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Abstract

We investigate the convergence guarantee of two-layer neural network training with Gaussian
randomly masked inputs. This scenario corresponds to Gaussian dropout at the input
level, or noisy input training common in sensor networks, privacy-preserving training, and
federated learning, where each user may have access to partial or corrupted features. Using
a Neural Tangent Kernel (NTK) analysis, we demonstrate that training a two-layer ReLU
network with Gaussian randomly masked inputs achieves linear convergence up to an error
region proportional to the mask’s variance. A key technical contribution is resolving the
randomness within the non-linear activation, a problem of independent interest.

1 Introduction

Neural networks (NNs) have revolutionized AI applications, where their success largely stems from their
ability to learn complex patterns when trained on well-curated datasets (Schuhmann et al., 2022; Li et al.,
2023b; Gunasekar et al., 2023; Edwards, 2024). A component to the success of NNs is its ability to model a
broad range of tasks and data distributions under various scenarios. Empirical evidence has suggested neural
network’s ability to learn even under noisy input (Kariotakis et al., 2024), gradient noise (Ruder, 2017), as
well as modifications to the internal representations during training (Srivastava et al., 2014; Yuan et al.,
2022). Leveraging such ability of the neural networks, many real-world deployment adopts a modification to
the data representations during training to achieve particular goals such as robustness, privacy, or efficiency.
Among the methods, perturbing the representations with an additive noise has been studied by a number of
prior works (Gao et al., 2019; Li et al., 2025; 2023a; Madry et al., 2018; Loo et al., 2022; Tsilivis & Kempe,
2022; Ilyas et al., 2019), showcasing both the benefit of such perturbation and the stable convergence of the
training under this setting. Compared with additive noise, perturbing the representations by multiplying it
with a mask has rarely been studied theoretically.

Perturbing the representations with multiplicative noise appears in many real-world settings, either by
design or unintentionally. For instance, in federated learning (FL) settings (McMahan et al., 2017; Kairouz
et al., 2021), particularly vertical FL (Cheng et al., 2020; Liu et al., 2021; Romanini et al., 2021; He et al.,
2020; Liu et al., 2022; 2024), different features of the input data may be available to different parties,
effectively creating a form of sparsity-inducing multiplicative masking on the input space. Moreover, the
drop-out family (Srivastava et al., 2014; Rey & Mnih, 2021) is a class of methods to prevent overfitting and
improve generalization ability of neural networks during training. Lastly, training models under data-parallel
protocol over a wireless channel incurs the channel effect that blurs the data passed to the workers through a
multiplication Tse & Viswanath (2005).

Theoretically analyzing the training dynamics of neural networks under these settings are difficult, especially
when the introduced randomness are intertwined with the nonlinearity of the activation function. While
there has been previous work that studies the convergence of neural network training under drop-out (Liao &
Kyrillidis, 2022; Mianjy & Arora, 2020), they often assume that the drop-out happens after the nonlinear
activations are applied. From a technical perspective, statistics of the neural network outputs are easier to
handle as the randomness are not affected by the nonlinearity.
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In this paper, we take a step further into the understanding of multiplicative perturbations in neural network
training by considering noise applied before the nonlinear activation. In particular, the setting we consider
is the training of a two-layer MLP where the inputs bears a multiplicative Gaussian mask. This prototype
provides a simplified scenario to study the noise-inside-activation difficulty, while generalizes various training
scenarios ranging from input masking (Kariotakis et al., 2024) to Gaussian drop-out (Rey & Mnih, 2021), if
one views the input in our setting as fixed embeddings from previous layers of a deep neural network. Under
this setting, we aim to answer the following question:

How do multiplicative perturbations at the input level propagate through the network
and affect the training dynamics?

Our Contributions. Analyzing the training dynamics under the Gaussian masks over the input means that
we have to study the statistical properties of random variables inside a non-linear function. Our work takes
a step towards resolving this technical difficulty. Moreover, we utilize an NTK-based analysis (Du et al.,
2018; Song & Yang, 2020; Oymak & Soltanolkotabi, 2019; Liao & Kyrillidis, 2022) to study the training
convergence of the two-layer MLP under sufficient overparameterization.

To our knowledge, this work provides the first convergence analysis for neural network training under Gaussian
multiplicative input masking. Specifically, for inputs x masked by x⊙ c where c ∼ N (1, κ2I), we prove that:
i) The expected loss decomposes into a smoothed neural network loss plus an adaptive regularization term; ii)
Training achieves linear convergence to an error ball of radius O(κ). Empirical results showcase and support
our theory.

Our Contributions. To our knowledge, this work provides the first convergence analysis for neural network
training under Gaussian multiplicative input masking. Our main contributions are summarized as follows:

• Theoretical Analysis of Input Masking. We provide a rigorous characterization of the training dynamics
for two-layer ReLU networks where noise is injected before the non-linear activation. We overcome the
technical challenge of resolving the expectation of non-linear functions of random variables, proving that
the expected loss decomposes into a smoothed objective plus an adaptive, data-dependent regularizer.

• General Stochastic Training Framework. We develop a general convergence theorem for overparameterized
neural networks trained with biased stochastic gradient estimators. This result, which establishes linear
convergence to a noise-dependent error ball, is of independent interest beyond the specific setting of
Gaussian masking.

• Explicit Convergence Guarantees. We derive constructive bounds for the convergence rate and the final
error radius. We show explicitly how these quantities depend on the mask variance κ2, the network width
m, and the initialization scale, demonstrating that the training converges linearly up to a floor determined
by the noise level.

• Empirical Validation and Privacy Utility. We confirm our theoretical predictions regarding the expected
gradient and loss landscape through simulations. Furthermore, we demonstrate the practical utility of
this training regime as a defense against Membership Inference Attacks (MIA), highlighting a favorable
trade-off between privacy and utility.

2 Related Work

Neural Network Robustness. The study of neural network robustness has a rich history, with early work
focusing primarily on additive perturbations. Results such as (Bartlett et al., 2017) and (Miyato et al., 2018)
established generalization bounds for neural networks under adversarial perturbations, showing that the
network’s Lipschitz constant plays a crucial role in determining robustness. Subsequent work by (Cohen
et al., 2019) introduced randomized smoothing techniques for certified robustness against ℓ2 perturbations,
while (Wong et al., 2018) developed methods for training provably robust deep neural networks.

Regularization techniques have emerged as powerful tools for enhancing network robustness. Dropout
(Srivastava et al., 2014) pioneered the idea of randomly masking internal neurons during training, effectively
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creating an implicit ensemble of subnetworks (Yuan et al., 2022; Hu et al., 2023; Kariotakis et al., 2024; Wolfe
et al., 2023; Liao & Kyrillidis, 2022; Dun et al., 2023; 2022). This connection between feature masking and
regularization was further explored in (Ghorbani et al., 2021), who showed that dropout can be interpreted as
a form of data-dependent regularization. Note that sparsity-inducing norms, based on Laplacian continuous
distribution, have a long history in sparse recovery problems (Bach et al., 2011; Jenatton et al., 2011; Bach
et al., 2012; Kyrillidis et al., 2015). Empirical studies on the effect of sparsity, represented by multiplicative
Bernoulli distributions, can be found in (Kariotakis et al., 2024).

Neural Tangent Kernel (NTK). Jacot et al. (2018) discovers that infinite-width neural network evolves as
a Gaussian process with a stable kernel computed from the outer product of the tangent features of the neural
network. Later works adopted finite-width correction and applied the framework to the analysis of neural
network convergence Du et al. (2018; 2019b); Oymak & Soltanolkotabi (2019). The Neural Tangent Kernel
framework is one of the few theoretical tools focused on theoretical understanding neural network training.
Later works extended the proof to classification tasks, where the notion of tangent features is considered as a
feature mapping onto a space where the training data are separable Ji & Telgarsky (2020). Although the NTK
framework has been treated as "lazy training" that prevents useful featuers to be learned, it enables exact
analysis of the neural network training dynamic under various scenarios for different architectures Nguyen
(2021); Du et al. (2019a); Truong (2025); Wu et al. (2023). Based on the NTK framework, several paper
studies the convergence of training shallow neural networks under random neuron masking (e.g. dropout
Srivastava et al. (2014)) Liao & Kyrillidis (2022); Mianjy & Arora (2020). However, these works usually
considers the masking applied after the nonlinearity is applied, which allows direct computation of the
statistics of the output and gradient under randomness.

3 Problem Setup

Given a dataset {(xi, yi)}n
i=1, we are interested in training a neural network f (θ, ·) that maps each input

xi ∈ Rd’s to an output f (θ,xi) that fits the labels yi ∈ R. We consider f (θ, ·) as a two-layer ReLU activated
Multi-Layer Perceptron (MLP) under the NTK scaling:

f (θ,x) = 1√
m

m∑
r=1

arσ
(
w⊤

r x
)
,

where θ = ({wr}m
r=1 , {ar}m

r=1) denotes the neural network parameters, and σ (·) = max{0, ·} denotes the
ReLU activation function. We assume that the second-layer weights ar ∈ {±1} are fixed, and only the
first layer weights wr’s are trainable. Thus, we will be using f(W,x) ≡ f(θ,x) where W ∈ Rm×d, unless
otherwise stated. This neural network set-up is studied widely in previous works (Du et al., 2018). We
consider the training of the neural network by minimizing the MSE loss L (W) over the dataset {(xi, yi)}n

i=1:

L (W) = 1
2

n∑
i=1

(f (W,xi)− yi)2
.

With the influence of the ReLU activation, the loss is both non-convex and non-smooth. However, a line
of previous works (Du et al., 2018; Song & Yang, 2020; Oymak & Soltanolkotabi, 2019) proves a linear
convergence rate of the loss function under the assumption that the number of hidden neurons is sufficiently
large by adopting an NTK-based analysis (Jacot et al., 2018).

While there have been theoretical approaches and assumptions that go beyond the NTK assumption, our focus
is on a generalized scenario where the input data may be corrupted in each iteration under a multiplicative
Gaussian noise: Let c ∼ N

(
1d, κ

2Id

)
be an isotropic Gaussian random vector centered at the all-one vector

1d, the neural network output is given by f (W,x⊙ c), where ⊙ denotes the Hadamard (element-wise)
product between two vectors. Under the multiplicative noise, the neural network is trained with gradient
descent where each gradient is computed based on the surrogate loss LC (W) defined over the neural network
with the masked input:

LC (W) = 1
2

n∑
i=1

(f (W,xi ⊙ ci)− yi)2
.
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Here C = {ci}n
i=1 denotes the collection of the masks for all input xi. We assume that ci’s are independent.

In real-world applications, this scheme can be considered as training on an imprecise hardware, where each
input data point is read-in with noise. Alternatively, one could view each xi as the output of a pre-trained
large model, and our training scheme can be considered as fine-tuning the last two layers with the Gaussian
drop-out (Wang & Manning, 2013; Kingma et al., 2015; Rey & Mnih, 2021) in the intermediate layer.

Let {Wk}K
k=1 be generated from the stochastic gradient descent given by:

Wk+1 = Wk − η∇WLCk
(Wk) , (1)

where Ck is sampled independently in every iteration of the gradient descent. Our goal is to study the
convergence of the loss sequence {L (Wk)}∞

k=1. Notice that the loss involved in the weight-update is the
surrogate loss LCk

(Wk), but the loss we aim to show convergence is the original loss L (W).

Our set-up marks some differences from previous works. First, our set-up is distinct from unbiased estimators
in current literature; our setup does not have such favorable property, since the randomness is applied at the
input level of the neural network. Second, although there is a line of work that analyzes the convergence of
vanilla drop-out tranining on two-layer neural networks (Liao & Kyrillidis, 2022; Mianjy & Arora, 2020), in
their analysis the mask is applied to the hidden neurons after the activation function. On the contrary, our
mask is applied directly to the input, which is contained in the non-linear function. Therefore, any analysis
of the mask randomness must go through the ReLU function, which brings technical difficulty. We assume
the following property for the training data.
Assumption 3.1. The training dataset {(xi, yi)}n

i=1 satisfies ∥xi∥2 ≤ 1, |yi| ≤ O (1), and for any pair i ̸= j,
there exists no real number q such that xi = q · xj.

This assumption guarantees the boundedness of the dataset, and that the input data are non-degenerate,
which is a standard assumption in Du et al. (2018); Song & Yang (2020); Liao & Kyrillidis (2022).

4 Expectation of the Loss and Gradient under Gaussian Mask

A formal mathematical characterization of the expected loss and gradient is essential not only in prior
literature of neural network training convergence (Liao & Kyrillidis, 2022; Mianjy & Arora, 2020) but also in
the classical analysis of SGD even in the convex domain (Shamir & Zhang, 2013; Garrigos & Gower, 2023;
Tang et al., 2013). In this section, we focus on the derivation of the explicit form of the expected surrogate
loss EC [LC (W)] and the expected surrogate gradient EC [∇WLC (W)]. Starting with gradient calculations,
the surrogate gradient with respect to the r-th neuron can be written as:

∇wr
LC (W) = ar√

m

n∑
i=1

(f (W,xi ⊙ ci)− yi) (xi ⊙ ci) I
{

w⊤
r (xi ⊙ ci) ≥ 0

}
(2)

Setting ci = 1 for all i ∈ [n] gives the gradient of the original loss ∇wrL (W). Let Φ1 (·) denote the CDF of
the standard (one-dimensional) Gaussian random variable, and let ϕ, ψ : R→ R be defined as:

ϕ (x) = exp
(
−x2) ; ψ (x) = |x| · ϕ (x) . (3)

Observe that ϕ (x) ∈ (0, 1] and ψ (x) ∈ (0, 1/
√

2e]. Before we state the results in this section, we need to define
the following quantities.
Definition 4.1. Fix a first-layer weight W ∈ Rm×d and training data {(xi, yi)}n

i=1. We define the:

• Data-related quantity: Bx = maxi∈[n] ∥xi∥∞ , By := maxi∈[n] |yi|.

• Weight-related quantity (row-wise): Rw = maxr∈[m] ∥wr∥2.

• Mixed quantity: Ru := maxr∈[m],i∈[n] ∥wr ⊙ xi∥2 and

ψmax = max
r∈[m],i∈[n]

ψ

(
w⊤

r xi

2κ ∥wr ⊙ xi∥2

)
, ϕmax = max

r∈[m],i∈[n]
ϕ

(
w⊤

r xi

2κ ∥wr ⊙ xi∥2

)
.
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(a) (b)

Figure 1: (a). Effect of the noise standard deviation κ on the shape of the smoothed activation function
σ̂(z;κ) = z ·Φ1(z/(κ∥w⊙ x∥2)), where z = w⊤x. For this visualization, ∥w⊙ x∥2 is held constant at 1.0. As
κ increases, the activation becomes progressively smoother compared to the standard ReLU (dotted black
line). For small κ (e.g., κ = 0.01), σ̂ closely approximates the standard ReLU. (b). Theoretical smoothed
activation σ̂(w,x) versus its empirical estimate Ec[σ(w⊤(x⊙ c))] for a fixed pre-activation value w⊤x ≈ 0.77
(actual value depends on fixed w,x) as the noise standard deviation κ varies. The close match across a range
of—relatively small—κ values validates the theoretical model for σ̂. Note that this behavior consistently
follows empirically for different w,x values.

Expected Surrogate Loss. To start, we focus on the expected loss under the Gaussian input mask. For a
fixed neural network f (W, ·), we have the following result.
Theorem 4.2. Let ui,r = wr ⊙ xi. Define the smoothed activation and neural network as:

σ̂κ (w,x) = w⊤x ·Φ1

(
w⊤x

κ ∥w⊙ x∥2

)
, f̂ (W,x) = 1√

m

m∑
r=1

arσ̂κ (wr,x) .

Let ϕmax, ψmax, By, Ru, and Rw be defined in Definition 4.1. If By ≤ 3
√
mRw, then we have that:

EC [LC (W)] = E + 1
2

n∑
i=1

(
f̂ (W,xi)− yi

)2

2︸ ︷︷ ︸
T1

+ κ2

2m

n∑
i=1

∥∥∥∥∥
m∑

r=1
arui,rΦ1

(
w⊤

r xi

κ ∥ui,r∥2

)∥∥∥∥∥
2

2︸ ︷︷ ︸
T2

,

with the magnitude of E bounded by:

|E| ≤ mn
(
κ2R2

uψ
2
max +

(
κ2R2

u + κRw
)
ϕ2

max
)
. (4)

Remark 4.3. The core of our analysis of the expected loss involves understanding how the ReLU activation
behaves under the multiplicative Gaussian input mask. Lemma D.14 in the appendix provides the analytical
form for the expectation of a truncated Gaussian random variable. This leads to the definition of a smoothed
activation function, as presented in Theorem 4.2. Figure 1b demonstrates the correspondence between the
theoretical and empirical values of this smoothed activation across a range of noise levels κ for a fixed input
w⊤x: being an approximation of ReLU, as κ increases, it is expected the two curves to deviate, yet for
small enough κ values (here, κ ⪅ 0.2) the two curves coincide. Figure 2b visually compares this theoretical
smoothed activation σ̂ with its empirical estimate Ec[σ(w⊤(x⊙ c))] for a fixed κ = 0.2 as the input w⊤x
varies. The close agreement validates our analytical derivation of σ̂ and illustrates its smoothing effect
compared to the standard ReLU.

Thus, the term Φ1

(
w⊤x

κ∥w⊙x∥2

)
can be interpreted as a smoothed version of the indicator function I{w⊤x ≥ 0}.

To visualize the impact of the noise variance κ2 on the shape of this smoothed activation, see Figure 1a for
various values w,x (For this illustration, we assume a fixed value for ∥w ⊙ x∥2 = 1.0 to isolate the effect
of z = w⊤x and κ). As κ increases, the transition of σ̂ around the origin becomes progressively gentler
compared to the sharp kink of the standard ReLU activation.
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(a) Exact expectation σ̃(w, x) = zΦ(z/σ) + σφ(z/σ) (b) Proxy σ̂(w, x) = zΦ(z/σ)

Figure 2: Smoothed ReLU under multiplicative Gaussian input masking for fixed κ = 0.2, where z = w⊤x
and σ = κ∥w⊙ x∥2. (a) Exact closed-form expectation σ̃(w,x) = Ec[σ(w⊤(x⊙ c))] = zΦ(z/σ) + σφ(z/σ)
(as shown in 19)) matches the Monte Carlo estimate. (b) Proxy smoothed activation σ̂(w,x) = zΦ(z/σ)
(used in Theorem 4.2) differs mainly near z ≈ 0 due to the missing σφ(z/σ) term.

Remark 4.4. Theorem 4.2 shows that the expected loss can be approximated by the combination of terms
T1 and T2, with an additive error term defined by E . Notice that the smoothed activation σ̂κ (w,x) satisfies
(see (19)):

σ̂(w,x) = w⊤x · Φ1

(
w⊤x

κ ∥w⊙ x∥ 2

)
= Ec∼N (1,κ2I)[σ(w⊤(x⊙ c))]±O

(
κ ∥w⊙ x∥2 ϕ

(
w⊤x

κ ∥w⊙ x∥2

))
Therefore, here T1 can be seen as loss defined on the smoothed neural network f̂ (W, ·) with the same weights
and dataset.

Remark 4.5. One may notice that the form of T2 is similar to the ℓ2 regularization in the ridge regression.
To understand T2, we first notice that:

∇wr
f̂ (W,xi) ≈

1√
m

m∑
r=1

arxiΦ1

(
w⊤

r xi

κ ∥ui,r∥2

)
.

Therefore, T2 can approximately be written as:

T2 ≈
κ2

2

n∑
i=1

∥∥∥∥∥
m∑

r=1
∇wr

f̂ (W,xi)⊙wr

∥∥∥∥∥
2

2

= κ2

2

n∑
i=1

d∑
j=1

(
∇ŵj

f (W,xi)⊤ ŵj

)2
= vec (W)⊤ Ĥvec (W) .

Here ŵj is the jth row of the matrix W = [w1, . . . ,wm] ∈ Rd×m, vec (W) = concat (ŵ1, . . . , ŵd) is the
concatenation of the ŵj ’s, and Ĥ ∈ Rmd×md is the block-diagonal matrix whose jth diagonal block is
Ĥj :=

∑n
i=1∇ŵj

f (W,xi)∇ŵj
f (W,xi)⊤ ∈ Rm×m for j ∈ [d]. Intuitively, Ĥ can be seen as a matrix

consisting of the tangent features’ (Baratin et al., 2021; LeJeune & Alemohammad, 2024) outer products. As
a result, T2 can be seen as the regularization term of W in terms of a norm defined by the tangent feature
outer product matrix Ĥ.
Remark 4.6. The magnitude of E is given in (4). At a first glance, one could see that the term decreases
monotonically as κ decrease, implying a smaller error when κ is small. As discussed in the beginning of
this section, ϕmax and ψmax are upper-bounded by some constant. Therefore, in the worst case, we have
|E| ≤ O

(
mn

(
κ2Ru + κRw

))
, which scales linearly with κ.

Below, we sketch the proof of Theorem 4.2. The full proof of Theorem 4.2 is deferred to Appendix B.2.

Proof sketch. Our proof starts with the decomposition of the expected loss as:

EC [LC (W)] = 1
2

n∑
i=1

EC

[
(f (W,xi ⊙ ci))2

]
+ 1

2

n∑
i=1

y2
i −

n∑
i=1

yiEC [(f (W,xi ⊙ ci))] .

6



Under review as submission to TMLR

It boils down to analyzing the terms EC

[
(f (W,xi ⊙ ci))2

]
and EC [(f (W,xi ⊙ ci))]. Plugging in

f (W,xi ⊙ ci), it suffices to analyze the following expectations:

E1 = Ec
[
σ
(
w⊤

r (x⊙ c)
)
σ
(
w⊤

r′ (x⊙ c)
)]

; E2 = Ec
[
σ
(
w⊤

r (x⊙ c)
)]
.

The trick of evaluating E1 and E2 is to notice that w⊤
r (x⊙ c) = c⊤ (wr ⊙ xi). Since c ∼ N

(
1, κ2I

)
, we

must have that c⊤ (wr ⊙ x) ∼ N
(

w⊤
r x, κ2 ∥wr ⊙ x∥2

2

)
. Therefore, we can define z1 = c⊤ (wr ⊙ x) and

z2 = c⊤ (wr′ ⊙ x). Then the problem of evaluating E1 and E2 becomes computing:

E1 = Ez1,z2 [z1z2I {z1 ≥ 0; z2 ≥ 0}] ; E2 = Ez1 [z1I {z1 ≥ 0}] .

Here Cov (z1, z2) = (wr ⊙ xi)⊤ (wr′ ⊙ xi). To complete the proof, we prove the following two lemmas.
Lemma 4.7. Let z1 ∼ N

(
µ1, κ

2
1
)
. Then, we have that:

E [z1I {z1 ≥ 0}] = κ√
2π

exp
(
− µ2

2κ2

)
+ µΦ1

(µ
κ

)
.

Lemma 4.8. Let z1 ∼ N
(
µ1, κ

2
1
)

and z2 ∼ N
(
µ2, κ

2
2
)
, with Cov (z1, z2) = κ1κ2ρ. Let Φ2 (a, b, ρ) denote the

joint CDF of standard Gaussian random variables ẑ1, ẑ2 with covariance ρ at z1 = a, z2 = b. Then, we have:

E [z1z2I {z1 ≥ 0; z2 ≥ 0}] = (µ1µ2 + κ1κ2ρ) Φ2

(
µ1

κ1
,
µ2

κ2
, ρ

)
+ 1√

2π
(κ1µ2T1 + κ2µ1T2)

+ κ1κ2

2π exp
(
− 1

2 (1− ρ2)

(
µ2

1
κ2

1
− 2ρµ1µ2

κ1κ2
+ µ2

2
κ2

2

))
Here, T1, T2 are defined as:

T1 = exp
(
− µ2

1
2κ2

1

)
Φ1

(
1√

1− ρ2

(
µ2

κ2
− ρµ1

κ1

))
; T2 = exp

(
− µ2

2
2κ2

2

)
Φ1

(
1√

1− ρ2

(
µ1

κ1
− ρµ2

κ2

))

Plugging z1 = c⊤ (wr ⊙ x) and z2 = c⊤ (w⊤
r′x
)

back into EC

[
(f (W,xi ⊙ ci))2

]
and EC [(f (W,xi ⊙ ci))]

and bounding the emerging error terms would give the desired result. Details are deferred into the appendix.

Expected Surrogate Gradient. In the following part, we study the expectation of the surrogate gradient.
Theorem 4.9. Assume that ci ∼ N

(
1, κ2I

)
for some κ ≤ 1. Let ϕmax, ψmax, By, Ru, and Rw be defined in

Definition 4.1. Then, we have that:

EC [∇wr
LC (W)] = ∇wr

L (W) + gr + 3κ2

m

m∑
r′=1

ar′Diag (xi)2 wr′ · I
{

w⊤
r xi ≥ 0; w⊤

r′xi ≥ 0
}

(5)

where the magnitude of gr can be bounded as:

∥gr∥2 ≤
(

6nκ2B2
xRw + 5nκRu

√
d
)
ϕmax + σmax (X)√

m
ϕmaxL (W)

1
2 + 6nκRuψmax. (6)

Remark 4.10. Theorem 4.9 shows that the expected gradient can be written as the summation of the vanilla
loss gradient ∇wrL (W), a term T3 above, and a gradient error gr. The magnitude of gr is controlled in (6).
As discussed previously, when

∣∣w⊤
r xi

∣∣ > 0, both ϕmax and ψmax decreases exponentially as κ decreases. Note
that, although the second term scales with L (W), when L (W) decreases during training, that term will also
contribute less to the overall gradient error.
Remark 4.11. One could observe that the third term on the right-hand side of (5) is the gradient of the
function R (W) with respect to wr, where R (W) is given by:

R (W) = 3κ2

m

∥∥∥∥∥
m∑

r′=1
ar′wr′ ⊙ xiI

{
w⊤

r′xi ≥ 0
}∥∥∥∥∥

2

.

Therefore, R (W) can be seen as a scaled version of the T2-term in Theorem 4.2. This again verifies the
regularization effect of the Gaussian random mask.
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The proof of Theorem 4.9 is provided in Appendix B.3, and we provide the proof sketch below.

Proof sketch. By the form of the surrogate gradient in (2), we focus on the following two terms:

T1 = f (W,xi ⊙ ci) (xi ⊙ ci) I
{

w⊤
r (xi ⊙ ci) ≥ 0

}
; T2 = yi (xi ⊙ ci) I

{
w⊤

r (xi ⊙ ci) ≥ 0
}
.

Plug in the form of f(W,xi ⊙ ci), we can write T1 as:

T1 = 1√
m

m∑
r′=1

ar′σ(w⊤
r′ (xi ⊙ ci)) · (xi ⊙ ci) I

{
w⊤

r (xi ⊙ ci) ≥ 0
}

= 1√
m

m∑
r′=1

ar′Diag (xi) cic⊤
i I
{

c⊤
i (wr ⊙ xi) ≥ 0

}
· I
{

c⊤
i (wr′ ⊙ xi ≥ 0)

}
(wr′ ⊙ xi) ,

while T2 can be written as:
T2 = yixi ⊙

(
ciI
{

c⊤
i (wr ⊙ xi) ≥ 0

})
.

This allows us to focus on the following quantities instead

E
[
cc⊤I

{
c⊤u ≥ 0; c⊤v ≥ 0

}]
;E
[
cI
{

c⊤u ≥ 0
}]

with multi-variate Gaussian random variable analysis. The rest of the proof then proceeds similarly as in the
proof of Theorem 4.2.

5 Convergence Guarantee of Training with Gaussian Mask

Here, we study the convergence property of a general framework of stochastic neural network training, which
gives us a theoretical result that can be of independent interest. Recall also the setting in Section 3: Consider
f (W, ·) as a two-layer ReLU activated MLP, as described above. Let ξ denote the randomness in one step of
(stochastic) gradient descent. Let L̂ (W, ξ) and ∇wr

L̂ (W, ξ) denote the stochastic loss and the stochastic
gradient induced by ξ, respectively. We consider the sequence {Wk}K

k=1 generated by the following updates:

Wk+1 = Wk − η∇WL̂ (Wk, ξk) . (7)

Instead, the connection between ∇wr
L̂ (W, ξ) and L̂ (W, ξ) with respect to wr, along with other requirements,

are stated in the assumption below.
Assumption 5.1. For all ξ,W, we assume that the following properties hold:

Eξ

[
L̂ (W, ξ)

]
≤ 2L (W) + ε1, (8)∥∥∥Eξ

[
∇wr L̂ (W, ξ)

]
−∇wrL (W)

∥∥∥
2
≤ ε3L (W)

1
2 + ε2, (9)∥∥∥∇wr L̂ (W, ξ)

∥∥∥2

2
≤ γL̂ (W, ξ) . (10)

Here, (8) and (9) provide an upper bound on the expected loss and the error of the expected gradient. (10)
can be seen as a relaxed form of the smoothness. Our analysis is based on the standard NTK-type argument
as in (Du et al., 2018; Song & Yang, 2020; Liao & Kyrillidis, 2022), which considers the infinite-width NTK
H∞ given by:

H∞
ij = x⊤

i xjEw∼N (0,I)
[
I
{

w⊤xi ≥ 0; w⊤xj ≥ 0
}]
. (11)

It is shown in Du et al. (2018) that H∞ is positive definite. We define λ0 := λmin (H∞) > 0.
Theorem 5.2. Assume that the first-layer weights of a neural network are initialized according to w0,r ∼
N
(
0, τ2I

)
for some τ > 0, and the second-layer weights are initialized according to ar ∼ Unif{±1}. Let

8
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the number of hidden neurons satisfy m = Ω
(

n4K2

λ4
0δ2τ2

)
and the step size satisfy η = O

(
λ0
n2

)
. Assume that

Assumptions 3.1, 5.1 hold for some γ = C1 · n
m with some small enough ε1, ε2, ε3 satisfying:

ε1 ≤ O
(
δm

nK4

)
, ε2 ≤ O

(
δλ0

nK2

)
, ε3 ≤ O

(
λ0√
mn

)
. (12)

Then, with probability at least 1− 2δ − n2 exp
(
− n3

δ2τ2λ3
0

)
, for all k ∈ [K], the sequence {Wk}K

k=1 generated
by (7) satisfies:

Eξ0,...,ξk−1 [L (Wk)] ≤
(

1− ηλ0

2

)k

L (W0) +O

(
mn

λ2
0
· ε2

2 + ε1

)
. (13)

Furthermore, we can guarantee that ∥wk,r −w0,r∥2 ≤ O
(

τλ0
n

)
for all r ∈ [m] and k ∈ [K].

In short, Theorem 5.2 shows that under a small enough ε1, ε2, ε3 and γ, if the neural network is sufficiently
overparameterized, then, with a small enough step size η, we can guarantee the convergence under the training
given by (7) and that the change in each wr is bounded by O

(
τλ0

n

)
. As shown in (13), the expected loss

converges linearly up to a ball around the global minimum with radius given by O
(

mn
λ2

0
· ε2

2 + ε1

)
. This error

region monotonically decreases as the error in the expected loss and gradient, namely ε1 and ε2, decreases.

Training Convergence with Gaussian Input Mask. We apply the general result in Theorem 5.2 to
the scenarios of Gaussian input masking, as given by (1). To apply Theorem 5.2, one need to make sure
that the requirements in Assumption 5.1 are guaranteed. Here, we present two corollaries as extensions of
Theorem 4.2 and Theorem 4.9, with the goal of showing (8) and (9).
Corollary 5.3. Let By, ϕmax, ψmax, Ru, and Rw be defined in Definition 4.1. If By ≤ 3

√
mRw, then we have

EC [LC (W)] ≤ 2L (W) + 2mnκ2R2
u +mn

(
κ2R2

u + κRw
)
ϕ2

max +mnκ2 (R2
u + 1

)
ψ2

max

Corollary 5.3 follows simply from Theorem 4.2 by upper-bounding the difference between the smoothed
neural network function f̂ (W, ·) and the vanilla neural network function f (W, ·), and by upper-bounding
the regularization term. In particular, Corollary 5.3 implies the bound of the error ε1 as 2mnκ2Ru +
mn

(
κ2R2

u + κRw
)
ϕ2

max +mnκ2 (R2
u + 1

)
ψ2

max.
Corollary 5.4. Let By, ϕmax, ψmax, Ru, and Rw be defined in Definition 4.1. If By ≤ 3

√
mRw, then we have

∥EC [∇wr
LC (W)]−∇wr

L (W)∥2 ≤ O
((
nκ2B2

xRw + nκRu
√
d
)
ϕmax

)
+O

(
σmax (X)ϕmax√

m

)
L (W)

1
2

+O
(
nκRuψmax + κ2√mB2

xRw
)

Similar to Corollary 5.3, Corollary 5.4 follows from upper bounding the regularization term in Theorem 4.9.
By Corollary 5.4, we can write ε2 and ε3 in Assumption 5.1 as ε2 = O

((
nκ2B2

xRw + nκRu
√
d
)
ϕmax

)
+

O
(
nκRuψmax + κ2√mB2

xRw
)

and likely ε3 = O
(

σmax(X)ϕmax√
m

)
. The proof of Corollary 5.3 and Corollary 5.4

are deferred to Appendix C.2. To complete the requirements in Assumption 5.1, we can show the following
lemma for (10).
Lemma 5.5. Assume that Assumption 3.1 holds. Then, we have:

∥∇wr
LC (W)∥2

2 ≤ C1
n

m
LC (W) .

The proof can be found in the appendix D.21

With the help of Corollary 5.3,5.4, and Lemma D.21, we can derive the convergence guarantee of training the
two-layer ReLU neural network under Gaussian input mask.

9
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Theorem 5.6. Assume that the first-layer weights are initialized according to w0,r ∼ N
(
0, τ2I

)
for some

τ > 0, and the second-layer weights are initialized according to ar ∼ Unif{±1}. Let the number of hidden
neurons satisfy m = Ω

(
n4K2

λ4
0δ2τ2

)
and the step size satisfy η = O

(
λ0
n2

)
. Assume that for all W ∈ {Wk}K

k=1,
the following hold:

κ = O

 √
δλ0

τ2K2
(
m

1
4
√
d+ nd

)(
ϕ̂max + ψ̂max

)
 (14)

σmax (X) ϕ̂max ≤ O
(
λ0√
n

)
. (15)

Then, we have that, with probability at least 1−2δ−n2 exp
(
− n3

δ2τ2λ3
0

)
, for all k ∈ [K], the sequence {Wk}K

k=1

generated by (7) satisfies:

EC0,...,Ck−1 [L (Wk)] ≤
(

1− ηλ0

2

)k

L (W0) +O
(
κτ2mn2d2

(
ϕ̂2

max + ψ̂2
max

))
(16)

+O
(
κ2τ2m2nd

)
+O

(
κτmn

√
dϕ̂2

max
)

(17)

where ϕ̂max = maxk∈[K] ϕmax (Wk) and ψ̂max = maxk∈[K] ψmax (Wk).

In short, Theorem 5.6 guarantees the convergence of training a two-layer ReLU neural network under Gaussian
input mask in the form of (16) under the condition of sufficient overparameterization, proper step size, and
the requirement in (14) and (15). In particular, (14) requires a sufficiently small Gaussian variance κ. The
condition in (15) requires either a small maximum singular value of the input data matrix X, or a small ϕmax.
Lastly, (16) shows a linear convergence of the expected loss up to some error region. Notice that the first
part of the error region depends both on κ, τ and on ϕmax and ψmax, and the second part of the error region
depends solely on κ and τ . This means that one can guarantee an arbitrarily small error region when the
Gaussian noise κ and the initialization scale τ is sufficiently small.
Remark 5.7. Both the requirement and the error region in Theorem 5.6 depend on the quantity ϕ̂max and
ψ̂max. Recall that:

ϕ̂max = max
k,r,i

{
exp

(
−

(
w⊤

r xi

)
4κ2 ∥wr ⊙ xi∥2

2

)}
; ψ̂max = max

k,r,i

{∣∣w⊤
r xi

∣∣ · exp
(
−

(
w⊤

r xi

)
4κ2 ∥wr ⊙ xi∥2

2

)}
.

Both quantities decay exponentially fast as κ decays, when w⊤
r xi ≠ 0 for all k, r, i. As the sequence {Wk}K

k=1
is generated under the randomness of Ck’s, intuitively it is almost never the case where w⊤

k,rxi = 0. Therefore,
in most cases Theorem 5.6 should require only a log-dependency of κ on other parameters in order for (14)
and (15) to be satisfied. However, it should be noticed that κ still need to decay in powerlaw if one want to
sufficiently decrease the second part of the error region.

6 Experiments

6.1 Empirical Validation of Training Convergence with Gaussian Mask.

Theorem 5.6 asserts that training a sufficiently overparameterized two-layer ReLU network with Gaussian
multiplicative input noise results in linear convergence of the expected loss to an error ball. The radius of
this error ball is proportional to the noise variance (controlled by κ) and other network and data-dependent
terms. We empirically verify this convergence behavior.

Simulation Setup. We train a two-layer ReLU MLP: As a toy example, the network has d = 20 input
features and m = 100 hidden units. The training dataset comprised n = 500 synthetic samples, with input
features xi normalized such that ∥xi∥2 ≤ 1, and target values yi generated from a non-linear function of xi

with small added noise. First-layer weights W were initialized using Kaiming uniform initialization, and
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Figure 3: (a). Training loss L(Wk) (log-scale) versus training iteration for a two-layer ReLU network
(n = 500, d = 20,m = 100) trained with full-batch gradient descent under different levels of input multiplicative
Gaussian noise standard deviation κ. (b). Distributed training with Gaussian mask for differen κ and number
of local steps.

second-layer weights ar ∈ {±1} were fixed. The network was trained for 2000 iterations using full-batch
gradient descent with a learning rate of 0.005. We performed separate training runs for different noise levels:
κ ∈ {0.0, 0.05, 0.2, 0.4, 0.6, 1.0, 2.0}. For each run, we tracked the evolution of the clean training loss L(Wk).

Results and Discussion. The training trajectories, plotted in Figure 3a, illustrate the theoretical predictions.
For clean training (κ = 0.0), the loss exhibits an initial linear convergence phase. When multiplicative
Gaussian noise is introduced, the initial linear convergence trend is preserved. However, as training progresses,
the loss converges not to the same minimal value but to a distinct error ball, plateauing at a value higher
than the clean case. As expected, the size of this error ball, indicated by the final converged loss value,
systematically increases with the noise level κ. This direct relationship between κ and the size of the error
ball provides strong empirical support for the convergence guarantees outlined in Theorem 5.6.

6.2 Impact of Multiplicative Gaussian Noise on Model Accuracy

We trained a 1-hidden-layer MLP (4096 hidden units, GELU activation, dropout=0.2) on CIFAR-10 for 80
epochs using AdamW optimization with cosine annealing, label smoothing, and standard data augmentation.
During training, we injected multiplicative Gaussian noise x ← x · (1 + κZ) where Z ∼ N (0, 1). and
evaluated the impact of noise strength κ on clean test accuracy. The results reveal that small amounts of MG
noise κ ≈ 0.2 improve generalization, acting as an effective regularizer beyond the existing random cropping
and flipping. This suggests that modest input perturbations help the model learn more robust features
that transfer better to the test set. However, accuracy degrades monotonically beyond this point, dropping
to 49.88% at κ = 1.8. Next, to assess the impact of multiplicative Gaussian noise on a well-regularized
convolutional architecture, we trained a CNN on CIFAR-10 with varying noise strengths κ. The architecture
consists of 4 convolutional layers (32→ 32→ 64→ 64 filters with 3× 3 kernels), batch normalization after
each convolutional layer, three dropout layers with rates 0.2, 0.3 and 0.5 respectively, and a fully connected
layer with ReLU activation. We trained the CNN for 80 epochs using the Adam optimizer with lr = 10−3,
weight decay= 10−5 and batch size= 128. During training, we applied Multiplicative Gaussian (MG) noise
x← x · (1 + κZ) where Z ∼ N (0, 1), while all accuracy measurements were performed on the clean test set
(noiseless). As shown in Figure 4b, we observe that the model exhibits robustness to low-magnitude MG
noise, maintaining its baseline accuracy (≈ 71%) at κ = 0.2. Beyond that point though, accuracy degrades
monotonically and excessive noise corrupts the training signal.

6.3 Application: Distributed Training over Wireless Channels

Communicating signals over wireless channels incurs fading phenomena to the signals (Tse & Viswanath,
2005). Specifically, a time-varying signal x(t) transmitted over channel given by h(t) and additive noise z(t)
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(a) MLP (b) CNN

Figure 4: Test accuracy versus multiplicative Gaussian noise strength κ for (a) a 1-hidden-layer MLP and (b)
a CNN, trained on CIFAR-10. Small noise levels (κ ≈ 0.2) can improve generalization for the MLP, likely due
to regularization effects. In contrast, the CNN exhibits robustness by maintaining baseline accuracy. Beyond
this point, accuracy degrades monotonically for both architectures as noise corrupts the training signal.

result in y(t) = x(t)h(t) + z(t). For data parallel distributed training over wireless channels, each input data
is passed through the channel to the workers to perform local training. We consider using the Gaussian
masked input training scheme studied in this paper as a simplified setup to model the channel fading in
wireless communication. In particular, we let x be the signals transmitted x(t), and c ∼ N

(
1, κ2Id

)
be the

channel effect h(t). For simplicity, we set the additive noise to 0. The time-depending behavior of x(t) and
h(t) are transformed into the masking scheme that in each iteration, a new mask is applied to the sample.

Under this setup, we train a two-layer MLP with 128 hidden neurons for the MNIST dataset using FedAvg.
That is, we assume that the total training process is partitioned into multiple global iterations, where in each
global iteration, the central server passes the updated model parameter together with the current copy of
training data through a wireless channel. Each worker receives the training data with channel fading (in our
case, modeled with Gaussian multiplicative noise), and updated its local copy of the model using gradient
descent starting from the parameter shared by the server for some number of local steps. After the local
update, the workers sends the updated parameter to the central server to perform an aggregation by averaing
the worker’s weights. Under this setup, we train an aggregated model with 5 workers and the choice of {1,
20, 40} local steps with a batch size of 128. We also vary the variance of the Gaussian mask to study the
relationship between the number of local steps and the noise scales. For each combination of local steps and
Gaussian variance, we run 5 trials and record the mean and standard deviation of the resulting accuracy.

We plot the result in Figure 3b. In general, for all choices of the number of local steps, we observe a decay in
the test accuracy as the input masking variance grows larger, indicating the negative influence of the noise to
the overall training performance. In particular, we can also observe that, in the low noise regime (κ ≈ 0), the
resulting final accuracy is not influenced much by the number of local iterations. However, as the noise scale
grows larger (larger κ), the final accuracy decays drastically as we increase the number of local iterations.
We hypothesis that this behavior is due to the fact more local iterations allows the workers to fit more to the
noise instead of the original signals in the data.

6.4 Efficacy of Multiplicative Gaussian Noise Against Membership Inference Attacks

In this section, we empirically evaluate the effectiveness of training with input multiplicative Gaussian (MG)
noise as a defense against Membership Inference Attacks (MIAs). In simple words, the primary goal of a
MIA is to determine if a specific data point x was part of the training set of a target model f .
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Threat Model and Attack Methodology. We adopt the black-box shadow model attack methodology
(Adversary 1) from the ML-Leaks framework (Salem et al., 2019). In this setup, the adversary aims to
determine whether a specific data point was part of a target model’s training set using only the model’s
output posteriors. Because the adversary lacks the target’s training labels, they employ a shadow model
trained on a proxy dataset to mimic the target’s behavior. By observing how the shadow model treats its
own members versus non-members, the adversary generates labeled data to train an attack model. This
binary classifier learns to identify the statistical "signatures" of membership—such as increased confidence
or reduced entropy—enabling it to perform membership inference on the original target model. A detailed
breakdown of the data partitioning and the five-stage attack pipeline is provided in Appendix A.2.

Experimental Setup. We evaluate the effectiveness of Multiplicative Gaussian (MG) noise as a privacy
defense using the CIFAR-10 dataset. The data is partitioned into four disjoint sets to train and audit both
target and shadow models independently. Our evaluation covers two architectures—a fully-connected MLP
and a multi-block CNN—to ensure the defense generalizes across different model complexities. We measure
privacy leakage by training a Logistic Regression attack model against target models subjected to varying
noise intensities (κ ∈ {0.0, 0.5, 1.2, 1.8}) and training durations (20–120 epochs). The defense is quantified
via Precision, Recall, and AUC, where an AUC of 0.5 indicates perfect privacy (random guessing). Detailed
hyperparameters, partitioning sizes, and architectural specifications are provided in Appendix A.2.

6.4.1 Results and Discussion

Our experiments confirm that training with multiplicative Gaussian noise systematically enhances a model’s
resilience to membership inference attacks. The results for the MLP and CNN model are presented in Figure 6
and 7 respectively, with the AUC values of our experiments illustrated in Figure 5.

(a) MLP (b) CNN

Figure 5: Attack AUC on the target model when it is (a) an MLP and (b) a CNN. Higher values indicate
greater privacy leakage. Training with MG noise (larger κ) consistently reduces attack success.

Figure 7 demonstrates the attack success for κ = 0.0, in which case as the number of training epochs increases
from 20 to 120, AUC rises from 0.578 to a significant 0.782. This validates that our attack implementation
correctly captures privacy leakage.

The central finding is the consistent defensive benefit of multiplicative Gaussian noise. As shown in Figures 6
for MLP, for any given number of training epochs, applying MG noise (increasing κ) retains (relatively)
constant both the precision and recall of the attack. For example, after 120 epochs of training, the standard
model is highly vulnerable (Attack AUC = 0.782). In contrast, the model trained with κ = 0.5 reduces this
leakage (AUC = 0.692), and models with stronger noise achieve even better privacy (AUC = 0.585 for κ = 1.2
and AUC = 0.543 for κ = 1.8). This demonstrates a clear dose-response relationship: greater noise variance
leads to stronger privacy protection against MIAs. Similar trends were observed for the CNN architecture
(see Figure 7). Figure 4 illustrates the classic privacy-utility trade-off. In essence, by sacrificing some model
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Figure 6: MLP target. Multiplicative Gaussian noise provides resilience against the attacks as κ increases.

Figure 7: CNN target. We observe a similar trend as the MLP

utility, training with multiplicative Gaussian noise effectively obfuscates the statistical signature of data
membership, thereby mitigating privacy risks.

7 Conclusion

This work investigates the fundamental question of how independent multiplicative Gaussian masking affects
training dynamics. Focusing on a two-layer ReLU network in the NTK regime, we demonstrate that the masked
objective admits a closed-form decomposition into a smoothed square loss plus an explicit, data-dependent
regularizer. This structure allows training with the gradient from the masked objective to achieve linear
convergence toward a noise-controlled error ball given small step size and large enough over-parameterization.
Beyong our theory, We provided experimental result to validate the convergence to small ball, and presented
applications in distributed training under channel fading and how the masking can defend against attacks.

Limitations and Future Work. Our theoretical analysis is currently constrained to the small-noise
regime and the extreme over-parameterization typical of NTK models. Furthermore, our proofs rely on the
independence of masks across iterations and do not yet incorporate a formal privacy accounting pipeline,
such as subsampling or composition. Despite these constraints, multiplicative Gaussian masking represents a
provable and practically viable method for injecting input-level uncertainty. These results provide a principled
foundation for future exploration of deep networks and more complex noise settings in feature-wise training.
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A Additional Experimental Results and Related Details.

A.1 Empirical Validation of Expected Gradient Properties (Theorem 4.9).

Theorem 4.9 characterizes the expected gradient under Gaussian input masking as EC [∇wrLC (W)] =
∇wrL (W) + T3,r + gr. Here, ∇wrL (W) is the clean input gradient, T3,r is a systematic deviation term
proportional to κ2, and gr is a residual error bounded by Eq. (6).

Simulation Setup. We used a two-layer ReLU MLP with d = 20 input features, m = 100 hidden units,
on n = 500 synthetic samples (∥xi∥2 ≤ 1, yi ∼ N (0, 0.52)). First-layer weights W are from N (0, 0.12);
second-layer ar ∈ {±1} are fixed. We analyze ∇wr

LC(W) by averaging N = 2000 Monte Carlo samples
for κ ∈ [0.001, 1.0], for a representative neuron r. For this setup, the clean loss L(W) ≈ 71.52 and
∥∇wr

L(W)∥2 ≈ 0.981.

Results and Discussion. Our simulations validate the decomposition in Theorem 4.9. Figure 8a displays
the ℓ2-norms of the gradient components versus κ. The clean gradient norm is constant. The T3,r’s norm,
∥T3,r∥2, scales with κ (e.g., from ≈ 8.1× 10−7 at κ = 0.001 to ≈ 0.81 at κ = 1.0), confirming its theoretical
dependence. The norm of the empirically estimated expected masked gradient, ∥EC[∇wrLC(W)]∥2, follows
the clean gradient for small κ and reflects the vector sum with the growing teal term for larger κ in Eq. 5.

(a) ℓ2-norms of key components of the expected gradient
EC[∇wr LC(W)]:the clean gradient norm (∥∇wr L(W)∥2),
the T3,r’s norm (∥T3,r∥2), and the total expected masked
gradient norm. T3,r scales with κ2.

(b) Comparison of the ℓ2-norm of the empirically estimated
gradient error term, ∥gr∥2, against its theoretical upper
bound from Eq. (6). The empirical error (solid line) re-
mains below the derived bound (dashed line) across all
tested κ. Log-log scale.

Figure 8: ℓ2-norms of the gradient components (left) and residual error bound check (right).

Figure 8b examines the residual error term gr. It compares the ℓ2-norm of the empirically estimated g0
with its theoretical upper bound from Eq. (6). The estimated error norm, ∥gr∥est, increases with κ (from
≈ 1.65× 10−2 at κ = 0.001 to ≈ 0.53 at κ = 1.0). Importantly, the theoretical bound on ∥gr∥2 consistently
upper-bounds the empirical error across the entire range of κ. For instance, at κ = 0.001, ∥gr∥est ≈ 0.0165
while its bound is ≈ 7.85.

In summary, the simulations confirm that the expected gradient under Gaussian input masking, with
sufficiently small κ values, is well-approximated by the sum of the clean gradient and the κ2-dependent term,
with a residual error that is effectively bounded by our theoretical derivation.

A.2 Experimental Details for Section 6.4

We adopt the black-box threat model and the shadow model attack methodology (Adversary 1) proposed in
the ML-Leaks framework (Salem et al., 2019).

Threat Model. The adversary has black-box access to a trained target model f . This means the adversary can
query the model with any input x and observe its output posterior probability vector p = f(x) (i.e., the
softmax output over the classes), but has no access to the model’s parameters, gradients or original training
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data. The adversary’s goal is to train an attack model A that, given the posterior pf (x) from the target
model for a point x, predicts whether x was a member of the target’s training set.

Shadow Model Attack Pipeline. Since the attacker does not have access to the target model’s training set,
they cannot directly generate labeled data (member vs. non-member posteriors) to train their attack model.
The shadow model technique circumvents this by creating a proxy environment where the attacker controls
data membership. The pipeline is as follows:

1. Data Partitioning: The attacker possesses a dataset Dshadow, disjoint from the target’s training set but
drawn from the same data distribution. This set is split into DTrain

Shadow and DOut
Shadow.

2. Shadow Model Training: A shadow model S, which mimics the target model’s architecture and training
process, is trained on DTrain

Shadow.

3. Attack Dataset Generation: The trained shadow model S is queried on its own training data (members,
DTrain

Shadow) and its hold-out data (non-members, DOut
Shadow). The resulting posterior vectors pS(x) are

collected. Following (Salem et al., 2019), the top-3 sorted probabilities of each posterior are used as
features: ϕ(pS(x)) = (p(1),p(2),p(3)). These feature vectors are labeled “1” if x ∈ DTrain

Shadow and “0”
otherwise.

4. Attack Model Training: A binary classifier, the attack model A, is trained on this generated dataset of
“(feature, label)” pairs. It learns to distinguish the statistical “signature” of a member’s posterior from
a non-member’s. This signature often manifests as higher confidence (larger p(1)) and lower entropy for
members, a result of the target/shadow model overfitting to its training data.

5. Inference on Target Model: To attack the original target model f , the adversary queries it with a point
of interest x, extracts the features ϕ(pf (x)), and feeds them to the trained attack model A to get a
membership prediction.

Dataset and Partitioning. We use the CIFAR-10 dataset, consisting of 60,000 images. The full pool is
shuffled and divided into four disjoint sets of 10,520 images each: target_train (training MG-protected
models), target_test (non-member audit data), shadow_train (training shadow models), and shadow_test
(shadow non-member data). All data is normalized using the mean and standard deviation of their respective
training sets. For protected models, inputs x are modified via elementwise multiplication with a random
mask m, where mi ∼ N (1, κ2).

Model Architectures.

• MLP (“nn”): A fully-connected network with one hidden layer of 100 neurons (Tanh activation).
Input layer: 3,072 features.

• CNN (“cnn”): Two Conv-ReLU-MaxPool blocks, followed by a Tanh-activated fully-connected layer
with 100 hidden units.

Training and Hyperparameters. Both models are trained using the Adam optimizer (Learning Rate:
10−3, ℓ2 Regularization: 10−7) for intervals between 20 and 120 epochs. The attack model A is a
LogisticRegression classifier (scikit-learn), trained on a balanced dataset of member and non-member
posteriors.

A.2.1 Multiplicative Gaussian noise vs Differential privacy

We evaluate the privacy-utility tradeoff of Multiplicative Gaussian (MG) noise against Differential Privacy
(DP-SGD) using the CIFAR-10 image classification dataset. Following the standard ML-Leaks evaluation
protocol [Shokri et al., 2017], we utilize the dataset partitioning described in the previous section and employ
a Standard CNN architecture, i.e. a shallow baseline consisting of two convolutional layers (5× 5 kernels, 32
filters) followed by max-pooling and a fully connected layer. For the multiplicative gaussian defense, we sweep
the noise parameter κ ∈ {0.0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2} where κ = 0.0 represents the undefended baseline. For
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each training batch, we apply element-wise multiplicative noise to input features x̃ = x⊙
(
1 + κZ

)
›where

Z ∼ N (0, I) is the standard Gaussian noise. For the the Differential Privacy, (DP-SGD) part, we sweep the
noise multiplier σ ∈ {0.3, 0.5, 0.8, 1.0, 1.5, 2.0, 3.0} using the opacus library (Yousefpour et al. (2021)). We set
the per-sample gradient clipping norm C = 1.0 and target δ = 10−5. The empirical findings for this experimet
are illustrated in Figure 9. The plots map the privacy leakage (Attack Precision and Recall) against the
model’s utility (Target Accuracy) across the swept noise parameters.

Figure 9: Privacy-utility tradeoff for the Standard CNN. The left panel shows Attack Precision vs. Accuracy,
and the right panel shows Attack Recall vs. Accuracy.

Evaluation on High-Capacity Architecture: We repeated the evaluation using an Improved CNN
architecture. This model features a deeper convolutional structure (convolutional blocks with increasing
filter sizes (32→ 64→ 128) using 3× 3 kernels) and also incorporates Batch Normalization and Dropout to
achieve higher baseline utility. Figure 10 below illustrates the results for the improved CNN architecture. We
observe that the performance gap between the two methods narrows and the MG noise curve remains much
closer to the near-random guess of the attacker for a longer stretch of the accuracy spectrum.

Figure 10: Privacy-utility tradeoff for the Improved CNN. Unlike the Standard CNN, the MG noise curve
stays much closer to the DP-SGD curve across the accuracy range

B Proofs in Section 4

In this section, we first prove an exact form of the expected surrogate loss function.
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B.1 General Form of Expected Loss

Lemma B.1. Let ui,r = wr ⊙ xi, let σ̂κ (w,x) = w⊤x · Φ1

(
w⊤x

κ∥w⊙x∥2

)
, and let f̂ (θ,x) =

1√
m

∑m
r=1 arσ̂κ (wr,x). Then we have

EC [LC (θ)] = 1
2

n∑
i=1

(
f̂ (θ,xi)− yi

)2

2
+ κ2

2m

n∑
i=1

∥∥∥∥∥
m∑

r=1
arui,rΦ

(
w⊤

r xi

κ ∥ui,r∥2

)∥∥∥∥∥
2

2

+ 1
m

n∑
i=1

m∑
r,r′=1

arar′

(
Ci,r,r′ + κ2

2πEi,r,r′

)

+ 2κ√
2πm

n∑
i=1

m∑
r=1

arGi,r

(
1√
m

m∑
r′=1

a′
rTi,r,r′ − y

)
where Ci,r,r′ , Ei,r,r′ , Ti,r,r′ and Gi,r are defined as

Ci,r,r′ =
((

w⊤
r xi

) (
w⊤

r′xi

)
+ κ2u⊤

i,rui,r′
)
C

(
w⊤

r xi

κ ∥ui,r∥2
,
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)
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w⊤
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+ ∥ui,r∥2

2
(
w⊤
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2κ2
(
∥ui,r∥2
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2 −

(
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)
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r′x− u⊤
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Gi,r = ∥ui,r∥2 exp
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2

)

Proof. By definition, we have

EC [LC (θ)] = 1
2

n∑
i=1

Eci

[
(f (θ,xi ⊙ ci)− yi)2

]
For simplicity, we fix i ∈ [n], and study Ec

[
(f (θ,x⊙ c)− y)2

]
. In the analysis below, we let ur = wr ⊙ x.

In particular, we have

Ec

[
(f (θ,x⊙ c)− y)2

]
= Ec

[
f (θ,x⊙ c)2

]
− 2yEc [f (θ,x⊙ c)] + y2

Here we shall evaluate the two expectations separately. To start, for the first-order term, we have

Ec [f (θ,x⊙ c)] = 1√
m

m∑
r=1

arE
[
σ
(
w⊤

r (c⊙ x)
)]

= 1√
m
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arE
[
σ
(
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(18)

Notice that since c ∼ N
(
1, κ2I

)
. By Lemma D.13 we have that c⊤ (wr ⊙ x) ∼ N

(
w⊤

r x, κ2 ∥wr ⊙ x∥2
2

)
,

since 1⊤ (wr ⊙ x) = w⊤
r x. Applying Lemma D.18 with z = c⊤ (wr ⊙ x), mean w⊤

r x, and standard deviation
κ ∥wr ⊙ x∥, we have that

E
[
σ
(
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(19)

Plugging in to the form of (18) gives

Ec [f (θ,x⊙ c)] = 1√
m

m∑
r=1

arσ̂κ (wr,x) + κ√
2πm

m∑
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−
(
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2

)
(20)
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Next, we focus on the second-order term. Since w⊤
r (c⊙ x) = c⊤ (wr ⊙ x), we have

Ec

[
f (θ,x⊙ c)2

]
= 1
m
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arar′E
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)
σ
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Let z1 = c⊤ur and z2 = c⊤ur′ , we have that z1 ∼ N
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2

)
, z2 ∼ N
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, and
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∥ur∥2

2 ∥ur′∥2
2 − (u⊤

r ur′)2
) 1

2


For the simplicity of notations, we define T1,r,r′ = ∥ur∥2 ·w⊤

r′x · T̂1,r,r′ and T2,r,r′ = ∥ur′∥2 ·w⊤
r x · T̂2,r,r′ .

Moreover, we define

Er,r′ = ∥ur∥2 ∥ur′∥2 exp

−∥ur′∥2
2
(
w⊤

r x
)2 − 2

(
u⊤

r ur′
) (

w⊤
r x
) (

w⊤
r′x
)

+ ∥ur∥2
2
(
w⊤

r′x
)2

2κ2
(
∥ur∥2

2 ∥ur′∥2
2 − (u⊤

r ur′)2
)


Lastly, we use the definition of the Gaussian Copula function C (a, b, ρ) = Φ2 (a, b, ρ) −Φ1 (a) Φ1 (b) and
define

Cr,r′ =
((

w⊤
r x
) (

w⊤
r′x
)

+ κ2u⊤
r ur′

)
C
(

w⊤
r x

κ ∥ur∥2
,

w⊤
r′x

κ ∥ur′∥2
,

u⊤
r ur′

∥ur∥2 ∥ur′∥2

)
Under these definitions, we have that

E
[
σ
(
c⊤ur

)
σ
(
c⊤ur′

)]
=
((

w⊤
r x
) (

w⊤
r′x
)

+ κ2u⊤
r ur′

)
Φ1

(
w⊤

r x
κ ∥ur∥2

)
Φ1

(
w⊤

r′x
κ ∥ur′∥2

)
+ Cr,r′ + κ2

2πEr,r′ + κ√
2π

(T1,r,r′ + T2,r,r′)

= σ̂κ (wr,x) σ̂κ (wr′ ,x) + κ2u⊤
r ur′Φ1

(
w⊤

r x
κ ∥ur∥2

)
Φ1

(
w⊤

r′x
κ ∥ur′∥2

)
+ Cr,r′ + κ2

2πEr,r′ + κ√
2π

(T1,r,r′ + T2,r,r′)
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Plugging back into the expression of Ec

[
f (θ,x⊙ c)2

]
gives

Ec

[
f (θ,x⊙ c)2

]
= 1
m

m∑
r,r′=1

arar′ σ̂κ (wr,x) σ̂κ (wr′ ,x) + 1
m

m∑
r,r′=1

arar′κ2u⊤
r ur′Φ1

(
w⊤

r x
κ ∥ur∥2

)
Φ1

(
w⊤

r′x
κ ∥ur′∥2

)

+ 1
m

m∑
r,r′=1

arar′

(
Cr,r′ + κ2

2πEr,r′ + κ√
2π

(T1,r,r′ + T2,r,r′)
)

=
(

1√
m

m∑
r=1

arσ̂κ (wr,x)
)2

+ κ2

∥∥∥∥∥ 1√
m

m∑
r=1

arurΦ
(

w⊤
r x

κ ∥ur∥2

)∥∥∥∥∥
2

2

+ 1
m

m∑
r,r′=1

arar′

(
Cr,r′ + κ2

2πEr,r′ + κ√
2π

(T1,r,r′ + T2,r,r′)
)

Combining the expression of Ec

[
f (θ,x⊙ c)2

]
and Ec [f (θ,x⊙ c)], and noticing T1,r,r′ = T2,r′,r, we have

Ec

[
(f (θ,x⊙ c)− y)2

]
=
(

1√
m

m∑
r=1

arσ̂κ (wr,x)
)2

+ κ2

∥∥∥∥∥ 1√
m

m∑
r=1

arurΦ
(

w⊤
r x

κ ∥ur∥2

)∥∥∥∥∥
2

2

+ 1
m

m∑
r,r′=1

arar′

(
Cr,r′ + κ2

2πEr,r′ + κ√
2π

(T1,r,r′ + T2,r,r′)
)

− 2y√
m

m∑
r=1

arσ̂κ (wr,x)− 2κy√
2πm

m∑
r=1

ar ∥ur∥2 exp
(
−
(
w⊤

r x
)2

∥ur∥2
2

)
+ y2

=
(

1√
m

m∑
r=1

arσ̂κ (wr,x)− y
)2

+ κ2

m

∥∥∥∥∥
m∑

r=1
arurΦ

(
w⊤

r x
κ ∥ur∥2

)∥∥∥∥∥
2

2

+ 1
m

m∑
r,r′=1

arar′

(
Cr,r′ + κ2

2πEr,r′ + 2κ√
2π
T1,r,r′

)

− 2κy√
2πm

m∑
r=1

ar ∥ur∥2 exp
(
−
(
w⊤

r x
)2

2κ2 ∥ur∥2
2

)

To extend to the case of xi, yi, we need to re-define

Ci,r,r′ =
((

w⊤
r xi

) (
w⊤

r′xi

)
+ κ2u⊤

i,rui,r′
)
C

(
w⊤

r xi

κ ∥ui,r∥2
,

w⊤
r′xi

κ ∥ui,r′∥2
,

u⊤
i,rui,r′

∥ui,r∥2 ∥ui,r′∥2

)

Ei,r,r′ = ∥ui,r∥2 ∥ui,r′∥2 exp

−∥ui,r′∥2
2
(
w⊤

r xi

)2 − 2
(
u⊤

i,rui,r′
) (

w⊤
r xi

) (
w⊤

r′xi

)
+ ∥ui,r∥2

2
(
w⊤

r′xi

)2

2κ2
(
∥ui,r∥2

2 ∥ui,r′∥2
2 −

(
u⊤

i,rui,r′
)2
)


Ti,r,r′ = w⊤

r′xi ·Φ1

 ∥ui,r∥2
2 ·w

⊤
r′xi − u⊤

i,rui,r′ ·w⊤
r xi

κ ∥ui,r∥2

(
∥ui,r∥2

2 ∥ui,r′∥2
2 −

(
u⊤

i,rui,r′
)2
) 1

2


Gi,r = ∥ui,r∥2 exp

(
−
(
w⊤

r xi

)2

2κ2 ∥ur∥2
2

)
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Moreover, let f̂ (θ,x) = 1√
m

∑m
r=1 arσ̂κ (wr,x). Then we have that

EC [LC (θ)] = 1
2

n∑
i=1

(
f̂ (θ,xi)− yi

)2

2
+ κ2

2m

n∑
i=1

∥∥∥∥∥
m∑

r=1
arui,rΦ

(
w⊤

r xi

κ ∥ui,r∥2

)∥∥∥∥∥
2

2

+ 1
m

n∑
i=1

m∑
r,r′=1

arar′

(
Ci,r,r′ + κ2

2πEi,r,r′ + κ

√
2
π
Ti,r,r′Gi,r

)

− κy
√

2
πm

n∑
i=1

m∑
r=1

arGi,r

= 1
2

n∑
i=1

(
f̂ (θ,xi)− yi

)2

2
+ κ2

2m

n∑
i=1

∥∥∥∥∥
m∑

r=1
arui,rΦ

(
w⊤

r xi

κ ∥ui,r∥2

)∥∥∥∥∥
2

2

+ 1
m

n∑
i=1

m∑
r,r′=1

arar′

(
Ci,r,r′ + κ2

2πEi,r,r′

)

+ 2κ√
2πm

n∑
i=1

m∑
r=1

arGi,r

(
1√
m

m∑
r′=1

a′
rTi,r,r′ − y

)

B.2 Proof of Theorem 4.2

Proof. Let ui,r = wr ⊙ xi. By Lemma B.1, we have that

EC [LC (θ)] = 1
2

n∑
i=1

(
f̂ (θ,xi)− yi

)2

2
+ κ2

2m

n∑
i=1

∥∥∥∥∥
m∑

r=1
arui,rΦ

(
w⊤

r xi

κ ∥ui,r∥2

)∥∥∥∥∥
2

2

+ 1
m

n∑
i=1

m∑
r,r′=1

arar′

(
Ci,r,r′ + κ2

2πEi,r,r′

)

+ 2κ√
2πm

n∑
i=1

m∑
r=1

arGi,r

(
1√
m

m∑
r′=1

a′
rTi,r,r′ − y

)
where Ci,r,r′ , Ei,r,r′ , Ti,r,r′ and Gi,r are defined as

Ci,r,r′ =
((

w⊤
r xi

) (
w⊤

r′xi

)
+ κ2u⊤

i,rui,r′
)
C

(
w⊤

r xi

κ ∥ui,r∥2
,

w⊤
r′xi

κ ∥ui,r′∥2
,

u⊤
i,rui,r′

∥ui,r∥2 ∥ui,r′∥2

)

Ei,r,r′ = ∥ui,r∥2 ∥ui,r′∥2 exp

−∥ui,r′∥2
2
(
w⊤

r xi

)2 − 2
(
u⊤

i,rui,r′
) (

w⊤
r xi

) (
w⊤

r′xi

)
+ ∥ui,r∥2

2
(
w⊤

r′xi

)2

2κ2
(
∥ui,r∥2

2 ∥ui,r′∥2
2 −

(
u⊤

i,rui,r′
)2
)


Ti,r,r′ = w⊤

r′xi ·Φ1

 ∥ui,r∥2
2 ·w

⊤
r′xi − u⊤

i,rui,r′ ·w⊤
r xi

κ ∥ui,r∥2

(
∥ui,r∥2

2 ∥ui,r′∥2
2 −

(
u⊤

i,rui,r′
)2
) 1

2


Gi,r = ∥ui,r∥2 exp

(
−
(
w⊤

r xi

)2

2κ2 ∥ur∥2
2

)
Therefore, the proof of the theorem relies on the upper bound of Ci,r,r′ , Ei,r,r′ , Ti,r,r′ and Gi,r. To upper-bound
Ci,r,r′ , we utilize the result in that

|C (a, b, ρ)| ≤ |arcsin ρ|
2π exp

(
−a

2 − 2ρab+ b2

2 (1− ρ2)

)
≤ |ρ|4 exp

(
−a

2 + b2

4

)
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where we used Lemma D.19 that | arcsin x| ≤ π
2 · |x|. Plugging in a = w⊤

r xi

κ∥ui,r∥2
, b = w⊤

r′ xi

κ∥ui,r′∥2
and ρ =

u⊤
i,rui,r′

∥ui,r∥2∥ui,r′∥2
gives

|Ci,r,r′ | ≤
∣∣(w⊤

r xi

) (
w⊤

r′xi

)
+ κ2u⊤

i,rui,r′
∣∣ · ∣∣u⊤

i,rui,r′
∣∣

4 ∥ui,r∥2 ∥ui,r′∥2
exp

(
− 1

4κ2

((
w⊤

r xi

)2

∥ui,r∥2
2

+
(
w⊤

r′xi

)2

∥ui,r′∥2
2

))

≤ 1
4
(∣∣(w⊤

r xi

) (
w⊤

r′xi

)∣∣+ κ2 ∥ui,r∥2 ∥ui,r′∥2
)
ϕ

(
w⊤

r xi

2κ ∥ui,r∥ 2

)
ϕ

(
w⊤

r′xi

2κ ∥ui,r′∥2

)
= κ2

4 ∥ui,r∥2 ∥ui,r′∥2

( ∣∣w⊤
r xi

∣∣
κ ∥ui,r∥2

·
∣∣w⊤

r′xi

∣∣
κ ∥ui,r∥2

+ 1
)
ϕ

(
w⊤

r xi

2κ ∥ui,r∥2

)
ϕ

(
w⊤

r′xi

2κ ∥ui,r′∥2

)
= κ2

4 ∥ui,r∥2 ∥ui,r′∥2

(
ψ

(
w⊤

r xi

2κ ∥ui,r∥2

)
ψ

(
w⊤

r′xi

2κ ∥ui,r′∥2

)
+ ϕ

(
w⊤

r xi

2κ ∥ui,r∥2

)
ϕ

(
w⊤

r′xi

2κ ∥ui,r′∥2

))

where we use the definition Pi,r =
∣∣w⊤

r xi

∣∣ · exp
(
− (w⊤

r xi)2

4κ2∥ui,r∥2
2

)
. For the term Ei,r,r′ , we notice that by letting

a = w⊤
r xi

κ∥ui,r∥2
, b = w⊤

r′ xi

κ∥ui,r′∥2
and ρ = u⊤

i,rui,r′

∥ui,r∥2∥ui,r′∥ , we have

exp

−∥ui,r′∥2
2
(
w⊤

r xi

)2 − 2
(
u⊤

i,rui,r′
) (

w⊤
r xi

) (
w⊤

r′xi

)
+ ∥ui,r∥2

2
(
w⊤

r′xi

)2

2κ2
(
∥ui,r∥2

2 ∥ui,r′∥2
2 −

(
u⊤

i,rui,r′
)2
)

 = exp
(
−a

2 − 2ρab+ b2

2 (1− ρ2)

)

Using exp
(
−a2−2ρab+b2

2(1−ρ2)

)
≤ exp

(
−a2+b2

4

)
, we have that

|Ei,r,r′ | ≤ ∥ui,r∥2 ∥ui,r′∥2 exp
(
− 1

4κ2

((
w⊤

r xi

)2

∥ui,r∥2
2

+
(
w⊤

r′xi

)2

∥ui,r′∥2
2

))

= ∥ui,r∥2 ∥ui,r′∥2 ϕ

(
w⊤

r xi

2κ ∥ui,r∥2

)
ϕ

(
w⊤

r′xi

2κ ∥ui,r′∥2

)
Therefore, we have∣∣∣∣Ci,r,r′ + κ2

2πEi,r,r′

∣∣∣∣
≤ κ2

4 ∥ui,r∥2 ∥ui,r′∥2

(
ψ

(
w⊤

r xi

2κ ∥ui,r∥2

)
ψ

(
w⊤

r′xi

2κ ∥ui,r′∥2

)
+ ϕ

(
w⊤

r xi

2κ ∥ui,r∥2

)
ϕ

(
w⊤

r′xi

2κ ∥ui,r′∥2

))
This gives that∣∣∣∣∣∣

m∑
r,r′=1

arar′

(
Ci,r,r′ + κ2

2πEi,r,r′

)∣∣∣∣∣∣
≤ κ2

4

( m∑
r=1
∥ui,r∥2 ψ

(
w⊤

r xi

2κ ∥ui,r∥2

))2

+
(

m∑
r=1
∥ui,r∥2 ϕ

(
w⊤

r xi

2κ ∥ui,r∥2

))2
 (21)

By definition, we have ∥ui,r∥2 ≤ Ru. Therefore∣∣∣∣∣∣
m∑

r,r′=1
arar′

(
Ci,r,r′ + κ2

2πEi,r,r′

)∣∣∣∣∣∣ ≤ 1
4κ

2R2
u

( m∑
r=1

ψ

(
w⊤

r xi

2κ ∥ui,r∥2

))2

+
(

m∑
r=1

ϕ

(
w⊤

r xi

2κ ∥ui,r∥2

))2

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Next, we focus on the term Ti,r,r′ and Gi,r. By the property of CDF, we have that |Ti,r,r′ | ≤
∣∣w⊤

r′xi

∣∣ ≤ ∥wr∥2.
Therefore ∣∣∣∣∣ 1√

m

m∑
r′=1

ar′Ti,r,r′ − yi

∣∣∣∣∣ ≤ 1√
m

m∑
r′=1
∥wr′∥2 + |yi| ≤

√
mRw +By ≤ 2

√
mRw

where we applied ∥wr∥2 ≤ Rw and By ≤ 3
√
mRw. Thus∣∣∣∣∣

m∑
r=1

arGi,r

(
1√
m

m∑
r′=1

ar′Ti,r,r′ − yi

)∣∣∣∣∣ ≤
m∑

r=1
Gi,r · 2

√
mRw ≤

√
mRw

m∑
r=1

ϕ

(
w⊤

r xi

2κ ∥ui,r∥2

)
where we used ∥ui,r∥2 ≤ Ru. Combining the inequality above and (21), we have

|E| ≤ nκ2R2
u

4m

( m∑
r=1

ψ

(
w⊤

r xi

2κ ∥ui,r∥2

))2

+
(

m∑
r=1

ϕ

(
w⊤

r xi

2κ ∥ui,r∥2

))2
+ nκRw

2

m∑
r=1

ϕ

(
w⊤

r xi

2κ ∥ui,r∥2

)
Applying the definition of ψmax and ϕmax gives the desired results.

B.3 Proof of Theorem 4.9

Proof. By the form of the gradient, we have

ECk
[∇wrLC (θ)] = ar√

m

n∑
i=1

EC [(f (θ,xi ⊙ ci)− yi) xi ⊙ ciI {⟨wr,xi ⊙ ci⟩ ≥ 0}]

= ar√
m

n∑
i=1

Eci [f (θ,xi ⊙ ci) xi ⊙ ciI {⟨wr,xi ⊙ ci⟩ ≥ 0}]︸ ︷︷ ︸
T1,i

− ar√
m

n∑
i=1

yi Eci [xi ⊙ ciI {⟨wr,xi ⊙ ci⟩ ≥ 0}]︸ ︷︷ ︸
T2,i

(22)

Let ur,i = wr ⊙ xi. For T1,i, we further have

T1,i = 1√
m

m∑
r′=1

ar′Eci

[
σ
(
w⊤

r′ (xi ⊙ ci)
)

xi ⊙ ciI
{

w⊤
r (xi ⊙ ci) ≥ 0

}]
= 1√

m

m∑
r′=1

ar′Eci

[
(xi ⊙ ci) (xi ⊙ ci)⊤ wr′I

{
w⊤

r (xi ⊙ ci) ≥ 0; w⊤
r′ (xi ⊙ ci) ≥ 0

}]
= 1√

m

m∑
r′=1

ar′
(
Eci

[
cic⊤

i I
{

w⊤
r (xi ⊙ ci) ≥ 0; w⊤

r′ (xi ⊙ ci) ≥ 0
}]
⊙
(
xix⊤

i

))
wr′

= 1√
m

m∑
r′=1

ar′
(
Eci

[
cic⊤

i I
{

u⊤
r,ici ≥ 0; u⊤

r′,ici ≥ 0
}]
⊙
(
xix⊤

i

))
wr′

= 1√
m

m∑
r=1

ar′Diag (x)i Eci

[
cic⊤

i I
{

u⊤
r,ici ≥ 0; u⊤

r′,ici ≥ 0
}]

ur′,i

For T2,i, we can easily obtain
T2,i = Eci

[
ciI
{

u⊤
r,ici ≥ 0

}]
⊙ xi

Abstractly, we are thus interested in the following quantity:

Ec
[
cc⊤I

{
c⊤u ≥ 0; c⊤v ≥ 0

}]
; Ec

[
cI
{

c⊤u ≥ 0
}]

where c ∼ N
(
µ, κ2I

)
, and u,v are fixed vectors. Let z1 = c⊤u and z2 = c⊤v. Then we have

z1 ∼ N
(

c⊤u, κ2 ∥u∥2
2

)
; z2 ∼ N

(
c⊤v, κ2 ∥v∥2

2

)
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According to Lemma D.11 and Lemma D.12, and by defining µ = 1, we have that ∆(1)
k,r,i ∈ Rd and

∆(2)
k,r,r′,i ∈ Rd×d defined below

∆(1)
k,r,i := Eci

[
ciI
{

c⊤
i ur,i ≥ 0

}]
− 1 ·Φ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
∆k,r,r′,i := Ec

[
cc⊤I

{
u⊤

r,ici ≥ 0; u⊤
r′,ici ≥ 0

}]
ur′,i

−
(
11⊤ur′,i + 3κ2ur′,i

)
Φ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
Φ1

(
w⊤

r′xi

κ ∥wr′ ⊙ xi∥2

)
satisfies ∥∥∥∆(1)

r,i

∥∥∥
∞
≤ κRuϕmax∥∥∥∆(2)

r,r′,i

∥∥∥
∞
≤ 4κ ∥v∥2

(√
dϕmax + ψmax

)
Here we used ∥µ∥∞ = 1 and µ⊤ (wr ⊙ xi) = w⊤

k,rxi when µ = 1. Therefore, for T1,i, we have

T1,i = 1√
m

m∑
r′=1

ar′Diag (xi)
((

w⊤
r′xi · 1

)
Φ1

(
w⊤

r′xi

κ ∥wr′s⊙ xi∥2

)
Φ1

(
w⊤

r′xi

κ ∥wr′ ⊙ xi∥2

)
+ ∆(2)

r,r′,i

)

+ 3κ2
√
m

m∑
r′=1

ar′Diag (xi) (wr ⊙ xi) Φ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
Φ1

(
w⊤

r′xi

κ ∥wr′ ⊙ xi∥2

)

= 1√
m

m∑
r′=1

ar′w⊤
r′xi · xiΦ1

(
w⊤

r′xi

κ ∥wr′s⊙ xi∥2

)
Φ1

(
w⊤

r′xi

κ ∥wr′ ⊙ xi∥2

)
+ 1√

m

m∑
r′=1

ar′

(
xi ⊙∆(2)

r,r′,i

)
+ 3κ2
√
m

m∑
r′=1

ar′Diag (xi)2 wr′Φ1

(
w⊤

r′xi

κ ∥wr′s⊙ xi∥2

)
Φ1

(
w⊤

r′xi

κ ∥wr′ ⊙ xi∥2

)

= f (θ,xi) xiI
{

w⊤
r xi ≥ 0

}
+ 3κ2
√
m

m∑
r′=1

ar′Diag (xi)2 wr′I
{

w⊤
r xi ≥ 0; w⊤

r′xi ≥ 0
}

+ 1√
m

m∑
r′=1

ar′

(
xi ⊙∆(2)

r,r′,i

)
+ g1,i + g2,i

where

g1,i = 1√
m

m∑
r′=1

ar′w⊤
r′xi · xi

(
Φ1

(
w⊤

r′xi

κ ∥wr′s⊙ xi∥2

)
Φ1

(
w⊤

r′xi

κ ∥wr′ ⊙ xi∥2

)
− I
{

w⊤
r xi ≥ 0; w⊤

r′xi ≥ 0
})

g2,i = 3κ2
√
m

m∑
r′=1

ar′Diag (xi)2 wr′

(
Φ1

(
w⊤

r′xi

κ ∥wr′s⊙ xi∥2

)
Φ1

(
w⊤

r′xi

κ ∥wr′ ⊙ xi∥2

)
− I
{

w⊤
r xi ≥ 0; w⊤

r′xi ≥ 0
})

Likely, for T2,i we have

T2,i =
(

1Φ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
+ ∆(1)

r,i

)
⊙ xi

= xiΦ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
+ ∆(1)

r,i ⊙ xi

= xiI
{

w⊤
r xi ≥ 0

}
+ ∆(1)

r,i ⊙ xi + g3,i
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where g3,i = xi ·
(

Φ1

(
w⊤

r xi

κ∥wr⊙xi∥2

)
− I
{

w⊤
r xi ≥ 0

})
. Therefore, the final gradient is given by

EC [∇wr
LC (θ)] = ar√

m

n∑
i=1

(f (θ,xi)− yi) xiI
{

w⊤
r xi

}
+ ar√

m

n∑
i=1

(
1√
m

m∑
r′=1

ar′

(
xi ⊙∆(2)

r,r′,i

)
+ yi∆(1)

r,i ⊙ xi

)

+ 3κ2
√
m

m∑
r′=1

ar′Diag (xi)2 wr′I
{

w⊤
r xi ≥ 0; w⊤

r′xi ≥ 0
}

+ ar√
m

n∑
i=1

(g1,i + g2,i − yi · g3,i)

= ∇wrL (θ) + 3κ2
√
m

m∑
r′=1

ar′Diag (xi)2 wr′I
{

w⊤
r xi ≥ 0; w⊤

r′xi ≥ 0
}

+ ar√
m

n∑
i=1

(
1√
m

m∑
r′=1

ar′

(
xi ⊙∆(2)

r,r′,i

)
+ yi∆(1)

r,i ⊙ xi

)
︸ ︷︷ ︸

g4

+ ar√
m

n∑
i=1

(g1,i + g2,i − yi · g3,i)

Notice that we can re-write g1,i as

g1,i = xi

(
Φ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
− I
{

w⊤
r xi ≥ 0

})
· 1√

m

m∑
r′=1

ar′w⊤
r′xiI

{(
w⊤

r′xi ≥ 0
)}

+ xiΦ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
· 1√

m

m∑
r′=1

ar′w⊤
r′xi

(
Φ1

(
w⊤

r′xi

κ ∥wr′ ⊙ xi∥2

)
− I
{

w⊤
r′xi ≥ 0

})

= xiΦ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
· 1√

m

m∑
r′=1

ar′w⊤
r′xi

(
Φ1

(
w⊤

r′xi

κ ∥wr′ ⊙ xi∥2

)
− I
{

w⊤
r′xi ≥ 0

})
+ xi

(
Φ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
− I
{

w⊤
r xi ≥ 0

})
· f (θ,xi)

Then, by the definition of g3,i, we have that

g1,i − yi · g3,i = xiΦ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
· 1√

m

m∑
r′=1

ar′w⊤
r′xi

(
Φ1

(
w⊤

r′xi

κ ∥wr′ ⊙ xi∥2

)
− I
{

w⊤
r′xi ≥ 0

})
+ (f (θ,xi)− yi) xi

(
Φ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
− I
{

w⊤
r xi ≥ 0

})

Using Lemma D.4, we have that

|Φ1 (a)− I {a ≥ 0}| ≤ exp
(
−a

2

2

)
≤ ϕ

(a
2

)
29



Under review as submission to TMLR

Therefore, we have that∥∥∥∥∥
n∑

i=1
(g1,i − yi · g3,i)

∥∥∥∥∥
2

≤ n√
m

∥∥∥∥∥
m∑

r′=1
ar′w⊤

r′xi

(
Φ1

(
w⊤

r′xi

κ ∥wr′ ⊙ xi∥2

)
− I
{

w⊤
r′xi ≥ 0

})∥∥∥∥∥
2

+
∥∥∥∥∥

n∑
i=1

(f (θ,xi)− yi) · xi

(
Φ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)
− I
{

w⊤
r xi ≥ 0

})∥∥∥∥∥
2

≤ n√
m

m∑
r′=1

∣∣w⊤
r′xi

∣∣ϕ( w⊤
r′xi

2κ ∥wr′ ⊙ xi∥2

)
+ ∥Diag (∆) X (f (θ − y))∥2

= κ
√
mRuψmax + σmax (X)ϕmaxL (θ)

1
2

Moreover, we can bound g2,i as

∥g2,i∥ ≤
3κ2
√
m

m∑
r′=1
∥x∥2

∞ ∥wr∥ · 2ϕmax ≤ 6κ2√mB2
xRwϕmax

Lastly, we can bound g3 as

∥g3∥2 ≤
1
m

n∑
i=1

m∑
r′=1

∥∥∥xi ⊙∆(2)
r,r′,i

∥∥∥+ 1√
m

n∑
i=1
|yi|
∥∥∥∆(1)

r,i ⊙ xi

∥∥∥
2

≤ 1
m

n∑
i=1

m∑
r′=1

∥∥∥∆(2)
r,r′,i

∥∥∥
∞
∥xi∥2 + 1√

m

n∑
i=1
|yi|
∥∥∥∆(1)

r,r′,i

∥∥∥
∞
∥xi∥2

≤ 1
m

n∑
i=1

m∑
r′=1

∥∥∥∆(2)
r,r′,i

∥∥∥
∞

+ By√
m

n∑
i=1

∥∥∥∆(1)
r,r′,i

∥∥∥
∞

≤ 4nκRu

(√
dϕmax + ψmax

)
+ By√

m
· nκRuϕmax

≤ 5nκRu

(√
dϕmax + ψmax

)
when By ≤

√
md. Therefore, we have that∥∥∥∥∥EC [∇wr
LC (θ)]−

(
∇wr
L (θ) + 3κ2

√
m

m∑
r′=1

ar′Diag (xi)2 wr′I
{

w⊤
r xi ≥ 0; w⊤

r′xi ≥ 0
})∥∥∥∥∥

2

≤ nκRuψmax + σmax (X)ϕmax√
m

L (θ)
1
2 + 6nκ2B2

xRwϕmax + 5nκRu

(√
dϕmax + ψmax

)
≤
(
σmax (X)√

m
L (θ)

1
2 + 6nκ2B2

xRw + 5nκRu
√
d

)
ϕmax + 6nκRuψmax

C Proofs in Section 5

C.1 Proof of Theorem 5.2

Proof. To start the proof, we define the following quantity in the standard NTK-based analysis of two-layer
ReLU neural network. Let R = C1 · τλ0

n for some C1 > 0, we define event Ai,r and set Si, S
⊥
i as

Ai,r =
{
∃w ∈ B (w0,r, R) : I

{
w⊤

0,rxi ≥ 0
}
̸= I

{
w⊤xi ≥ 0

}}
(23)

Si = {r ∈ [m] : ¬Ai,r} ; S⊥
i = [m] \ Si (24)
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Lemma 16 from shows that with probability at least 1 − n exp
(
−mR

τ

)
, we have that

∣∣S⊥
i

∣∣ ≤
4mR

τ . In the following of the proof, we assume that such event holds. Define K ′ =
min

{
k ∈ N : ∃r ∈ [m] s.t. ∥wk,r −w0,r∥2 > R

}
. Then for all k < K ′, we have that wk,r ∈ B (w0,r, R).

Fix any k < K ′ − 1. Consider the expansion of L (θk+1) as the following

L (θk+1) = 1
2

n∑
i=1

(f (θk+1,xi)− yi)2

= 1
2

n∑
i=1

((f (θk+1,xi)− f (θk,xi)) + (f (θk,xi)− yi))2

= 1
2

n∑
i=1

(f (θk+1,xi)− f (θk,xi))2 +
n∑

i=1
(f (θk+1,xi)− f (θk,xi)) (f (θk,xi)− yi)

+ 1
2

n∑
i=1

(f (θk,xi)− yi)2

(25)

We will analyze the three terms separately. To start, notice that

1
2

n∑
i=1

(f (θk,xi)− yi)2 = L (θk) (26)

For the first term, by the definition of f (θ,x), we have

|f (θk+1,xi)− f (θk,xi)| =
∣∣∣∣∣ 1√
m

m∑
r=1

ar

(
σ
(
w⊤

k+1,rxi

)
− σ

(
w⊤

k,rxi

))∣∣∣∣∣
≤ 1√

m

m∑
r=1

∣∣σ (w⊤
k+1,rxi

)
− σ

(
w⊤

k,rxi

)∣∣
≤ 1√

m

m∑
r=1

∣∣∣(wk+1 −wk)⊤ xi

∣∣∣
≤ 1√

m

m∑
r=1
∥wk+1 −wk∥

= η√
m

m∑
r=1

∥∥∥∇wr
L̂ (θk, ξk)

∥∥∥
2

where in the first inequality we use the fact that a = ±1, and in the second inequality we use the 1-Lipschitzness
of ReLU. Applying Assumption 5.1, we have that

n∑
i=1

(f (θk+1,xi)− f (θk,xi))2 ≤ η2

m

n∑
i=1

(
m∑

r=1

∥∥∥∇wr L̂ (θk, ξk)
∥∥∥

2

)

≤ η2n

m
·
(
m ·

√
γL̂ (θk, ξk)

)2

= η2mnγL̂ (θk, ξk)

(27)

Lastly, to analyze the second term, we use the following definition of Ii,k and I⊥
i,k

Ii,k = 1√
m

∑
r∈Si

arσ
(
w⊤

k,rxi

)
; I⊥

i,k = 1√
m

∑
r∈S⊥

i

arσ
(
w⊤

k,rxi

)
Then we have that f (θk,xi) = Ii,k + I⊥

i,k. Therefore

f (θk+1,xi)− f (θk,xi) = (Ii,k+1 − Ii,k) +
(
I⊥

i,k+1 − I⊥
i,k

)
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By the 1-Lipschitzness of ReLU, we have that

∣∣I⊥
i,k+1 − I⊥

i,k

∣∣ =

∣∣∣∣∣∣ 1√
m

∑
r∈S⊥

i

ar

(
σ
(
w⊤

k+1,rxi

)
− σ

(
w⊤

k,rxi

))∣∣∣∣∣∣
≤ 1√

m

∑
r∈S⊥

i

∣∣σ (w⊤
k+1,rxi

)
− σ

(
w⊤

k,rxi

)∣∣
≤ 1√

m

∑
r∈S⊥

i

∣∣∣(wk+1,r −wk,r)⊤ xi

∣∣∣
≤ η√

m

∑
r∈S⊥

i

∥∥∥∇wr
L̂ (θk, ξk)

∥∥∥
2

≤
η
√
γ

√
m

∣∣S⊥
i

∣∣ L̂ (θk, ξk)
1
2

Applying
∣∣S⊥

i

∣∣ ≤ 4mR
τ gives

∣∣∣I⊥
i,k+1 − I⊥

i,k

∣∣∣ ≤ 4ηR
τ

√
γmL̂ (θk, ξk)

1
2 .This gives that

n∑
i=1

(f (θk+1,xi)− f (θk,xi)) (f (θk,xi)− yi)

=
n∑

i=1
(Ii,k+1 − Ii,k) (f (θk,xi)− yi) +

n∑
i=1

(
I⊥

i,k+1 − I⊥
i,k

)
(f (θk,xi)− yi)

≤
n∑

i=1
(Ii,k+1 − Ii,k) (f (θk,xi)− yi) +

(
n∑

i=1

(
I⊥

i,k+1 − I⊥
i,k

)2
) 1

2
(

n∑
i=1

(f (θk,xi)− yi)2

) 1
2

≤
n∑

i=1
(Ii,k+1 − Ii,k) (f (θk,xi)− yi) + 4ηR

τ

√
γmnL̂ (θk, ξk)

1
2 L (θk)

1
2

(28)

Plugging (26), (27), and (28) into (25) gives

L (θk+1) ≤ L (θk) + η2mnγL̂ (θk, ξk) + 4ηR
τ

√
γmnL̂ (θk, ξk)

1
2 L (θk)

1
2

+
n∑

i=1
(Ii,k+1 − Ii,k) (f (θk,xi)− yi)

Under Jensen’s inequality, we have that Eξk

[
L̂ (θk, ξk)

1
2
]
≤ Eξk

[
L̂ (θk, ξk)

] 1
2 . Using the property that

Eξk

[
L̂ (θk, ξk)

]
≤ 2L (θk) + ε1

from Assumption 5.1, we can also obtain that

Eξk

[
L̂ (θk, ξk)

1
2
]
≤ (2L (θk) + ε1)

1
2
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Therefore, taking the expectation of L (θk+1) gives

Eξk
[L (θk+1)] ≤ L (θk) + η2mnγ (2L (θk) + ε) + 4ηR

τ

√
γmn (2L (θk) + ε1)

1
2 L (θk)

1
2

+
n∑

i=1
Eξk

[Ii,k+1 − Ii,k] (f (θk,xi)− yi)

≤ L (θk) + η2mnγ (2L (θk) + ε1) + 10ηR
τ

√
γmnL (θk) + 4ηR

τ

√
γmn · ε1

+
n∑

i=1
Eξk

[Ii,k+1 − Ii,k] (f (θk,xi)− yi)

=
(

1 + 2η2mnγ + 10Cηλ0

√
γm

n

)
L (θk) +

(
η2mnγ + 4Cηλ0

√
γm

n

)
ε1

+
n∑

i=1
Eξk

[Ii,k+1 − Ii,k] (f (θk,xi)− yi)

(29)

where in the last inequality we use the property that
√
a(a+ b) ≤ 5

4a + b. Recall that wk+1,r,wk,r ∈
B (w0,r, R). Therefore, for r ∈ Si, we must have that I

{
w⊤

k+1,rxi ≥ 0
}

= I
{

w⊤
0,rxi ≥ 0

}
= I

{
w⊤

k,rxi ≥ 0
}

.
Thus, we have

Eξk
[Ii,k+1 − Ii,k] = 1√

m

∑
r∈Si

arEξk
[wk+1,r −wk,r]⊤ xiI

{
w⊤

k,rxi ≥ 0
}

= − η√
m

∑
r∈Si

arEξk

[
∇wr
L̂ (θk, ξk)

]⊤
xiI
{

w⊤
k,rxi ≥ 0

} (30)

Let gk,r = Eξk

[
∇wr L̂ (θk, ξk)

]
−∇wrL (θk). Then by Assumption 5.1 we have that ∥gk,r∥2 ≤ ε3L (θ)

1
2 + ε2.

Using gk,r, we can write (30) as

Eξk
[Ii,k+1 − Ii,k] = −η

∑
r∈Si

ar√
m
∇wr
L (θk)⊤ xiI

{
w⊤

k,rxi ≥ 0
}
− η√

m

∑
r∈Si

arg⊤
k,rxiI

{
w⊤

k,rxi ≥ 0
}

(31)

By definition, we have

∇wrL (θk) = ar√
m

n∑
j=1

(f (θk,xi)− yi) xjI
{

w⊤
k,rxj ≥ 0

}

Therefore, we have that

ar√
m
∇wr
L (θk)⊤ xiI

{
w⊤

k,rxi ≥ 0
}

= 1
m

n∑
j=1

(f (θk,xi)− yi) x⊤
i xjI

{
w⊤

k,rxi ≥ 0w⊤
k,rxj ≥ 0

}
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Combining with (31), we have that

n∑
i=1

Eξk
[Ii,k+1 − Ii,k] (f (θk,xi)− yi)

= − η

m

n∑
i,j=1

∑
r∈Si

(f (θk,xi)− yi) (f (θk,xj)− yj) x⊤
i xjI

{
w⊤

k,rxi ≥ 0; w⊤
k,rxj ≥ 0

}
− η√

m

n∑
i=1

∑
r∈Si

(f (θk,xi)− yi) arg⊤
k,rxiI

{
w⊤

k,rxi ≥ 0
}

≤ −η
n∑

i,j=1
(f (θk,xi)− yi)

(
x⊤

i xj

m

∑
r∈Si

I
{

w⊤
k,rxi ≥ 0; w⊤

k,rxj ≥ 0
})

︸ ︷︷ ︸
Hk,ij

(f (θk,xj)− yj)

+ η√
m

m∑
i=1

n∑
r=1
|f (θk,xi)− yi| ∥gk,r∥2

≤ −ηλmin (Hk)
n∑

i=1
(f (θk,xi)− yi)2 + ηε2

√
mn

(
n∑

r=1
(f (θk,xi)− yi)2

) 1
2

+ ηε3
√
mnL (θk)

= −
(
2ηλmin (Hk) + ηε3

√
mn
)
L (θk) + 2ηε2

√
mnL (θk)

1
2

Using the property that ab ≤ a2

2 + b2

2 , we have that for any C ′ > 0,

2ηε2
√
mnL (θk)

1
2 ≤ C ′ηλ0

√
γm

n
+ ηε2

2n

C ′λ0

√
mn

γ

Moreover, by Lemma C.1, we have that when m = Ω
(

n2

λ2
0

log n
δ

)
, with probability at least 1− δ−n2 exp−mR

τ ,
it holds that

∥Hk −H∞∥F ≤
λ0

6 + 1
m

 n∑
i,j=1

∣∣S⊥
i

∣∣2 1
2

+ 2nR
τ

Plugging in
∣∣S⊥

i

∣∣ ≤ 4mR
τ and R ≤ C1 · τλ0

n , we have that ∥Hk −H∞∥F ≤
λ0
2 for small enough C1. Thus, we

have that λmin (Hk) ≥ λ0
2 . Therefore, we have that

n∑
i=1

Eξk
[Ii,k+1 − Ii,k] (f (θk,xi)− yi) ≤

(
C ′ηλ0

√
γm

n
+ ηε3

√
mn− ηλ0

)
L (θk) + ηε2

2n

C ′λ0

√
mn

γ

Plugging this back into (31) gives

Eξk
[L (θk+1)] ≤

(
1 + 2η2mnγ + 10Cηλ0

√
γm

n

)
L (θk) +

(
η2mnγ + 4Cηλ0

√
γm

n

)
ε1

+
(
C ′ηλ0

√
γm

n
+ ηε3

√
mn− ηλ0

)
L (θk) + ηε2

2n

C ′λ0

√
mn

γ

=
(

1− ηλ0 + ηε3
√
mn+ 2η2mnγ + (10C + C ′) ηλ0

√
γm

n

)
L (θk)

+
(
η2mnγ + 4Cηλ0

√
γm

n

)
ε1 + ηε2

2n

C ′λ0

√
mn

γ
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Apply ε3 ≤ Cε · λ0√
mn

, γ = C1 · n
m and η = C2 · λ0

n2 gives

Eξk
[L (θk+1)] ≤

(
1−

(
1− 2C1C2 − (10C + C ′)

√
C1

)
ηλ0

)
L (θk)

+ ηλ0

(
mnε2

2
C ′
√
C1λ2

0
+
(
C1C2 + 4C

√
C1

)
ε1

)
Choosing a small enough C1, C2, C, C

′ gives

Eξk
[L (θk+1)] ≤

(
1− ηλ0

2

)
L (θk) + 1

2 Ĉηλ0

(
mn

λ2
0
· ε2

2 + ε1

)
(32)

for a large enough Ĉ. Thus, unrolling the iterations gives

Eξ0,...,ξk−1 [L (Wk)] ≤
(

1− ηλ0

2

)k

L (W0) + Ĉ

(
mn

λ2
0
· ε2

2 + ε1

)
(33)

for all k < K ′. Next, we shall lower bound K ′. For all k ≤ K ′, we have that

∥wk,r −w0,r∥2 ≤
k−1∑
t=0
∥wt+1,r −wt,r∥2 = η

k−1∑
t=0

∥∥∥∇wr
L̂ (Wt, ξt)

∥∥∥
2
≤ η√γ

k−1∑
t=0
L̂ (Wt, ξt)

1
2

By (33), we have

Eξ0,...,ξt−1

[
L̂ (Wt, ξt)

1
2
]
≤ (L (Wt) + ε1)

1
2

≤

(
2
(

1− ηλ0

2

)t

L (W0) +
(
Ĉ + 1

)(mn
λ2

0
· ε2

2 + ε1

)) 1
2

≤ 2
(

1− ηλ0

4

)t

L (W0)
1
2 +

√
Ĉ + 1

(
ε2

λ0

√
mn+√ε1

)
Therefore, we have

Eξ0,...,ξk−1

[
∥wk,r −w0,r∥2

]
≤ η√γ

k−1∑
t=0

Eξ0,...,ξt−1

[
L̂ (Wt, ξt)

1
2
]

≤ 2η√γL (W0)
1
2

∞∑
t=0

(
1− ηλ0

4

)t

+ k

√(
Ĉ + 1

)
γ

(
ε2

λ0

√
mn+√ε1

)
=

8√γ
λ0
L (W0)

1
2 + k

√(
Ĉ + 1

)
γ

(
ε2

λ0

√
mn+√ε1

)
By Lemma 26 in , we have that EW0,a

[
L (W0)2

]
= O (n). γ = C1 · n

m , we have that

EW0,a,ξ0,...,ξk−1

[
∥wk,r −w0,r∥2

]
≤ O

(
n

λ0

√
m

)
+O

(
k

(
ε2n

λ0
+
√
ε1n

m

))
Thus, by Markov’s inequality, we have that with probability at least 1− δ

3K ,

∥wk,r −w0,r∥2 ≤ O
(

nK

λ0δ
√
m

)
︸ ︷︷ ︸

T1

+O

(
K2

δ

(
ε2n

λ0
+
√
ε1n

m

))
︸ ︷︷ ︸

T2

Setting m = Ω
(

n4

λ4
0δ2τ2

)
guarantees that T1 ≤ C1

2 ·
τλ0

n = R
2 and set ε2 ≤ O

(
δλ0
nK2

)
, ε1 ≤ O

(
δm

K4n

)
gives that

T2 ≤ C1
2 ·

τλ0
n = R

2 . Combining the bound on T1 and T2 and taking a union bound gives that, with probability
at least 1− δ

3 , it holds that
∥wk,r −w0,r∥2 ≤ R; ∀k ∈ [K]

This shows that we must have K ′ > K, which completes the proof.
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Lemma C.1. Let H∞ be defined in (11), and let Hk be defined as

Hk,ij = x⊤
i xj

m

∑
r∈Si

I
{

w⊤
k,rxi ≥ 0; w⊤

k,rxj ≥ 0
}

Fix any R. Assume that wk,r ∈ B (w0,r, R) for all r ∈ [m]. If w0,r ∼ N
(
0, τ2I

)
, and m = Ω (), then we have

that
∥Hk −H∞∥F ≤

λ0

6 + 1
m2

n∑
i,j=1

∣∣S⊥
i

∣∣2 + 2nR
τ

Proof. We define Ĥk as follows

Ĥk,ij = x⊤
i xj

m

m∑
r=1

I
{

w⊤
k,rxi ≥ 0; w⊤

k,rxj ≥ 0
}

Then we have that

∥Hk −H∞∥F ≤
∥∥∥Hk − Ĥk

∥∥∥
F

+
∥∥∥Ĥk − Ĥ0

∥∥∥
F

+
∥∥∥Ĥ0 −H∞

∥∥∥
F

By Lemma 3.1 in Du et al. (2018), we have that with probability at least 1−δ, we have that
∥∥∥Ĥ0 −H∞

∥∥∥
F
≤ λ0

6

when m = Ω
(

n2

λ2
0

log n
δ

)
. By Lemma 3.2 in Song & Yang (2020), we have that with probability at least

1− n2 exp−mR
τ , it holds that

∥∥∥Ĥk − Ĥ0

∥∥∥ ≤ 2nR
τ . Lastly, for the first term, we have

∥∥∥Hk − Ĥk

∥∥∥2

F
≤

n∑
i,j=1

(
Hk,ij − Ĥk,ij

)2

= 1
m2

n∑
i,j=1

x⊤
i xj

∑
r∈S⊥

i

I
{

w⊤
k,rxi ≥ 0; w⊤

k,rxj ≥ 0
}2

≤ 1
m2

n∑
i,j=1

∣∣S⊥
i

∣∣2
Combining the three bounds gives the desired result.

C.2 Proof of Theorem 5.6

We view Gaussian input masking as a special case of the general stochastic training framework in Section 5.
Recall that in that framework, the randomness at iteration k is denoted by ξk, and the update rule is

Wk+1 = Wk − η∇WL̂(Wk, ξk). (7)

In the Gaussian-masked setting we take

ξk ≡ Ck, L̂(W, ξk) ≡ LCk
(W),

where Ck is the multiplicative Gaussian mask at iteration k and LCk
is the masked loss. Thus

∇wr L̂(W, ξk) ≡ ∇wrLCk
(W),

and the update (7) coincides with the masked gradient descent rule (1). Therefore, to apply Theorem 5.2 to
training with Gaussian input masks, it suffices to verify that Assumption 5.1 holds with suitable ε1, ε2, ε3, γ,
and that these parameters satisfy the smallness conditions of Theorem 5.2 under the constraints (14)–(15).

Throughout the proof we condition on the high-probability NTK event of Theorem 5.2, on which
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• the minimum eigenvalue of the empirical NTK satisfies λmin(Hk) ≥ λ0/2 for all k ∈ [K],

• all first-layer weights remain in a ball of radius R = C1τλ0/n around their initialization, i.e., ∥wk,r −
w0,r∥2 ≤ R for all k ∈ [K], r ∈ [m],

• the data are bounded as in Assumption 3.1.

The probability of this event is at least 1− 2δ − n2 exp(−n3/(δ2τ2λ3
0)), as in Theorem 5.2. All inequalities

below hold on this event.

Comparing Corollary 5.3 with Assumption 5.1(8), we identify

ε1(W) = 2mnκ2R2
u +mn

(
κ2R2

u + κRw
)
ϕmax(W)2 +mnκ2(R2

u + 1
)
ψmax(W)2. (34)

On the NTK event, the weights stay close to initialization, hence their norms are uniformly bounded; using
Assumption 3.1 and the definition of Rw and Ru, we obtain:

Rw(Wk) := max
r∈[m]

∥wk,r∥2 ≤ Cwτ
√
d (35)

Ru(Wk) := max
r∈[m],i∈[n]

∥wk,r ⊙ xi∥2 ≤ Cuτ
√
d. (36)

for constants Cw, Cu > 0.
Lemma C.2 (Bound on Rw). On the NTK event of Theorem 5.2, there exists an absolute constant Cw > 0
such that for all iterations k ≤ K:

Rw(Wk) := max
r∈[m]

∥wk,r∥2 ≤ Cwτ
√
d. (37)

Proof. Recall that the first–layer weights are initialized as w0,r ∼ N (0, τ2Id) for r = 1, . . . ,m. During
training, the NTK event of Theorem 5.2 ensures that each row stays in a small ball around its initialization:

∥wk,r −w0,r∥2 ≤ R, R := C1τ
λ0

n
, ∀k ≤ K, r ∈ [m]. (38)

We define zr := 1
τ w0,r. Each coordinate satisfies (zr)j ∼ N (0, 1), making zr a standard Gaussian vector

N (0, Id). Its squared norm follows a chi-square distribution: ∥zr∥2
2 ∼ χ2

d. Using the Laurent–Massart
concentration inequality, for t = d:

Pr
(
∥zr∥2

2 ≥ 5d
)
≤ e−d.

Thus, with high probability, ∥zr∥2 ≤
√

5d. Defining C0 =
√

5, we obtain the initialization bound:

∥w0,r∥2 = τ∥zr∥2 ≤ C0τ
√
d. (39)

By a union bound over r ∈ [m], this holds for all rows with probability at least 1−me−d. Combining the
triangle inequality with (38) and (39), we find:

∥wk,r∥2 ≤ ∥w0,r∥2 + ∥wk,r −w0,r∥2

≤ C0τ
√
d+ C1τ

λ0

n

= τ
√
d

(
C0 + C1λ0

n
√
d

)
.

Since λ0/n is O(1) and d ≥ 1, we define the absolute constant Cw := C0 + C1λ0
n

√
d

. Taking the maximum over
r ∈ [m] yields:

Rw(Wk) = max
r∈[m]

∥wk,r∥2 ≤ Cwτ
√
d. (40)

Intuitively, since the movement term C1λ0
n

√
d

vanishes as d→∞, the weights remain on the same scale as their
initialization throughout training.
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Lemma C.3 (Bound on Ru). Suppose Assumption 3.1 holds, such that the input data is bounded in ℓ∞-norm
by Bx := maxi∈[n] ∥xi∥∞. On the NTK event of Theorem 5.2, there exists an absolute constant Cu > 0 such
that, for all iterations k ≤ K:

Ru(Wk) := max
r∈[m],i∈[n]

∥wk,r ⊙ xi∥2 ≤ Cuτ
√
d. (41)

Proof. Consider any iteration k ≤ K, neuron r ∈ [m], and sample index i ∈ [n]. We analyze the squared
ℓ2-norm of the Hadamard product by pulling out the maximum coordinate of the input vector:

∥wk,r ⊙ xi∥2
2 =

d∑
j=1

w2
k,r,jx

2
i,j

≤
(

max
1≤j≤d

x2
i,j

) d∑
j=1

w2
k,r,j

= ∥xi∥2
∞∥wk,r∥2

2.

Taking the square root of both sides, we obtain the inequality:

∥wk,r ⊙ xi∥2 ≤ ∥xi∥∞∥wk,r∥2 ≤ Bx∥wk,r∥2.

Taking the maximum over all r ∈ [m] and i ∈ [n] yields:

Ru(Wk) ≤ BxRw(Wk). (42)

From the weight stability bound previously established (Proof of Rw), we know that on the NTK event, the
weights are bounded by Rw(Wk) ≤ Cwτ

√
d, where Cw is an absolute constant. Substituting this into (42):

Ru(Wk) ≤ Bx(Cwτ
√
d).

Defining the absolute constant Cu := BxCw completes the proof. Note that since Bx is a fixed property of
the dataset and Cw is independent of k, Cu is a valid absolute constant for the problem.

We an iteration k ∈ [K] and denote, for brevity,

Rw := Rw(Wk), Ru := Ru(Wk), ϕk := ϕmax(Wk), ψk := ψmax(Wk).

Then (34) becomes

ε1(Wk) = 2mnκ2R2
u +mn

(
κ2R2

u + κRw
)
ϕ2

k +mnκ2(R2
u + 1

)
ψ2

k. (43)

We now bound each of the three terms on the right-hand side using (35),(36).

(i) First term. Using R2
u ≤ C2

uτ
2d from (36), we get

2mnκ2R2
u ≤ 2mnκ2 · C2

uτ
2d

= (2C2
u)κ2τ2mnd = O

(
κ2τ2mnd

)
. (44)

(ii) Middle term.
mn
(
κ2R2

u + κRw
)
ϕ2

k = mnκ2R2
uϕ

2
k +mnκRwϕ

2
k.

For the κ2R2
uϕ

2
k component, we use R2

u ≤ C2
uτ

2d from (36):

mnκ2R2
uϕ

2
k ≤ mnκ2(C2

uτ
2d)ϕ2

k

= C2
uκ

2τ2mndϕ2
k = O

(
κ2τ2mndϕ2

k

)
. (45)
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For the κRwϕ
2
k component, we use Rw ≤ Cwτ

√
d from (35):

mnκRwϕ
2
k ≤ mnκ(Cwτ

√
d)ϕ2

k

= Cwκτmn
√
dϕ2

k = O
(
κτmn

√
dϕ2

k

)
. (46)

(iii) Last term. For the last term, using (36), it is true that R2
u + 1 ≤ C2

uτ
2d+ 1, so there exists a constant

C ′
u > 0 such that R2

u + 1 ≤ C ′
uτ

2d for big enough d.
Hence,

mnκ2(R2
u + 1

)
ψ2

k ≤ mnκ2(C ′
uτ

2d)ψ2
k

= C ′
uκ

2τ2mndψ2
k = O

(
κ2τ2mndψ2

k

)
. (47)

Combining (43) with (44), (45), (46), and (47), we obtain

ε1(Wk) ≤ O
(
κ2τ2mnd

)
+O

(
κ2τ2mndϕ2

k

)
+O

(
κτmn

√
dϕ2

k

)
+O

(
κ2τ2mndψ2

k

)
= O

(
κ2τ2mnd

)
+O

(
κ2τ2mnd(ϕ2

k + ψ2
k)
)

+O
(
κτmn

√
dϕ2

k

)
. (48)

We denote
ϕ̂max := max

k∈[K]
ϕmax(Wk), ψ̂max := max

k∈[K]
ψmax(Wk),

so that for each k,
ϕ2

k ≤ ϕ̂2
max, ψ2

k ≤ ψ̂2
max.

Substituting these into (48) yields

ε1(Wk) ≤ O
(
κ2τ2mnd

)
+O

(
κ2τ2mnd(ϕ̂2

max + ψ̂2
max)

)
+O

(
κτmn

√
dϕ̂2

max
)
, ∀k ∈ [K]. (49)

Taking the maximum over k ∈ [K] does not change the right-hand side, so

ε1 := max
k∈[K]

ε1(Wk) ≤ O
(
κ2τ2mnd

)
+O

(
κ2τ2mnd(ϕ̂2

max + ψ̂2
max)

)
+O

(
κτmn

√
dϕ̂2

max
)
. (50)

or equivalently:
ε1 ≤ O

(
κ2τ2mnd(ϕ̂2

max + ψ̂2
max + 1)

)
+O

(
κτmn

√
dϕ̂2

max
)

(51)

Matching Corollary 5.4 with Assumption 5.1(9), we read off

ε3(W) = O
(σmax(X)ϕmax(W)√

m

)
and

ε2(W) = O
(
(nκ2B2

xRw + nκRu
√
d)ϕmax(W)

)
+O

(
nκRuψmax(W) + κ2√mB2

xRw
)
. (52)

Using ∥xi∥2 ≤ 1 from Assumption 3.1, we have Bx ≤ 1. On the NTK event, for all k ∈ [K] we have the
uniform bounds

Rw(Wk) ≤ Cwτ
√
d, Ru(Wk) ≤ Cuτ

√
d,

for some absolute constants Cw, Cu > 0 (cf. the bounds proved earlier for Rw and Ru). Substituting these
into (52) yields:

ε2(Wk) ≤ O
((
nκ2Cwτ

√
d+ nκCuτ

√
d
√
d
)
ϕmax(Wk)

)
+O

(
nκCuτ

√
dψmax(Wk) + κ2√mCwτ

√
d
)

= O
(
nκ2τ

√
dϕmax(Wk)

)
+O

(
nκτdϕmax(Wk)

)
+O

(
nκτ
√
dψmax(Wk)

)
+O

(
κ2τ
√
md
)
. (53)
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Since d ≥ 1, we have
√
d ≤ d, and hence each term containing

√
d can be upper bounded by the corresponding

expression with d in place of
√
d. Therefore,

ε2(Wk) ≤ O
(
nκ2τdϕmax(Wk)

)
+O

(
nκτdϕmax(Wk)

)
+O

(
nκτdψmax(Wk)

)
+O

(
κ2τ
√
md
)

≤ O
(
κτnd

(
ϕmax(Wk) + ψmax(Wk)

))
+O

(
κ2τd

(
nϕmax(Wk) +

√
m
))
. (54)

To obtain a uniform bound over the whole training trajectory, define

ϕ̂max := max
k∈[K]

ϕmax(Wk), ψ̂max := max
k∈[K]

ψmax(Wk).

Taking the maximum over k in (54) yields

ε2 := max
k∈[K]

ε2(Wk) ≤ O
(
κτnd(ϕ̂max + ψ̂max)

)
+O

(
κ2τd

(
nϕ̂max +

√
m
))
.

We can simplify ε2 further as:

O
(
κτnd(ϕ̂max + ψ̂max)

)
+O

(
κ2τd

(
nϕ̂max +

√
m
))

= O
(
κτnd(ϕ̂max + ψ̂max) + κ2τd

(
nϕ̂max +

√
m
))

= O
(
κτnd(ϕ̂max + ψ̂max) + κ2τdnϕ̂max + κ2τd

√
m
)

≤ O
(
κτnd(ϕ̂max + ψ̂max) + κτdn(ϕ̂max + ψ̂max) + κ2τd

√
m
)

= O
(
2κτnd(ϕ̂max + ψ̂max) + κ2τd

√
m
)

Thus,
ε2 ≤ O

(
κτnd(ϕ̂max + ψ̂max)

)
+O

(
κ2τd

√
m
)

(55)

Theorem 5.2 requires ε2 to satisfy, for some absolute constant c0 > 0,

ε2 ≤ c0
δλ0

nK2 (56)

Combining (55) and (56), we get that the following inequality must hold:

C1κτnd
(
ϕ̂max + ψ̂max

)
+ C2κ

2τd
√
m ≤ c0

δλ0

nK2 . (57)

Let us denote
a := C1κτnd

(
ϕ̂max + ψ̂max

)
, b := C2κ

2τd
√
m, R := c0

δλ0

nK2 .

Then (57) can be written as a+ b ≤ R.

A sufficient way to enforce this inequality is to require that each term a and b is at most R/2:

a ≤ R

2 , b ≤ R

2 (58)

Indeed, if (58) holds, then
a+ b ≤ R

2 + R

2 = R,

so (57) is automatically satisfied.

Imposing a ≤ R/2 yields:
C1κτnd

(
ϕ̂max + ψ̂max

)
≤ c0

2
δλ0

nK2 .
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Thus,
κ ≤ κlin2 := c0

2C1

δλ0

τn2dK2
(
ϕ̂max + ψ̂max

) . (59)

Similarly, imposing b ≤ R/2 gives:

C2κ
2τd
√
m ≤ c0

2
δλ0

nK2 ⇒

κ2 ≤ c0

2C2

δλ0

τd
√
mnK2

and therefore

κ ≤ κquad2 :=
√

c0

2C2

√
δλ0

τd
√
mnK2 . (60)

To ensure (56) holds, it is sufficient that (59) and (60) both hold. Equivalently,

κ ≤ min{κlin2 , κquad2}.

In big-O notation we may write this as

κ = O

(
δλ0

τn2dK2(ϕ̂max + ψ̂max)

)
and κ = O

(√
δλ0

τd
√
mnK2

)
. (61)

Similarly, for ε1 the general stochastic convergence theorem requires that

ε1 ≤ c1
δm

nK4 , (4)

for some absolute constant c1 > 0.

Combining (51) and (4) we get that the following must hold:

O
(
κ2τ2mnd(ϕ̂2

max + ψ̂2
max + 1)

)
+O

(
κτmn

√
dϕ̂2

max
)
≤ c1

δm

nK4 ⇒

Caκ
2τ2nd

(
ϕ̂2

max + ψ̂2
max + 1

)
+ Cbκτn

√
dϕ̂2

max ≤ c1
δ

nK4 .

Similarly, we impose

Caκ
2τ2nd

(
1 + ϕ̂2

max + ψ̂2
max
)
≤ c1

2
δ

nK4 ⇒

κ2 ≤ c1

2Ca

δ

τ2n2dK4
(
ϕ̂2

max + ψ̂2
max + 1

) ⇒
κ ≤ κquad1 :=

√
c1

2Ca
·

√
δ

τn
√
dK2

√
ϕ̂2

max + ψ̂2
max + 1

. (62)

and

Cbκτn
√
dϕ̂2

max ≤
c1

2
δ

nK4 ⇒

κ ≤ κlin1 := c1

2Cb

δ

τn2
√
dK4ϕ̂2

max
. (63)

Thus, the ε1 requirement (4) is guaranteed whenever

κ ≤ min
{
κquad1 , κlin1

}
.
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Combining all constraints from ε1 and ε2, we see that a sufficient set of conditions is
κ ≤ min

{
κlin1 , κquad1 , κlin2 , κquad2

}
.

Equivalently, in big-O notation,

κ = O

(
min

{
δλ0

τn2dK2(ϕ̂max + ψ̂max)
,

δ

τn2
√
dK4ϕ̂2

max
,

√
δλ0

τd
√
mnK2 ,

√
δ

τ2n2dK4(ϕ̂2
max + ψ̂2

max + 1)

})
.

(64)
Instead of carrying this minimum in the theorem statement, we define a slightly more restrictive but cleaner
condition that implies all of the above bounds:

κ = O

( √
δλ0

τ2K2
(
m1/4

√
d+ nd

)(
ϕ̂max + ψ̂max

)) . (65)

For ε3, we combine (9) and (5.4) which yields that:

ε3 = O
(σmax(X)ϕmax√

m

)
We assume that

σmax(X)ϕ̂max ≤ Cλ0/
√
n

for some constant C > 0 (assumption (15)), and therefore

ε3 ≤ O
( λ0√

mn

)
, (66)

which is exactly the form required in Theorem 5.2.

Theorem 5.2 includes the factor

O

(
mn

λ2
0
· ε2

2 + ε1

)
(55),(50)=

So we study the quantity mn
λ2

0
· ε2

2.
mn

λ2
0
· ε2

2 = mn

λ2
0
·
(
κ2τ2n2d2(ϕ̂max + ψ̂max)2 + κ4τ2d2m

)
≤ 2
λ2

0
κ2τ2n3d2m(ϕ̂2

max + ψ̂2
max) + 1

λ2
0
κ4τ2d2m2n

= O
(
κτ2mn3d2(ϕ̂2

max + ψ̂2
max
))

+O
(
κ2τ2m2nd2) (67)

because (a+ b)2 ≤ 2(a2 + b2) and κ4 ≤ κ2 ≤ κ for κ ≤ 1

Furthermore,
ε1 = O

(
κ2τ2mnd

)
+O

(
κ2τ2mnd(ϕ̂2

max + ψ̂2
max)

)
+O

(
κτmn

√
dϕ̂2

max
)

≤ O
(
κ2τ2m2nd2)+O

(
κτ2mn3d2(ϕ̂2

max + ψ̂2
max)

)
+O

(
κτmn

√
dϕ̂2

max
)

(68)
Comment:

Tried bounding O
(
κτmn

√
dϕ̂2

max
)

in the term O
(
κτ2mn3d2(ϕ̂2

max + ψ̂2
max)

)
as ϕ̂2

max ≤ ϕ̂2
max + ψ̂2

max and√
d ≤ d2 (since in our case it definitely holds that d > 1) but it does not necessarily hold that τ ≤ τ2

Therefore,

O

(
mn

λ2
0
· ε2

2 + ε1

)
(68),(67)= O

(
κ2τ2m2nd2)+O

(
κτ2mn3d2(ϕ̂2

max + ψ̂2
max)

)
+O

(
κτmn

√
dϕ̂2

max
)

Thus, the expected loss is bounded by:

E[L(WK)] ≤
(

1− ηλ0

2

)K

L(W0) +O
(
κ2τ2m2nd2)+O

(
κτ2mn3d2(ϕ̂2

max + ψ̂2
max)

)
+O

(
κτmn

√
dϕ̂2

max
)
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C.2.1 Proof of Corollary 5.3

Proof. By Theorem 4.2, we have that

|EC [LC (θ)]− L (θ)| ≤
∣∣∣∣∣12

n∑
i=1

((
f̂ (θ,xi)− yi

)2
− (f (W,xi)− yi)2

)∣∣∣∣∣︸ ︷︷ ︸
T1

+ κ2

2m

n∑
i=1

∥∥∥∥∥
m∑

r=1
ar (wr ⊙ xi) Φ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

)∥∥∥∥∥
2

2︸ ︷︷ ︸
T2

+mn
(
κ2R2

uψ
2
max +

(
κ2R2

u + κRw
)
ϕ2

max
)

Now, we can bound T1 and T2 separately. For T1, we have

∣∣∣∣∣12
n∑

i=1

((
f̂ (θ,xi)− yi

)2
− (f (W,xi)− yi)2

)∣∣∣∣∣
≤ 1

2

n∑
i=1

((
f̂ (θ,xi)− f (W,xi)

)2
+ 2

∣∣∣(f̂ (θ,xi)− f (W,xi)
)(

f̂ (θ,xi)− f (W,xi)
)∣∣∣)

≤
n∑

i=1

(
f̂ (θ,xi)− f (W,xi)

)2
+ L (θ)

Here, we can bound f̂ (W,xi)− f (W,xi) as

∣∣∣f̂ (W,xi)− f (W,xi)
∣∣∣ ≤ 1√

m

m∑
r=1

∣∣σ̂ (wr,xi)− σ
(
w⊤

r xi

)∣∣
≤ 1√

m

m∑
r=1

∣∣w⊤
r xi

∣∣ (I{w⊤
r xi ≥ 0

}
−Φ1

(
w⊤

r xi

κ ∥wr ⊙ xi∥2

))

≤ 1√
m

m∑
r=1

∣∣w⊤
r xi

∣∣ exp
(
−

(
w⊤

r xi

)2

2κ2 ∥wr ⊙ xi∥2

)

≤ 1√
m

m∑
r=1

ψ

(
w⊤

r xi

2κ ∥w⊤
r xi∥2

)
≤
√
mψmax

where in the third inequality we used Lemma D.4. Therefore, T1 can be bounded as

T1 ≤ L (θ) +mnψmax

For T2, we an bound it as

T2 ≤ 2κ2
n∑

i=1

m∑
r=1
∥wr ⊙ xi∥ ≤ 2κ2mnR2

u

Plugging in T1 and T2 gives the desired result.
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C.2.2 Proof of Corollary 5.4

Proof. By Theorem 4.9, we have that

∥EC [∇wrL (θ)]−∇wrL (θ)∥2 =
∥∥∥∥∥gr + 3κ2

√
m

m∑
r′=1

ar′Diag (xi)2 wr′I
{

w⊤
r xi ≥ 0; w⊤

r′xi ≥ 0
}∥∥∥∥∥

2

≤ ∥gr∥2 + 3κ2
√
m

m∑
r′=1

∥∥∥ar′Diag (xi)2 wr′I
{

w⊤
r xi ≥ 0; w⊤

r′xi ≥ 0
}∥∥∥

2

≤ ∥gr∥2 + 3κ2
√
m

m∑
r′=1
∥xi∥2

∞ ∥wr∥2

≤
(
σmax (X)√

m
L (θ)

1
2 + 6nκ2B2

xRw + 5nκRu
√
d

)
ϕmax

+ 6nκRuψmax + 3κ2√mB2
xRw

Theorem 4.9 states that the norm ∥gr∥2 satisfies

∥gr∥2 ≤
(

6nκ2B2
xRw + 5nκRu

√
d
)
ϕmax + σmax (X)√

m
ϕmaxL (θ)

1
2 + 6nκRuψmax

Moreover, by Assumption 3.1, we have that ∥x∥∞ ≤ Bx. Therefore, we obtain that

∥EC [∇wr
L (θ)]−∇wr

L (θ)∥2 ≤
(
σmax (X)√

m
L (θ)

1
2 + 6nκ2B2

xRw + 5nκRu
√
d

)
ϕmax

+ 6nκRuψmax + 3κ2√mB2
xRw

C.2.3 Proof of Lemma D.21

Proof. By the form of ∇wr
LC (W) in (2), we have:

∥∇wr
LC (W)∥2 =

∥∥∥∥∥∥∥
ar√
m

n∑
i=1

(f (W,xi ⊙ ci)− yi) (xi ⊙ ci) I
{

w⊤
r (xi ⊙ ci) ≥ 0

}︸ ︷︷ ︸
≤1

∥∥∥∥∥∥∥
2

≤ |ar|√
m

n∑
i=1
|f (W,xi ⊙ ci)− yi| · ∥xi ⊙ ci∥2

≤
√
n√
m

(
n∑

i=1
(f (W,xi ⊙ ci)− yi)2

)1/2

· ∥ci∥∞∥xi∥2 using D.20

≤ C
√
n√
m

(2LC (W))1/2 using ∥ci∥∞ ≤ C and ∥xi∥2 ≤ 1

≤ C
√

2
√
n√
m
LC (W)1/2

where, in the first inequality, we use the fact that the indicator function is upper-bounded by 1 and in the
second inequality, we use the fact that ar = ±1.

and so,

∥∇wr
LC (W)∥2

2 ≤ 2C2 · n
m
LC (W)
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D Auxiliary Results

D.1 Gaussian Random Variables

D.1.1 Conditional Expectation and Covariance

Lemma D.1. Let c ∼ N
(
µ, κ2I

)
, and let z = c⊤u, z′ = c⊤v. Then we have that

Ec [c | z] = µ + u
∥u∥2

2

(
z − µ⊤u

)
; Ec [c | z, z′] = µ + s1

(
z − µ⊤u

)
+ s2

(
z′ − µ⊤v

)
where the vectos s1, s2 are defined as

s1 = ∥v∥2
2 u− u⊤v · v

∥u∥2
2 ∥v∥

2
2 − (u⊤v)2 ; s2 = ∥u∥2

2 v− u⊤v · u
∥u∥2

2 ∥v∥
2
2 − (u⊤v)2

Proof. By the formula of conditional expectation, we have

Ec [c | z] = E[c] + Cov (c, z) Var (z)−1 (z − E[z])

By the definition of c, we have E[c] = µ. Moreover, since z = c⊤u, by Lemma D.13, we have E[z] = µ⊤u
and Var (z) = κ2 ∥u∥2

2. Therefore, the covariance between c and z is given by

Cov (c, z) = E[(c− µ) (z − ⟨µ,v⟩)] = E [zc]− µ ⟨µ,v⟩

where

E[zc]j =
d∑

j′=1
E[cjcj′uj′ ] =

d∑
j′=1

(
µjµj′ + I{j = j′}κ2)uj′ = µjµ⊤u + κ2uj

This gives
E[zc] = µ⊤u · µ + κ2u

Therefore
Ec [c | z] = µ + u

∥u∥2
2

(
z − µ⊤u

)
Similarly, since z′ = c⊤v. Then

Ec [c | z, z′] = E[c] + Cov (c, [z, z′]) Cov (z, z′)−1 ([z, z′]⊤ − E[[z, z′]]⊤
)

where
Cov (c, [z, z′]) = κ2

[
u
v

]
; Cov (z, z′) = κ2

[
∥u∥2

2 u⊤v
u⊤v ∥v∥2

2

]
This gives

Ec [c | z, z′] = µ +
[
u
v

] [
∥u∥2

2 u⊤v
u⊤v ∥v∥2

2

]−1 [
z − µ⊤u
z′ − µ⊤v

]
= µ + 1

∥u∥2
2 ∥v∥

2
2 − (u⊤v)2

[
u
v

] [
∥v∥2

2 −u⊤v
−u⊤v ∥u∥2

2

]−1 [
z − µ⊤u
z′ − µ⊤v

]

= µ +

(
∥v∥2

2 u− u⊤v · v
) (
z − µ⊤u

)
+
(
∥u∥2

2 v− u⊤v · u
) (
z′ − µ⊤v

)
∥u∥2

2 ∥v∥
2
2 − (u⊤v)2

= µ + s1
(
z − µ⊤u

)
+ s2

(
z′ − µ⊤v

)
where the vectos s1, s2 are defined as

s1 = ∥v∥2
2 u− u⊤v · v

∥u∥2
2 ∥v∥

2
2 − (u⊤v)2 ; s2 = ∥u∥2

2 v− u⊤v · u
∥u∥2

2 ∥v∥
2
2 − (u⊤v)2
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Lemma D.2. Let c ∼ N
(
µ, κ2I

)
, and let z = c⊤u, z′ = c⊤v. Then we have

Cov (c | z, z′) = κ2I−
κ2 (uv⊤ − vu⊤)2

∥u∥2
2 ∥v∥

2
2 − (u⊤v)2

Proof. The conditional covariance of Gaussian random variables is given by

Cov (c | z, z′) = Cov (c)− Cov (c, [z, z′]) Cov (z, z′)−1 Cov (c, [z, z′])⊤

Recall that in the previos lemma we have computed

Cov (c, [z, z′]) = κ2
[
u
v

]
; Cov (z, z′) = κ2

[
∥u∥2

2 u⊤v
u⊤v ∥v∥2

2

]
Thus, we have

Cov (c | z, z′) = κ2I− κ2
[
u
v

] [
∥u∥2

2 u⊤v
u⊤v ∥v∥2

2

]−1 [
u v

]
= κ2I− κ2

∥u∥2
2 ∥v∥

2
2 − (u⊤v)2

[
u
v

] [
∥v∥2

2 −u⊤v
−u⊤v ∥u∥2

2

] [
u v

]
= κ2I−

κ2 (uv⊤ − vu⊤)2

∥u∥2
2 ∥v∥

2
2 − (u⊤v)2

D.1.2 Approximation of CDF

In approximation of the Gaussian CDF, we use the following property
Lemma D.3 (?). Let x ≥ 0 be given, then the following inequality holds

1
2

(
1− exp

(
−x

2

2

)) 1
2

≤ 1√
2π

∫ x

0
exp

(
− t

2

2

)
dt ≤ 1

2

(
1− exp

(
−2x2

π

)) 1
2

To start, we analyze the CDF of a single variable Gaussian random variable
Lemma D.4. Let Φ1 be the CDF of a standard Gaussian random variable. Then we have

|Φ1 (α)− I {α ≥ 0}| ≤ exp
(
−α

2

2

)

Proof. Let ν(x) = 1√
2π

∫ x

0 exp
(
− t2

2

)
dt for x ≥ 0. We study the case of α ≥ 0 and α < 0 separately. For

α ≥ 0, we have

Φ1 (α) = 1√
2π

∫ α

−∞
exp

(
− t

2

2

)
dt

= 1
2 + ν(α)

≥ 1
2 + 1

2

(
1− exp

(
−α

2

2

)) 1
2

≥ 1− exp
(
−α

2

2

)
= I {α ≥ 0} − exp

(
−α

2

2

)
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Since Φ1 ≤ 1 = I {α ≥ 0} when α ≥ 0, we must have that, for α ≥ 0, |Φ1 (α)− I {α ≥ 0}| ≤ exp
(
−α2

2

)
.

Similarly, for α < 0, we have

Φ1 (α) = 1√
2π

∫ α

−∞
exp

(
− t

2

2

)
dt

= 1
2 − ν(α)

≤ 1
2 −

1
2

(
1− exp

(
−α

2

2

)) 1
2

≤ exp
(
−α

2

2

)
= I {α ≥ 0}+ exp

(
−α

2

2

)

Since Φ1 ≥ 0 = I {α ≥ 0} when α < 0, we must have that, for α < 0, |Φ1 (α)− I {α ≥ 0}| ≤ exp
(
−α2

2

)
.

Lemma D.5. Let Φ2 (α1, α2, ρ) be the joint CDF of two standard Gaussian random variables with covariance
ρ at α1, α2. Then we have

|Φ2 (α1, α2, ρ)− I {α1 ≥ 0;α2 ≥ 0}| ≤ 2 exp
(
−min {α1, α2}2

2

)

Proof. Since z1, z2 are standard Gaussian random variables with covariance ρ, we have z1 | z2 = ζ ∼
N
(
ρζ, 1− ρ2). According to the definition of CDF,

Φ2 (α1, α2, ρ) =
∫ α2

−∞

∫ α1

−∞
fz1,z2 (ζ1, ζ2, ρ) dζ1dζ2

=
∫ α2

−∞

∫ α1

−∞
fz1|z2=ζ2 (ζ1) dζ1fz2 (ζ2) dζ2

Focusing on the inner integral, we substitute ζ ′ = ζ1−ρζ2√
1−ρ2

. Then we have dζ1 =
√

1− ρ2dζ ′. Thus

∫ α1

−∞
fz1|z2=ζ2 (ζ1) dζ1 = 1√

2π(1− ρ2)

∫ α1

−∞
exp

(
− (ζ1 − ρζ2)2

2(1− ρ2)

)
dζ1

= 1√
2π

∫ α1−ρζ2√
1−ρ2

−∞
exp

(
−ζ

′2

2

)
dζ ′

= Φ1

(
α1 − ρζ2√

1− ρ2

)

= I

{
α1 − ρζ2√

1− ρ2
≥ 0
}

+ ε

(
α1 − ρζ2√

1− ρ2

)

= I {α1 ≥ ρζ2}+ ε

(
α1 − ρζ2√

1− ρ2

)
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Where
∣∣∣∣ε(α1−ρζ2√

1−ρ2

)∣∣∣∣ ≤ exp
(
− (α1−ρζ2)2

2(1−ρ2)

)
. Therefore

Φ2 (α1, α2, ρ) =
∫ α2

−∞

(
I {α1 ≥ ρζ2}+ ε

(
α1 − ρζ2√

1− ρ2

))
fz2 (ζ2) dζ2

=
∫ α2

−∞
I {α1 ≥ ρζ2} fz2 (ζ2) dζ2︸ ︷︷ ︸

I1

+
∫ α2

−∞
ε

(
α1 − ρζ2√

1− ρ2

)
fz2 (ζ2) dζ2︸ ︷︷ ︸

I2

For I1, we have

I1 =
∫ α2

−∞
I {α1 ≥ ρζ2} fz2 (ζ2) dζ2

=
∫ min{α1

ρ ,α2}

−∞
fz2 (ζ2) dζ2

= Φ1

(
min

{
α1

ρ
, α2

})
= I

{
min

{
α1

ρ
, α2

}
≥ 0
}

+ ε

(
min

{
α1

ρ
, α2

})

Notice that, when α1 ≥ 0 and α2 ≥ 0, we must have min
{

α1
ρ , α2

}
≥ 0. Conversely, when min

{
α1
ρ , α2

}
≥ 0,

we must have that α1 ≥ 0 and α2 ≥ 0. Therefore I
{

min
{

α1
ρ , α2

}
≥ 0
}

= I {α1 ≥ 0;α2 ≥ 0}. Thus, we have

Φ2 (α1, α2, ρ) = I {α1 ≥ 0;α2 ≥ 0}+ ε

(
min

{
α1

ρ
, α2

})
+ I2

For I2, we have

|I2| ≤
∫ α2

−∞

∣∣∣∣∣ε
(
α1 − ρζ2√

1− ρ2

)∣∣∣∣∣ fz2 (ζ2) dζ2

≤
∫ α2

−∞
exp

(
− (α1 − ρζ2)2

2(1− ρ2)

)
fz2 (ζ2) dζ2

= 1√
2π

∫ α2

−∞
exp

(
− (α1 − ρζ2)2

2(1− ρ2) −
ζ2

2
2

)
dζ2

= 1√
2π

exp
(
−α

2
1

2

)∫ α2

−∞
exp

(
− (ζ2 − ρα1)2

2 (1− ρ2)

)
dζ2

≤ exp
(
−α

2
1

2

)

Moreover, since
∣∣∣ε(min

{
α1
ρ , α2

})∣∣∣ ≤ exp
(
− 1

2 min
{

α1
ρ , α2

}2
)

, we have that

|Φ2 (α1, α2, ρ)− I {α1 ≥ 0;α2 ≥ 0}| ≤ exp
(
−1

2 min
{
α1

ρ
, α2

}2
)

+ exp
(
−α

2
1

2

)

≤ exp
(
−min {α1, α2}2

2

)
+ exp

(
−α

2
1

2

)
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Exchanging α1 and α2, we have

|Φ2 (α1, α2, ρ)− I {α1 ≥ 0;α2 ≥ 0}| ≤ exp
(
−1

2 min
{
α1

ρ
, α2

}2
)

+ exp
(
−α

2
1

2

)

≤ exp
(
−min {α1, α2}2

2

)
+ exp

(
−α

2
2

2

)
Thus, we have

|Φ2 (α1, α2, ρ)− I {α1 ≥ 0;α2 ≥ 0}| ≤ 2 exp
(
−min {α1, α2}2

2

)

D.1.3 Uni-variate Coupled Expectation

Lemma D.6. let z1, z2 ∼ N (0, 1) with Cov (z1, z2) = ρ. Let a, b ∈ R. Define

T1 = exp
(
−a

2

2

)
Φ1

(
ρa− b√
1− ρ2

)
; T2 = exp

(
−b

2

2

)
Φ1

(
ρb− a√
1− ρ2

)

Then we have that

E [z1I {z1 ≥ a; z2 ≥ b}] = 1√
2π

(T1 + ρT2) ; E [z2I {z1 ≥ a; z2 ≥ b}] = 1√
2π

(T2 + ρT1)

Proof. Writing the expectation in integral form, we have that

E [z1I {z1 ≥ a; z2 ≥ b}] =
∫ ∞

b

∫ ∞

a

z1f (z1, z2) dz1dz2 =
∫ ∞

b

(∫ ∞

a

z1f (z1 | z2) dz1

)
f (z2) dz2

Since z1, z2 ∼ N (0, 1) with covariance ρ, we have that z1 | z2 ∼ N
(
ρz2, 1− ρ2). Therefore, let ρ′ = 1− ρ2,

we have

f (z1 | z2) = 1√
2πρ′ exp

(
− (z1 − ρz2)2

2ρ′

)
Thus, by Lemma D.14, we have that∫ ∞

a

z1f (z1 | z2) dz1 = 1√
2πρ′

∫ ∞

a

z1 exp
(
− (z1 − ρz2)2

2ρ′

)
dz1

= 1√
2πρ′

(
ρ′ exp

(
− (a− ρz2)2

2ρ′

)
+ ρz2

√
2πρ′Φ1

(
ρz2 − a√

ρ′

))

=
√
ρ′

2π exp
(
− (a− ρz2)2

2ρ′

)
+ ρz2Φ1

(
ρz2 − a√

ρ′

)
where we set κ =

√
ρ′ and µ = ρz2 in Lemma D.14. Plugging into the original integral gives

E [z1I {z1 ≥ a; z2 ≥ b}] =
∫ ∞

b

(√
ρ′

2π exp
(
− (a− ρz2)2

2ρ′

)
+ ρz2Φ1

(
ρz2 − a√

ρ′

))
f (z2) dz2

=
√
ρ′

2π

∫ ∞

b

exp
(
− (a− ρz2)2

2ρ′ − z2
2
2

)
dz2 + ρ

∫ ∞

b

z2Φ1

(
ρz2 − a√

ρ′

)
f (z2) dz2
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Notice that

exp
(
− (a− ρz2)2

2ρ′ − z2
2
2

)
= exp

(
−a

2 − 2ρaz2 + z2
2

2ρ′

)
= exp

(
− (z2 − ρa)2

2ρ′

)
· exp

(
−a

2

2

)
From a previous result, we have an identity for the conditional probability, which expresses the CDF term as
an integral:

Φ1

(
ρz2 − a√

1− ρ2

)
=
∫ ∞

a

f(z1 | z2)dz1 (69)

and so:

ρ

∫ ∞

b

z2Φ1

(
ρz2 − a√

1− ρ2

)
f(z2)dz2 = ρ

∫ ∞

b

z2

∫ ∞

a

f(z1 | z2)dz1f(z2)dz2

Moreover, by applying Lemma D.16, we have

E [z1I {z1 ≥ a; z2 ≥ b}] =
√
ρ′

2π exp
(
−a

2

2

)∫ ∞

b

exp
(
− (z2 − ρa)2

2ρ′

)
dz2 + ρ

∫ ∞

b

z2

∫ ∞

a

f(z1 | z2)dz1f(z2)dz2

= ρ′
√

2π
exp

(
−a

2

2

)∫ ∞

b

f (z2 | z1 = a) dz2 + ρ

∫ ∞

b

∫ ∞

a

z2 f(z1 | z2)f(z2)︸ ︷︷ ︸
f(z1,z2)

dz1dz2

= ρ′
√

2π
exp

(
−a

2

2

)
Φ1

(
ρa− b√
1− ρ2

)
+ ρE [z2I {z1 ≥ a; z2 ≥ b}]

Therefore, we can conclude that

E [z1I {z1 ≥ a; z2 ≥ b}]− ρE [z2I {z1 ≥ a; z2 ≥ b}] = ρ′
√

2π
exp

(
−a

2

2

)
Φ1

(
ρa− b√
1− ρ2

)
= ρ′
√

2π
T1 (70)

Switching z1, z2 and a, b gives

E [z2I {z1 ≥ a; z2 ≥ b}]− ρE [z1I {z1 ≥ a; z2 ≥ b}] = ρ′
√

2π
exp

(
−b

2

2

)
Φ1

(
ρb− a√
1− ρ2

)
= ρ′
√

2π
T2 (71)

Solving for E [z1I {z1 ≥ a; z2 ≥ b}] and E [z2I {z1 ≥ a; z2 ≥ b}] from (70) and (71) gives

E [z1I {z1 ≥ a; z2 ≥ b}] = 1√
2π

(T1 + ρT2) ; E [z2I {z1 ≥ a; z2 ≥ b}] = 1√
2π

(T2 + ρT1)

Lemma D.7. Let z1, z2 ∼ N (0, 1) with Cov (z1, z2) = ρ. Let a, b ∈ R. Define

T1 = exp
(
−a

2

2

)
Φ1

(
ρa− b√
1− ρ2

)
; T2 = exp

(
−b

2

2

)
Φ1

(
ρb− a√
1− ρ2

)

Then we have that

E
[
z2

1I {z1 ≥ a; z2 ≥ b}
]

= ρ
√

1− ρ2

2π exp
(
−a

2 − 2ρab+ b2

2 (1− ρ2)

)
+ Φ2 (−a,−b, ρ) + 1√

2π
(
aT1 + ρ2bT2

)
E
[
z2

2I {z1 ≥ a; z2 ≥ b}
]

= ρ
√

1− ρ2

2π exp
(
−a

2 − 2ρab+ b2

2 (1− ρ2)

)
+ Φ2 (−a,−b, ρ) + 1√

2π
(
bT2 + ρ2aT1

)
50



Under review as submission to TMLR

Proof. Again, we write the expectation in the integral form to get that

E
[
z2

1I {z1 ≥ a; z2 ≥ b}
]

=
∫ ∞

b

∫ ∞

a

z2
1f (z1, z2) dz1dz2 =

∫ ∞

b

(∫ ∞

a

z2
1f (z1 | z2) dz1

)
f (z2) dz2

Since z1, z2 ∼ N (0, 1) with Cov (z1, z2) = ρ, we have that z1 | z2 ∼ N
(
ρz2, 1− ρ2). Define ρ′ = 1− ρ2. By

Lemma D.15, we have that∫ ∞

a

z2
1f (z1 | z2) dz1 = 1√

2πρ′

∫ ∞

a

z2
1 exp

(
− (z1 − ρz2)2

2ρ′

)
dz1

= 1√
2πρ′

(
ρ′ (a+ ρz2) exp

(
− (a− ρz2)2

2ρ′

)
+
√

2πρ′
(
ρ′ + ρ2z2

2
)

Φ1

(
ρz2 − a√

ρ′

))

= ρ2z2
2Φ1

(
ρz2 − a√

ρ′

)
+ ρz2

√
ρ′

2π exp
(
− (a− ρz2)2

2ρ′

)

+ a

√
ρ′

2π exp
(
− (a− ρz2)2

2ρ′

)
+ ρ′Φ1

(
ρz2 − a√

ρ′

)
where we set κ =

√
ρ′ and µ = ρz2 in Lemma D.15. Therefore, we have

E
[
z2

1I {z1 ≥ a; z2 ≥ b}
]

= ρ2
∫ ∞

b

z2
2Φ1

(
ρz2 − a√

ρ′

)
f (z2) dz2

+ ρ

√
ρ′

2π

∫ ∞

b

z2 exp
(
− (a− ρz2)2

2ρ′

)
f (z2) dz2

+ a

√
ρ′

2π

∫ ∞

b

exp
(
− (a− ρz2)2

2ρ′

)
f (z2) dz2

+ ρ′
∫ ∞

b

Φ1

(
ρz2 − a√

ρ′

)
f (z2) dz2

To start, by Lemma D.16, we have

Φ1

(
ρz2 − a√

ρ′

)
f (z2) =

∫ ∞

a

f (z1 | z2) f (z2) dz1 =
∫ ∞

a

f (z1, z2) dz1

Therefore, for the first term, we have∫ ∞

b

z2
2Φ1

(
ρz2 − a√

ρ′

)
f (z2) dz2 =

∫ ∞

b

∫ ∞

a

z2
2f (z1, z2) dz2 = E

[
z2

2I {z1 ≥ a; z2 ≥ b}
]

For the last term, we have∫ ∞

b

Φ1

(
ρz2 − a√

ρ′

)
f (z2) dz2 =

∫ ∞

b

∫ ∞

a

f (z1, z2) dz1dz2 = Φ2 (−a,−b, ρ)

Next, we notice that

exp
(
− (a− ρz2)2

2ρ′

)
f (z2) = 1√

2π
exp

(
−a

2 − 2ρaz2 + z2
2

2ρ′

)
= 1√

2π
exp

(
−a

2

2

)
exp

(
− (z2 − ρa)2

2ρ′

)
Therefore, for the second term, we apply Lemma D.14 to get that∫ ∞

b

z2 exp
(
− (a− ρz2)2

2ρ′

)
f (z2) dz2 = 1√

2π
exp

(
−a

2

2

)∫ ∞

b

z2 exp
(
− (z2 − ρa)2

2ρ′

)
dz2

= 1√
2π

exp
(
−a

2

2

)(
ρ′ exp

(
− (ρa− b)2

2ρ′

)
+
√

2πρ′ρaΦ1

(
ρa− b√

ρ′

))

= ρ′
√

2π
exp

(
−a

2 − 2ρab+ b2

2ρ′

)
+ ρa

√
ρ′ exp

(
−a

2

2

)
Φ1

(
ρa− b√

ρ′

)
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where we set κ =
√
ρ′ and µ = ρa in Lemma D.14. For the third term, we have∫ ∞

b

exp
(
− (a− ρz2)2

2ρ′

)
f (z2) dz2 = 1√

2π
exp

(
−a

2

2

)∫ ∞

b

exp
(
− (z2 − ρa)2

2ρ′

)
dz2

=
√
ρ′ exp

(
−a

2

2

)∫ ∞

b

f (z2 | z1 = a) dz2

=
√
ρ′ exp

(
−a

2

2

)
Φ1

(
ρa− b√

ρ′

)
Combining all four terms gives

E
[
z2

1I {z1 ≥ a; z2 ≥ b}
]

= ρ

√
ρ′

2π

(
ρ′
√

2π
exp

(
−a

2 − 2ρab+ b2

2ρ′

)
+ ρa

√
ρ′ exp

(
−a

2

2

)
Φ1

(
ρa− b√

ρ′

))
+ a

√
ρ′

2π ·
√
ρ′ exp

(
−a

2

2

)
Φ1

(
ρa− b√

ρ′

)
+ ρ2E

[
z2

2I {z1 ≥ a; z2 ≥ b}
]

+ ρ′Φ2 (−a,−b, ρ)

= ρ′ 3
2 ρ

2π exp
(
−a

2 − 2ρab+ b2

2ρ′

)
+ ρ′a√

2π
(
ρ2 + 1

)
exp

(
−a

2

2

)
Φ1

(
ρa− b√

ρ′

)
+ ρ2E

[
z2

2I {z1 ≥ a; z2 ≥ b}
]

+ ρ′Φ2 (−a,−b, ρ)

Therefore, we can conclude that

E
[
z2

1I {z1 ≥ a; z2 ≥ b}
]
− ρ2E

[
z2

2I {z1 ≥ a; z2 ≥ b}
]

= ρ′ 3
2 ρ

2π exp
(
−a

2 − 2ρab+ b2

2ρ′

)
+ ρ′a√

2π
(
ρ2 + 1

)
T1 + ρ′Φ2 (−a,−b, ρ)

E
[
z2

2I {z1 ≥ a; z2 ≥ b}
]
− ρ2E

[
z2

1I {z1 ≥ a; z2 ≥ b}
]

= ρ′ 3
2 ρ

2π exp
(
−a

2 − 2ρab+ b2

2ρ′

)
+ ρ′b√

2π
(
ρ2 + 1

)
T2 + ρ′Φ2 (−a,−b, ρ)

Solving for E
[
z2

1I {z1 ≥ a; z2 ≥ b}
]

and E
[
z2

2I {z1 ≥ a; z2 ≥ b}
]

gives

E
[
z2

1I {z1 ≥ a; z2 ≥ b}
]

= ρ
√
ρ′

2π exp
(
−a

2 − 2ρab+ b2

2ρ′

)
+ Φ2 (−a,−b, ρ) + 1√

2π
(
aT1 + ρ2bT2

)
E
[
z2

2I {z1 ≥ a; z2 ≥ b}
]

= ρ
√
ρ′

2π exp
(
−a

2 − 2ρab+ b2

2ρ′

)
+ Φ2 (−a,−b, ρ) + 1√

2π
(
bT2 + ρ2aT1

)
Write ρ′ = 1− ρ2 gives the desired result.

Lemma D.8. Let z1, z2 ∼ N (0, 1) with Cov (z1, z2) = ρ. Let a, b ∈ R. Define

T1 = exp
(
−a

2

2

)
Φ1

(
ρa− b√
1− ρ2

)
; T2 = exp

(
−b

2

2

)
Φ1

(
ρb− a√
1− ρ2

)

Then we have that

E [z1z2I {z1 ≥ a; z2 ≥ b}] =
√

1− ρ2

2π exp
(
−a

2 − 2ρab+ b2

2 (1− ρ2)

)
+ ρΦ2 (−a,−b, ρ) + ρ√

2π
(aT1 + bT2)

Proof. To start, we write out the integral form of the expectation as

E [z1z2I {z1 ≥ a; z2 ≥ b}] =
∫ ∞

b

∫ ∞

a

z1z2f (z1, z2) dz1dz2 =
∫ ∞

b

(∫ ∞

a

z1f (z1 | z2) dz1

)
z2f (z2) dz2
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Since z1, z2 ∼ N (0, 1) with covariance ρ, we have that z1 | z2 ∼ N
(
ρz2, 1− ρ2). Therefore, let ρ′ = 1− ρ2,

we have

f (z1 | z2) = 1√
2πρ′ exp

(
− (z1 − ρz2)2

2ρ′

)
Thus, by Lemma D.14, we have that∫ ∞

a

z1f (z1 | z2) dz1 = 1√
2πρ′

∫ ∞

a

z1 exp
(
− (z1 − ρz2)2

2ρ′

)
dz1

= 1√
2πρ′

(
ρ′ exp

(
− (a− ρz2)2

2ρ′

)
+ ρz2

√
2πρ′Φ1

(
ρz2 − a√

ρ′

))

=
√
ρ′

2π exp
(
− (a− ρz2)2

2ρ′

)
+ ρz2Φ1

(
ρz2 − a√

ρ′

)
where we set κ =

√
ρ′ and µ = ρz2. Therefore

E [z1z2I {z1 ≥ a; z2 ≥ b}] =
∫ ∞

b

(√
ρ′

2π exp
(
− (a− ρz2)2

2ρ′

)
+ ρz2Φ1

(
ρz2 − a√

ρ′

))
z2f (z2) dz2

=
√
ρ′

2π

∫ ∞

b

z2 exp
(
− (a− ρz2)2

2ρ′

)
f (z2) dz2 + ρ

∫ ∞

b

z2
2Φ1

(
ρz2 − a√

ρ′

)
f (z2) dz2

To start, by Lemma D.16, we have

Φ1

(
ρz2 − a√

ρ′

)
f (z2) =

∫ ∞

a

f (z1 | z2) dz1f (z2) =
∫ ∞

a

f (z1, z2) dz1

Therefore, for the second term, we have∫ ∞

b

z2
2Φ1

(
ρz2 − a√

ρ′

)
f (z2) dz2 =

∫ ∞

b

∫ ∞

a

z2
2f (z1, z2) dz1dz2 = E

[
z2

2I {z1 ≥ a; z2 ≥ b}
]

For the first term, we have

exp
(
− (a− ρz2)2

2ρ′

)
f (z2) = 1√

2π
exp

(
−z

2
2 − 2ρaz2 + a2

2ρ′

)
= 1√

2π
exp

(
−a

2

2

)
exp

(
− (z2 − ρa)2

2ρ′

)
Therefore, by Lemma D.14, the first term can be written as∫ ∞

b

z2 exp
(
− (a− ρz2)2

2ρ′

)
f (z2) dz2 = 1√

2π
exp

(
−a

2

2

)∫ ∞

b

z2 exp
(
− (z2 − ρa)2

2ρ′

)
dz2

= 1√
2π

exp
(
−a

2

2

)(
ρ′ exp

(
− (ρa− b)2

2ρ′

)
+
√

2πρ′ρaΦ1

(
ρa− b√

ρ′

))

= ρ′
√

2π
exp

(
−a

2 − 2ρab+ b2

2ρ′

)
+ ρa

√
ρ′ exp

(
−a

2

2

)
Φ1

(
ρa− b√

ρ′

)
where we set κ =

√
ρ′ and µ = ρa in Lemma D.14. Combining the two terms, we have

E [z1z2I {z1 ≥ a; z2 ≥ b}] =
√
ρ′

2π

(
ρ′
√

2π
exp

(
−a

2 − 2ρab+ b2

2ρ′

)
+ ρa

√
ρ′ exp

(
−a

2

2

)
Φ1

(
ρa− b√

ρ′

))
+ ρE

[
z2

2I {z1 ≥ a; z2 ≥ b}
]

= ρ′ 3
2

2π exp
(
−a

2 − 2ρab+ b2

2ρ′

)
+ aρρ′
√

2π
T1 + ρE

[
z2

2I {z1 ≥ a; z2 ≥ b}
]
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From Lemma D.7, we have that

E
[
z2

2I {z1 ≥ a; z2 ≥ b}
]

= ρ
√
ρ′

2π exp
(
−a

2 − 2ρab+ b2

2ρ′

)
+ Φ2 (−a,−b, ρ) + 1√

2π
(
bT2 + ρ2aT1

)
Therefore

E [z1z2I {z1 ≥ a; z2 ≥ b}] =
√
ρ′

2π exp
(
−a

2 − 2ρab+ b2

2ρ′

)
+ ρΦ2 (−a,−b, ρ) + ρ√

2π
(aT1 + bT2)

Write ρ′ = 1− ρ2 gives the desired result.

Lemma D.9. Let z1 ∼ N
(
µ1, κ

2
1
)

and z2 ∼ N
(
µ2, κ

2
2
)
, with Cov (z1, z2) = κ1κ2ρ. Let a, b ∈ R. Then we

have

E [z1z2I {z1 ≥ a; z2 ≥ b}] = (µ1µ2 + κ1κ2ρ) Φ
(
µ1 − a
κ1

,
µ2 − b
κ2

, ρ

)
+ κ1κ2

2π exp
(
− 1

2 (1− ρ2)

(
(µ1 − a)2

κ2
1

− 2ρ
κ1κ2

(µ1 − a) (µ2 − b) + (µ2 − b)2

κ2
2

))

+ 1√
2π

((κ2ρa+ κ1µ2)T1 + (κ1ρb+ κ2µ1)T2)

Here T1, T2 are defined as

T1 = exp
(
− (a− µ1)2

2κ2
1

)
Φ1

(
1√

1− ρ2

(
ρ (a− µ1)

κ1
− b− µ2

κ2

))

T2 = exp
(
− (b− µ2)2

2κ2
2

)
Φ1

(
1√

1− ρ2

(
ρ (b− µ2)

κ2
− a− µ1

κ1

))

Proof. Let ẑ1 = z1−µ1
κ1

and ẑ1 = z2−µ2
κ2

. Then we have ẑ1, ẑ2 ∼ N (0, 1). Moreover,

Cov (ẑ1, ẑ2) = E [ẑ1ẑ2] = 1
κ1κ2

E [(z1 − µ1) (z2 − µ2)] = ρ

Since z1 = κ1ẑ1 + µ1 and z2 = κ2ẑ2 + µ2, we have

E [z1z2I {z1 ≥ a; z2 ≥ b}] = E
[
(κ1ẑ1 + µ1) (κ2ẑ2 + µ2) I

{
ẑ1 ≥

a− µ1

κ1
; ẑ2 ≥

b− µ2

κ2

}]
= κ1κ2E

[
ẑ1ẑ2I

{
ẑ1 ≥ â; ẑ2 ≥ b̂

}]
+ µ1µ2E

[
I
{
ẑ1 ≥ â; ẑ2 ≥ b̂

}]
+ κ1µ2E

[
ẑ1I
{
ẑ1 ≥ â; ẑ2 ≥ b̂

}]
+ κ2µ1E

[
ẑ2I
{
ẑ1 ≥ â; ẑ2 ≥ b̂

}]
where we re-defined â = a−µ1

κ1
and b̂ = b−µ2

κ2
. By Lemma D.16, Lemma D.6, and Lemma D.8, we have

E
[
ẑ1I
{
ẑ1 ≥ â; ẑ2 ≥ b̂

}]
= 1√

2π
(T1 + ρT2) ; E

[
ẑ2I
{
ẑ1 ≥ â; ẑ2 ≥ b̂

}]
= 1√

2π
(T2 + ρT1)

E
[
ẑ1ẑ2I

{
ẑ1 ≥ â; ẑ2 ≥ b̂

}]
=
√

1− ρ2

2π exp
(
− â

2 − 2ρâb̂+ b̂2

2 (1− ρ2)

)
+ ρΦ2

(
−â,−b̂, ρ

)
+ ρ√

2π

(
âT1 + b̂T2

)
and E

[
I
{
ẑ1 ≥ â; ẑ2 ≥ b̂

}]
= Φ2

(
−â,−b̂, ρ

)
. Here, T1, T2 are defined as

T1 = exp
(
− â

2

2

)
Φ
(

ρâ− b̂√
1− ρ2

)
; T2 = exp

(
− b̂

2

2

)
Φ
(

ρb̂− â√
1− ρ2

)

Plugging in the value of â and b̂ gives the desired result.
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D.1.4 Multi-variate Coupled Expectation

Lemma D.10. Let c ∼ N
(
µ, κ2I

)
, and let u ∈ Rd. Define z = c⊤u. Then we have

E [cI {z ≥ 0}] = µΦ1

(
− µ⊤u
κ ∥u∥2

)
+ κ√

2π
exp

(
−
(
µ⊤u

)2

2κ2 ∥u∥2
2

)
· u
∥u∥2

Proof. According to the law of total expectation,

E
[
cI
{

c⊤u ≥ 0
}]

= Ez [Ec [cI {z ≥ 0} | z]] = Ez [Ec [c | z] I {z ≥ 0}]

By Lemma D.1, we have that Ec [c | z] = µ + u
∥u∥2

2

(
z − µ⊤u

)
. Therefore

E
[
cI
{

c⊤u ≥ 0
}]

= u
∥u∥2

2
Ez [zI {z ≥ 0}] +

(
µ− µ⊤u · u

∥u∥2
2

)
Ez [I {z ≥ 0}]

By definition, Ez [I {z ≥ 0}] = Pr (z ≥ 0) = 1− Pr (z ≤ 0). Since, by Lemma D.13, z ∼ N
(

µ⊤u, κ2 ∥u∥2
2

)
,

we have that
Pr (z ≤ 0) = Pr

(
z − µ⊤u
κ ∥u∥2

≤ −µ⊤u
∥u∥2

)
= Φ1

(
− µ⊤u
κ ∥u∥2

)
Moreover, let ẑ = z−µ⊤u

κ∥u∥2
, then we have

Ez [zI {z ≥ 0}] = Eẑ

[(
κ ∥u∥2 ẑ + µ⊤u

)
I
{
ẑ ≥ − µ⊤u

κ ∥u∥2

}]
= κ ∥u∥2 Eẑ

[
ẑI
{
ẑ ≥ − µ⊤u

κ ∥u∥2

}]
+ µ⊤uEz [z ≥ 0]

By the PDF of ẑ, we have

Eẑ [ẑI {z ≥ 0}] = 1√
2π

∫ ∞

a

z exp
(
−z

2

2

)
dz = − 1√

2π
exp

(
−z

2

2

)
|∞a = 1√

2π
exp

(
−a

2

2

)
Therefore

Ez [zI {z ≥ 0}] = κ ∥u∥2√
2π

exp
(
−
(
µ⊤u

)2

2κ2 ∥u∥2
2

)
+ µ⊤uEz [z ≥ 0]

Plugging in gives

E
[
cI
{

c⊤u ≥ 0
}]

= µΦ1

(
− µ⊤u
κ ∥u∥2

)
+ κ√

2π
exp

(
−
(
µ⊤u

)2

2κ2 ∥u∥2
2

)
· u
∥u∥2

Lemma D.11. Let c ∼ N
(
µ, κ2I

)
with κ ≤ 1. Let u,v be given, and let z1 = c⊤u, z2 = c⊤v. Then we have

that ∥∥∥∥Ec [cI {z1 ≥ 0}]− µΦ1

(
µ⊤u
κ ∥u∥2

)∥∥∥∥
∞
≤ κ ∥u∥2 exp

(
−
(
µ⊤u

)2

2κ2 ∥u∥2

)

Proof. Given the form of the conditional expectation, we have

Ec [cI {z1 ≥ 0}] =
∫ ∞

0
Ec [c | z1] f1(z1)dz1 =

∫ ∞

0

(
µ + u

∥u∥2
2

(
z1 − µ⊤u

))
f1(z1)dz1
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Since z1 = c⊤u, we must have that z1 ∼ N
(

µ⊤u, κ2 ∥u∥2
2

)
. Define z′ = z1−µ⊤u

κ∥u∥2
, then we have that

z1 = κ ∥u∥2 z
′ + µ⊤u

Ec [cI {z1 ≥ 0}] =
∫ ∞

−µ⊤u
κ∥u∥2

(µ+ κu · z′) f (z′) dz′

= µ ·
∫ µ⊤u

κ∥u∥2

−∞
f (z′) dz′ + κu ·

∫ µ⊤u
κ∥u∥2

−∞
z′f (z′) dz′

= µΦ1

(
µ⊤u
κ ∥u∥2

)
+ κu exp

(
−
(
µ⊤u

)2

2κ2 ∥u∥2

)

where in the last equality we applied Lemma D.14 with a = 0 and κ = 1 in the lemma. Therefore, we have
that ∥∥∥∥Ec [cI {z1 ≥ 0}]− µΦ1

(
µ⊤u
κ ∥u∥2

)∥∥∥∥
∞
≤ κ ∥u∥∞ exp

(
−
(
µ⊤u

)2

2κ2 ∥u∥2

)

Now, we shall dive into Ec
[
cc⊤I {z1 ≥ 0; z2 ≥ 0}

]
.

Lemma D.12. Let c ∼ N
(
µ, κ2I

)
with ∥µ∥2 ≥ 2 and κ ≤ 1. Let u,v be given, and let z1 = µ⊤u, z2 = µ⊤v.

Then we have that∥∥∥∥Ec
[
cc⊤I {z1 ≥ 0; z2 ≥ 0}

]
v−

(
µµ⊤v + 3κ2v

)
Φ1

(
µ⊤u

2κ ∥v∥2

)
Φ1

(
µ⊤v

2κ ∥v∥2

)∥∥∥∥ ≤ ∆

where ∆ is given by

∆ = 2κ ∥v∥2

(
∥µ∥2

(
ϕ

(
µ⊤u

2κ ∥u∥2

)
+ ϕ

(
µ⊤u

2κ ∥v∥2

))
+ ∥µ∥∞

(
ψ

(
µ⊤u

2κ ∥u∥2

)
+ ψ

(
µ⊤u

2κ ∥u∥2

)))
Proof. We have

Ec
[
cc⊤I {z1 ≥ 0; z2 ≥ 0}

]
=
∫

z1,z2≥0
Ec
[
cc⊤ | z1, z2

]
f (z1, z2) dz1dz2

Notice that
Ec
[
cc⊤ | z1, z2

]
= Cov (c | z1, z2) + E[c | z1, z2]E[c | z1, z2]⊤

By the form of Cov (c | z1, z2), we have

Cov (c | z1, z2) = κ2I−
κ2 (uv⊤ − vu⊤)2

∥v∥2
2 ∥u∥

2
2 − ⟨v,u⟩

2 := M

By the form of E[c | z1, z2] we have

E[c | z1, z2] = z1 · s1 + z2 · s2 + s3

where

s1 = ∥v∥2
2 u− ⟨u,v⟩v

∥v∥2
2 ∥u∥

2
2 − ⟨v,u⟩

2 ; s2 = ∥u∥2
2 v− ⟨u,v⟩u

∥v∥2
2 ∥u∥

2
2 − ⟨v,u⟩

2

s3 = µ−

(
∥v∥2

2 u− ⟨u,v⟩v
)
⟨µ,u⟩+

(
∥u∥2

2 v− ⟨u,v⟩u
)
⟨µ,v⟩

∥v∥2
2 ∥u∥

2
2 − ⟨v,u⟩

2
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Therefore

E [c | z1, z2]E [c | z1, z2]⊤ = (z1 · s1 + z2 · s2 + s3) (z1 · s1 + z2 · s2 + s3)⊤

Recall that we are interested in

Ec
[
cc⊤I {z1 ≥ 0; z2 ≥ 0}

]
=
∫

z1,z2≥0

(
Cov (c | z1, z2) + E[c | z1, z2]E[c | z1, z2]⊤

)
f(z1, z2)dz1dz2

Let

ẑ1 = z1 − µ⊤u
κ ∥u∥2

; ẑ2 = z1 − µ⊤v
κ ∥v∥2

Then we have

ẑ1, ẑ2 ∼ N (0, 1); Cov (ẑ1, ẑ2) = u⊤v
∥u∥2 ∥v∥2

:= ρ

Thus,

ẑ1 | ẑ2 = γ2 ∼ N
(
ργ2, 1− ρ2) ; ẑ2 | ẑ1 = γ1 ∼ N

(
ργ1, 1− ρ2)

Moreover,

E[c | z1, z2] = z1 · s1 + z2 · s2 + s3

=
(
κ ∥u∥2 ẑ1 + µ⊤u

)
s1 +

(
κ ∥v∥2 ẑ2 + µ⊤v

)
s2 + s3

Redefine

ŝ1 = κ ∥u∥2 s1; ŝ2 = κ ∥v∥2 s2; ŝ3 = µ⊤u · s1 + µ⊤v · s2 + s3 = µ

Then we have

E[c | z1, z2] = ŝ1ẑ1 + ŝ2ẑ2 + ŝ3

In this case, let f̂ be the joint PDF of ẑ1 and ẑ2, then we have

f̂ (ẑ1, ẑ2) = 1
2π
√

1− ρ2
exp

(
− 1

2(1− ρ2)
(
z2

1 − 2ρz1z2 + z2
2
))

= κ2 ∥u∥2 ∥v∥2

2πκ2 ∥u∥2 ∥v∥2
√

1− ρ2
exp

(
− 1

2(1− ρ2)
(
z2

1 − 2ρz1z2 + z2
2
))

= κ2 ∥u∥2 ∥v∥2 f (ẑ1, ẑ2)

57



Under review as submission to TMLR

Therefore, since dz1 = κ ∥u∥2 dẑ1, and dz2 = κ ∥v∥2 dẑ2, we have

Ec
[
cc⊤I {z1 ≥ 0; z2 ≥ 0}

]
=
∫

z1,z2≥0

(
Cov (c | z1, z2) + E[c | z1, z2]E[c | z1, z2]⊤

)
f(z1, z2)dz1dz2

=
∫ ∞

− µ⊤v
κ∥v∥2

∫ ∞

− µ⊤u
κ∥u∥2

(
Cov (c | z1, z2) + E[c | z1, z2]E[c | z1, z2]⊤

)
f̂(ẑ1, ẑ2)dẑ1dẑ2

= ŝ1ŝ⊤
1

∫ ∞

− µ⊤v
κ∥v∥2

∫ ∞

− µ⊤u
κ∥u∥2

ẑ2
1 f̂(ẑ1, ẑ2)dẑ1dẑ2︸ ︷︷ ︸

I1

+ ŝ2ŝ⊤
2

∫ ∞

− µ⊤v
κ∥v∥2

∫ ∞

− µ⊤u
κ∥u∥2

ẑ2
2 f̂(ẑ1, ẑ2)dẑ1dẑ2︸ ︷︷ ︸

I2

+
(
ŝ1ŝ⊤

2 + ŝ2ŝ⊤
1
) ∫ ∞

− µ⊤v
κ∥v∥2

∫ ∞

− µ⊤u
κ∥u∥2

ẑ1ẑ2f̂(ẑ1, ẑ2)dẑ1dẑ2︸ ︷︷ ︸
I3

+
(
ŝ1ŝ3 + ŝ3ŝ⊤

1
) ∫ ∞

− µ⊤v
κ∥v∥2

∫ ∞

− µ⊤u
κ∥u∥2

ẑ1f̂(ẑ1, ẑ2)dẑ1dẑ2︸ ︷︷ ︸
I4

+
(
ŝ2ŝ⊤

3 + ŝ3ŝ⊤
2
) ∫ ∞

− µ⊤v
κ∥v∥2

∫ ∞

− µ⊤u
κ∥u∥2

ẑ2f̂(ẑ1, ẑ2)dẑ1dẑ2︸ ︷︷ ︸
I5

+
(
ŝ3ŝ⊤

3 + M
) ∫ ∞

− µ⊤v
κ∥v∥2

∫ ∞

− µ⊤u
κ∥u∥2

f̂(ẑ1, ẑ2)dẑ1dẑ2︸ ︷︷ ︸
I6

Since our goal is to study the term Ec
[
cc⊤I {z1 ≥ 0; z2 ≥ 0}

]
v, we need to understand the terms I1 to I6,

as well as understanding the matrix-vector product in front of these terms. To start, under some standard
computation, we have

ŝ⊤
1 u = κ ∥u∥2 ·

∥v∥2
2 u⊤u− v⊤u · v⊤u
∥v∥2

2 ∥u∥
2
2 − (v⊤u)2 = κ ∥u∥2

ŝ⊤
1 v = κ ∥u∥2 ·

∥v∥2
2 u⊤v− v⊤u · v⊤v
∥v∥2

2 ∥u∥
2
2 − (v⊤u)2 = 0

ŝ⊤
2 u = κ ∥v∥2 ·

∥u∥2
2 v⊤u− v⊤u · u⊤u
∥v∥2

2 ∥u∥
2
2 − (v⊤u)2 = 0

ŝ⊤
2 v = κ ∥v∥2 ·

∥u∥2
2 v⊤v− v⊤u · u⊤v

∥v∥2
2 ∥u∥

2
2 − (v⊤u)2 = κ ∥v∥2

Therefore, the following must holds

ŝ1ŝ⊤
1 v = 0; ŝ2ŝ⊤

2 v = κ ∥v∥2 ŝ2;
(
ŝ1ŝ⊤

2 + ŝ2ŝ⊤
1
)

v = κ ∥v∥2 ŝ1;(
ŝ1ŝ⊤

3 + ŝ3ŝ⊤
1
)

v = µ⊤v · ŝ1;
(
ŝ2ŝ⊤

3 + ŝ3ŝ⊤
2
)

v = µ⊤v · ŝ2 + κ ∥v∥2 µ
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Lastly, we have

(
ŝ3ŝ⊤

3 + M
)

v = µ⊤v · µ + κ2v− κ2

∥v∥2
2 ∥u∥

2
2 − (v⊤u)2

(
uv⊤ − vu⊤)2 v

= µ⊤v · µ + κ2v− κ2

∥v∥2
2 ∥u∥

2
2 − (v⊤u)2

(
uv⊤ − vu⊤) (u⊤v · v− ∥v∥2

2 u
)

= µ⊤v · µ + κ2v

− κ2

∥v∥2
2 ∥u∥

2
2 − (v⊤u)2

(
u⊤v · ∥v∥2

2 u−
(
u⊤v

)2 v− u⊤v · ∥v∥2
2 u + ∥v∥2

2 ∥u∥
2
2 v
)

= µ⊤v · µ + κ2v + κ2v
= µ⊤v · µ + 2κ2v

Therefore, we can write Ec
[
cc⊤I {z1 ≥ 0; z2 ≥ 0}

]
v as

Ec
[
cc⊤I {z1 ≥ 0; z2 ≥ 0}

]
v = κ ∥v∥2 ŝ2 · I2 + κ ∥v∥2 ŝ1 · I3 + µ⊤v · ŝ1 · I4

+
(
µ⊤v · ŝ2 + κ ∥v∥2 µ

)
I5 +

(
µ⊤v · µ + 2κ2v

)
I6

= κ ∥v∥2 (I2 · ŝ2 + I3 · ŝ1) + µ⊤v (I4 · ŝ1 + I5 · ŝ2)
+
(
κ ∥v∥2 · I5 + µ⊤v · I6

)
µ + 2κ2I6v

(72)

By the definition of I2 to I6, we first notice that

I6 =
∫ ∞

− µ⊤u
κ∥u∥2

∫ ∞

− µ⊤u
κ∥u∥2

f(ẑ1, ẑ2)dẑ1dẑ2

= P
(
ẑ1 ≥ −

µ⊤u
κ ∥u∥2

; ẑ2 ≥ −
µ⊤v
κ ∥v∥2

)
= P

(
ẑ1 ≤

µ⊤u
κ ∥u∥2

; ẑ2 ≤
µ⊤v
κ ∥v∥2

)
= Φ2

(
µ⊤u
κ ∥u∥2

,
µ⊤v
κ ∥v∥2

, ρ

)
Moreover, we can invoke Lemma D.6, Lemma D.7, and Lemma D.8 to get that

I4 = 1√
2π

(T1 + ρT2) ; I5 = 1√
2π

(T2 + ρT1)

I2 = ρ
√

1− ρ2

2π exp
(
−a

2 − 2ρab+ b2

2 (1− ρ2)

)
+ Φ2 (−a,−b, ρ) + 1√

2π
(
bT2 + ρ2aT1

)
I3 =

√
1− ρ2

2π exp
(
−a

2 − 2ρab+ b2

2 (1− ρ2)

)
+ ρΦ2 (−a,−b, ρ) + ρ√

2π
(aT1 + bT2)

where T1, T2 and a, b are defined as

T1 = exp
(
−a

2

2

)
Φ1

(
ρa− b√
1− ρ2

)
; T2 = exp

(
−b

2

2

)
Φ1

(
ρb− a√
1− ρ2

)

a = − µ⊤u
κ ∥u∥2

; b = − µ⊤v
κ ∥v∥2

; ρ = u⊤v
∥u∥2 ∥v∥2

To ease our computation, we define

E = 1− ρ2

2π exp
(
−a

2 − 2ρab+ b2

2 (1− ρ2)

)
;F = Φ2 (−a,−b, ρ)
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Then the terms I2 to I6 can be written as

I2 = ρE + F + 1√
2π
(
bT2 + ρ2aT1

)
; I3 = E + ρF + 1√

2π
(bT2 + aT1)

I4 = 1√
2π

(T1 + ρT2) ; I5 = 1√
2π

(T2 + ρT1) ; I6 = F

(73)

Now, the trick of evaluating (72) is to re-write ŝ1 and ŝ2 as below

ŝ1 = κ ∥u∥2

∥u∥2
2 ∥v∥

2
2 − (u⊤v)2 ·

(
∥v∥2

2 u− u⊤v · v
)

=
κ
(
∥v∥2

2 u− u⊤v · v
)

∥u∥2 ∥v∥
2
2 (1− ρ2)

= κ

1− ρ2 ·
u
∥u∥ 2

− κρ

1− ρ2 ·
v
∥v∥2

= κ

1− ρ2

(
u
∥u∥ 2

− ρ · v
∥v∥2

)
ŝ2 = κ ∥v∥2

∥u∥2
2 ∥v∥

2
2 − (u⊤v)2 ·

(
∥u∥2

2 v− u⊤v · u
)

=
κ
(
∥u∥2

2 v− u⊤v · u
)

∥u∥2 ∥v∥
2
2 (1− ρ2)

= κ

1− ρ2 ·
v
∥v∥ 2

− κρ

1− ρ2 ·
u
∥u∥2

= κ

1− ρ2

(
v
∥v∥2

− ρ · u
∥u∥2

)

(74)

Now, we can simplify (72) with (73) and (74). To start, for the terms I2 · ŝ2 + I3 · ŝ1 we have

I2 · ŝ2 + I3 · ŝ1 = κ

1− ρ2

(
ρE + F + 1√

2π
(
bT2 + ρ2aT1

))( v
∥v∥2

− ρ · u
∥u∥2

)
+ κ

1− ρ2

(
E + ρF + ρ√

2π
(bT2 + aT1)

)(
u
∥u∥2

− ρ · v
∥v∥2

)
= κE

1− ρ2

(
ρ

(
v
∥v∥2

− ρ · u
∥u∥2

)
+
(

u
∥u∥2

− ρ · v
∥v∥2

))
+ κF

1− ρ2

((
v
∥v∥2

− ρ · u
∥u∥2

)
+ ρ

(
u
∥u∥2

− ρ · v
∥v∥2

))
+ κρaT1√

2π (1− ρ2)

(
ρ

(
v
∥v∥2

− ρ · u
∥u∥2

)
+
(

u
∥u∥2

− ρ · v
∥v∥2

))
+ κbT2√

2π (1− ρ2)

((
v
∥v∥2

− ρ · u
∥u∥2

)
+ ρ

(
u
∥u∥2

− ρ · v
∥v∥2

))
= κE · u

∥u∥2
+ κF · v

∥v∥2
+ κρaT1√

2π
· u
∥u∥2

+ κbT2√
2π
· v
∥v∥2

= κ

((
E + ρaT1√

2π

)
u
∥u∥2

+
(
F + bT2√

2π

)
v
∥v∥2

)
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Similarly, for the term I4ŝ1 + I4ŝ2, we have

I4ŝ1 + I4ŝ2 = κ√
2π (1− ρ2)

(
(T1 + ρT2)

(
v
∥v∥2

− ρ · u
∥u∥2

)
+ (T2 + ρT1)

(
u
∥u∥2

− ρ · v
∥v∥2

))
= κT1√

2π (1− ρ2)

((
v
∥v∥2

− ρ · u
∥u∥2

)
+ ρ

(
u
∥u∥2

− ρ · v
∥v∥2

))
+ κT2√

2π (1− ρ2)

(
ρ

(
v
∥v∥2

− ρ · u
∥u∥2

)
+
(

u
∥u∥2

− ρ · v
∥v∥2

))
= κT1√

2π
· v
∥v∥2

+ κT2√
2π
· u
∥u∥2

= κ√
2π

(
T1 ·

v
∥v∥2

+ T2 ·
u
∥u∥2

)
Applying these evaluations, (72) becomes

Ec
[
cc⊤I {z1 ≥ 0; z2 ≥ 0}

]
v = κ2 ∥v∥2

((
E + ρaT1√

2π

)
u
∥u∥2

+
(
F + bT2√

2π

)
v
∥v∥2

)
+ κµ⊤v√

2π

(
T1 ·

v
∥v∥2

+ T2 ·
u
∥u∥2

)
+ κ ∥v∥2√

2π
(T2 + ρT1) µ + µ⊤v · F · µ + 2κ2Fv

= κ2 ∥v∥2

(
E · u
∥u∥2

+ ρaT1√
2π
· u
∥u∥2

+ bT2√
2π
· v
∥v∥2

)
︸ ︷︷ ︸

g1

+ κ√
2π

(
µ⊤v

(
T1 ·

v
∥v∥2

+ T2 ·
u
∥u∥2

)
+ ∥v∥2 (T2 + ρT1) µ

)
︸ ︷︷ ︸

g2

+ F
(
µµ⊤v + 3κ2v

)

(75)

Then we have that

Ec
[
cc⊤I {z1 ≥ 0; z2 ≥ 0}

]
v−

(
µµ⊤v + 3κ2v

)
Φ1

(
µ⊤u
κ ∥u∥2

)
Φ1

(
µ⊤v
κ ∥v∥2

)
= g1 + g2 + C

(
µ⊤u
κ ∥u∥2

,
µ⊤v
κ ∥v∥2

,
u⊤v

∥u∥2 ∥v∥2

) (76)

The proof then proceed by estimating the magnitude of the three terms. To start, we need to bound T1 and
T2. In particular, since Φ1 is the CDF, its magnitude must be bounded by 1. Therefore

0 ≤ T1 ≤ exp
(
−a

2

2

)
; 0 ≤ T2 ≤ exp

(
−b

2

2

)
Therefore, the ℓ∞ norm of g2 is bounded by

∥g2∥∞ ≤
κ√
2π

(
µ⊤v

(
exp

(
−a

2

2

)
+ exp

(
−b

2

2

)))
+ ∥v∥2 ∥µ∥2

(
exp

(
−a

2

2

)
+ ρ exp

(
−b

2

2

))
≤ 2κ√

2π
∥v∥2 ∥µ∥2

(
exp

(
−a

2

2

)
+ exp

(
−b

2

2

))
≤ κ ∥v∥2 ∥µ∥2

(
ϕ
(a

2

)
+ ϕ

(
b

2

)) (77)
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Next, for E, we have

E = 1− ρ2

2π exp
(
−a

2 − 2ρab+ b2

2 (1− ρ2)

)
= 1− ρ2

4π

(
exp

(
−a

2 − 2ρab+ ρ2b2

2 (1− ρ2) − b2

2

)
+ exp

(
−ρ

2a2 − 2ρab+ b2

2 (1− ρ2) − a2

2

))
≤ 1

4π

(
exp

(
−a

2

2

)
+ exp

(
−b

2

2

))
≤ 1

4π

(
ϕ
(a

2

)
+ ϕ

(
b

2

))
Therefore, the magnitude of g1 can be bounded by

∥g1∥2 ≤ κ
2 ∥v∥2

(
|E|+ |a|T1√

2π
+ |b|T2√

2π

)
≤ κ2 ∥v∥2

(
1

4π

(
ϕ
(a

2

)
+ ϕ

(
b

2

))
+ |a|√

2π
exp

(
−a

2

2

)
+ |b|√

2π
exp

(
−b

2

2

))
≤ κ2 ∥v∥2

(
1

4π

(
ϕ
(a

2

)
+ ϕ

(
b

2

))
+ ψ

(a
2

)
+ ψ

(
b

2

)) (78)

Moreover, by the bound of the Gaussian Copula function, we have that

|C (a, b, ρ)| ≤ 1
4 exp

(
−a

2 + b2

4

)
Therefore, we have that

C
(

µ⊤u
κ ∥u∥2

,
µ⊤v
κ ∥v∥2

,
u⊤v

∥u∥2 ∥v∥2

)
≤ 1

4 exp
(
−a

2

4

)
exp

(
−b

2

4

)
= 1

4ϕ
(a

2

)
ϕ

(
b

2

)
Combining the results gives∥∥∥∥Ec

[
cc⊤I {z1 ≥ 0; z2 ≥ 0}

]
v−

(
µµ⊤v + 3κ2v

)
Φ1

(
µ⊤u
κ ∥u∥2

)
Φ1

(
µ⊤v
κ ∥v∥2

,

)∥∥∥∥
2

≤ κ2 ∥v∥2

(
1

4π

(
ϕ
(a

2

)
+ ϕ

(
b

2

))
+ ψ

(a
2

)
+ ψ

(
b

2

))
+ κ ∥v∥2 ∥µ∥2

(
ϕ
(a

2

)
+ ϕ

(
b

2

))
+ 1

4
(∣∣µ⊤v

∣∣ ∥µ∥∞ + 3κ2 ∥v∥2
)
ϕ
(a

2

)
ϕ

(
b

2

)
= ∥v∥2

((
κ2 + κ ∥µ∥2

)(
ϕ
(a

2

)
+ ϕ

(
b

2

))
+
(
κ2 + κ ∥µ∥∞

)(
ψ
(a

2

)
+ ψ

(
b

2

)))
≤ 2κ ∥v∥2

(
∥µ∥2

(
ϕ
(a

2

)
+ ϕ

(
b

2

))
+ ∥µ∥∞

(
ψ
(a

2

)
+ ψ

(
b

2

)))

D.1.5 Other Results

Lemma D.13. Let c ∼ N
(
µ, κ2I

)
, and let u ∈ Rd be a vector. Define z = c⊤u. Then we have that

z ∼ N
(

µ⊤u, κ2 ∥u∥2
2

)
.
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Proof. Since z = c⊤u where c ∼ N
(
µ, κ2I

)
. Then the moment generating function of z is given by

Mz(t) = E [exp (zt)]

= E

 d∏
j=1

exp (cjujt)


=

d∏
j=1

E [exp (cjujt)]

=
d∏

j=1
exp

(
ujµjt+ 1

2u
2
jκ

2t2
)

= exp

 d∑
j=1

ujµj

 t+ 1
2

 d∑
j=1

u2
j

κ2t2


= exp

(
µ⊤u · t+ 1

2 ∥u∥
2
2 κ

2t2
)

Therefore, z ∼ N
(

µ⊤u, κ2 ∥u∥2
2

)
.

Lemma D.14. Let κ, µ, a ∈ R be given such that κ > 0. Then we have that∫ ∞

a

z exp
(
− (z − µ)2

2κ2

)
dz = κ2 exp

(
− (µ− a)2

2κ2

)
+ κµ

√
2πΦ1

(
µ− a
κ

)

Proof. We use a change of variable z′ = z−µ
κ . Then we have that z = κz′ + µ, and dz = κdz′. Therefore∫ ∞

a

z exp
(
− (z − µ)2

2κ2

)
dz =

∫ ∞

a−µ
κ

(κz′ + µ) exp
(
−z

′2

2

)
κdz′

= κ2
∫ ∞

a−µ
κ

z′ exp
(
−z

′2

2

)
dz′ + κµ

∫ ∞

a−µ
κ

exp
(
−z

′2

2

)
dz′

= κ2 exp
(
−z

′2

2

)
|

a−µ
κ∞ +κµ

√
2π
(

1−Φ1

(
a− µ
κ

))
= κ2 exp

(
− (µ− a)2

2κ2

)
+ κµ

√
2πΦ1

(
µ− a
κ

)

Lemma D.15. Let κ, µ, a ∈ R be given such that κ > 0. Then we have that∫ ∞

a

z2 exp
(
− (z − µ)2

2κ2

)
dz = κ2 (a+ µ) exp

(
− (µ− a)2

2κ2

)
+
√

2πκ
(
κ2 + µ2)Φ1

(
µ− a
κ

)

Proof. To start, let z′ = z−µ
κ . Then we have that z = κz′ + µ, and dz = κdz′. Therefore∫ ∞

a

z2 exp
(
− (z − µ)2

2κ2

)
dz = κ

∫ ∞

a−µ
κ

(κz′ + µ)2 exp
(
−z

′2

2

)
dz′

= κ3
∫ ∞

a−µ
κ

z′2 exp
(
−z

′2

2

)
dz′ + 2κ2µ

∫ ∞

a−µ
κ

z′ exp
(
−z

′2

2

)
dz′

+ κµ2
∫ ∞

a−µ
κ

exp
(
−z

′2

2

)
dz′
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Notice that for the third term, we have that

∫ ∞

a−µ
κ

exp
(
−z

′2

2

)
dz′ =

√
2π
(

1−Φ1

(
a− µ
κ

))
=
√

2πΦ1

(
µ− a
κ

)

For the second term, we can directly apply Lemma D.14 with κ = 1, µ = 0 to get that

∫ ∞

a−µ
κ

z′ exp
(
−z

′2

2

)
dz′ = exp

(
− (a− µ)2

2κ2

)

For the first term, we apply integration by parts with u(z′) = −z′ and v(z′) = exp
(
− z′2

2

)
. In particular,

notice that v′(z′) = −z′ exp
(
− z′2

2

)
and u′(z′) = −1. Therefore

∫ ∞

a−µ
κ

z′2 exp
(
−z

′2

2

)
dz′ =

∫ ∞

a−µ
κ

u(z′)dv(z′)

= u(z′)v(z′) |∞a−µ
κ

−
∫ ∞

a−µ
κ

v(z′)du(z′)

= −z′ exp
(
−z

′2

2

)
|∞a−µ

κ

+
∫ ∞

a−µ
κ

exp
(
−z

′2

2

)
dz′

= a− µ
κ

exp
(
− (µ− a)2

2κ2

)
+
√

2π
(

1−Φ1

(
a− µ
κ

))

= a− µ
κ

exp
(
− (µ− a)2

2κ2

)
+
√

2πΦ1

(
µ− a
κ

)

Putting things together, we have that

∫ ∞

a

z2 exp
(
− (z − µ)2

2κ2

)
dz = κ3

(
a− µ
κ

exp
(
− (µ− a)2

2κ2

)
+
√

2πΦ1

(
µ− a
κ

))

+ 2κ2µ exp
(
− (a− µ)2

2κ2

)
+ κµ2√2πΦ1

(
µ− a
κ

)

=
(
κ2 (a− µ) + 2κ2µ

)
exp

(
− (µ− a)2

2κ2

)
+
√

2π
(
κ3 + κµ2)Φ1

(
µ− a
κ

)

= κ2 (a+ µ) exp
(
− (µ− a)2

2κ2

)
+
√

2πκ
(
κ2 + µ2)Φ1

(
µ− a
κ

)

Lemma D.16. Let z1, z2 ∼ N (0, 1) with Cov (z1, z2) = ρ. Then we have that

∫ ∞

a

f (z1 | z2) dz1 = Φ1

(
ρz2 − a√

1− ρ2

)
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Proof. Since z1, z2 ∼ N (0, 1) with Cov (z1, z2) = ρ, we have that z1 | z2 ∼ N
(
ρz2, 1− ρ2). Therefore, using

a change of variable z′ = z1−ρz2√
1−ρ2

, we have

∫ ∞

a

f (z1 | z2) dz1 = 1√
2π (1− ρ2)

∫ ∞

a

exp
(
− (z1 − ρz2)2

2 (1− ρ2)

)
dz1

= 1√
2π

∫ ∞

a−ρz2√
1−ρ2

exp
(
−z

′2

2

)
dz′

= 1−Φ1

(
a− ρz2√

1− ρ2

)

= Φ1

(
ρz2 − a√

1− ρ2

)

Lemma D.17. Let z1, z2 ∼ N (0, 1) with Cov (z1, z2) = ρ. Then we have that

Φ2 (−a,−b, ρ) =
∫ ∞

a

∫ ∞

b

f (z1, z2) dz2dz1 =
∫ ∞

b

Φ1

(
ρz2 − a√

1− ρ2

)
f (z2) dz2

Proof. Let z′
1, z

′
2 ∼ N (0, 1) with Cov (z1, z2) = ρ, and define z1 = −z′

1, z2 = −z′
2. Then we have that

z1, z2 ∼ N (0, 1) with Cov (z1, z2) = ρ. By symmetry, we have f (z1, z2) = f (−z1,−z2) = f (z′
1, z

′
2).

Moreover, dz′
2dz

′
1 = (−dz2) (−dz1) = dz2dz1. Thus

Φ2 (−a,−b, ρ) =
∫ −a

−∞

∫ −b

−∞
f (z′

1, z
′
2) dz′

2dz
′
1 =

∫ ∞

a

∫ ∞

b

f (z1, z2) dz2dz1

Recall that f (z1, z2) = f (z1 | z2) f (z2). Then we can apply Lemma D.16 to get that∫ ∞

a

∫ ∞

b

f (z1, z2) dz2dz1 =
∫ ∞

b

(∫ ∞

a

f (z1 | z2) dz1

)
f (z2) dz2 =

∫ ∞

b

Φ1

(
ρz2 − a√

1− ρ2

)
f (z2) dz2

Lemma D.18. Let z ∼ N
(
µ, κ2), and let a ∈ R. Then we have

E [zI {z ≥ a}] = κ√
2π

exp
(
− (µ− a)2

2κ2

)
+ µΦ1

(
µ− a
κ

)

Proof. Define ẑ = z−µ
κ . Then we have that ẑ ∼ N (0, 1). Since z = κẑ + µ, we have

E [zI {z ≥ 0}] = E
[
(κẑ + µ) I

{
ẑ ≥ a− µ

κ

}]
= κE

[
ẑI
{
ẑ ≥ a− µ

κ

}]
+ µE

[
I
{
ẑ ≥ a− µ

κ

}]
Notice that E

[
I
{
ẑ ≥ a−µ

κ

}]
= Pr

(
ẑ ≥ a−µ

κ

)
= Φ1

(
µ−a

κ

)
. Moreover

E
[
ẑI
{
ẑ ≥ −µ

κ

}]
= 1√

2π

∫ ∞

a−µ
κ

ẑ exp
(
−z

2

2

)
dz = 1√

2π
exp

(
− (a− µ)2

2κ2

)
Therefore

E [zI {z ≥ 0}] = κ√
2π

exp
(
− (a− µ)2

2κ2

)
+ µΦ1

(
µ− a
κ

)
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Lemma D.19. . Let x ∈ [−1, 1]. Then we have that | arcsin x| ≤ π
2 · |x|.

Proof. To start, consider the case x > 0. Define f(x) = arcsin x
x . Then we have that

f ′(x) = x−2
(

x√
1− x2

− arcsin x
)

; f ′′(x) = x−3

(
3x3 − 2x
(1− x2)

3
2

+ 2 arcsin x
)

For all x ∈ (0, 1], we have that 1− x2 ≥ 0. Notice that by the Taylor expansion of arcsin x, we have

arcsin x ≤ x+ x3

6
when x ∈ (0, 1]. Therefore

3x3 − 2x
(1− x2)

3
2

+ 2 arcsin x ≥
3x3 − 2x+ 2x

(
1− x2) 3

2 + x3

3
(
1− x2) 3

2

(1− x2)
3
2

≥
3x3 − 2x

(
1−

(
1− x2) 3

2
)

(1− x2)
3
2

Since
(
1− x2) 3

2 ≥
(
1− x2)3 ≥ 1− 3x4 + 2x6, we must have that

3x3 − 2x
(

1−
(
1− x2) 3

2
)
≤ 3x3 − 6x5 + 4x7 = 3x3 (1− 2x2 + x4)+ x7 = 3x3 (1− x2)2 + x7 ≥ 0

Thus, we must have that f ′′(x) ≥ 0. Therefore, for any ϵ ∈ (0, 0.1], we have that for x ∈ [ϵ, 1]

f (x) ≤ f (((1 + ϵ)x− ϵ) · 1 + (1− x) · ϵ)
≤ (1− x) · f(ϵ) + ((1 + ϵ)x− ϵ) · f(1)

= (1− x) · f (ϵ) + π

2 · x−
π

2 · ϵ (1− x)

≤ π

2 · x+ 1.002 (1− x)

≤ π

2
This gives that f (x) ≤ π

2 for all x ∈ (0, 1]. Since f (x) is an even function, we have f (x) ≤ π
2 for all

x ∈ [−1, 0). Therefore, | arcsin x| ≤ π
2 |x| when x ∈ [−1, 1] \ {0}. When x = 0, we have arcsin x = 0. This

completes the proof.

Lemma D.20. Let u := (|e1|, ..., |en|) ∈ Rn and 1 := (1, ..., 1) ∈ Rn. Then
n∑

i=1
|ei| = u⊤1.

By the Cauchy–Schwarz inequality,
u⊤1 ≤ ∥u∥2∥1∥2.

Moreover,

∥u∥2 =
(

n∑
i=1

u2
i

)1/2

=
(

n∑
i=1
|ei|2

)1/2

=
(

n∑
i=1

e2
i

)1/2

, ∥1∥2 =
(

n∑
i=1

12

)1/2

=
√
n.

Combining the above gives
n∑

i=1
|ei| ≤

√
n

(
n∑

i=1
e2

i

)1/2

.

Lemma D.21. Assume that Assumption 3.1 holds. Then, we have:

∥∇wr
LC (W)∥2

2 ≤
√
n√
m
LC (W)

1
2 .
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Proof. By the form of ∇wr
LC (W) in (2), we have:

∥∇wr
LC (W)∥2 =

∥∥∥∥∥∥∥
ar√
m

n∑
i=1

(f (W,xi ⊙ ci)− yi) (xi ⊙ ci) I
{

w⊤
r (xi ⊙ ci) ≥ 0

}︸ ︷︷ ︸
≤1

∥∥∥∥∥∥∥
2

≤ |ar|√
m

n∑
i=1
|f (W,xi ⊙ ci)− yi| · ∥xi ⊙ ci∥2

≤
√
n√
m

(
n∑

i=1
(f (W,xi ⊙ ci)− yi)2

)1/2

· ∥ci∥∞∥xi∥2 using D.20

≤ C
√
n√
m

(2LC (W))1/2 using D.22 with ∥ci∥∞ ≤ 1 + κ

√
2 log

(2d
δ

)
= C and ∥xi∥2 ≤ 1

≤ C
√

2
√
n√
m
LC (W)1/2

where, in the first inequality, we use the fact that the indicator function is upper-bounded by 1 and in the
second inequality, we use the fact that ar = ±1.

and so,

∥∇wr
LC (W)∥2

2 ≤ 2C2 · n
m
LC (W)

Lemma D.22 (High-probability ℓ∞ bound for Gaussian masks). Fix δ ∈ (0, 1). Let ci ∈ Rd be a Gaussian
mask with independent coordinates

ci ∼ N (1, κ2Id), i.e., ci,j = 1 + κgi,j , gi,j
i.i.d.∼ N (0, 1).

Then, with probability at least 1− δ, we have

∥ci∥∞ ≤ 1 + κ

√
2 log

(2d
δ

)
.

Proof. Since ci ∼ N (1, κ2Id) with independent coordinates, each coordinate can be written as

ci,j = 1 + κgi,j , where gi,j ∼ N (0, 1) i.i.d.

Hence
∥ci∥∞ = max

j∈[d]
|ci,j | = max

j∈[d]
|1 + κgi,j |.

We observe that

|ci,j | = |1 + (ci,j − 1)|
≤ |1|+ |ci,j − 1| triangle inequality
= 1 + |κgi,j |

We will first bound maxj |ci,j − 1| = maxj |κgi,j |, and then convert this into a bound on ∥ci∥∞.

For brevity, we denote gi,j as g ∼ N (0, 1) and we are going to show that

Pr(|g| ≥ t) ≤ 2e−t2/2 (79)

By symmetry of the standard normal distribution,

Pr(|g| ≥ t) = Pr(g ≥ t) + Pr(g ≤ −t) = 2 Pr(g ≥ t).
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So it suffices to upper bound Pr(g ≥ t).

For any λ > 0, since the exponential is monotone increasing we have:

g ≥ t⇒ λg ≥ λt⇒ eλg ≥ eλt

and so

Pr(g ≥ t) = Pr(eλg ≥ eλt)

By Markov’s inequality, for any nonnegative random variable X and any a > 0,

Pr(X ≥ a) ≤ E[X]
a

Applying this with X = eλg and a = eλt gives

Pr(g ≥ t) = Pr
(
eλg ≥ eλt

)
≤ E[eλg]

eλt
= E[eλg]e−λt (80)

Computation of the moment generating function E[eλg]:

The standard normal density is
φ(x) = 1√

2π
e−x2/2, x ∈ R.

Therefore,

E[eλg] =
∫ ∞

−∞
eλxφ(x)dx = 1√

2π

∫ ∞

−∞
exp
(
λx− x2

2

)
dx. (81)

We now study the exponent:

λx− x2

2 = −1
2
(
x2 − 2λx

)
= −1

2
(
(x− λ)2 − λ2) = λ2

2 −
(x− λ)2

2 .

Plugging this into (81) yields

E[eλg] = 1√
2π

∫ ∞

−∞
exp
(λ2

2 −
(x− λ)2

2

)
dx

= eλ2/2 · 1√
2π

∫ ∞

−∞
exp
(
− (x− λ)2

2

)
dx.

We set u = x− λ (change of variables with dx = du)∫ ∞

−∞
exp
(
− (x− λ)2

2

)
dx =

∫ ∞

−∞
exp
(
− u2

2

)
du =

√
2π.

Hence
E[eλg] = eλ2/2. (82)

Substituting (82) into (80) gives

Pr(g ≥ t) ≤ exp
(λ2

2 − λt
)
, ∀λ > 0.

The right-hand side is a valid bound for every λ > 0, so we choose λ to make it as small as possible. Define

f(λ) := λ2

2 − λt.
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Then f ′(λ) = λ− t, so the unique minimizer is λ = t (and f ′′(λ) = 1 > 0 confirms it is a minimum). Plugging
λ = t gives

Pr(g ≥ t) ≤ exp
( t2

2 − t
2
)

= e−t2/2.

Using Pr(|g| ≥ t) = 2 Pr(g ≥ t) proves (79).

Now, we focus on one of the mask coordinates by fixing a coordinate j ∈ [d]. Since ci,j − 1 = κgi,j with
gi,j ∼ N (0, 1), for any u ≥ 0 we have

Pr
(
|ci,j − 1| ≥ u

)
= Pr

(
|gi,j | ≥ u/κ

)
≤ 2 exp

(
− u2

2κ2

)
,

where we applied (79) with t = u/κ.

Let’s define the event
Ei(u) :=

{
max
j∈[d]
|ci,j − 1| ≤ u

}
.

Its complement is the event that at least one coordinate deviates by more than u:

Ei(u)c =
{
∃j ∈ [d] s.t. |ci,j − 1| > u

}
.

By the union bound,

Pr
(
Ei(u)c

)
= Pr

( d⋃
j=1
{|ci,j − 1| > u}

)
≤

d∑
j=1

Pr
(
|ci,j − 1| > u

)
≤

d∑
j=1

2 exp
(
− u2

2κ2

)
= 2d exp

(
− u2

2κ2

)
.

Choose u so that the right-hand side is at most δ:

2d exp
(
− u2

2κ2

)
≤ δ ⇐⇒ − u2

2κ2 ≤ log
( δ

2d

)
⇐⇒ u ≥ κ

√
2 log

(2d
δ

)
.

Set

u := κ

√
2 log

(2d
δ

)
.

Then Pr(Ei(u)c) ≤ δ, i.e. Pr(Ei(u)) ≥ 1− δ, and on Ei(u) we have

|ci,j − 1| ≤ u ∀j ∈ [d].

On Ei(u), for each coordinate j,

|ci,j | = |1 + (ci,j − 1)| ≤ |1|+ |ci,j − 1| ≤ 1 + u.

Taking the maximum over j yields, with probability at least 1− δ,

∥ci∥∞ = max
j∈[d]
|ci,j | ≤ 1 + u = 1 + κ

√
2 log

(2d
δ

)
.
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