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Abstract

We consider stochastic optimization where the goal is not only to optimize an
average-case objective, but also mitigate the occurrence of rare catastrophic events.
This problem is motivated from safety-aware decision-making and AI training. We
first argue that, in the presence of a simulation model, natural attempts to integrate
variance reduction into optimization, even executed in a reasonable adaptive fashion,
encounters fundamental challenges in guaranteeing realistic runtime when using
common stochastic gradient descent algorithms. This challenge arises from the
extreme sensitivity of tail-based objectives with respect to the decision variables,
which renders the failure of traditional Lipschitz-based analyses. We offer remedies
based on a new notion of safe start that allows for efficient finite-time error control,
and show how the sampling complexity scales favorably under the combination of
safe start and variance reduction. We illustrate our methodologies on examples in
portfolio Value-at-Risk and extreme-quantile estimation.

1 Introduction

In many high-stakes problems, it is critical for decision-making to account for the occurrence of rare
catastrophic events, in addition to standard average-case performances. For example, in designing
human-interacting physical systems such as self-driving vehicles, the objective must prioritize the
prevention of road conflicts and fatalities [1, 2]. Similarly, financial portfolio management needs
to balance gain with the hedging against extreme losses [3, 4]. In simulation modeling, estimating
these catastrophic events, and understanding how they occur, has been a long-standing focus under
the umbrella of rare-event simulation. Despite many established approaches in this literature,
decision optimization with the goal of preventing catastrophic events appears to be substantially
open and has only very recently started to gather attention [5–8]. On a high level, this work attempts
to systematically understand and remedy the challenges in running optimization algorithms for
objectives that critically avoid rare events. As we will explain, this involves several novel fundamental
issues that deviate from the established literature in the evaluation of rare event likelihoods.

We consider the following generic “rare-event optimization" formulation:

min
x

F (x) = f(x)︸︷︷︸
average-case performance

+ λ p(x)︸︷︷︸
tail risk

. (1)

where x is the decision, f the expectation of some loss function, and p a tail-risk term, i.e., it involves
the tail of the underlying randomness, such as the probability of a rare event or value-at-risk at a
high level. λ > 0 is a weighting parameter that balances the expected loss and the tail risk. To
put some perspective, first, note that one can typically choose a conservative decision x to almost
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fully avoid the catastrophic event captured in p(x). This, however, would usually be impractical and
thus, for most problems, accounting for catastrophic events means a balance between average-case
performance and the tail risk, which is exactly what (1) is motivated from. Second, as the weighting
parameter λ increases, more weight is put on the tail risk. Typically, λ should be roughly of order
1/p(x∗), where x∗ is an optimal solution, for formulation (1) to be meaningful. This is because this
is the order of λ that would allow the two terms in (1) to be of the same magnitude at x∗; otherwise, it
would mean that we either focus on the average-case only, or the target solution is highly conservative.
To explain the above further, as well as understanding the choice of λ more concretely, formulation
(1) could be viewed in two ways/examples:

Chance-constrained optimization: A natural optimization approach to explicitly avoid target risks
is a chance-constrained optimization [9, 10], namely

min
x

f(x) subject to p(x) ≤ λ̃. (2)

where λ̃ is often called the tolerance level. If p denotes the probability of an adversarial event, then
(2) stipulates that the decision must explicitly control this probability to be within λ̃. When λ̃ is a
low level, e.g., 0.001%, this means p(x∗) must be similarly small and, a heuristic calculation of the
Lagrangian reformulation of (2) would reveal that λ acts as the Lagrangian multiplier for the chance
constraint in (2), and is of order 1/p(x∗).

Extreme quantile estimation/regression: Suppose ξ ∈ R is a simulable random variable. Then,
taking f(x) = x and p(x) = Eξ [ξ − x]+ (where x ∈ R) in (1) is precisely the quantile estimation
problem, for the target level 1/λ. Moreover, this objective itself becomes the conditional value-at-risk.
In this formulation, λ is the reciprocal of the tail probability of ξ, which in many cases has the same
magnitude as p(x) (ignoring logarithmic terms). Moreover, the above can be generalized to quantile
regression [11, 12], where x now represents the set of parameters (e.g., linear coefficients) in a
quantile regression model f(x,z) with covariates z, and p(x) = Ez,ξ [ξ − f(x, z)]+.

Basic Evaluation Challenges and Remedies. Our goal is to obtain a good solution for (1), under
the paradigm that the underlying randomness ξ is simulable and, moreover, susceptible to variance
reduction. Let us first explain the latter, which relates to the historical focus of the rare-event
simulation literature. More concretely, most of the works in this literature study the evaluation of
rare-event probabilities or associated risk quantities [13–16]. Suppose p = P (ξ ∈ S) denotes a
rare-event probability of ξ falling into a region S (there is no decision x here to make). Then, with
ξ simulable, a natural estimator would be the sample proportion of hits onto S. This, however, is
a poor estimator when p is tiny because, as readily intuited, more likely than not we would simply
output 0 as the estimate due to 0 hits. Indeed, if we would like to ensure the discrepancy between
the estimate and the target probability to be within ϵ, relative to the target probability (instead of the
absolute discrepancy), then from the Chebyshev inequality P (|p̂− p| > ϵp) ≤ σ2/(ϵ2p2n) where σ2

is the per-run variance, we see that the required sample size is σ2/(ϵ2p2α) with a (1− α) confidence
level. Unfortunately, for naive sample proportion, this translates to (1− p)/(ϵ2pα) which blows up
the sample size when p is tiny.

To tackle the above challenges, variance reduction methods [17, 18] aim to drive down the variance
σ2 = p(1 − p) in sample proportion, or crude Monte Carlo, to much smaller. In large deviations
settings, this usually means, up to a logarithmic factor, order p2 instead of p as p → 0, which
translates to a sample size that only depends on p logarithmically. These variance reduction methods
include importance sampling [13–15], multilevel splitting [19–21], and their variations [22–24].

Curse of Circularity and Adaptivity. The aforementioned evaluation challenges propagate to
the optimization problem (1): To solve (1), we first need to have a good estimate of p(x) in the
objective function. This, however, gives rise to a “curse of circularity" [5, 25], which in turn arises
from the double-swordness of variance reduction schemes in general. To explain, most rare-event
variance reduction schemes, prominently importance sampling, is known to be highly sensitive to the
problem setting, i.e., the scheme needs to be well-designed and well-tuned according to the problem
configuration to achieve the variance reduction, otherwise it can perform very poorly. However, by
the nature of optimization, this configuration is not known in advance since the decision has not been
obtained. That is, on one hand a good optimizer needs a good variance reduction scheme, and on
the other hand a good variance reduction scheme requires knowledge about the optimal solution,
which leads to a “curse of circularity". To break this curse, [5, 25] use adaptivity, by iteratively
updating solutions where at each iteration the variance reduction is applied as if the current solution
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is optimal. In particular, stochastic gradient descent (SGD) or stochastic approximation is a natural
iterative procedure to apply adaptive variance reduction. [5, 25] show central limit theorems for the
updated solutions that reveal, indeed, that such adaptive procedures lead to asymptotic variance that
is minimax optimal, i.e., it is on par with the variance where the optimal solution is known, and hence
the variance reduction is well-tuned, in advance.

Safe Start. While central limit theorems and asymptotic variance provide positive guidance on the
choice and performance of adaptive variance reduction, such results do not inform the sampling
requirements to achieve a good solution. This issue is critically distinct from the evaluation task – In
evaluation, the variance of an estimator translates directly into the required sample size, since the
standard Chebyshev inequality reveals that the latter is proportional to the (squared) relative error.
In optimization, the situation is substantially more complicated with the absence of simple guiding
inequalities. To this end, our main contribution in this paper is two-fold: First, we show that, in
general, embedding adaptive variance reduction into an iterative algorithm like SGD is fundamentally
inadequate in terms of sampling complexity, even if the variance reduction is excellent for the
evaluation task. Second, we show that, by using safe start – initializing the solution to be in a “safe"
region where the risk term p(x) in (1) is suitably small, we can guarantee a sub-exponential sampling
complexity instead of an exploding exponential complexity, as long as we use a good-for-evaluation
variance reduction.

2 Problem Setting

We consider (1), but introducing further a “rarity" parameter γ > 0 that signifies the target rarity level
(i.e., γ → ∞ means the likelihood of the rare event goes to 0). This rarity parameter is a modeling
artifact that has proven useful in the rare-event literature. In particular, in standard large deviations
the rare-event probability is often exponentially decaying in a suitable parameter γ. This implies an
exponential growth of relative error in γ for naive Monte Carlo. On the other hand, an estimator is
deemed (weakly) efficient if its per-run variance grows sub-exponentially in γ. We consider

P(γ) := min
x∈X⊆Rn

F (x; γ) (3)

where F (x; γ) = f(x)+λ(γ)p(x). Like in the introduction, we denote x∗(γ) as an optimal solution
to P(γ). Moreover, for convenience, we denote p∗(γ) := p(x∗(γ)) which is the tail risk at this
optimal solution when the rarity level is γ. We assume an asymptotic characterization of p∗(γ) in a
large deviation principle (LDP) [26] style:
Assumption 1 (LDP of target risk). There exists a rate I > 0 such that limγ→∞ − 1

γ log p∗(γ) = I .
Moreover, the weighting parameter λ(γ) is chosen to match this in exponential scale, in the sense
that lim supγ→∞

1
γ log λ(γ) ≤ I .

That is, the target extreme risk decays at an exponential rate of the rarity level, and it is attained when
the weighting parameter grows at the same exponential rate. We impose an additional assumption:
Assumption 2 (Second-moment bounds). Consider unbiased estimators Gf (x, ξ) and Gp(x, ξ) for
∇f(x) and ∇p(x). There exist constants σf , σp ≥ 0 such that, for all x ∈ X ,

E
[∥∥Gf (x, ξ)−∇f(x)

∥∥2] ≤ σ2
f , E

[∥∥Gp(x, ξ)−∇p(x)
∥∥2] ≤ σ2

p∥∇p(x)∥2.

The second bound in Assumption 2 is equivalent to a strong efficiency property for a gradient
estimator in the evaluation setting [27, 28]. When the risk term is extremely small, such a bound
can only be obtained via efficient variance reduction. Additional regularity assumptions including
convexity properties of the objective function are provided in Appendix A.

Next, we define a safe solution as one whose extreme risk is less than the target risk, and that is
sufficiently close to the average-case minimum x̃∗.
Definition 1 (Safe solution). Under Assumption 1, {x0(γ)}γ>0 is a sequence of safe solutions if

lim sup
γ→∞

1

γ
log ∥x0(γ)− x̃∗∥ = 0 and lim sup

γ→∞

1

γ
log p

(
x0(γ)

)
≤ −I.

We call these conditions Distance-Safe and Tail-Risk-Safe, respectively.
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We also define our performance criterion, which is based on the attained objective being close to the
oracle optimal.
Definition 2 (Rarity-incorporated optimization sample complexity). For an algorithm A and initial-
ization x0, define T (ε, κ; γ,A,x0) as the minimum number of stochastic gradient samples required
for A, at rarity level γ, to produce an iterate x̂ that, with probability at least 1− κ, satisfying

F (x̂; γ) ≤ (1 + ε) · F ∗(γ) where F ∗(γ) := min
x∈X

F (x; γ).

Note that the complexity T (ε, κ; γ,A,x0) in Definition 2 accounts for the number of sampled
gradients at each iteration, when they are averaged in mini-batch schemes.

3 Main Results

We first discuss negative results which reveal that, without using safe start, the sampling complexity
can depend exponentially in γ even if we have a good variance reduction scheme in hand. In fact, we
show the stronger statement that even in the special case where the gradient evaluation is noiseless,
unsafe start can still perform poorly.
Theorem 1 (Exponential sample complexity from unsafe starts). Consider the setup P(γ) :=
minx,y∈R≥0

F (x, y; γ) = x2 + y + λ(γ) e−x−y with rarity level γ and λ(γ) = eγ . Denote by
(x∗(γ), y∗(γ)) the optimal solution to P(γ) with the exponential decay rate of the target risk I . For
gradient descent with a fixed step size, there exists a sequence of tail-risk-unsafe but distance-safe
starts where the number of iterations required to reach a target accuracy grows exponentially with γ.

Next, suppose we use safe start. Then the next proposition highlights the need for variance reduction,
i.e., Assumption 2. Together with Theorem 1, we see that without either safe start or variance
reduction, SGD can perform poorly.
Theorem 2 (Exponential sample complexity from high variance). Consider the setup P(γ) :=
minx∈R≥0

F (x; γ) = x + λ(γ) e−x with risk term p(x) = e−x and λ(γ) = eγ . Assume unbi-

ased estimators Gf (x, ξ) and Gp(x, ξ) without weak efficiency, i.e., E
[∥∥Gp(x, ξ)−∇p(x)

∥∥2] ≤
∥∇p(x)∥. Then we can construct an instance where there exists a safe starting region S′ of size O(γ)
such that, for any fixed step size η ∈ R+, there exists an initial point x0 ∈ S′ for which SGD requires
an exponential number of iterations to reach the target accuracy, almost surely.

With the above, we are now ready to show our remedying positive results: With a safe initialization
and variance reduction, SGD with constant or harmonic step sizes exhibit small sample complexity.
Theorem 3 (Safe-start SGD achieve sub-exponential sample complexity). Suppose Assumptions 1-5
hold. Consider safe initializations {x0(γ)}γ>0 . Let SGD take either: 1) a constant step size with
η ∈

[
1

10LS(γ) ,
1

LS(γ)

]
where LS(γ) := Lf + 2Lp,2 F (x0(γ); γ) (called ACon), or 2) a harmonic

step size with ηt =
α(γ)

K(γ)+t with α(γ) ∈
[
2
µ ,

20
µ

]
and K(γ)

LS(γ) ∈
[
40
µ , 400

µ

]
(called AHar). Then, both

T (ϵ, κ; γ,ACon,x0(γ)) and T (ϵ, κ; γ,AHar,x0(γ)) grow at a sub-exponential rate in γ.

Experimental Results. We demonstrate that safe start is critical for rare-event optimization, by
reporting two representative tasks. The details of these experiments can be found in Appendix B.

Value at Risk (VaR). Following [29, 30], we estimate the q-VaR of a derivatives portfolio at level
q = 1− 10−5 via minθ∈R θ + γ E

[
(L(t, ξ)− θ)+

]
, where the risk term (the hinge loss) is small for

large θ (safe start). Importance sampling (IS) is constructed from the quadratic approximation of the
loss as in [30]. Findings. Without IS, no choice of initialization/step size yields an accurate estimate;
with IS, both constant-step and harmonic-step SGDs reach the true VaR (≈ 233) within 103–2× 103

iterations from safe starts (e.g., θ0 ≥ 500). The result is summarized in Table 1.

Extreme Quantile Regression. We learn a high-dimensional conditional q-quantile regressor via
minθ̃∈R101 E

[
Qθ̃(X) + γ

(
Y −Qθ̃(X)

)
+

]
, where Qθ̃(X) = θ̃⊤X̃ . We embed IS by sampling

Y ′ from N (Qθ̃(X), 1) and reweighting by the likelihood ratio, yielding an unbiased low-variance
gradient estimator. Findings. Safe starts drive all variants of methods to small errors rapidly; unsafe
starts stall due to the sensitivity of the extrem-risk term. See Fig. 1. Importantly, our insight of
safe/unsafe starts appears to carry into high-dimensional settings.
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A Additional Assumptions

We introduce the asdditional assumptions as follows.

Assumption 3 (Relative gradient/Hessian bounds). Let p : X → [0,∞) be twice continuously
differentiable on X . There exist constants Lp,1, Lp,2 ≥ 0 such that for all x ∈ X ,

∥∇p(x)∥ ≤ Lp,1 p(x)

and

∥∇2p(x)∥ ≤ Lp,2 p(x).

Next, we assume strong convexity and Lipschitz smoothness, which are common assumptions in
first-order optimization [31].

Assumption 4 (Smooth and strong convexity). Assume that the domain X = Rn. Let f be twice
continuously differentiable and L−smooth, i.e., ∥∇2f(x)∥ ≤ Lf for all x ∈ X . Furthermore, for any
rarity level γ > 0, the combined risk F (·; γ) : X → R is µ-strongly convex, i.e., ∇2F (x; γ) ⪰ µI
for all x ∈ X .

Lastly, we assume that the average-case objective alone attains its minimum at x̃∗.

Assumption 5 (Lower-boundedness). The expected loss f : X → R is bounded below and attains its
minimum on X , i.e., there exists x̃∗ ∈ X such that f(x̃∗) = infx∈X f(x). Without loss of generality,
we shift f so that f(x̃∗) = 0.

B Details of Experiments

We demonstrate that safe start is critical for rare-event optimization, by reporting three representative
tasks. Moreover, these examples illustrate how to identify and configure safe starts. In the first
experiment, we consider the estimation of VaR for a portfolio, which can be formulated as a one-
dimensional optimization problem. The second experiment complements the first by showing that the
notion of safe starts also extend to high-dimensional settings. Lastly, we build a classifier robust to
tiny input perturbation and show that safe starts greatly facilitate the training process.

B.1 Value-at-Risk

Similar to [5] and [30], we consider the following VaR estimation problem of a derivatives portfolio.

Example 1 (Value-at-Risk). Assume a 250-day trading year and a 10-day risk horizon (t = 0.04
years). Set the risk-free rate to r = 5%. Consider ten pairwise uncorrelated underlying assets, each
starting at price 100 with volatility 0.3. The portfolio holds short positions of 10 at-the-money calls
and 5 at-the-money puts on each asset, with all options expiring in half a year. We want to estimate
the q-VaR of the portfolio loss where q = 1− 10−5.

By Rockafellar–Uryasev CVaR representation, we can solve the following optimization for the VaR:

min
θ∈R

{
θ +

1

1− q
Eξ

[
(L(t, ξ)− θ)+

]}
(4)

where L(t, ξ) is the discounted loss of the portfolio at time t. The risk term (the hinge loss) is small
for large θ (safe start). Importance sampling (IS) is constructed from the quadratic approximation of
the loss as in [30]. We solve the above optimization problem using three optimizers: fixed-step SGD
without IS, fixed-step SGD with IS and harmonic-step SGD with IS. Each algorithm is configured
with many combinations of step sizes and initial solutions. Without IS, no choice of initialization/step
size yields an accurate estimate; with IS, both constant-step and harmonic-step SGDs reach the true
VaR (≈ 233) within 103–2×103 iterations from safe starts (e.g., θ0 ≥ 500). The result is summarized
in Table 1.
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Table 1: SGDs with different configurations for finding the VaR. The true VaR is
233. The table shows θ1000 (θ2000, respectively), the quantile estimate after running
for 1, 000 (2000, respectively) iterations for fixed-step (harmonic-step, respectively)
SGDs. Colored cells: green ∈ [233± 10] indicating estimates close to the true VaR, red
otherwise.
Step size \ θ0 −200 0 100 400 500 700 900

SGD without IS, fixed step
102 99 99 99 399 499 699 899
103 790 990 90 390 490 690 890
104 9700 9900 0 300 400 600 800
105 59215.6 59216.6 59316.6 59616.6 59716.6 59916.6 60116.6
106 50224.6 50234.6 50334.6 50634.6 50734.6 50934.6 51134.6
SGD with IS, fixed step
102 213.9 213.8 214.6 399.0 499.0 699.0 899.0
103 774.8 1044.2 251.2 390.0 490.0 690.0 890.0
104 1208.6 10256.7 2658.5 300.0 400.0 600.0 800.0
105 9219.3 59217.6 10334.0 238.9 233.0 233.3 226.7
106 50234.6 50234.6 50224.6 253.8 14607.8 383.4 893.3
SGD with IS, harmonic step, ηt = η0/t

104 5243.7 10294.0 721.5 399.2 499.2 699.2 899.2
105 60207.4 54215.3 15999.1 391.8 491.8 691.8 891.8
106 60147.8 60142.8 60142.8 318.2 418.2 618.2 818.2
107 59546.7 59580.1 59580.1 17128.5 231.7 232.8 233.0
108 -8378.4 53036.2 -8078.4 -7776.4 -7678.4 53536.2 53536.2

Notes: we implement projected SGDs: once the iterates are over 60, 000, they get projected back.
Therefore, many incorrect estimates center around 60, 000.

B.2 Extreme Quantile Regression

This numerical session applies our insights to multidimensional settings. In addition to IS, we
emphasize that two key requirements for optimization under extreme risk—safe start and accurate
gradient estimates—ensures the convergence of SGD in multidimensional extreme conditional
quantile regression. We examine three optimization configurations: fixed-step SGD, harmonic-step
SGD, and Adam [32] which is widely used in machine learning. The problem setting is defined as
follows:
Example 2 (Multi-dimensional Extreme Quantile Regression). Assume (X, Y ) follows a joint
distribution Fθ∗ parameterized by θ∗ ∈ Rn−1, where X ∼ N

(
0, I(n−1)×(n−1)

)
and

Y
d
= θ∗⊤X +N (0, 12).

Our goal is to learn the true q-quantile of Y | X , namely

θ∗⊤X + F−1
N(0,12)(q),

where F−1
N(0,12)(·) denotes the inverse CDF of the standard normal distribution and q = 1− 1

γ for
γ > 1.

Using an auxiliary formulation, the q-quantile of Y | X solves

min
y

{
y + γ EY |X [(Y − y)+]

}
. (5)

Define
X̃ = [1 X] and θ̃ ∈ Rn.

Using the linear model Qθ̃(X) := θ̃⊤X̃ for each X as an estimator for the conditional quantile,
the population objective is

min
θ̃

E(X,Y )

[
Qθ̃(X) + γ

(
Y −Qθ̃(X)

)
+

]
. (6)
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To solve (6), we draw (X, Y ) from Fθ∗ , and its stochastic gradient with respect to θ̃ is

Gθ̃(X, Y ) = X̃ − γ I
{
Y > Qθ̃(X)

}
X̃. (7)

Hence, the K−average stochastic gradient with step size ηt (without IS) is

θ̃t+1 = θ̃t − 1

K

K∑
k=1

ηt

(
X̃

(k)
t − γ I

{
Y

(k)
t > Qθ̃t

(
X

(k)
t

)}
X̃

(k)
t

)
. (8)

Variance reduction via importance sampling (IS). To reduce gradient variance, for each sample
Xt and parameter θ̃t, draw

Y ′
t ∼ N

(
Qθ̃t

(Xt), 1
2
)
,

and multiply by the likelihood ratio to obtain an unbiased gradient estimate. That is, we sample Y ′
t

from a normal distribution centered at the current estimate of the conditional extreme quantile. We
update the current solution using K−average, IS-embedded gradient descent as follows:

θ̃t+1 = θ̃t − 1

K

K∑
k=1

ηt

(
X̃

(k)
t − γ Lθ̃t

(
Y

′(k)
t | X(k)

t

)
I
{
Y

′(k)
t > Qθ̃t

(
X

(k)
t

)}
X̃

(k)
t

)
, (9)

where the likelihood ratio is

Lθ̃t
(Y | X) :=

fN(θ∗⊤X, 12)(Y )

fN(Qθ̃t
(X), 12)(Y )

. (10)

Experimental setup. Set n = 101. Draw the true parameter θ∗ ∈ R100 from N(0, I100×100) and
set γ = 100,000. The corresponding quantile offset equals 4.26. Thus, the true conditional quantile
function for any X is

θ̃∗⊤X̃ = [4.26 1.62 −0.61 −0.53 . . . 0.70] X̃.

We evaluate each optimizer by plotting the progression of the Euclidean distance to the optimum,
∥θ̃t − θ̃∗∥. Consider the 101-dimensional initializations

θ̃safe = [40 0 0 . . . 0] , θ̃unsafe = [−30 0 0 . . . 0] ,

as safe and unsafe starts, respectively. This is because the extreme risk is much smaller with θ̃safe, i.e.,

E(X,Y )

[(
Y −Qθ̃safe

(X)
)
+

]
≪ E(X,Y )

[(
Y −Qθ̃unsafe

(X)
)
+

]
.

Note that the Euclidean distance from the unsafe initialization to the optimum is shorter than from
the safe initialization, yet the subsequent convergence behavior differs markedly. To reduce gradient
variance, we average K = 4,000 stochastic gradients per update in the baseline configuration.

Experimental Results. In Figure 1, we plot the traces of the three optimizers under safe vs./ unsafe
start. These optimizers have one thing in common — the errors go to near zero quickly when they
start from a safe solution. Furthermore, each optimizer has its own advantages. Fixed-step SGD
converges the fastest (error drops below 10−2 within 5,000 iterations). The error improves no further
due to its constant step size. Harmonic-step SGD, on the other hand, achieves a small error (below
10−3) but takes slightly longer iterations. Finally,Adam suffers the least from the unsafe start. It
takes, however, more than 50, 000 iterations to achieve error below 10−1.
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Figure 1: Traces of three optimizers under safe vs. unsafe starts after 100,000 iterations. Safe starts
lead all three methods toward the true parameters (small Euclidean distances). In contrast, distances
remain large for unsafe starts under both SGD variants.

B.3 Statistically Robust Classification on MAGIC Gamma Telescope

This experiment illustrates that the notion of safe starts extends to model training under extreme
risk with neural networks. Here, we demonstrate how to derive safe starts for a robust classification
problem. We use these initializations to build a multilayer-perceptron (MLP) classifier that achieves
both high prediction accuracy and robustness to tiny input perturbations. The experiment also reveals
that unsafe starts make it harder to find a suitable step size to train a robust classifier. We used
the MAGIC Gamma Telescope dataset from the UCI Machine Learning Repository [33] for our
experiment.

Robustness is an important consideration for the deployment of machine learning in real-world set-
tings. Standard neural-network classifiers, for example, can be vulnerable to tiny input perturbations
that lead to misclassifications [34, 35]. One common robustness metric is the prediction consistency,
measuring the probability that input perturbations change the correct prediction [36? ].

Concretely, we consider a classification model θ, an input z, and its true category y ∈ {1, 2, . . . , C}
with C total possible categories. Denote by ŷ(z;θ) ∈ [C] the predicted category that model θ makes
for a given input z, and denote by ϵ the (random) input perturbation. The statistical robustness of θ at
input z with the true category y is denoted by Pϵ (ŷ(z + ϵ;θ) ̸= y) . In safety- and security-critical
applications, the target robustness is extremely small, and evaluating such rare-event probability
requires variance reduction methods [37, 36].

Our goal is to build a statistically robust classifier θ with high accuracy and robustness measured,
respectively, by

1. Prediction Accuracy (PA): P(z,y) [ŷ(z;θ) = y]

2. Conditional Robust Accuracy (CRA): E(z,y) [Pϵ (ŷ(z + ϵ;θ) = y) | ŷ(z;θ) = y]

where (z, y) is drawn from the data-generating distribution. Note that we look at the probability
conditional on correct prediction because we do not award consistent incorrectness. To achieve these
two criterion spontaneously, we construct a surrogate loss function:

L(θ) := f(θ) + λp(θ)

where f(θ) := E(z,y) [ℓ(z, y;θ)] and p(θ) := E(z,y)

[
1{ ŷ(z;θ) = y }Eϵ [m(z, y, ϵ;θ)]+

]
. Here,

ℓ is the classification loss (i.e., cross-entropy loss). m(z, y, ϵ;θ) = maxc̸=y gc(z+ϵ;θ)−gy(z+ϵ;θ)
is the robust marginal at (z, y) where gc(z;θ) ∈ R is the score function (or logit) for category c ∈ [C]
given by θ and input z. Note that ŷ(z;θ) = argmaxc gc(z;θ). This robust margin term is analogous
to the hinge loss in the Value-at-Risk formulation in Equation (4).

The MAGIC Gamma Telescope dataset contains 19020 data points
{
z(i), y(i)

}19020
i=1

. z(i) ∈ R10

represents 10-dimensional features of an atmospheric image i from the telescope, and label y(i) ∈

10



Table 2: Baseline models: PA and CRA. Bold = PA > 80% or CRA > 98%.

Models P̂A ĈRA f̂(θ0) p̂(θ0) Distance-Safe Tail-Risk-Safe

Always Negative (dummy) 36.04% 100.00% – – – –
Always Positive (dummy) 63.96% 100.00% – – – –

RAND (safe) 35.94% 99.99% 5.44 0.00 ✗ ✓
PT (unsafe) 86.24% 65.57% 0.28 2.63 ✓ ✗
PT(+15) (safe) 66.87% 98.24% 3.63 0.076 ✓ ✓
PT(-15) (safe) 36.18% 99.41% 8.65 0.030 ✓ ✓

{1, 2} corresponding to signal/background. We use these features to distinguish atmospheric images
induced from gamma ray (signal) or induced from cosmic ray (background).

Here, we consider a multi-layer perceptron (MLP) classifier with 2 hidden layers and 20 neurons.
That is, the parameter θ is described by

{
Wθ

1 ∈ R10×20, bθ1 ∈ R10,Wθ
2 ∈ R20×1, bθ2 ∈ R

}
. For a

binary classification, we can write the score function as

g1(z;θ) := Wθ
2

⊤ (
ReLU

(
Wθ

1

⊤
z + bθ1

))
+ bθ2 ,

g2(z;θ) := −Wθ
2

⊤ (
ReLU

(
Wθ

1

⊤
z + bθ1

))
− bθ2 .

We sample perturbations ϵ ∼ N (0, σ2I10) with σ = 0.7 and set λ = 104. The implementation
details (optimizer settings, hyperparameters, minibatch sizes) appear in Appendix ??.

We consider two unsafe initializations: RAND (randomly initialized) and PT (pretrained). The PT
parameters are obtained by training for 2000 epochs with Adam on the binary cross-entropy loss only.
In Table 2, PT is tail-risk-unsafe (its tail-risk term exceeds 1/λ), whereas RAND attains near-zero
tail risk but is distance-unsafe—it is a random initialization, qualitatively different from the trained
θPT that minimizes expected loss.

We consider two safe starts, PT(+15) and PT(-15). Starting from the pretrained parameters, we
replace only the last-layer bias (originally bPT

2 = 0.89) by +15 and −15, respectively. Thus PT(+15)
strongly favors the positive (“signal”) class, while PT(-15) favors the negative (“background”) class.
As expected, both variants perform poorly in standard prediction accuracy; however, their tail-risk
terms are near zero because their outputs are essentially constant under small perturbations. Note that
θPT(+15) and θPT(−15) are identical to θPT except for this single bias entry.

We train each of the four initializations (PT, RAND, PT(+15), PT(-15)) with two optimizers—SGD
and Adam—using a learning-rate grid {10−1, 10−2, . . . , 10−7}. For every (initializer, optimizer, step
size) configuration, we run 50 epochs on the surrogate loss and check whether it reaches the targets:
prediction accuracy ≥ 80% and conditional robust accuracy (CRA) ≥ 98%.

In Table 3, only one configuration (from a safe start) attains both targets. In Table 4, two step sizes
achieve the targets for both PT(+15) and PT(-15), while only one step size works for PT. Thus, safe
starts make it easier to find a working step size for optimization under extreme risks.
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Table 3: PA and CRA by configuration and step size (95% CIs in brackets). Bold cells: PA > 80%
(∗), CRA > 98% (†).

Initialization Step Size PA (95% CI) RA (95% CI)

RAND 10−1 36.04% [34.72, 37.37] 100.00% [100.00, 100.00]†

10−2 36.04% [34.72, 37.37] 100.00% [100.00, 100.00]†

10−3 63.96% [62.63, 65.28] 100.00% [100.00, 100.00]†

10−4 75.38% [74.17, 76.55] 99.76% [99.68, 99.83]†

10−5 70.72% [69.44, 71.96] 99.70% [99.59, 99.78]†

10−6 35.96% [34.64, 37.29] 100.00% [100.00, 100.00]†

10−7 35.94% [34.62, 37.27] 100.00% [100.00, 100.00]†

PT 10−1 63.96% [62.63, 65.28] 100.00% [100.00, 100.00]†

10−2 63.96% [62.63, 65.28] 100.00% [100.00, 100.00]†

10−3 63.96% [62.63, 65.28] 100.00% [100.00, 100.00]†

10−4 63.96% [62.63, 65.28] 100.00% [100.00, 100.00]†

10−5 63.96% [62.63, 65.28] 99.98% [99.95, 100.00]†

10−6 74.06% [72.83, 75.26] 99.26% [99.12, 99.42]†

10−7 72.39% [71.14, 73.61] 98.44% [98.25, 98.64]†

PT(+15) 10−1 36.04% [34.72, 37.37] 100.00% [100.00, 100.00]†

10−2 36.04% [34.72, 37.37] 100.00% [100.00, 100.00]†

10−3 63.96% [62.63, 65.28] 100.00% [100.00, 100.00]†

10−4 63.96% [62.63, 65.28] 100.00% [100.00, 100.00]†

10−5 36.04% [34.72, 37.37] 99.89% [99.81, 99.96]†

10−6 80.42% [79.30, 81.49]∗ 99.18% [99.04, 99.32]†
10−7 76.43% [75.24, 77.59] 97.97% [97.76, 98.17]

PT(-15) 10−1 64.02% [62.69, 65.34] 100.00% [100.00, 100.00]†

10−2 63.96% [62.63, 65.28] 100.00% [100.00, 100.00]†

10−3 36.04% [34.72, 37.37] 100.00% [100.00, 100.00]†

10−4 36.04% [34.72, 37.37] 100.00% [100.00, 100.00]†

10−5 73.92% [72.69, 75.12] 99.55% [99.43, 99.66]†

10−6 71.79% [70.53, 73.02] 99.20% [99.04, 99.37]†

10−7 70.70% [69.42, 71.94] 98.54% [98.28, 98.75]†

Notes: “PA” and “CRA” are percentages; brackets show 95% confidence intervals as provided. ∗ PA > 80%. †

CRA > 98%.
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Table 4: ADAM: PA and CRA by configuration and step size (95% CIs in brackets). Bold = Test Acc
> 80% or CRA > 98%.

Initialization Step Size PA (95% CI) RA (95% CI)

RAND 10−1 63.96% [62.63, 65.28] 100.00% [100.00, 100.00]
10−2 76.33% [75.14, 77.49] 99.72% [99.62, 99.81]
10−3 74.20% [72.97, 75.39] 99.66% [99.56, 99.76]
10−4 35.90% [34.58, 37.23] 99.81% [99.67, 99.93]
10−5 35.96% [34.64, 37.29] 100.00% [99.99, 100.00]
10−6 35.94% [34.62, 37.27] 100.00% [99.99, 100.00]
10−7 35.94% [34.62, 37.27] 99.99% [99.97, 100.00]

PT 10−1 72.85% [71.60, 74.06] 99.76% [99.67, 99.84]
10−2 82.01% [80.93, 83.05] 99.14% [98.98, 99.28]
10−3 79.56% [78.42, 80.65] 97.45% [97.16, 97.71]
10−4 72.03% [70.77, 73.26] 97.51% [97.31, 97.72]
10−5 73.35% [72.11, 74.55] 87.09% [86.74, 87.50]
10−6 84.62% [83.60, 85.59] 67.93% [67.46, 68.43]
10−7 86.33% [85.36, 87.26] 65.71% [65.10, 66.24]

PT(+15) 10−1 73.41% [72.17, 74.61] 99.69% [99.59, 99.78]
10−2 82.61% [81.54, 83.63] 99.54% [99.42, 99.66]
10−3 80.34% [79.22, 81.41] 99.45% [99.34, 99.56]
10−4 77.89% [76.72, 79.01] 97.42% [97.17, 97.63]
10−5 71.93% [70.67, 73.16] 97.42% [97.22, 97.62]
10−6 68.69% [67.39, 69.95] 97.60% [97.42, 97.77]
10−7 68.55% [67.25, 69.82] 97.34% [97.16, 97.50]

PT(-15) 10−1 63.96% [62.63, 65.28] 100.00% [100.00, 100.00]
10−2 81.69% [80.60, 82.74] 99.29% [99.16, 99.44]
10−3 80.42% [79.30, 81.49] 98.99% [98.82, 99.14]
10−4 68.76% [67.47, 70.03] 97.82% [97.55, 98.08]
10−5 37.27% [35.94, 38.62] 98.32% [97.98, 98.66]
10−6 36.49% [35.17, 37.84] 99.27% [99.05, 99.45]
10−7 36.47% [35.15, 37.82] 99.27% [99.06, 99.48]

C Proofs of Negative Results

Proof. Proof of Theorem 1. With λ(γ) = eγ , we solve the first-order optimality condition of P(γ)
and obtain

(x∗(γ), y∗(γ)) =

(
1

2
, γ − 1

2

)
.

This gives

F (x∗(γ), y∗(γ); γ) = γ +
3

4
and p(x∗(γ), y∗(γ)) = e−γ .

That is, the decay rate I , defined in Assumption 1, is 1. We consider a sequence of initial solutions
{(x0(γ), y0(γ)) =

(
γ
4 , 0
)
}γ>0. Since

lim sup
γ→∞

1

γ
log p

(
(x0(γ), y0(γ))

)
= −1

4
,
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this sequence is not a safe solution as defined in Definition 1. Note that these initial solutions are
close to the optimal solution in the Euclidean distance, i.e.,

lim sup
γ→∞

1

γ
∥(x0(γ), y0(γ))− (x∗(γ), y∗(γ))∥

= lim sup
γ→∞

1

γ

√(
γ

4
− 1

2

)2

+

(
γ − 1

2

)2

= 0.

We want to show that, with these unsafe starts, the number of iterations to achieve 2−optimality
using gradient descent with a fixed step size grows exponentially in γ.

Fix rarity level γ ≥ 40 and a step size η. Denote by (xt, yt) the t−iteration that is initialized at
(x0(γ), y0(γ)). The number of required iterations is defined as the first iterate that reaches the target
accuracy, i.e.,

τ := min
t

{t ≥ 0|F (xt, yt; γ) ≤ 2F ∗(γ)} .

We consider the following two cases:

Case 1: Large step size (η ≥ e−γ/2). On the y-coordinate, we have

y1 = y0 − η∇yF (x0, y0; γ) = ηe3γ/4 − η.

Since ∇yF(xt, yt; γ) ≤ 1 for all xt, yt ≥ 0, each iteration reduces yt by at most η. After t iterations,
we have

yt ≥ ηe3γ/4 − ηt.

Because 2γ + 2 > 2F ∗(γ) and F (xt, yt; γ) > yt for all t ≥ 0, the necessary condition for τ is

2γ + 2 ≥ yτ ≥ ηe3γ/4 − ητ.

This implies

τ ≥ ηe3γ/4 − 2γ − 2

η
=

e3γ/4

2
+

ηe3γ/4/2− 2γ − 2

η
.

The second term in the RHS is greater than 0 since η ≥ e−η/2 and eγ/4/2 ≥ 2γ + 2 for all γ ≥ 40.

Therefore, τ is at least e3γ/4

2 , growing exponentially.

Case 2: Small step size (η < e−γ/2). At iteration τ, we know 2γ + 2 > 2F ∗(γ) and
F (xτ , yτ ; γ) ≥ infy∈R F (xτ , yτ ; γ) = F (xτ , γ − xτ ; γ) by the first-order optimality condition.
Therefore, we have the necessary condition

2γ + 2 ≥ F (xτ , γ − xτ ; γ) = x2
τ − xτ + γ + 1.

We can show that this necessary condition, for γ > 40, implies

xτ <
γ

5
,

otherwise we would have x2
τ − xτ + γ +1 ≥ xτ (xτ − 1) + γ +1 ≥ γ

5

(
40
5 − 1

)
+ γ +1 > 2γ +2.

On the x−coordinate, we have ∇xF (xt, yt; γ) ≤ 2xt for all xt, yt ≥ 0. For γ > 40, we know
1− 2η ≥ 0. Therefore,

xt+1 = xt − η∇xF (xt, yt; γ) ≥ (1− 2η)xt,

and thus
xτ ≥ (1− 2η)τx0 ≥ (1− 2τη)x0.

With the necessary condition, we need

γ

5
> xτ ≥ (1− 2τη)

γ

4
⇒ τ >

1

10η
>

eγ/2

10
.

That is, τ grows at an exponential rate of γ.
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Next, we prove the second negative result.

Proof. Proof of Theorem 2. Fix γ > 0. Solving the first-order optimality condition for P(γ), we
obtain

x∗(γ) = γ and F (x∗(γ); γ) = γ + 1.

Let xt be the t−iteration of a (projected) SGD with a fixed step size η starting at x0 where

xt+1 := max {0, xt − η {Gf (x, ξ) + eγGp(xt, ξ)}} .
Assume a noiseless estimator Gf (x, ξ) = 1 and assume that Gp(x, ξ) is without weak efficiency, that

is, E
[∥∥Gp(x, ξ) + e−x

∥∥2] ≤ e−x for all x ≥ 0. Specifically, we construct the stochastic gradient
such that, for x inside the trap region Tγ := (1.5(γ + 1), 1.6(γ + 1)),

Gp(x, ξ) =

{
−e−x + e−x/2 with probability 0.5

−e−x − e−x/2 with probability 0.5
.

When x /∈ Tγ , the gradient estimate is noiseless, i.e.,

Gp(x, ξ) = −e−x as surely.

Let τ be the stopping time when the SGD reaches (1 + 0.5)−optimality, i.e.,

τ := min
t

{t ≥ 0|F (xt; γ) ≤ (1.5)(γ + 1)} .

We have a necessary condition that

γ − log (1.5(γ + 1)) ≤ xτ ≤ 1.5(γ + 1). (11)

For a sufficiently large γ, we have γ − log (1.5(γ + 1)) > 0. We consider a starting region S′ of size
O(γ) where

S′ = [1.6(γ + 1), 3.3(γ + 1) + 1].

Note that these are considered safe starts because p(x0(γ)) ≤ e−1.6γ and the decay rate of p(x∗(γ))
is I = 1.

We show that for any range of the step size η, we can choose x0 ∈ S′ such that the sample complexity
is exponential in γ. The following is the summary of SGD’s behaviors under different step sizes:

1. Large η: The iterate is immediately projected to x1 = 0, and subsequentially x2 would be
extremely large. The recovery time takes an exponential number of steps.

2. Small η: The iterates progress towards the target region slowly, taking exponential iterations.

3. Intermediate η: The iterate lands in the trap region Tγ . From there, the stochastic noise ei-
ther projects the next iterate to 0 or pushes it exponentially far away, ensuring an exponential
runtime.

Before we show these results, we prove the following preliminary result when the iterate is at zero
and the step size is not small:

Preliminary Result on Recovery Time from Zero with η > 3.4(γ + 1)e−γ: We show that if
an iterate lands at xt = 0 and η > 3.4(γ + 1)e−γ , then the recovery (to the target accuracy) is
exponentially slow. At xt = 0, the gradient is noise-free, so the next iterate is xt+1 = η(eγ − 1).
With sufficiently large γ, xt+1 > 1.6(γ + 1), landing outside the trap. Beyond x > 1.6(γ + 1),
each iteration decreases by at most η as surely. Therefore, in order to be below 1.6(γ + 1) (i.e., the
necessary condition for 1.5−optimality), it needs at least

xt+1 − 1.6(γ + 1)

η
=

η(eγ − 1)− 1.6(γ + 1)

η

= eγ − 1− 1.6(γ + 1)

3.4(γ + 1)
eγ = Ω(eγ) (12)

iterations.

Next, we analyze each case.
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Case 1: Large Step Size (η > 1.7(γ + 1) + 1). We pick x0 = 1.6(γ + 1) + 1 ∈ S′. For a
sufficiently large γ, the update rule gives:

x1 = max{0, 1.6(γ + 1) + 1− η(1− eγ−(1.6(γ+1)+1))} = 0.

This requires an exponential number of iterations to reach the target accuracy, by the above preliminary
result.

Case 2: Small Step Size (η < e−0.1γ). We pick x0 = 1.6(γ+1)+1 ∈ S′. When xt > 1.6(γ+1),
the iterate decreases by at most η. To get below 1.6(γ + 1) (i.e., the necessary condition for
1.5−optimality), it needs at least

(1.6(γ + 1) + 1)− 1.6(γ + 1)

η
=

1

η
> e0.1γ

iterations.

Lastly, we consider the remaining possibility when η ∈ [e−0.1γ , 1.7(γ + 1) + 1]

Case 3: Intermediate Step Size (η ∈ [e−0.1γ , 1.7(γ + 1) + 1]). We first show that, for any
intermediate step size η, there exists x0 ∈ S′ such that x1 ∈ Tγ . We consider the following two cases.
First, if 1.6(γ + 1)− η(1− eγ−1.6(γ+1)) > 1.5(γ + 1), then we can pick x0 = 1.6(γ + 1) and thus
x1 ∈ (1.5(γ +1), 1.6(γ +1)). Second, assume that 1.6(γ +1)− η(1− eγ−1.6(γ+1)) ≤ 1.5(γ +1).
We know that

(3.3(γ + 1) + 1)− η(1− eγ−(3.3(γ+1)+1))

> (3.3(γ + 1) + 1)− (1.7(γ + 1) + 1)

> 1.6(γ + 1).

By the Intermediate Value Theorem, there must exist x0 ∈ [1.6(γ + 1), 3.3(γ + 1)] such that
x1 = x0 − η (1− eγ−x0) ∈ (1.5(γ +1), 1.6(γ +1)). Therefore, we can always select x0 so that the
next step falls into the trap region.

We consider the two possibilities for x2 :

• Case 3.1: Gp(x1, ξ) = −e−x + e−x/2. We thus have

x2 = max
{
0, x1 − η

(
1− eγ−x1 + eγ−x1/2

)}
≤ max

{
0, x1 + ηeγ−x1 − ηeγ−x1/2

}
.

We can upper bound the second term by 1.6(γ + 1) + (1.7(γ + 1) + 1)e−0.5γ−1.5 −
e−0.1γe0.2γ−0.8. With sufficiently large γ, the above is dominated by the exponential term
of γ and thus x2 = 0. Since η ≥ e−0.1γ > 3.4(γ + 1)e−γ for sufficiently large γ, the
preliminary result implies an exponentially slow runtime.

• Case 3.2: Gp(x1, ξ) = −e−x − e−x/2. For sufficiently large γ, we have

x2 = max
{
0, x1 − η

(
1− eγ−x1 − eγ−x1/2

)}
≥ max

{
0, 1.5(γ + 1) + η

(
eγ−(1.6(γ+1))/2 − 1

)}
= 1.5(γ + 1) + η

(
e0.2γ−0.8 − 1

)
.

Since η ≥ e−γ/10, the term above is dominated by the positive exponential term. Thus,
x2 > 1.6(γ + 1) when γ is sufficiently large. Beyond this point, gradient descent reduces
xt by at most η. Therefore, for xτ to be less than 1.6(γ + 1) again, it needs at least

1.5(γ + 1) + η
(
e0.2γ−0.8 − 1

)
− 1.6(γ + 1)

η
≥ e0.1γ−0.8

more iterations when γ is sufficiently large.

Finally, we conclude that, for any fixed step size η and with sufficiently large γ, we can select an
initialization x0 ∈ S′ such that the number of iterations grow in an exponential rate of γ.
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D Preliminaries for Positive Results

Recall the negative result of Theorem 1. The reason for SGD’s poor performance is the non-global
smoothness over the domain space. That said, we find that restricting this to a smaller subspace
allows us to analyze a locally smooth landscape where SGD can perform nicely.

Our remaining results analyze the performance of SGD over (properly selected) sublevel sets.

Definition 3 ((Enlarged) Initial sublevel set). For a given rarity level γ, an initial solution x0 ∈ X ,
and a positive number c ≥ 1, define an initial sublevel set S(x0, γ, c) as

S(x0, γ, c) := {x ∈ X | F (x; γ) ≤ c · F (x0; γ)} . (13)

Under Assumptions 3-4, F (·; γ) is convex, continuous and X = Rn. Therefore, S(x0, γ, c) is a
convex set. In the remainder of this paper, we simply write the initial sublevel by S when (x0, γ, c)
are fixed and clear. We show two nice properties of this region. As these two properties hold for
all x0 ∈ X and γ > 0, we omit γ, e.g., writing F := F (; γ) and λ := λ(γ). First, we derive the
Lipschitz smoothness of S.

Lemma 1 (Lipschitz smoothness over sublevel set). Under Assumptions 3-5, let Lf and Lp,2 be as
defined there. Consider the initial sublevel set S(x0, γ, c). For all x ∈ S, we have

∥∇2F (x)∥ ≤ LS

where LS := Lf + cLp,2F (x0) is the Lipschitz constant of F over S. That is, F is LS−smooth over
S.

Proof. Proof. We know that

sup
x∈S

∥∇2F (x)∥ = sup
x∈S

∥∇2f(x) + λ(γ)∇2p(x)∥

≤ sup
x∈S

{
∥∇2f(x)∥+ λ(γ)∥∇2p(x)∥

}
≤ sup

x∈S
∥∇2f(x)∥+ sup

x∈S

{
λ(γ)∥∇2p(x)∥

}
by the triangular inequality. Under Assumptions 3 and 4, we have

sup
x∈S

∥∇2F (x)∥ ≤ Lf + sup
x∈S

{λ(γ)Lp,2p(x)} .

Under Assumption 5, we have that

sup
x∈S

{λ(γ)Lp,2p(x)} ≤ Lp,2 sup
x∈S

F (x) ≤ cLp,2F (x0)

since x ∈ S. Therefore,
sup
x∈S

∥∇2F (x)∥ ≤ Lf + cLp,2F (x0).

In addition to the local smoothness over S, SGD can work well over this region because the second
moments of the stochastic gradient and the gradient noise are bounded.

Lemma 2 ( Stochastic-gradient and stochastic-noise second-moment bounds over sublevel set).
Under Assumptions 2- 5, let Gf (x, ξ), Gp(x, ξ), σf , σp, and Lp,1 be as defined there. Consider
the initial sublevel set S(x0, γ, c). Denote by G(x, ξ) and w(x, ξ), respectively, stochastic gradient
estimator and stochastic noise for ∇F (x), where

G(x, ξ) := Gf (x, ξ) + λ(γ)Gp(x, ξ),

w(x, ξ) := G(x, ξ)−∇F (x).

Then, for all x ∈ S, we have
E
[
∥w(x, ξ)∥2

]
≤ σ2

and
E
[
∥G(x, ξ)∥2

]
≤ 2

(
∥∇F (x)∥2 + σ2

)
where σ = σf + cσpLp,1F (x0).
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Proof. Proof. By Cauchy inequality, we have

E
[
∥w(x, ξ)∥2

]
= E

[
∥(Gf (x, ξ)−∇f(x)) + λ (Gp(x, ξ)−∇p(x))∥2

]
≤
(√

E [∥Gf (x, ξ)−∇f(x)∥2]

+ λ
√

E [∥Gp(x, ξ)−∇p(x)∥2]
)2

.

Under Assumption 2, we have

E
[
∥w(x, ξ)∥2

]
≤ (σf + λσp∥∇p(x)∥)2 .

Using Assumptions 3 and 5 and that x ∈ S, we have

λ∥∇p(x)∥ ≤ Lp,1λp(x) ≤ Lp,1F (x) ≤ cLp,1F (x0).

Therefore,

E
[
∥w(x, ξ)∥2

]
≤ (σf + cσpLp,1F (x0))

2
.

Furthermore, we have

E
[
∥G(x, ξ)∥2

]
= E

[
∥w(x, ξ) +∇F (x)∥2

]
≤ 2E

[
∥w(x, ξ)∥2 + ∥∇F (x)∥2

]
≤ 2

(
σ2 + ∥∇F (x)∥2

)
by Young’s inequality.

E Proofs of Positive Results for SGD with Constant Step Size

We first prove a descent lemma for SGD with constant step size over a sublevel set S. This de-
scent property is possible under sufficiently small step size and second moment of gradient noise.
Throughout Appendix E, we set c = 2 for the enlarged initial sublevel set.

Lemma 3 (Descent lemma for SGD with constant step size). Under Assumptions 2-5, let µ be
as defined there. Choose the target accuracy level ϵ > 0 and the confidence level κ ∈ (0, 1).
Let S := S(x0, γ, 2) with LS and σ as given in Lemmas 1-2. Consider SGD with a constant
step size η ≤ 1

LS
and denote xt as the t−iterate. If F (x0) > (1 + ϵ)F ∗ and xt ∈ int(S) and

σ2 ≤ κµϵF∗

4 , then xt+1 ∈ int(S) with probability at least 1− κ; moreover, F (xt+1) ≤ (1 + ϵ)F ∗

or F (xt+1) ≤ F (xt)− 3ηϵµF∗

8 .

Proof. Proof. Let wt be the stochastic noise at xt, defined as in Lemma 2. By Markov’s inequality,
we have

P
(
∥wt∥2 ≥ µϵF ∗

4

)
≤ σ2

µϵF ∗/4
≤ κ. (14)

That is, with probability at least 1− κ, ∥wt∥2 < µϵF∗

4 . In what follows, we condition on this event.

The SGD updates as

xt+1 := xt − ηG(xt, ξ) = xt − η (∇F (xt) +wt) .

We claim that, if the noise is bounded and xt ∈ int(S), then xt+1 ∈ int(S).

We define a line segment between xt and xt+1 :

x(τ) := xt + τ
(
xt+1 − xt

)
, τ ∈ [0, 1].
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Suppose a contradiction that xt+1 /∈ S. Let τ∗ := inf{τ ∈ [0, 1] : x(τ) ∈ ∂S}. Because the
line segment between xt and x(τ) is contained in S, which is LS-smooth by Lemma 1, we have a
smoothness quadratic upper bound:

F
(
x(τ∗)

)
≤ F (xt) + ⟨∇F (xt),x(τ

∗)− xt⟩+
LS

2
∥x(τ∗)− xt∥2

= F (xt)− ητ∗
(
1− ητ∗LS

2

)
∥∇F (xt)∥2

− ητ∗(1− ητ∗LS)∇F (xt)
⊤wt +

η2(τ∗)2LS

2
∥wt∥2.

By Cauchy inequality, we have
F
(
x(τ∗)

)
≤ F (xt)− ητ∗

(
1− ητ∗LS

2

)
∥∇F (xt)∥2

+ ητ∗(1− ητ∗LS) ∥∇F (xt)∥∥wt∥+
η2(τ∗)2LS

2
∥wt∥2. (15)

We then consider the following two possibilities:

Case 1: ∥∇F (xt)∥2 < ϵµF ∗. Since τ∗ ≤ 1, η ≤ 1
LS

, 1− ητ∗LS

2 ≥ 0, and supy∈R y(1−yLS) ≤
1

4LS
, we can refine (15) as

F
(
x(τ∗)

)
≤ F (xt) +

1

4LS
∥∇F (xt)∥∥wt∥+

1

2LS
∥wt∥2

With the bounded stochastic noise, we have

F
(
x(τ∗)

)
≤ F (xt) +

1

4LS

√
ϵµF ∗

√
µϵF ∗

4
+

1

2LS

(
µϵF ∗

4

)
= F (xt) +

µϵF ∗

4LS
.

Since the strong convexity µ is smaller than the Lipschitz constant, i.e., µ ≤ LS , we have

F
(
x(τ∗)

)
≤ F (xt) +

ϵF ∗

4
.

Using Assumption 4 that F is µ−strongly convex, we have
2µ (F (xt)− F ∗) ≤ ∥∇F (xt)∥2 ≤ ϵµF ∗.

That is, F (xt) ≤
(
1 + ϵ

2

)
F ∗. Therefore, combining the above, we get

F
(
x(τ∗)

)
≤
(
1 +

3ϵ

4

)
F ∗ < F (x0).

This leads to a contradiction as x(τ∗) still resides inside the sublevel set S. Therefore, xt+1 ∈ int(S).
With the same derivation as above, we can also conclude that

F
(
xt+1

)
≤
(
1 +

3ϵ

4

)
F ∗ < (1 + ϵ)F ∗.

Case 2: ∥∇F (xt)∥2 ≥ ϵµF ∗. We have that ∥wt∥ ≤ ∥∇F (xt)∥/2, and thus (15) implies

F
(
x(τ∗)

)
≤ F (xt)− ητ∗

(
1− ητ∗LS

2

)
∥∇F (xt)∥2

+
ητ∗(1− ητ∗LS)

2
∥∇F (xt)∥2 +

η2(τ∗)2LS

8
∥∇F (xt)∥2

= F (xt)−
ητ∗

2
∥∇F (xt)∥2 +

η2 (τ∗)
2
LS

8
∥∇F (xt)∥2.
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By the continuity of F and xt ∈ int(S), we know τ∗ > 0. With τ∗ ≤ 1 and η ≤ 1
LS

, we have

F
(
x(τ∗)

)
≤ F (xt)−

3ητ∗

8
∥∇F (xt)∥2 < 2F (x0).

However, F (x(τ∗)) = 2F (x0) as τ∗ is the time that the segment cross the sublevel set. This leads
to a contradiction, and thus xt+1 ∈ int(S). With the similar analysis, we can conclude that

F
(
xt+1

)
≤ F (xt)−

3η

8
∥∇F (xt)∥2 = F (xt)−

3ηϵµF ∗

8
.

Therefore, with probability at least 1 − κ, xt+1 ∈ int(S); moreover, F (xt+1) ≤ (1 + ϵ)F ∗ or
F (xt+1) ≤ F (xt)− 3ηϵµF∗

8 .

Next, we use this lemma to show the upper bound on the number of gradient steps.

Lemma 4 (Upper bound on iteration numbers for SGD with constant step size). Under Assumptions
2-5, let µ be as defined there. Choose the target accuracy level ϵ > 0 and the confidence level
κ ∈ (0, 1). Let S := S(x0, γ, 2) with LS and σ as given in Lemmas 1-2. Consider SGD with a
constant step size η ∈ [ 1

10LS , ,
1
LS

] and denote xt as the t−iterate. If F (x0) > (1 + ϵ)F ∗ and we
perform SGD for T iterations where

T ≥
⌈
80LSF (x0)

3ϵµF ∗

⌉
,

and σ2 ≤ κµϵF∗

4T , then F (xT ) ≤ (1 + ϵ)F ∗ with probability at least 1− κ.

Proof. Proof. From Lemma 3, if xt ∈ int(S), then with probability at least 1− κ
T , xt+1 ∈ int(S)

and its objective either reaches the target accuracy or it diminishes by at least 3ηϵµF∗

8 ≥ 3ϵµF∗

80LS
.

Therefore, we have that P (x0 ∈ int(S)) = 1 by construction of S and

P (x0,x1, . . . ,xT ∈ int(S))

= P (x0 ∈ int(S))P (x1|x0 ∈ int(S)) ..P (xT |xT−1 ∈ int(S))

≥
(
1− κ

T

)T
≥ 1− κ.

Therefore, with probability at least 1− κ, F (xT ) ≤ (1 + ϵ)F ∗. Otherwise, the objective at xT must
decrease from F (x0) by at least T ·

(
3ϵµF∗

80LS

)
≥ F (x0), becoming below zero, which results in a

contradiction.

Before we go to the main result, we prove that the initial objective value of a safe start grows at a
sub-exponential rate.

Lemma 5 (Sub-exponential growth of safe-start objective value). Suppose Assumptions 1- 5 hold.
Consider a sequence of safe starts {x0(γ)}γ>0 . We have

lim sup
γ→∞

1

γ
logF (x0(γ); γ) ≤ 0.

Proof. Proof. Since f is Lf−smooth, the smoothness quadratic upper bound gives

f(x0(γ)) ≤ f(x̃∗) +
Lf

2
∥x0(γ)− x̃∗∥2 =

Lf

2
∥x0(γ)− x̃∗∥2

where x̃∗ is defined as in Assumption 5. That is, by the definition of safe start,

lim sup
γ→∞

1

γ
log f(x0(γ)) ≤ lim sup

γ→∞

1

γ
log

(
Lf

2
∥x0(γ)− x̃∗∥2

)
= 0.
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Moreover, by Assumption 1 and the definition of safe start, we have

lim sup
γ→∞

1

γ
log(λ(γ)p(x0(γ)))

= lim sup
γ→∞

1

γ
log λ(γ)

+ lim sup
γ→∞

1

γ
log p(x0(γ)) ≤ 0.

Combining the above gives

lim sup
γ→∞

1

γ
logF (x0(γ); γ)

≤ lim sup
γ→∞

1

γ
log {2max {f(x0(γ)), λ(γ)p(x0(γ))}}

= max

{
lim sup
γ→∞

1

γ
log f(x0(γ)),

lim sup
γ→∞

1

γ
log(λ(γ)p(x0(γ)))

}
≤ 0.

Now, we are ready to prove the sub-exponential result of the safe start for SGD with constant step
size.

Lemma 6 (Sub-exponential sample complexity for SGD with constant step size and safe start).
Under Assumptions 1- 5, let µ, σf , σp, and Lp,1 be as defined there. Choose the target accuracy
level ϵ > 0 and the confidence level κ ∈ (0, 1). Consider a sequence of safe starts {x0(γ)}γ>0

where F (x0(γ); γ) > (1 + ϵ)F ∗(γ). For each γ, we derive the local Lipschitz constant LS(γ) for
the sublevel set S(x0(γ), γ, 2) as in Lemma 1. We perform SGD with a minibatch size of B(γ) i.i.d.
samples for T (γ) steps, totaling in gradient evaluations of T (γ) ·B(γ). We choose a constant step
size η(γ) ∈ [ 1

10LS(γ) ,
1

LS(γ) ] and

T (γ) =

⌈
80LS(γ)F (x0(γ); γ)

3ϵµF ∗(γ)

⌉
B(γ) =

⌈
4T (γ)(σf + 2σpLp,1F (x0(γ); γ))

2

κµϵF ∗(γ)

⌉
.

Then, with probability at least 1 − κ, we have F (xT (γ); γ) ≤ (1 + ϵ)F ∗(γ). Furthermore, the
required sample complexity grows sub-exponentially, i.e.,

lim sup
γ→∞

1

γ
log (T (γ)B(γ)) ≤ 0.

Proof. Proof. Fix γ > 0. We derive the new stochastic-noise second-moment bound σ(γ) as in
Lemma 2 for this B(γ)−minibatch SGD. Specifically, we take unbiased gradient estimators

Ḡf (x) :=
1

B(γ)

B(γ)∑
i=1

Gf (x, ξi)

Ḡp(x) :=
1

B(γ)

B(γ)∑
i=1

Gp(x, ξi)

21



where ξi are i.i.d. We then improve from σf and σp to σf/
√
B(γ) and σp/

√
B(γ), respectively.

The new bound becomes

σ(γ) :=
σf + 2σpLp,1F (x0(γ); γ)√

B(γ)
.

Taking B(γ) =
⌈
4T (γ)(σf+2σpLp,1F (x0(γ);γ))

2

κµϵF∗(γ)

⌉
, we then have

σ(γ) ≤

√
κµϵF ∗(γ)

4T (γ)
.

Using Lemma 4, we can conclude that F (xT (γ); γ) ≤ (1 + ϵ)F ∗(γ) with probability at least 1− κ.

So, the required sample complexity is at most T (γ)B(γ). To show the sub-exponential growth, it is
sufficient to show that both T (γ) and B(γ) also grow at a sub-exponential rate in rarity level.

Omitting all the constants, we have

lim sup
γ→∞

1

γ
log T (γ)

= lim sup
γ→∞

1

γ
(log (LS(γ)) + log (F (x0(γ); γ))− log (F ∗(γ)))

≤ lim sup
γ→∞

1

γ
(log (LS(γ)) + log (F (x0(γ); γ)))

since F ∗(γ) is non-decreasing as we increase the penalty. Since LS(γ) := Lf + 2Lp,2F (x0(γ); γ),
the exponential growth rate is determined by the term F (x0(γ); γ). That is,

lim sup
γ→∞

1

γ
log T (γ)

≤ lim sup
γ→∞

1

γ
log (F (x0(γ); γ))

which grows at a sub-exponential rate by Lemma 5. Similarly, we bound the exponential growth rate
of B(γ) by

lim sup
γ→∞

1

γ
logB(γ)

≤ lim sup
γ→∞

1

γ
log T (γ) + lim sup

γ→∞

1

γ
logF (x0(γ); γ)

2

≤ 0

by Lemma 5 and the previous result on T (γ). Therefore, the sample complexity only grows at a
sub-exponential rate in the rarity level.

F Proofs of Positive Results for SGD with Harmonic Step Size

We write the optimality gap at the t-iteration and rarity level γ by ∆t(γ) := F (xt; γ)− F ∗(γ). We
omit γ when it is clear that we consider a particular rarity level.

To analyze the behavior of SGD with harmonic step size, we leverage the same preliminary results of
the sublevel set as in Lemmas 1 and 2. We introduce the expected optimality gap over the sublevel set
for a fixed initial solution x0, a rarity level γ, and an enlargement scale c.

Definition 4 (Expected optimality gap over sublevel set). Consider the sublevel set S := S(x0, γ, c).
Let xt be the t-iterate of SGD. With T iterations, we define the expected optimality gap over S as

EOG(T ) := E [∆T1{x0, . . . ,xT ∈ int(S) }]
where int(S) is the interior of set S and 1{x0, . . . ,xt ∈ int(S) } is a (random) indicator which is
equal to 1 when all the iterates up to time T remain in the sublevel set interior; otherwise, it is equal
to 0. Moreover, this expectation is taken over the entire trajectory given x0.
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Next, we derive the upper bound on the expected gap in the next step. This is analogous to the
smoothness quadratic upper bound for analyzing first-order methods over a globally smooth region.
Throughout Appendix F, we set the enlargement scale to c = 2.

Lemma 7 (Upper bound on the next-step expected optimality gap over sublevel set). Under Assump-
tions 2-5, let µ be as defined there. Let S := S(x0, γ, 2) with LS and σ as given in Lemmas 1-2. In
each iteration t ≥ 0, we perform SGD with a harmonic step size ηt. If ηt ≤ 1

2LS
, we have

EOG(t+ 1) ≤ (1− ηtµ) EOG(t) + η2tLSσ
2.

Proof. Proof. Our goal is to prove that

E [∆t+11{x0, . . . ,xt+1 ∈ int(S) }]
≤ (1− ηtµ)E [∆t1{x0, . . . ,xt ∈ int(S) }]
+ η2tLSσ

2.

It is sufficient to simply show that, for every (x0, . . .xt) ∈ X t+1, we have

Ext+1
[∆t+11{x0, . . . ,xt+1 ∈ int(S) } |x0, ...,xt]

≤ (1− ηtµ)∆t1{x0, . . . ,xt ∈ int(S) }
+ η2tLSσ

2.

The above is trivial when 1{x0, . . . ,xt ∈ int(S) } = 0.

In what follows, we condition on 1{x0, . . . ,xt ∈ int(S) } = 1. Denote by G(xt, ξt) the stochastic
gradient for ∇F (xt). We want to establish that

∆t+11{x0, . . . ,xt+1 ∈ int(S) }

≤
(
∆t − ηt∇F (xt)

⊤G(xt, ξt) +
η2tLS

2
∥G(xt, ξt)∥2

)
︸ ︷︷ ︸

(†)

(16)

as surely. We consider the following two cases.

Case 1: 1{x0, . . . ,xt+1 ∈ int(S) } = 1. Since xt and xt+1 lies inside the locally smooth region
S with Lipschitz constant LS and η ≤ 1

2LS
, we then have the smoothness quadratic upper bound

∆t+1 ≤ ∆t − ηt∇F (xt)
⊤G(xt, ξt) +

η2tLS

2
∥G(xt, ξt)∥2,

proving (16).

Case 2: 1{x0, . . . ,xt+1 ∈ int(S) } = 0. To establish (16), we just need to show that (†) ≥ 0.
Since F is continuous, we can define x′ := xt − τηtG(xt, ξt) as the intersection between the line
segment of xt and xt+1 and the boundary of the sublevel set. Here τ ∈ (0, 1]. Using the smoothness
quadratic upper bound, as x′ and xt lie in S, we have

F (x′)− F (xt)

≤ ηtτ

(
−∇F (xt)

⊤G(xt, ξt) +
τηtLS

2
∥G(xt, ξt)∥2

)
.

Since x′ is at the boundary of the sublevel set and xt is in the interior of S, we have that F (x′) >
F (xt). Therefore,

ηtτ

(
−∇F (xt)

⊤G(xt, ξt) +
τηtLS

2
∥G(xt, ξt)∥2

)
≥ 0.

Since ηtτ > 0 and 1 ≥ τ , we have

−∇F (xt)
⊤G(xt, ξt) +

ηtLS

2
∥G(xt, ξt)∥2 ≥ 0.
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The above and the fact that ∆t ≥ 0 complete the proof that (†) ≥ 0.

As (16) holds, we take the expectation over ξt and achieve

Eξt [∆t+11{x0, . . . ,xt+1 ∈ int(S) } |x0, . . . ,xt ∈ int(S)]

≤ Eξt

[
∆t − ηt∇F (xt)

⊤G(xt, ξt) +
η2tLS

2
∥G(xt, ξt)∥2

]
≤ ∆t − ηt∥∇F (xt)∥2 + η2tLS

(
σ2 + ∥∇F (xt)∥2

)
.

since G(xt, ξt) is unbiased and its second moment is bounded as in Lemma 2. As ηt ≤ 1
2LS

, we have

Eξt [∆t+11{x0, . . . ,xt+1 ∈ int(S) } |x0, . . . ,xt ∈ int(S)]

≤ ∆t −
ηt
2
∥∇F (xt)∥2 + η2tLSσ

2

By strong convexity of F, we have ∥∇F (xt)∥2 ≥ 2µ∆t and thus

Eξt [∆t+11{x0, . . . ,xt+1 ∈ int(S) } |x0, . . . ,xt ∈ int(S)]

≤ ∆t (1− ηtµ) + η2tLSσ
2

completing the proof.

Next, we show that, with a properly selected harmonic step size, the expected gap over S decays at a
sublinear rate.

Lemma 8 (Sublinear decay of the expected optimality gap over sublevel set). Under Assumptions
2-5, let µ be as defined there. Let S := S(x0, γ, 2) with LS and σ as given in Lemmas 1-2. In each
iteration t ≥ 0, we perform SGD with a harmonic step size ηt = α

K+t where α ≥ 2
µ and K ≥ 2αLS .

Then,

EOG(t) ≤ H

K + t

where H = max
{
K∆0, α

2LSσ
2
}
.

Proof. Proof. We prove this by induction.

Basic Step: We have that

EOG(0) = E [∆01{x0, . . . ,x0 ∈ int(S) }]

= ∆0 ≤ H

K
.

Inductive Step: Assume there exists t ≥ 0 such that

EOG(t) ≤ H

K + t
.

Given that ηt = α
K+t ≤

1
2LS

, Lemma 7 implies that

EOG(t+ 1) ≤ (1− ηtµ) EOG(t) + η2tLSσ
2

=

(
1− αµ

K + t

)
EOG(t) +

α2LSσ
2

(K + t)2
.

Because µα ≥ 2 and H ≥ α2LSσ
2, we have

EOG(t+ 1) ≤ EOG(t)

(
1− 2

K + t

)
+

H

(K + t)2
.
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By the inductive hypothesis, we have

EOG(t+ 1) ≤
(

H

K + t

)(
1− 2

K + t

)
+

H

(K + t)2

=
(K + t− 2)H

(K + t)2
+

H

(K + t)2

=
(K + t− 1)H

(K + t)2

≤ H

K + t+ 1
,

completing this inductive proof. Therefore, the expected optimality gap decays at a sublinear rate.

The decay result of the expected optimality gap alone is not meaningful enough. This term, for
instance, might decay because of the probability of iterates escaping the sublevel set grows quickly.
Therefore, we need an additional result that can upper bound the probability of escaping the sublevel
set.

Lemma 9 (Upper bound on first-time escape probability from sublevel set). Under Assumptions
2-5, let µ be as defined there. Let S := S(x0, γ, 2) with LS and σ as given in Lemmas 1-2. In
each iteration t ≥ 0, we perform SGD with a harmonic step size ηt = α

K+t where α ≥ 2
µ and

K ≥ 2αLS . Then, the escape probability for the first time at iteration t+ 1 is upper bounded, i.e.,

P (1{x0, . . . ,xt+1 ∈ int(S) } < 1{x0, . . . ,xt ∈ int(S) }) ≤ σU
2+t where U :=

α(2
√
LSγ0+σ)
∆0

+
H(2

√
2µ∆0+σ)
µ∆2

0
and H = max

{
K∆0, α

2LSσ
2
}
.

Proof. Proof. We can write the escape probability from the interior of S for the first time at iteration
t+ 1 as

P (F (xt+1) ≥ 2F (x0) and 1{x0, . . . ,xt ∈ int(S) } = 1) .

Denote by G(xt, ξt) and wt the stochastic gradient and stochastic noise at iteration t for ∇F (xt)
where G(xt, ξt) = ∇F (xt) +wt. Suppose F (xt+1) ≥ 2F (x0) and 1{x0, . . . ,xt ∈ int(S) } = 1.
Using the similar technique to the previous result, we write x′ as the first point where the line segment
between xt and xt+1 cut the boundary of S. We write x′ := x − τηtG(xt, ξt) where τ ∈ (0, 1].
Then, we apply the smoothness quadratic upper bound on the sublevel, i.e.,

2F (x0) = F (x′)

≤ F (xt)− ηtτ∇F (xt)
⊤G(xt, ξt)

+
η2t τ

2LS

2
∥G(xt, ξt)∥2

Since F (xt) < 2F (x0) and τ ∈ (0, 1], we have

2F (x0)− F (xt)

≤ ηtτ

(
−∇F (xt)

⊤G(xt, ξt) +
ηtτLS

2
∥G(xt, ξt)∥2

)
≤ ηt

(
−∇F (xt)

⊤G(xt, ξt) +
ηtLS

2
∥G(xt, ξt)∥2

)
.

Therefore, we can upper bound the (conditional on 1{x0, . . . ,xt ∈ int(S) } = 1) escape probability
by

P (F (xt+1) ≥ 2F (x0))

≤ P

(
2F (x0)− F (xt)

≤ ηt

(
−∇F (xt)

⊤G(xt, ξt) +
ηtLS

2
∥G(xt, ξt)∥2

))
.
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Note that we omit the probability condition for readability. Using inequality ∥G(xt, ξt)∥2 ≤
2
(
∥∇F (xt)∥2 + ∥wt∥2

)
, we have

P (F (xt+1) ≥ 2F (x0))

≤ P

(
2F (x0)− F (xt)

≤ ηt

(
−∥∇F (xt)∥2 −∇F (xt)

⊤wt

+ ηtLS

(
∥∇F (xt)∥2 + ∥wt∥2

)))
.

By ηtLS ≤ 1
2 and Cauchy inequality, we have

P (F (xt+1) ≥ 2F (x0))

≤ P

(
2F (x0)− F (xt)

≤ ηt
(
−∥∇F (xt)∥2/2 + ∥∇F (xt)∥∥wt∥+ ∥wt∥2/2

))

≤ P

(
2F (x0)− F (xt) + ηt∥∇F (xt)∥2/2

≤ ηt
(
∥∇F (xt)∥∥wt∥+ ∥wt∥2/2

))
.

By Markov’s inequality and the bounds on the stochastic noise in Lemma 2, we have

P
(
F (xt+1) ≥ 2F (x0)

∣∣∣ 1{x0, . . . ,xt ∈ int(S) } = 1
)

≤
ηtE

[
∥∇F (xt)∥∥wt∥+ ∥wt∥2/2

]
2F (x0)− F (xt) + ηt∥∇F (xt)∥2/2

≤ ηtσ (∥∇F (xt)∥+ σ/2)

2F (x0)− F (xt) + ηt∥∇F (xt)∥2/2

We note that this upper bound captures the essence of the escape probability. Basically, we xt is deep
inside the interior set, the term 2F (x0)− F (xt) in the denominator will be large. On the other hand,
if xt is near the boundary, the gradient will be large by strong convexity. We separate these two cases
by whether the 2F (x0)− F (xt) ≥ F (x0). We use these behaviors to bound the escape probability
further and consider the two cases.
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Case 1: 2F (x0) − F (xt) ≥ F (x0). This is equivalent to ∆t ≤ ∆0. We thus bound the escape
probability by

P

(
F (xt+1) ≥ 2F (x0)

,1{x0, . . . ,xt ∈ int(S) } = 1, 2F (x0)− F (xt) ≥ F (x0)

)

≤ P

(
F (xt+1) ≥ 2F (x0)

∣∣∣ 1{x0, . . . ,xt ∈ int(S) } = 1, 2F (x0)− F (xt) ≥ F (x0)

)

≤ ηtσ (∥∇F (xt)∥+ σ/2)

2F (x0)− F (xt) + ηt∥∇F (xt)∥2/2

≤ ηtσ (2∥∇F (xt)∥+ σ)

2∆0

≤
ηtσ

(
2
√
2LSγ0 + σ

)
2∆0

.

Note that we use 2F (x0)−F (xt) ≥ F (x0) ≥ ∆0. The last inequality is true by the fact thatxt is in
the LS−smooth, so ∥∇F (xt)∥2 ≤ 2LS∆t ≤ 2LSγ0.

Case 2: 2F (x0) − F (xt) < F (x0). This is equivalent to ∆t > ∆0. We thus bound the escape
probability by

P

(
F (xt+1) ≥ 2F (x0)

,1{x0, . . . ,xt ∈ int(S) } = 1, 2F (x0)− F (xt) < F (x0)

)

≤ P

(
F (xt+1) ≥ 2F (x0)

∣∣∣ 1{x0, . . . ,xt ∈ int(S) } = 1, 2F (x0)− F (xt) < F (x0)

)
· P (1{x0, . . . ,xt ∈ int(S) } = 1, 2F (x0)− F (xt) < F (x0))︸ ︷︷ ︸

(†)

The first probability term is upper bounded by

P

(
F (xt+1) ≥ 2F (x0)

∣∣∣ 1{x0, . . . ,xt ∈ int(S) } = 1, 2F (x0)− F (xt) < F (x0)

)

≤ ηtσ (∥∇F (xt)∥+ σ/2)

ηt∥∇F (xt)∥2/2

=
2σ

∥∇F (xt)∥
+

σ2

∥∇F (xt)∥2

≤ σ
√
2√

µ∆0
+

σ2

2µ∆0
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since xt ∈ int(S) and 2F (x0) − F (xt) > 0. The last inequality is true by strong convexity that
∥∇F (xt)∥2 ≥ 2∆t ≥ 2µ∆0. Lastly, we use Markov’s inequality to bound (†)

(†) = P (1{x0, . . . ,xt ∈ int(S) } = 1 and ∆t > ∆0)

= P (∆t1{x0, . . . ,xt ∈ int(S) } > ∆0)

≤ E [∆t1{x0, . . . ,xt ∈ int(S) }] /∆0

≤ 2H

(K + t)∆0

by Lemma 8. Therefore, we bound the escape probability at time t+ 1 by

P (F (xt+1) ≥ 2F (x0) and 1{x0, . . . ,xt ∈ int(S) } = 1)

≤
ηtσ

(
2
√
LSγ0 + σ

)
∆0

+

(
2H

(K + t)∆0

)(
σ
√
2√

µ∆0
+

σ2

2µ∆0

)

=
ασ
(
2
√
LSγ0 + σ

)
(K + t)∆0

+

(
2H

(K + t)∆0

)(
σ
√
2√

µ∆0
+

σ2

2µ∆0

)

=
σ

(K + t)

(
α
(
2
√
LSγ0 + σ

)
∆0

+
H
(
2
√
2µ∆0 + σ

)
µ∆2

0

)

=
σU

K + t
.

We know that K ≥ 2αLS ≥ 4LS

µ > 4 since the smoothness LS must be at least the strong convexity
µ. Therefore, the escape probability is at most σU

2+t .

Now, we are ready to prove that, if the second moment of the stochastic noise σ over the sublevel set
is sufficiently small, the iterate of SGD will reach the target accuracy with high probability. We prove
this result for a fixed rarity level first.

Lemma 10 (Upper bound on iteration numbers of SGD with harmonic step size). Under Assumptions
2-5, let µ be as defined there. Choose the target accuracy level ϵ > 0 and the confidence level
κ ∈ (0, 1). Let S := S(x0, γ, 2) with LS and σ as given in Lemmas 1-2. In each iteration t ≥ 0,
we perform SGD with a harmonic step size ηt = α

K+t where α ≥ 2
µ and K ≥ 2αLS . We then

perform SGD for T iterations where T ≥
⌈
2K∆0

κϵF∗

⌉
and the gradient estimates are independent across

iterations. If σ2 ≤ min
{

K∆0

α2LS
,∆0,

κ2∆0

4 log2(1+T )M2

}
where M = 2α

√
LS + α +

K(2
√
2µ+1)
µ then

F (xT ) ≤ (1 + ϵ)F ∗ with probability at least 1− κ.

Proof. Proof.

By Lemma 8 and that σ2 ≤ K∆0

α2LS
, we upper bound the optimality gap over the sublevel set at xT by

EOG(T ) ≤
max

{
K∆0, α

2LSσ
2
}

K + T

≤ K∆0

T

≤ κϵF ∗

2
.

By Markov’s inequality, we have

P (∆T1{x0, . . . ,xT ∈ int(S) } ≥ ϵF ∗) ≤ EOG(T )

ϵF ∗ .

That is, the above inequalities give

P (1{x0, . . . ,xT ∈ int(S) } = 1 and ∆T ≥ ϵF ∗) ≤ κ

2
.
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By Lemma 9, we can upper bound the escape probability before iteration T + 1 by

P (1{x0, . . . ,xT ∈ int(S) } = 0)

=

T−1∑
t=0

P (1{x0, . . . ,xt+1 ∈ int(S) } < 1{x0, . . . ,xt ∈ int(S) })

≤ σU
T−1∑
t=0

1

2 + t

≤ σU
T+1∑
t=2

1

t

≤ σU log (T + 1)

where U =
α(2

√
LSγ0+σ)
∆0

+
H(2

√
2µ∆0+σ)
µ∆2

0
and H = max

{
K∆0, α

2LSσ
2
}
. We upper bound U as

σ2 ≤ ∆0 and H = K∆0 by

U ≤
α
(
2
√
LSγ0 +

√
∆0

)
∆0

+
K
(
2
√
2µ∆0 +

√
∆0

)
µ∆0

=

(
2α

√
LS + α+

K(2
√
2µ+1)
µ

)
√
∆0

.

Applying this to the bound on the escape probability using the bound assumption on σ2 gives

P (1{x0, . . . ,xT ∈ int(S) } = 0) ≤ κ

2
.

Combing all the results above, we have

P (1{x0, . . . ,xT ∈ int(S) } = 1 and ∆T < ϵF ∗)

= P (1{x0, . . . ,xT ∈ int(S) } = 1)

− P (1{x0, . . . ,xT ∈ int(S) } = 1 and ∆T ≥ ϵF ∗)

≥
(
1− κ

2

)
− κ

2
= 1− κ.

That is, the probability of reaching ϵ−accuracy at time xT is at least 1− κ.

We now prove the sub-exponential result for SGD with harmonic step size. The outline of this is
similar to the proof in Lemma 6.

Lemma 11 (Sub-exponential sample complexity for SGD with harmonic step size and safe start).
Under Assumptions 1- 5, let µ, σf , σp, and Lp,1 be as defined there. Choose the target accuracy
level ϵ > 0 and the confidence level κ ∈ (0, 1). Consider a sequence of safe starts {x0(γ)}γ>0

where F (x0(γ); γ) > (1 + ϵ)F ∗(γ). For each γ, we derive the local Lipschitz constant LS(γ) for
the sublevel set S(x0(γ), γ, 2) as in Lemma 1. We perform SGD with a minibatch size of B(γ) i.i.d.
samples for T (γ) steps, totaling in gradient evaluations of T (γ) ·B(γ). We choose a harmonic step

size a harmonic step size ηt(γ) =
α(γ)

K(γ)+t where α(γ) ∈
[
2
µ ,

20
µ

]
, K(γ) ∈

[
40LS(γ)

µ , 400LS(γ)
µ

]
, and

T (γ) =

⌈
2K(γ)∆0(γ)

κϵF ∗(γ)

⌉

B(γ) =


(σ0(γ))

2
(
1 + µα2(γ)

40 + 4 log2(T (γ)+1)M(γ)2

κ2

)
∆0(γ)


where

M(γ) := 2α(γ)
√
LS(γ) + α(γ) +

K(γ)
(
2
√
2µ+ 1

)
µ

.
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and
σ0(γ) := σf + 2σpLp,1F (x0(γ); γ).

Then, with probability at least 1 − κ, we have F (xT (γ); γ) ≤ (1 + ϵ)F ∗(γ). Furthermore, the
required sample complexity grows sub-exponentially, i.e.,

lim sup
γ→∞

1

γ
log (T (γ)B(γ)) ≤ 0.

Proof. Proof.

Similar to the proof in Lemma 6, the bound of stochastic noise σ(γ) over the sublevel set
S(x0(γ), γ, 2) with B(γ)-minibatch SGD is

σ(γ) =
σ0(γ)√
B(γ)

.

Taking the selected minibatch size B(γ) and using the fact LS(γ)
K(γ) ≥ µ

40 , we have that

σ2(γ)

≤ ∆0(γ)

1 + α2(γ)LS(γ)
K(γ) + 2 log2(T (γ)+1)(M(γ))2

κ2

≤ min

{
∆0(γ),

K(γ)∆0(γ)

α2(γ)LS(γ)
,

κ2∆0(γ)

4 log2 (Tγ + 1)M(γ)2

}
.

We also know that α(γ) ≥ 2
µ and K(γ) ≥ 2α(γ)LS(γ). Therefore, Lemma 10 suggests that

F (xT (γ); γ)− F ∗(γ) ≤ ϵF ∗(γ) with probability at least 1− κ.

Next, we show the sub-exponential rate of the sample complexity by showing that both T (γ) and
B(γ) grow at a sub-exponential rate.

We know that

lim sup
γ→∞

1

γ
log T (γ)

= lim sup
γ→∞

1

γ
log

(
2K(γ)∆0(γ)

κϵF ∗(γ)

)

≤ lim sup
γ→∞

1

γ
log

2
(

400LS(γ)
µ

)
F (x0(γ); γ)

κϵF ∗(γ)


We also know that F ∗(γ) is non-decreasing as we increase the penalty term. Moreover, LS(γ) =
Lf + 2Lp,2F (x0(γ); γ) and F (x0(γ); γ) both grow at a sub-exponential rate by Lemma 5. We
conclude that the number of iterations T (γ) also grows at a sub-exponential rate.

Next, we want the minibatch size B(γ) to grows at a sub-exponential rate. Since ∆0(γ) > ϵF ∗(γ),
which is non-decreasing, it is sufficient to show that F (x0(γ); γ),K(γ), LS(γ) and log(T (γ) + 1)

grow at a sub-exponential rate. Since K(γ) ≤ 400LS(γ)
µ , the first three terms grow at a sub-

exponential rate. Moreover, since T (γ) grows at a sub-exponential rate by the previous result, so
does it logarithmic. Therefore, we conclude that B(γ) also grows at a sub-exponential rate.
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