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ABSTRACT

Autoregressive language models are trained to generate text one token at a time,
causing inference latency and cost to scale linearly with output length. However,
modern large language models often exhibit semi-autoregressive predictive capa-
bilities, frequently aided by speculative decoding or other multi-token prediction
methods. In contrast, discrete diffusion models promise parallel text generation but
fundamentally struggle to model sequential correlations due to their reliance on
mean-field approximations, ignoring the causality inherent in natural language.
We introduce Cross-Regression, an approach aimed at achieving true hybridization
of autoregressive and discrete diffusion sequence modeling. Cross-Regression us-
ing a parallel predictive stream coupled to exact causal probabilities from a control
stream. At inference time, Cross-Regression computes proposal and verification
signals jointly in a single shared forward pass, using residual-energy acceptance
to early-accept multiple tokens and a residual correction step to avoid discarding
computation after mismatches. The method provides an explicit knob between
lossless sampling and a faster lossy regime with controllable deviation. Across
models from 1.5B to 70B parameters, we observe strong scaling of acceptance
length and realize 3–6× speedups with near-complete quality retention across
reasoning, code, and dialogue benchmarks, and we demonstrate modality transfer
by accelerating Whisper decoding.

1 INTRODUCTION

The sequential, autoregressive nature of Large Language Models (LLMs) inherently limits their
inference speed posing a significant challenge for real-time applications. To address this, techniques
such as speculative decoding Chen et al. (2023); Leviathan et al. (2023a); Xia et al. (2024) and
diffusion-based parallel generation Ho et al. (2020); Austin et al. (2021); Li et al. (2023); Christopher
et al. (2025) have emerged, offering substantial speedups by leveraging parallelism.

Discrete diffusion models, particularly Masked Diffusion Models (MDMs), offer a promises to break
this sequential bottleneck through parallel token generation (Austin et al., 2021; Hoogeboom et al.,
2021). Rather than generating left-to-right, MDMs frame generation as iterative denoising: starting
from a fully masked sequence, the model progressively unmasks multiple tokens per step until a
complete sequence emerges. Recent large-scale MDMs including LLaDA (Nie et al., 2025b), Dream
(Wu et al., 2025), and Mercury (Labs et al., 2025) have demonstrated competitive performance when
trained at sufficient scale. However, MDMs rely on a mean-field approximation that factorizes the
denoising distribution across positions: pθ̂(x

0 | xt) ≈
∏L

i=1 pθ̂(x
0
i | xt). This assumes tokens

can be predicted independently within each step, ignoring the sequential dependencies essential for
coherent text. When configured for speedups comparable to speculative decoding (3–5×), diffusion
approaches retain only 37–62% of baseline task performance—a catastrophic collapse that renders
the speedup practically useless.

Hybrid architectures that combine autoregressive fidelity with parallel generation have shown concep-
tual promise (Arriola et al., 2025; Huang & Tang, 2025), but require training dedicated models from
scratch or extensive fine-tuning. As shown in Table 5, training competitive diffusion language models
requires≈ 35, 000−150, 000 GPU hours, while even fine-tuning approaches like SBD (Arriola et al.,
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Table 1: Training cost comparison for 7B–8B parameter LM acceleration methods (H100 GPU hours).
Cross-Regression requires three orders of magnitude less compute than the nearest competitor.

Method #Tokens TFLOPs GPU Hours

LLaDA (Nie et al., 2025b) 2.3T 1.1× 1011 151,000
Dream (Wu et al., 2025) 600B 2.5× 1010 34,500
TiDAR (Liu et al., 2025) 150B 7.2× 109 9,900
SBD (Gat et al., 2025) 70B 3.4× 109 4,600
Cross-Regression 0.3B 4.1× 106 20

2025) require thousands of hours. This prohibitive cost limits accessibility and prevents practitioners
from applying acceleration to their specific fine-tuned models without massive retraining investment.

Yet, these existing hybrid approaches typically encounter a difficult trade-off. They either com-
promise output fidelity by forgoing rigorous, token-by-token verification against the target model,
risking uncontrolled quality degradation–or they reintroduce computational overhead by requiring an
additional, separate forward pass of the target model for such verification Leviathan et al. (2023a);
Cai et al. (2024); Xia et al. (2024).

These paradigms exhibit complementary strengths and limitations. Autoregressive models provide
exact sequential probabilities and efficient KV caching but generate only one token per forward
pass. Diffusion models enable parallel generation and iterative refinement but suffer from mean-field
approximation errors that degrade output quality. Hybrid architectures attempt to combine both
paradigms but require prohibitive training costs. Speculative decoding (Stern et al., 2018; Leviathan
et al., 2023b; Chen et al., 2023; Xia et al., 2024; Christopher et al., 2025) sidesteps training entirely
by using a small draft model whose candidates a large target model verifies in parallel, preserving the
exact target distribution through rejection sampling—yet it wastes computation when verification fails,
discarding all subsequent draft tokens regardless of their quality with no mechanism for refinement
or recovery.

This paper introduces Cross-Regression algorithm, which achieves multi-token acceptance through
a dual-stream architecture where a single transformer forward pass produces both exact autoregressive
probabilities (via control stream P ) and parallel future-token proposals (via predictive stream Q).
Unlike existing parallel decoding frameworks (see Table 2 for a comparison) which decouple proposal
from verification or rely on non-causal approximations, Cross-Regression computes proposal and
verification scores jointly, directly targeting the memory-bandwidth bottleneck that dominates large-
model inference.

Cross-Regressive decoding as framework offer the following advantages:

Flexibility: the lightweight training procedure allows to apply this method to arbitrary fine-tuned
models, with considerable compute bugdet without the prohibitive costs of∼ 10, 000−100, 000 GPU-
hours required by discrete diffusion or hybrid approaches, while combines their non-autoregressive
traits. We emperically show scalling of this method to the model sizes up to 70B parameters.

Exactness/Speedup Knob: It offers two regimes with an explicit quality-speed tradeoff: a lossless
mode (β = 0) preserving the exact distribution via residual correction (Theorem 4.2), and a lossy
mode (β > 0) using EMA-smoothed energy to offset transient errors for guaranteed acceptance gains
(Theorem 4.4).

Efficiency: Cross-Regression achieves 3–6× speedups while maintaining over 99% quality retention
in lossy mode, compared to 37–62% for diffusion methods at comparable speeds.

2 RELATED WORK

Approaches such as multi-token prediction (Gloeckle et al., 2024), Medusa (Cai et al., 2024), and
Eagle (Li et al., 2024), add output heads to an existing language model to predict consecutive future
tokens. This multi-head prediction enables self-speculative decoding without a separate draft. Unlike
our approach, these methods require adding architectural constructions which introduce a tradeoff
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challenge and a large to explore hyperparameter space. Any-order autoregressive models (Kong et al.,
2023) discard the left-to-right order but maintain causal attention and exact key-value caches, and
have similar draft variants (Pannatier et al., 2024; Guo & Ermon, 2025). Concurrently, Fathi et al.
(2025) and Esoteric Language Models (Sahoo et al., 2025) extend Block Diffusion (Arriola et al.,
2025) using hybrid noising paths and specialized attention for KV-caching.

Cross-Regression Speculative Decoding Diffusion

Core mechanism Adaptive iterative
denoising

Rejection sampling Rigid multi-step denoising
schedule

Acceptance latency ✓ Early acceptance ✓ Early acceptance × Locked by schedule
Causality Hybrid Fully causal Fully non-causal
KV caching ✓ Yes ✓ Yes × No
Information persistence ✓ Retains accepted;

corrects from mismatch
× Discards suffix after
mismatch

× Recomputes entire
block each step

Distribution guarantee ✓ Exact (lossless mode) ✓ Exact × No guarantee
Architecture Base model + LoRA Two separate models Dedicated retrained model

Table 2: Essential differences of non-autoregressive / parallel decoding frameworks.

3 BACKGROUND

Discrete Diffusion and the Forward Masking Process Masked Diffusion Models model sequences
via a forward corruption process that progressively masks tokens. The forward transition kernel
qt|0(x

t | x0) operates independently per position according to

qt|0(x
t
i | x0

i ) = (1− αt) · 1xt
i=0 + αt · 1xt

i=x0
i
,

where αt : [0, 1]→ [0, 1] is a monotonically decreasing schedule with boundary conditions α0 = 1
(no masking at t = 0) and α1 = 0 (fully masked at t = 1). Common schedules include the linear
schedule αt = 1− t providing uniform masking rate, the cosine schedule αt = cos2(πt/2) which
concentrates masking transitions near t ≈ 0.5 for smoother learning, and the log-linear schedule
αt = exp(−λt) for decay rate λ > 0 common in continuous-time formulations.

The joint forward distribution for the entire sequence factorizes as qt|0(xt | x0) =
∏L

i=1 qt|0(x
t
i |

x0
i ), which follows from the independence assumption in the masking noise. Denoting by Mt =
{i : xt

i = 0} the set of masked positions at time t, the expected number of masked tokens is
E[|Mt|] = L(1− αt).

Masked Diffusion Models are trained to minimize the variational Evidence Lower Bound, which
takes a specific form for discrete diffusion with absorbing states. The continuous-time ELBO is

L(θ̂) =
∫ 1

0

α′
t

1− αt
Eq(x0,xt)

 ∑
i:xt

i=0

− log pθ̂(x
0
i | xt)

 dt.

The time weighting α′
t/(1−αt) is positive since α′

t < 0 for a decreasing schedule, and it emphasizes
times where masking is actively occurring. The expectation averages over clean data x0 ∼ pdata
and noisy states xt ∼ qt|0(· | x0). Only positions currently masked contribute to the loss, and the
cross-entropy loss is standard classification loss for predicting the original token.

Mean-Field Approximation The exact reverse posterior required for denoising can be derived

via Bayes’ rule. For a single token, this takes the form qs|t(x
s
i | xt

i, x
0
i ) =

qt|s(x
t
i|x

s
i )·qs|0(x

s
i |x

0
i )

qt|0(x
t
i|x0

i )
. Due

to the coordinate-wise independence of the forward process, the joint reverse posterior factorizes
exactly as qs|t(xs | xt,x0) =

∏L
i=1 qs|t(x

s
i | xt

i, x
0
i ).

However, during inference x0 is unknown—it is precisely what we wish to sample. The model
must therefore learn an approximation pθ̂(x

0 | xt). Standard masked diffusion architectures using

3
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bidirectional Transformers parameterize this as

pθ̂(x
0 | xt) ≈

L∏
i=1

pθ̂(x
0
i | xt),

where each pθ̂(x
0
i | xt) is a softmax over the vocabulary at position i, computed via a single forward

pass through the bidirectional encoder. This constitutes the mean-field approximation: it assumes
tokens can be predicted independently given the noisy observation xt.

3.1 ENERGY-BASED MODELS FOR SEQUENCE GENERATION

Energy-Based Models provide an alternative formulation for sequence distributions that avoids
explicit factorization assumptions. An EBM defines a distribution over sequences through an
energy function E : VL → R via the Boltzmann distribution pEBM(x) = 1

Z exp
(
−E(x)

)
, where

Z =
∑

x∈VL exp(−E(x)) is the partition function ensuring normalization. The energy function
assigns lower values to more probable sequences, with the exponential transformation converting
energies to (unnormalized) probabilities.

The fundamental challenge with EBMs is the intractability of the partition function Z . Despite this
computational challenge, EBMs offer expressive advantages over factorized models. The energy
function E(x) can capture arbitrary dependencies between positions without imposing conditional
independence assumptions.

4 METHOD

Energy Decomposition The key insight motivating Cross-Regression emerges from examining
how different model classes relate through energy decomposition. Consider the true data distribution
pdata(x) with corresponding energy Edata(x) = − log pdata(x)+const. We can decompose this energy
into components that different model classes capture with varying fidelity.

The mean-field approximation pMF(x) =
∏

i pMF(xi) captures only the marginal energies through
EMF(x) =

∑L
i=1 E

marginal
i (xi), where Emarginal

i (xi) = − log pMF(xi). The residual energy
∆EMF(x) = Edata(x) − EMF(x) contains all inter-token dependencies that the mean-field model
fails to capture. The autoregressive model pAR(x) =

∏
i p(xi | x<i) captures causal dependencies

through EAR(x) =
∑L

i=1 E
causal
i (xi | x<i), where Ecausal

i (xi | x<i) = − log p(xi | x<i). Under
the assumption that the autoregressive model is perfectly trained on the data distribution, we have
pAR = pdata and thus EAR = Edata up to an additive constant.
Theorem 4.1 (Acceptance Length Gain of Lossy Regime). Under assumption 4.3, let L0 denote the
expected acceptance length with β = 0, and Lβ with EMA parameter β ∈ (0, 1). Then

E[Lβ ] ≥ E[L0] ·
(
1 + c · σ

|µ|
· β +O(β2)

)
(1)

for a universal constant c > 0. In the high-variance regime σ/|µ| ≫ 1, EMA smoothing yields
substantial gains in expected acceptance length.

This observation suggests a natural factorization strategy. Given a mean-field proposal distribution
Q(x) =

∏
i Qi(xi) and the target autoregressive distribution P (x) = pAR(x), the importance weight

relating them is

w(x) =
P (x)

Q(x)
=

∏
i P (xi | x<i)∏

i Qi(xi)
=

L∏
i=1

P (xi | x<i)

Qi(xi)
.

Taking logarithms yields the cumulative energy correction

logw(x) =

L∑
i=1

[logP (xi | x<i)− logQi(xi)] =

L∑
i=1

∆Ei,

where ∆Ei = logPi − logQi is the per-token energy residual measuring the discrepancy between
the causal target and the mean-field proposal at position i.

4
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Algorithm 1 Cross-Regression Decoding

Notation: Pk ≡ P (· | x, x́1:k−1) and Qk ≡
Q(· | x, x́1:k−1)

Require: Dual-head modelM (control head P ,
predictive head Q), prompt x0, horizon γ,
EMA β, threshold τ

Ensure: Verified–draft pair (x, x́)
1: (x, x́,m)←

(
x0, RandomTokens(γ), 0

)
2: while not terminated do

▷ Parallel dual-stream forward pass
3:

{
(Pk, Qk)

}γ
k=1
←M

(
x, x́

)
▷ Shared

forward
▷ Fill beyond valid prefix and evaluate

4: Sample x́k ∼ Qk for k = m+ 1, . . . , γ
▷ Cache

{
(pk, qk)

}γ
k=1

5: (pk, qk)←
(
Pk(x́k), Qk(x́k)

)
6: n ← ENERGYACCEPT

(
{(pk, qk)}, β, τ

)
▷ Alg. 2

7: x← x ∥ x́1:n ▷ Accept verified tokens
8: if n = γ then
9: (x́,m)←

(
RandomTokens(γ), 0

)
10: else
11: (P,Q)←M(x, 1) ▷ Correction

sampling
12: Sample xcorr ∼ pres where pres(v) ∝

max
(
0, P (v)−Q(v)

)
13: x← x ∥xcorr

▷ Shift draft buffer
▷ TODO: x́ resampling

14: (x́1:γ−n−1,m)←
(
x́n+2:γ , γ − n− 1

)
15: end if
16: end while
17: return (x, x́)

Algorithm 2 Energy-Based Acceptance

Require: Cached probabilities
{
(pk, qk)

}γ
k=1

,
EMA coefficient β, threshold τ ≤ 0, hori-
zon γ

Ensure: Number of accepted tokens n
1: (ρ, n)← (0, 0)
2: for k = 1 to γ do
3: Ek ← log pk − log qk ▷ Energy at

position k
4: ρ← βρ+ (1− β)Ek

5: ρ̂k ← ρ / (1− βk) ▷ Bias-corrected EMA
6: Sample uk ∼ LogUniform(τ, 0)

7: ηk ← max(τ ·
√

k/γ, uk) ▷ Acceptance
bound

8: if ρ̂k < ηk then return n
9: end if

10: n← k
11: end for
12: return n ▷ Full acceptance

4.1 DUAL-STREAM ARCHITECTURE

Cross-Regression operates on an extended state space that includes both committed and provisional
tokens at various stages of verification. The accepted sequence x = (x1, . . . , xn) ∈ Vn represents
the currently verified suffix—these are tokens that have passed the Metropolis-Hastings acceptance
criterion and been permanently committed to the output. Each scalar token xi ∈ V within this
sequence satisfies the property that the cumulative energy remained below threshold at the moment
of acceptance. Once a token enters x, it remains fixed; the accepted sequence grows monotonically
as generation proceeds.

The predictive stream candidates x́ = (x́1, . . . , x́γ) ∈ Vγ contain γ candidate tokens generated in
parallel by the predictive stream. The acute notation distinguishes these unverified proposals from
accepted tokens: each x́j ∼ Q(· | x, x̃) awaits sequential verification against the target distribution
pAR, the predictive stream state x̃ = (χ1, . . . , χm) stores previously proposed but unaccepted tokens
after current round of acceptance. Some prefix of x́ will be accepted and appended to x, while the
remaining tokens—those that were proposed but not accepted—persist in the predictive stream state
for subsequent iterations.

5
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4.2 CROSS-REGRESSIVE DECODING

Cross-Regression samples from a joint Energy-Based Model structured as

π(x, x́ | x0, x̃) ∝ pAR(x | x0) ·Q(x́ | x, x̃) · exp (−Ecouple(x, x́)) , (2)

where the coupling energy enforces consistency between accepted and proposed tokens.

Energy-Based Soft Coupling Rather than enforcing hard constraints between streams, we employ
a soft energy-based coupling that measures and accumulates the discrepancy between control and
predictive distributions. The per-position coupling energy is defined as the log probability ratio:

Ek = logP (x́k | x, x́<k)− logQ(x́k | x, x̃),

where positive values indicate alignment (control stream assigns higher probability) and negative
values indicate divergence (predictive stream overestimates).

EMA Smoothing for Variance Reduction This energy is accumulated through exponential moving
average smoothing: ρk = βρk−1+(1−β)Ek, ρ̂k = ρk

1−βk , where ρ̂k is the bias-corrected estimate.
The coupling mechanism accepts position k if and only if the smoothed energy exceeds an adaptive
threshold: ρ̂k ≥ ηk, where ηk = max

(
τ
√
k/γ, uk

)
for base threshold τ ≤ 0, horizon γ, and

stochastic perturbation uk ∼ LogUniform(τ, 0).

The joint distribution over accepted sequences and predictive stream proposals thus takes the form:

π(x, x́ | x0, x̃) ∝ pAR(x | x0) ·Q(x́ | x, x̃) ·
n∏

k=1

1{ρ̂k ≥ ηk},

where n = max{k : ρ̂j ≥ ηj for all j ≤ k} is the acceptance length

4.3 LOSSLESS AND LOSSY REGIMES

Cross-Regression provides explicit control over the speed-quality trade-off through two distinct
operating regimes, governed by the EMA coefficient β and the base threshold τ . The interplay
between β and τ defines a continuous family of operating points along the Pareto frontier of speed
versus quality. At one extreme (β = 0, τ = 0), the method is provably lossless with acceptance
behavior similar to speculative decoding with reiteration of not accepted tokens. At the other extreme
(β → 1, τ → −∞), the method would accept all proposals regardless of quality, maximizing speed
but abandoning distributional guarantees.

Lossless Regime (β = 0) When the EMA coefficient is set to β = 0, Cross-Regression exactly
preserves the target autoregressive distribution pAR. In this configuration, the smoothed energy
reduces to the instantaneous energy at each position:

ρ̂k = Ek = logPk − logQk,

eliminating all temporal averaging. The acceptance criterion becomes a position-wise rejection sam-
pling test: token x́k is accepted if and only if logPk − logQk ≥ uk, where uk ∼ LogUniform(τ, 0).

When τ = 0, this further simplifies to Pk ≥ Qk · euk with uk ≤ 0, which similar to the standard
speculative decoding acceptance rule (Leviathan et al., 2023b). The key property of the lossless regime
is that rejected tokens trigger resampling from the residual distribution pres(v) ∝ max(0, P (v) −
Q(v)), ensuring that the marginal distribution of accepted tokens matches pAR exactly. Theorem 4.2
formalizes this guarantee: tokens sampled via Cross-Regression with β = 0 are distributed identically
to tokens sampled directly from the target model.

Theorem 4.2 (Distributional Equivalence of Lossless Regime). Tokens sampled via cross-regressive
decoding from p(x) and q(x) with β = 0 are distributed identically to tokens sampled directly from
p(x).

The proof appears in Section B.1.

6
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Lossy Regime (β > 0 or τ < 0) Relaxing either parameter introduces controlled deviation from
the exact distribution in exchange for increased acceptance lengths and reduced variance. Two
complementary mechanisms enable this trade-off:

EMA Smoothing (β > 0): When β > 0, the exponential moving average accumulates energy across
positions, allowing transient negative energies (where the predictive stream Q locally overestimates
the target P ) to be offset by subsequent positive energies (where Q underestimates). Concretely, a
token x́k with Ek < 0 may still be accepted if the smoothed estimate ρ̂k remains above threshold due
to favorable energies at earlier positions.

Threshold Relaxation (τ < 0): Setting the base threshold τ < 0 introduces explicit tolerance for
cumulative negative energy. The adaptive threshold ηk = max(τ

√
k/γ, uk) allows sequences where

the predictive stream systematically overestimates certain tokens to still be accepted, provided the
discrepancy remains bounded.

Assumption 4.3 (Stationary Energy). The energy sequence {Ek} satisfies E[Ek] = µ < 0 and
Var(Ek) = σ2 <∞ with uncorrelated increments.

Theorem 4.4 (Acceptance Length Gain of Lossy Regime). Under assumption 4.3, let L0 denote the
expected acceptance length with β = 0, and Lβ with EMA parameter β ∈ (0, 1). Then

E[Lβ ] ≥ E[L0] ·
(
1 + c · σ

|µ|
· β +O(β2)

)
(3)

for a universal constant c > 0. In the high-variance regime σ/|µ| ≫ 1, EMA smoothing yields
substantial gains in expected acceptance length.

The proof appears in Section B.2.

Residual Energy Guidance The per-position energy Ek serves not merely as a passive discrepancy
measure but as an active guidance signal that steers the decoding process. We term this mechanism
residual energy guidance to emphasize its dual role in both acceptance control and error correction.

For correction, the residual energy directly defines the correction distribution. Upon rejection at
position n+ 1, the residual distribution

pres(v) ∝ max
(
0, P (v)−Q(v)

)
captures precisely the probability mass that the predictive stream failed to account for. Sampling
xcorr ∼ pres (Line 12 of Algorithm 1) thus corrects the specific deficiency rather than discarding the
predictive stream’s contribution entirely. This targeted correction, guided by the residual energy, en-
sures distributional exactness in lossless mode while enabling the predictive stream cache mechanism
to recycle subsequent tokens x́n+2:γ for the next iteration.

5 EXPERIMENTS AND ANALYSIS

We fine-tune a lightweight, parameter-efficient LoRA adapter that equips the predictive stream
Mq with the ability to forecast multi-token futures, while the control streamMp remains frozen.
The adapter increases the total parameter count by well under one percent, so memory footprint at
inference time is effectively unchanged. The complete training procedure is detailed in Algorithm 3
in Appendix D.

Whisper Experiments To demonstrate the architectural universality of Cross-Regression, we
extend our evaluation beyond decoder-only language models to the Encoder-Decoder architecture
of Whisper (Radford et al., 2023) for speech recognition. We fine-tuned a predictive stream LoRA
adapter on the Whisper decoder layers using the Librispeech (Panayotov et al., 2015) train-clean
split for a single epoch. This minimal training regime tests the method’s sample efficiency in learning
to draft future tokens conditioned on audio encoder features.

Results in Table 4 reveal a consistent scaling trend: speedups increase significantly with model size,
rising from 1.5× for Whisper Tiny to 2.7× for Whisper Medium. This aligns with our findings in
Section A.1, suggesting that larger models possess richer latent representations that the predictive

7
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Base Model Framework Method GSM8K HumanEval Mean

Acc@1 Rel. Acc Speedup Pass@1 Rel. Pass Speedup Quality Speedup

LLaMA3 8B

Diffusion
LLaDA (T=1024) 0.83 100.0% 0.33 0.19 100.0% 0.52 100.0% 0.43
LLaDA (T=256) 0.77 92.5% 1.34 0.06 32.3% 2.30 62.4% 1.82
LLaDA (T=128) 0.46 55.8% 4.18 0.04 19.4% 4.80 37.6% 4.49

Autoregression Baseline 0.67 100.0% 1.00 0.40 100.0% 1.00 100.0% 1.00

Spec. Decoding

PLDSaxena (2023) 0.67 100.0% 1.44 0.40 100.0% 1.56 100.0% 1.50
LookaheadFu et al. (2024) 0.67 100.0% 1.71 0.40 100.0% 1.72 100.0% 1.72
MedusaCai et al. (2024) 0.67 100.0% 2.42 0.40 100.0% 2.32 100.0% 2.37
EagleLi et al. (2024) 0.67 100.0% 3.61 0.40 100.0% 3.76 100.0% 3.69

Cross-Regression Lossless 0.67 100.0% 3.95 0.40 100.0% 2.98 100.0% 3.46
Lossy (∆E ≤ 14) 0.66 98.0% 5.03 0.40 101.5% 3.59 99.8% 4.31

Qwen2.5 7B

Diffusion
Dream (T=1024) 0.48 100.0% 0.09 0.30 100.0% 0.05 100.0% 0.07
Dream (T=64) 0.32 66.3% 1.14 0.07 22.4% 0.53 44.3% 0.83
Dream (T=16) 0.10 20.1% 2.44 0.10 32.5% 2.44 26.3% 2.44

Autoregression Baseline 0.84 100.0% 1.00 0.22 100.0% 1.00 100.0% 1.00

Cross-Regression
Lossless 0.84 100.0% 4.48 0.22 100.0% 2.86 100.0% 3.67
Lossy (∆E ≤ 8) 0.74 88.6% 5.46 0.29 132.5% 3.13 110.6% 4.29
Lossy (∆E ≤ 12) 0.69 83.0% 5.82 0.23 104.9% 3.23 94.0% 4.52

Table 3: Comparative analysis of the speed-quality trade-off across decoding frameworks. Cross-
Regression achieves a Pareto-optimal balance, with its leading performance highlighted in bold.
Speedup is defined as number of tokens accepted per forward pass; for diffusion methods, it is calcu-
lated as completion length divided by the number of denoising steps (forward passes). Performance
metrics are reported as absolute scores (light gray) and as percentages relative to the underlined
respective baseline. Results are for low-temperature sampling setting.
Note: LLaDA 8B and LLaMA3 8B share an identical base architecture. Indirect comparison to
Diffusion models are contextual, as these methods primarily benchmark against LLaMA3 in their
respective works.

Table 4: Cross-Regression speedup factors on Whisper Radford et al. (2023) models for speech-to-text
generation on Librispeech test clean Panayotov et al. (2015). Speedup is measured as the average
number of tokens accepted per forward pass.

Sampling Whisper Tiny Whisper Small Whisper Medium
Temperature 0 1.5× 2.4× 2.7
Temperature 1 1.3× 2.1× 2.3

stream can leverage for more accurate parallel drafting. Furthermore, the method maintains robust
acceleration even under high-entropy sampling (T = 1), confirming its efficacy for diverse generation
settings. These results establish Cross-Regression as a viable acceleration strategy for conditional
sequence generation tasks beyond standard text completion.

Table 3 demonstrate that Cross-Regression establishes the speed-quality Pareto frontier.

Comparison with Speculative Decoding. On LLaMA3 8B, Cross-Regression’s lossless mode
(τ = 3.46) is competitive with the state-of-the-art EAGLE (τ = 3.69). Crucially, the lossy mode
achieves superior acceleration (τ = 4.31) with negligible quality loss (99.8% retention), establishing
a new Pareto frontier that surpasses existing lossless methods.

Advantage over Discrete Diffusion. The comparison with the diffusion framework is even more
telling, as it reveals a fundamental weakness in existing parallel decoding strategies. Diffusion-based
methods exhibit a severe speed-quality trade-off. For instance, to achieve a high acceptance length
(τ = 4.49), the LLaDA model’s relative quality plummets to just 37.6%, with similar catastrophic
degradation observed across other diffusion models and settings. In stark contrast, Cross-Regression
achieves a comparable acceleration (τ = 4.31) while preserving virtually all of the original model’s
performance. This highlights a critical advantage of our hybrid, iterative refinement approach: Cross-
Regression’s ability to aggressively accelerate inference without the uncontrolled and precipitous
quality degradation inherent in rigid, multi-step parallel decoding schedules.
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REPRODUCIBILITY STATEMENT

We provide complete algorithmic details in Algorithms 1 and 2, with full proofs of theoretical results
in Appendices B.1 and B.2. Training hyperparameters, model configurations, and evaluation protocols
are detailed in Appendix D. Code and trained adapters will be released upon publication.

ETHICS STATEMENT

This paper presents work whose goal is to advance the field of Machine Learning. There are many
potential societal consequences of our work, none which we feel must be specifically highlighted
here. Cross-Regression accelerates inference without modifying the underlying model distribution in
lossless mode, thus inheriting the safety properties (or lack thereof) of the base model.
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A APPENDIX

A.1 SCALING LAWS AND TASK-DEPENDENT ACCELERATION

We investigate the scalability of Cross-Regression by evaluating inference acceleration across a wide
range of model sizes, from 1.5B to 70B parameters. As illustrated in Figure 1, we observe a strong
positive correlation between model scale and decoding speed-up across all benchmarks. Larger
models consistently exhibit higher acceleration factors; for instance, on the GSM8K benchmark, the
speed-up factor rises steeply from ≈ 3.8× for the 1.5B model to a peak of 6.3× for the 70B model.
This trend suggests that the richer latent representations in larger transformers enable the predictive
stream to draft future tokens with significantly higher fidelity, thereby minimizing interventions by
the control stream.

The magnitude of this acceleration is heavily task-dependent. Structured reasoning tasks like GSM8K
and code generation (HumanEval) yield the highest gains (3.0×–6.3×), as their logical sequential
dependencies are more amenable to parallel prediction. Conversely, open-ended conversational
tasks (MT-bench) exhibit more modest speed-ups (2.0×–2.8×), reflecting the higher entropy and
lower predictability of unconstrained dialogue. Furthermore, the method demonstrates robustness
to stochasticity: while greedy decoding (T = 0) yields the highest throughput, increasing the
temperature to T = 0.6 results in only a marginal reduction in speed-up, confirming that Cross-
Regression effectively models the target distribution even in non-deterministic settings.

B MISSING PROOFS

Let p(x) denote a target autoregressive distribution and q(x) a proposal distribution. Cross-regressive
decoding generates tokens by proposing from q and accepting based on an energy criterion controlled
by smoothing parameter β ∈ [0, 1).

Definition B.1 (Energy). For a proposed token x́, the energy is E = log p(x́)− log q(x́).

Definition B.2 (Residual Distribution). The residual distribution for correction sampling is

pres(v) :=
max(0, p(v)− q(v))∑
v′ max(0, p(v′)− q(v′))

. (4)
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Figure 1: Scaling law of speed-up as a function of model parameter count. Results are aggregated
over GSM8K, HumanEval, and MT-bench datasets with temperatures T ∈ {0, 0.6}.
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B.1 PROOF OF THEOREM 4.2

Proof. We proceed in three steps: (1) show that β = 0 reduces cross-regressive decoding to standard
speculative decoding, (2) verify the acceptance criterion produces the correct mixture, and (3) extend
to full sequences by induction.

Step 1: Reduction to Speculative Decoding.

With β = 0, the EMA recursion simplifies to

ρk = (1− 0) · Ek + 0 · ρk−1 = Ek. (5)

The bias-correction factor is 1− βk = 1− 0k = 1 for all k ≥ 1. Thus the smoothed estimate equals
the instantaneous energy:

ρ̂k =
ρk

1− βk
= Ek = log pk − log qk. (6)

The cumulative energy test reduces to checking whether

Sn =

n∑
k=1

Ek =

n∑
k=1

log
pk
qk
≤ τ. (7)

Writing τ = − log u for u ∼ Uniform(0, 1), the condition Sn ≤ τ becomes

exp(Sn) =

n∏
k=1

pk
qk
≥ u. (8)

This is precisely the standard speculative decoding acceptance criterion.

Step 2: Single-Token Correctness.

For a single position, let x́ ∼ q and u ∼ Uniform(0, 1) be independent. The acceptance probability
is

P
(
p(x́)

q(x́)
≥ u

)
= Ex́∼q

[
min

(
1,

p(x́)

q(x́)

)]
=
∑
v∈V

q(v) ·min

(
1,

p(v)

q(v)

)
=
∑
v∈V

min(p(v), q(v)).

(9)
Let Z :=

∑
v min(p(v), q(v)). The accepted samples follow distribution

P(x = v | accept) =
q(v) ·min(1, p(v)/q(v))

Z
=

min(p(v), q(v))

Z
. (10)

Upon rejection (probability 1− Z), correction sampling draws from

pres(v) =
max(0, p(v)− q(v))∑
v′ max(0, p(v′)− q(v′))

=
(p(v)− q(v))+

1− Z
, (11)

where we used
∑

v(p(v)− q(v))+ = 1− Z (since
∑

v p(v) =
∑

v q(v) = 1).

The overall distribution is the mixture:

P(x = v) = Z · min(p(v), q(v))

Z
+ (1− Z) · (p(v)− q(v))+

1− Z
(12)

= min(p(v), q(v)) + (p(v)− q(v))+ (13)
= p(v), (14)

where the last equality holds because min(a, b) + (a− b)+ = a for all a, b ≥ 0.

Step 3: Extension to Full Sequences.

We prove by induction on sequence length that the joint distribution over accepted sequences equals
pAR.
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Base case: For the first token, Step 2 shows x1 ∼ p(· | x0).

Inductive step: Suppose x1:n ∼ pAR(· | x0). For position n+1, the proposal x́n+1 ∼ q(· | x1:n, x̃) is
accepted or corrected using the same mechanism as Step 2, but with target distribution p(· | x0,x1:n).
By Step 2, this yields xn+1 ∼ p(· | x0,x1:n).

The KV cache ensures that conditioning on x1:n is exact, not approximate. Therefore,

P(x1:n+1) = P(x1:n) · p(xn+1 | x0,x1:n) = pAR(x1:n+1 | x0). (15)

By induction, π(x1:T ) = pAR(x1:T | x0) for all T , completing the proof.

B.2 PROOF OF THEOREM 4.4

Proof. We establish the expected acceptance length gain through analysis of the EMA-smoothed
energy process.

Step 1: Variance Reduction from EMA.

The EMA recursion defines the filtered process:

ρk = βρk−1 + (1− β)Ek, ρ0 = 0. (16)

Unrolling the recursion:

ρk = (1− β)

k−1∑
j=0

βjEk−j . (17)

Under Theorem 4.3 (uncorrelated increments), the variance is:

Var(ρk) = (1− β)2
k−1∑
j=0

β2jVar(Ek−j) (18)

= (1− β)2σ2
k−1∑
j=0

β2j (19)

= (1− β)2σ2 · 1− β2k

1− β2
. (20)

As k →∞:

Var(ρk)→
(1− β)2σ2

1− β2
=

(1− β)2σ2

(1− β)(1 + β)
=

(1− β)σ2

1 + β
. (21)

The bias-corrected estimate ρ̂k = ρk/(1− βk) has variance:

Var(ρ̂k) =
Var(ρk)

(1− βk)2
→ (1− β)σ2

1 + β
as k →∞. (22)

Define σ2
β := (1− β)σ2/(1 + β) as the effective variance under EMA smoothing.

Step 2: Impact on Survival Probability.

The key insight is that EMA smoothing reduces the probability of early rejection due to transient
negative fluctuations. Without smoothing, a single large negative Ek can cause immediate rejection
even if subsequent tokens would recover. With EMA, such spikes are averaged out.

Under Gaussian approximation, the cumulative energy at position k is approximately:

Sk
approx∼ N (kµ, kσ2

eff), (23)

where σeff = σ for β = 0 and σeff = σ
√
(1− β)/(1 + β) for β > 0.
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The probability of surviving to position k (i.e., Sk ≤ τ ) is:

P(Sk ≤ τ) = Eτ

[
Φ

(
τ − kµ√
kσeff

)]
, (24)

where Φ is the standard normal CDF.

Since µ < 0, we have −kµ = k|µ| > 0, so:

τ − kµ√
kσeff

=
τ + k|µ|√

kσeff

. (25)

For fixed k and τ , decreasing σeff (by increasing β) increases the argument of Φ, hence increases the
survival probability.

Step 3: Expected Acceptance Length Calculation.

The expected acceptance length is:

E[L] =
γ∑

k=1

P(Sj ≤ τ for all j ≤ k) ≈
γ∑

k=1

P(Sk ≤ τ). (26)

For the dominant contribution near k ≈ E[L0], we Taylor expand. Let k∗ = |µ|−1 be the characteristic
acceptance length. Near k∗:

P(Sk∗ ≤ τ) ≈ Φ

(
τ + 1

σeff/
√
|µ|

)
. (27)

The survival probability increases when σeff decreases. The derivative is:

∂

∂σeff
Φ

(
τ + 1

σeff/
√
|µ|

)
= −ϕ(z) ·

(τ + 1)
√
|µ|

σ2
eff

< 0, (28)

where ϕ is the standard normal PDF and z is the argument of Φ.

Step 4: Derivation of the Gain Formula.

The change in σeff from β = 0 to β > 0 is:

∆σeff = σ

(√
1− β

1 + β
− 1

)
≈ −σβ

2
+O(β2). (29)

The corresponding change in survival probability at position k is:

∆P(Sk ≤ τ) ≈ ϕ(zk) ·
(τ + k|µ|)

√
|µ|

σ2
· σβ
2
, (30)

where zk = (τ + k|µ|)/(
√
kσ).

Summing over positions and integrating over τ ∼ Exp(1):

E[Lβ ]− E[L0] ≈
γ∑

k=1

∫ ∞

0

e−τ · ϕ(zk) ·
(τ + k|µ|)

√
|µ|

σ2
· σβ
2

dτ (31)

=
β
√
|µ|

2σ

γ∑
k=1

∫ ∞

0

e−τϕ(zk)(τ + k|µ|) dτ. (32)

The dominant contribution comes from k ≈ k∗ = |µ|−1. Evaluating the integral:∫ ∞

0

e−τϕ
(
Φ−1(1− e−τ )

)
dτ = c0 > 0, (33)

15



810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863

Under review as a conference paper at ICLR 2026

which is a universal positive constant.

The relative gain is therefore:

E[Lβ ]− E[L0]

E[L0]
≥ c · σ

|µ|
· β +O(β2), (34)

where c > 0 absorbs the constants from the integration. Rearranging:

E[Lβ ] ≥ E[L0] ·
(
1 + c · σ

|µ|
· β +O(β2)

)
. (35)

This completes the proof of equation 3.

C TRAINING COST ANALYSIS

This section presents a comprehensive analysis of the computational requirements for training various
language model acceleration methods. We establish a unified framework for comparing training costs
across different paradigms, ranging from full pre-training to lightweight auxiliary module training.

C.1 METHODOLOGY

We estimate training costs using the standard approximation for transformer training FLOPs Kaplan
et al. (2020); Hoffmann et al. (2022):

C = 6PD (36)

where C denotes the total floating-point operations, P represents the number of trainable model
parameters, and D is the total number of training tokens. The factor of 6 accounts for the forward
pass (2 FLOPs per parameter per token) and the backward pass (4 FLOPs per parameter per token).

To convert FLOPs to GPU hours, we use:

H =
C

U × 3600
(37)

where H is the total GPU hours and U is the sustained utilization in FLOPS. We standardize
our estimates using U = 203 × 1012 FLOPS (203 TFLOPS) per H100 GPU, derived from the
Megatron-LM baseline under mixed-precision training conditions.

The number of training steps S is computed as:

S =
D

B
(38)

where B denotes the global batch size in tokens.

C.2 METHOD DESCRIPTIONS AND CALCULATIONS

We analyze seven acceleration methods spanning four training paradigms: training from scratch,
continual pre-training, fine-tuning, and auxiliary module training.

C.2.1 BASELINE: AUTOREGRESSIVE PRE-TRAINING

As a reference point, we consider standard autoregressive (AR) pre-training of a 7B parameter model
on 2 trillion tokens, consistent with LLaMA-2 Touvron et al. (2023) and Megatron-LM Shoeybi et al.
(2019) configurations.
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Cbaseline = 6× (7× 109)× (2× 1012) = 8.4× 1022 FLOPs (39)

Hbaseline =
8.4× 1022

203× 1012 × 3600
= 114,890 ≈ 115,000 H100 hours (40)

C.2.2 LLADA: LARGE LANGUAGE DIFFUSION WITH MASKING

LLaDA Nie et al. (2025a) is a masked diffusion language model trained from scratch without AR
initialization. The 8B parameter model is trained on 2.3 trillion tokens with a global batch size of
5.2M tokens (batch size 1280 × sequence length 4096).

CLLaDA = 6× (8× 109)× (2.3× 1012) = 1.104× 1023 FLOPs (41)

SLLaDA =
2.3× 1012

5.2× 106
= 442,308 steps (42)

HLLaDA =
1.104× 1023

203× 1012 × 3600
= 151,067 ≈ 151,000 H100 hours (43)

The original paper reports 0.13M H800 GPU hours, implying a higher effective utilization of
approximately 235 TFLOPS.

C.2.3 DREAM

Dream Ye et al. (2025) initializes a 7B diffusion model from pre-trained AR weights (e.g., Qwen-2.5
or LLaMA-3), enabling convergence with significantly less data. The model undergoes continual
pre-training on 600 billion tokens with an estimated global batch size of 4M tokens.

CDream = 6× (7× 109)× (6× 1011) = 2.52× 1022 FLOPs (44)

SDream =
6× 1011

4× 106
= 150,000 steps (45)

HDream =
2.52× 1022

203× 1012 × 3600
= 34,484 ≈ 34,500 H100 hours (46)

C.2.4 TIDAR: THINK IN DIFFUSION, TALK IN AUTOREGRESSION

TiDAR Liu et al. (2025) adapts a pre-trained 8B AR model (e.g., Qwen) into a hybrid architecture
capable of both diffusion-based drafting and AR verification. Continual pre-training is performed on
150 billion tokens with a global batch size of 2M tokens.

CTiDAR = 6× (8× 109)× (1.5× 1011) = 7.2× 1021 FLOPs (47)

STiDAR =
1.5× 1011

2× 106
= 75,000 steps (48)

HTiDAR =
7.2× 1021

203× 1012 × 3600
= 9,852 ≈ 9,900 H100 hours (49)

C.2.5 SBD: SET BLOCK DECODING

SBD Gat et al. (2025) fine-tunes a pre-trained 8B next-token prediction model (e.g., LLaMA-3.1) to
enable block decoding capabilities. Training uses 70 billion tokens from a mixture of reasoning and
instruction data, with a global batch size of 2M tokens.
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CSBD = 6× (8× 109)× (7× 1010) = 3.36× 1021 FLOPs (50)

SSBD =
7× 1010

2× 106
= 35,000 steps (51)

HSBD =
3.36× 1021

203× 1012 × 3600
= 4,598 ≈ 4,600 H100 hours (52)

C.2.6 EAGLE AND EAGLE-3

EAGLE Li et al. (2024) and EAGLE-3 Li et al. (2025) employ a fundamentally different paradigm:
the base model (7–8B parameters) remains frozen, and only a lightweight draft head (∼0.24–0.99B
parameters depending on base model size) is trained. For these methods, Equation 36 applies only to
the trainable draft head; however, practical training time is dominated by the forward pass through
the frozen base model for feature extraction, making pure FLOP calculations underestimates.

EAGLE. The original EAGLE model is trained on the ShareGPT dataset comprising 68,000
dialogue samples, corresponding to approximately 70M tokens. Training employs the AdamW
optimizer with learning rate 3 × 10−5, (β1, β2) = (0.9, 0.95), and gradient clipping at 0.5. The
trainable draft head parameters for the 7B base model total 0.24B. Training completes in 1–2 days on
4× A100 (40GB) GPUs, or equivalently on a single node of 8× RTX 3090 GPUs.

DEAGLE = 70× 106 tokens (53)
HEAGLE ≈ 100–150 H100 hours (empirical) (54)

EAGLE-3. EAGLE-3 scales up training data by combining ShareGPT (68K samples) with
UltraChat-200K (464K samples), yielding approximately 532K training samples (∼600M tokens).
The model is trained for 10 epochs over this combined dataset, totaling approximately 800,000 train-
ing steps. This represents roughly 8× more training data than EAGLE, contributing to EAGLE-3’s
approximately 1.4× latency improvement over EAGLE-2 at batch size 1.

DEAGLE-3 = 600× 106 tokens (55)
SEAGLE-3 ≈ 800,000 steps (56)
HEAGLE-3 ≈ 800–1,000 H100 hours (57)

C.2.7 CROSS-REGRESSION ADAPTER

Our method employs a parameter-efficient LoRA adapter to enable multi-token prediction while
keeping the base model entirely frozen. The adapter uses rank 32 and targets all linear layers, yielding
approximately 80M trainable parameters for a 7B base model—well under 1% of the total parameter
count.

Dataset and Training Configuration. Training uses a compact 7K-sample dataset (either GSM8K
for arithmetic reasoning or a balanced mixture of UltraChat, ShareGPT, and BaGel for multi-domain
coverage), with sequences clipped to 2048 tokens. Self-distillation targets are generated by the frozen
base model producing 16-token continuations for each prefix. Training proceeds for 20 epochs with
batch size 8 per H100 GPU.

Trainable Parameters. For a 7B LLaMA-style architecture with 32 transformer layers, hidden
dimension 4096, and MLP intermediate dimension 11008, LoRA with rank 32 targeting all linear
layers contributes:

Pattn/layer = 4× 2× dmodel × r = 4× 2× 4096× 32 = 1.05× 106 (58)

PMLP/layer = 3× 2× (dmodel + dff)× r/2 ≈ 1.45× 106 (59)

PLoRA = 32× (1.05 + 1.45)× 106 ≈ 80× 106 parameters (60)
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Table 5: Training cost comparison for 7B–8B parameter language model acceleration methods. All
GPU hour estimates assume 203 TFLOPS sustained utilization on H100 GPUs. Methods are grouped
by training paradigm: from scratch (FS), continual pre-training (CP), fine-tuning (FT), and auxiliary
module training (AUX).

Method Paradigm Params Tokens Batch Size Steps TFLOPs H100 Hours

Baseline (AR) FS 7B 2.0T – – 8.4× 1010 115,000
LLaDA FS 8B 2.3T 5.2M 442,308 1.1× 1011 151,000

Dream CP 7B 600B 4.0M 150,000 2.5× 1010 34,500
TiDAR CP 8B 150B 2.0M 75,000 7.2× 109 9,900

SBD FT 8B 70B 2.0M 35,000 3.4× 109 4,600

EAGLE-3 AUX 0.24B† 600M – ∼800,000 9.3× 106‡ ∼900§

EAGLE AUX 0.24B† 70M – ∼100,000 1.1× 106‡ ∼150§

Ours AUX (LoRA) 80M† 286M 16K 17,500 4.1× 106‡ 18
†Base model (7–8B) is frozen; only the auxiliary module (draft head or LoRA adapter) is trained.
‡Includes frozen base model forward pass: C = 2PbaseD + 6PauxD.
§Empirical estimates; actual utilization lower than 203 TFLOPS due to memory bandwidth constraints.

Training Tokens and Steps. With 7,000 examples at maximum sequence length 2048 tokens:

Depoch = 7,000× 2,048 = 14.3× 106 tokens (61)

Dtotal = 20× 14.3× 106 = 286× 106 tokens (62)

Stotal =
7,000

8
× 20 = 17,500 steps (63)

Computational Cost. Training comprises two phases: (1) offline target generation via the frozen
base model, and (2) LoRA adapter optimisation. The computational cost is dominated by the forward
pass through the frozen 7B model during each training step, rather than the lightweight LoRA gradient
computation. As with EAGLE-family methods, FLOP-based estimates significantly underestimate
wall-clock time due to memory bandwidth limitations during inference through the frozen model.

C.3 SUMMARY

Table 5 presents the complete comparison of training costs across all methods. The relative cost is
computed with respect to LLaDA as the most expensive method representing full diffusion model
training.

D EXTENDED TRAINING DETAILS

We fine-tune a lightweight, parameter-efficient LoRA adapter that equips the predictive stream
Mq with the ability to forecast multi-token futures, while the control streamMp remains frozen.
The adapter increases the total parameter count by well under one percent, so memory footprint
at inference time is effectively unchanged. Because only the adapter weights are updated, the
optimisation process requires only a fraction of the compute budget needed for full-model fine-tuning,
making the training cost negligible in practice. FreezingMp also prevents catastrophic forgetting,
ensuring that the original distribution of the base model is preserved and can be recovered exactly in
lossless decoding mode.

Data Preparation For every prefix x1:i extracted from the raw corpus, the frozen base modelMp

is asked to generate a continuation of exactly w = 16 tokens. The pair (x1:i, ŷi+1:i+w) is then treated
as a supervised example for the adapter, following the look-ahead distillation paradigm. Ablation
studies confirmed that w = 16 offers the best speed–quality trade-off during training.

Objective Function We employ a weighted distillation objective that encourages the predictive
stream to match the target distribution of the future tokens. The loss function , with st is a weight
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derived from the matching suffix length, is defined as:

L = −
∑T

t=1(st + 1) · p⊤t log qt∑T
t=1(st + 1)

Throughout our experiments we use checkpoints from three backbone families: LLaMA-2 (Touvron
et al., 2023), Qwen 2.5 (Yang et al., 2025), and the distilled DeepSeek-AI models (Guo et al., 2025).
This diversity demonstrates that the proposed training recipe is agnostic to pre-training corpus and
architectural refinements.

The remainder of this section details the data pipeline, objective function, and optimisation hyper-
parameters.

Algorithm 3 LoRA Denoising Distillation

Require: Dual-head modelM: frozen target head Pθ, trainable draft head Qθ+∆ϕ

Require: Dataset D, replay buffer B
Ensure: Trained adapter ∆ϕ

1: for batch (x1:T , id) ∼ D do
▷ Sample from implicit prior

2: x́1:T ← B[id] if exists else x1:T

3: x́1:T ← RandomNoise(x́1:T )
▷ Parallel forward with divergent contexts

4: {pt}Tt=1 ← Pθ(x1:T ) ▷ Target on ground truth
5: {qt}Tt=1 ← Qθ+∆ϕ(x̃1:T ) ▷ Draft on prior samples

▷ Matching suffix lengths via backward recurrence
6: sT ← 0, st ← (st+1 + 1) · 1[argmax qt+1 = xt+1] for t = T−1, . . . , 1

▷ Weighted distillation

7: L ← −
T∑

t=1

(st + 1) · p⊤t log qt

/ T∑
t=1

(st + 1)

8: Update ∆ϕ via ∇∆ϕL
▷ Evolve implicit prior

9: B[id]← [argmax qt]
T
t=1 ▷ Update replay buffer

10: end for
11: return ∆ϕ

D.1 DATA PREPARATION

Self-generated targets. For every prefix x1:i extracted from the raw corpus, the frozen base model
Mp is asked to generate a continuation of exactly w = 16 tokens. The pair (x1:i, ŷi+1:i+w) is
then treated as a supervised example for the adapter, following the look-ahead distillation paradigm.
Ablation studies confirmed that w = 16 offers the best speed–quality trade-off during training.

Corpora. We train two separate adapters, each on a distinct 7k-task dataset. The first dataset
consists solely of GSM8K arithmetic-reasoning problems; the second is a balanced mixture of
UltraChat, ShareGPT, and BaGel instructions, giving a multi-domain “Mixed-7k” corpus. All texts
are tokenised with the backbone’s SentencePiece vocabulary and clipped to 2048 tokens so the
16-token future always fits in context.

Temperature settings. We experiment with two temperature regimes that are applied consistently
during both training and validation. In the first regime, generation targets are produced with greedy
decoding (T = 0.0) and the same setting is used at validation time, yielding a deterministic baseline.
In the second regime, targets are sampled with temperature T = 0.6, again matched by validation
at T = 0.6, which improves the model’s ability to handle open-ended sampling. Results for both
regimes are reported in the ablation tables.

Benchmarks. The resulting adapters are evaluated on four test suites: GSM8K for mathematical
reasoning, HumanEval for code generation, MBPP for programming tasks, and ShareGPT for
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Parameter Value

LoRA rank 32
LoRA target all-linear
Training window w 16
Partial-correct threshold 0.05
Optimizer AdamW
Learning rate 5× 10−4 (cosine, 3% warm-up)
Weight-decay 0
Batch size 8 seq/H100 (grad-accum. 1)
Precision bf16
Gradient checkpointing True
Gradient clip 1.0
Epochs 5 (search) / 20 (final)
Early-stopping patience 5, threshold 0
Model max length 2048
Attention implementation SDPA

Table 6: Unified training-script parameters.

Figure 2: A simplified schematic of the Cross-Regression decoding process. It illustrates the dual-
stream architecture where a non-causal predictive stream drafts future tokens that are validated
by a causal control stream via a cross-agreement procedure, enabling simultaneous drafting and
acceptance.

open-domain instruction following. This spectrum gauges generalisation from purely self-distilled
supervision to structurally diverse evaluation domains.

D.2 OPTIMISATION HYPER-PARAMETERS

Training leverages LoRA with rank 32 and targets all linear layers. We use the AdamW optimiser
(weight-decay = 0) with an initial learning rate of 5× 10−4 scheduled by cosine decay after a 3%
warm-up phase, batch size 16 per H100 GPU, and gradient accumulation set to 1. Checkpointing is
enabled to fit the full 2048-token context. Runs default to bf16 precision on H100; fp16 is used only
on earlier hardware. The pilot grid search employed five epochs with early-stopping (patience = 5,
threshold = 0) to find the best learning-rate region. Final headline results are reported after a fixed
20-epoch training pass under the same hyper-parameters.

D.3 INFERENCE WINDOWS

The predictive horizon equals the training window (γ = w = 16) by default, but can be increased to
32 tokens at inference without destabilising the model.
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Model Size Acceptance Rate X-regression Accuracy

Temperature 0 (Greedy)

DeepSeek-Qwen 7B 4.62 60.0
LLaMA-3 8B 3.95 60.0
Vicuna 33B 3.02 28.3
Qwen2.5 7B 4.69 82.0

Temperature 0.6

DeepSeek-Qwen 7B 4.47 60.0
LLaMA-2 7B 3.15 24.2
LLaMA-3 8B 3.85 61.0
Qwen2.5 7B 4.66 82.0
Vicuna 33B 2.86 21.0

Table 7: Acceptance rate on GSM8K with GSM8K-trained adapter. Test window is 32, train window
is 16, without look-ahead.

Model Size Acceptance Rate

Temperature 0 (Greedy)

DeepSeek-LLaMA 8B 2.32
DeepSeek-Qwen 1.5B 2.41
DeepSeek-Qwen 7B 2.26
DeepSeek-Qwen 14B 2.46
DeepSeek-Qwen 32B 2.67
LLaMA-2 7B 2.39
LLaMA-3 8B 2.48
Vicuna 33B 2.19
Qwen2.5 7B 2.32

Temperature 0.6

DeepSeek-LLaMA 8B 2.30
DeepSeek-Qwen 1.5B 2.17
DeepSeek-Qwen 7B 2.20
DeepSeek-Qwen 14B 2.36
DeepSeek-Qwen 32B 2.64
LLaMA-2 7B 2.48
LLaMA-3 8B 2.53
Vicuna 33B 2.17
Qwen2.5 7B 2.52

Table 8: Acceptance rate on MT-Bench with mixed-trained adapter. Test window is 32, train window
is 16, without look-ahead.

E TECHNICAL DETAILS

CORRECTNESS OF CARRIED-OVER DRAFT PROBABILITIES IN PREDICTIVE STREAM

A subtle but critical detail distinguishes our implementation from the naı̈ve formulation. When draft
tokens are carried over from a previous iteration (positions 1, . . . ,m), they were sampled from the
predictive distribution conditioned on a different prefix—specifically, the context before the correction
token xcorr was appended. If we were to re-evaluate these tokens under the current Qk, we would
be computing Q(x́k | x, xcorr, x́1:k−1), which differs from the distribution Q(x́k | x(prev), x́1:k−1)
from which they were actually drawn. This mismatch violates the importance sampling assumption
underlying the acceptance criterion: the energy Ek = log pk−log qk is only a valid importance weight
when qk reflects the true proposal density. To preserve correctness, we cache each q́k = Qk(x́k) at
the moment of sampling and carry these cached probabilities alongside the draft tokens themselves.
During verification, only the target probabilities pk are re-evaluated against the updated context, while
the proposal probabilities q́k remain fixed to their original values. This ensures that the energy-based
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Model Size Acceptance Rate

Temperature 0 (Greedy)

DeepSeek-LLaMA 8B 2.62
DeepSeek-Qwen 1.5B 2.51
DeepSeek-Qwen 7B 2.63
DeepSeek-Qwen 14B 2.82
DeepSeek-Qwen 32B 2.95
LLaMA-2 7B 2.62
LLaMA-3 8B 2.98
Vicuna 33B 2.42
Qwen2.5 7B 2.93

Temperature 0.6

DeepSeek-LLaMA 8B 2.54
DeepSeek-Qwen 1.5B 2.38
DeepSeek-Qwen 7B 2.54
DeepSeek-Qwen 14B 2.64
DeepSeek-Qwen 32B 2.87
LLaMA-2 7B 2.71
LLaMA-3 8B 2.95
Vicuna 33B 3.13
Qwen2.5 7B 3.33

Table 9: Acceptance rate on HumanEval with mixed-trained adapter. Test window is 32, train window
is 16, without look-ahead.

Model Temp Accuracy Accept Rate

Qwen2.5 7B 0.0 82.0 4.69
Qwen2.5 7B 0.6 82.0 4.67
Qwen2.5 7B 1.0 84.0 4.37
LLaMA-3 8B 0.0 60.0 3.95
LLaMA-3 8B 0.6 61.0 3.83
LLaMA-3 8B 1.0 60.6 3.52
DeepSeek-Qwen 7B 0.0 60.0 4.62
DeepSeek-Qwen 7B 0.6 60.0 4.47
DeepSeek-Qwen 7B 1.0 55.0 3.85
Vicuna 33B 0.0 28.3 3.02
Vicuna 33B 0.6 21.0 2.93
Vicuna 33B 1.0 25.0 2.68
LLaMA-2 7B 0.0 7.1 3.21
LLaMA-2 7B 0.6 24.2 3.02
LLaMA-2 7B 1.0 22.2 2.77

Table 10: GSM8K to GSM8K evaluation under standard configuration with window 32 and threshold
0.

acceptance test correctly measures divergence between where the token came from and where the
control head currently places probability mass.

Implementation Note: Fixed-Length Draft Buffer. The practical implementation differs from a
purely conceptual presentation in how the draft buffer is managed. To enable efficient batched forward
passes through the dual-head model, the draft buffer x́ maintains a fixed length of γ tokens throughout
execution rather than dynamically resizing. Modern transformer inference exploits parallelism via
fixed-shape tensor operations; a variable-length buffer would require costly dynamic reallocation
or padding overhead on each iteration. We therefore initialize x́ with γ random placeholder tokens
before decoding begins and track the count of valid carried-over tokens m as a separate variable. The
random initial tokens carry no semantic weight—they are immediately overwritten during the first
sampling phase since m = 0 triggers fresh sampling across all γ positions. On subsequent iterations,
positions 1 through m retain valid carried-over candidates from the previous draft while positions
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Model MATH500 GSM8K HumanEval MBPP

DeepSeek-R1-Distill-Qwen-32B 94.3% 82.7%∗ 86.0%∗ –
DeepSeek-R1-Distill-Qwen-14B 93.9% 87.0%∗ 78.9%∗ –
DeepSeek-R1-Distill-Llama-8B 89.1% 62.8%∗ 49.9%∗ –
DeepSeek-R1-Distill-Qwen-7B 92.8% 78.6%∗ 40.8%∗ –
DeepSeek-R1-Distill-Qwen-1.5B 83.9% 70.0%∗ 37.9%∗ –
Vicuna 33B – 38.7%∗ – –
LLaMA-2 7B – 30.8%∗ 14.0% 26.1%
LLaMA-3 8B 51.9% 80.6% 72.6% 72.8%
Qwen2.5 7B 49.8% 85.4% 57.9% 74.9%

Table 11: Original model metrics on benchmarks. Values marked with ∗ are from third-party sources;
unmarked values are official.

Model Threshold Smoothing Accept Rate Accuracy

LLaMA-3 8B

0 0.05 4.02 67.5
4 0.05 4.34 67.0
4 0.2 4.32 67.0
4 0.5 4.16 66.8
8 0.05 4.64 65.9
8 0.2 4.63 66.4
8 0.5 4.78 66.5

12 0.05 4.92 66.3

Qwen2.5 7B

0 0.05 4.82 6.0
4 0.05 5.20 2.4
4 0.2 5.16 2.3
4 0.5 4.97 61.1
8 0.05 5.46 13.4
8 0.2 5.46 74.1
8 0.5 5.62 62.9

12 0.05 5.73 68.0

ABEL-7B-001

0 0.05 4.69 56.5
4 0.05 4.77 57.0
4 0.2 4.75 57.0
4 0.5 4.72 56.9
8 0.05 4.83 57.8
8 0.2 4.83 57.6
8 0.5 4.87 55.7

12 0.05 4.89 56.9

LLaMA-2 7B

0 0.05 3.13 6.9
4 0.05 3.34 3.3
4 0.5 3.23 1.7
8 0.2 3.53 3.6
8 0.5 3.55 1.2

12 0.05 3.65 8.7
12 0.2 3.68 3.2
16 0.05 3.77 2.5

Table 12: Acceptance rate on GSM8K with GSM8K-trained adapter. Test window is 32, train window
is 16. Trained and evaluated at temperature 0.1.

m+ 1 through γ are resampled. When rejection occurs, unverified tokens are shifted to the buffer’s
front (rather than creating a new shorter sequence), and m is updated accordingly. This fixed-buffer
strategy preserves algorithmic correctness while enabling static memory allocation and consistent
batch shapes for GPU-efficient inference.
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Model Threshold Smoothing Accept Rate Pass Rate

LLaMA-3 8B

0 0.05 3.01 39.6
0 0.2 3.01 39.6
0 0.5 3.01 39.6
4 0.05 3.10 40.2
4 0.2 3.08 39.6
4 0.5 2.99 40.9
8 0.05 3.24 40.2
8 0.2 3.24 40.2

Qwen2.5 7B

0 0.05 2.86 22.1
0 0.2 2.86 22.1
0 0.5 2.86 22.1
4 0.05 2.99 28.7
4 0.2 2.96 28.0
4 0.5 2.90 27.4
8 0.05 3.13 29.3
8 0.2 3.11 27.6

LLaMA-2 7B

0 0.05 2.50 1.2
0 0.2 2.50 1.2
0 0.5 2.50 1.2
4 0.05 2.69 1.2
4 0.5 2.65 0.0
8 0.05 2.80 1.8
8 0.5 2.77 0.0
12 0.05 2.88 1.2

Table 13: Acceptance rate on HumanEval with mixed-trained adapter. Test window is 32, train
window is 16. Trained and evaluated at temperature 0.1.

MT-bench HumanEval GSM8K
Model / Method τ τ τ

LLaMA 2 7B

PLD (Saxena, 2023) 1.38 1.52 1.32
Lookahead (Fu et al., 2024) 1.61 1.72 1.58
CLLM (Kou et al., 2024) 2.40 3.00 1.10
Medusa (Cai et al., 2024) 2.70 2.88 1.60
Cross-Regression 2.67 3.50 3.47

LLaMA 2 13B

PLD (Saxena, 2023) 1.42 1.63 1.41
Lookahead (Fu et al., 2024) 1.58 1.80 1.65
Cross-Regression 2.87 4.40 3.90

Table 14: Average acceptance lengths τ of different speculative decoding methods for standard
language models as reported in the relevant papers. Bold indicates the best result for each benchmark;
underline indicates the second best.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Window

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

La
ye

rs

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.07 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.13 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.18 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.25 0.02 0.01 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.31 0.02 0.01 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.41 0.04 0.02 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
0.50 0.05 0.03 0.02 0.02 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
0.65 0.06 0.04 0.03 0.02 0.02 0.02 0.02 0.02 0.02 0.01 0.01 0.01 0.02 0.02 0.01
0.76 0.08 0.04 0.03 0.03 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02
0.80 0.09 0.05 0.04 0.04 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03
0.93 0.10 0.06 0.04 0.03 0.03 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.01

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Window

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

La
ye

rs

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.02 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.04 0.02 0.02 0.01 0.01 0.01 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.08 0.05 0.03 0.02 0.02 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.00 0.00 0.00 0.00
0.14 0.10 0.07 0.05 0.04 0.03 0.03 0.02 0.02 0.02 0.02 0.01 0.01 0.01 0.01 0.01
0.20 0.14 0.11 0.08 0.06 0.05 0.04 0.04 0.03 0.03 0.02 0.02 0.02 0.02 0.01 0.01
0.30 0.21 0.16 0.12 0.10 0.08 0.07 0.06 0.05 0.04 0.04 0.03 0.03 0.03 0.02 0.02
0.38 0.28 0.22 0.17 0.14 0.11 0.09 0.08 0.07 0.06 0.05 0.05 0.04 0.04 0.03 0.03
0.50 0.40 0.32 0.25 0.20 0.17 0.14 0.11 0.10 0.08 0.07 0.06 0.06 0.05 0.04 0.04
0.59 0.49 0.39 0.32 0.26 0.22 0.18 0.15 0.12 0.10 0.09 0.08 0.07 0.06 0.06 0.05
0.72 0.61 0.50 0.41 0.33 0.27 0.22 0.18 0.15 0.13 0.11 0.10 0.08 0.07 0.06 0.06
0.80 0.69 0.59 0.50 0.41 0.34 0.28 0.23 0.19 0.16 0.13 0.12 0.10 0.09 0.08 0.07
0.81 0.73 0.64 0.54 0.46 0.39 0.32 0.27 0.22 0.19 0.15 0.13 0.11 0.10 0.09 0.08
0.86 0.76 0.66 0.57 0.48 0.40 0.32 0.26 0.21 0.17 0.13 0.11 0.08 0.07 0.06 0.05

Figure 3: Comparison of per-layer output from vanilla Llama-2-7B-chat (left) and LoRA-tuned
(right). Averaged over text generations based on 50 prompts from GSM8K dataset (Cobbe et al.,
2021).
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Sequential Draft and Validation Joint Draft and Validation

Benchmark Acceptance Length Tokens/Fwds Acceptance Length

Llama2-7B-Chat

GSM8K 5.07 2.54 3.47
HumanEval 4.08 2.04 3.50
MT-Bench 3.91 1.95 2.67

Llama2-13B-Chat

GSM8K 5.75 2.88 3.90
HumanEval 4.95 2.48 4.40
MT-Bench 4.06 2.03 2.87

Table 15: Comparison between sequential drafting and validation passes versus joint processing in a
single pass layout.

Layer Range #Layers Occupancy τSeq τJoint

Layers 0–3 4 3.4 2.3
Layers 4–7 4 3.7 2.4
Layers 8–11 4 3.9 2.6
Layers 12–15 4 3.9 2.6
Layers 16–19 4 3.8 2.5
Layers 20–23 4 3.5 2.3
Layers 24–27 4 3.3 2.2
Layers 28–31 4 3.1 2.1

Layers 0–7 8 3.9 2.6
Layers 8–15 8 4.2 2.8
Layers 16–23 8 4.0 2.8
Layers 24–31 8 3.5 2.4

Layers 0–15 16 4.3 2.9
Layers 8–23 16 4.6 3.2
Layers 16–31 16 4.2 2.9

Layers 0–23 24 4.6 3.2
Layers 8–31 24 4.8 3.3

Full (baseline) 32 4.7 3.3

Table 16: Acceptance length τ with LoRA applied to different layer ranges in Llama-2-7B-chat,
evaluated on GSM8K. The Occupancy pattern column visually represents which portions of the
32-layer architecture have LoRA applied (black sections).
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Model
Series Size MT-b HE GSM8K Mean

τ τ τ τ

Temperature=0
LLaMa 3 8B 2.48 2.98 3.95 3.14
DS LLaMa 3 8B 2.32 2.62 4.40 3.11
Qwen 2.5 7B 2.32 2.93 4.69 3.31

DS Qwen 2.5

1.5B 2.41 2.51 3.75 2.89
7B 2.26 2.63 4.62 3.17
14B 2.46 2.82 5.06 3.45
32B 2.67 2.95 5.62 3.75

Temperature=0.6
LLaMa 3 8B 2.53 2.95 3.85 3.11
DS LLaMa 3 8B 2.30 2.54 4.01 2.95
Qwen 2.5 7B 2.52 3.33 4.66 3.50

DS Qwen 2.5

1.5B 2.17 2.38 3.80 2.78
7B 2.20 2.54 4.47 3.07
14B 2.36 2.64 4.84 3.28
32B 2.64 2.87 4.85 3.45

Table 17: Cross-Regression acceptance length (τ ) across different model series, sizes and sampling
temperatures. Performance is evaluated on MT-bench (MT-b), HumanEval (HE), and GSM8K. The
DS prefix denotes models finetuned by DeepSeek.

27



1458
1459
1460
1461
1462
1463
1464
1465
1466
1467
1468
1469
1470
1471
1472
1473
1474
1475
1476
1477
1478
1479
1480
1481
1482
1483
1484
1485
1486
1487
1488
1489
1490
1491
1492
1493
1494
1495
1496
1497
1498
1499
1500
1501
1502
1503
1504
1505
1506
1507
1508
1509
1510
1511

Under review as a conference paper at ICLR 2026

F MODEL COMPLETIONS

Sampled at temperature 0.0, at a maximum of 1024 tokens. <thinking>tokens omitted, reasoning
formatted below, answers instructed to be in ‘boxed{}’ format. Prompts sampled from math500
corpus.

PROBLEM 1: ALGEBRA

Problem. Hillary has eleven coins, all dimes and nickels. In total, the coins are worth 75 cents. How
many nickels does she have?

Solution. Let d represent the number of dimes and n represent the number of nickels.

d+ n = 11,

10d+ 5n = 75.

Dividing the second equation by 5 gives 2d+ n = 15. Subtracting the first equation from this, we
obtain d = 4. Substitute back: 4 + n = 11 =⇒ n = 7.

Answer. 7

PROBLEM 2: INTERMEDIATE ALGEBRA

Problem. Find the maximum value of

f(x, y) = x
√
1− y2 + y

√
1− x2, −1 ≤ x, y ≤ 1.

Solution. Let x = cos θ, y = cosϕ. Then
√

1− y2 = sinϕ and
√
1− x2 = sin θ:

f = cos θ sinϕ+ cosϕ sin θ = sin(θ + ϕ).

The maximum of sin(θ + ϕ) is 1, which is attainable (e.g., x = 1, y = 0).

Answer. 1

PROBLEM 3: ALGEBRA

Problem. For how many values of x is the expression

x− 5

x2 − 9

not defined?

Solution. The denominator is zero when x2− 9 = 0⇒ (x− 3)(x+3) = 0. Thus x = 3 or x = −3.

Answer. 2

PROBLEM 4: GEOMETRY

Problem. Altitudes AD and BE of △ABC intersect at H . If ∠BAC = 54◦ and ∠ABC = 52◦,
find ∠AHB.

Solution.
∠ACB = 180◦ − 54◦ − 52◦ = 74◦.

In△ABC, ∠AHB = 180◦ − ∠ACB = 106◦.

Answer. 106◦
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PROBLEM 5: PRECALCULUS

Problem. Two parallel lines are defined by(
3
−10
1

)
+ t

(
2
−9
−2

)
,

(−5
−3
6

)
+ u

(
4
−18
−4

)
.

Find the distance between the lines.

Solution. Direction vectors are proportional: b2 = 2b1, confirming parallelism. For a1 =
(3,−10, 1), a2 = (−5,−3, 6), and b1 = (2,−9,−2),

d =
∥(a2 − a1)× b1∥

∥b1∥
.

Compute:
(a2 − a1)× b1 = (31,−6, 58), ∥b1∥ =

√
89.

Hence

d =

√
4361√
89

=
√
49 = 7.

Answer. 7

PROBLEM 6: PRECALCULUS

Problem. Two runners A and B start at point O and run in the same direction. Runner B runs three
times as fast as A. An observer at point P (with OP perpendicular to the track) observes angle
∠APB. Find the maximum of ∠APB (in degrees).

Solution. At time t, A(vt, 0), B(3vt, 0), P (0, d). The angle satisfies

θ = arctan

(
d

vt

)
− arctan

(
d

3vt

)
.

Maximizing over t > 0 yields θmax = 30◦.

Answer. 30◦

PROBLEM 7: COUNTING AND PROBABILITY

Problem. In how many ways can 5 students be selected from a group of 6?

Solution. (
6

5

)
=

6!

5!(1!)
= 6.

Answer. 6

PROBLEM 8: COUNTING AND PROBABILITY

Problem. A prodigy wishes to arrange 2 indistinguishable IMO and 2 indistinguishable IPhO gold
medals in a row. How many distinct arrangements are possible?

Solution.

Distinct permutations =
4!

2!2!
= 6.

Answer. 6
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PROBLEM 9: NUMBER THEORY

Problem. If Rosa’s age leaves remainder 1 when divided by 2, 3, 4, or 6, and remainder 0 when
divided by 7, and she is younger than 75, how old is she?

Solution. From the first set: R ≡ 1 (mod 12). Also R ≡ 0 (mod 7). Solving 12k + 1 ≡ 0
(mod 7) ⇒ k ≡ 4 (mod 7). Thus R = 12(7m + 4) + 1 = 84m + 49 < 75 ⇒ m = 0. Hence
R = 49.

Answer. 49
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