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Abstract

We study machine unlearning: the removal of
memorized training data from a trained model.
Specifically, we investigate the algorithmic com-
plexity of certified unlearning from an optimiza-
tion perspective. We formalize the goal of an
unlearning algorithm as simultaneously achieving
certified unlearning and optimization accuracy.
Utilizing the notion of uniformly convex regular-
izers, we prove new bounds on the distance be-
tween initial and unlearned models using a novel
substitute for generalization error. Thus we theo-
retically demonstrate that if the removed data is
well-predicted by the unlearned model, the corre-
sponding optimization problem is simple. Further-
more, we develop a new second-order unlearning
algorithm with an anisotropic Gaussian mecha-
nism and state-of-the-art global convergence. We
prove fast rates for our method in achieving certi-
fied unlearning for linear models with quasi-self-
concordant losses. As a direct application, our
theory covers unlearning for logistic and exponen-
tial regressions and shows a provable benefit of
utilizing second-order information compared to
first-order unlearning methods.

1. Introduction
1.1. Certified Unlearning and Optimization

A crucial requirement for modern Al systems is the ability
to unlearn the data, that is to allow the data provider (e.g.,
an individual user or an institutional organization) to select
which data is no longer allowed to use. To satisfy ethical
and legal conditions, such prohibitions must be strictly en-
forced. At the same time, retraining a large model from
scratch to forget a certain small portion of data is often very
expensive or even impossible. Therefore, we are interested

! Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email @domain.com>.

Preliminary work. Under review by The Impact of Memorization
on Trustworthy Foundation Models Workshop @ ICML. Do not
distribute.

in efficient practical algorithms that enable removing the
data from the model without retraining from scratch. In this
work, we study the complexity of the machine unlearning
problem through the lens of optimization theory. We de-
velop a new second-order unlearning algorithm, equipped
with state-of-the-art fast global convergence rates and a
strong theoretically certified unlearning guarantee, which
ensures trustworthy models.

Let us denote by A the entire dataset of size N on which
we have trained some machine learning model x%. The
goal of unlearning is to forget the subset of the training
data A from our trained model a7.. Denote by A,, C Ay
the subset of Ay of size n that remains after unlearning,
frequently called the retain set. Therefore, our goal is to
forget the data Ay \ A, of size m = N — n, and typically
m < N (removing a small portion of data).

Before specifying the certified unlearning precisely, first
let us fix a learning algorithm. In this work, we analyze
the unlearning problem from the optimization perspective.
Therefore, the process of learning consists of empirical risk
minimization (ERM). We denote by F,(-) the corresponding
ERM objective on the whole dataset A that we use to train
an initial model, and by f,;(-) on the retain data A4,, (see
definition of optimization formulations in Section 2).

We assume that our initial model «7}, is an exact solution to
the ERM objective on the entire dataset Ay

z} = argming Fy(x). (1

This assumption follows the previous literature (Sekhari
et al., 2021). It provides a strong theoretical baseline, while
it can be relaxed. It will also be convenient to define the
precise solution on the retain data A,,

xp = argmin, fy(z). 2)

Knowing :c;‘c provides an ideal solution to the unlearning
problem, and we do not assume knowledge of m}

We define an unlearning algorithm as a randomized pro-
cedure y = U(x, Ay \ An, Ay) that takes as input, cor-
respondingly, a model «, the data Ay \ A, that we want
to forget, and the whole dataset Ay, or a set of possible
statistics from it. It returns a new unlearned model y.

We use the following formal definition of certified unlearn-
ing. Let us fix a desired level ¢ € (0, 1) and small § > 0.



On Optimization Complexity of Second-Order Certified Unlearning

We say that U is (g, §)-unlearning if for any measurable
set Y:

]P’(y € Y) < eq~IF’(y* € Y) +4

3
Ply*€Y) < e?-P(yeY)+4
where y := U(z}, An \ An, An) is a typical use of the
unlearning algorithm, starting from the trained model «}, on
the entire dataset, and y* := U(:c}, @, Ay,) is the idealized
theoretical use, as if we train the model from scratch to
obtain x’. Note that this definition is aligned with the
standard ones from the literature (Koloskova et al., 2025;
Ginart et al., 2019; Guo et al., 2020). It is also closely
related to the notion of differentiable privacy (Dwork &

Roth, 2014; Feldman et al., 2022).

The naive mechanism to ensure (3) consists of adding
Gaussian noise to the output model of a training proce-
dure (Dwork & Roth, 2014). In principle, any training
algorithm can be turned into (g, ¢)-unlearning, if the vari-
ance of the added noise is sufficiently large. However, such
noise may erase not only the information to be forgotten, but
also useful information about the retained data A,,, yielding
a model that is far from the desired solution (2). Hence, in
this work, along with the certified unlearning guarantee (3),
we require the output y to be close to the exact minimum:

Elly—=%l] < e (4)

for a desired optimization tolerance € > 0.

1.2. Contributions

We establish rigorous complexity bounds for optimization
algorithms to simultaneously achieve both certified unlearn-
ing (3) and optimization (4) guarantees, for a given triplet
(g, 9, €) of parameters specifying the problem. To the best
of our knowledge, we are the first to establish fast global
convergence of second-order (Newton-type) methods for
unlearning, when the distance ||z} — 2| between models
can be arbitrarily far and propose a novel anisotropic Gaus-
sian mechanism, which is well-suitable for the geometry of
the problem. We summarize contributions as follows:

* Under assumption of uniform convexity of a model
regularizer (see definition (6); a particular case is ¢5-
regularization), we show how to relate the distance
between models 7. and ac}, and the functional residual
with a quantity 7 () representing prediction error of
a model « on unlearned data (Lemma 2.1). Thus, we
show that if the unlearned model generalizes well on
the removed data, then the distance is small, and the
corresponding optimization problem is simple.

* We developed a new certified second-order unlearn-
ing method (Algorithm 1). It is based on computing

the Hessian of the empirical loss, and using the state-
of-the-art globalization of Newton’s method for fast
convergence even if @7, and &} are far from each other.
To ensure the certified unlearning, we develop a novel
mechanism of adding anisotropic Normal distribution,
which is naturally aligned with the Hessian.

e Under the smoothness condition of quasi-self-
concordance of the loss (Bach, 2010; Sun & Tran-
Dinh, 2019; Karimireddy et al., 2018; Doikov, 2025),
we show fast global convergence for our algorithm
(Theorem 3.2). To the best of our knowledge, our com-
plexity bound is also new to the optimization literature.
A working example that satisfies all our theoretical
assumptions is logistic or exponential regression with
linear models, augmented by any uniformly convex reg-
ularizer. We prove the certified unlearning guarantee
for our algorithm in Theorem 3.3.

1.3. Notation

We fix some positive definite symmetric matrix B € R?*¢,
and define the primal-dual pair of generalized Euclidean
norms, for any x, s € R%:

(Bz,2)'/?, |sll. = (s,B7's)"/% (5

We use the dual norm to measure the size of the gradients.
In the simplest case, we can set B := I (identity matrix),
which recovers the standard Euclidean norm. In general,
matrix B = B' > 0 allows to better capture the geometry
of the problem (see Proposition A.1). We also use B for our
novel sampling mechanism that ensures certified unlearning.

] =

We say that a convex, not necessary differentiable, regulariz-
ing function v : dom ) — R, is uniformly convex of degree
p > 2 with constant ;x> 0 (see, e.g., Chapter 4.2.2 in
(Nesterov, 2018)) if the symmetrized Bregman divergence
is bounded as follows, for all =,y € dom ¢:

By(@sy) = (W' (x) = ' (y),x — y) > pllz —yl”, (©)
where ¢’ (x) € 0y(x) is an arbitrary selection of subgra-

dients. Uniformly convex functions of degree p = 2 are
called strongly convex.

2. Optimization Problem

Let us consider the unlearning problem from the optimiza-
tion perspective. We denote by I’ the initial objective of
training on the full dataset, augmenting it with a possible
simple' regularizer 1:

min | Fye) = F@)+o@)]. @)

"Namely, we assume that we can efficiently solve a second-
order subproblem involving 1 in our algorithm. The main example
is fo-regularization: t(z) = | z||*, which satisfies (6) with
p = 2. Morevore, we can cover simple constraints in our model.
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We denote by z% € R¢ a solution to the initial training
problem (7), which is available to us. We use x7. as a
starting point for our unlearning algorithms. For simplicity,
we assume that =7, is an exact minimizer to (7), while this
assumption can be relaxed, using an approximate solution.

Further, we have the following decomposition of the initial
objective, for some 0 < y < 1:

Fl@) = (1-7)f(2)+yu(®), ®

where f : R? — R is the loss on core data, that we keep in
the dataset, and u : R% — R is the loss on forget data, that
we are required to remove from training. We assume that all
training components, F(-), f(-), and u(-) are differentiable
functions, while the regularizer ) can be non-differentiable
(e.g. a mixture of ¢5 and ¢;-regularizers, or indicator of con-
vex constraints). Our main optimization objective consists
of minimizing the following function on retain data:

min[ fu(z) = f(x)+ ()] ©)

zER?
We denote by :1:} € R4 a solution to (9), which we want to
find. To characterize the global complexity of solving (9),
we introduce the quantity:

Vu(z) + ¢ ()],

which has an interpretation of a prediction error of a model
x on the forget data Vu. In what follows, we show that this
quantity plays the main role in the optimization complexity
of algorithmic unlearning. We can relate w(:v;) to the dis-
tance between solutions of two problems (7) and (9), and
7(a%) to the functional residual:

w(x) =

Lemma 2.1. Let objectives | and F be convex with the
relation defined in (8). Then,

Bp(ahsay) - laf —@jl|~" < am(x}),  (10)

For uniformly convex regularizers (6), we have
1
=1
ey — a3l < [2n(ap)]’ an

and the bound for the functional residual:
P
— * p—1
fol@p) = fol@p) < B =mn@)] . (12

Lemma 2.1 shows that if the unlearned model works well
on the removed data (in other words, the removed data does
not affect the generalization of the model and falls well
within the distribution of the retain data), then the distance
between the minimizers is also small. We also conclude that
the distance in the left hand side of (11) and the functional
residual (12) can be controlled by varying parameter y and .
We can make the distance between the minimizers small
both by setting v — 0 or by increasing the regularization
parameter p > 0.

2.1. Examples and Assumptions

Let ai,...,a, € R? represents the core data, and
Gnits. . Qnim € RYis the forget data. We denote by
N = n + m the initial dataset size, and typically n > m
(only a very small portion of the data is getting removed).

Example 1 (Linear Models). Let / : R — R be a loss

function. Consider the objective of training the generalized
linear models:

flx) = %;4(<ai,m>>,

i (13)
uw(x) = = Y {((a;,xz))

j=n+1

Then, decomposition (8) holds with H Note that
v — 0 when N >> m, which is a common scenario.

We assume that the loss function ¢ : R — R is convex,
differentiable, and sufficiently smooth. In particular, we use
the following notion of smoothness which captures the local
geometry of the objective (Bach, 2010):

Assumption 2.2 (Quasi-Self-Concordance). Assume that it

holds, for some constant M > 0:
@) < M-L'(t),  teR (14)

Example 2 (Quasi-Self-Concordant Losses). The following
functions satisfy assumption (14):

* Quadratic loss, ((t) = 5t*. Then M = 0.
e Exponential loss, {(t) = et. Then M = 1.

* Logistic loss, for classification of two classes, which
can be written as, £(¢) = log(1 + €*). Then M = 1.

* The previous example can be generalized to the multi-
class logistic loss, with the same constant M = 1.

The parameter M > 0 measures how far the loss is from
quadratic function. Then, to capture the geometry of the
retained model (13), we define

B =

;aia;, 15)

which defines the global norm (5) and anisotropic Gaus-
sian mechanism that we use in the method. This choice
ensures data-agnostic second-order approximation of the
objective (Doikov, 2025). For non-linear models, a suitable
choice is the Hessian at the initialization: B := V2 f(z),
which approximates (15).
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3. Algorithm

At each iteration £ > 0 of our algorithm, we use a positive
definite matrix H, = H ; > 0 that is designed to capture
a second-order information about objective and accelerate
the global unlearning. Using this matrix, we define the
second-order model my, around xj, with regularizer:

my(x) = (V f(xy), ®)+ 5 (Hp(x — z), © — o) +1)().

‘We discuss how to choose the matrix H ;, in the next sections.
In our algorithm, we minimize this model for K > 1 itera-
tions, starting from the minimum % of the full model (7).
After that, to reach a certified unlearning guarantee, we
apply anisotropic Gaussian mechanism to the output.

Algorithm 1 Certified Second-Order Unlearning

Init: Setxy :=a%. Fix B> 0,0 > 0,and K > 1.
1: Fork=0...K —1do
2: Compute next step Tj4+1 = arg ming, [my(x)]
3: End for
4: Sample a normal vector & ~ A (0, 02371)
5: Return y, = xx + €

For convenience, we denote the norm of the current
(sub)gradient at each iterate by gz, := |V f(xr) +' () ||
We analyze two instances of our algorithm.

3.1. Gradient Method Baseline

This is the first-order baseline of our approach, which selects
B := I (isotropic Gaussian noise) and Hy, := gI , for a
certain step-size parameter n > 0. In case ¢¥(z) = 0 (no
regularization), iterations of our algorithm read as

T+l = Tk — %Vf(wk)»
which is the standard gradient descent. For general 1, each

iteration can be represented through the prox operator of .

Theorem 3.1. Assume that the second derivative of the loss
is bounded: L > ("(t),Vt. We set n := L| A||? where
A € R™% is the matrix of the retained data. Then, we
achieve ||z — || < € after the following number of the
gradient steps, for p > 2:

— LjlA|? =2 Vp B2
K = O(HAE[(5)7 - ()7 ]). (o)
and, for p = 2 (strongly convex case):

K - O(LuAnzlnw(w;))_
o

pe

a7

3.2. Newton Method with Gradient Regularization

In our most advanced second-order instance of the algo-
rithm, we choose, as in (Doikov et al., 2024; Doikov, 2025):

Hy, = Vf(xi)+ Mg.B (18)

where M is a quasi-self-concordant parameter of the loss,
and B = Y " | a;a] (see Proposition A.1). The most
important case is when ¢ (y) = &|y||? (strongly-convex
regularizer, p = 2). Then, each iteration of our method can
be written explicitly, as follows, for k& > 0:

Tyl = Tk — (V2f($k) + (Mgx + N)B)_lvfw(xk)v

and for M = 0 this is the classical Newton method as
applied to (9). By employing the gradient regularization, we
ensure fast global convergence of our algorithm, as shown
in the following theorem. Note that for a general regularizer
1, the model my(y) is strongly convex due (18), and can
be solved efficiently by first-order optimization subroutines,
without additional data samples.

Theorem 3.2. For quasi-self-concordant loss and uniformly
convex regularizer, we achieve ||z — || < ¢, after the
following number of the Newton steps with (18):

K = (19)

1/p (x}
O(M|[2n(ay)] " +log i) ).
We see that, in contrast to the gradient method, the com-
plexity (19) of the Newton method is much better, as € > 0
enters as an additive logarithmic term. Moreover, the rate
of the Newton method does not depend on the size of the
input data || A||? as in (16) and (17). The main complexity
factor is the first term, which is small when either v — 0
(unlearning a small portion of data) or 7 (%) is small (good
prediction of the full model on unlearned data).

3.3. Certified Unlearning Guarantee

Applying anisotropic Gaussian mechanism in the output
of Algorithm 1, we are able to prove our main result on
certified unlearning.

Theorem 3.3. Let B > 0 be arbitrary and assume that x i
satisfies the optimization guarantee ||z — x}|| < €. For
any q € (0,1) and § > 0, set

o = (20)

émax{l,Q 2111%}.
q

Then, Algorithm 1 ensures certified (q, 0)-unlearning. More-
over, the result satisfies the optimization guarantee:

Ellyx —3l] < V&@+o%d
Corollary 3.4. For a given triplet of parameters (q, 9, €),
Algorithm 1 achieves (q, 6)-unlearning (3) and e-bound for
optimization guarantee (4) in total of

K = O(M[%W(w})}l/p n log{m(dlnl/(s)pz;l})

Iz qe?

2n

iterations (retained data passes). Therefore, we see that
all key parameters (q, 9, €) enter under the logarithm, and
the efficiency depends mainly on y (the portion of removed
data), i > 0 (regularization coefficient), and w(x%,).
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A. Appendix

The main consequence of condition (14) that we use is the following bound for the Hessian of the linear models (see
Lemma 2 in (Doikov, 2025) for the proof):

Proposition A.1. Consider generalized linear models (13) with quasi-self-concordant loss (14). Then,

IVf(y) = Vi@) - Vf(@)(y -2, < Mly-=|Z oMy -=z|), (22)

t_ p— . .
where (t) := 3=t > 0 is a convex monotone function,

induced by the Hessian of the unlearning problem, and

Yy — x|z = (V2f(x)(y — x),y — x)'/2 is the local norm

n

— T

B - Z aiaz’ )
i=1

as in (15), defines the global norm (5) that we use in the method.

A.1. Proof of Lemma 2.1

The optimality condition for the minimizer x7 of the initial model (7) is
VE(x})+¢'(x%) = 0 where Y (xp) € OY(xf). (23)
At the same time, the optimality condition for the minimizer acjc of the unlearned model (9) is
Vf(xs)+9¢'(x}) = 0 where V'(xy) € oY(x}). (24)

By convexity of F', we have

Oy(@piay) = ((xF) — ¢ (2}), 2F — @)

< (VF(xp) +¢'(xf) — VF(x}) — o' (2}), p — )
= (VF(z})+ w’(:c}), T —Tf)
2 - YV f(@}) + ' (2F), 25 — xh) + v (Vu(z}) + 4 (2}), 2} — xF)

= Vulz}) +¢'(x}), x5 —xp) < y|[Vu(}) + ¢ (@F)]s - [2F — 25

Rearranging the terms gives (10).
Then, applying the uniform convexity (6) to (10) provides with (11).

Finally, since fy(z) = f(2)+(z) is uniformly convex as a sum of a convex function f and uniformly convex regularizer 1,
by simple integration we obtain, for any z,y € dom and f, (z) € 0f (x):

foly) =z fo@) + ([} (@), y —x) + Llly — =|. (25)
Minimizing the left and the right hand side independently with respect to y gives:

fo(®) = fy(@}) < et IB@ITE - g e dom . (26)

p #ﬁ

It remains to substitute & := @}, and notice that, due to (8), | f, (x|l = 2 [|Vu(@}) + ¢’ (2F)]l« = 7(2F), which
completes the proof. O
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A.2. Proof of Theorem 3.2

Let us denote by fi, := fy(zx) — fy(z}) > 0 the functional residual at iteration k& > 0. Then, for one step of the Newton
method with gradient regularization, we have the following progress (see Theorem 3.2 in (Doikov, 2025) for (x)), employing
additionally uniform convexity of the regularizer:

® 1 | 9kt1 2 (26) Jk+1 2 pT?l 27
Je = fer1 2 m[gk}gk > C'{Tq} fe” s 27)
1/ =t
P P
where ¢ := 557 [p%] .
Note that due to concavity of ¢(t) = t'/?, we have, for any a, b > 0:
bir < gl/r 4 5({’%1@ —a) o al/p —pl/r > %a*%(a —b). (28)
Therefore, we have
(28) _p-t (27) 2
1 1 1) c
e Y A N e I S (29)

Telescoping this progress for the first K > 1 iterations, and using the inequality between arithmetic and geometric means,
we get

K-1 K—1
- - (30)
= %exp(%log%‘) > %-(1+%log%—f).
Using that fx > 0 and rearranging the terms, we obtain
K (?2) pgl/p 4 91pg 90— 20M [E}%l /P 4 2log 2o, (€29
> CJo 9K wiv | p 0 UK

Assuming that ||z — @%|| > € and using uniform convexity, we obtain the lower bound on the current (sub)gradient norm:

(26),(25) - ,
g = |Ify(zK)l- > s ‘;u ek —xf|P7! > —Fgere?
p—=1) »

Substituting this bound into (31), and using the bound on the initial functional residual:
. o @ N N 32
fo = fol@p) = fule}) < B |lgomamr(@k) (32)

completes the proof. O

A.3. Proof of Theorem 3.1

Since for analyzing the gradient method, we assume that the loss function has bounded second derivative: ¢/ (¢) < L, Vt, we
conclude that the smooth part f of the objective in (9) has Lipschitz continuous gradient with constant L ; := L[| A||?, where
A € R™* is the matrix composed by the retaining data a1, ..., a, € R%. In the gradient method, we use the classical
choice of the stepsize parameter (see, e.g. (Nesterov, 2018)), as

n = Ly = L|A|*. (33)

Optimality condition for one method step, taking into account the regularizer v, is

Vi(xr) + n(@ri1 — xp) + P (@k1) = 0, V(Tht1) € OP(Trt1)- (34)
Therefore, using Lipschitzness of the graduent, we conclude that

34),(33
Llarss —aell > [VF@i) = V@] “E 1 @) + L@ — ).

7
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Taking square of both sides and rearranging the terms, we obtain

<ff/,($k+1), T — Tpt1) > ﬁﬂfﬁ,(wkﬂ)w = ﬁgiﬂ- 35)
Then, for the functional residual fj, := fy(z) — f¢(w}) > 0 and employing the uniform convexity of the regularizer, we
obtain the recurrence:

, @), (26) 2(p—1) 36
e = fet1 2 <f¢(wk+1)793k_wk+1> 2 2L, 9k+1 > C'fm.f = C‘f}?+1a (36)

2(p—1) 2/p

where ¢ 1= (I%) P ‘;Lf

and o 1= 221 € [1,2).

Note that the function ¢(¢) = ¢t*~! is concave. Thus, for any a, b > 0:

vl < a4 (a—1)a*2(b— a) & L [aa‘l -7 > a**(a-b), (37

a—1

where we treat the left hand side of the last expression as the limit when o« — 1:

. 1 —1 —1 _ b
0141_>H11 a—1 [a“ — ba ] = log e
Hence, we obtain
37) (36)
1 1 1 _ 1 a—1 a—1 fe—Ffrt1 fr+
-\ - 1 — > TS+l s . JRtL 38
p—) |:fl?-;11 fsf1:| f;l;11f2Y71(a_1) [ k k+1 ] = f;?;llfk Z C I (38)

Telescoping this inequality for the first K > 1 iterations, and using the inequality between arithmetic and geometric means,
we get

a—1 f;_l fcr):v—l -

(38) K—1 K—1 1/K 1/K
-] P ek g Y s s o [T 2] = ek [ ]
i=0 ' i

= cK-exp(%log%() > cK~<1+%1og%).

Rearranging the terms, we have

1 11 o
K = c(cwl)[ f(?*l}—’_logfi

—1
I&

(39)

2(p—1)
1 D LHAH2 1 1 =2 1 p=2
w () TR S ()T ()T rles e

It remains to use the upper bound (32) on the initial functional residual fj, and the lower bound on fg, assuming that
lerx — zi| > e

25

(25)
fe = fylex) = felzp) = Jllex —afllP = Je.

Substituting these estimates into (39) completes the proof. O

A.4. Proof of Theorem 3.3

Our proof follows the standard reasoning used in Gaussian mechanism for differential privacy and unlearning (see, e.g.,
(Nikolov et al., 2013; Dwork & Roth, 2014)). Since we analyze it from the optimization perspective, and, additionally, in
Algorithm 1 we employ anisotropic Normal distribution, which is better suitable for the second-order geometry, we provide
the full proof for completeness of our presentation.

Let yx = xx + & be the output of Algorithm 1 starting from x := a%., where & ~ N (0, o?B™ ) is the Normal noise.

At the same time, note that if we run Algorithm 1 from x := m}, which satisfies the optimality condition:

Vi@ @) = 0, (%) € da)), (40

8
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then all iterates are the same: Ty = Tx_1 = ... = g = m} (so azjc is a fixed point of the iterates). Indeed, due to Hy, > 0,
every next iterate a1 is a unique solution of the following equation:
Vf(xr) + Hp(Tryr — xr) + ¢ (Xpg1) = 0, Y (Thy1) € OY(Try1), 41)

and it is easy to see that if x;, = x%, which satisfies (40), then @), := @} satisfies (41). Hence, running Algorithm 1
from @, := @ for any number of iterations K" > 0, we always have as the result  x = @}. Let us denote the output of

Algorithm 1 in this case by y* := &} + &, where § ~ N(0,02B71).
Therefore, to show certified (g, §)-unlearning, by definition, we need to show for any measurable Y C R™ that
Plyg €Y) < e?-Py*eY)+4,
42)
Ply*€Y) < el -Plyx€Y)+6.

To establish (42), we follow the reasoning from (Nikolov et al., 2013), extending it to our case. We denote v := T i — sc},
and by our optimization guarantee, we have

|v]| = (Bwv,v)'/? < e (43)
Let p(&) be the probability density function of A'(0,02B™):

p(§) o exp(—5(BEE) = exp(—zlEl?).

and consider the quantity:

Dy(§) = I B8 = mp(€) —pE+v) = )€ +0]? - =€)
(44)
1 2, 1 49 o 1
= sa|v[*+ (Bv,§) < o5+ =2 (Bv,§).
Note that ¢ := %(Bv, & ~N (0, ”2!2) is a univariate Normal variable. The classic Chernoff bound ensures that
1 2 _2 (43) 2 2
P(t| 2 0) = P(%(Bv,&) 2 a) < 2exp(-g5x) = & = 2exp(-%%). (45)
Hence, with probability that is greater than 1 — §, we have
(44) (45) . 45
Do)l S Fm+EBul < gmra P Zifamd < g (46)

where the last inequality is satisfied for any given ¢ € (0, 1), and for a corresponding sufficiently small o. Namely, by the
condition of the theorem, we have chosen:

o = émax{l,? 2111%},
q

which ensures (46).

Now, to justify the unlearning bounds (42), we consider the set

S = {5 : Dv(£)<q}.

Notice that for & € S, we have
p&) < el-p(§+v), 47

while by the previous observations, the measure of the complement is small:
5 = {¢:D®>2qf PBE) <4 (48)

9
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Hence,
Plyx€Y) = PEeY-—zx) = [ p&dé = [ p&)dé + I p(&)de
Y —xi Sﬁ(Y*EK) gm(Yme)
(48) (47)
< S p&)dé +d < et [ pl+v)dd + 6
Sﬂ(yffﬂK) Sﬁ(Y*EK)
< el [ plé+v)dé + 6 = eq~P(§EY—w})+5 = el-Ply*eY) + 4,

Y*(ZZK
which is the first inequality (42). The proof of the second inequality in (42) is identical due to symmetry.

Finally, to ensure the optimization guarantee (21), we observe that

Ellyx — 23] = E[lv+¢l?] = E[llv]*+2(Bv.&) + [I€]]

(43)
|2 +E[[I€]?] < e +E[E?] < &+ 0%,

where in the last bound we used the equivalent representation § = cB~/?

which leads to the mean of the standard x?(d) distribution:

z with the standard normal vector z € N(0, I4),

E[I€]?] = o’E[|z[3] = o2d.

It remains to use Jensen’s inequality for concave function /-, in order to obtain (21), which completes the proof. O
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