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Abstract

Fairness in human and algorithmic decision-
making is crucial in areas such as criminal justice,
education, and social welfare. Recently, coun-
terfactual fairness has drawn increasing research
interest, suggesting that decision-making for indi-
viduals should remain the same when intervening
with different values on protected attributes. Nev-
ertheless, the question of "which attributes and in-
dividuals should be protected" is rarely discussed
in the existing counterfactual fairness literature.
For example, when considering leg disability as
a protected attribute, the algorithms should not
treat individuals with leg disabilities differently
in college admissions, but one may naturally con-
sider this factor when selecting runner athletes.
In other words, when and how to enforce fair-
ness is expected to depend on the causal relation
between the protected attribute and the outcome
of interest. Formally, this paper proposes princi-
pal counterfactual fairness using the concept of
principal stratification from the causal inference
literature, focusing on whether an algorithm is
counterfactually fair for individuals whose pro-
tected attribute has no individual causal effect on
the outcome of interest. To examine whether an
algorithm satisfies principal counterfactual fair-
ness, we derive the statistical bounds and propose
a post-processing approach to achieving principal
counterfactual fairness with minimal individual
decision changes. Experiments are conducted us-
ing synthetic and real-world datasets to verify the
effectiveness of our methods.
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1. Introduction

Addressing the fairness of automated algorithms is critical to
making safe decisions in areas such as criminal justice (Bren-
nan et al., 2009; Dieterich et al., 2016), education (Reardon
& Owens, 2014), and social welfare (Chouldechova et al.,
2018). To achieve fair machine learning, many association-
based fairness notions have been proposed to constrain the
statistical independence between protected attributes and de-
cisions, e.g., statistical parity (Dwork et al., 2012), equalized
odds (Hardt et al., 2016), and predictive parity (Choulde-
chova, 2017). In addition, the algorithmic fairness can also
be approached from a causal perspective (Kusner et al.,
2017; Zhang et al., 2017a;b; 2018a;b; Zhang & Bareinboim,
2018; Nabi & Shpitser, 2018; Wu et al., 2019a;b; Chiappa,
2019; Imai & Jiang, 2020; Mishler et al., 2021; Zuo et al.,
2022). Among them, counterfactual fairness (Kusner et al.,
2017) has garnered considerable attention recently. This
criterion demands that any alterations made to the values of
protected attributes do not result in changes to individual
decision-making.

Nevertheless, as Chouldechova & Roth (2020) pointed out,
the question of "which attributes and individuals should
be protected" is rarely discussed in the existing counterfac-
tual fairness literature. Should counterfactual fairness hold
for all sensitive attributes on all individuals? For example,
when considering leg disability as a protected attribute, it is
reasonable to require that the algorithms should not treat in-
dividuals with disabilities differently in college admissions,
but should the algorithms also be required to make the same
decisions for individuals with disabilities when selecting
runner athletes? In such cases, it is clear that it is not ap-
propriate to select individuals with disabilities as running
athletes. But what if the sensitive attribute is gender or race
instead? How to reflect the differences between disability
and gender as sensitive attributes?

To tackle the above issues, we summarize relevant studies
in Table 1, which can be broadly divided into two branches.
On one hand, instead of requiring fairness to hold on all
individuals as in demographic parity (Darlington, 1971),
equalized odds (Hardt et al., 2016) constrains the exami-
nation of demographic parity to subgroups with the same
observed outcome. By considering the effect of decision-
making on the observed outcomes, counterfactual equalized
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Table 1. A summary of the proposed principal counterfactual fairness and related concepts.

Fairness Definition

Formulation (A: protected attribute; D: decision; Y': outcome; X: covariate)

Demographic Parity (Darlington, 1971) AL D

Equalized Odds (Hardt et al., 2016) AULD|Y

Equality of Opportunity (Hardt et al., 2016) AL D|Y=1

Counterfactual Equalized Odds (Mishler et al., 2021) AL D|Y(D=0)=1

Principal Fairness (Imai & Jiang, 2020) ALD|Y(D=0),Y(D=1))

Counterfactual Parity (Mitchell et al., 2021) P(D(0)=1)=P(D(1) =1)

Conditional Counterfactual Fairness (Mitchell et al., 2021) P(D(0) =1)=P(D(1)=1) | X

Principal Counterfactual Parity (ours) P(D0)=1)=P(D(1)=1) |Y(A=0)=Y(A=1)
Principal Conditional Counterfactual Fairness (ours) P(D0)=1)=P(D(1)=1)|Y(A=0)=Y(A=1),X
Principal Counterfactual Equalized Odds (ours) P(D0)=1)=P(D(1)=1)|Y(A=0)=Y(A=1)=y, X
Counterfactual Fairness (Kusner et al., 2017) D;(A;=0)=D;(A; =1)

Path-Specific Counterfactual Fairness (Chiappa, 2019) D;(A; =0) = D;(A; =1, M;(A;) = M;(0))

Principal Counterfactual Fairness (ours) D;(A; =0) = D;(A; = 1) holds for Y;(A; = 0) = Y;(A; = 1)

odds (Mishler et al., 2021) generalizes the above concepts
to make fair decisions on individuals with the same value on
the potential outcome under control. Principal fairness (Imai
& Jiang, 2020) further uses the concept of principal strati-
fication from the causal inference literature to consider the
joint potential outcomes of the decision on outcome. How-
ever, despite considering specific subgroups defined from
a counterfactual view, these fairness notions still use the
statistical independence of sensitive attributes and decision-
making on that subgroup, which is not sufficient to guaran-
tee individual counterfactual fairness (Kusner et al., 2017;
Mitchell et al., 2021). On the other hand, path-specific
counterfactual fairness (Chiappa, 2019) promotes the no-
tion of counterfactual fairness to restricted on unfair paths,
rather than considering the total effect of sensitive attributes
on decision-making. Despite partially answering the ques-
tion of "which attributes should be protected", similar to
counterfactual fairness, path-specific counterfactual fairness
requires fairness on all individuals. This motivates us to
rethink counterfactual fairness to better answer that "which
attributes and individuals should be protected".

In this paper, instead of forcing decisions to remain the same
for all individuals when the protected attribute changes as
in counterfactual fairness, we propose principal counter-
factual fairness using the concept of principal stratification
from the causal inference literature (Frangakis & Rubin,
2002; Pearl, 2011), focusing on whether the counterfac-
tual fairness holds for individuals whose protected attribute
has no individual causal effect on the outcome of interest.
For the aforementioned example, since leg disability (as a
sensitive attribute) may affect athlete performance (as an
outcome), we only require that decisions remain similar for
those individuals with disabilities that do not affect athlete
performance. In contrast, since disability and gender (as sen-
sitive attributes) do not have a causal effect on the exam pass
(as an outcome), we might expect decision-making for all in-

dividuals to satisfy counterfactual fairness. In summary, the
proposed principal counterfactual fairness further considers
the effect of protected attributes on outcomes of interest
from a counterfactual perspective, and we show the prin-
cipal counterfactual fairness would degenerate to standard
counterfactual fairness when the protected attributes have
no individual causal effect on outcomes for all individuals.

To examine whether an algorithm satisfies principal coun-
terfactual fairness, we first derive the necessary conditions’
for an algorithm to satisfy principal counterfactual fair-
ness based on statistical bounds. Then we propose an
optimization-based evaluation method to test whether an
algorithm satisfies principal counterfactual fairness. Specifi-
cally, the algorithm does not satisfy the principal counter-
factual fairness if the feasible region under particular con-
straints is the empty set, or if there exists a principal stratum
with the optimized maximum probability value less than
zero. We further propose a principled post-processing ap-
proach to achieve principal counterfactual fairness with min-
imal individual decision changes, and theoretically prove
the optimality of the post-processing approach using doubly
robust estimation. We conduct extensive experiments on
synthetic and real-world datasets to verify the effectiveness
of the proposed algorithm.

The main contributions of this paper are:

e We propose a novel fairness notion using the concept of
principal stratification, called principal counterfactual
fairness, which requires the counterfactual fairness to
hold only when the protected attribute has no individual
causal effect on the outcome of interest.

e We derive the necessary conditions for an algorithm

"Due to partial identifiability, it is difficult to find necessary and
sufficient conditions for principal counterfactual fairness, similar
problems also exist in the counterfactual fairness literature (Kusner
et al., 2017).
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to satisfy principal counterfactual fairness based on
statistical bounds, and propose an optimization-based
evaluation method to test whether an algorithm satisfies
principal counterfactual fairness.

e We further propose a principled post-processing ap-
proach to achieving principal counterfactual fairness
with minimal individual decision changes, and theo-
retically prove the optimality of the post-processing
approach using doubly robust estimation.

e We conduct experiments on both synthetic and real-
world datasets to verify the effectiveness of the
proposed optimization-based evaluation and post-
processing approach.

2. Preliminaries

We first formalize the issue of fairness in decision making,
as well as summarize the related statistical and counterfac-
tual fairness notions that have been widely studied. Suppose
a simple random sample of n units from a super population
P, for each unit ¢, the covariate (e.g., age or income) and
the binary protected attribute (e.g., gender or disability) are
denoted as X; € X and A; € {0,1}, respectively. Let
Y; € ¥ = {0, 1} be the binary outcome variable of interest
and D; € {0, 1} be the binary decision variable. For the sim-
plicity of exposition, we assume the protected attribute, de-
cision variable, and outcome variable are all binary, and co-
variates are discrete, but these variables can all be extended
to other variable types in our work. To study the counterfac-
tual fairness problem, we adopt the potential outcome frame-
work (Rubin, 1974; Neyman, 1990). Specifically, let Y;(0)
and Y;(1) be the outcome of the unit ¢ had this unit have the
protected attribute A; = 0 and A; = 1, respectively. Since
each unit can only have one particular value of protected
attribute, we always observe the corresponding outcome
be either Y;(0) or Y;(1), but not both. This is also known
as the fundamental problem of causal inference (Holland,
1986; Morgan & Winship, 2015). Formally, the observed
outcome for unit ¢ is Y; = (1 — 4;)Y;(0) + A;Y;(1). In
other words, the observed outcome is the potential outcome
corresponding to the protected attribute value, which is also
known as the consistency assumption in the causal inference
literature (Herndn & Robins, 2020).

Based on the observed protected attributes, covariates, and
outcomes of interest, i.e., {(A;, X;,Y:)};, a machine
learning algorithm D(-) for decision-making is obtained.
Specifically, let D;(0) and D;(1) be the potential algorith-
mic decisions for the unit 7 had this unit have the protected
attribute A; = 0 and A; = 1, respectively. By the con-
sistency assumption again, the algorithmic decision for in-
dividual 7 in the factual world would be D;. In order for
algorithms to make fair decisions, as shown in Table 1, many

statistical fairness notions have been proposed, such as de-
mographic parity (Darlington, 1971), i.e., A Il D, equal-
ized odds (Hardt et al., 2016),1.e., A 1L D | Y, and equality
of opportunity (Hardt et al., 2016),i.e., A 1L D | Y = 1.
By noting the causal effect of decision D on the observed
outcomes Y, counterfactual equalized odds generalizes the
above concepts to make fair decisions on individuals with
counterfactual advantaged outcomes (Mishler et al., 2021),
ie, A 1L D | Y(D = 0) = 1. Principal fairness fur-
ther uses the concept of principal stratification from the
causal inference literature to consider the joint potential out-
come of decisions on outcomes (Imai & Jiang, 2020), i.e.,
Al D|(Y(D=0),Y(D = 1)). Nevertheless, despite
considering a specific counterfactual stratum, these fairness
notions still use the statistical independence of sensitive at-
tributes and decisions on that stratum, which is not sufficient
to guarantee causal effect-based fairness notions (Kusner
et al., 2017; Mitchell et al., 2021).

Instead of considering the statistical (conditional) indepen-
dence between the protected attribute A and decision D,
causality-based fairness considers the causal effect of the
protected attribute A on decision D. Among them, coun-
terfactual parity in Definition 1 requires that there is no
average causal effect of the protected attribute A on deci-
sion D over the population (Mitchell et al., 2021).

Definition 1 (Counterfactual parity (Mitchell et al., 2021)).
An algorithm D for decision-making satisfies counterfactual
parity, if under any value a and o' attainable by A,

By incorporating the covariate X, conditional counterfac-
tual fairness in Definition 2 requires that there is no condi-
tional average causal effect of the protected attribute A on
the decision D over subpopulations under context X = z
forallz € X.

Definition 2 (Conditional counterfactual fairness (Mitchell
etal., 2021)). An algorithm D for decision-making is con-
ditional counterfactually fair, if under any context X = x
and any value a and o’ attainable by A,

P(D(a)=1| X =2)=P(D(d)=1] X =2).

Different from counterfactual parity in Definition 1 which
constrains on the fotal population and conditional coun-
terfactual fairness in Definition 2 which constrains on the
subpopulations determined by the covariates, individual
counterfactual fairness in Definition 3 further requires that
there is no individual causal effect of the protected attribute
A on the decision D over all the individuals.

Definition 3 (Counterfactual fairness (Kusner et al., 2017)).
An algorithm D for decision-making is individual counter-
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factually fair®, if under any context X = x and any value a
and o' attainable by A,

Counterfactual fairness states that A should not be a cause
of decision D in any individual instance, with many follow-
up studies (Zhang & Bareinboim, 2018; Chiappa, 2019). As
in Table 1, one representative variant is path-specific coun-
terfactual fairness, which requires counterfactual fairness to
hold only on unfair paths (Chiappa, 2019).

Despite partially answering the question of "which attributes
should be protected”, similar to counterfactual fairness, path-
specific counterfactual fairness also requires fairness on all
individuals. This motivates us to rethink these counterfac-
tual fairness notions to better answer the question of "which
and how to decide the attributes and individuals that should
be protected".

3. Principal Counterfactual Fairness

In this section, we first propose the notions of principal
counterfactual fairness using the concept of principal strati-
fication from the causal inference literature. Ordered from
weakest to strongest, we propose principal counterfactual
parity in Definition 4, principal conditional counterfactual
fairness in Definition 5, principal counterfactual equalized
odds in Definition 6, and principal conditional counterfac-
tual fairness in Definition 7, respectively. We also derive the
necessary conditions for an algorithmic decision to satisfy
principal counterfactual fairness based on statistical bounds.

Specifically, the principal strata are defined as the joint
potential outcome values (Frangakis & Rubin, 2002), i.e.,
(Yi(a),Y;(a')), where a and o’ are sensitive attribute values
attainable by A, and each principal stratum represents how
an individual would be affected by the protected attribute on
the outcome of interest. In the proposed principal counter-
factual fairness, we focus on whether counterfactual fairness
notions hold on individuals whose protected attribute has
no individual causal effect on the outcome of interest, i.e.,
Yi(a) = Y;(a’) for all @ and @’ attainable by A.

Compared with the previous counterfactual fairness notions,
Table 2 shows the difference: the proposed principal coun-
terfactual fairness notions focus only on those individu-
als in "principal fairness" stratum (in red), while previous
counterfactual fairness notions focus on individuals in both
"principal fairness" stratum (in red) and "auxiliary fairness"

2Counterfactual fairness in (Kusner et al., 2017)
refers to individual counterfactual fairness with the
definition that P(Daco(U)=y|X =2,A=aqa) =
P(Dara(U)=y| X =2z,A=a). This is equivalent to
P(D;(a) = Dj(a’)) = 1 using potential outcomes formula-
tion (Mitchell et al., 2021).

stratum (in blue). Unlike the observed outcome Y;, however,
the potential outcomes, and hence principal strata, are not
affected by the sensitive attribute value. Moreover, since we
only observe one potential outcome for any individual, prin-
cipal strata are not directly observable and be distinguished,
as shown in Table 2.

In the disabled athlete selection example, the principal strata
are defined by the athlete performance Y;(A;) under each
of the two scenarios—disabled A; = 1 or not disabled
A; = 0. Then it is fair to let the algorithmic decision D be
unaffected by whether those individuals are disabled A = 1
or not A = 0, because the disability of those individuals
has no individual causal effect on the athlete’s performance,
i.e., ¥;(0) = Y;(1). The following Definition 4 formally
states the principal counterfactual parity, which requires
counterfactual parity to hold on that particular stratum.

Definition 4 (Principal counterfactual parity). An algorithm
D for decision-making satisfies principal counterfactual
parity, if under any value a and o’ attainable by A,

B(D(a) = 1| ¥(a) = Y(a)) = B(D(a) = 1 | Y (a) = Y (d).

By conditional on covariate X, Definition 5 states the prin-
cipal conditional counterfactual fairness.

Definition 5 (Principal conditional counterfactual fairness).
An algorithm D for decision-making is principal conditional
counterfactually fair, if under any context X = x and any
value a and o’ attainable by A,

P(D(a)=1|Y(a)=Y(d),X =2)=P(D(d)=1|Y(a) =Y (d), X = x).

We now describe the potential limitations of using principal
conditional counterfactual fairness in Definition 5. Recall
the disabled athlete selection example and let Y denote
athlete performance. Although the protected attribute has
no individual causal effect on the outcome for both Y (a) =
Y(a’) = 0and Y(a) = Y(a’) = 1 individuals. However,
since individuals at Y (a) = Y (a’) = 1 have better athlete
performance compared with individuals at Y (a) = Y (a') =
0, it is natural to allow high probability of being selected as
an athlete for individuals at the stratum Y (a) = Y (a') = 1.
Thatis, P(D(a) = 1| Y(a) =Y (d) =1) > P(D(a) =
1| Y(a) = Y(a') = 0). This motivates us to further
divide stratum (Y (0) = Y (1)) into multiple strata (Y (0) =
Y (1) = y) forall y € ), and propose the corresponding
principal counterfactual equalized odds in Definition 6.

Definition 6 (Principal counterfactual equalized odds). An
algorithm D for decision-making satisfies principal coun-
terfactual equalized odds, if under any context X = x and
any value a and a' attainable by A, for all y € ),

P(D(a) =1|Y(a) =Y (d') =y, X =)
=P(D(a’)=1|Y(a) =Y (d) =y, X =x).
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Table 2. The principal counterfactual fairness considers units in the principal fairness strata (in red), whereas counterfactual fairness
considers all units including in the auxiliary fairness strata (in blue).

Observeddata | (A=0,Y =0)

(A=0Y =1)

(A=1,Y =0)

Principal fairness
Auxiliary fairness

(Y(0) =0,Y(1) =0)
(Y(0)=0,Y(1) =1)

(Y(0)=1,Y(1)
(Y(0) =1,Y(1)

1) (Y(0)=0,Y(1)=0) (YV(0)=1,
0) (Y(0)=1,Y(1)=0) (Y(0)=0,

For the case of binary variables, it is equivalent to 7o (z) =
71(z) = 0, where
Ty(2) =P(D(1) =1|Y(0) =Y (1) =y, X = 2)-
P(DO0)=11Y(0)=Y(1)=y,X =x),
fory = 0,1. Denote poy(z) =PY =y | A=0a,X =
z)and ¢oy(z) =P(D =1| A =4a,Y =y, X = x),
which can be calculated from the observed data. Under the

ignorability assumption, the following lemma provides the
sharp bounds on 7o(x) and 7 (z).

Assumption 1 (Ignorability).
AL (Y(1),Y(0), D(1), D)) | X.

Lemma 1. Under Assumption 1, the sharp upper and lower
bounds on 1o (x) are

. ~ (=quo(®)pro(x) | _
Lower(7o(z)) = {O’ 1 pio(z) — po1(x) }
qoo(%)poo () }

mm%mmm—mu>

i 1 @o@)pio(e)
Upper(7o(z)) = {1’ p1o(z) — po1 () } "

min {0, (1 = goo(x))poo(x) 1} .

p1o(x) — po1(z)
The sharp upper and lower bounds on T, () are

(1 —gqui(@))pu(x) } _

po1(x) — p1o(z)

Lower(7y (z)) =max {O, 1-
. qo01(x)po1(x)

=min M
Upper(71(z)) = {1’ po1(x) — pio() } i

min {0, (1 = go1())por (z) 1} .

P01(9€) - p10(33)

The Theorem below gives necessary inequality conditions
to show if the algorithm satisfies principal counterfactual
equalized odds based on statistical bounds in Lemma 1.
Theorem 1. Under Assumption 1, the principal coun-
terfactual equalized odds in Definition 6 under stratum
Y(0) = Y(1) = 0 is violated if either of the following
two inequalities holds:

qoo(z)poo(x) + (1 — qio(x))p10(x) < pro(x) — por(x),
qro(z)p1o(x) + (1 — goo(z))poo(x) < pio(x) — poi(x).

Similarly, the principal counterfactual equalized odds in
Definition 6 under stratum Y (0) = Y (1) = 1 is violated if
either of the following two inequalities holds:

qo1(x)po1(x) + (1 — qu1(x))p11(x) < por(x) — pro(x),
qu1(z)p11(x) + (1 — qo1(x))po1(x) < por(x) — pro(x).

Further, instead focusing on a specific subgroup, as an exten-
sion of individual counterfactual fairness in (Kusner et al.,
2017), we define principal counterfactual fairness to achieve
strict individual fair.

Definition 7 (Principal counterfactual fairness). An algo-
rithm D for decision-making is principal counterfactually
fair with respect to outcome Y, if under any value a and o'
attainable by A,

P(Di(a) = Dy(a') | Yi(a) = Yi(a)) = 1.

We finally point out that the principal counterfactual fair-
ness would degenerate to counterfactual fairness when
Y;(a) = Y;(a’) holds on all individuals for any value a
and o’ attainable by A.

Corollary 1 (Relation to counterfactual fairness). The prin-
cipal counterfactual fairness is equivalent to counterfactual
fairness in (Kusner et al., 2017), when the protected at-
tributes have no individual causal effect on outcomes for all
individuals.

4. Implementing Principal Counterfactual
Fairness

4.1. Optimization-based Evaluation

We started with an optimization-based evaluation method
for principal counterfactual fairness in Definition 7, while
other principal counterfactual fairness notions can be eval-
uated by similar arguments. Denote wg,,d, y,y, () =
P(D(0) = do, D(1) = d1,Y(0) = yo,Y(1) =1 | X =
x), then principal counterfactual fairness is equivalent to
wo,1,0,0(%) = w1,00,0(2) = wo,1,1,1(2) = wip1,1(z) =
0. The proposed optimization constraints for evaluating
whether the algorithmic decisions satisfy the principal coun-
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terfactual fairness are given as

Wo,1,0,0(&) = w1,0,0,0(2) = wo,1,1,1() = wi,01,1(x) =0,

Wdy,d1,y0,y1 (‘T) >0 forall do,d1,y0,y1 € {Oa 1}a

Za,b Wy, a,y0,6(€) = P(D(0) = do, Y(0) = yo | X = )

forall dg,yo € {0, 1},
S e (1) = B(D() = d, Y (1) =31 | X =2)
forall dy,y € {0,1},

for all x € X, where the first equation is the equivalent
condition of principal counterfactual fairness, the second
equation comes from the positivity of the probabilities, and
the last two equations come from the definition of w(z).
Notably, under Assumption 1, the terms on the right-hand
side of the last two equations can be identified and esti-
mated using the observed data (see Section 4.2). Therefore,
with these constraints on w(z) imposed by the above equa-
tions set, we can determine that the algorithmic decision
does not satisfy principal counterfactual fairness, if there
exists € X such that the feasible domain of w(z) satisfy-
ing these constraints is the empty set. In practice, we can
also take one of wo 1,0,0(), w1,0,0,0(), wo,1,1,1(), and
w1,0,1,1 (), denoted as w(zx), as the objective function, and
let the remaining three terms equal to zero as the optimiza-
tion constraints, then solve the minimum and maximum
values of w(x), and obtain its value interval by solving this
optimization problem. The algorithm should be considered
as a violation of principal counterfactual fairness, when the
minimum value of w(x) is greater than 0 or the maximum
value of w(x) is less than 0.

4.2. Estimation

Let ud¥(z) = P(D = d,Y = y\A = a,X = ) and
7a(z) = P(A = a | X = ), with g%¥(x )and 7o () be
the estimated conditional-mean and propensity, respectively.
To estimate the right-hand side of the last two equations in
the above optimization problem, without loss of generality,
one needs to estimate P(D(a) = d,Y(a) =y | X = z)
fora,d,y € {0,1}. Let PP and [ be the estimated probabil-
ity and expectation that can be obtained via regression or
subclassification. The outcome regression (OR) estimator is

POR(D(a) =d,Y(a) =y | X =)
=P(D=dY =y|lA=0a,X =z) = n>¥ ).

The inverse propensity scoring (IPS) estimator is given as

P'P5(D(a) = d,Y(a) =y | X = 2)

=E(A=a) ID=dY =y)/ta(X)|X = 1],

and the doubly robust (DR) estimator is given as

PPR(D(a) =d,Y(a) =y | X = 2) = E {30 (X)+
I(A=a) ((D=dY =y) — 45"(X))/7a(X)|X =z} .
Theorem 2. Suppose that ||7,(z) — 7. (x)|]2-] | 4L (z) —
udY (z)||a= op(n=12) forall x € X and a attainable by A,
then PPE(D(a) = d,Y (a) = y | X = x) is asymptotically
normal

Vi{PPR(D(a) = d,Y(a) =y | X = 2)
~P(D(a) =d,Y(a) =y | X =2)} = N(0,01(2)?),

where a1 (x)? is

I(A=a)- (]I(D:d,Y:y)—
7 (X)

ndv(x
v |l (x) + £ (0)

| X ==z|.

4.3. Post-processing approach

In applications, we first use the DR (or OR, IPS) estimators
in Section 4.2 and plug them into the last two constraints
of the optimization problem in Section 4.1. As discussed
in Section 4.1, if the feasible domain is the empty set, or
if there exists z € A such that the interval of values of
w(x) does not contain 0, then the decision should be consid-
ered to violate principal counterfactual fairness. Inspired by
(Mishler et al., 2021), we further propose a post-processing
method to adjust previously unfair decisions by minimal
individual decision changes so that it no longer violates
optimization-based fairness evaluation in Section 4.1. The
advantage of the post-processing approach is the applicabil-
ity to any already-in-used models but evaluated unfair (Lo-
hia et al., 2019).

Specifically, consider a set of non-negative parameters
G(LC) = {6(]O($),6()1((E),61()((E),611($)} forall z € X,
where each parameter €,4(x) denotes the probability of
forcing the decision D = d on the individuals with
A = a and X = z. Without loss of generality, let
€ad(T) + €4(1—q)(x) < 1, and let D’ be the final decision
after the post-processing, then we have

P.(D'(a)=d,Y(a) =y | X =x)
=P(D=dY=y|A=a,X =2)
= €ui(z) PY =y|A=0a,X =2)+
(1 —€qo(z) —€aa1(z)) - P(D=d,Y =y | A=0a,X =2)

— oale) - B(Y(a) =y | X = 2)+
(1 - canl®) = car (@) - B(D(a) = d. Y (a) =y | X = 2)
— €oalw) -P(D(a) = 1—d.Y(a) =y | X = a)+

(1 —e€a-a)(2)) - P(D(a) =d,Y(a) =y | X =)

In order to obtain a fair decision D’ while minimally chang-
ing the original decision D, we obtain the estimated é(x) for
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Table 3. Synthetic experiment results for varying models and estimators. The intervals under wo100, w1000, Wo111 and wip11 show the

minimum and maximum values when the other three are set to 0.

Method | Wo100 €00 w1000 €10 Wo111 €01 w1011 en | CFt  PCF?
LR + OR [-0.636, -0.083] 0 [-0.774, -0.083] 0 [0.083, 0.223] 0 [-0.672,-0.083] 0.109 | +3.60% +6.68%
LR +IPS [0.153, 0.231] 0 [-0.772, -0.153] 0 [-0.666, -0.153] 0.166 [-0.715,-0.153] 0 |+4.71% +6.89%
LR + DR [-0.631, -0.024] 0 [-0.710, -0.024] 0 [0.024, 0.196] 0 [-0.683,-0.024] 0.127 | +2.97% +6.09%
SVM + OR | [0.104, 0.260] 0 [-0.741,-0.104] 0.124 [-0.743,-0.104] 0 [-0.619, -0.104] 0 |+147% +5.15%
SVM +IPS | [0.192,0.227] 0 [-0.720, -0.192] 0 [-0.739,-0.192] 0.199 [-0.732,-0.192] 0 |+4.56% +8.98%
SVM + DR | [-0.662, -0.034] 0 [-0.763, -0.034] 0 [0.034,0.182] 0.186 [-0.607,-0.034] 0 +5.77% +8.30%
RF + OR [-0.706, -0.110] 0.120 [-0.713,-0.110] 0 [-0.689, -0.110] 0 [0.110, 0.195] 0 |42.18% +6.67%
RF + IPS [0.163,0.211] 0 [-0.727, -0.163] 0 [-0.680, -0.163] 0.171 [-0.755, -0.163] 0 +6.42% +8.35%
RF + DR [-0.713, -0.051] 0 [-0.676, -0.051] 0 [0.051,0.253] 0.203 [-0.661, -0.051] 0 |46.49% +9.02%
NB + OR [-0.674, -0.161] 0 [-0.744, -0.161] 0 [0.161,0.232] 0.173 [-0.742,-0.161] 0 +5.04% +8.31%
NB + IPS [-0.821, -0.175] 0 [0.175, 0.192] 0 [-0.775, -0.175] 0 [-0.577,-0.175] 0.181 | +8.88% +9.31%
NB + DR | [-0.793, -0.189] 0 [-0.688, -0.189] 0 [-0.707, -0.189] 0 [0.189, 0.208] 0.192 | +4.83% +9.16%

all x € X by solving the following optimization problem.

1 n
*—argmin = 3 ea0(Xs) + a1 (X2),
€ argmﬁmn;e&o( )+ €4,1(X5)

s.t. wo,1,0,0(7) = w1,0,0,0(%) = wo1,1,1(x) = wi,0,1,1(x) =0,
Wdy,dy yo,y1 (€) = 0 for all do, dy,yo,y1 € {0,1},
€ad(T)€a(1—a)(7) > 0 and €,4(x) + €5(1-q)(z) < 1
forall a,d € {0,1},

Za.b Wiy a,y0,6(T) = Pe(D'(0) = do, Y(0) = 5o | X = )
| for all dg, yo € {0,1},

S W (#) = BAD'(1) =y Y (1) = 1 | X =)
| forall dy,y; € {0,1},

forall z € X. In practice, we use the DR estimate in Section
4.2 and then plug it into the last two constraints to obtain
the DR estimates for P.(D'(a) = d,Y(a) =y | X = x),
and estimate é(z) for all x € X. Theorem 3 proves the
consistency of the estimated é(z) to the optimal €*(x).

Theorem 3. Suppose that ||7q(x) — 74 (2)||2-||a4Y (z) —
pdY (x)||a= op(n=1/?) for all x € X and a attainable by

A, then |le(x) — ¢ (2)]|= Op(1/v/n).

4.4. Theoretical Analysis

After obtaining the optimization solution é(x) in Section
4.3, the adjusted decision function D’ is determined by
combining original decision D and é(x). Next, we prove the
adjusted decision D’ tends to be fair as sample size n — oo

by considering the following programming problem

a =argmin — Z {w(g),l,o,o(Xi) + w?,o,o,o(Xi)
i=1

g g1 (X)) +wior1(Xi)}
8.t Wdy,dy 0,41 (w) > 0 for all do, d1,y0,y1 € {0,1},

Za’bwdo,a,yo,b(x) =Pe(D'(0) = do,Y(0) =0 | X = )
for all dg, yo € {0, 1},

Zaybwa,dl,b,yl (2) =Pe(D'(1) =d1,Y(1) =1 | X = 2)
forall dy,y; € {0,1},

forall z € X, where P¢(D’(a),Y (a) | X = x) is the joint
distribution of the potential outcomes (D’(a), Y (a)) for the
post-processed decision function D’ using é(z) obtained in
Section 4.3. We use the mean sum of squares as the metric
for evaluating principal counterfactual fairness. Theorem
4 proves the consistency results of a* to 0, validating the
effectiveness of the post-processing approach.

Theorem 4. Suppose that ||7,(z) — 7, (2)||2-|| 4% (z) —
LY (2)||o= op(n~'/2) for all x € X and a attainable by
A, then ||a*||1= Op(1/y/n).

5. Empirical Investigation

To verify the effectiveness of the post-processing approach,
we conduct experiments on both synthetic and real-world
datasets. The performance is evaluated by two metrics:
counterfactual fairness (CF): P(D(0) = D(1)) and prin-
cipal counterfactual fairness (PCF): P(D(0) = D(1) |
Y (0) = Y(1)). For all experiments, we calculate the val-
ues of CF and PCF before and after the post-processing
operation and report the percentage change of each metric.



Fairness on Principal Stratum: A New Perspective on Counterfactual Fairness

5.1. Synthetic Experiment

Synthetic data are generated from a structural equation
model based on a random DAG with 10 nodes and 40 di-
rected edges according to the Erdds-Rényi (ER) model,
where four different models: Logistic Regression (LR),
Support Vector Machine (SVM), Random Forest (RF) and
Naive Bayes (NB) respectively to obtain the estimations
of P(Y =1 | A =a,X = z) as the decisions D(a, x).
Specifically, following the previous study (Zuo et al., 2022),
the path coefficients 3;;, of directed edges X; — X, are
sampled from a Uniform([—2, —0.5] U [0.5, 2]) distribution
(see Appendix C for more details). Then we check whether
the optimization equation in Section 4.1 is solvable. If the
feasible domain is empty, we further use the post-processing
method in Section 4.3 to obtain é,4(z).

Table 3 shows the synthetic experiment results. First, if the
intervals of the four w do not contain 0, implying that the
optimization equation has no solution. At this point, we
found that there will be one é,4(x) nonzero, while the other
three é,4(z) are 0, which is may due to the linearity of the
constraints. Second, after the flip based on the €,4(x), there
are positive changes in both PCF and CF, which shows the
effectiveness of the post-processing method. In addition,
the increase in PCF is more pronounced than CF for all
models, which is because our approach focuses only on the
population with Y (0) = Y'(1).

5.2. Real-World Experiment

The STUDENTINFO file in the Open University Learning
Analytics Dataset (OULAD) dataset (Kuzilek et al., 2017)
is used for the real-world experiment. The data attributes
include demographic information about the students such as
gender, age, education level, disability, and other attributes
as well as their final grades. This dataset contains 32,593
students and 11 attributes. We treat disability as the sensi-
tive attribute and binarize the final grades as the outcome
of interest. First we learn a CPDAG from the raw data us-
ing the PC algorithm in the causal-learn package. We find
studied_credits: the total number of credits for the mod-
ules the student is currently studying (denoted as X7) and
num_of _prev_attempts: the number of how many times the
student has attempted this module (denoted as X5) with an
undirected edge between it and the disability. Therefore we
sample four DAGs from the learned CPDAG corresponding
to the four cases of no subgroup, X7 as subgroups, X5 as
subgroups, and both X; and X5 as subgroups, respectively.
For each DAG, we determine the path coefficients based
on linear regression and treat the residual of the regression
as noise. For each subgroup, the subsequent steps are the
same as in the simulation experiments. The LR model is
used to obtain the decision D and the DR estimator is used
to estimate P(D(a) = d, Y (a) =y | X = x).

Table 4 shows the real-world experiment results. When solv-
ing the optimization problem in Section 4.1 on the whole
population, we find that the interval of all four w covers
0, i.e., the current algorithm already satisfies the principal
counterfactual fairness. Therefore, post-processing is un-
necessary at this point, so there is no corresponding change
in CF and PCF. When using X; to divide the population,
the optimization equation for the subgroup of X; > 120
has no solution, and when grouping according to X5, the
optimization equation for the subgroup of X5 > 0 has no
solution. When we divide the whole population into four
subgroups, we find that the optimization equations for three
of subgroups are unsolvable. Compared to the case of two
subgroups, for the unsolvable subgroups, the distance be-
tween zero and the interval of the four w and the value of
the non-zero é,4(x) is significantly larger when the popula-
tion is divided into four subgroups. This indicates that the
constraint is violated to a stronger extent when the popu-
lation is divided into more subgroups. Meanwhile, for the
case of four subgroups, the CF and PCF of each unsolvable
subgroup change more due to the larger €,4(z). In addition,
for solvable subgroups, the interval of wg199 and w111 are
very close to exclude 0 when the population is divided into
four subgroups, which further indicates that as the number
of population group increases, each subgroup becomes more
difficult to satisfy the optimization equation. Finally, the
growth of PCF is larger than that of CF for all unsolvable
subgroups, which shows that our approach is more effective
on the population with Y (0) = Y'(1).

6. Conclusion

This paper studies the question of "which attributes and
individuals should be protected" in the context of counter-
factual fairness. Motivated by the example that disability
serves as a sensitive attribute for different outcomes of inter-
est (e.g., college admissions, athlete selections), we suggest
that when and how to enforce fairness is expected to depend
on whether the protected attribute has no individual causal
effect on the outcome of interest. Formally, we propose
principal counterfactual fairness, and theoretically derive
the necessary conditions for an algorithm to satisfy principal
counterfactual fairness based on statistical bounds. Based
on this, we further propose a principled post-processing
approach to achieve principal counterfactual fairness with
minimal individual decision changes. A limitation of this
work is that the principal counterfactual fairness is partially
identified, i.e., we cannot give unbiased point estimates from
the data, but can give its statistical bounds and a falsification
method. We leave it to future work about how to develop
new identification and estimation strategies under practical
assumptions. In addition, combining causal discovery to
achieve decisions that satisfy the principal counterfactual
fairness also serves as an interesting future topic.



Fairness on Principal Stratum: A New Perspective on Counterfactual Fairness

Table 4. Real-world experiment results for different subgroups. The intervals under wo100, w1000, Wo111 and wip11 show the minimum

and maximum values when the other three w are 0.

Subgroup ‘ womg(X) Eoo(X) wloog(X) 610(X) wgnl(X) €01 (X) wl(]n(X) 611(X) ‘ CFT PCFT
None ‘ [-0.716, 0.024] 0 [-0.747, 0.020] 0 [-0.457, 0.078] 0 [-0.078, 0.268] 0 ‘ - -
X7 >120 [-0.131, 0.274] 0 [-0.713, 0.059] 0 [-0.778, 0.093] 0 [-0.377,0.131] 0 - -
X1 <120 [-0.580, -0.030] 0 [0.030, 0.239] 0 [-0.747,-0.030] 0.040 [-0.702, -0.030] 0 +1.35% +1.79%
X2>0 [0.039, 0.242] 0 [-0.675,-0.039] 0.049 [-0.658, -0.039] 0 [-0.705, -0.039] 0 +3.52% +3.97%
Xo=0 [-0.715, 0.007] 0 [-0.575, 0.007] 0 [-0.332, 0.092] 0 [-0.376, 0.213] 0 - -
X1 >120,X5 >0 [0.173,0.287] 0 [-0.754, -0.173] 0 [-0.715,-0.173] 0.196 [-0.704,-0.173] 0 +3.80% +8.51%
X7 > 120, X, =01 [-0.749, 0.000] 0 [-0.444, 0.057] 0 [-0.748, 0.001] 0 [-0.057, 0.246] 0 - -
X1 <120,X5 >0 [0.176, 0.220] 0 [-0.738, -0.176] 0 [-0.731,-0.176] 0.184 [-0.706, -0.176] 0 +5.22% +9.59%
X1 <120, X5 =0[-0.822,-0.231] 0 [-0.666, -0.231] 0 [-0.742, -0.231] 0 [0.231,0.304]  0.124 | +3.10% +5.02%

Note: In real-world experiments, X1 = studied_credits and Xo = num_ of _prev_attempts.
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Impact Statement

This paper introduces a novel Principal Counterfactual Fair-
ness framework that addresses key challenges in algorithmic
fairness by incorporating the principal of causal inference.
Unlike existing counterfactual fairness approaches, our ap-
proach selectively protects individuals whose protected at-
tributes (e.g., disability status) do not causally affect relevant
outcomes (e.g., academic performance). By utilizing prin-
cipal stratification, we achieve context-aware fairness: the
algorithm can adaptively apply fairness constraints based on
whether the protected attribute causally affects the outcome
in a given scenario (e.g., a disability may receive fair consid-
eration in athlete selection, but not in academic admissions).
Our work provides a feasible method, including statistical
bounds and post-processing algorithms, to audit and enforce
fairness with minimal disruption to existing systems. This
advances the use of Al in high-stakes areas such as criminal
justice and social welfare, where nuanced causality-driven
fairness is critical to avoid over- or under-protection of dis-
advantaged groups. The framework bridges causal inference
and fairness research, providing a principled way to align
algorithmic decision-making with societal values.
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A. Proofs

Proof of Theorem 2. In this proof, for the simplicity of exposition, we only consider a special case that the conditional set
is empty

Let
@md,y(AvaD?Y;ﬂ-aM) = /J(X) + {H(A = CL) H(D =d,Y = y) - /J’(X)}/W(X)

And
PPR(D(a) = d,Y (a) = y) = P(D(a) = d,Y (a) = y) = A1 + Azn

n

1
Atn = = [#ady(A X, D, Y37, 1) = P(D(a) = d,Y (a) = )],
=1
1 & -
A =~ [0ady(A X, D Y37, () = aay(4 X, D, Y7, ).
=1

By the central limit theorem, y/n A1, is asymptotic normal. For Ajy,,, Define the Gateaux derivative of the generic function
g in the direction [ — 7, i — p] by Opz _r,i—,19- By a Taylor expansion for E[A5,,] yields that
E[A20] = Elpa,a.y (A, X, D, Y170, fig) = Pady(A, X, D, Y370, ")
=0 E[‘»Oa,d,y(A7X7DvY;Wavﬂg7y)]

= N L d d,;
[fa—Tasfta"” —pa’’]

1
+ 207

2 [Fa—masfia —pa’]

E[@a,d,y(Aa X7 D7 Y; Ta, ,U/g’y)] +
The first-order term

0 E[@a,d,y(AaXaDvY”Tav:uZ’y)] =0,

[fa—ma e’ —pa?]
For the second-order term, we get

1
2 [27%—Tra,/‘Lidl—ui’y]E[SDa»d,y (A, X, D,Y;m,, ngy)]

:E{I(A:a){I(D:(LY:y)—,ug’-’/(X)

}{fra(X) - Wa(X)}2

(ma(X))?
IA=a) oy o
+ oz &) = ma(OH AL (X) = 4, (X)}}
= # T — T ndy _ ., dy
_Eli(ﬂ'a(X)){ o(X) = ma(X) Hitg? (X) — pg (X)}]
< C - |#a(X) = ma(X)|la-[ 725 (X) = 1 (X))o
:0p(n71/2)’

where C'is a finite constant. All higher-order terms can be shown to be dominated by the second-order term. Therefore,
E[Az,] = op(n~1/?).

This completes the proof.

We first introduce a lemma from (Shapiro, 1991), and use it in the proof of Theorem 2 and 3.

Lemma 2 Let © be a compact subset of R*. Let C'(©) denote the set of continuous real-valued functions on ©, with
L = C(0) x ... x C(O) the r-dimensional Cartesian product. Let ¥(8) = (¢g,...,%,) € L be a vector of convex

11
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functions. Consider the quantity o* defined as the solution to the following convex optimization program:
o' = min o (0)
subjectto ¢;(0) < 0,7 =1,...,r

Assume that Slater’s condition holds, so that there is some 6 € © for which the inequalities are satisfied and non-affine
inequalities are strictly satisfied, i.e. ¢;(#) < 0if v, is non-affine. Now consider a sequence of approximating programs,
forn=1,2,...:

~ — . - 0
(07 Iergg wOn( )

subject to ’ll)\jn(e) <0,j=1,...,r

with @n(ﬁ) = (120,“ .. ,{ZJ\M) € L. Assume that f(n) (12)\" — 1)) converges in distribution to a random element W € L for

some real-valued function f(n). Then:
f(n) (@n — ag) ~ L

for a particular random variable L. It follows that &, — ag = Op(1/f(n)). O

Proof of Theorem 3. According to Theorem 2, the constraint part of the empirical optimization problem is asymptotic to
the constraint part of the oracle optimization problem. This can be proved directly from Lemma 2. (|

Proof of Theorem 4. Because € is solved by the programing question, it means,

n

ng,l,O,O(Xi) + wio,o,o(Xﬂi) + w3,1,1,1(Xi) + w%,o,l,l(xi) =0,
i=1
St Wdy,dy o,y () >0 forall do,di,yo, 1 € {0,1}

Za , Wdo,a,y0,6(%) = Per ( "(0) =do,Y(0) =yo | X =) forall do,yo € {0,1}

(z) =P (D
Y Wadi b (@) =Pee(D'(1) = dy,Y(1) = g1 | X =) forall dy,y € {0,1},

)

1

min —
won

In the same way, we can prove that, for the following programing,

N
o =min -~ ng,l,O,O(Xi) + w%,o,o,o(Xi) + w%,1,1,1(Xi) + w%,0,1,1(Xi)v
i=1
St Wdy.dy o, (®) >0 forall do,di,yo, 31 € {0,1}
D, Whoae (@) = Pe(D'(0) = do, Y (0) = yo | X =) forall do,yo € {0,1}
Y Wadiby () =Pe(D'(1) =di,Y(1) =y | X =) forall dy,yi € {01},

According to the proof of Theorem 2. \/n{é — e} ~~ W, W is a random element, the constraint part convergence at rate
v/n. Using Lemma 2, \/na* converges to a random element. (|

B. Estimation of Nuisance Parameters with Sample Splitting in Theorem 2

If both 7, (X) and ¥ are not assumed to be sufficiently “well-behaved,” i.e. if they do not belong to Donsker classes, we
need to estimate them by a data-splitting method (Chernozhukov et al., 2018; Mishler et al., 2021; wager & Athey, 2018).

Let K be a small positive integer, and (for simplicity) suppose that m = n/K is also an integer. Let I, ..., I be a random
partition of the index set I = {1,...,n} so that #I;, = m for k = 1, ..., K. Denote I,? as the complement of .

Step 1. Nuisance parameter training for each sub-sample.
for k =1to K do

12



Fairness on Principal Stratum: A New Perspective on Counterfactual Fairness

(1) Construct estimates 7, () and ¥ (X) using the sample with I¢.

(2) Obtain the predicted values of 7, (X), and &Y (X) for i € I.
end

Step 2. All the predicted values 7, (X;) and &Y (X;) for i € I consist of the estimates of 7, (X;) and u¥(X,), denoted
as 7 (X;), and %Y (X;), respectively.

C. Experimental Details of Synthetic Experiment

We first randomly generate a DAG with 10 nodes and 40 directed edges according to the Erdés-Rényi (ER) model.
Following the previous study (Zuo et al., 2022), the path coefficients 3, of directed edges X; — X, are sampled from a
Uniform([—2, —0.5] U [0.5, 2]) distribution. The data are generated according to the following equation:

X = ZXija(Xk)Bijj +e,0=1,...,n,

where pa (X};) represents the parent nodes of X}, noise ¢; ~ N(0,2.5) and n is the sample size, which is 1,000 in the
experiment. Then we randomly select two nodes as the outcome Y and the sensitive attribute A, respectively. A is drawn
from a Binomial([0,1]) with probability (> X, epaa) BiaX; + €;), where o(-) denotes the sigmoid function. To evaluate
our post-processing approach, we need to have Y (0), Y'(1), D(0) and D(1) for each sample. Therefore, we generate Y;(a)
from a Binomial([0,1]) with probability U(ZX], epa(v) Biv Xj(a) + €;), where X (a) means the value of X when A = a,
and use four different models: Logistic Regression (LR), Support Vector Machine (SVM), Random Forest (RF) and Naive
Bayes (NB) respectively to obtain the estimations of P(Y = 1 | A = a, X = x) as the decisions D(a, x). After obtaining
potential outcomes for each individual, we estimate P(D(a) = d,Y (a) = y | X = z) using OR, IPS and DR estimators,
respectively, where d and y € {0, 1}. Then we check whether the optimization equation in Section 4.1 is solvable. If the
feasible domain is empty, we further use the post-processing method in Section 4.3 to obtain é,4(z). Finally, we flip D(0)
and D(1) using €,4(x) as the corresponding probabilities and compute the percentage change of CF and PCF.
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