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Sparse Mixture-of-Experts (SMoE) architectures have gained prominence for their
ability to scale neural networks, particularly transformers, without a proportional
increase in computational cost. Despite their success, their role in compositional
generalization, i.e., adapting to novel combinations of known components, remains
under-explored. This study challenges the assumption that minimal expert acti-
vation suffices for task generalization and investigates the relationship between
task complexity and optimal sparsity in SMoE models. Through empirical evalua-
tions on the SRAVEN symbolic reasoning task and the SKILL-MIX benchmark, we
demonstrate that (i) the number of activated experts consistently increases with
the perceived task difficulty to maintain performance; and (ii) the optimal number
of activated experts scales proportionally with task complexity. Our theoretical
analysis derives a scaling law for optimal sparsity by balancing approximation and
estimation errors, revealing alignment with empirical observations. We formally
show that the optimal sparsity lies between minimal activation (1-2 experts) and
full activation, with the exact number scaling proportionally to task complexity and
further influenced by the size of the training data and the complexity of the model.
These findings offer practical insights for designing SMoE models that achieve
computational efficiency while enabling robust compositional generalization.

1. Introduction

The Sparse Mixture of Experts (SMoE) model, introduced to modern deep learning first by Shazeer
etal. [1], has emerged as a compelling approach for scaling neural networks, particularly transformers,
by significantly increasing model size without proportionally increasing computational costs. SMoE
achieves this by partitioning the traditional feed-forward network into multiple homogeneous expert
networks, dynamically and sparsely activated by a router. This modular architecture not only
optimizes computational efficiency but also enhances generalization capabilities, especially in diverse
data domains [2]. SMoE has become a standard architecture for many Large Language Models
(LLMs) due to its superior performance and scalability [3-9].

Despite these advancements, the application of SMoE models to compositional generalization
remains underexplored. Compositional generalization tasks require models to solve problems
involving novel combinations of familiar components, with difficulty growing exponentially as the
design space of possible combinations expands. For instance, in symbolic reasoning, a model may
learn to solve individual arithmetic operations like addition and multiplication during training
but must generalize to unseen combinations of these operations, such as nested expressions like
(3 +5) x 2, which were not explicitly encountered before. The difficulty scales exponentially as the
number of components and their interactions increase. Conventional SMoE configurations typically
use minimal expert activation at some fixed, de-facto sparsity (e.g., Top 1 or 2 out of 8 experts), a
design that may become suboptimal for handling tasks of growing composition complexity. This
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raises a critical question: Does the de-facto activation sparsity remain optimal as task complexity
increases in compositional settings?

To address this, we conduct both theoretical and empirical investigations, demonstrating that the
optimal sparsity level for SMoE models scales proportionally with task complexity. Our contributions
are summarized as follows:

o We first trained SMoE-based transformers from scratch on the SRAVEN [10] synthetic
symbolic reasoning task, varying task difficulty and the number of activated experts. Our
findings reveal that activating more experts improves both Out-of-Distribution (OOD)
generalization and test accuracy on harder tasks, with the optimal number of activated
experts scaling roughly with the task’s feature complexity.

e We then evaluated two pretrained SMoE-based LLMs, Mixtral-8x7B [3] and DBRX-132B
Instruct [5], on the SKILL-MIX benchmark [11], which challenges models to generate
coherent text that integrates & linguistic skills. Results show that activating more experts-
per-token notably improves performance on harder tasks without additional training.

e Built on consistent empirical observations, we derived a theoretical scaling law for optimal
sparsity in SMoE models under compositional input data settings, under simplified assump-
tions. Our analysis reveals that the optimal sparsity lies between minimal activation (e.g.,
1-2 experts) and full activation of all experts, with the precise number depending on task
difficulty, the size of the training data, and the complexity of the model.

Our work challenges the prevailing assumption that minimal expert activation is sufficient for
complex tasks. By identifying the relationship between task difficulty and optimal sparsity, we
provide actionable insights into designing SMoE models that balance computational efficiency with
robust compositional generalization.

2. Related Works

Compositional Generalization Compositional generalization refers to a system’s ability to under-
stand and generate novel combinations of a finite set of familiar elements [12, 13]. This capability
is essential for enabling efficient learning and achieving robust generalization across diverse do-
mains. In the computer vision field, studies have focused on generating images from new concept
combinations, often using disentangled representation learning [14]. Researchers have evaluated
VAE-based generative models in compositional tasks [15, 16], exploring the relationship between
disentanglement and generalization performance in image reconstruction and generation. Recent
studies have made significant strides by conducting a controlled investigation of compositional
generalization in conditional diffusion models [17-19], revealing insights into the emergence of
compositional abilities and the factors influencing out-of-distribution generation.

Recent works have observed emergent compositional capabilities in LLMs [11, 20, 21]. Several
evaluation methods have been proposed to quantify compositional generalization of large, monolithic
pre-trained LLMs, including imposing generation constraints [11], multi-hop question answer-
ing [22], and elementary math operations [23]. Theoretical advancements have also shed light on
the conditions required for achieving compositional generalization in neural networks [10, 24, 25].
More recently, Huang et al. [26] finds out that harder tasks need more experts and then proposed a
heterogeneous routing strategy, and Abnar et al. [27] investigates the sparsity scaling-law of SMoE,
though both from non-compositional settings and without theoretical analysis. Despite substantial
progress, there is a significant gap in understanding compositional generalization within modular ar-
chitectures, particularly SMoEs. Our work pioneers this investigation by exploring whether de-facto
sparse activation remains optimal as compositional task difficulty increases from both theoretical
and experimental perspectives.

Theoretical Understanding of Mixture-of-Experts Recent work [28] formally studied how the
SMOE layer reduces training error more effectively than a single expert and why such a mixture
model does not collapse into a single model. Importantly, when training an SMoE layer on data
generated from a ‘mixture of class” distribution using gradient descent, the authors proved that each



expert in the SMoE model specializes in a specific portion of the data (at least one cluster), while the
router learns the cluster-center features and routes inputs to the appropriate experts. Subsequently,
a series of studies [29-33] sought to establish the convergence rates of density estimation and
parameter estimation in MoE models by defining Voronoi-based losses that describe the interaction
between the gating function and experts, explaining why Top-1 gating enables faster convergence
rates for parameter estimation compared to other gating mechanisms. More recently, Jelassi et al.
[34] theoretically justified that while the memorization performance consistently improves with an
increasing number of experts in SMoE, reasoning capabilities tend to saturate. Meanwhile, Akretche
et al. [35] provided tighter risk bounds by incorporating local differential privacy into the gating
mechanism to enhance the generalization ability of MoE. In contrast to those prior arts, we aim to
formally study whether the conventional sparse activation of SMoE remains an optimal strategy for
compositional tasks of increasing difficulty, using both theoretical and empirical approaches.

3. Empirical Study

We postpone the introduction of the used compositional tasks to Section A.1 due to page limit. We
conduct two sets of experiments to investigate whether sparse expert activation remains optimal
for handling compositional tasks of varying difficulty, in both training-from-scratch and testing
pre-trained model settings. In training-from-scratch experiments, we trained and tested SMoE under
varying experts sparsity levels and compositional task difficulty levels. We test pretrained SMoE-
based LLMs with varying experts sparsity levels and compositional task difficulty levels since they
are pre-trained under a fixed sparsity level, e.g., Top-2 routing. Both set of experiments indicate that
the de-facto activate sparsity is non-optimal as the task complexity increases.

3.1. Training and Evaluting SMoE-based Transformers on SRAVEN

We trained standard decoder-only SMoE-based transformers on SRAVEN synthetic tasks [10]. Each
transformer block consists of multi-head attention with relative positional encoding [36] and feed-
forward layer (FEN). The feedforward layer in each block is an SMoE structure with 8 parallel
homogeneous experts, where each expert is a 2-layer multi-layer perceptron (MLP). The router is a
simple 1-layer dense layer with top-K softmax gating mechanism. For the SRAVEN hyperparameters,
we fixed the grid size of the problem to be 3 x 3, which means that we fix the number of in-context
examples for the model. We have R = 8 possible rules to sample from. Following Schug et al. [10],
we split all possible rule combinations at difficulty level M into training and testing set, also hold
out 25% of all possible combinations as OOD evaluation set. We can adjust the difficulty of the task
by sampling M € {1,2,--- , R} different rules to compose the task.

3.1.1. Sparse activation levels are not consistently optimal across all difﬁcultlx settings

We trained SMoE transformers with various Top-K routing mechanisms for the same number of
iterations across different difficulty levels of the SRAVEN task, keeping all other model and training
hyperparameters constant. Surprisingly, Top-1 routing consistently achieved the worst Out-of-
Distribution (OOD) accuracy across all difficulty levels. While Top-2 routing performed comparably
to other more expensive routing mechanisms on easier tasks, its performance also declined signifi-
cantly as the compositional task complexity increased, as shown in Figure 1. Similar trends were
observed in Test Accuracy evaluations, detailed in Figure 2 and Section A.2.2. These findings demon-
strate that commonly-used “de-facto" sparse activation mechanisms are suboptimal for learning
compositional tasks, challenging previous conclusions from studies such as Shazeer et al. [1], Jiang
etal. [3].

3.1.2. The optimal number of activated experts roughly scales with task difficulty

We also observe that as we increase the compositional task difficulty, i.e., the number of sampled rules
M, more activated experts are required to obtain the optimal performance correspondingly. Starting
from the setting where M = 4, the optimal number of activated experts K is roughly scaled to M,
and the performance gap between each activation mechanism also widens, as shown in Figure 1
and Figure 2. Therefore, we hypothesize that each expert can specialize in specific rules when the
model is trained on compositional tasks, a phenomenon not typically observed in traditional NLP
training tasks [37].

We also conducted ablation studies by switching from Softmax attention to HYLA attention [10], a
novel mechanism that encourages compositional generalization ability, and observed similar results
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Figure 1: OOD accuracy of training SMoE Transformer, where the difficulty level of the task (i.e.,
the number of sampled rules M) increases. ”"8-k” means activating k out of 8 experts on every FFN
layer. The best-performing activation mechanism is labeled on the caption of each figure.

as shown in Section A.2.1. These observations collectively suggest that the choice of attention mecha-
nism and the number of activated experts must be dynamically adjusted based on task difficulty.
Specifically, HYLA attention coupled with increased expert activation is promising for robust com-
positional generalization in challenging tasks, while simpler tasks may not benefit significantly from
these adjustments.

3.2. Evaluating Pre-trained SMoE-based LLMs on Skill-Mix

We evaluate two instruction-tuned SMoE-based LLMs, i.e., Mixtral-8x7B Instruct-v0.1 [3] and
DBRX-132B Instruct [5], on the Skill-Mix Yu et al. [11] benchmark. These evaluations utilize pre-
trained models, meaning the training-time number of experts-per-token is already fixed and remains
unchanged. Therefore, our experiments test the impact of varying the inference-time experts-per-
token, essentially exploring the Out-of-Distribution (OOD) generalization of the number of active
experts during the test phase. To ensure consistency in evaluation, we adopt GPT-4 [38] as the
grading model and use the released 10% of the skill and topic lists from Section A of Yu et al. [11].
The same optimized generation prompts are used for querying Mixtral and DBRX, and identical
grading prompts and evaluation metrics are used to query GPT-4 for grading, as outlined in Yu et al.
[11].



3.2.1. More Experts-per-token Improves Compositional Generalization on Harder Tasks

We evaluate Mixtral-8 x7B Instruct-v0.1 on Skill-Mix by varying both the task difficulty & (i.e., the
number of skills the model must combine in its generated response) and the number of experts-per-
token (ept) during inference. Similar patterns are observed in the DBRX evaluation, as summarized
in Table 1 and Table 2. Key findings include:

e Scaling Experts with Task Difficulty: As the difficulty of the Skill-Mix task increases,
activating more experts per token during inference is essential for performance. For example,
the generated outputs from the default Top-2 routing setting score zero on all grading metrics
when k = 4, indicating that two experts are insufficient for such complex compositional
tasks. In contrast, activating 4 or 5 experts achieves the best performance for k = 4.

e Optimal Experts Scale with Task Complexity: The optimal number of experts per token
scales with the task difficulty k. For simpler tasks (e.g., k = 1 or k = 2), a smaller number of
experts (e.g., Top-2) suffices, while harder tasks (e.g., k¥ = 4) require more experts (e.g., 4 or
5 experts per token) to maintain compositional generalization.

e Over-activation Can Harm Simpler Tasks: Unlike the SRAVEN training experiments, which
showed that increasing the number of activated experts does not degrade performance
on simpler compositional tasks, the Skill-Mix evaluation of pre-trained LLMs highlights a
downside of over-activation during inference. For instance, while the default Top-2 routing
achieves perfect scores for k = 1 and k = 2 tasks, activating 7 or 8 experts during infer-
ence significantly lowers the model’s performance on these simpler tasks, likely due to
unnecessary complexity introduced by activating more experts than required.

These findings demonstrate that the optimal number of experts-per-token during inference is task-
dependent, with harder tasks requiring more active experts for better compositional generalization.
However, overactivating experts can negatively impact simpler tasks, highlighting the importance
of dynamically adapting the number of experts based on task complexity. This insight emphasizes
the need to treat training-time and inference-time sparsity settings separately to achieve robust
performance across a range of task difficulties.

Skill-Mix results for Mixtral-8x7B evaluated by GPT4 | k=1 k=2 k=3 k=4 k=5
0.00 +0.000 0.00+0.000 0.00 +0.000 0.00 +0.000 0.00 + 0.000
EPT=1 0.00 +0.000 0.00+0.000 0.00 4+ 0.000 0.00 +0.000 0.00 + 0.000

0.00 4 0.000  0.00 4+ 0.000 0.20 +0.082 0.35 £ 0.100 0.00 £ 0.000

1.00 £+ 0.000 1.00 £ 0.000 0.00 4 0.000 0.00 +0.000 0.00 = 0.000
EPT=2 (default) 1.00 £ 0.000 1.00 + 0.000 1.00 + 0.000 0.00 + 0.000 0.00 =+ 0.000
1.00 £ 0.000 1.00 + 0.000 0.00 + 0.000  0.00 £ 0.000  0.00 £ 0.000

0.00 +0.000  0.00 £0.000 0.00 £ 0.000 0.00 #+ 0.000 0.00 = 0.000
EPT=3 0.404+0.245 0.204+0.200 0.00 + 0.000 0.00 + 0.000  0.00 =+ 0.000
0.00 +0.000 0.10 £0.100 0.47 +0.082 0.60 = 0.061 0.00 £ 0.000

0.20 +0.200 0.20 £0.200 0.20 £ 0.200  0.20 + 0.200  0.00 = 0.000
EPT=4 0.80 4-0.200 0.40 +0.245 0.20 + 0.200  0.20 + 0.200  0.20 =+ 0.200
0.20 £0.200 0.40 £0.187 0.67 =0.105 0.75+0.079 0.00 £ 0.000
0.20 £0.200 0.20£0.200 0.20 +0.200  0.20 + 0.200  0.00 = 0.000
EPT=5 0.404+0.245 0.204+0.200 0.20 +0.200 0.20 £+ 0.200  0.20 £ 0.200
0.20 £0.200 0.30 £0.200 0.53 +0.133  0.65 + 0.100  0.00 = 0.000
0.00 +0.000 0.00 £ 0.000 0.00 £ 0.000 0.00 + 0.000 0.00 =+ 0.000
EPT=6 0.20 +0.200  0.00 +0.000  0.00 £ 0.000  0.00 £ 0.000  0.00 £ 0.000
0.00 +0.000 020 £0.122 0.47 +0.082 0.60 +0.061 0.00 = 0.000
0.00 4 0.000  0.00 4 0.000 0.00 + 0.000 0.00 + 0.000 0.00 =+ 0.000
EPT=7 0.00 +0.000 0.00 £0.000 0.00 £ 0.000 0.00 +0.000 0.00 £ 0.000
0.00 +0.000 0.10£0.100 0.40 +0.067 0.55+ 0.050 0.00 =+ 0.000
0.00 4 0.000  0.00 4 0.000  0.00 + 0.000 0.00 £ 0.000  0.00 =+ 0.000
EPT=8 0.40+0.245 0.20£0.200 0.00+0.000 0.00 +0.000 0.00 £ 0.000
0.00 4 0.000 0.10 4+ 0.100 0.47 +0.082 0.60 + 0.061  0.00 =+ 0.000

Table 1: Skill-Mix Evaluation Results on Mixtral-8 x7B Instruct-v0.1 [39]. The grading metrics are
Ratio of Full Marks/Ratio of All Skills/Skill Fraction as defined in Section A.3.1. "EPT’ stands for
"Number of experts per token.’




4. Theoretical Analysis

In this section, we provide a novel theoretical analysis to justify our empirical findings. We derive
the generalization and approximation errors for SMoE trained on compositional tasks. Based on this
result, we show a theoretical trade-off between routing sparsity and task complexity, aligned with
our empirical observations.

4.1. Preliminaries
To begin with, we formally introduce the necessary mathematical setups for our successive analysis.

Compositional Learning. Consider a data distribution: D ~ P(z,y), where € R? is an input
feature vector and y € Y C R is the corresponding label. In compositional learning, we assume distri-
bution D consists of N tasks, and there are IV corresponding skills to solve each task, accordingly. For
each input x, we assume it can be represented by a subset of tasks and solved by corresponding skills,
and its label y is synthesized by combining the results of the corresponding skills. Mathematically,
we denote skills as a set of functions {¢1,- - - ,¢x}. The data distribution is generated by = ~ P(x),
y =G (ti(x), - ,tn(x)), where T € 2[M indicates the task assignment of the input x, and Gz

is the composition function according to Z. We assume our training dataset S consists of m i.i.d.

samples drawn from the compositional data distribution: S = {(x1,¥1), - , (Tm,Ym)} v pm,

Given a parametric learner f : R? — )), we optimize f to minimize the empirical loss over the
training set S: Ls(f) = £ Y7, £(f(z:),y;), where £ : I x Y — R is the element-wise loss function.

“m

At the test stage, we consider the error within the whole data domain: Lp(f) = E ,)~pl(f(x),y).

Sparse Mixture-of-Experts. We consider Sparse Mixture-of-Expert (SMoE) as the learner to the
compositional task defined above. SMoE can be defined as a data-dependent ensemble of many
expert networks. Suppose the total number of experts is 7' and the number of dynamically activated
experts is k. Then SMoE can be written as a function f : R? — Y defined as below:

T T
f(@)=> a(x);h;(x) subjectto Y 1{a(w); #0} =k, VoecR’ (1)

j=1 j=1
where a(z) : R? — R” is named as the routing function satisfying |la(z)|o = k, and h;(z) : R — Y
is an expert network for every j = 1,--- , T 1. Intuitively, a(x) selects k experts to be activated to

inference labels for «. In this paper, we consider the normalized gating function, which first chooses
the & logits from the output, sets the remainders to zeros, and applies softmax to normalize the
chosen entries:
exp(g(z);) if
Sreow epto@n i1 €T (@)
alw); = T , @)
0 ifj ¢ J(x)

where g : R? — RT computes the weight for each expert, and J (z) finds a sparse mask with at most
k non-zero entries according to z, i.e., |7 (z)| = k,Vz € R Most typically, J (z) selects the indices
corresponding to the top-k largest logits from g(x) [1].

Now we can formally state the hypothesis space of an SMoE model, which is a composition of both
the hypothesis spaces of gating and expert networks.

Definition 1. Suppose all expert networks hy,--- , hr € H is selected from the same hypothesis space H,
and k-sparse routing function a € A is chosen from the hypothesis space A. Define the hypothesis space of the
SMOoE model with T experts and k-sparse routing function following Eq. 1 and Eq. 2 as below:

F(T, k) = f(m):Za(m)jhj(m):hl,--- hr € H,ae A (3)

J=1

'For simplicity, We assume the (convex) linear combination of )/ is still in .



Complexity Metrics. We will also employ two complexity metrics classical in learning theory to
characterize the generalization error of SMoE. First, we consider Rademacher complexity, which
directly measures the capacity of a model class in terms of its ability to fit random labels, and it
can depend on the specific data distribution. Given a class of functions #, data distribution D and
samples S = {z1,..., 2, } drawn i.i.d. from D, we can define Rademacher complexity as below:

Definition 2 (Rademacher complexity). The empirical Rademacher complexity of H is defined to be

1 m
Rn(H,S) =E, |sup | — oi f (z; 4
0.5 -2 g (132 e 8
where o1, . .., 0, are independent random variables uniformly chosen from {—1,1}. We will refer to such

random variables as Rademacher variables. The Rademacher Complexity of H is defined as R,,(H) =
Es~pm [Rm(Hvs)]

We also consider a combinatorial measure of model capacity — Natarajan dimension, which often
provides tighter bounds for finite decision regions [40]. Natarajan dimension is a generalization of
the VC dimension to classes of multiclass predictors [41]. We formally state it below, which requires
us to first generalize the definition of shattering.

Definition 3 (Natarajan Dimension). We say that a set C C X is shattered [41] by hypothesis space H if
there exist two functions fo, f1 : C — [k| such that i) for every x € C, fo(x) # f1(x); ii) for every B C C,
there exists a function h € H such that VY € B, h(x) = fo(x) and Vo € C\B, h(x) = f1(x). The Natarajan
dimension of H, denoted by NDim(H), is the maximal size of a shattered set C C X.

When k = 2, this definition degenerates to the VC dimension. Interested readers are referred to
Shalev-Shwartz and Ben-David [41] for more details.

4.2. Generalization Error Analysis

In this section, we analyze the generalization error defined as the discrepancy between the empirical
and population losses: |Ls — Lp]|.

First of all, we quantify the complexity of a family of routing functions. Our approach is to disentangle
the gating output by normalized weights multiplied with a mask: a(x) = m(z) © v(x), where
m(z); = 1if a(z); # 0, otherwise m(z); = 0. We note that m(z) : R — {0,1}7 is a multi-class
classifier. Henceforth, we can characterize the complexity of m(x) via the Natarajan dimension.
Define a family of masking functions M induced by the class of gating functions .A. Then the
complexity of M is specified by the following assumptions.

Assumption 1. The Natarajan dimension of M is scaled with the number of tasks N as NDim(M) =
O(Ndy) where dy is the base case when N = 1.

NDim(M) represents the maximal cardinality of a set that shatters all possible outcomes of m(x),
which can be used for counting the number of sparse patterns produced by a(x) In Assumption 1,
the capacity of the sparse router is growing with the number of tasks because more tasks often cause
higher complexity of compositional data distribution, which yields more diverse expert combinations
to solve the compositional tasks.

Next, we make basic assumptions on the loss function:
Assumption 2. The loss function £ : Y x Y — [0,1] is C-Lipschitz.
Such an assumption is standard in generalization error analysis [41]. Essentially, we hypothesize

that the loss function is bounded and Lipschitz continuous, which is satisfied by many common
choices (e.g. cross-entropy or MSE) when the inputs or outputs are restricted to a compact space.

Now we can state the main result bounding the generalization error of SMoE under the compositional
learning setting:



Theorem 1. Consider the hypothesis space F (T, k) stated in Definition 1, under Assumptions 1 and 2, with
probability at least 1 — 0 over the selection of training samples, the generalization error is upper bounded by:

(5)

2kNdylogT 4+ Ndy log(2 log(2
|L3—LD|:O(4CRm(H)+2\/k dilog T+ Nl log(2m) + log /5)>7

2m
where R, (1) is the Rademacher complexity of the expert hypothesis space H (cf. Definition 2).

The complete proof is deferred to Appendix B. Theorem 1 reveals that SMoE can be helpful for
compositional learning. This can be seen in the comparison with the naive ensemble, where T" weak
models are stacked to form the stronger model. Intuitively, the entire SMoE model contains 7" copies
of expert learners, thus, its capacity is as large as the naive ensemble. However, the generalization
error of the naive ensemble follows the classical results and gives a rate growing linearly with
the number of total experts O(TR(H) + +/log(2/d)/2m), while SMoE only exhibits a logarithmic
dependency on 7" and linear dependency on k. This suggests that dynamic routing not only reduces
the inference cost but also shrinks the average model complexity. From the perspective of each data
point, only a part of the model is used.

Nevertheless, dynamic routing incurs additional costs. Specifically, it introduces an extra term
Ndy in the error bound due to the flexibility provided by the learnable router. Furthermore, the
composition of multiple tasks exacerbates the bound, as the increased task complexity demands a
greater variety of routing patterns, making SMoE harder to generalize.

4.3. Optimal Sparsity Analysis

In this section, we aim to analyze the optimal sparsity k the model should choose to obtain the least
error. We first decompose the generalization error obtain from Theorem 1 into a different form as
the summation of Approximation Error and Estimation Error under moderate assumptions, where
both error terms are derived independently based on sparsity and input task complexity, and then
analyze the optimal choice of k£ under different hyperparameter settings.

4.3.1. Approximation Error Construction.
In this section, we outline the assumptions required to characterize the Approximation Error first,
and then construct the Approximation Error.

Assumption 3. Each input x is a composition of two tasks sampled from a total number of N tasks, i.e.,
x="1T,;0 Tj where E,Tj € {Tl,TQ, Ce ,TN}

Assumption 4. Each expert h; is uniformly assigned with non-overlapping compositional tasks.

Assumption 5. Each single task T; is equally weighted and does not account for task-specific variability such
as importance or difficulty of each task.

We adopt these simplified settings to help with the theoretical analysis. A more complex and realistic
Power-Law Distribution [42] setting for compositional tasks is described in Section A.5. Under the
current simplified setting, we define the Approximation Error of SMoE as following:

Definition 4 (Approximation Error). Under Assumptions 3 4 5, the Approximation Error of SMoE is
modeled as:

N2
Eupproximution (ka N) =0 <k‘) ) (6>

where N2 is the total number of pairwise task compositions, and k is the total number of selected experts.

Remark 2. The Approximation Error O (NT2> is independent of the number of input data m and it treats

each task uniformly and distributes each experts’ capacity evenly across all N? possible combinations. This
error term decreases monotonically as k increases, and when k is small it dominates due to insufficient expert
capacity for task combinations.



4.3.2. Estimation Error Construction.

In this section, we construct the Estimation Error based on Theorem 1 to capture the variations in
the generalization error given different sparsity levels, number of input data, and the complexity of
the router.

Definition 5 (Estimation Error). Under Assumptions 3 4 5, the Estimation Error of SMoE is modeled as:

Nkd T
Eestimation(ka) =0 < il 1Og <>> )
m k

where N, k, dn, m, and T follows their definitions in Section 4.1.

Remark 3. Regarding the Estimation Error, we observe that it is a concave function with respect to k, where
the error increases and reaches the maximum at k = L, and then decreases as k — T. The presence of N
penalizes large k more strongly, making the estimation error scale with both the number of tasks N and the
number of active experts k.

4.3.3. Bias-Complexity Trade-off

In this section, we provide insights on how does the total error Eip(k,N) = O (NTZ> +

0 ( NEdx Jog (T'/ k)) scales with different parameter settings, helping us choose the optimal £* to
minimize the overall error.

k Dependence (Number of Selected Experts Per Task): The behavior of the error terms varies
significantly with k. For small k, the approximation error O (NTQ) dominates while the estimation

error remains minimal. As k reaches medium values (k ~ %), the estimation error peaks while
the approximation error begins to decrease. For large k when k& — T, the approximation error
approaches zero as expert capacity becomes sufficient, while the estimation error decreases but
remains non-negligible due to N scaling. The optimal £* must balance these competing errors.

N Dependence (Task Complexity): Both approximation and estimation errors scale with N, but
the approximation error grows faster at large k. For large N, larger k values are favored to reduce
the approximation error.

dn Dependence (Model Complexity): A high router complexity dy amplifies the estimation error
penalty for large k, favoring k* < 7.

m Dependence (Dataset Size): The estimation error diminishes with increasing m, reducing its
impact at large k. This allows & = T to minimize F(k, N). For large m, the approximation error
tends to dominate. For small , it may gradually turn favoring £* < T

T Dependence (Total Experts): Increasing 7" increases the estimation error if k is kept constant. To
prevent the estimation error from increasing, k& should be increased proportionally with 7.

Overall, we conclude that (a): Under large dataset regime (m is large), a larger k* is preferred. (b):
Under high router complexity regime (d is large), a smaller k* is preferred to mitigate the increased
estimation error. (c): Under increasing task complexity setting, a larger £* is preferred. (d): When
the total number of available experts T is increasing, k needs to be adjusted proportionally to prevent
an increase in the estimation error.

5. Conclusion

In this work, we investigated whether conventional sparse activation strategies in SMoE models
are optimal for compositional tasks. Through both empirical and theoretical analyses, we showed
that the optimal number of activated experts scales with task complexity and depends on training
data size and model architecture. Our experiments revealed that increasing the number of experts



improves generalization on harder compositional tasks but can degrade performance on simpler ones,
highlighting the need for adaptive sparsity. Theoretically, we derived generalization error bounds
for SMoE models under compositional settings, identifying a trade-off between approximation and
estimation errors. These findings challenge traditional sparse activation assumptions and provide
actionable insights for designing SMoE models. Future work will explore dynamic routing strategies
to adapt expert activation levels based on real-time task complexity.
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A. Appendix

A.1. More Related Works

SRAVEN symbolic reasoning test Inspired by Raven Progressive Matrices (RAVEN) Test [43], a
human Intelligence Quotient test on abstract reasoning, Schug et al. [10] proposed the symbolic
compositional SRAVEN test that requires a model to learn the composition of arbitrarily sampled
rules by searching through a large number of possible hypotheses. Similar to RAVEN, each SRAVEN
task is a 3 x 3 grid and the model is asked to query the final panel on the grid given the information
from the first 8 panels. Each panel is a vector of length M, where each entry on the vector corresponds
to a different rule sampled from R = 8 possible rules. Therefore, each task is composed by a finite
set of rule combinations, and the prediction will be marked as correct only if the model predict all
the entries of the final vector. More detailed description can be found in Section 4 in [10]. In this
paper, we trained SMoE-based transformers on SRAVEN task due to its compositional nature and
the flexibility on tuning the difficulty of the task.
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Skill-Mix Skill-Mix [11] is a novel evaluation method for assessing language models’ compositional
abilities. It challenges models to generate short text pieces combining random sets of k skills out of
N number of linguistic skills within a given topic. Therefore, the test’s difficulty increases with k. A
Grader model (e.g., GPT-4 [38]) is used to evaluate the generated outputs based on skill application,
topic relevance, length, and coherence. In this paper, we tested SMoE-based LLMs on Skill-Mix with
varying number of k. More experimental and grading details can be found in Section C in Yu et al.
[11].

A.2. Training SMoE-based Transformers on SRAVEN task
A.2.1. Ablation study: Switching Softmax attention to HYLA attention

Proposed by Schug et al. [10], Hypernetwork Linear Attention (HYLA) encourages compositional
generalization by reinforcing the hypernetwork perspective. We repeat the same set of experiments
by replacing softmax attention with HYLA attention. We have the following interesting findings:

e By comparing Figure 5 and Figure 1, we observe that HYLA does not improve and can
even degrade compositional generalization (particularly OOD accuracy) on SMoE models
when training on easier compositional tasks (i.e., M = 2) compared to using softmax
attention. However, as the compositional task becomes more challenging, HYLA significantly
outperforms softmax attention, enhancing the compositional generalization of the model
across all activation mechanisms.

e As shown in Figure 4 and Figure 5, sparse activation mechanisms like Top-1 and Top-2
remain the worst-performing routing strategies across almost all task difficulty levels, even
with HYLA attention. This finding aligns with our main results discussed in Section 3.1.1.

o As illustrated in Figure 2 and Figure 1, under the softmax attention setting, increasing
the number of activated experts leads to marginal improvements in both Test and OOD
accuracy as the compositional task difficulty increases. In contrast, under HYLA attention,
the same increase in activated experts results in dramatic improvements for more challenging
compositional tasks, as shown in the last row of Figure 4 and Figure 5. The optimal number
of activated experts scales proportionally with task difficulty M, and the performance gap
between the best and second-best routing mechanisms becomes significant. We hypothesize
that HYLA attention further enhances expert specialization for compositional tasks.

Overall, HYLA attention coupled with increased expert activation is promising for robust
compositional generalization in challenging tasks, while simpler tasks may not benefit
significantly from these adjustments.
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A.2.2. SRAVEN Experiments Results Details
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Figure 2: Test Accuracy of training SMoE Transformer with softmax attention.
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Figure 3: OOD Accuracy of training SMoE Transformer with softmax attention.
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Figure 4: Test Accuracy of training SMoE Transformer with hypernetwork linear attention.
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Figure 5: OOD Accuracy of training SMoE Transformer with hypernetwork linear attention.
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A.3. Evaluating SMoE-based Large Language Models on Skill-Mix

We copied the grading metrics definitions from Yu et al. [11] as a reference for the readers. Note
that the first three grading metrics are very tough and most models will earn very few points when
k increases, as these metrics are conditioned on a specific event.

A.3.1. Skill-Mix Grading Metrics Definition

Each generated text can receive up to k + 3 points: 1 point for each correctly illustrated skill, 1 point
for sticking to the topic, 1 point for coherence / making sense, and 1 point for having at most k£ — 1
sentence. Recall that we grade each generated text three times. In each round of grading, we parse
each of the criteria individually from the Grader model’s output. For each criterion, we then collect
the majority vote among the three grading rounds. The grading metrics are the following;:

o Ratio of Full Marks: 1 if all k + 3 points are earned, and 0 otherwise

e Ratio of All Skills: 1 if k points are awarded for the £k skills and at least 2 points are awarded
for the remaining criteria, and 0 otherwise

e Skill Fraction: the fraction of points awarded for the k skills if all 3 points are awarded for the
remaining criteria, and 0 otherwise

We then take the maximum value of the metrics among the 3 generations for a given (k skill, 1 topic)
combination, and average the maximum value across all the combinations.
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A.4. More Skill-Mix Results

Skill-Mix results for DBRX-132B evaluated by GPT4

EPT

k=1

k=2

k=3

k=4

0.00 £ 0.000
0.00 £ 0.000
0.00 £ 0.000

0.00 £ 0.000
0.00 £ 0.000
0.00 £ 0.000

0.00 £ 0.000
0.00 £ 0.000
0.00 £ 0.000

0.00 £ 0.000
0.00 £ 0.000
0.00 £+ 0.000

0.60 £+ 0.245
1.00 £ 0.000
0.60 £ 0.245

0.20 £ 0.200
0.40 £ 0.245
0.40 £ 0.187

0.00 £ 0.000
0.00 £ 0.000
0.33 £ 0.000

0.00 £+ 0.000
0.00 £ 0.000
0.15 £ 0.100

0.80 £ 0.200
1.00 £ 0.000
0.80 £ 0.200

0.40 £ 0.245
0.60 £+ 0.245
0.70 £ 0.122

0.00 £ 0.000
0.00 £ 0.000
0.60 £ 0.067

0.00 £ 0.000
0.00 £+ 0.000
0.35 + 0.061

4 (default setting)

1.00 £ 0.000
1.00 £ 0.000
1.00 £+ 0.000

0.40 £ 0.245
0.40 £ 0.245
0.70 £ 0.122

0.00 £ 0.000
0.00 £ 0.000
0.60 £+ 0.067

0.00 £+ 0.000
0.00 £+ 0.000
0.40 + 0.061

1.00 £ 0.000
1.00 £+ 0.000
1.00 £ 0.000

0.60 & 0.245
0.80 £ 0.200
0.80 £+ 0.122

0.20 £ 0.200
0.20 £ 0.200
0.67 £0.105

0.00 £ 0.000
0.00 £ 0.000
0.45 + 0.094

0.80 £ 0.200
0.80 £ 0.200
0.80 £+ 0.200

0.40 £ 0.245
0.40 £ 0.245
0.70 £ 0.122

0.20 £ 0.200
0.20 £ 0.200
0.60 £ 0.163

0.00 £ 0.000
0.00 £ 0.000
0.50 £+ 0.000

1.00 £ 0.000
1.00 £ 0.000
1.00 £ 0.000

0.40 £ 0.245
0.40 £ 0.245
0.70 £ 0.122

0.20 £ 0.200
0.20 £ 0.200
0.67 £ 0.105

0.00 £+ 0.000
0.00 £ 0.000
0.65 £ 0.061

0.80 £ 0.200
1.00 £ 0.000
0.80 £ 0.200

0.20 £ 0.200
0.20 £ 0.200
0.60 £ 0.100

0.20 £ 0.200
0.20 £ 0.200
0.67 £ 0.105

0.00 £+ 0.000
0.00 £+ 0.000
0.50 +£0.112

0.80 £ 0.200
1.00 £ 0.000
0.80 £+ 0.200

0.40 £+ 0.245
0.80 £+ 0.200
0.60 £ 0.187

0.20 £ 0.200
0.40 £ 0.245
0.67 £0.105

0.00 £+ 0.000
0.00 £+ 0.000
0.55 £ 0.050

10

1.00 £ 0.000
1.00 £ 0.000
1.00 £ 0.000

0.20 £ 0.200
0.60 £+ 0.245
0.60 = 0.100

0.00 £ 0.000
0.00 £ 0.000
0.53 £ 0.082

0.00 £+ 0.000
0.00 £+ 0.000
0.40 + 0.061

11

1.00 £ 0.000
1.00 £ 0.000
1.00 £ 0.000

0.60 £ 0.245
0.60 £ 0.245
0.80 £ 0.122

0.20 £ 0.200
0.20 £ 0.200
0.47 £ 0.170

0.00 £ 0.000
0.00 £ 0.000
0.55 +0.094

12

0.80 £ 0.200
1.00 £ 0.000
0.80 £ 0.200

0.60 £+ 0.245
0.60 £ 0.245
0.80 £ 0.122

0.00 £ 0.000
0.20 £ 0.200
0.40 £ 0.163

0.00 £+ 0.000
0.00 £ 0.000
0.50 £ 0.057

13

1.00 £ 0.000
1.00 £ 0.000
1.00 £ 0.000

0.40 £ 0.245
0.40 £ 0.245
0.60 £ 0.187

0.40 £+ 0.245
0.60 £ 0.245
0.67 = 0.149

0.00 £+ 0.000
0.00 £+ 0.000
0.50 £+ 0.079

14

1.00 £ 0.000
1.00 £ 0.000
1.00 £ 0.000

0.60 £+ 0.245
0.60 £+ 0.245
0.60 £+ 0.245

0.00 £ 0.000
0.00 £ 0.000
0.53 £ 0.082

0.20 £ 0.200
0.20 £+ 0.200
0.70 = 0.122

15

1.00 £ 0.000
1.00 £ 0.000
1.00 £ 0.000

0.20 £ 0.200
0.60 £ 0.245
0.40 £ 0.187

0.00 £ 0.000
0.00 £ 0.000
0.53 £ 0.082

0.00 £ 0.000
0.00 £ 0.000
0.40 + 0.061

16

0.80 £ 0.200
0.80 £ 0.200
0.80 £ 0.200

0.20 £ 0.200
0.40 £ 0.245
0.50 £+ 0.158

0.20 £ 0.200
0.40 £ 0.245
0.47 £ 0.170

0.00 £ 0.000
0.00 £ 0.000
0.25 £0.112

Table 2: Skill-Mix Evaluation Results on DBRX-132B [5]. The grading metrics are Ratio of Full
Marks/Ratio of All Skills/Skill Fraction as defined in Section A.3.1. 'EPT’ is the abbreviation for

"Number of experts per token’.
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A.5. Power-Law Distribution of compositional task difficulties

In this section, we describe the more complex and realistic Power-Law Distribution [42] setting of
compositional tasks.

A.5.1. Task-specific Variability

We argue that the simplified Approximation Error defined in Definition 4 treats every task pair
uniformly, assuming k experts distribute their capacity evenly across all N? task combinations. This
assumption, while simplifying the analysis, does not account for task-specific variability:

e Some combinations might require significantly more capacity (e.g., harder-to-learn tasks).

e Some combinations might overlap or share features, reducing the need for dedicated experts
across all N? pairs.

If the approximation error is task-specific, a more sophisticated construction is necessary to reflect the
heterogeneity of task demands. For example, one can craft weight combinations based on difficulty

or importance:
o (Zzz’ wi,i’) ’
k

where w; ; represents the weight of importance or difficulty for task pair (7}, Ti/), as recently probed
empirically by Zhong et al. [42]. Additionally, w; ; is distributed according to a power-law:

wj, 4+ X (Dz + Di’)_aa o> ]-7

where D; and D, are the corresponding inverse of the difficulty or importance of compositional tasks
T; and T},. Therefore, high weights are concentrated in a few challenging combinations (smaller
i+ 1), and most w; ; are near zero for large i + ¢'.

Additionally, the more important/difficult task combinations will dominate, suggesting:

Z Wy 50 > Z Wi i

(¢,4") s.t. D;,D;sare low (4,4") s.t. Dy, D;sare high

This suggests that Reducing & focuses capacity on high-weight combinations, minimizing the
Approximation Error. If £ = T, excess experts can dilute the capacity to low-weight combinations,
inflating error due to unnecessary model complexity.

Remark 4 (Power-law distribution is more realistic in LLM Evaluation). The power-law distribution in
task importance is more realistic and supported by empirical observations across various studies. Dziri et al.
[22] highlights how transformers prioritize high-frequency patterns, leaving rare patterns underrepresented,
reflecting power-law dynamics. Similarly, Yu et al. [11] demonstrates the combinatorial explosion of rare skill
requirements, where a few dominant combinations account for most of the performance. Lastly, Chen et al.
[44] emphasizes skill hierarchies, where foundational skills dominate model capacity, mirroring power-law
behavior in skill distributions. Together, these findings hint that activating all experts is practically inefficient
for sparse or compositional tasks, as it dilutes capacity across less-relevant combinations.
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B. Complete Proof of main result

We present the proof of our main result as below:

Proof. Following the classical PAC learning theory, the main objective is to show the following
probabilistic bound of sup ¢ [Ls(f) — Lp(f)|- First we use ghost sampling trick: we draw an

iid. copies of training samples: S’ = {x’y, -+, 2’} "% D™, Then by Lemma 7, and setting
e—ze’m < 1/4, we have
€
P (sup 1Ls(f) = Lo(f)] = 6) < 2P (Sup [Ls(f) = Ls' (/)] = 2) (7)
feFr feFr

Then our proof proceeds by reformulating the gating function a(x). Let us rewrite a(x) = pu(x)Ov(x),
where © denotes the element-wise multiplication, u(z) : R? — {0,1}7 produces a binary mask
specifying the sparse expert selection (||u(z)||o = k), and v(z) : R? — RT outputs the normalized
weights for selected experts such that ||a(x)||; = 1. In particular, we note that v(x) is dependent of
the function p(x). We define V|, as the class of g induced by A and p(x).

Now notice that p(x) amounts to a multi-class classifier, which maps the input « to one of the sparse
patterns M (2m). Define i1, - - - , ur which shatters all the possible sparse patterns produced by 2m
data samples, then we have

€ €
P (?EE'LSU) —Ls/(f)] > 2) =P sup sup ILs(f) = Ls (£l 2 5 (8)
a l )
Vi€[T]
€
<p| sw s Ls(D-Le(DI= S ©)
uwe{p1,pur} h €H,VFET)
veV|,
I €
<>'P sup [Ls(f) = Ls'(f)l 2 5| p = (10)
= heH ViE[T]
veV|,
6 *
<  sup P sup |Ls(f) = Ls'(f)l = 5| n=n
pre{p1,ur} h; €H,VFE[T)
vEV|,
(11)
6 *
<2l  sup P sup  Ls(f) = Ls'(f) 2 glp=1n"|,
p*e{p1, - ,pur} h; €M, VF€[T]
vEV|,
(12)

where we apply union bound to obtain Eq. 9 and Eq. 12. Next, we do counting to bound I'. Since 1. is
essentially a multi-class classifier with (}) classes, by Lemma 6, we plug in the Natarajan dimension
of our sparse patterns:

r<(}) T s, (13)

On the other hand, we bound remaining probability term by examining the expectation given a fixed
masking function p. Define function ¢|,, conditioned on 4 as:

¢lu(8,8) = sup  Ls(f) — Ls/(f) (14)
hjejievz‘je[T]
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By Lemma 11 and Mcdiarmid’s inequality, for any p, we have bound:
€

P(91,(S.8) = 5) =P (¢1u(S.8) —E[9],(S. )]

€ n) 2

< oxp (—2m (5 - B8, )

Combined with Eq. 12, 13, 16, we state, with probability at least 1 — 9,

~E[0],(S,S)]) (1)

(16)

N~ DN

17N @mNay) + log(2/9)

log ((
¢lu(S,S") < 2E[¢]u(S,S)] +2

2m (17)
= 2K [¢],.(S, S")] + 2\/2kNdN log T + Ndzjjnlog@m) + log(2/6) a8)
We conclude the proof by the bounding E [¢|,,(S, §")] < 2CRm (H) using Lemma 5. O

Lemma 5. Consider C-Lipschitz loss function: £ : Y x R — R, and follow the definition of ¢|,, in Eq. 14, we
have

E[6],(S,8')] < 20R . (H) (19)

Proof. For the sake of notation simplicity, we define a function space conditioned on a masking
function p:

T
Flu= {f(w) = w(@);p(@);h;(@) : hy,- - hr € H,v € Vu} (20)
j=1
We denote the loss function £ composed on F|, as £ o F|,= {{(f(x)) : f € F|.}. By Lemma §,
1 m 1 m
E[¢|.(S,8)]=E| sup = le(x)— =Y Le(x 21
815, ") th“QnZ;A )= o trte’) (21)
< 2R (Lo Flu) (22)
Since ¢ is Lipschitz function, by Lemma 9, we have
Rm(loFlu) < CRu(F|u) (23)
Afterwards, we bound R, (F|,) by:
1 m 1 m T
Es.o [ sup Zalf(wl)l =Es.o sup — Zoi w(x;)jv(x;)h;(x;) (24)
M feFlu iz suPh en vielr] sl j=1
vEV|,
1 m T
<Eseo sup  — > 03 ) Ajhj(wi) (25)
hjeHNje[T] T ; ]Z::I 7
| AERT||Al1 =1
=Rn(H), (26)

where we notice that 25:1 p(x);jv(x;) = 1 due to the softmax normalization over the weights of
selected experts, then Eq. 25 can be relaxed by supremum over all simplex. The last equation follows
from Lemma 10. Now we can conclude the proof by combining Eq. 22, 23, and 26. O

Lemma 6 (Natarajan Lemma [45]). Given a set of finite data points S with |S| = m, and a hypothesis
space H of functions S — [k] with Natarajan dimension dy, then the growth function is bounded by:

i (m) < mdn . g2y (27)
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Proof. See [45]. O

Lemma 7 (Ghost Sampling [41]). Given S and S’ with |S| = |S’| = m, we have the following inequality
for any hypothesis space H.:

(1275 2 [sup () — Lo > o] <2 [sup L) Lol > 5] 29)
heH heH 2
Proof. We note that P [sup,,cy |Ls(h) — Lp(h)| > €] > 0, then
P |sup [Ls(h) - Lo ()] > 5] (29)
heH
> P [sup |Ls() - Lo (0] > § 0 sup | () ~ Lo(n)] > ] (30)
heH 2 hen

€ €
=P [sup |Ls(0) ~ Lo (0] > §] x B [sup |Ls(h) - Lo ] > §
heH heH

sup |Ls(h) — Lp(h)| > e] (31)
heH

Fix the dataset S for the event on which we are conditioning. Let 2* be any hypothesis for which
|Ls(h) — Lp(h)| > ¢, then:

€
P {sup Ls(h) ~ L (h)] > &
heH

sup |Ls(h) — Lp(h)| > e] (32)
heH

€
>P [sup Ls(h") ~ L ()] > &
heH

sup |Ls(h) — Lp(h)| > e} (33)
heH

€
>P [sup |Ls/(h*) — Lp(h")| < o1 up |Ls(h) — Lp(h)| > 6:| (34)
heH
>1 -2 2™, (35)

where the last inequality follows from Hoeffding’s inequality. Following an averaging over S argu-
ment, we conclude that:

(1 - 267%627”) P [2161p |Ls(h) — Ls/(h)| > 6] <P [Slel?l-)t |Ls(h) — Ls/(h)| > ;] (36)

O

Lemma 8. Given any funtion class F, for any S and S’ drawn i.i.d. from D™ with |S| = |S’| = m, it holds
that

Es, s

sup (; PCIEEDS f(m'n)] < 2Rn(F) (37)

feF

Proof. The proof is concluded by the following derivation:

E
fer

sup Ls(f) — Lgl(f)] =Egs [IES/

sup |Ls(f) — LS/(f)IH (38)
fer

pEE(e-gm))] e

<Es.s,0: lbup ( Zoz 2 ) *sup (; Z—UJ(Z{»))] (40)

i=1

= 2R (F), (41)

S ES,S/ Ecri

where we introduce Radamacher random variables o;,i = 1,--- ,m in Eq. 39. O
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Lemma 9. Suppose H C {h : X — Y} and function ¢ : Y x R — R is a C-Lipschitz function, define define
Cot ={loh:VheH} then Ry (loH) < CRy(H).

Proof. See Meir and Zhang [46]. O

Lemma 10. Suppose H C {h : X — Y}, then all functions constructed by convex combinations of H
satisfies:

Es o — o; Ajhi(x) | = Rm(H). (42)
h; eH V_]E () m LZ; Z
A6R+,\|>\|\1 1

Proof.

m T T m
1 1
Es,o sup - E o; g Ajhj(x;)| =Es& | sup sup E Aj <E Jihj(a:i)> (43)
' mia i=1

h;eH NVFE[T] i=1 j=1 h;eH, Ae]R
AeRT [ A[1=1 WE[T] IA1=1
:IE&cr sup — oihi«(x; 44
23 m
:Rm(H)a (45)

where Eq. 44 uses the fact that Z;‘Ll Ajy; < maxj—.. rYy; for any convex coefficients A. Moreover,
the equality is achieved if and only if A; = 1 for j = argmax;_, ... 7 y; and A; = 0 otherwise. ~ [J

Lemma 11. For arbitrary loss function ¢ : Y x R — [0, 1], hypothesis space H, and any S,S" C X
|S| = |S'| = m, the function

¢(S,8") = sup Ls(f) — Ls (f) (46)
heH
satisfies that
6(5,8) 68,8 < -, (47)

where S and S changes one element either in S or S’ but not both, i.e., if S is changed to §, then S’ remains
unchanged, and vice versa.

Proof. Since f (-) € [0,1], then it is obvious that |¢(S,S’) — #(S,8)| < L since we can flip at most
one element. O
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