T’X]' > O}
] 1

fw’
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Combining with 7 we have that
> Ee, Likr1 — Lkl (f (O, %i) — ui)
i=1

=—— Z 0 (F Bk xi) — i) (f Bk x5) — ) %] x;T{wl ,x; > 0;w ,x; >0}

3,J=17€S;
Z D (f Ok, %) — yi) argy ,x I {w) ,x; > 0}
i=1res;
<-n Z (f (Ok,xi) — yi) <szxj Z {w,,x; > 0w}, x; > 0}) (f Ok, %) — y;)
i,j=1 res;

Hy i
n

+ % Z Z |f (ek,xi) - y2| ”gk,r”Q

=1 r=1

S m1n Hk

HM:

r=1

Hkvxz yz) +7752\/771 <Z ekaxl .%)) +U€3F£(9k)
— (20 (L) + nsdf) (1) + 2neay/mnL (6;)*

2

Using the property that ab < % + %, we have that for any C’ > 0,

ne3n  [mn

2negv/mnL (Bk)% < C'mhg T 5

— +

E

Moreover, by Lemma we have that when m = Q <%2 log
0
it holds that

|3
~

, with probability at least 1 — & —n? exp — L&

T

2
- o1& 2 2nR
1M =X < 24— [ D[S+ =

1,j=1

Plugging in fSﬂ < 4B and R<C - TT’\O, we have that |Hy — H® ||, < ’\70 for small enough C;. Thus, we
have that Apin (Hg) > ’\70 Therefore, we have that

n 2

[
E Eg,, [Li k+1 — Lig] (f Ok, %) — i) < (C/W\ow + nezvmn — 77)\0> (Or) + g’Q)\Z L;n
=1

Plugging this back into gives

Ee, [£(0k41)] < (1 + 2n°mny + 10077>\0\/T> L(0r) + (772mn7 + 4079\()\/?) €
e2n  [mn
(o 2

= (1 — Ao + negv/mn + 2n*mny + (10C + C') nAoy [ — o ) L (6y)

2
[y nesn  [mn
+ (77 mny + 4Cnhg )6 + o\ S
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Apply e3 < C. -

\/W’V Ci--andn=0Co- 8 gives
Ee, [£(011)] < (1 (1-2C1C2 = (10C + C') /1) mdo ) £(01)
o (c% + (0102 + 40\/07) 61>
Choosing a small enough C7,Cy, C, C’ gives
e (O] < (1150 ) 260 + y0ma (55 -3 a1
for a large enough C. Thus, unrolling the iterations gives

B, e [£(W))] < (1—”;0) cowo 0 ()

for all £ < K’. Next, we shall lower bound K’. For all k£ < K’, we have that

k— k-1 -
Wk — Wo,rl SZ||Wt+1r wirlly —UZHV L(Wy, &) H <n Z (W, &)
=0 =0 =0

By , we have

Therefore, we have

k—1

t=0

< AL (W) Z(l—"/\o) k (é+1)7<f\zm+

=0
8 1 R
= SV (W)t 4k (C+1)7 2 fmn + Ve
Ao Ao
By Lemma 26 in , we have that Ew, a [C (Wo)z} =0 (n). v=C1- %, we have that

d<0(Gm) <o+ (5 50))

Thus, by Markov’s inequality, we have that with probability at least 1 —

EW0737£07~~~)§I€71 [Hwk’r — Wo,r

3K’
nk K2 €N g1n
[ T <0 0 N —
Wi — Worlly < (/\6\/—>+ ( ()\o—i—”m
T1 T2
Setting m = ) (#jﬁ) guarantees that T < % . TT)‘“ = & and set g9 < O ( ) e1 <0 (K4
0

C1 T
TZS P)

at least 1 — g, it holds that
Wk — Worll, <R; VEke€ K]
This shows that we must have K’ > K, which completes the proof.

35

(33)

-

2

)

) gives that

20 = %. Combining the bound on 7; and 7 and taking a union bound gives that, with probability
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Lemma C.1. Let H* be defined in , and let Hy be defined as

Tx.
X, X

1
H; ;= -

Z I {W;—)TX,L‘ > O;W;ij > 0}
res;

Fiz any R. Assume that wy,, € B(Wo, R) for allr € [m]. If wo, ~N (0,721), and m = Q (), then we have
that

. Ao R~ 2 2nR

[Hy — H®[|, < +WZ|S¢J_|+7

6 < T
3,7=1

Proof. We define Hy, as follows

XTX i
) i T e
Hy ;= m > T{wi,xi > 0w, x; >0}

r=1

Then we have that

L L A il P L
F F F

< 2o

By Lemma 3.1 in|Du et al{(2018), we have that with probability at least 1—d, we have that Hﬂo — H> 2

|-
when m = Q (i\’—g log g) By Lemma 3.2 in Song & Yang| (2020), we have that with probability at least

1 —n?exp —2£ it holds that HI:Ik — I:IOH < @. Lastly, for the first term, we have

T

L2 n R 2
HHk - HkH < Z (Hk,ij - ch,ij)
B
IR o T e > 0wl
= Z X; Xj Z I {w,wxl > 0wy, x5 > 0}

m? &
4,j=1 res;t

1 « 112
<52 1St
ij=1

Combining the three bounds gives the desired result. O

C.2 Proof of Theorem

We view Gaussian input masking as a special case of the general stochastic training framework in Section [5
Recall that in that framework, the randomness at iteration k is denoted by &, and the update rule is

Wi = Wi — nVwL(Wy, &) (7
In the Gaussian-masked setting we take
& =Cr  L(W,&)= Lo(W),
where Cy, is the multiplicative Gaussian mask at iteration k£ and L¢, is the masked loss. Thus
Vo, L(W, £) = Vv, Lo, (W),

and the update coincides with the masked gradient descent rule (|1)). Therefore, to apply Theorem to
training with Gaussian input masks, it suffices to verify that Assumption holds with suitable €1, ¢9,€3,7,
and that these parameters satisfy the smallness conditions of Theorem under the constraints 7.

Throughout the proof we condition on the high-probability NTK event of Theorem [5.2] on which
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o the minimum eigenvalue of the empirical NTK satisfies Ayin(Hy) > Ao/2 for all k € [K],

o all first-layer weights remain in a ball of radius R = C17Xg/n around their initialization, i.e., |wy , —
wo,rll2 < R for all k € [K],r € [m],

o the data are bounded as in Assumption

The probability of this event is at least 1 — 25 — n? exp(—n3/(6272)¢)), as in Theorem All inequalities
below hold on this event.

Comparing Corollary with Assumption , we identify
e1(W) = 2mnk?R2 + mn(K°R% + KRw) dmax(W)? + mnk?® (RE + 1) Ymax (W) (34)

On the NTK event, the weights stay close to initialization, hence their norms are uniformly bounded; using
Assumption and the definition of Ry, and R, we obtain:

Ry (Wy) == max |Wrll2 < CurVd (35)
relm

Ru(Wy,) == mex Wi, ©Xilla < CumVd. (36)
re\ml,i€n

for constants C,,, C,, > 0.

Lemma C.2 (Bound on Ry). On the NTK event of Theorem there exists an absolute constant Cy, > 0
such that for all iterations k < K :

Ry (Wy) == max [Wi.r|l2 < CourVd. (37)
reim

Proof. Recall that the first-layer weights are initialized as wg, ~ N(0,721,) for r = 1,...,m. During
training, the NTK event of Theorem ensures that each row stays in a small ball around its initialization:

L<R R=CrX,  Vk<K.relm] (38)
n

W — Wo,r|

We define z, := 1wy ,. Each coordinate satisfies (z,); ~ A(0,1), making z, a standard Gaussian vector
N(0,1;). Its squared norm follows a chi-square distribution: |z,|3 ~ x3. Using the Laurent-Massart
concentration inequality, for ¢t = d:

Pr (HZTH% > 5d) <e @,

Thus, with high probability, ||z,||2 < v/5d. Defining Cy = v/5, we obtain the initialization bound:

[Wo,rll2 = 7l|zs |2 < CorVd. (39)

By a union bound over r € [m], this holds for all rows with probability at least 1 — me~¢. Combining the
triangle inequality with and , we find:

[wi.rll2 < [Wo.rll2 + |Wkr = Wo.rll2

SCOT\/a‘FClT%

= 7—\/& (CO + ClAO) .

nvd
Since Ag/n is O(1) and d > 1, we define the absolute constant C, := Cp + Zi}\dﬂ Taking the maximum over
r € [m] yields:
Ry,(Wg) = max ||wy |2 < C,mVd. (40)
re[m]
Intuitively, since the movement term 21\;‘3“ vanishes as d — 0o, the weights remain on the same scale as their
initialization throughout training. O
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Lemma C.3 (Bound on R,). Suppose Assumption holds, such that the input data is bounded in o, -norm
by By := maXc[y) ||7i|loo. On the NTK event of Theorem there exists an absolute constant Cy > 0 such
that, for all iterations k < K:

R,(Wy) :== max |wg, ® x|z < CurVd. (41)

re[m],i€[n]

Proof. Consider any iteration k¥ < K, neuron r € [m], and sample index i € [n]. We analyze the squared
£o-norm of the Hadamard product by pulling out the maximum coordinate of the input vector:

d

|wk,r © xz”% = ngrjxfj
j=1

d
= [las13 lwr,r 13-
Taking the square root of both sides, we obtain the inequality:
[wrr © zilla < |[@illoo lwk.pll2 < Ballwk,rl|2-
Taking the maximum over all r € [m] and ¢ € [n] yields:

Ru(Wk) < Bwa(Wk). (42)

From the weight stability bound previously established (Proof of R,,), we know that on the NTK event, the
weights are bounded by R,,(W}) < C7Vd, where C,, is an absolute constant. Substituting this into :

Ry (W) < B,(CyprVd).

Defining the absolute constant C, := B,C,, completes the proof. Note that since B, is a fixed property of
the dataset and C,, is independent of k, C,, is a valid absolute constant for the problem. O

We an iteration k € [K] and denote, for brevity,
Ry = Rw(Wi), Ru:=Ru(Wi), ¢k = bmax(Wk), ¥k = Vmax(Wy).
Then becomes
e1(Wy) = 2mnk® RS, + mn(k*R2 + kRyw) dp + mnk® (Ry + 1) ;. (43)
We now bound each of the three terms on the right-hand side using ,.
(i) First term. Using R% < C27%d from (36)), we get

2mnk? R < 2mnwk? - C2r2d

= (2C2)x*r*mnd = O(k*T*mnd). (44)
(i) Middle term.
mn (k>R + kRw) ¢ = mnk’Rady + mnk Ry dy.
For the k*R2%¢? component, we use R% < C272d from (36)):

mnk? Rigbi < mnk? (C’ZTzd)géﬁ

= C2**mndd; = O(K*T*mndgy). (45)
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For the kRw¢; component, we use Ry, < C,7Vd from :

mnkRwd? < mnw(CyprVd)p?
= CyrrmnVde? = O(KT’ITLTZ\/ZM)%). (46)

iii) Last term. For the last term, using (36)), it is true that R% 4+ 1 < C27%d + 1, so there exists a constant
u u

C! > 0 such that R2 + 1 < C/,7%d for big enough d.

Hence,

mnk? (RS + 1)y7 < mns®(Clr*d)y;
= CLr*T*mndy;, = O(K**mndyy). (47)

Combining with , , , and , we obtain
e1(Wy) < O(k*r°mnd) + O(k*m*mndéy) + O(/Wmn\/agbz) + O(K*T*mndiy)
= O(k*m*mnd) + O(k*T*mnd($7 + V7)) + O(m-mn\/gqbi). (48)
We denote . .
Omax 1= 12X Gmax(Wi), Yo 1= 108K Ymax (W),

so that for each k,
¢k < d)max’ wk < wmax
Substituting these into yields

e1(Wi) < O(k*r*mnd) + O(k*1 2mnd(§2,,, + 1/312%)()) + O(K:Tmn\f(bmmx) VEk € [K]. (49)
Taking the maximum over k € [K] does not change the right-hand side, so

€1 1= ;?1?1?] e1(Wg) < 0(527'2mnd) + O(KQTZmnd((ifnaX + ﬂfnax)) + O(KTmn\/(}q’A)fnax). (50)
€

or equivalently:

e1 < O(K*P*mnd (Pl oy + Vlay + 1)) + O(krmnVde?,, ) (51)

Matching Corollary with Assumption @, we read off

(W) = O(Umax(x\)/z%nax(w)>

and
£2(W) = O((nk” B Ry + nkRuVd) fimax(W))
+ O(nsRutmax (W) + k%V/mB2 Ry, ). (52)
Using ||x;]|2 < 1 from Assumption we have Bx < 1. On the NTK event, for all k € [K] we have the

uniform bounds

Rw(Wy) < CutVd,  Rua(Wy) < CurVd,
for some absolute constants Cy,, C,, > 0 (cf. the bounds proved earlier for Ry, and R,,). Substituting these
into yields:
(Wk) < O((nﬂ2Cw7f+ TLI‘EC Tf\f ¢max Wk )
= O(nk*TVddmax (W) + O(nk7ddmax(Wi))
+ O(nHT\/Ewmax(Wk)) + O(K*7vVmd). (53)

—|—O<7mC’ Tf¢max(wk)+lﬂl VmCyT Vd
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Since d > 1, we have v/d < d, and hence each term containing v/d can be upper bounded by the corresponding
expression with d in place of v/d. Therefore,

£2(Wi) < O(nk?Tddmax(Wi)) + O (nkTddmax(Wy,))
+ O (nkTdYmax(Wi)) + O(k*7v/md)
S O(’{Tnd((ybmax(wk) + wmax(wk)))
+ O(HQTd(n¢max(Wk) + \/E)) (54)

To obtain a uniform bound over the whole training trajectory, define

Amax = maxW ) Amax = maxW .
¢ paax ¢ (W) (& Duax ¥ (W)

Taking the maximum over k in yields

g9 1= I?el?l}é] ea(Wy) < O(KTTLd(gZ)max + 1[)max)) + O(K)sz(nQASmax + \/%))

We can simplify €5 further as:

O (Knd(Pmax + Pmax)) + O(K*7d(nPmax + vVm)) = O(kTnd(dmax + Ymax) + £>7d(nPmax + V1))
O(m’nd( max + Vmax) + K2TdNdmax + K> Tdy/m)
O(Hmd((ﬁmax + Yimax) + KTAN(Pmax + Pmax) + K2Tdy/m)
=0(

267 (Pmax + Pmax) + K *rdy/m)

kTnd(¢o

Thus,

e2 < O(KTnd(bmax + Pmax)) + O (k2 rdy/m) (55)

Theorem requires 5 to satisfy, for some absolute constant ¢y > 0,

oA
e2 < oy (56)
Combining and , we get that the following inequality must hold:
oo
Clﬁ’rnd(gﬁmax + qzzjmax) + CQH 7_d\/> < Co K (57)
Let us denote 5
a:= Cand(qAﬁmax + qzjmax)7 b= Cyr’rdy/m, R :=c nKOZ'
Then can be written as a + b < R.
A sufficient way to enforce this inequality is to require that each term a and b is at most R/2:
R R
a < 57 >~ 5 (58)
Indeed, if holds, then
a+b < R E_ =R
2 2 ’

SO is automatically satisfied.

Imposing a < R/2 yields:
Cfo (5)\0
2 nK?’

Cl Kand((imaX + ’(Z}max) S
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Thus,

Co 5)\0
K < Kling = == ~ = .
Similarly, imposing b < R/2 gives:

2 Co 6)\0
< =
Cor“1tdy/m < 5 K2

2 < 070&
= 205 7dy/mnK?

k < K =, ] 76)\0
= Mavad, A\ o0 rdy/mnK?’

To ensure holds, it is sufficient that and both hold. Equivalently,

K

and therefore

£ < min{Aiin,, Fquad, }-

In big-O notation we may write this as

k=0 fs Ao = and k=0 %
n2d K2 (dmax + Vrmax) Tdy/mnK

Similarly, for €1 the general stochastic convergence theorem requires that

om

g1 < c1——
nK4’

for some absolute constant ¢; > 0.

Combining and we get that the following must hold:

O mnd( o + D+ 1) + O (Vi) < 1t

max

R . A 1)
C,mQTQnd( 2 o+ 1/1I2nax + 1) + bem’n\/ggbz < cln—.

max max

Similarly, we impose

Ca/{27'2nd(1+q§2 + 12 )§ a0

1
max max 5 nk4 =

c 1)

~ ~ =
T 200 2n2d KA (G210 + Y2k + 1)

max

o < C1 \/S
> KRquad, ‘= ' — — .
LV 2 VAR 32 A R+ 1

K

and
C’bnTn\/quanax < C—li
2 nK4
K < Klin, = i#
2Cy Tn2VdK4$2,,,

Thus, the €1 requirement is guaranteed whenever

r < min{kquad,, Klin, }-

41
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Combining all constraints from €1 and g, we see that a sufficient set of conditions is

Kk < min{“linl y Rquad; s Flina ) Fquad, }

Equivalently, in big-O notation,

k = O min fs Ao = , .
Tn2 dK2 (¢max + wmax) n2 fK4¢max Td TLK2 T2 n2dK4 max + wmax )

(64)
Instead of carrying this minimum in the theorem statement, we define a slightly more restrictive but cleaner
condition that implies all of the above bounds:

VO
k=0 0 _ . (65)
T2K?2 (m1/4\/g + nd) ((bmax + ’(/}max>
For 3, we combine @ and (5.4]) which yields that:
Om x(X)¢max
o[l
€3 \/E
We assume that .
Umax(X)(bmax < C)\O/\/ﬁ
for some constant C' > 0 (assumption ), and therefore
Ao
< o( ) 66
€3 > Jmn (66)
which is exactly the form required in Theorem
Theorem [5.2] includes the factor
5), (50
055 G+ ) B
So we study the quantity 55" - £3.
0
% 'E% — % . (52T2n2d2(q§max + &max)Q + ﬁ472d2m)
0 0
2 1
< )\—gKQTQn?’de( A +¢max) PH A2d2m%n
=0 (l{T mn’d? ( ORI z/Jlmx)) + O (K*7*m*nd?) (67)
because (a + b)? < 2(a®? +b?) and k* < k? <k for K < 1
Furthermore,
€ = 0(14327-2mnd) + O(,@?T mnd(d)max + 1/Jmax)) + O(m’mn\[qsmax)
< O(k*r*m*nd®) + O(rk7? mnd?(P2,,, + d)mdx)) + (68)
Comment:

Tried bounding O(/{Tmn\fd)max) in the term O (k72 mn3d?(§2,,. + 1/)max)) as @2 < @2+ 2. a

Vd < d2 (since in our case it definitely holds that d > 1) but it does not necessarily hold that 7 S T2
Therefore,

0] (T;L\;L . E% + 51) . . O( 2 277? ﬂdz) + O(KT 7’77/77/3(12( Pmax + /l/j‘rQnax)) +
0

Thus, the expected loss is bounded by:

E[L(Wk)] < (1 - 77;0) L(Wo) + O(k*T*m*nd”) + O(H72mn3d2(q§ilax + Q/Ajﬁmx)) +
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C.2.1 Proof of Corollary [5.3]

Proof. By Theorem we have that

Eole @) 2@ < |33 ((F0.x)-0) - (¢ (Wox) =) )‘
i=1
T1
m W;rx7 2
2 ;ay. (W, ©x;) Py (f<~'|Wr®Xz||2> 2

T2
+mn( 2R2wmax ( 2R2 + Kk lw )¢max)

Now, we can bound 7; and 73 separately. For 71, we have

'y ((f (0.%) =)~ (F (W,x) ~ y>)|

=1

<33 (o) — 1 wos)) 2|7 0.~ 1 (Wox) (7 0.%) — 1 (W)

Here, we can bound f (W,x;) — f(W,x;) as

FOW,x0) = £ (W, x| € —= 3|6 (weoxi) — 0 (w] )|

m r—1
-
< in;hv x; | (H{W x; > 0} — & (’M»
- |
< VMiPmax

where in the third inequality we used Lemma [D.4] Therefore, 71 can be bounded as
Ti < L(0) + mntmax

For 73, we an bound it as

nQiinT O x| < 26*mnR?

Plugging in 77 and 73 gives the desired result.
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C.2.2 Proof of Corollary 5.4
Proof. By Theorem we have that

m

3 2
2 Z a,/Diag (x;)° /I {w,x; > 0;w/x; > 0}
m
I:I

|Ec [Vw, £(0)] — Vw, L(0)]l, = ||&r + v

2

a.Diag (xi)2 w, {W,Txi > O;Wj/xi > O}H2

3k?
< -
<l + = 3 |
m

< gl + 255 il ol
~ b Y i1l oo 112
m r’'=1
max X l
< (Uﬁi)c (0) + 6nk2B2Ry, + 5mRu\/E) Brnax
4+ 6Nk Ry¥max + 3,%2\/mB,2(Rw

Theorem [4.9| states that the norm ||g, ||, satisfies

max X‘ =
llgrlls < (6nn2B,2(Rw + 5nnRu\/(§) Pmax + 07()¢maxﬁ (0)é + 6nKRutmax

vm
Moreover, by Assumption we have that x|/, < Bx. Therefore, we obtain that
Omax (X)

vm
+ 6n5Rumax + 36°VmB2 Ry,

Ec [V, L (0)] — Vo, £ (8)], < L£(0)% + 6nk?B2Ry + 5nkRaVd ) dumax
2

C.2.3 Proof of Lemma [D.21
Proof. By the form of Vy, Lo (W) in (2), we have:

I
IVw, L (W)l = \/ﬁz (f (W, x; ©¢;) — 1) (xi @ ci) I{w] (x; © ¢;) >0}
=1 e )
a,] —
<l S p W o) -l I o al,

n 1/2
< == ( (f (W,x; ©¢;) — yi)2> “[leilloo lIxi]|2 using [D.20]
N (2Lc (W)Y? using [cillse < C and |xi]l, < 1

< Cx/i\/‘/%cc (W)Y/?

where, in the first inequality, we use the fact that the indicator function is upper-bounded by 1 and in the
second inequality, we use the fact that a, = £1.

and so,

n
[Vw. Lo (W)]l; <2C% - —Lc (W)
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D Auxiliary Results

D.1 Gaussian Random Variables

D.1.1 Conditional Expectation and Covariance

Lemma D.1. Letc~ N (u, ,%21), and let z=c'u, 2 =c'v. Then we have that

Ec[c | 2] :H+W (Z*/J'TU); Ec[c | Z,Z,] =u+ s (Z*[J,Tu) + s2 (Zlfu—rv)
ujly
where the vectos s1,s82 are defined as

||v||§u—uTv~v ) B ||u||§v—uTv-u

1= 2 2 2y S2= 2 2 2
[ull3 Ivl[z = (uTv) [ullz [[v]lz = (uTv)

Proof. By the formula of conditional expectation, we have

Ee[c | 2] = E[c] + Cov (c, 2) Var (2) " (z — E[2])

By the definition of ¢, we have E[c] = u. Moreover, since z = ¢ 'u, by Lemma we have E[z] = p"u

2 . o
and Var (z) = k2 ||u||;. Therefore, the covariance between ¢ and z is given by

Cov(c,z) = E[(c — p) (z = (p, V)] = E [z¢] — p (p, V)

where
d d
Elecl; = Y Elejeyup] = Y (wiuy +1{j = 5'16°) wyr = i a+ s,
j'=1 j'=1
This gives
E[zc] = p u- p+ %u
Therefore

Ecle|zl=p+—>5 (z—p'u)

Jull3
Similarly, since 2z’ = ¢'v. Then
Eelc | 2] = Elc] + Cov (¢, [z, #)) Cov (,2) " (12,2/] T — B[}z, )] 7)
where
Cov (c, [z, 2]) =2 |2|; Cov(z,2) = K> lull; u'v
o V)’ ’ ulv[lv[;
This gives

E [C|Z ZI}_ + u ||u||§ uT Z—;,LTU
D 1 O 3 O E AR

e B, ) B
- /
lufl3 vl — (0Tv)* V] [=uTv uly | [ —pty
<||v||§ u-u'v- v) (z—p'u) + <||u||§ v—u'v- u) (= p'v)

2 2 2
[ullz [[v]lz = (uTv)

=p+s;(z—p'a)+s; (' —p'v)
where the vectos s1,ss are defined as

HVH;U_UTV'V ) . ||U||§V—uTv-u

1= 2 2 2 2= 2 2 2
[allz [[v]5 — (uTv) [l vl — (aTv)
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Lemma D.2. Letc~ N (u, I€2I), and let z =c'u,2’ = c'v. Then we have

9 K2 (uvT - vu—r)2

Cov(c|z,2)=r"T— 5— 5
[allz [[v]l; = (uTv)

Proof. The conditional covariance of Gaussian random variables is given by

Cov (c | z,2') = Cov () — Cov (c, [2,2']) Cov (z,2') " Cov (c, [z, 2]) "

Recall that in the previos lemma we have computed

2 T
Cov (¢, [2,]) = M; Cov (2, ') = K2 H'Q i v}

2
u'v vl
Thus, we have

2 T
Cov (c |z 2) = K2 — K2 {u] [Hu2 u \;} Ly
v luv v [ ]

2
_ 2 K {U] [|V|2 —u v}
=rkT- o | u v
TlZ Ve o Lo Lurv gz ] )
K2 (uvT — vuT)2

2 2 2
[ullz [[v]lz = (uTv)

D.1.2 Approximation of CDF

In approximation of the Gaussian CDF, we use the following property

Lemma D.3 (?). Let x > 0 be given, then the following inequality holds

1 2\\? 1 " 2 1 222\ \ ?
(11— A B R S Nar< = (1- _2
(1o (-3)) =y ) e (5)ws (- ()

To start, we analyze the CDF of a single variable Gaussian random variable

Lemma D.4. Let ®; be the CDF of a standard Gaussian random variable. Then we have

1 (a) I {a > 0} < exp (—‘;)

roof. Let v(x) = = [Fexp —2) dt for x > 0. We study the case of a > 0 and a < 0 separately. For
Proof. L \/127 5 5

a > 0, we have

o= [ on(-2)a

1
. + v(a)

A\
N -

+
O |
/~

—

|

o)

]
o]
/‘\
M‘QN
~—
~——

|
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Since ®; < 1 =I{a > 0} when o > 0, we must have that, for « > 0, |®; (o) —I{a > 0}| < exp <7%2)
Similarly, for @ < 0, we have

Since ®1 > 0 =1{a > 0} when a < 0, we must have that, for « <0, |®; (o) — I {ae > 0}| < exp (—%2) O

Lemma D.5. Let ®5 (a1, aq, p) be the joint CDF of two standard Gaussian random variables with covariance
p at a1, . Then we have

. 2
|®2 (1, a0, p) — I[{a1 > 0;0 > 0}] < 2exp (—W)

Proof. Since z1, 2o are standard Gaussian random variables with covariance p, we have z; | zo0 = ( ~

N (p{, 1- pz). According to the definition of CDF,
¢2 (OZl,OéQ,,O) = / / f21,22 (Cthap) dcldCQ

:/_2 i ! Farlza=co (C1) dC1 f2, (C2) dCo

Focusing on the inner integral, we substitute ¢’ = % Then we have d(; = /1 — p2d¢’. Thus
—p

h 1 o (G - pG)?
/—oo le|22:g2 (Cl)dCI = \/ﬁ /_Oo exp (—2> dCl

(1—-p?)
041*/)4; 2
:\/%/_;:ﬁ exp (—%) ¢’
— @, a1 — pGo
1—p?
gl e o1 PG
‘%m%“(m)

:H&nzp@}+e<j%ifi>
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Where

€ (‘i‘/ll";cz) ‘ < exp (—%) Therefore
—P

P, (a1, a2,p) = /QQ (H {a1 > pla} +¢ <al_p<2>> Sz (G2) dGo

—o0 1— p?
=/_2H{a1 > G} fn (cz)d<2+/_26<0‘11_p§§> Fo (G2) G
P %

For Z;, we have

T, = /0‘2 I{ar > pCa} £y (C2) dG2

—o00
. far
mingy -,

-/ fon (G2) dGo

— 00

o {2
2] 2o 2o

Notice that, when oy > 0 and as > 0, we must have min {%, 042} > 0. Conversely, when min {%7 ag} >0,

we must have that oy > 0 and a > 0. Therefore I {min {%, ag} > O} =1I{a; > 0; s > 0}. Thus, we have

P, (ay,a9,p) =T{a; > 0;a9 >0} + ¢ (min{al,ag}> + 7y
P

Q2 _
T, | S/ c o — pG2
—oo 1— p2?

s o — 9
S [w exXp <_(2é1_p§§;> fz2 (CQ) d(g

1 2 (g — 042)2 _ C22> dés

For Z,, we have

[z (G2) dCa

= — exp | —

V27 J oo 21=p%) 2

e () ol 2

2
Moreover, since ’5 (min {%, ag})‘ < exp (; min {%,ag} >, we have that

1 2 2
|®s (a1, 9, p) — T{a; > 0;a9 > 0} < exp (—2 min {al’az} > + exp <_O;1>
p

. 2 2
< exp (—mm {0421,a2} ) + exp <—O;1)
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Exchanging oy and g, we have

2 2
1
| P2 (a1, a2, p) —I{a1 > 0; a0 > 0}| < exp (—2 min {al’OQ} > + exp <_O;1>
p
. 2 2
< exp (—mm {0;1’%} > + exp (—0;2>

min {041, OéQ}Q >
2

Thus, we have

|®2 (a1, g, p) — [{a1 > 0;a2 > 0}] < 2exp (—

D.1.3 Uni-variate Coupled Expectation

Lemma D.6. let 21,29 ~ N (0,1) with Cov(z1,22) = p. Let a,b € R. Define

a® pa —b b2 pb—a
2 17102 2 1,,02

Then we have that

1
E[z11{z1 > a;20 > b} = —= (T1 + pTo); E[z2l{z1 > a;22 > b}] =

Ver

1
—— (1s + pT;
m(2 01)

Proof. Writing the expectation in integral form, we have that

E[z11{z1 > a;20 > b}] = /boo /00 z1f (21, 22) dz1dzg = /boo (/Oo z1f (21 | zz)dzl> [ (z2) dzo

Since 21, 22 ~ N (0,1) with covariance p, we have that z1 | 25 ~ N (pzz, 1— p2). Therefore, let p/ =1 — p?,

we have
1 (21 — pz)?
[z 22) = T exp <_2p’

Thus, by Lemma [D:14] we have that

° 1 ° (z1 — pz2)?
dz1 = — —= 2 )d
/a z1f (21| 22) d=a \/W/a Z1 exXp < 20/ 21

L (e (a2 | s, (P20
5 |7 OP 2 P22 81 | =
[0 (a—p=)) & (pn—a

=4/—exp| ———F 2
o p 20 pz2®P1 NG

where we set kK = v/p’ and pu = pzo in Lemma Plugging into the original integral gives

E[211{z > a;29 > b}] = /boo (@exp <_(‘12Z/22)2> + pza®y <PZ\2/Fa>> f(22)dz

N a—pz)? 22 e 29— a
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Notice that

(a— pz)® 22 a? — 2pazq + 23 (20 — pa)® a?
exp|——— = | =exp|———————F—F—= | =exp| ———— | cexp| ——=
P 2 2 P 20 P 2 A

From a previous result, we have an identity for the conditional probability, which expresses the CDF term as
an integral:

o, (%) - /Oo F(z1 | 22)dz (69)

and so:

P/boo 29®P1 (%) f(z2)dzo = P/boo 22 /aoo f(z1 | z2)dz1 f(22)dz2

Moreover, by applying Lemma we have

7 oo _ 2 ) 00
E[z11{z1 > a;20 > b}] = \/'{Texp (—GQ) /b exp (—M> dzo —I—,O/b 22/ f(z1 | 22)dz1 f(22)dzs

2w 2 20
/ a2 00 0o 00
- '027r exp <—2) /b f(z2| 21 =a)dz +p/b /a 20 f(21 | 22)f(22) dz1dzs

f(z1,22)

/ 2 —b
- exp <a,2) P, (pa) + pE [22 {21 > a; 22 > b}]

V21 V1-—p?

Therefore, we can conclude that

/ 2 _ /
E[z11{21 > a;290 > b} — pE[221{21 > a;22 > b}| = P exp <_a> P, < pa—b > = r 7, (70)

Switching 21, z2 and a, b gives

/ b2 b — /
E [20I{z1 > a;22 > b}] — pE [z11{z1 > a;20 > b}] = d exp (—) P, ( e > =L T, (71)
Solving for E[211{z1 > a;29 > b}] and E [22]{z; > a;29 > b}] from and gives
1

1
E[z11{z1 > a;20 > b}] = E (Th + pT); Elzol{z1 > a;20 > b}] = Nor (Ty + pT1)

Lemma D.7. Let 21,22 ~ N (0,1) with Cov(z1,22) = p. Let a,b € R. Define

a® pa—b b? pb—a
2 /1*92 2 1*/72

Then we have that

py/1 — p? a2—2pab+b2> 1 5
E[221{z; > a:zg > b} = 2V P oxp (2P0 L &, (—a,—b, p) + Ty + p*bT.
[1 {21 > 22 }] o ( 2(1— p2) 2 ( p) \/ﬁ( 1Tp 2)
py/ 1 — p? a2—2pab+b2> 1 9
E[221{z > a:2 > b} = 2V P oxp (2P0 L &, (—a,—b, p) + —— (BT + p2aT,
[2 {z1 > 2 2 }] o ( 2(1— p2) 2 ( p) \/%( 2T P 1)
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Proof. Again, we write the expectation in the integral form to get that

E [zf]l{zl >ajzp > b} = /boo /OO 22f (21, 22) dz1dze = /boo </00 2f (2 | ZQ)le) £ (22) dzo

Since 21,22 ~ N (0,1) with Cov (21, 22) = p, we have that z; | zo ~ N (pz2,1 — p?). Define p’ =1 — p?. By
Lemma [D.15] we have that

~ _ 2
/a Gf (1] ) dz = \/—/ 22 exp ( (12;22)> dz
— 1 / (a - ,022)2 5 , - o P
= p' (a+ pza)exp oy /210 (pf + p?23) @, 5
238, (2220 o (a — pz2)’
=p 22@1 \/[7 + pzo %exp _T
+Cl\/7exp _M +l)/¢’ pz2 —a
o 2 U
where we set x = +/p" and p = pz; in Lemma Therefore, we have

e pza —a
E [271{z1 > a; 20 > b}] :P2/b 2P ( \2/,7 >f(22)d22

/ 00 _ 2

T (—(2;”) f (22) dz
7 s3] _ 2

+a\/g/b exp (—((12522)> f(22)dzo

e pzo —a
+P// ®, ( )f(22 dzo
b V' )
To start, by Lemma we have

@1 (IDZ\Q/EGI> 22 / f 21 | ZQ) 2'2 le / f 21722) le

Therefore, for the first term, we have

/ z§<1>1 <P22 ) (20) dzg = / / z2f 21, 22) dzg = [z%]l{zl > a; 2o Zb}]
b Vo'

For the last term, we have

/boo ‘1’1 (pZ\Q/; )f(ZQ dZQ / / f Zl,Zg)dzlsz ‘I’g( a, —b p)

Next, we notice that

o _(a—sz)2 F (o) = 1 . _a2_2paz2+z§ 1 o _aj o _(Zg—pa)2
<p | =g 2) = Z=exp 2 = r |y e | g

Therefore, for the second term, we apply Lemma [D.14] to get that

e’} 2
/b 29 €Xp (—W) f(z2)dze = J%exp < a22 29 €Xp < 22— pa ) dzo
2
:\/%@(p( a2) (p exp( (pa = >+\/27rppa<l>1( \/;b>>
() (2] (25)
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where we set kK = \/p’ and p = pa in Lemma For the third term, we have

/boo exp (_(“_2;22)2> f(22) dzs = \/%exp (—f) /boo exp <_(2’2;pf’a)2> dzs

:\/;exp( C;)/ f(z2| 21 =a)dz
a® pa—1b
e (-5)m (57)
Combining all four terms gives
o (P a® — 2pab + b? a® pa—1b
> > b = ,/ g —opdTy / Y\
[zl]I{zl a; 2o b}] P (\/Texp ( 5 +paﬁexp 3 1 NG

+af Vi (%) (paﬁb>

+ p°E [231{z1 > a; 22 > b}] + p'®2 (—a, b, p)

3
p'2p a? — 2pab + b? pa a® pa—b
= — 1 @
2 exp< 20! T V2r (o7 + 1) exp = 2 ) T
+ p°E [231{z1 > a; 22 > b}] + p'®> (—a,—b, p)

Therefore, we can conclude that
E [zf]l {z1 > a;290 > b}] - p’E [z%]l{zl > a; 20 > b}]

o'3p a® — 2pab + b? oa
oo P\ Ty MV (0" + )T+ 2 (—a.=bip)

E [z%]l {z1 > a;290 > b}] - p°E [Z%H {z1 > a;29 > b}]

'3 a® — 2pab + b? o'b
:pQWpeXp ( QPp, >+ﬁ(p +1) T + p'®2 (—a, —b, p)

Solving for E [271{z1 > a;z2 > b}] and E [231{21 > a; 22 > b}] gives

Vo' 2 2pab + b? 1
E [271{z1 > a;22 > b}] = u exp (_(12/)5-&-> + ®5 (—a, —b,p) + N (aT' + p°bT3)
p\/ a® — 2pab + b? 1 9
[ H{Zl >CL z9 = > b}] (2[)/ +§2 (70,,71),;))4’\/? (bT2 +p aTl)

Write p/ = 1 — p? gives the desired result.
Lemma D.8. Let 21,22 ~ N (0,1) with Cov(z1,22) = p. Let a,b € R. Define

a® pa —b b2 pb—a
= = 7). = e, | =2
h eXp< 2)4’1(\/@ R eXp< 2) N\Vig
Then we have that

1—p? 2 — 2pab + b*
E[z1221{z1 > a;22 > b}] = TpexP <_a2(1p_ap2)> + p®s (—a, —b,p) + \/% (a7 + bT3)

Proof. To start, we write out the integral form of the expectation as

E 21200 {21 > a;22 > b}] = /boo /OO z120f (21, 22) dz1dzs = /boo (/ z1f (=1 | 22)d21> zof (22) dza
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Since 21, 22 ~ N (0,1) with covariance p, we have that z; | zo ~ N (pz2,1 — p?). Therefore, let p' =1 — p?,

we have )
1 oxn [ — (21 — pz2)
\2mp! P 2p
Thus, by Lemma [D.14] we have that
oo 1 [ _ 2
/ z1f (21 | 22)dzy = 21 exp <_(21pz2)> dzy

2
_ / (G—Pzz) pPz2 —a
= Vg (P =P <—2p> ”@V%P"I’l( , ))

[z 22) =

S

where we set kK = \/p’ and pu = pzo. Therefore

oo / 2
E[z1221{z1 > a;22 > b}] = /b (\/gexp <—(a_2;'22)> + pza®y (p@\/ﬁ;a>> 2o f (22) dzy

/ oo _ 2 0o _
= 2%1’/1) Z9 €Xp (_(a25/22)> f(22) dz +p/b 2P (ng\/ﬁa) f(22) dzo

To start, by Lemma [D.16] we have

®, (”ﬁ) [ (z2) = /aooﬂzl | 22) dos f (22) = /:Oﬂzl,zQ)dzl

Therefore, for the second term, we have

/ 22, <pzz 7 a> f(2z2)dze = / / 22f (21, 22) dz1dzy = E [z%][ {z1 > a;20 > b}]
b \/E b a

For the first term, we have

o (a—pz)® f() = 1 2z = 2pazn+a®\ 1 . _a? . (22— pa)®
e 2) = —=exp o v -5 G A e v

Therefore, by Lemma [D.14] the first term can be written as

/boo <2 €Xp <_(a—2pp/22)2> f(z2)dz = \/12—7T€Xp (-CL;) /boc 2o €XP <—(@;p?602> dzo
Ll ) )

0 a2—2pab—|—62) ( a2) (pa—b)
= - |+ / —— | ®
oz P < 2 par/p exp 7 )&\

where we set kK = \/p’ and u = pa in Lemma Combining the two terms, we have

/ ! a® — 2pab + b? a? a—b
E[z1201{21 > a; 20 > b}] = 2% (\/’;Trexp <2pp/) +pa\/;7exp (2) b, (p\/? ))

+ pE [231{z1 > a; 25 > b}]

s

'3 a? — 2pab + b? /
pa app 9
= exp | — + Ty + pE |251{z1 > a;22 > b
P( 9, ) o 1T P [2{1, 2 }]

¥l
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From Lemma we have that

E [Z%]I {z1 > a;20 > b}] = p;i? exp (W) + @5 (—a,—b,p) + \/% (ng + anTl)
Therefore

E[z1200{z1 > a;20 > b}] = \2/5 exp (—W) + p®y (—a,—b,p) + /)ﬂ (aTy + bT5)
Write p/ = 1 — p? gives the desired result. O

Lemma D.9. Let z; ~ N (ul,/@%) and zo ~ N (/LQ,H%), with Cov(z1, 22) = K1kap. Let a,b € R. Then we
have

—a —b
E[z1201{21 > a; 22 > b}] = (pap2 + K1k2p) @ (mn7 W& ,p)
1 2

K1K2 1 (u1—a)? 2 (p2 — b)*
_ _ )y 2T Y
+ o OF ( 2(1-p?%) ( K7 K1K2 (b1 = @) (2 =)+ K3

1
+ —— ((kopa + K T+ (k1pb+ K T
m(( 20 1i2) Ty + (K1p 2p11) T2)

Here Ty, Ty are defined as

2
S I ST
K1 1—p2 K1 %)

e 25 ()

Proof. Let 21 = 2 and 2, = 2212, Then we have 2y, 22 ~ N (0,1). Moreover,

Cov (21, 22) = E[21 8] = E[(z1 = p1) (22 — p2)] = p

R1K2

Since z1 = k121 + p1 and 2o = Koy + g, we have

a— b—
Elz1220{z1 > a;20 > b} =E {(/{121 + u1) (k2o + p2) 1 {21 > . ﬂ1;§2 > . 15} H
1 2
— k1 hoE {212211 {21 > i 5y > >

+ I{l,u,g]E |:21H {21 Z fL, 22 b}:| + KQ/LﬂE |:22]I {2?1 Z d, 22 Z B}:|
where we re-defined a = “ £ and b= %. By Lemma Lemma and Lemma we have

E[ar{n > a5 >0} = J% (@ 4ol E[al{s >az>5)] = \/% (T + pTh)

“ 1—p? a2 — 2pab + b N p R
E[éé]l{é > ;% Zb}}:iex S L IR (—a,—b, )+—(dT +bT)
122 12 2 om p 2(1— p?) ) P o 1 2

H + p1polE []I {21 > Q5 2o
>

~

and E {]I {21 > a5, > ZA)H =&, (—&, — ,p). Here, T, T5 are defined as

a2 pi — b b2 pb—a
T = —— || —]; To= —— | ——
1 eXp( 2) (m R =2
Plugging in the value of @ and b gives the desired result. O
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D.1.4 Multi-variate Coupled Expectation

Lemma D.10. Letc ~ N (u, nzl), and let u € R%. Define z = ¢c'u. Then we have

Elcl{z > 0}] = pd ( “Tu>+ i () )
cliz > = puPy | — —exp | — :
klully /) V2 262 [ul2 ) Il

Proof. According to the law of total expectation,
E [CH {cTu > OH =E,[Ec[cl{z>0}|z]] =E, [Ec[c| 2]I{z > 0}]

By Lemma we have that Ec[c| 2] = p + W (z — p"u). Therefore
2

. plu-u
E[cI{c'u>0}] :WEZ [zI{z > 0}] + (u

) E. [I{z > 0}]

2
[[ull;

By definition, E, [I{z > 0}] = Pr (2 > 0) = 1 — Pr(z <0). Since, by Lemma [D.13 z ~ N (uTu, K2 ||u||§),

we have that T - T
Pr(z<0):Pr<Z_uu<—u u):q»1<_“u>
K [lull, [[ull K [ull,

.
28 then we have

Moreover, let 2 = ==
wlluall,

By the PDF of 2, we have

. 1 0 22 1 22\ o 1 a?
]Eg[z]l{zzO}]:E/ zexp ( —— dz:—mexp 5 s :mexp -

Therefore

T 2

K |lu pu

E. [2I{z>0}] = \|/2i7l2 exp (2(/12”11)”2) +p uE, [z >0
2

Plugging in gives

T T )2 u
Elel {cTu> 0l] ¢<M>+Hexp C(wTw)" )
et { H=w )+ 7 262 [[ull; ) Tl
O

T

Lemma D.11. Letc ~ N (,u,nQI) with k < 1. Let u,v be given, and let z; = c'u, 2o = ¢ v. Then we have

that )
Tu T
’ Ec [cl{z > 0}] — u®, ( K )H < k|jull, exp < !

k& [[all, 262 [[ull,
Proof. Given the form of the conditional expectation, we have

]Ec [CH{Zl Z OH = Am Ec [C | Zl] fl(zl)dzl = Am </1,+ _—

2
[l

(2’1 - HTU)> fl(Zl)dzl

95



Under review as submission to TMLR

.
Since z; = ¢'u, we must have that 2 ~ N (uTu, K2 ||u||§) Define 2/ = Z;ﬂfl‘u Y then we have that
2

2= wllully 2+ g

T Tu 2
:uq)l(ﬂ u)—i—nuexp _(“27)
5 [lull 262 [|ull,

where in the last equality we applied Lemma with ¢ = 0 and k = 1 in the lemma. Therefore, we have

that )
T T
]Ec (el {21 > 0}] — py (’“‘)H < w[lull, exp ( (*“1))

% lull, 262 ul],
Now, we shall dive into E. [CCTH {z1 > 0;20 > 0}]

Lemma D.12. Letc~ N (u, 521) with ||pll, > 2 and k < 1. Let u,v be given, and let 2y = p u, 20 = p ' v.
Then we have that

where A is given by

B plu plu plu plu
A =2l (”“”2 <¢ (%Hunz) e <2n|v|2)> e <’/’ <2n||u|2> T <2n|u||2>)>

Proof. We have

Ee [cc T{z > 0;2 > 0}] v — (up” +32)¢(“Tu>¢(“’TV >H<A
21 =2 Uiz 2 vV — v K™V 1 1 ~
© 2k ([vll, 2k vl

Ec [CCTH {z1 > 0;20 > 0}] = / Ec [cc—r | 21,22} f(z1,22) dz1dzo

21,2220

Notice that
E. [ccT | 21, 22]) = Cov (¢ | 21, 22) + E[c | 21, 22]E[c | 21, 20] "

By the form of Cov (c | 21, 22), we have

2 T T\2
k* (uv' —vu
Cov (¢ | 21, 22) = KT — ( )

2 2 2=
vz lally = (v,u)

By the form of E[c | 21, 23] we have
E[C | 21,22] = 2181+ 22 -89 + 83
where

2 2
[vilgu—(u,v)v L= [ul3v—(u,v)u
3352 =

1= 2 2 2
vz [[ally = (v, a)

(Ivl3 0= (0. v)v) (ow) + (Iall3v = (w,v)u) ,v)

2 2 2
[vliz fallz = {v, u)

2 2
[vliz l[ally = {v, w)

S3 =M —

56



Under review as submission to TMLR

Therefore

Elc| z1,2]E|c| 21722]T =(z1-81+22-82+83) (2181 + 2289 —‘rSg)T
Recall that we are interested in

Ec [ccT]I{zl > 0;20 > 0}] = / (Cov (c | 21, 22) + E[c | 21, 22]E[c | Zl,ZQ]T) f(z1,22)dz1dze

21,2220

Let
. a-p'u . a—plv
Zl = = Z2 =
% [lully kvl
Then we have
T
A A u' v
Zl,ZQNN(O,].); COV(Zl,ZQ):W =p
2 2

Thus,
2|22 =m~N(pr2,1—p"); 22|21=m~N(p7,1-p7)
Moreover,
Elc | z1,22] = 21 -81 + 22 - S2 + 83
= (k|lully 21+ p u)si + (k||vly 22 + V) s2 453
Redefine

§1 =rlullys1; 82 =kK|v|ys2; égzuTU'Sl+lLTV'SQ+S3:“

Then we have

E[C | 21,22] = élél + §222 + ég

In this case, let f be the joint PDF of Z; and 25, then we have

Prs s 1 1 2 2)
21,20) = ———=exp | —————< (2] — 2pz122 + 2
K2 |y vl

1 9 )
- —— (2f — 2
et e o (o (- 2 D)

= &2 [lully [v]l, f (21, 22)

o7
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Therefore, since dz; = & ||ul|, d21, and dzp = k||v||, d22, we have

E. [ccTH {21 >0;20 > O}} :/

(Cov (c | 21,22) + Elc | 21, 22)E[c | 21,22] ") f(21, 22)d21d2s

21,2220
oo o0 R
= LT VT (COV (C | 21,22) +E[C | Zl,ZQ]E[C | Zl,ZQ]T) f(21,22)d721d22
T kv Y wlully
oo oo R
=88, } 2 f(R1,20)dEd2
_r Vv _pr u
wllvig rllullo
I
o oo R
+828, [ B f(51, 5)dErd2
_ kv _pu
Kl[vo rlullg
I
(o] o0 .
+ (818 +828]) 218 f (51, 82)d51d2,
©m' v © ' u
T klvlz ¥ kTualy
I3
oo oo R
+ (8183 + 838 ) _ &a1f(31, 22)d2dz,
T klvlilz ¥ 7 klullg
Iy
oo oo R
+ (éQé;’r + Sgég) - 22‘]0(21, fg)déld,éQ
v | e
T klvl YT wlullz
Is
oo oo R
+ (8385 + M) i L f(a1 2)dzidz,
& M u
Klvlo sllullg
Zs

Since our goal is to study the term E. [ccTH {z1 > 0;20 > 0}] v, we need to understand the terms Z; to Zg,
as well as understanding the matrix-vector product in front of these terms. To start, under some standard

computation, we have

. [v|tuTu—vTu-v'u
$1u=r|ul, 2 5 T2 K [ull
vz f[ullz = (vTua)
T ||v||§uvavTu~VTv
S;v="rull,- 2 2 T2 T
[vllz lallz = (vTua)
T Hu||§vTu—vTu~uTu B
Sou=r|vl,- 2 2 T N2
[v[l2 laflz = (v )
v, v oVl
Ssv==r|v|,- =kK|v
i C I s~ (v’ ’
Therefore, the following must holds
8§18/ v=0; 88, v=rlvl],82 (818) +828]) v =r|v|,81;
(8185 +838] )v=p"v-81; (828] +838) )v=p'v-S+r|v|,p

o8



Under review as submission to TMLR

Lastly, we have

2

oA K 2
(53sg+M)v:uTv-p—|—n2v— 5 5 T2 (uvT —vuT) v
vz [[ully; = (vTua)
2
=p'v-op+r’v— il (uv’ —vu') (uTv~v— Hngu)

2 2 2
V1l Tally = (vTu)
= uTv )+ K2V

IiQ

- 2 2 2
IvI2 llullz = (vTu)

:uTv-u+/$2v+/<;2v

2 2 2 2 2
(0T VI3 u = (07v) v = u T V3 u+ v )3 v)

= uTv o+ 2KV
Therefore, we can write E. [CCT]I {z1 20520 > O}] v as
Ec [ccT]I{zl > 0529 > 0}] v=rk|v|y82 - Lo+ k||V|,81 - T3 + [LTV <811y
+ (V8 (VI ) s + (0 v e+ 26v) T
=K ||V||2 (IQ -89+ 13- §1) + NTV (I4 -8+ 75 - §2)
+ (5|[Vlly Ts + 1" v - Tg) o+ 267 Tgv

(72)

By the definition of Z; to Zg, we first notice that

To = Tu/ _ f(51, B dBds

~ wlullz ¥ 7 klullz

T T
]}D(glz pu ;222w>
K ([ull kv,

T T
:]}D<51< p'u ;22<MV)

T T
u \%
:q)2<l“l’ B >p>

wually” s vl

Moreover, we can invoke Lemma [D.6] Lemma [D.7, and Lemma [D.8] to get that

Iy = (Ty + pT2); Is = —— (Tz + pTh)

1
T V2T

f-

p/1— p? < a2—2pab+bz> 1 9
T =PV TP g (2PN L $y (—a,—b, p) + —— (WD + p2aT’
T P20 2 O+ g O palh)
V1—p? a’® — 2pab + b? p
To= Yo P (L 2PV 0N L @y (—a, b Ty + bT:
3 o eXp( 2(1_,02) +p 2( a, 7p)+m(a 1+ 2)

where T1,T5 and a, b are defined as

2 _ 2 _
T1 = exp <(12> q)l <p(fb2> N T2 = exp <b2> ‘1)1 <p1;012>
—p —p

p'u n'v u'v

kol C T iy (v

To ease our computation, we define

1—p? ox _a® —2pab + b?
o P 2(1— p?)

E = );F:‘ﬁQ(_aa_bap)
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Then the terms 75 to Zg can be written as

1 1
— ( —— (b1 4 aTy)
V2T V2T (73)

1 1
Ih=—MT1+p15); Is=—=To+pT1); Is=F
4 (1 ,02) 5 m(z ,01) 6

Ver

I, =pE+F + bTs + p*aly); I3 = E+ pF +

Now, the trick of evaluating is to re-write §; and S, as below

. K |lally 2 T
8§ = 5 3 2-(||V||2u—u V-V)
[allz [[v]5 = (uTv)

K (||v||‘;’u_uTv.v)

2
[[ally vl (1 = p?)

K u Kp v
L=p* Jull, 1-p* |vl,
K ( u v )
= - — —p-
1—p2 \||u v
K|lv
S 2 5 (||u|\3v—u—rv-u)

= 202
[ullz [[vllz = (aTv)
K (||uH§ v—u'v-: u)

2
[[ally [[v]l3 (1= p?)
K v Kp u

S 1=p% vl 1=p2 ull,
K ( v u )
= - _ p.
L—p2 \ vl [ull,

Now, we can simplify with and . To start, for the terms Z - §5 + Z3 - §1 we have

K 1 v u
IQ~§2+I3'§1: (pE+F+ bT2+p2aT1>(p~ )
7 Word AN T

K p u A%
e (o L omam) (e )
1— 2 ( Vo AN V]l

e (o ) (R )
= p —p. _p.
1—p? vl [[ull, [[ull vl
n kF << v u > N ( u v ))
_p- p _p. [

1—p2 \\ vl [all, [[all, vl

N kpaTy <p< v ) u >+< u ), v >)
V2 (1 —p?) vl [[all, [[all, vl

N KkbTh <( v ) u )+p< u ), v >)
V2m (1—p2) \\ v, [[all, [[all, [Vl

u v kpaly u KkbTy v

=KE- —— +KF - + : +
([all, vl v2r ull,  v2r (v,
paT1> u ( ng) v )
=k||E+ + | F+
(( V2r ) |ully Ve ) vl
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Similarly, for the term 7481 + Z482, we have

K

o= (@ (R~ ) 0 (R~ )

- muT— ) <(||:||2 e ||$||2) T (nfnz e ||:||2>)
- muT— ) <” <||:||2 o |$||2> " <||$|2 e ||:||2>)

HTl A% KTQ u

= . + .
var vl - v2r ull,
R A% u
= T - + Ty - )
V2 < vlly [[ull,

Applying these evaluations, becomes

T bT:
]EC[CCTH{zl20;2220}]v:52||v||2(<E+pa 1) 4 +(F+2> V)

L4871 + 1482

V2r ) |ull, V2r ) vl
h
Kp'v v u
+ Ty - + 15 - )
V2r ( vl [[ull,
H||V||2 2
(Ty+pT)p+p' v F-p+2:°Fv
\ﬁ
vl ( u paT1 u N Ty v > (75)
—H A% . .
2 Hullz Ver lully  ver vl

g1
A%

K T u
L v(n . )+||v|| (Tz+pT1)u)
NG < vl ull, 2

82

+ F (pp'v + 3x%v)

Then we have that

T T
Ec [ceT{z1 > 0322 > 0} v — (up v + 3x%v) @, (:|ul||l > @, <f:|t|VT|, >
T T T ? ? (76)
pua opv u'v >

wlually” w1y l[ally vl

:g1+g2+c<

The proof then proceed by estimating the magnitude of the three terms. To start, we need to bound 77 and
T5. In particular, since ®; is the CDF, its magnitude must be bounded by 1. Therefore

a? b2
0<T) <exp (—2>; 0< Ty, <exp <—2>

Therefore, the ¢, norm of g5 is bounded by

ool < = (v (o0 (=5 ) e (<5))) vl s (0 (<5 ) + e (-5
< 22 bl (e (-5 ) +ew (-5)) ()
<yl (0(3) +(3))
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Next, for F, we have

1—p? 2 — 2pab + b?
E:pexp(_aw)

27 2(1—p?)
B 1—p? ox _a2—2pab+p2b2 b2 ©ex P 2a% — 2pab + b? _aj
T Tan P 2(1— p?) 2 P 2(1— p?) 2

IA

(oo (-5) oo (-5))
s(+@+s(2)

Therefore, the magnitude of g; can be bounded by

leall < o vl (151 + 92 4 )
<& |vll (;ﬂ (qﬁ o Z)) " \/O%exp (—"5) + \L%exp (—22)) (78)
< &% |vll, <417r (¢ (g) +¢ (Z)) + 1 (g) + 1 (g))

Moreover, by the bound of the Gaussian Copula function, we have that

1 24 b2
c(abpl < pow (-0 )

L

2
a

Therefore, we have that

T T T 2 2
p'u pv u'v 1 a b 1 ra b
e (ol iy Tl ) = 30 () =0 () =30 )
wlally” &1Vl [hally v, )~ 4 4 4/ 4 (2) 2

Combining the results gives

T T
B oo T > 0522 0)] v (v +3v) @ (L5 )y ()

vl )l
<1l (5 (¢<;>+¢(2))+w<z>+w<2>)+m|v|2”u”2(¢<;>+¢(;>)
(v el + 352 I¥11,) € (5)

vl (02 ala) (o (5 +¢(§)> el (¢ (5) +(3)))
< 2 ||v]l, (u|2 (¢> (5)+¢ (2) Ao (1” (3)+v @))

+

N

D.1.5 Other Results

Lemma D.13. Let ¢ ~ N(u,mQI), and let u € R? be a vector. Define z = c¢'u. Then we have that
e N (1T ).
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Proof. Since z = ¢'u where ¢ ~ N/ (u, /<;2I). Then the moment generating function of z is given by

M, (t) = E [exp (2t)]

d
B | e eyt

d
H E [exp (cju,t)]

j=1
d
= He P (uj/,ajt—i— u2m2t2>
j=1
d d
= exp ZUJ“J t+3 Zuf k2t2

Therefore, z ~ N (MTU, K? ||UH§)

Lemma D.14. Let k,u,a € R be given such that k > 0. Then we have that

/aoozexp<(22_ﬁg)2>dznzexp< (M2_2) )+I€/£\/7‘I)1<

Proof. We use a change of variable 2’ =

k. Then we have that z = k2’ + i, and dz = rdz’. Therefore
S 2 o0 2
/a z exp (—(zmiét)) dz = /a_M (k2" + p) exp <—Z2> kdz'
0o 2 o 12
= KQ/ 2 exp —Z Var + /iu/ exp ~Z )
a—p 2 a=p 2
Z/2 a—p —
= K2 exp (—) o FrUV2T (1 — &P, ( >>
2 K
:/@Q‘exp (—(M_ @) ) + KpV 2T <I’1( )

Lemma D.15. Let k,pu,a € R be given such that k > 0. Then we have that
0o N2 N2 B
/ 2% exp —(Zig) dz = K? (a+ p)exp —M + V271K (RQ + /f) P, p=a
a 2K 2K2 K

Proof. To start, let 2’ =

=K. Then we have that z = k2’ + u, and dz = kdz’. Therefore

* oo [ e e
/ z2exp | ————5— dZ:/i/ (k2 + p)” exp dz'
a 2%2 a—p
e e} Z/Q o] Z/2
= 53/ 2% exp (2> dz' + 2/@2u/ 2 exp (2> dz
z
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Notice that for the third term, we have that

Joaow () mvm (oo (0] - vomm ()

For the second term, we can directly apply Lemma with K = 1, 4 = 0 to get that

= (2=’
[ o PR

K

For the first term, we apply integration by parts with u(z’) = —z’ and v(2’) = exp ( '2) In particular,

notice that v'(z") = —z’ exp (7;) and v/ (z") = —1. Therefore

Putting things together, we have that

/aoo 2% exp (—(22;5)2> dz = K3 (a;,u exp (_(u;j) £ V2r®, <u a))

+ 2K uexp( (o — u)>+nuzr@1<

')

= (K* (a — p) + 2K°p) exp( >+m(,€3+w2)¢,1<ua)

R

R

=H2(a+u)eXp< (b )>+Wm(n +p?) @ (“_a)

Lemma D.16. Let 21,20 ~ N (0,1) with Cov(z1,22) = p. Then we have that

/aoof(zl | 22) dzy = @4 (%)
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Proof. Since 21,29 ~ N (0,1) with Cov (21, 22) = p, we have that 21 | 22 ~ N (pzz, 1- ,02). Therefore, using

21— PZ2

a change of variable 2’ = i we have
p

2
pz2)
z1 | 22)dz ex -———— |dz
/f 1\2) 1= Frl— / P( l—p)> 1
1 e’} ( 212) ,
= — exp | —— | dz
2 a—pzo 9
2 ooz

Lemma D.17. Let 21,29 ~ N (0,1) with Cov(z1,22) = p. Then we have that

P, (— / / f (21, 22) dzadzy = / P, (m) f(22)dzo
—p

Proof. Let 2,25 ~ N (0,1) with Cov (z1,22) = p, and define z; = —2z{,20 = —25. Then we have that
21,22 ~ N (0,1) with Cov(z1,22) = p. By symmetry, we have f(z1,22) = f(—z1,—22) = [ (2], 25).
Moreover, dzhdz} = (—dz3) (—dz1) = dzadz;. Thus

—a —b 0 0o
(abp= [ [ rEaast= [ [ 1) dad
—o0 J —0oo a b

Recall that f (z1,22) = f (21 | 22) f (22). Then we can apply Lemma to get that

/aoo /b“f(21722)d22d21 — /boo </:Of(zl \ zz)dz1> f(22) dzy = /boo o, (P?:;) f(22) dzs

O
Lemma D.18. Let z ~ N(u7/<a2), and let a € R. Then we have
B> ol = e (U0 4, (1
2I{z>a —mexp 5.2 udy -
Proof. Define 2 = £ (0,1). Since z = kZ + u, we have
21 {z > 0}] {(Fez+u)ﬂ{2 > “;“H
— WE {z]l{z> H + [H{ > “‘“H
K
Notice that E [H {2 > a;“}] =Pr (73 > a;“) =&, (”—;“) Moreover
(. i 1 o 22 1 (a—p)?
> Dl - _z
E[zﬂ{z_ HH 271_[lﬁuzexp( 2)dz mexp( 52
Therefore ,
(a —p) s
>
[zI{z > 0}] N exp ( 552 + pud®y -
O
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Lemma D.19. . Let x € [-1,1]. Then we have that |arcsinz| < 7 - [z].

Proof. To start, consider the case z > 0. Define f(z) = 2'Z Then we have that

59
fl(x) =272 <\/1x—7x2 — arcsin x) ; f(x) =23 (H + 2 arcsin x)

For all z € (0, 1], we have that 1 — 22 > 0. Notice that by the Taylor expansion of arcsin x, we have

23
arcsinx < x + 3
when z € (0, 1]. Therefore
3 : 3 3
3a% — 2z ) 32:3—29:4—23:(1—1:2)2—|—%3(1—x2)2 3x3—2x(1—(1—m2)2)
+ + 2arcsinx > 5 > 5

(1—2a2)2 (1—22?) (1—22?)

o

Since (1 - x2)§ > (1 — x2)3 > 1 — 32 + 225, we must have that
3 .
3x372x(17 (17932)2) §3x376m5+4x7:3x3 (1—2x2+:z:4)+z7:3x3(17x2)2+z720
Thus, we must have that f”(z) > 0. Therefore, for any € € (0,0.1], we have that for x € [e, 1]
f@)<f((T+er—e)-1+(1—-x)-¢)
<@—2)- fle)+ (1 +ez—e)- f(1)
s T
=(1—12)- S
(—2) O+ 5 o=t c(l—2)
-z +1.002 (1 — )

IN

T
2
T
2

IN

This gives that f(z) < § for all z € (0,1]. Since f(x) is an even function, we have f(x) < & for all
x € [~1,0). Therefore, |arcsinz| < F|z| when z € [-1,1]\ {0}. When x = 0, we have arcsinz = 0. This
completes the proof. O

Lemma D.20. Let u:= (lei],...,|en]) € R™ and 1 := (1,...,1) € R™. Then

n
Z leil =u'1.
i=1

By the Cauchy—Schwarz inequality,
w1 < Jlufl2 1]l

N 1/2 " 1/2 " 1/2 " 1/2
= () = (Ser) =(Sa) = (Sr) v
=1 =1 =1 3

Combining the above gives

Moreover,

n n 1/2

Siel<vi(32)

i=1 i=1
Lemma D.21. Assume that Assumption[5.]] holds. Then, we have:

|V, L (W) < ﬁﬁc (W)?.

=
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Proof. By the form of Vy, Lc (W) in (2), we have:

Q. i
[Vw,Lc (W), = WZ(J" (W,x; 0¢;) — i) (% @ ci) [{w] (x; ©¢;) >0}
=1 21 )
|a| &
< F(W,x; ©¢) =il - ||xi ©c;
ol ) =il I © il
i (<& 1/2
n .
<= (D (fWxi0c) - ) “Jleilloollxill2 using [D.20]
vm
<c\/@ (2Lc (W))? using [D22) with [leifs < 1+m/210g(?) = C and |Jx;], <1
m

< C\/i\/\/%ﬁc (W)*/2

where, in the first inequality, we use the fact that the indicator function is upper-bounded by 1 and in the
second inequality, we use the fact that a, = £1.

and so,
[V, Le (W) <20 Lo (W)

O

Lemma D.22 (High-probability /., bound for Gaussian masks). Fiz § € (0,1). Let ¢; € R? be a Gaussian
mask with independent coordinates

C; ~ ./\[(17 I{2Id), z'.e., Cij = 1+ KGi5, Gij lf?\fd ./\[(O7 ].)

Then, with probability at least 1 — 0, we have

[eillo < 1 +m/2log<?).

Proof. Since ¢; ~ N (1, k%*I,) with independent coordinates, each coordinate can be written as
¢ij =14 kg, where g; ; ~ N (0,1) i.i.d.
Hence
Cilloo = max|c; ;| = max |1 + Kkg; j|.
lexlloc = max e = ma 1+ s |
We observe that
lei il =11+ (cij = 1)
< |1| + |ei,; — 1] triangle inequality
=1+ |rgi;l
We will first bound max; |¢; ; — 1| = max; |kg; ;|, and then convert this into a bound on ||¢;|co-

For brevity, we denote g; ; as g ~ N(0,1) and we are going to show that

Pr(|g| > t) < 2e7"/2 (79)

By symmetry of the standard normal distribution,

Pr(lg| = t) = Pr(g = t) + Pr(g < —t) = 2Pr(g = ).
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So it suffices to upper bound Pr(g > t).

For any A\ > 0, since the exponential is monotone increasing we have:
th:>)\gZ)\t:>e’\gZe)‘t
and so
Pr(g > t) = Pr(e > M)

By Markov’s inequality, for any nonnegative random variable X and any a > 0,

Pr(X >a) <

Applying this with X = e*9 and a = e gives

_ A At _ mAg] =M
Pr(g >t) =Pr(e™ > M) < S El[eM]e (80)
Computation of the moment generating function E[e*9]:
The standard normal density is
1 2 /2, rER

Therefore,

E[e*] = /OO M o(x)dr = \/% /00 exp(/\x — %Q)dx (81)

We now study the exponent:

2 2 2
/\x—% =—%(x2—2)\x) = —é((x—)\)z—/\2) = A——M

Plugging this into yields
1 o A2 (z—)N)?
EleM]) = — )
[e™] m/,meXpb 2 )“’
o] 2
_N2 L _@=N" d
e o [wexp( 5 ) x.

We set uw =z — A (change of variables with dx = du)
o] -\ 2 o] 2
/ exp(—%)dx:/ exp(—%)du:\/%r.

Hence ,
E[e*] = e} /2. (82)

Substituting into gives

)\2
Pr(g>t) < eXp(? - /\t), YA > 0.

The right-hand side is a valid bound for every A > 0, so we choose A to make it as small as possible. Define

2
fN) = % — At
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Then f/(X) = A —t, so the unique minimizer is A = ¢ (and f”(A\) = 1 > 0 confirms it is a minimum). Plugging
A=t gives

t2
Pr(g > t) < exp(— - t2) — 12,

2
Using Pr(|g| > t) = 2Pr(g > t) proves (79).

Now, we focus on one of the mask coordinates by fixing a coordinate j € [d]. Since ¢; ; — 1 = kg; ; with
gi,; ~N(0,1), for any u > 0 we have

2
P 112 ) P ) < 2 1)

where we applied with ¢ = u/k.

Let’s define the event

) - 1l <
Ei(u) : {gré:?;]dcm 1 < u}

Its complement is the event that at least one coordinate deviates by more than wu:
Ei(u)° = {Elj e [d st Jeiy — 1] > u}

By the union bound,

d d
Pr (&(u)¢) = Pr ( Udlers — 11> u}) <Y Pr(le; — 1> u)

2 2

d
u u
< ;QGXI’( 53) = 2dexp(— 55).

Choose u so that the right-hand side is at most §:

2dexp(—%)§5 = —%g@(%) <— u2m/2log<¥).
u::m/Qlog(%).

Then Pr(&;(u)¢) <4, i.e. Pr(&;(u)) > 1— 6, and on &;(u) we have

Set

leij — 1 <u Vj€[d].

On &;(u), for each coordinate j,
leigl =114 (ciy = DI < U +feiy =1 < T+ u.

Taking the maximum over j yields, with probability at least 1 — 4,

2d
Cilloo = max|c; ;| <14+u=1+4 ry/2lo (—)
el = maxe | 8(5
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